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CUBOS DINAMICOS DIRECCIONALES PARA Z4-SISTEMAS MINIMALES

En 2005, B. Host y B. Kra [24] probaron la convergencia de algunos promedios ergodicos
multiples introduciendo para cada d € N un factor que caracteriza el comportamiento de
estos promedios. En 2010, B. Host, B. Kra y A. Maass [25] estudiaron una contraparte
topologica de estos factores para sistemas dindmicos topologicos (X,T), donde T : X — X
es un homeomorfismo de X en si mismo. En este trabajo introdujeron la estructura de cubos
topologicos, denotada por Ql (X,T), y probaron un teorema de estructura para sistemas
transitivos con la propiedad de “completacion tinica de la dltima coordinada de un punto en
QU(X,T)". Este teorema de estructura se puede ver como el analogo topologico del teorema
de estructura ergodico probado en [24]. Ademés, introdujeron la relacion regionalmente
proximal de orden d, denotada RPM(X ,T), v mostraron en el caso minimal distal que
la relacion es de equivalencia y que X/rpi(x,T) es el factor maximal con la propiedad de
completacién tnica en QI (X/Rpl(x,1)).

En 2014, S. Donoso y W. Sun [7] estudiaron una variante de los cubos topologicos para un
sistema minimal (X, S,T), donde S y T son dos homeomorfismos que conmutan. Esta nueva
estructura se motiva en la busqueda de factores caracteristicos para promedios ergodicos
multiples con transformaciones que conmutan. Los autores prueban un teorema de estructura
para sistemas minimales con la propiedad de “completacién tinica de la tltima coordinada
de un punto en Qg7 (X)”. Introducen ademas la relacion (S,7")-regionalmente proximal,
denotada por Rgr(X), que es una variante méas débil de la relacion regionalmente proximal
de primer orden para acciones de Z2. Finalmente, en el caso distal prueban que la relacion
(S, T)-regionalmente proximal es una relacion de equivalencia y que X/rs(x) es el factor
maximal con la propiedad de completacion tnica en Qg7 (¥/Rsr(X)).

En esta tesis generalizamos el concepto de cubos topologicos para sistemas minimales
(X,T1,...,Ty), donde Ty, ..., Ty son d homeomorfismos que conmutan, asi como la relacion
(Ty,...,Ty)-regionalmente proximal introducidas en [7]. En primer lugar demostramos un
teorema estructural para sistemas minimales distales con la propiedad de completaciéon tnica.
Luego, para cada i € {1,...,d} definimos la clase Zf’, que corresponde a la clase de sistemas
dindmicos donde la accion T; es la identidad y describimos, para cada sistema dinamico
(X,Th,...,Ty), su factor Zy-maximal. Adicionalmente estudiamos las propiedades de los
conjuntos de recurrencia para sistemas minimales distales con la propiedad de completacion
Unica para la clase de cubos desarrollada en esta tesis.
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In 2005, B. Host and B. Kra [24] proved the convergence of some multiple ergodic averages
by introducing for each d € N a factor that characterizes the behavior of these averages. In
2010, B. Host, B. Kra and A. Maass [25] studied a topological counterpart of these factors
for topological dynamic systems (X, T), where T: X — X is a homeomorphism from X to
itself. In this work they introduced the structure of topological cubes, denoted by Q4(X, T,
and they proved a structure theorem for transitive systems with the property of “unique
completion of the last coordinate of a point in Q! (X,T)”. This structure theorem can be
seen as the topological analog of the purely ergodic structure theorem proved in [24]. In
addition, they introduced the regionally proximal relation of order d, denoted RP (X T),
and showed in the minimal distal case that the relation is an equivalence relation and that
X /rPl(x,T) is the maximal factor with the unique completion property in Q% (X/rRpi(x,1)).

In 2014, S. Donoso and W. Sun [7] studied a variant of the topological cubes for a minimal
system (X, S,T), where S and T are two commuting homeomorphisms. This new structure
is motivated in the search of characteristic factors for multiple ergodic averages with com-
muting transformations. The authors prove a structure theorem for minimal systems with
the property of “unique completion of the last coordinate of a point in Qg r(X)”. They also
introduce the relation (S, T)-regionally proximal, denoted by Rgr(X), which is a weaker
variant of the regionally proximal relation of order one for Z2-actions. Finally, in the distal
case they proved that the relation (S, 7T)-regionally proximal is an equivalence relation and
that X/rsr(x) is the maximal factor with the unique completion property in Qg7 (X/Rsr(X)).

In this thesis we generalize the concept of topological cubes for minimal systems
(X,Ty,...,Ty), where Ty, ..., Ty are d commuting homeomorphisms, as well as the relation
(T4, ..., Ty)-regionally proximal introduced in [7]. First, we prove a structural theorem for
distal minimal systems with the closing parallelepiped property. Then, for each i € {1,...,d}
we define the class Z’, which corresponds to the class of dynamical systems where the action
T; is the identity and we describe, for each dynamical system (X, T4, ..., Ty), its maximal Z§'-
factor. Additionally, we studied the properties of recurrence sets for distal minimal systems
with the closing parallelepiped property for the class of cubes developed in this thesis.
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«Introduce a little anarchy, upset the established order,
and everything becomes chaos. I'm an agent of chaos,

and you know the thing about chaos? It’s fair.»
The Joker.
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Introduction

In 1977 H. Furstenberg [I5] proved Szemerédi’s theorem using ergodic methods. Since this
proof, mathematicians started to ask about the L? convergence of certain averages, called
nowadays as multiple ergodic averages. Given a measure-preserving system (X, B, u,T),
d > 1 an integer and fi,..., fqs € L>®(X,B,u), we ask about of the convergence of the
multiple ergodic averages

=

% fi(Trx) - - - fo(T2).

i{ng

After approximately 30 years of efforts, this problem was finally solved in 2005 in [24] 37].
The authors proved the convergence using the strategy of characteristic factors. Namely,
they defined for each d € N a factor Z; characterizing the behavior of these averages and in
addition they proved that these factors can be endowed with a structure of a nilmanifold.
Later, in 2008 T. Tao proved the general commutative case, i.e., where the transformations
are not only the powers of a single transformation but they are d commuting transformations
[33]. However, until now there is not an idea of which is the structure of the characteristic
factors in the general commutative case. His proof does not belong to ergodic theory and
does not use characteristic factors. Instead he studied the average in a finitary setting.

In 2010, B. Host, B. Kra, and A. Maass studied a topological counterpart of these charac-
teristic factors for topological dynamical system (X,7'), where X is a compact metric space
and T: X — X is a homeomorphism from X to itself [25]. They introduced a cube struc-
ture, denoted by Q4 (X, T) and proved a structure theorem for transitive systems with the
property of “completion of the last coordinate of a point in Q¥ (X, T) in a unique way” on
these structures. This condition is referred in this thesis as the closing parallelepiped prop-
erty. The structure theorem for topological dynamical systems can be viewed as an analog of
the purely ergodic structure theorem of [24] in the study of a topological counterpart of the
characteristic factors introduced by B. Host and B. Kra. In this work the authors introduced
the regionally proximal relation of order d, RP (] (X, T), and provided some relations between
RP(X,T) and QU+1(X,T). They also proved that RP¥ (X, T) is an equivalence relation
for minimal distal systems and that the quotient space X/rRPH(x,7) is the maximal factor
with the closing parallelepiped property. Later in 2012, S. Shao and X. Ye [32] proved the
same two results for general minimal systems, using a structure theorem for minimal systems
and the enveloping semigroup. Finally, Shao and Ye also introduced the regionally proximal
relation for general abelian groups and extended the results proved in [25] and [32] in this
general context.

In 2014, Donoso and Sun [7] studied a variant of the cube structure for Z2-minimal systems



(X,S,T), where X is a compact metric space and S, T : X — X are homeomorphisms from
X to itself, in an effort to study a topological counterpart of the characteristic factors for the
general commutative case, motivated by Host’s construction in [23]. Motivated by the ideas
in [25] they proved a structure theorem for systems with the property of “completion of the
last coordinate of a point in Qgr(X) in a unique way” or closing parallelepiped property.
In this work, Donoso and Sun introduced the (S, T')-regionally proximal relation, Rgr(X),
which is a weaker variant of the regionally proximal relation of order one RPM (X, (S, 7)),
but for Z2-actions, associated to the cube structure Qgr(X). Finally, in the distal case
they proved that the (S, T)-regionally proximal relation is an equivalence relation and that
X/Rsr(X) is the maximal factor with the closing parallelepiped property.

The main purpose of this thesis is to extend Donoso and Sun’s results for Z?-minimal
systems (X, T1,...,Ty), where X is a compact metric space and Ti,...,T;: X — X are
commuting homeomeomorphisms from X to itself. We introduce a cube structure for Z4-
minimal actions, denoted by Qr, . 7,(X), and the (T7,...,Ty)-regionally proximal relation,
denoted by Ry, 1,(X). Both are generalizations of the definitions given in [7]. We prove
a structure theorem for systems verifying the closing parallelepiped property in Qg 7, (X)
for Z-minimal distal systems. By doing so we will to develop techniques for studying the
topological counterpart of the characteristic factors in the commutative case.

This thesis is organized in the following way. In Chapter [1] the basic theory of Ergodic
Theory and Topological Dynamics is introduced. We provide a complete self-contained survey
of the necessary results to understand the work developed in this thesis. In Chapter [2] we
present a survey about the historical results of the different cube structures starting with
the ergodic motivations, called the multiple ergodic averages. Then we view the Host-Kra-
Maass’s work which is the first work about the topological counterpart of characteristic
factors, and we finished with Donoso and Sun’s in the commutative case with 2 commuting
transformations. In Chapter [3| we present the directional dynamical cubes for topological
dynamical systems (X, T}, ...,T,) with d commuting transformations. We start this chapter
with some general properties of this cube structure and then we introduce the (77, ...,Ty)-
regionally proximal relation associated to it. We end this chapter introducing the classes Zg',
which correspond to systems (X, 771, ...,T,) where the action 7j is trivial, i.e., is the identity
and we compute the maximal Zf-factor for any topological dynamical system. In Chapter
we prove a structure theorem for Z%minimal distal systems with the closing parallelepiped
property. We start with the description of the cube structures and the (773, ..., Ty)-regionally
proximal relation for distal systems. We then give the proof of the structure theorem and we
prove that the (T3, ...,Ty)-regionally proximal relation is an equivalence relation. We end
this chapter studying the sets of return times for this kind of systems and we give an explicit
example of a system with closing parallelepiped property. In Chapter [5| we give a family of
examples of Z%minimal distal systems with the closing parallelepiped property.



Chapter 1

Background on topological dynamics

In this chapter we introduce the basics of ergodic theory and topological dynamics. We
start by providing some basic definitions and results, with the purpose of introducing the
vocabulary and notation to be used in this thesis. We then focus in the topological setting
providing some definitions and important results related to this thesis that concern equicon-
tinuous, distal, proximal and weakly mixing systems. We finish this chapter with a brief
survey of the elementary properties of the enveloping semigroup of a topological dynamical
system introduced by Ellis, which is an extremely useful tool in the study of dynamical sys-
tems. We refer to [31] and [36] for results in ergodic theory, and [I] and [12] for the results
in topological dynamics.

1.1 Basic definitions

1.1.1 Measure-preserving systems

A measure-preserving system is a 4-tuple (X, B, u, G), where (X, B, 1) is a probability space
and G is a countable group of measurable and measure-preserving transformations acting on
X, ie.,

(VAeB)(Vge G) ulg™'A) = p(A).

In some cases, and if there is no confusion, we refer to a measure-preserving system
(X, B, 11, G) simply by X. In this thesis we always consider G as a discrete group.

If (X,B,u) is a probability space and T : X — X is a measurable, invertible and
measure-preserving transformation, we use (X, B, u,T) to denote the measure-preserving
system (X, B, u, {T™: n € Z}).

It 7h,....,T;: X — X are d measurable, invertible and measure-preserving commut-
ing transformations, we write (X, B, u, T1, ..., Ty) to denote the measure-preserving system
(X, B, p, {T7" - Ty ny,...,ng € Z}). The transformations 71, ..., T, span a Z%action,
but we stress that we will consider this action with a given set of generators.

Some classical notions of special measure-preserving systems are the following.



Definition 1.1. Let (X, B, i, G) be a measure-preserving system. We say that the system
is ergodic if for all A € B we have that

(Vg € G) u(g7"AAA) =0] = p(A) =0 Vv p(4) =1.
We now recall the notions of factor and conjugacy in the measure-theoretic framework.

Definition 1.2. Let (X, B, u,G) and (Y, D, v, G) be measure-preserving systems. We say
that X is a factor of Y if there exists a measure-preserving map 7: Y — X such that
mog = gom for all G. We also say that 7 is the factor map and Y is an extension of X.
If 7 is a bi-measurable bijection, we say that 7 is an isomorphism and that X and Y are
1somorphic.

As mentioned in [16, Chapter 5| and [I8, Chapter 2|, a factor of a measure-preserving
system is determined, up to isomorphism, by a G-invariant sub-c-algebra. Thus, given a
factor map 7 : Y — X we can define a conditional expectation operator from L*(Y,D,v) to
L*(X, B, ).

Definition 1.3. Let 7 : Y — X be a factor map between two measure-preserving systems
(X,B,u,G) and (Y,D,v,G) and let f € L*(Y,D,v). The conditional expectation of f with
respect to X is the function E(f|X) € L*(X, B, i) defined by the equation

/E(le)'gduz/f'gwdv, Vg € L*(X, B, ).
X Y

Another special class of measure-preserving systems are the weakly mixing ones. For the
definition we have to consider the Koopman representation of a measure-preserving system.
Let (X, B, i1, G) be a measure-preserving system. The Koopman representation of (X, B, u, G)
is the representation x of G on L?(X, B, i) given by x(g)(f)(z) = f(g~'x).

Definition 1.4. A measure-preserving system (X, B, u, G) is weakly mizing if the constant
functions are the unique eigenvectors of the Koopman representation.

Proposition 1.5. A weakly mizing measure-preserving system is ergodic.

Definition 1.6. A measure-preserving system (X, B, u, G) is isometric if every function
f € L*(X,B,u) is compact, i.e., the set {f o g: ¢ € G} has a compact closure in the norm
topology of L*(X, B, ).

An important theorem about weakly mixing systems is the following.

Theorem 1.7. An ergodic system (X, B, u, G) is weakly mizing if and only if it admits no
nontrivial isometric factors.



1.1.2 Topological dynamical systems

A topological dynamical system is a pair (X, G), where X is a compact metric space and G
is a group of homeomorphisms of the space X into itself. In this thesis we always consider
G as a discrete and countable group.

If X is a compact metric space and T : X — X is a homeomorphism of X to itself, we
use (X, T) to denote the topological dynamical system (X, {T": n € Z}).

It 7y,...,75: X — X are d commuting homeomorphisms of X to itself, we write
(X,Th,...,Ty) instead of (X, {I7"---T)": ny,...,nqg € Z}). As before, the transformations
Ty, ..., Ty span a Z%action, but we stress that we consider this action with a given set of
generators.

For a point © € X we define its orbit as the set O(x,G) = {gz: g € G}. If A C X, we
say that A is G-invariant if {gz: g € G, v € A} C A,

Definition 1.8. Let (X, G) be a topological dynamical system. A subset K C X is called
a minimal set if K is closed, non-empty, G-invariant and has no proper closed non-empty
invariant subsets. That is, if N C M is closed and G-invariant, then N = () or N = M.

If (X, G) is a topological dynamical system and K C X is a minimal set, then we say that
(K, G) is a minimal system. We have the following result.

Proposition 1.9. Let (X,G) be a topological dynamical system. X is minimal if and only

if forallz € X, O(x,G) = X.

Sometimes a system is not minimal, but there exist some points whose orbits are dense
in the space.

Definition 1.10. Let (X, G) be a topological dynamical system. The system is said to be
transitive if there exists x € X such that O(z,G) = X.

A subset I" of G is said to be (left) syndetic if there is a compact subset K C G (finite in
this case) such that G =TK = {ak:a €T, k € K}.

Definition 1.11. Let (X, G) be a topological dynamical system and x € X. We say that z
is an almost periodic point if for every neighborhood U of = there exists a syndetic subset I'
of G such that {gx: g € '} C U. The system is said to be pointwise almost periodic if every
point x € X is an almost periodic point.

Theorem 1.12. Let (X, G) be a topological dynamical system. Then, x € X is an almost
periodic point if and only if O(x,G) is a minimal set.

An almost periodic point is also called minimal point. Like in the measure-theoretic setting
we recall the definitions of factor and conjugacy in the topological dynamics framework.



Definition 1.13. Let (X,G) and (Y, G) be two topological dynamical systems. A factor
map from Y to X is a continuous and onto map 7 : Y — X such that 7(gy) = gn(y) for all
yeY and g € G. If 7 is a factor map from Y to X we say that X is a factor of Y and that
Y is an extension of X. If 7 is a bi-continuous bijection, we say that 7 is an isomorphism
and that X and Y are isomorphic or conjugate.

Observe that if 7 : Y — X is a factor map, then R, = {(y,v') € Y xY : 7w(y) = n(y)} is a
closed and G-invariant equivalence relation. Conversely, if (Y, G) is a topological dynamical
system and R is a closed and G-invariant equivalence relation in Y, then the quotient space
Y/r is a factor of Y.

Let (X,G) and (Y, G) be two topological dynamical systems. We have that X x Y is
always an extension of both systems X and Y using the projection to the coordinates as
factor maps. But we can construct other extensions of X and Y from X x Y.

Definition 1.14. Let £ > 1 be an integer and (X1, G), (X2, G),...,(Xk, G) be k topo-
logical dynamical systems. A joining between (Xi,G),...,(Xy,G) is a closed subset
Z C X; X -+ x X which is invariant under the diagonal action g x --- x g (k times) for
all g € G and projects onto the each factor.

Suppose the systems Xi,..., X, are extensions of a common system W and denote by
i+ X; — W the associated factor maps. We say that a joining Z C X x - - - x X}, is relatively
independent with respect to W if for every ¢ € {1,...,k}, every (z1,...,x;) € Z and every
x;, @, € X; with m;(z;) = m;(x]

1) we have

/
(T1y oo @i, Xy Ti1y o ooy Tg) € 2.

That is, we can freely change a point in a coordinate of the joining by any other point
whose projection on the factor W is the same.

The properties of these extensions can be reviewed in [14].

Remark 1.15. In this thesis, for finite product metrics we always consider the maximum
metric, i.e, if (X, p) is a metric space, the metric used in X x X is

p((@1, 22), (23, 24)) = max{p(z1,23), p(x2, 24)}.

A first result about factors and minimality is the following.

Proposition 1.16. Let 7 : Y — X be a factor map between two topological dynamical
systems (X, G) and (Y,G). If K is a minimal subset of Y, then n(K) is a minimal subset of
X. In particular, a factor of a minimal system is also a minimal system.



1.2 Equicontinuous Systems

Definition 1.17. A topological dynamical system (X, G) is equicontinuous if for all € > 0
there is ¢ > 0 such that if d(z,2") < 0, then d(gz, gy) < ¢ for all g € G.

Lemma 1.18. If (X, G) is equicontinuous, then it is pointwise almost periodic, i.e., every
point has a minimal orbit.

It follows from the previous lemma that an equicontinuous system is minimal if and only
if it has a dense orbit.

Lemma 1.19. If (X;, G)ier is an arbitrary collection of equicontinuous systems, then the

product system | [[ X;, G | is also equicontinuous.
iel

Another important result about equicontinuous systems is the following.

Proposition 1.20. A factor of an equicontinuous system is equicontinuous.

Any topological dynamical system (X, G) has a maximal equicontinuous factor (X, G),
i.e., X4 is an equicontinuous factor of X, and if Z is another equicontinuous factor of X, then
Z is a factor of X.,. The maximal equicontinuous factor is given by the regionally prozimal
relation.

Definition 1.21. Let (X, G) be a topological dynamical system. Two points z,y € X are
said to be regionally proximal if for all ¢ > 0 there exist 2/, € X and g € G such that
d(z,2") < e,d(y,y") < e and d(ga’, gy') < e. We define the regionally prozimal relation by

RP(X,G) = {(x,y) € X x X: z,y are regionally proximal}.

The relation RP (X, G) is G-invariant, closed, symmetric and reflexive. But in general
this relation may not be transitive. In the case that G is abelian and X is a minimal system
we have that RP(X,G) is an equivalence relation. An important theorem of Gottschalk
and Ellis [13] is the characterization of the maximal equicontinuous factor of a topological
dynamical system.

Theorem 1.22. [13] Let (X, G) be a topological dynamical system and let S, be the smallest
closed and G-invariant equivalence relation containing RP (X, G). Then X/s., is the mazximal
equicontinuous factor of X.

It follows that,

Theorem 1.23. The topological dynamical system (X,G) is equicontinuous if and only if
RP(X,G) = Ax :={(x,x): x € X}, the diagonal of X x X.



1.3 Distal Systems

Definition 1.24. If (X, G) is a topological dynamical system, then z and y in X are said
to be prorimal if and only if ing d(gz,gy) = 0. If x and y are not proximal they are said to
g€

be distal.

We write P(X,G) = {(z,y) € X x X| 2 and y are proximal} for the proximal relation in
(X,G). It is easy to see that P(X, Q) is a reflexive symmetric G-invariant relation, but in
general it is not transitive or closed.

The system (X, G) is said to be prozimal if every pair is proximal and it is called distal if
there are no non-trivial proximal pairs, i.e., P(X,G) = Ax. It is easy to see that equicontin-
uous systems are distal, and in the same spirit of Theorem [1.22] Ellis and Gottschalk proved
the following result.

Theorem 1.25. [13] Let (X, G) be a topological dynamical system and P., the smallest closed
and G-invariant equivalence relation containing P(X,G). Then, X/p., is the mazimal distal

factor of X.

Interestingly, any point of a system is proximal to a minimal point as stated in the next
result.

Theorem 1.26. Let (X, G) be a topological dynamical system and let x € X. Then, there
exists an almost periodic point x* which is proximal to x.

This result has the following useful corollaries.

Corollary 1.27. Let (X, G) be a topological dynamical system. If (X, Q) is distal, then it is
pointwise almost periodic.

Corollary 1.28. A distal system is minimal if and only if it is transitive.

From a structural point of view the next two results provide the main properties of distal
systems that we will use in the sequel.

Lemma 1.29. Let (X;, G)ier be a family of topological dynamical systems. Then, the product
system <HI X, G) is distal if and only if for every i € I the system (X;, G) is distal.

ic
Theorem 1.30. Let (X, G) be a topological dynamical system. Then, the following properties
are equivalent:
(1) (X,G) is distal.
(2) (X Q) is distal, for all cardinal numbers a > 1.



(3) (X% G) is distal, for some cardinal number a > 1.
(4) (X Q) is pointwise almost periodic, for all cardinal numbers a > 1.

(5) (X Q) is pointwise almost periodic, for some cardinal number a > 2.

We will also need the following results concerning distality and factor maps.

Proposition 1.31. Let (X,G) and (Y,G) be two topological dynamical systems and let
7:Y — X be a factor map. Then, = x 7(P(Y,G)) C P(X,G). If Y is minimal, then
7 x m(P(Y,G)) = P(X,G). In addition, a factor of a distal system is distal.

Theorem 1.32. Let (X,G) and (Y,G) be distal minimal system, and let 7: Y — X be a
factor map. Then the factor map 7 is open, meaning that the image of an open set is open.

1.4 Topological Weakly Mixing Systems

At the opposite of distal systems are weakly mixing systems

Definition 1.33. The topological dynamical system (X, G) is (topologically) weakly mizing
if the product system (X x X, G), where the action of G is the diagonal action, is transitive,
i.e., for every four non-empty open sets U;, i € {1,...,4},

N(Ul X U3,U2 X U4) = N(Ul,Ug) N N(U37U4> 7é @,
where we define for two sets A, B C X

N(A,B)={g € G:gANB # 0}.

Equivalently, a topological dynamical system (X, G) is weakly mixing if every non-empty
open invariant subset U of X x X is dense in X x X. It is easy to see that if (X, G) is weakly
mixing then RP(X,G) = X x X, so (X, G) has no non-trivial equicontinuous factor. In fact,
in the class of minimal systems which admit an invariant measure this property implies that
the system is topologically weak mixing.

Theorem 1.34. Let (X,G) be a minimal topological dynamical system which admits an
mvariant measure. Then, the following properties are equivalent:

(1) (X, G) is weakly mizing.

(2) (X,G) has no non-trivial equicontinuous factor (i.e., Se¢q = X X X ).
(3) (X, G) has no non-trivial distal factor.

(/) RP(X,G) = X x X.

(5) The proximal relation P(X,G) is dense in X x X.



1.5 The Enveloping Semigroup of a Topological Dynam-
ical System

If X is a compact metric space we denote by X*X the collection of all maps from X to itself.
We endow this set with the product topology or the topology of pointwise convergence. By
Tychonoff’s theorem, X¥ is compact and Hausdorff. We have that X* has a semigroup
structure defined by composition: if £,7 € X* then &n € XX,

Now we consider a topological dynamical systems (X, G) and we see G as a subset of XX,

Definition 1.35. Let (X, G) be a topological dynamical system. We define the enveloping
semigroup of (X,G) as E(X,G) = G the closure of G in XX,

We have that E(X,G) is compact and Hausdorff, usually non-metrizable. Also, the maps
E(X,G) —» E(X,G) p — pg and p — gp are continuous for all ¢ € F(X,G) and g € G.
We have that (X, G) is a topological dynamical system and (F(X,G), ) is a subsystem.
In general, the elements of F(X, ) are neither one to one nor onto nor continuous. As a
system (E(X,G), Q) is transitive, since O(e, G) = E(X, G), where e is the identity in G, but
in general (E(X,G),G) is not minimal.

Algebraic properties of the enveloping semigroup have a precise translation into dynamical
properties of the system. For example we have the following theorem.

Theorem 1.36. A topological dynamical system is distal if and only if its enveloping semi-
group s a group.

In relation to factors maps the enveloping semigroup behaves as stated in the following
result.

Theorem 1.37. Let (X,G) and (Y, G) be topological dynamical systems and let m:Y — X
be a factor map. Then, there exists a unique continuous semigroup homomorphism
0:E(Y,G)— E(X,G) such that n(py) = 0(p)n(y) for allz € Y andp € E(Y,G).

A left ideal in a enveloping semigroup E(X,G) is a non-empty subset I C F(X,G) such
that E(X,G)I C I. A minimal left ideal is one which does not properly contain a left ideal.
Observe that a left ideal is also a semigroup. Moreover, if [ is a minimal left ideal in E(X, G)
and K is a left ideal in the semigroup I, then it is easy to see that K = I. An idempotent
in a enveloping semigroup F(X, @) is an element u € F(X, @) such that u* = u. We denote
by J(E(X,G)) the set of idempotents in the semigroup E(X, G).

We can introduce a quasi-order < on the set J(E(X,G)) by defining v < w if and only
if vu =v. If v < u and v < v we say that v and v are equivalent and we write u ~ v. An
idempotent u € J(FE (X, G)) is minimal if v € J(E(X,G)) and v < u implies u < v.

Lemma 1.38. [11, Lemma 4.4 and Proposition 4.5] Let I be a left ideal of a semigroup
E(X,Q) and let uw € J(E(X,Q)). Then, there ezists an idempotent v in Iu such that v < u.
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Also, an idempotent is minimal if and only if it is contained in some minimal left ideal.

The enveloping semigroup is extremely useful in studying proximality. The main connec-
tion is reflected in the following theorem.

Theorem 1.39. Let (X,G) be a topological dynamical system and let x,y € X. Then, the
following properties are equivalent.

(1) z and y are proximal.
(2) pxr = py, for some p € E(X,G).
(3) There is a minimal left ideal I in E(X,G) such that px = py, for allp € 1.

Finally we have the following theorem which characterizes the minimality of a point z in
a topological dynamical system (X, G) using idempotents of its enveloping semigroup.

Theorem 1.40. Let (X, G) be a topological dynamical system and let I be a minimal left
ideal in E(X,G). We have that,

(1) If x € X, then Iz is a minimal subset of X.
(2) If x € X and v is an idempotent in E(X,G), then (x,vz) € P(X,G).
(3) Let x € X. The following properties are equivalent:

(a) z is an almost periodic point.

(b) x € Iz.

(c) ux = x, for some u € J(I).

In particular, if (X,G) is a minimal system, then for every x € X, there exists
u € E(X,G) idempotent such that ux = x.

11
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Chapter 2

Nilfactors and dynamical cubes

In this chapter we introduce the different motivations of the study of directional dynamical
cubes in the topological setting. We start with the measure-theoretic setting, stating the
Furstenberg’s proof of Szemerédi’s theorem that led to the study of the norm convergence
of some multiple ergodic averages. The considered problems were open for nearly 30 years
until Bernard Host and Bryna Kra solved in 2005 the case of one transformation and three
years later Terence Tao solved the case of a group generated by finitely many commuting
transformations. We then summarize the work of B. Host, B. Kra and A. Maass where they
studied a topological counterpart of the characteristic factors introduced by B. Host and
B. Kra in 2005. In this work they introduced the notion of dynamical cube and proved an
important structure theorem for topological dynamical systems. We end this chapter with
a work of Sebastian Donoso and Wenbo Sun with a variant of dynamical cubes for minimal
Z2-actions and an associated structure theorem. This last result is the main motivation of
this work.

2.1 Multiple ergodic averages

An important connection between ergodic theory, additive combinatorics and number theory
started in the 70’s with Furstenberg’s proof of Szemerédi’s theorem via the following ergodic
theorem.

Theorem 2.1. [1]] Let (X,B,u,T) be a measure-preserving system and let A € B with
positive measure. Then, for every d > 1,

N-1

hmmf—Zu (ANT™AN...T7™"A) > 0.

N—o0

So, it is natural to ask about the convergence of these averages, and more generally, about
the convergence in L?(X, B, 1) of the multiple ergodic averages

2

Y @) T ),

n=0
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where fi,..., fq € L™®(X,B,u). The case d = 1 is the standard ergodic theorem of von
Neumann. If one assumes that T is weakly mixing, Furstenberg proved in [I5] that for every
d > 1 the limit always exists and is constant. However, without the assumption of weakly
mixing one can easily show that the limit need not to be constant. Multiple ergodic averages
are those for which even if the system is ergodic, the limit is not necessarily constant. This
is the case for d > 2.

Due to Theorem [I.7] the absence of weak mixing implies the existence of “group rotation”
factors of the system (X, B, u,T). This also implies the existence of more complex factors
called measure distal systems. It can be shown that the behavior of some ergodic averages
can be reduced to the study of the average in an appropriate distal factor, as those we are
showing below. When this is possible, we shall say that the factor is a characteristic factor
for the average.

After approximately 30 years of efforts, the convergence of the following ergodic averages
was finally stated in [24] 37]. The authors proved,

Theorem 2.2. [Z]] Let (X,B,u,T) be a measure-preserving system and let d > 1 be an
integer. For f; € L=(X,B,un), 1 <i<d, we have

N-1

lim ~ 37 A(T0) fo(T25) - faT2) (2.1)

Nooco N

exists in L*(X, B, ).

In the proof the authors define for each integer d > 1 the factor Z;, which are characteristic
for these averages. They also proved that these factors can be endowed with the structure
of a nilmanifold: they are measurably isomorphic to an inverse limit of ergodic rotations
on nilmanifolds. The main ingredient in the proof is the notion of measure-theoretical cube
structure and their properties.

Observe that the multiple ergodic averages for commuting transformations, i.e., when we
change the transformations 7,72,...,7¢ in for commuting transformations 71, ..., Ty
was obtained by Tao in [33] using finitary ergodic methods, by Towsner in [34] using non-
standard analysis and by Austin in [3] and Host in [23] using more conventional ergodic
methods. But until now we do not know the precise structure of the characteristic factors.
For instance, it is still open if nilsystems have a role to play there.

2.2 Nilfactors and dynamical cubes for Z-actions

2.2.1 Nilmanifolds and nilsystems
We start with the definition of d-step nilmanifolds.

Let G be a group. For g, h € G we write [g, h] = ghg~*h™! for the commutator of g and
h, and for A, B C G we write [A, B] for the subgroup spanned by {[a,b]: a € A, b€ B}.
The commutator subgroups Gj,j > 1, are defined inductively by setting G; = G and

14



Gj41 =[G;,G]|. Let d > 1 be an integer. We say that G is d-step nilpotent if G44q is
the trivial subgroup.

Let GG be a d-step nilpotent Lie group and I' be a discrete cocompact subgroup of G. The
compact manifold X = G/F is called a d-step nilmanifold. The group G acts on X by left
translations and we write this action by (g, ) — gz. The Haar measure p of X is the unique
probability measure on X invariant under this action. Let 7 € GG and T be the transformation
x+— 12 of X. Then, (X,B,u,T) is called a d-step nilsystem.

Nilmanifolds were first introduced and studied by Mal’cev [29] in 1949. But recently its
importance has grown in ergodic theory and additive combinatorics in the study of multiple
ergodic averages [24], in the structure analysis of measurable and topological systems [24], 25]
and in the analysis of certain patterns in a subset of the integers [19]. Here we will talk
about applications of nilsystems in topological dynamics, searching for a structure theorem
for minimal systems. The structure theorem for topological dynamical systems can be viewed
as an analog of the purely ergodic structure theorem of [24] in the study of a topological
counterpart of the characteristic factors introduced by Host and Kra.

2.2.2 Topological cubes and the regionally proximal relation of or-
der d

Let X be a set, let d > 2 be an integer, and write [d] = {1,2,...,d}. We view {0,1}¢ in
one of two ways, either as a sequence € = ¢1...¢4 of 0’s and 1’s written without commas or
parentheses; or as a subset of [d]. A subset e corresponds to the sequence ¢; ...g4 € {0,1}4
such that ¢ € € if and only if ¢, = 1 for i € [d].

We denote X2 by X, A point x € X can be written in one of two equivalent ways,
depending on the context:

X = (1.0 ¢ €{0,1}%) = (z.: e C [d)).
For x € X, we write 219 = (x,2,...,2) € X% and the diagonal of X9 is Al = {zld: 1 ¢ X}.

A point x € X can be decomposed as x = (x/,x”) with x/,x" € X/~ where
x' = (2o0: € €{0,1}% ) and x” = (x: ¢ € {0,1}971). We can also isolate the first co-

[d]

ordinate, writing X¥ = X2~ and then writing a point x € X as x = (7,%,), where

x, = (1.1 e C |d], e #0) e X1V

The faces of dimension r of a point x € X are defined as follows. Let J C [d] with
|J| =d—rand &£ € {0,1}%". The elements (x.: ¢ € {0,1}%,e; = &) of X' are called faces
of dimension r of x, where ¢; = (g;: 7 € J).

Identifying {0, 1}¢ with the set of vertices of the Euclidean unit cube, an Euclidean isom-
etry of the unit cube permutes the vertices of the cube and thus the coordinates of a point
x € Xl These permutations are the Euclidean permutations of X!,

Let (X, T) be a topological dynamical system and d an integer. We define QI(X, T to
be the closure in X4 of the elements of the form

(T™2: e = (e1,...,eq) € {0,1}%),

15



where n = (ny,...,n4) € Z¢ and z € X. As an illustration, Q? (X, T) is the closure in X
of the set
{(x, T2z, Tz, T""™2): x € X,n.m € Z},

and QPl(X, T) is the closure in X of the set
{(x, T2, T™2x, T"" "™z, TPx, T"*Pu, T™ Py, T""™*Py): x € X,n,m,p € Z}.
It is important to observe that Q% (X, T) is invariant under the Euclidean permutations
of X

As mentioned before, the cube structure for topological dynamical systems was introduced
in [25] as the topological counterpart of the theory of measure-theoretical cubes developed
in [24].

The following structure theorem relates the notion of cube and nilsystems.

Theorem 2.3. [25, Theorem 1.2] Assume that (X,T) is a transitive topological dynamical
system and let d > 1 be an integer. The following properties are equivalent:

(1) If 2,y € QU+U(X,T) have 27! — 1 coordinates in common, then T = y.
(2) If v,y € X are such that (z,y,...,y) € QX T), then v = y.
(3) X is an inverse limit of minimal d-step nilsystems.

A transitive system satisfying either of the equivalent properties above is called a d-step
nilsystem or a system of order d.

The cube structure QI+(X, T)) also allows us to build the maximal factor of order d for
a topological dynamical system (X,7). Let (X,T) be a topological dynamical system and
d > 1 be an integer. A pair (z,y) € X x X is said to be regionally prozimal of order d if for
any 0 > 0 there exist 2/,y' € X and n = (ny,...,nq) € Z% such that p(z,z") < 4, p(y,y') < &
and
p(Tn'E’I/’ Tn~ay/) < 5

for every nonempty subset ¢ C [d], where p is the metric on X.

The set of regionally proximal pairs of order d is denoted by RP! (X,T), and is called the
regionally prozimal relation of order d. We remark that when d = 1, RP!! (X, T) is nothing
but the regionally proximal relation RP(X,T) defined in Chapter 1.

It is easy to see that RPW(X,T) is a closed and invariant relation for all d € N. We also
have that

P(X,T)C .. RPUI(X T)CRPYX T)C...c RPH(X,T) C RPY(X,T) = RP(X,T).

Lemma 2.4. [25, Lemma 3.3] Let (X,T) be a minimal system and let d > 1 be an integer.
Take z,y € X. Then, (z,y) € RPY(X,T) if and only if there exists a, € X such that
(, as,y, @) € QUHI(X).
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Host, Kra and Maass [25] proved the following theorems in the minimal distal case, then
Shao and Ye [32] proved the same theorems for general minimal systems.

Theorem 2.5. [25,[32] Let (X, T) be a minimal topological dynamical system and let d € N.
Then,

(1) RPY(X T) is an equivalence relation.
(2) The quotient of X under RPY (X, T) is the maximal d-step nilfactor of X .

In particular, (X,T) is a system of order d if and only if the regionally proximal relation
of order d coincides with the diagonal relation. Furthermore, it is easy to see that a system
of order d is distal.

Theorem 2.6. [32, Theorem 6.4] Let m : (Y,T) — (X,T) be a factor map between the
minimal systems (X, T) and (Y,T) and let d € N. Then, © x 7(RP¥(Y,T)) = RPY¥(X, T).

The study of nilsystems took another course since the work of Omar Antolin Camarena
and Balazs Szegedy [6] with a more abstract definition of a nilsystem, and the works of
Yonatan Gutman, Freddie Mannes and Peter Varju in [20] 21) 22] concerning the structure
theory of nilspaces. But in the topological and measure-theoretical setting it is still open the
existence of cubes structures for a finitely generated commutative group action.

2.3 Dynamical cubes for Z?-actions

In 2014, Donoso and Sun [7] studied a variant of the cube structure defined in the previous
section in an effort to study a topological counterpart of the characteristic factors in the
general commutative case, motivated by Host’s construction in [23]. Given a compact metric
space X and two commuting homeomorphisms S,7: X — X they introduced the space of
dynamical cubes Qg7 (X) as

Qsr(X) = {(z, Srx, Tz, S"Tmx): x € X, n,m € Z} C X™.

Another cube structures related to Qg7 (X) are the following

Qs(X) ={(z,S"x): 2 € X,n €7},
Qr(X) ={(z,Tmx): z € X,m € Z}.

With the same idea of the work of Host, Kra and Maass in [25] they proved a structure
theorem for systems with the property “completion of the last coordinate of a point in Qg 1 (X)
in a unique way” or also called closing parallelepiped property. This relation served to study
product structures inherent to the system (X, S,T) and in particular to identify a “product
behaviour”. A product system is one of the form (Y x W,o x id,id x7), where (Y, o) and
(W, T) are topological dynamical systems.

Associated to this new cube structure they defined a relation in X called the (S,7)-
regionally proximal relation in the following way
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Definition 2.7. Let (X, S,7T) be a minimal system with commuting transformations S and
T. We define

={(z,y) € X x X: (x,y,a,a) € Qgr(X) for some a € X},
{(z,y) € X x X: (x,b,y,b) € Qsr(X) for some b € X},
Rsr(X) =Rs(X)NRr(X).

The authors proved the following structure theorem for systems (X, S, T).

Theorem 2.8. [7, Theorem 1.1] Let (X,S,T) be a minimal system with commuting trans-
formations S and T. The following properties are equivalent:

(1) (X,S,T) is a factor of a product system.

(2) If ¢,y € Qs (X) have three coordinates in common, then = y.
(3) Rs(X) = Ax.

(4) Rr(X) = Ax.

(5) Rsr(X) = Ax.

For the proof of this structure theorem they introduced the so called topological magic
extensions, motivated by Host’s work [23]. In this extension B. Host found a characteristic
factor that looks like the Cartesian product of single transformations.

A minimal system (X, S,T) with commuting transformations S and T is called a magic
system if Rs(X)NRr(X) = Qs(X)NQr(X). Notice that in principle the relations Qg (X)
and Qr(X) are much easier to compute than Rg(X) and Ry(X). The term magic reflects
then that computing Rg(X) N Ry (X) is not that complicated.

Lemma 2.9. [7, Proposition 3.10] Let (X, S,T) be a minimal system with commuting trans-
formations S and T. Then (X,S,T) admits a minimal magic extension, i.e., it has an
extension which is a minimal magic system.

Additionally, in the distal case, they proved another related result.

Theorem 2.10. [7] Let (X, S, T) be a minimal distal system with commuting transformations
S and T. Then

(1) Qs(X), Qr(X) and Rgr(X) are closed equivalence relations on X.
(2) (X/rsz(x),S,T) is the mazimal factor of (X,S,T) having a product extension.
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Chapter 3

Directional dynamical cubes for d
commuting transformations

In this chapter we present the notion of directional dynamical cubes for a topological
dynamical system (X, T}, ...,Ty) with d commuting transformations. This is a generalization
of the dynamical cubes introduced by S. Donoso and W. Sun in [7] whose main properties
were discussed in Chapter 2. We start the chapter with some general properties of the cube
structure and then we introduce the (771, ..., Ty)-regionally proximal relation associated with
the cube structure. We end the chapter introducing the classes Z', which correspond to
systems (X, Ty,...,Ty), where the action T; is trivial, i.e., is the identity, and we compute
the maximal Z§-factor for any topological dynamical system. This notion will be used to
describe systems where our cube structure has the closing parallelepiped property.

3.1 Notation

Let d > 2 be an integer and consider T7,...,Ty: X — X, d commuting homeomorphisms
of X. As was mentioned in Chapter 1, we write (X,T},...,T;) to denote the topological
dynamical system (X, {7y ---T;j*: ny,...,nqg € Z}). The transformations T7,..., T, span
a Z%action. Throughout this thesis we always use G = Z¢ to denote the group generated by
Ty, ..., Ty

Definition 3.1. Let d > 2 be an integer and (X,T},...,Ty) be a topological dynamical
system with commuting transformations 73, ..., T,. For j € [d], the j-th face transformation

Tj[d] : Xl — X is defined for every x € X9 and every ¢ C [d] by:

[y _ ) Tize ifjee,
(7 X>€_{$a ifjé¢e.

.....

.....

,,,,,
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Using the same notation of Section [2.2] for every j € [d] we define the following transfor-

mations
o0 {01} — {0,144
' o Ek lfk#j,
° QI)1(5)_{1—@4; it k= .
w9 {0,137 — {0,1}4
€ — qf%(é‘)28162...6j_10€j...6d_1.
i {0,134 {0,134
€ — @%(E)26152...6]',118]'...86[,1.

Let X be a set. From now on, when we consider a point x € X® we will represent it as in

Figure [3.1]

Zo11 T111 L{2,3} T{1,2,3}
| |
| |
| |
Zoo1 ; Z101 {3} : T{L3
| |
l l
| |
Xo10------ F---- 2110 D F---7T{1,2}
Tooo L100 Ly L1y

Figure 3.1: Representations of a point in X3.

Thus, we have that the face permutations ®;, 5, ®3 in the case d = 3 illustrate the
following Euclidean permutations when applied to the coordinates of a point in X® as in the

Figure [3.2]

T111 Zo11 Z101 T110

Z101

2100

Zoo1

Zo11

T111

Zo10

2110

Z100

Z000

Zoo1

,,,,,,,

Z100

T111

2101

Figure 3.2: The figures (a), (b) and (c) represent ®;(z), ®o(z) and ®3(z), where
x is the point of Figure in the case d = 3.

The maps \112 and \Ifjl are used to replicate a face. Let d > 2 be an integer, j € [d] and
x € XU If we define y € X by y. =z, if ¢ = ¥)(n) vV e = Ul(n), we have that
the face that is determined by fixing the value of j in the coordinates is equal to x, i.e.,
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(ye:€(j) =0),(y=: €(j) =0) € Xl=1 and

(ye: 5(]) = O) = (y:s: 5(]) = 1) = X.

3.2 Directional dynamical cubes for d commuting trans-
formations

3.2.1 Directional dynamical cubes

We introduce the notion of directional dynamical cubes for a system with d commuting
transformations and we study its basic properties.

Definition 3.2. Let d > 2 be an integer and let (X, T},...,Ty) be a topological dynamical
system with commuting transformations 71, ...,T;. We define,

Qr,..r,(X) = {(T]" - T ) coya: v € X,n = (ng,...,ng) € Z0} C X1

We define the same structure for {j1,...,7:} C [d] as

Qle ..... T (X) = {(Tﬁlal .- 'T}Zkekl')se{o’l}ki reX,n= (nl, . ,nk) € Zk}

For example, if £ = 1 and j € [d] we have

Qr,(X) = {(«,Trz): x € X,n € Z}.

For zy € X, we define

K3, = { (T T30 oy sy 1= (o ma) € 24,

As an example, for d = 3 we have

Qnnr(X) ={(z, Tz, T3, TMT e, Thx, T T e, Ty T e, TP T I5x) v € X, n,m,p € Z},
Qnrn(X) ={(z, 172, Tz, T T x) :x € X, n,m € Z},

Qr, .1, (X) {(x, T2, TSz, T} T8x) : x € X, n,p € Z},

Qr,r(X)  ={(z, T2, T8z, Ty"T3z) : x € X, m,p € Z},

Qr,(X) ={(z,Tz) :x € X, n € Z},

QTQ(X) :{(x7T2m )IZEEX, mEZ},

Qr,(X) ={(z,T5z) : v € X, p € Z},

K7 o, = {(T7xo, T5 xo, T T3 w0, TS 20, TP T 0, TaV TS w0, TP TS T x0) - nym, p € Z}.

This generalizes the definitions given by Donoso and Sun in [7] for two commuting trans-
formations. In general we have that

K 7 #Qn..1(2) ={a. € XI": (z,a,) € Qp,.1,(X)},

-----
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but with an identical proof of Lemma 4.5 in [17] we have that there exists a Gs-dense subset

.........

,,,,,,,,,

cubes structures.

Proposition 3.3. Let d > 2 be an integer and (X,T1,...,Ty) be a topological dynamical
system with commuting transformations Ty, ..., T;. Then,

.....

.....

Ye = To,(c), Ve € {0, 1}4,

then y € Qqy,...1,(X).

(4) (Projection) Let x € Qry.. . 7,(X), {j1,---,jx} C [d] and & € {0,1}4*%. Then, we have
that

(22 2 € {0, 1}, clapgnminy = &) € Qny, .y, (X).

(5) (Duplication) Let {ji,...,jx} C [d] and x = (z,: n € {0,1}*) € Qp,,
that if y € X9 is defined such that for e € {0,1}¢,

1. (X). We have

Ye =, = V0 e{l,... k}, g, =,

then y € Qqy...1,(X).
(6) (z,y) € Qr,;(X) & (y,2) € Qp,(X), for all x,y € X and for all j € [d].

This proposition shows the basic structural properties that have these cubes structures.
Property (3) shows that some Euclidean permutations leave invariant Qr,  7,(X). However,
if d =2, and (29, z1, 2, ¥3) € Qp, 1,(X), we may have that (zg, xa, 21, 23) € Qr, 1,(X). But,
we can assure that (zg,xq,x1,23) € Qp,r (X). Roughly speaking, this lack of symmetry
makes the problem harder because we do not expect to get the strong algebraic consequences
that one obtains in the case T; = T" like in [24]. Property (4) shows that the projection of
the faces of a cube is a cube of the dimension of the face. Finally property (5) shows the
lifting property of cubes in order to obtain a cube with a higher dimension.

Proof. (1) Take z € X and 0 € Z¢ in the definition.

..........

3) Let (29);en € X and (n(7));eny € Z% such that
( c e

Ve € {0,1}¢, 2. = lim T .. -ng(i)gdxi.
1— 00
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Let y' = Tj"j(i)xi and m(i) = (ny(i),...,—n;(i),...,nq(i)) € Z% For € € {0,1}¢ we have

y. = lim Tlml(i)sl i@ _T;nd(i)fdyi’

1—00 J

_ }E{}O Tlnl(i)El o T;ﬁ;l(i)Ej_IT;Lj(I_Ej)T;-:{Tl(i)Ej-‘—l o _ng(i)fdxi’

= Toj(e)-

We conclude that y € Qr, . 7,(X).

(4) Let (2%)eny € X and (n(i))sen € Z% such that

Ve (0,1} a = lim IO e
Now, consider 1 € {0,1}% such that

7%:{0 Ee{jh”'ajk}?
Te E% {j17'-'ajk}7

.....

r. = lim Tlnl(l)61 . -ng(l)sda:i,
i—>00
. nj, (1)€; nj, (1)ej,
= lim T Jl()Jl T Jk() Jkyz'
oo J1 Jk

We conclude that (z.: € € {0, l}d,g[d]\{jl ,,,,, =& € Qr;, ... T, (X).

(5) Let (2%);eny € X and (n(i))sen C Z% such that

Ve € 0,1}, . = lim 71O ppa@a
1—00

Then, there exists m € Z* such that

Vn € {0,1)F, @, = lim T O

i—oo Il Ik
If we use n(z) € Z? such that

n (i) = m;, if p = jg, for some j;, € {j1,..., 7k},
0 1fp¢ {jla"'7jk}7

we conclude the statement.

(6) This follows directly from definitions.
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It is easy to see that the relation Qr,(X) is symmetric, reflexive, closed and T}-invariant.
In [I7] Eli Glasner proved that Qr,[r] = {y € X: (7,y) € Qr;(X)} is a transitive set for
a Gs-dense subset of X. But in general this relation is not an equivalence relation (for an
example see [35]).

By Proposition (2) we have that (Qg,..7,(X),Grn . ..1,) is a topological dynamical
system. Moreover, we have

Proposition 3.4. Let d > 2 be an integer and (X, Ty,...,Ty) be a minimal system with
commuting transformations Ty,...,Ty. Then, (Qr,.. 1,(X),Gn...1,) is a minimal system.
Furthermore, if (X, Ty,...,Ty) is distal, then (Qr,. 1,(X),Gr,..1,) is also distal.

Proof. The proof is similar to Proposition 3.4 in [7]. Let E(Qg . 1,(X),Gn. . .1,) be
the enveloping semigroup of the system (Qg,. .1,(X),Gr .1,). For every € {0,1}¢,
let m.: Qpn. 7,(X) — X be the projection onto the e-th coordinate and let
5 BE(Qqy,..1,(X),Gn...1,) = E(X,G) be the respective semigroup homomorphism.

Let u € E(Qqy...1,» G[Ad}) denote a minimal idempotent for the system (Qr, .7, GAd ). We
show that u is also a minimal idempotent in E(Qr,,.. 1,(X),Gn...1,). By Theorem , it
suffices to show that if v € E(Qq,...1,(X),Gr...1,) with vu = v, then uv = u. Projecting
onto the corresponding coordinates, we deduce that 7*(vu) = 7f(v)7t(u) = 7 (v) for every
e € {0,1}%. The projection of a minimal idempotent of E(Qr, . 7, (X),G[Ad]) is a minimal
idempotent in F(X,G). Then, we have that 7*(u)7*(v) = m*(u) for every ¢ € {0,1}¢. Since
Qr..1,(X)C X we view the elements of EQmn.. .1,(X),Gn. 1, as vectors of dimension
2%, then the projections to the coordinates determine an element of E(Qr, . 1,(X),Gr,.. 1,)-

Hence, we have that uv = w. Therefore, we conclude that u is a minimal idempotent in
E<QT11~--,Td(X)7ngw~7Td)'

Now, let x € X. Since X is minimal, by Theorem there exists a minimal idempotent

u € B(X,G) such that uz = z. Consider ul € E(Qr, . 7,(X), G[Ad}). We have that ul?zld =
714 so by Theorem 714 is a minimal point in X9 (so in Qg,...7,(X)) under the action

G[Ad}. We observe that the point 24 is minimal under the action Or,..1, since uld is also

a minimal idempotent n E(QTl,...,Td(X)yng,...,Td)- AS O(.T[d},gTh._.’Td) = QTl,...,Td(X)y we
conclude that (Qr,.. 1,(X),Gr,..r,) is a minimal system.

Now, if (X,T},...,Ty) is distal, then (X Gr, 7)) is also distal. Additionally, since
Qr, . 7,(X) is invariant under Gr, 7, we also obtain that (Qg, .. 1,(X),Gr,...1,) is distal. [

From previous result we can conclude that for every {ji,...,jx} C [d] the system
Qry, (X) is minimal under the action of the group Gr,,.,..;, - Particularly, for every
transformation T} the system Qg;(X) is minimal under the action generated by g x g for
g € G and id xT};. However, the system (K7 5, F7’ 1) is not necessarily minimal, de-
spite of Theorem 3.1 in [32], because the minimality of this system implies the minimality of

O(zo, T;) for every j € [d].
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Proposition 3.5. Let d > 2 be an integer and let m:' Y — X be a factor map between
two minimal systems (Y, T1,...,Ty) and (X,Ty,...,T;) with commuting transformations
Ty, ..., Ty. Then,

Proof. It is easy to see that 7 (Qq,
equality.

.....

Ve € {0,134, a. = lim T/ ooy,

1—00

We take an arbitrary y* € 7—!(z%). By compactness, we can assume that y* — y and for
all e € {0,1}¢ we can assume that

lim 770 Ty =y

11— 00

Now, by continuity of 7, we have that m(y’) — 7(y) = x and that for e € {0, 1}¢

w(ye) = (Jim 770 Oy ) =t OO () —

1—+00 1—+00
Then, y € Qp,..7,(Y) and 7l(y) = x € Qp,..1,(X). O
Remark. Previous result is also true for every subset of [d], i.e., if {j1,...,jx} C [d], then

3.2.2 The (11,...,T,)-regionally proximal relation

We define a relation in X associated with this cube structure as in Chapter 2. We introduce
the (T4,...,Ty)-regionally prozimal relation which generalizes the definition given by Donoso
and Sun for two commuting transformations in [7].

Definition 3.6. Let d > 2 be an integer and let (X, 7},...,7T;) be a topological dynamical
system with commuting transformations 71,...,7T,;. For x,y € X, a, € Xid_l} and j € [d],
we define z(z,y, a,, j) € X@ as the point such that

x if e =0,

Ze = Yy 1f €= {]}a
(a), ife= \112(17) Ve = \Ifjl(n)
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We define the T)-regionally proximal relation as
RT<X) = {(l”y) € X xX:da, € Xid_l}a Z(I7y7a*7j) < QTI Td(X>} :

g\~ /  \Trdg/ =7t mmr mEEo= 2 ke ) ATy ) TR J ) e Ly

Finally, we define the (71, ...,T,)-regionally proximal relation as

As an example, for d = 3, the relations are defined as follows

R (X) ={(z,y) € X x X: (z,y,a,a,b,b,¢,¢) € Qp, 1, 15,(X) for some a,b,c € X},
Re,(X) ={(z,y) € X x X: (z,a,y,a,b,¢,b,¢) € Qp, 1, 17,(X) for some a,b,c € X},
RTS(X> = {(x,y) € X xX: ((L’,CL, b7 C7y7a»b7 C) S QT1,T2,T3(X> for some a,b,c S X}

The representations of these relations are the following,

C C
(@) eRn(X): O b € Qr1m, (X)
P L---Ja
x )
b c
(w,9) e Rpy(X): O ¢ € Qr1m, (X)
[ F---Ja
X a
b C
(z,y) € Ry (X) : Y ? “ € Qn 1 (X)
bt e
T a a

Figure 3.3: Representation of the relations Ry, (X), Ry, (X) and Ry, (X) in the
case d = 3.
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Remark 3.7. We remark that (z,y) € Ry, (X) if and only if there exists a, € X such

that (z,a,,y,a.) € Qp,...1,(X).

It is easy to see that the relations are reflexive, symmetric, closed and invariant under G.
In the next chapter we prove that these relations are transitive in the distal case, but we do
not know if these relations are transitive in the general minimal case. The next proposition
follows from the definition. We introduce this notion because it is useful in order to describe
systems with the closing parallelepiped property.

Proposition 3.8. Let d > 2 be an integer and let m:' Y — X be a factor map between
two minimal systems (Y,Ty,...,T;) and (X,T1,...,Ty) with commuting transformations
Ti,...,Ty. Then, 7Ry, (Y)) C R, (X), where j € [d]. In particular,

7l (Ryy..my;(Y)) SRy 1, (X).

We will study minimal systems (X, 77, ...,T;) with commuting transformations 77, ..., Ty
which have the following property:

Definition 3.9. Let d > 2 be an integer and let (X, T1,...,7;) be a minimal system with
commuting transformations 11, ..., T;. We say that X has the closing parallelepiped property
if x,y € Qr,....7,(X) have 2¢ — 1 coordinates in common, then x =y.

Proposition 3.10. Let d > 2 be an integer and let (X, Ty,...,Ty) be a minimal system with
commuting transformations T, ..., T; which has the closing parallelepiped property. Then,
for every j € [d] we have that Rr,(X) = Ax.

Proof. Let z,y € X be such that (z,y) € Rr;(X). Then, by definition, there exists

a, € X such that z(z,y,a.,j) € Qq..r,(X). By Proposition (4), we have that
(r,a,) € Qry,..1y_,.15,..1,(X). Define w € X a5

x if e = (),

We = z ife= {]}7
(a*)77 ife = \119(77) V e = Ul(n).

J

By Proposition (5), we have that w € Qg 7,(X) and therefore the closing paral-
lelepiped property implies that x = y. ]

The proof of Proposition in the case d = 3 and j = 1 can be illustrated as follows:
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b E b € QT17T27T3 (X) — € QTQ,T3 (X)
a/: ””” r-———/a
T a
x & Yy (b)
(a) C c
A b
= ! S QTl,Tz,T3 (X)
G nnne ---Ja
x i T

Figure 3.4: Illustration of the proof of Proposition in the case d = 3 and
j = 1. We have the existence of a cube like in (a) because (z,y) € Ry, (X). By
Proposition 3.3 (4), the cube in (b) belongs to Qgz, 1, (X). Finally, by Proposition
3.3 (5), the cube in (c) belongs to Qr, 1,1 (X).

3.3 The classes Zgj

In this section we define for every j € [d] the class of dynamical systems (X, T, ..., T;) where
the action Tj is the identity, denoted by Zg’. This notation is analogous as the one used by
Austin in [2] for the measure-theoretical setting. Then we compute the maximal Z-factor
for any system (X, T1,...,Ty).

Consider the following classes of topological dynamical systems. For every j € [d] define

Z7 ={(X,Th,...,Ty): Tj is the identity on X}.

We remark that these classes satisfy the following properties:

The trivial system (one point) belongs to Z;’.

€; . . . . € . . €5
Z, is productive, i.e., any product of systems in Z, is also in Z’.

€5 . . . . . . €e; . . €5
Z, is hereditary, i.e., a closed invariant subsystem of any system in Z,’ is in Z;’.

€5 . . .
ZJ is closed under isomorphism.

Using a Zorn’s Lemma argument it can be proved that for every system (X,Ty,...,7T},)
there exists a maximal Z-factor [I, Chapter 9]. In addition, this factor can be characterized.

For a minimal system (X, 77,...,Ty) with commuting transformations 77, ..., Ty, we de-
fine o7, (X) as the smallest closed and Tj-invariant equivalence relation which contains the
relation Qr,(X).
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Lemma 3.11. Let (X,T1,...,Ty) be a minimal system with commuting transformations
Ti,..., Ty and take j € [d]. Then, X/or,(x) is the mazimal Zg’ -factor of (X, T1,...,Ty).

Proof. Let 7 : X — X/or,(x). We have that X/or,(x) € Zg. Indeed, if 2,2’ € X are such
that 2 € O(X,T}), then 7(x) = w(2'), because Tj[z] = [Tjz] and since (z,Tjr) € o7, (X),
then T;[x] = [z]. So Tj acts trivially on X/or, (x). Now, let Z be a factor of X in Zy and
n': X — Z be the factor map. We define R, = {(z,y) € X: 7'(x) = 7'(y)}. We have to
prove that or;(x) € Rr. In fact, since Ry is closed and Tj-invariant equivalence relation, it
suffices to prove that Qr,(X) € Ry. Fix z € X. We have that

Tjorm=n"oT;=7n"oidy.

Thus {(z,7]z)}nen € Ryr. Since Ry is closed we conclude that Qr,(X) C Ry, O
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Chapter 4

The structure theorem for minimal distal
systems with the closing parallelepiped

property

In this chapter we prove the following structure theorem for minimal distal systems, which
is the main result in this thesis:

Theorem 4.1. Let d > 2 be an integer and (X, T4, ..., Ty) be a minimal distal system with
commuting transformations T, ..., Ty. Then, the following statements are equivalent:

.....

Td(X) = Ax.

-----

(3) X has a minimal distal extension (Y, T, ..., Ty) which is a joining of the systems Y/as,
for j € [d] and is relatively independent with respect to the systems Y/fol/Qsz, where
Ju, J2 € [d] with ji # jo.

Rougly speaking, the extension Y of point (3) can be constructed using Z¢~!-minimal distal
actions. We start with some important properties of dynamical cubes and the (71, ...,Ty)-
regionally proximal relation in minimal distal systems. We then give a proof of the structure
theorem for distal systems. We finish the chapter studying a property of the systems with
the closing parallelepiped property, which corresponds to the sets of recurrence induced by
these systems.

4.1 Directional dynamical cubes for minimal distal sys-
tems

In this section we present the main properties of directional dynamical cubes for minimal
distal systems.
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4.1.1 The Z;-maximal factor for distal systems

An important consequence of the distality of a system is the following.

Proposition 4.2. Let d > 2 be an integer, (X, T1,...,Ty) be a minimal distal system with
commuting transformations Tt,..., Ty and j € [d] be fized. Then, Qr;(X) is a closed and
invariant equivalence relation of X for every j € [d].

Proof. The proof is similar to the one of Lemma 5.2 in [7]. We only need to prove transitivity.
Let (7,y),(y,2) € Qr;(X). Pick any a € X. Then, (a,a) € Qr,(X). By Proposition
there exists a sequence (gn)nen = ((95,, 9n))nen € Gr; such that g,(z,y) = (g,2, g,y) converges
to (a,a), where Gr, is the group generated by id xT; and g x g, ¢ € G. We can assume,
by compactness, that gnz — w and thus (g,y, g,2) = (a,u) € Qr;(X). Now, we have that
gn(z,2) = (9,7, 9,2) — (a,u) and this point belongs to the closed orbit of (z,z) under Gr,.
By distality this orbit is minimal and so it follows that (z, z) is in the closed orbit of (a,u)
and thus (7, z) € Qg (X). O

A similar argument can be used to prove the next result.

Lemma 4.3 (Gluing Lemma). Letd > 2 be an integer and (X, T, ..., Ty) be a minimal distal
system with commuting transformations Ty, ..., Ty. Consider x = (,2'),y= (¢, y') € X!
withe, @', y,y' € X' Vanda' =y. Ifx,y € Qr,..1,(X), then z= (2, y") € Qp,..1,(X).

Proof. Let x/,x", y” € X% ! be such that (x/,x"), (x”,y”) € Qn..1,(X). Pickany a € X.
Then, (al™Y al=1) € Q. 7,(X). By Proposition [3.4] there exists a sequence (g, )nen =
(63D s G st 1t (3 ) (o 15 o (T it W oy i
by compactness, that ¢”y” — u and thus (¢”x”, g"y") — (al¥"4,u) € Qp,...7,(X). Now, we
have that g,(x,y") = (¢.x, ¢"y") — (al®~ 1], u), and this point belongs to the closed orbit of
(x',y") under Gr, . r,. By distality this orbit is minimal and so it follows that (x’,y”) is in

the closed orbit of (a4~ u) and thus (x',y") € Qrp,...1,(X). O

Remark. Given two points x,y € Qg 7,(X) we can use the Gluing Lemma when we
have (z.: e € {0,1}¢, €(j) = 0) = (y.: ¢ € {0,1}¢, &(j) = 1) for some j € [d].
Namely, we can apply a sequence of Euclidean permutations until we get two points
w = (w,w'), z=(z,2") € Qp,._1,(X) such that z’ = (z.: ¢ € {0,1}¢, £(j) = 0) and
w’ = (y.: € € {0,1}4, £(j) = 1). We note that the Euclidean permutations that are needed
for the aforementioned procedure are different from those in Proposition (3). In the next
figure we illustrate this comment.
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Lg

L7

Ty (X5

S QT1 T2,T5 (X)

______ __/ _’1:'3
Xy

Lo
a
(a) Then
)
X
1 € Qnn,n (X)
4 xﬁ
Lo L2
()
Gluing Lemma
Ly L7
x 1 T
! : 5 € Qn11 (X)
Yaomm--- /Y3
Yo v (1

Le

S QT1,T27T3 (X)

L2

L6
€ QTz,Ts,T1 (X)

Ys

Y3, xr7

Y2 ; L5 € Qn .11 (X)
Yi------ -/ T3

Yo X1

Figure 4.1: Illustration of Gluing Lemma. In (a) and (b) we have two cubes in
Qr 11, (X) with two equal faces. With an Euclidean permutation we have that
the cubes (c¢) and (d) are in Qg 7,1, (X) satisfying the hypothesis for Lemma
By the Gluing Lemma we have the existence of the cube (e) in Qr, 7, 1, (X)
and finally we apply the inverse of the Euclidean permutation to obtain a cube in

QT1,T2,T3 (X)

Using Lemma [3.11] and Proposition [£.2) we get the following result.

Corollary 4.4. Let d > 2 be an integer and (X, Ty, ..
commuting transformations T4, . .

., Ty) be a minimal distal system with

- Ty. Then, for j € [d], X/ar,(x) is the mazimal Zg’ -factor.

Proof. By Proposition we have that or,(X) = Q;(X). We conclude with Lemma

B.11
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4.1.2 The system (K7 ., F; ;) for distal systems

Let d > 2 be an integer. For a minimal distal system (X,73,...,7;) with commuting
transformations 71, ..., T, and 7o € X, we consider the system (K7} 5 ,F7 1), defined
in Section 3.2, based in Donoso and Sun’s work [7]. This system has a decomposmon on
factors when we project to the coordinates where the corresponding transformations act as
the identity, represented in the following commutative diagram:

T?,...,Td - 20..0 |, T10..0 " T0..01 L1
] I 1 I
id | T1 id | T1
. | . . | .
. I . I :
. \ |
id + id Td ! Td
xo/\
Ty,....,Tq KT17T37-~-7Td ) KTlv oTi—1
xo o o Zo
KTS)"'qu KT23T47'-‘7Td KT17T47'“7Td ‘ ./I%’.’TdQ

L/M/\K&

Zo
K Td 1 Td 2

Figure 4.2: Decomposition of the system (K7 ., F7 5 ) using the projection
on the coordinates where the transformations act as the identity:.

Here, K7) 1 | 1., .1, corresponds to the projection onto the coordinates where the
action T} acts trivially, i.e., in the coordinates where j ¢ . We have that elements of

..............

Systems with the closing paralleleplped property We have that, if two points x,y € K T
have the same projections onto the systems K7; Tyt Tyt Ty for all j € [d], then x = y
In fact, the system K70 o 5. 7, has the coordinates in the face £(j) = 0 and the last
coordinate is a function of the other coordinates. For example, for 3 transformations we have
the following diagram:
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T . ! !
7,1, - T000 ! T100 Lo Z1i0 Tool L101 Toil ! Tiil

id 7y id Ty oid Tyoid [T
id idd T, T, id id Tp T
id id id id Ty Ty Ty Ty

x . T .
Ty, Ty - L010 Too1 Lo11 KT(1)7T3~ 100 Zoo1 101 KT(LTQ- 100 o010 110

id id id T, id T T, id T
T, id T id id id id T, T
id T3 Ty id Ty Ty id id id

id id T,

id T id

T id id

Figure 4.3: [llustration of the decomposition of (K7 1, 7., F7) 1, 7,)-

In this way, we have that in a system with the closing parallelepiped property, a point
x € K7V 7 can be deduced by its projections on the systems K79 ., for every
J € [d].

yeeor L =1, T 41500

By the previous discussion, we have that in a with the closing parallelepiped property the
system K7 - can be viewed as a joining of the systems K7 . 1, for every j € [d].

Tit1s--
We also remark that for a minimal system (X, 7T3,...,7T,;) with commuting transformations
Ti,...,Ty, j € [d] and g € X we have that K%?,.,.,Tj_l,TjH,...,Td € Z;. We will prove that
o

. €4 . . .
Ko7, 1y 10,1, 18 the Zg'-maximal factor in the distal case.

Proposition 4.5. Let d > 2 be an integer, (X,T1,...,Ty) be a minimal distal system with
commuting transformations T, ..., Ty and take vo € X. Then, K7 ., s isomor-

phic to X1, Td/QTj[d] (K3 ) for any j € [d].

.....

yees L1, T4 1,5

Proof. Let x,y € K7} . be such that

(ze: e €0, 1}d7 e(j) =0) = (ye: € € {0, 1}d7 e(j) = 0).

1

We have to show that (x,y) € K%)Td Let § > 0, 7: K?,...,Td — K§1(1)7--~7Tj717Tj+17~--7Td be
the factor map. By the openness of 7, we can find 0 < §’ < § such that

B((z.: e € {0,1}¢, 2(j) = 0),8') C n(B(x,6)) N7(B(y,d)) (4.1)
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.....

p((T77° T3 0) e 0,135y X) < 0
Call 7 = (T{LlEl e Td"’bdadxo)se{071}d\{6}. Then, we have tha:t

p((ze: e € {0,1}% 2(4) = 0), (z.: € € {0,1}%, £(j) = 0)) < &'

,,,,,

(z2:e€{0,1}% (j) =0) = (2.: £ € {0,1}%, 2(j) = 0) A p(z',y) < 6.

Let 0 < ¢” < ¢’ be such that ¢ + 0" < ¢ and for every u,v € K77

.....

p(u,v) <" = p((T1")u, (1)) < 4.

.....

P T 20) e o o5y 2) < 0

We call z? (T” e .T;ldgdxo)se{m}d\{@}. We define

ZS _ (T'[d})njfanQ _ (Tlnlﬁl T ] 185— 11_,]n]€gj';i41r153+1 o T;:ﬁdfﬁo)ge{o,l}d\{ﬁ}'

We have

p(z*,x) < P(( 22:e€40,1}%, £(j) =0), (21 e € {0,1}, £(j) =
+p((2: € €{0,1}%, £(j) = 0), (21 e € {0,1}%, £(j) = 0
+p((22: ¢ € {0,1}4, 5(]) i),((zaz e € {0,1}%, 6(])) = 1))

€

+p(( e € {0,139, (j)
§5/1+5/+5/+5/

§357
and
p((TI)5=m23 y) < p((T1)572%).: e € {0,134, e(j) = 0), (212 € € {0,1}% £(j) = 0))
+o((l: € € {0,1}%, £(j) = 0), (ye: € € {0, 1}, <(j) = 0))
+o(((T)72%). e € {0,1}9, (j) = 1), (k1 € € {0,1}%, £(j) = 1))
(el e € {01}, <(j) = 1), (e = € {0,1}4, £(j) = 1))
<5//+5+5//+5
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By Proposition 3.5, if (Z,Ty,...,Ty) € Zy for some j € [d and is a fac-
tor of (K%’V”de,Tl[d},...,T(Ed]), then, by Corollary , there exists a map from

,,,,,,

Corollary 4.6. Let d > 2 be an integer, let (X,Ty,...,Ty) be a minimal distal system with
commuting transformations Ty, ..., T; and vo € X. Then, for every j € [d]| the system

o ~J zo

~ K z ; ; €5 _ o
Ky Ty = 5T Td/QT][d] (K52 7,) 18 the mazimal Zy'-factor of K7 7.

.....

With an identical proof we obtain the following proposition.

Proposition 4.7. Let d > 2 be an integer, (X, T1,...,Ty) be a minimal distal system with
commuting transformations Ty, ..., Ty, xo € X, {j1,...,je} C[d] and k € {1,...,l}. Then,
the system Ki’};’l 1, 15 the mazimal Zgjk -factor of Ki’};’l

T.

s g 15Ty s Ty

k41

A direct consequence from this proposition is,

Corollary 4.8. Let d > 2 be an integer, (X,T1,...,Ty) be a minimal distal system with
commuting transformations Ty, ..., Ty, xo € X, {j1,...,Je} C [d] and ki, ko € {1,...,(}.
Then,

KZo KXo
Ty oo Tje/QTjkl/QTjk > BT Tje/QTjkz /QTjk .
) 1

Now, let (X,T},...,T;) be a minimal distal system with commuting transformations
Ti,...,Ty. Let H < (Ty,...Ty) be a subgroup. We define

Qu(X)={(z,hz): v € X, he H} C X~

In particular, if {j1,...,7x} C [d], we have

Q<Tj

T, >(X) ={(z,hx): € X, he (T,....,T;)}

100

Be careful and do not get confused: the sets Q (T5yT; >(X ) and Qr,
J1 0 Ik

Jioee

T, (X) are different.

We denote by Zi* A Zg”? the intersection between the classes Zg”* and Zg?, that is, a system
belongs to Z;”* A Zy if both transformations ji, j» act trivially.

Similarly as stated in Proposition 4.2/ one proves that the relation Q (73,1, >(X ) is a closed
1°7J2
and invariant equivalence relation, and by a proof analogous to that of Lemma [4.4] we have
that X/Q, .. ,(x) is the maximal Zy" A Zg”-factor of X. We conclude that */ar;, )/qr, (x)
is a factor of X/Q<Tj1,Tj2>(X). On the other hand, X/Q<Tj1,Tj2>(X) is a factor of X/qr, (x), which
belongs to Zng. Thus, X/q (1y,.7,,) () is a factor of */@r;, (X )/Qsz (x). Then, we have the following
result,
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Proposition 4.9. Let d > 2 be an integer and (X,T1,...,Ty) be a minimal distal sys-
tem with commuting transformations Ty,...,Ty. If ji1,jo € [d] with j1 # ja, then
X/Qle <X)/QTJ'2 (X) = X/Q<T.7'1 *TJ'2>(X)'

We can generalize the previous result for any subset of [d] in the following way.

Lemma 4.10. Let d > 2 be an integer and (X, Th,...,Ty) be a minimal distal system with

commuting transformations T, ..., Ty. Let {j1,...,jx} C [d]. Then, Q<Tj o >(X) is a

closed and invariant equivalence relation such that

X/Qle/..A/QTjk ~ X/Q<T
Finally, X/Q<T,- oty )X is the mazimal Zg* A ... N Z5* -factor of (X, Ty, ..., Ty).

4.1.3 The (1T3,...,T,;)-regionally proximal relation for distal systems

In this section we study the properties of the (77,...,Ty)-regionally proximal relation for
distal systems that will be used in the proof of Theorem [£.1]

We start with the following proposition, which was proved in the case d = 2 by Donoso
and Sun [7].

Proposition 4.11. Let d > 2 be an integer and (X,Ty,...,Ty) be a distal system with
commuting transformations Ty, ..., Ty. Consider x,y € X. The following statements are
equivalent:

(4) (:E,y) € RT1 ..... Td(X)'
(5) There exists j € [d] such that (z,y) € R, (X).

Proof. (1) = (4). Let j € [d] and a, = yl©! € XU then z(x,y,a,,j) =
<x7y*[<d]) € QTl 77777 Td(X>'
(4) = (5). It follows directly from the definition.

(5) = (1). The idea of the proof is to construct, in two stages, a sequence of points
z',...,z% ¢ Qr,..7,(X) so that we increase the number of times that y appears as a coordi-

nate of z*, using Lemma until we get z¢ = (z, yLd]) € Qn.. 1,(X).

In Stage 1 we construct the points z!,...,z/ € Q...
have that the point z’/ satisfies the following properties:

1,(X) such that for 2 < k < j we

o Forevery e C [k, e # 0, 2f = 28,y =y and 2§ = 2.
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e For every € C [d] with ¢ € [k] and every 1 < ¢ < k we have that zF = zgé(s). It is easy

to see that this is equivalent to the following property. Let e1,e5 C [d] with ey, € [k]

and £1(r) = eo(r) for every r > k, then zF = 2% .

e For every € C [d], ¢ # (), we have that 2% = zgj(g).

This Stage is not necessary for the case j = 1.

In Stage 2 we have the point z/ € Qg 7,(X) satisfying the following properties:

.....

e For every e C [k], e # 0, 2¥ =y and z@ = .
e For every ¢ C [d] with ¢ € [k] and every 1 < ¢ < k we have that 2F = Zée(e)'

Finally we have that z¢ = (z,y%) € Qr,...7,(X). This Stage is not necessary for the case
j =d.

Take x,y € X such that (z,y) € Ry, (X) for some j € [d]. Then, there exists a, € X141
for which z(z,y, a.,j) € Qr,..1,(X). We call z' = z(z,y, a., j).

.....

Stage 1. Construction of the points z*,... 7z’ € Qp, _1,(X).

Assume j # 1. Consider the face (2l:e € {0,1}¢, e(j) = 1) of z'. We
have (z!:e€{0,1}% e(j) =1)€ Qn,.1,_1 1541, 1, (X) by Proposition (4). We view
(z1:e€{0,1}% (j) = 1) as a point in Xl 1 then we can write

(e c{0,1} c(j)=1) = (u,17 n € {0,1}471)

Where u, = z! if and only if £ = ¥}(n). Then, by Proposition (5), there exists a point
vie QT1 ,,,,, (X) with v, = u, if and only if a = ¥¥(n) or o = W] (n)m i.e., we duplicate u'.
In partlcular vy =v(; =Y. Let e C[d], e # 0. If j € ¢, take n such that ¢ = W}(n). Then,
we have that v} = u) = 2. If j ¢ ¢, take n such that € = W;(n). Then, we have that

1 _ 1 _ _ 1 _ 1
v, = un - (a*>77 - Z@j(a) = Zc-

1 -
0, v} = =z In particular,

Thus, we have that for every ¢ C [d], ¢ #
= 1). By Lemma [4.3] there exists a

(lree (011 () = 1) = (ko € (01)%.a()

point z*> € Qp, .. 7,(X) such that (252: e €{0,1}4: (1) = 0) = (2!: e € {0,1}¢: £(1) = 0)
and(€€€{01}d e(1) = 1) = (vi: e € {0,1}¢: (lz)withz—vifandonlyif
e = ®(). In partlcular we have zj = z, zp1y = z{]} = {13} = y and for every ¢ C [d],
e # 0,{1}, 22 = z,(,). Since z' satisfies that 2z} = zg . for every ¢ C [d], ¢ # 0, {j}, we

have that 22 = z%j(g).

Now, assume we have built z* € Qg 7,(X) for 2 < k < j such that the following

properties hold:

.....

o Foreverye C [k], e #0, 2F =2 =y and 75 = =.

fU{j}

e For every e C [d] with € € [k] and every 1 < ¢ < k we have that z¥ = zfg[(e). It is easy
to see that this is equivalent to the following property. Let e1,e5 C [d] with e1,e2 € [k]
and £1(r) = eo(r) for every d > r > k, then 28 = zF .

e For every € C [d], ¢ #0,{;j}, we have that zF = Zgj(a)'
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Consider the face (zF:¢¢€ {O 1}, e(j)=1) € Qn,..1,_ S T r,(X). If we denote
(zF:ee{0,1}% e(j) =1) = (u}: n € {0, 1}d ') with 28 = w; if and only if ¢ = Wi(n).
Then, by Proposition . (5), there exists vF € Qp, . (X ), where vk = u if and only if
a—\If?( Jora=Vi(n). Lete C[d, e #0. Ifj e, takensuchthatg—\lfl( ). Then,

we have that v* = ufz = 2F. If j ¢ ¢, take n such that ¢ = \I/?(n). Then, we have that
ol = uf; = zgj(s) = zF. Thus, we have that for every ¢ C [d], € # 0, v¥ = 2F. In partic-

ular, (2%:e€{0,1}4, (k) =1) = (v¥: a € {0,1}4, a(k) =1). By Lemma there exists

2+l € QT1 ,,,,, 7,(X) such that (2¥71: e € {0,1}9, e(k) =0) = (zF: e € {0,1}%, (k) = 0) and
(251 e € {0, 1}d, e(k)=1) = (v*: a € {0,1}%, a(k) =0) with 21 = o if and only if
g = (I)k<04)

Ife Clk+1],e#0, then 2! =z, ;; =y and 2™ = =.

Let ¢ C [d] with € Qk k] anc}C 1</ <kk If k::é £ we haw(?C that 281 k: 2k = z(’;é(k)Jr— zgj(ls)
+1_ _ _ _ _
Ik € & we have that 27 = Uy, (o) = Za,(0) = Z@(@u(e) = (@) = Yau@0e) = ey
Let e C [d], e #0,{j}. If k ¢ ¢ we have that zk+(1) =24, = % = 271 I k € £ we have
k1 k k k Kook kel
that Zg]) = V(@) = F@u@;) = @) T Foye) ~ Vo) T e

We proceed inductively until £ = j — 1, where we use the face e(j — 1) = 1 in Lemma
to get the point z7 € Qr, . 1,(X) with the following properties:

.....

e For every e C [j], € # 0, zJ—yandz@—x
e For every ¢ C [d] with ¢ € [j] and every 1 < ¢ < j we have that 2/ = zée(a). It is easy
to see that this is equivalent to the following property. Let €1, &2 C [d] with €1,e5 € [J]

and e1(r) = e;(r) for every d > r > j, then 2/ = 2/,

e For every ¢ C [d], e # 0,{j}, we have that 2/ = Zéj(a)'

Then, for £1,25 C [d] with &1,e9 € [j] and for every d > r > j, e1(r) = ea(r).

The point z’ also satisfies that if € C [j], e # 0, 2/ = y and zé =z

Stage 2. Construction of the points z2t', ... z¢ € Qp,__1,(X).

.....

Assume j # d. We proceed by induction in the following way. Suppose that for j < k < d,
the point z¥ € Qr, _1,(X) satisfies the following properties:

.....

o Foreverye C [k], e #0, z2F =y and 2§ = z.

e For every ¢ C [d] with e € [k] and every 1 < ¢ < k we have that zF = Zg,_;(e)-

Consider the face (2F:e€{0,1}4, e(k)=1) € Qnp... T Ty, Ta (X)) Denote
(zF:ee{0,1} e(k) =1) = (uy:n € {0,1}*"") with 2F = u} if and only if ¢ = Wi(n).
Then, by Proposition (5), there exists v¥ € Qg . 1,(X), where v} =u} if and
only if « = U)(n) or a = Wi(n). Let e C [d], ¢ # 0. If k € ¢, take n such
that ¢ = Wi(n). Then, we have that vf = wuf = 28, If k ¢ &, take 5 such that
e = ®)(n). Then, we have that v} = u} = Zék(e) = 2zF. Thus, we have that for
every ¢ C [d], ¢ # 0, v*¥ = 2F  1In particular, (2*:e€{0,1}4, e(k+1)=1) =
(vk:a€{0,1}4, a(k+1)=1). By Lemma , there exists z**' € Qp .
such that (2*:e€{0,1}4, e(k+1)=0) = (2*:e€{0,1}4 e(k+1)=0) and
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(e e 0,1} e(k+1)=1) = (v*:ae{0,1}4 a(k+1)=0) with 2*! = of if
and only if ¢ = &y ().

Let € C [k + 1], € # (0. We distinguish three cases:

o If e =0, then zj™" =z} = z.

e lfk+1¢e 2Ml=2k=y

e lfk+1c€e Mt = ngﬂ(s)' Now, we note that ®;1(c) C [k]. Then, ngﬂ(s) = .
Thus, 21 =y.

Let e C [d] with e € [k + 1] and 1 < ¢ < k + 1. We have the following cases:

e Ifk+1¢cand1</l<k, then, 21 =2F = de(s) = zg(la).

o If k+1¢¢cand l=Fk+1, then, zg‘;(la) = oftl = 2k,

elfk+1€ecand1 <V <k, then

k+1 _ k R R R _k _ k+1
“op(e) = Vpp1(@0(e)) T FRpp1(Pe(e)) T FRp(Prsr(e)) T FRppile) = UBppile) T e -

oIfk:—l—l€<€au1d£:l<:+1,ther1,z‘f‘;ﬁ1 2k

© = Zhia(e) = V(o) = %
With this we prove that z*+! satisfies the following properties:
e Forevery e C [k+1], e # 0, 2 =y and zSH = 2.
e For every ¢ C [d] with ¢ € [k + 1] and every 1 < ¢ < k + 1 we have that z*™ = zgj(la).

We proceed inductively until k& = d — 1, where we use the face €(d) = 1 and we have
z’ € Qr,. 7,(X) such that for every ¢ C [d], ¢ # 0, 2¢ = y and ZSH =z, ie., z¢ =

-----

b c

— € QT2,T3 (X)
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S QTQ,T3<X)
— ‘/2 e
y y g
Y Y

Y y

P |
Yo Jy

x Y

Figure 4.4: Illustration of the proof (5) = (1) of Proposition for the
cases d =3 and j = 1.

(1) = (3). Let a, be such that z = (r,a,) € Qp .
prove that (y,a.) € Qp. . 7,(X). The idea of the proof is to construct two sequences
z',..., 27 € Qp. 1, (X) and vl .., vil € Qg 1, (X) such that for every 1 < k < d
and every € C [d], the value of z¥ is equal to z, if and only if n C [k] and for every j € [k],
e(4) = n(j), ie., the coordinates of z* depend only on the subsets of [k] with respect to
the coordinates of z. To do this, by Proposition (4), we project z € Qp,. 1,(X) in
Qr,...7.(X) using the subset [k] C [d] and £ =0 € {0,1}**. We get that

(ZE € € {0 1} E[d\[K] = 6) = (Zg: €€ {0, 1}d, e C [k]) € Q.. Tk(X)

-----

We consider z* to be a lifting of (z.: ¢ € {0,1}%, € C [k]) € Q.. 1. (X) to Q. 7,(X) using
Proposition (5).

For the construction of the sequence v!,...,vitt € Qp, Td(X ), we know that property
(1) is equivalent to property (5) Then, by (5) we have that v! = (y,29) € Qrp, . 7,.(X). We
have that for 1 < d < k, (v¥: (k) = 1) = (2F: ¢(k) = 0) and, by Lemma we have the
existence of the pomt s € QT1 ,,,,, 7,(X) such that (vf*1: (k) = 0) = (v*: e(k) = 0) and

(WML e(k) =1) = (2F: (k) = 1). Wlth this we finally have that vé+1 — (y, a,).

We remark that (vl:e(1) = 1) = (z}: (1) = 0) = 21471 By Lemma we have the
existence of a point v2 € QT1 1,(X) such that

2 ’Ugl if 5(1)
e 2l oife()

.....

0,
1

Let e C [d]. If e = 0, Wehavethatvm—vw—y If (1) =
e(1) = 1, we have that v? = z!. Thus, for every € C [d], € # 0,
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Now assume that for all 1 < k£ < d — 1 we have constructed using Lemma inductively
vl e Qp 1, (X), with ng =y and v**t = 2F for all e C [d], ¢ # 0. Let e C [d] with
e(k) = 0. Then, z£*' =zl and v} ) = 25 () = 28 Thus, (L e(k+1) =0) =
(v¥*1: e(k +1) = 1). By Lemma we have the existence of the point vF*2 € Qr, _ 1,(X)
such that b

UHQ:{UZ %fs(k—i-l):O,
€ it e(k+1) = 1.

Thus vy =y. Let ¢ C [d] with e # 0. If e(k 4+ 1) = 1, then v}*? = 251 If e(k + 1) = 0,
then

k+2 _ k1l _ k _ k+1
v =0 = =l

We conclude that v¥*2 = 2¥1 for all € C [d], € # (). Inductively, we proceed until k = d — 2,
where we obtain a point v? € Qr,... 1, using Lemma with v¢~! and z?!, and vg =y and
vd = 2371 for all e C [d], € # 0.

Finally, we observe that (v?: £(d) = 1) = (2.: £(d) = 0). Using Lemma [£.3 with v and z

,,,,,

o _ [ vl ife(d) =0,
Yo T\ a4 ife(d) =1.

Let € C [d]. If e = 0, then v¢™! = y. Now assume that € # ). If e(d) = 1, then v = 2.
If e(d) = 0 we have that

d+1 _ d _ d—1 _
v, = U, =2, = Ze.

We conclude that v = (y,a,) € Qp,._1,(X).

In the case d = 3 the proof of (1) = (3) can be illustrated in the following diagram.

f g T T
€T ; @
vl = T - Jx
YL x
€T a
T a T
1 2
= Vo =
Z € ------- --—-Ja
T a Y a
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o y 4
: a T ‘ a
2 _ : 3 _
z = R ----Jc V= b------1 -——--Jc
7 a Y a
I 9
df——
4 1
V= bl 7777777 ----Jc
YL a

(3) = (2) It follows directly. Since 2 € Qr, . 7,(X), then (y,:ch]) € Qn.. 1,(X).

(2) = (1) Suppose that u = (z,a,) = (x1,X2), V= (y,a,) = (x3,X2) € Qp . 1,(X) for
some a, € X7, Then, (ue: e(d) =1) = (v: e(d) = 1). By Proposition (3) (using j = d)

.....

Lo @

Uq;d(g) €(d) = 1.

Then, z = (x1,X3), i.e., there exists b, € X3! such that z = (z,b.,y,b.) € Qpy_.1,(X).
Thus, by Remark 3.7, (z,y) € Rz,(X) and from the proof of (5) = (1), we conclude that
(33',?/,---734) ECle 77777 Td(X)‘ O

We use Proposition to prove the following lemma.

Lemma 4.12. Let d > 2 be an integer, (X,T4,...,Ty) be a minimal distal system with
commuting transformations 11, ..., Ty, and xo € X a continuity point. Suppose that X has

their mazimal 25" N 2, -factors, for all jy, jo € [d] with j1 # jo.
Proof. Let x,y € X,Ed} be such that:

.....
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3. For every ji, jo € [d], j1 # Jo,
(a2 = € 0.\ T, o) = 0. (i) = 0) = (it £ € {0, 1JA{D},0) = 0. <(72) = 0,

i.e., the projection of x and y onto the coordinates given by the maximal Zg“ A z§j2-
factor are equal.

We want to prove that y € K70 . By (3), the only coordinates ¢ C [d], ¢ # ) such
that x. # y. are the coordinates € = [d] and 5 = [d] \ {71} for some j; G [d]. For the proof
we construct a sequence of points x°,x'...,x? € K¢ 1, such that x* = x and for every
J1 € [d] we have

x. € Cld], e #[d]\ {¢}, for some ¢ € [d],
et =¢ yo e=[d\{r}, for every r € {1,...,5, — 1},
' e =[d],

for some a’'~! € X. Since X has the closing parallelepiped property, a’! is unique. Thus,

d _ o : - A1-1 v i K20
x* =y € Ky g, For this, we project x'%, y in Ky o 7 ., 7,- We observe that

(21 e e {0,134\ {0},e(j1) = 0), (y-: e € {0,1}*\ {0},e(s1) = 0) only differ in the
coordinate [d] \ {j1}.

Claim. If we replace the coordinate € = [d] \ {j1} of @'~ by the same coordinate of y we
obtain a point ' € Kp? .

Proof of the Claim. Consider the system (X, T%,...,T;, 1,7}, +1,--.,Ty4). Since the points
(2971 e € {0,1}4,¢(51) = 0), (y: € € {0,1}%,¢(j1) = 0) differ only in one coordinate, by
Proposition [£.11] we have that

-1 -1
(xfalg]\{jl}: e v“ﬁ]\{jl}v Yianiiy) € Qn Tjy—1,Tjy+150 T4 (X). (4.2)

Now, by Proposition (4), we have that (mfl}\{lj },x“ h e Qr;, (X). If we define
vl € X as o

’Ul _ { x['d]ijijl} if 6(]1) = 0,

€ x@] if e(j1) =1,

then, by Proposition (5), v € Qp,..7,(X). The idea of the proof is to construct a

sequence of points u',...,u? in Qp, (X ) such that u® satisfies

.....

TGy el =0 ATjs # i1, £(ja) =0,
1 Yid\ 1} if e = [d]\ {1},
€ ﬁ]i if 6(j1) =1A 3]2 §é jl, €(j2) = O,
a if e = [d],

for some @ € X. For this we use Proposition (5). We construct the rest of the se-
quence u? ..., u? € Qg . 7,(X) from u' sat1sfy1ng u[d]\{h} Yld\ {1} fd] = a and for

e C [d] with € # [d] and € # [d] \ {41}, the value u* depends only in the elements of
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{j1,d,d—1,...,d — k + 2} (with respect to the coordinates of x7'~!) in the following way.
If n C [d], we have that

| Vee (i dd—1,....d—k+2}, () = n(0),

ub = :10571_1 = A (4.3)
Ve e [d\{j,dd—1,...,d—k+2},n)=1.

Here, we separate the proof of the Claim in three cases.

Case 1. If j; = 1 we proceed inductively until k£ = d.

Case 2. If j; # 1 and j; # d, we proceed like in Case 1 until £ = d — j; + 2 and we obtain the
point u¢*! € Qp, _ 7,(X). Here we have that the coordinates of u?~7'*! depend on
the subset {j1,j1+1,...,d}. For the rest of the sequence, i.e., ford—j; +2 < k <d
we proceed inductively like in the previous case, but with a slight difference.

Case 3. If j; = d we proceed like in the second part of Case 2.

In the three cases we will finish with u? € Qg 7,(X) such that u[ }\{]1} = Yiap\ ) and
[d] = a, and the rest of the coordinates depend on the subset [d] like in , 1.e., for every
e € {0,1}4, ¢ 7& [d ], [ ]\{jl} ul =z~ and thus uf and mgl_l differ just in the

.....

Now to formalize the proof, we divide the construction of the sequence in two stages. In
1,(X), and in Stage 2 we construct the rest of the sequence

.....

-----

We  consider two cases, if Qg (Tappiy) = O(x ﬁ\{] . T)  and if

QT“( \{jl}) 2 0(x [d]\{]l},T ). By Lemma 4.5 of [I7], we have a Gjs-dense subset of
X such that Qr, (z) = O(z,T},).

Case 1: Qr;, (x{cllﬁjl}) = O(Zp\ (i) Tj’lrl). Let (n;)ien € Z be a sequence such that

—1
Tr wap ) = 0y

By compactness we assume that

Uz
T3 iy — o

Thus, by Proposition (5), we have that there exists u' € Qp, .. 7,(X) such that

.....

ity iFe(i) =0 A3ja# i, e(2) =0,
1 ) yangy ife=I[d\ {i},
F) alyt ife(G) =1 AFja#£ 1, () =0,
a if e = [d].

Case 2: Qr;, (x{cllﬁ{ljl}) 2 O(x{jli{ljl}, Tj,). We define the following projection maps.
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.....

the coordinate £ = [d], Wthh we call K. Ty, 1 Ty 1 Ta}ULd)

® ¢ is the projection from Kf{”% ..... Ty, 1Ty, 41 TabUld] onto K7/ Ty, 1 Ty 10T
® ¢3 is the projection from K7, . . g onto the coordinates ¢ € {0, 1}4 where
£(j1) = 0 and there exists jo € [d], ja # j1, such that €(j2) = 0, which we call

o
K T 1 T T\ (N

Let 6 > 0. By Theorem we consider 0 < ¢’ < d such that

B ((332171: e €{0,1}% e(j)) = O) ,(5’) C ¢ (B ((xgl’l: £€{0,1}%, (j)) =0,V e= d)) ,(5) ,

(4.4)
and 0 < ¢” < ¢ such that
B((x27': e € {0,1}%, €(ji) = 0A Fja € [d], jo # j1,£(j2) = 0),8") (4.5)
C ¢3(B((x2 1 e €{0,1}7, e(j1) = 0),). ‘

From now, a point (a.: e € {0,1}%,¢(j1) = 0) € K7,

----- J1—17T]1+17"'7

(aj,: m € {0,1}7"), with the correspondance a. = a], if and only if € = W9 ().

Let (a;]: n € {0,1141) ¢ K7 Ty, 1 Ty Ta be such that Qr;, (a’[d_l]) QTn( d\{i}) =
Olaap i1y, Tj,) and

. will be written as
d

p(ar:n € {0, 1371, (@) m € {0,1}71) < 0",
Thus, by Remark [T.15]
p(ay: € {0,137 n £ [d = 1)), (2 ) : n € {0,137 p £ [d — 1])) < 8"
Then, by (4.5)), there exists (b : 7 € {0,1}*"") such that
p((t: € {0,137Y), (y,: m € {0,1}71)) < &,
and (a,:n € {0,137, n # [d—1]) = (b:n € {0,1}*", n # [d—1]). Therefore,

(aj: m € {0,1}97") and (b): n € {0,1}%!) correspond to Case 1. By (4.4), there exists
agg € X with ag € O(aja sy, 7j,) and

p((az: e €{0,1}%, e(j1) =0,V e=1[d]),(x0 ' e € {0,1}% (1) =0,V e = [d])) < d. (4.6)

Now, letd 1vv € Qrn..7,(X) constructed in Case 1 for the point
! . — €T .
(a’n' 17 E {O’ 1} ) E KT(l) ..... lefl,le+1 ..... Td7 l'e'7

aapgiy i (i) =0 Ao # j1, €(j2) =0,
bapgny if e =1[d]\ {5},

ajd] if (i) =1 AFj2 # J1, €(j2) =0,
Us if e = [d},

We =
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for some ug € X If 0 — 0, by compactness, we can assume that us — a. Thus we have that
there exists u' € Qq, (X ) such that

.....

TGy el =0 ATjs # i1, £(ja) =0,
! ymwn}ifﬁz[ﬂ\{ﬁh
c fcll]f ife(j1) =1 AN3ja # j1, €(j2) =0,
a if e = [d].

Stage 2. Construction of the points u?,...,u? € Qg 1,(X).

From now assume j; # d and con81der the face (ul: e(d) = 0). We have two different
values, xfd]\ if £(j1) = 0 and a7y Yif £(j;) = 1. Since (xg,le ) e Qp..1,(X), using
7,(X) such that

Proposition 4 11 (4) and (5) with the subset {ji,d} there exists v? € Qp,

,,,,,

d]\{ldh} ife(j1) =0 A e(d) =0,

)2 d]\‘gd} ?f 5(‘7.1) =1 A e(d) =0,
e d]\ji] ife(j1) =0 A e(d) =1,
ife(ji)=1 A e(d) =1

Hence, (v2: e € {0,1}%,e(d) = 1) = (ul: e € {0,1}%,e(d) = 0). By Lemma [4.3| there
exists u? € Qr,__1,(X) such that

-----

. gl\idﬁ} if (1) =0 A e(d) =0,
x[d]\{ld} ife(1)=1 A e(d) =0,
W = i'ff_éﬂgjl} if e(j1) =0 A e(d) =1, e # [d] \ {1},
T el eG) =1 A () =1 e #£d]
Yangy €= [d]\ {1},
\ a E = [d]

Now assume that we have u* € Qp_ 7,(X) for 2 < k < d—j+1
such that for ¢ € {0,1}? the value u* depends only in the elements of
{j1,d,d—1,...,d—k+ 2} (with respect to the coordinates of x/'7!) except ¢ = [d]
and ¢ = [d] \ {j1}, where ufd]\{jl} = Ya\y and ufd] = a. We consider the face
(uf:e€{0,1}9, e(d—k+1)=0). Since x' ' € Qg 7,(X), then using Proposition
(4) and (5) with {ji,d,d—1,...,d—k+1} C [d], there ex1sts vl e Qp 1, (X)
such that its coordinates depend only in the set {ji,d,d— ,d—Fk+1} (Wlth
respect to the coordinates of x7'71) thus (vF!: 56{0,1}d, e(d—k+1):1) =
(uf: e €{0,1}% (d—k+1) =0). Then, by Lemma [{.3] there exists u**! € Qg
such that for every ¢ € {0,1}¢

u

e [P ife(d—E+1) =0,
e Tl uwt ife(d-k+1) =1

)

By construction, we have that the coordinates of u**!' only depend on the set

{j1,d,d—1,...,d — k+ 1} (with respect to the coordinates of x*71) except ¢ = [d] \ {1}

48



and € = [d], where we have uf' | = Yy and ug = a. Here we have to separate in
NGy = Y )

three cases, j;1 = 1, j1 = d and j; # 1,d. The only difference in these three cases is just the
behavior of the set {ji,...,d,d —1,...d — k + 2} but the procedure is the same.

e If j; =1 we proceed inductively until £ = d.

e If j; # 1 and j; # d, we proceed like the previous case until £ = d — j; + 2 and obtain
the point u?=71+! ¢ Qr...7,(X). Here we have that the coordinates of u?=1+! depend
on the subset {j1,71 + 1,...,d}, so the difference is that for u=1*! we use the face
£(j1 —1) = 0 in Lemma instead of £(j; — 1) = 0 and for the rest of the sequence,
ie.,d—j1+1<k<d, we use the face e(d — k) = 0 until £ = d — 1 where we use the
face £(1) = 0 and we get the point u? € Qg 7,(X).

o If j; =d, for 2 < k < d we use the face e(d — k) = 0 until £ = d — 1 where we use the
face £(1) = 0 and we get the point u? € Qz, _7,(X).

Finally, for u? we have that its coordinates depend on the entire set [d] (with respect
to x/171) except the coordinates ¢ = [d] \ {ji} and € = [d]. Thus, u¢ = 21! for all
e €{0,1}%, e #[d\ {in}, e #[d], Ufld]\{jl} = Y\ and Ufld] = a. o

To conclude, first we use the claim for 1 < j; < d to construct the point x/t € K?‘; ..... 7,
Finally, for x¢ € K7

z. e Cld], € #[d]\ {{}Hor every ¢ € [d],
zd = yz €= Eg \ {r}, for some r € [d],

which allow to conclude that x¢ =y € K79 T,

]

In the case d = 3 the proof of previous lemma can be illustrated in the following diagram.
In such diagram we assume we can prove the relatively independence with respect to the
factors of K7 7. .
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L{1,2,3}

{3}
(z0,X) = T{1,2}
Zo
T{2,3} Y{2,3}
— S QTQ,Ts (X)

Zo (C) x{2}
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Y{1,2,3}

{1.3}

- Jyp

{1}

L{1,2,3}

{1,213}

o/ 123

{1,2,3}



Y{2,3} a

‘ {23} 4 L{1,2,3}
T | |
2 | T11,2.3) T{2,3} : {1,2,3}
= U_l — 3 V2 = 3
N3y {123} e et
Tiay - {12}
L{2,3} (e) L{1,2,3} (f)
A v a
T{2.3) 23) gy )
2 — f— 3 — 3
- T{1,2} “ T{2}m------ ----7 ¥{1,2}
{2} T(1,2) o - {1

() (b)

Figure 4.6: Illustration of the proof of the claim in previous proof for the case
d = 3 and with respect to the factors of K7 ;.. In (a) we have the point (z,x) €
Qr,,..7,(X). In (b) we have the point (z,y) such that the projection to K7 1,
is (2o, T12}, (3}, Yq2,3))- Then, by Proposition (4) the point in (c¢) belongs to
Qr, 1, (X). Additionally, the point in (d) belongs to Qr 7,1, (X) by Proposition
(4) and (5) using the point z. Finally, for Cases 1 and 2 of Stage 1 we have
described in the proof we have that the point (f) is in Qz, 1, 7,(X). Using Lemma
with u! and v? we have the existence of the point (g) in Qr, 1,.7,(X). Finally,
using Lemma [4.3| with the points u? and z we have the existence of the point (h)

n QT17T27T3 (X)

4.2 Proof of Theorem 4.1

We can prove that R, 7,(X) is an equivalence relation in the distal case.

.....

Theorem 4.13. Let d > 2 be an integer and (X, Ty,...,Ty) be a distal system with com-
muting transformations Ty, ..., Ty. Then, Ry, 1,(X) is a closed and invariant equivalence
relation on X.

.....

..... Td(X>- Let ($ay)> (yv Z) € RTlv--de(X)'

,,,,,

----------

.....
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factor map and to prove our main theorem.

Theorem 4.14. Let w:' Y — X be a factor map between topological dynamical sys-
tems (X, T1,...,Tq) and (Y,Ti,...,Ty) with commuting transformations Ty,...,Ty. If
(X, Tl, R ,Td) 18 distal, then ™ x W(RTI 77777 Td(Y)) = RTl 77777 Td(X)'

Proof. The proof is similar to Theorem 6.4 in [32]. By Proposition we have that

T X 7(Ryy,..m,(Y)) CRpy.1,(X). Let (y1,92) € Rpy,..1,(X). First, by Proposition
(5), there exist a sequence (y');ey C Y and a sequence n(i) C Z? such that

. ni(2)er ng(i)eq 1 € du
lim T} @) ...Tdd()dy :{gl 8iM‘

1— 00

Let (2%);eny in X be such that w(z') = 3*. By compactness we can assume there exist
y1 € X and a, € de] such that

o - )
1 Tm(z)f:‘l . Tﬂd(z)éd i_ ) T € )
am Ly d v (ay)e € # 0.

If x = (z1,a,), then 7l9(x) = (y1,...,y1,%2). Let x;1 = (z.: e(d) = 0) and
xm = (2e: €(d) = 1). We have that x; € Qp,,. 7, ,(X). By minimality, there exist sequences
g € G and n'(i) C Z4! with

i nl DNd—1 4
vip € 0,111, Tim IO i), = .

By compactness, we can assume that

’I’Ll I3 nl 1 _ .
vy € {0, 11 lim IO g ), = (),

If we define m'(i) = (n'(4),0) € Z%, then

. mi(i)er mi(ieq 4 X1 if E(d) = 0,
lim 77 RN A X), = )
Jim Ty a"IX) { (xty)y if € = Wh(n).

Let x' = (21", x{;). We observe that

ﬂ-[d}(xl> = (y17 cee 73/173/3)7

. ni( n1, (l) i
where y3 = }ggoﬂ 10 'Td_dll g'y2. Hence, (9173/3) € O((ylay2>>G[A2})'

-----

such that z/ = x; if there exists some k with d —j +1 < k < d and (k) = 0, yfd] = Yjto,
y! =y, for all € # [d], and (y1,y;42) € O((yl,yﬁl),Gé}).
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Let x] = (21: e € {0,1}% ¢(d —j) = 0) and xj; = (xl: e € {0,1}%,e(d — j) = 1). By
minimality, there exist a sequence g; € G' and n/*1(i) C Z4! such that

) ni (i w1l (- A UV
¥ € {071}d7i1££oT11 (m 'Td—djill d—j 1dejil d—j 'Tdd 1()ng 1gj(XII)n .
By compactness, we can assume that
. nd Tl AR O UY SIS AR O/ T (na-1 4 7
vn c {07 1}d7i1££1o Tl 1 (@Om . 'dejill d—j 1dejj_1 d—j _T;d 1804 lgj(XII)n _ (X%I)n-
Consider m/*1(i) = (n]™'(i),... ,ngf;_l(i),O,ngf;(i),...,néﬂ(i)) C 74 If we define
xt e Xl a5
Xt = { T eld—j)=0,
i (x11)y €= \I’cll—j(n)a
then - ™
mI (i m i)eq 5 4 ;
lim 7y D7y DR g it

1—00

Let yit! = 7ld(x7*1). We have that y/*! = 4 for all € # [d] and Z/f;]rl = Yj+3. We have
that (y1,3/j+3) € O((yhijrl)a G[Ag})-

Inductively we get x!,...,x% and y!,...,y? such that for all j € [d], 719 (x’) = y7.

For x?, we have that xg = a1 if there exists some k with 1 < k < d such that (k) = 0.
That means there is some x5 € X such that
x? = (x1,..., 21, 22).

By Proposition m, (x1,22) € Rpy,..1,(Y). We observe that m(z3) = ysi2. By
distality and minimality we have that (yi,yq2) € O((yl,yg),G[%}), then there ex-

ists g4, € G such that (g%, v1,051Ya+2) — (y1,42). By compactness we can as-
sume that (gilﬂxl,gflﬂm) — (21,%2). Then, as Ry . 7,(X) is closed and invariant
(21,22) € Ry, (Y) and 7 x m(21, 22) = (y1,¥y2). O

We are now ready to prove our main theorem.

Proof of Theorem .1l (1) = (2). This follows from Proposition [3.10]

(2) = (1). Suppose that (X,Ti,...,7;) does not verify the closing paral-

lelepiped property, then there exist x,y € X with x # y and a, € X such that
(,a,), (y,a.) € Qn..1,(X). By Proposition .11} we have that (z,y) € R, 1,(X). Then,
x =y, which is a contradiction.

(1) = (3). This is a consequence of Lemma [4.12]
(3) = (1). If (X,T1,...,T,) has the closing parallelepiped property, by Lemma [1.12]

-----
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Let (Y, T1,...,Tys) be an extension of X which is a joining of the maximal Z;'-factors for

j € [d]. Then, Y C 11 Y/QT is invariant under the transformations 71, . .., T,. Consider the
Jj€ld]

action Tj onY. Let ¥ = (y1,...,ya) € Y. As the component j of 7/ is an element of ¥/qr,,
this component is invariant under the action of 7}, i.e

Ty = (Tivas - Tiyi-1, Y5, Ty, - - Tiya) -

We will see that Y has the closing parallelepiped property in Qfl,...,T"j(Y)- Indeed, let
y € Qg7 (Y), then there exists (7)ien € N and (n(4));en C Z4 such that

Ve € {0,1}%, 7. = lim {0 .. 7peeag,
1— 00

We now study the component ¢ = [d] of this element. We have that,

Yg = lim Tm(z) --T;d(i)gj’i.

i—00

So, for every j € [d]

(Ga); = lim T T30 (),
— lim T”l(l) .. T"] 1(1)T”1+1( D T;d(l) (y—'i)j’

i—00 j—1 Jt+l
_}E?OTM() T ()nd(y )j»

where 7 = [d] \ {j}. Thus, the component j of g4 corresponds to the component j of ¥ (53-
Hence the last component of the elements of the cube Qy, 7 (Y) is a function of the rest of
the coordinates. From this, Y has the closing parallelepiped property. Since (1) is equivalent
with (2) we have that R4 7 (Y) = Ay. By Theorem we have that Ry, 1,(X) = Ax.
We then conclude that X ‘also has the closing paralleleplped property. O

The following corollary is proved implicitly in Theorem

Corollary 4.15. Let w: (Y, T1,...,Ty) — (X, T1,...,Ty) be a factor map between minimal
distal systems (X, Ty, ..., Ty) and (Y, T4, ..., T,) with commuting transformations Ty, ..., Ty.
If Y has the closing parallelepiped property, then X has it too. In particular, having the
closing parallelepiped property is an invariant under factor maps in the class of minimal
distal systems.

Remark. Observe that if (y1,%2) € Qg;(Y), then (#1); = (¢2);. This implies that the
extension in the corollary also satisfies

d
(Qr(Y) =Ay.
=1
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Remark. Consider the case d = 2. We have that Y is a joining between Y/qr, (v) and
Y /Qr,(v). Since the next level is the trivial system, by the relatively independence of these
systems we conclude that Y = Y/q., (v) X Y/Qr,(v), i.e., Y is a product system, generalizing
the result of Donoso and Sun in [7] for the distal case.

Using Theorem and Theorem we get the following corollary.

Corollary 4.16. Let d > 2 be an integer and (X,Ty,...,Ty) be a minimal distal system
with commuting transformations T, ..., Ty. Then, (X/Ry, . 1,X),T1,...,Ty) has the closing
parallelepiped property. Moreover, this system is the maximal factor with this property, i.e.,
any other factor of X with the closing parallelepiped property factorizes through it.

Proof. Observe that if (Z,T1,...,Ty) is a factor of (X,Ty,...,T;) such that
Ruy,..1,(Z) = Ay, then, by Theorem X T(Ryy,..m,(X)) =Rmpy,. 1,(Z) = Ay. That is,
there exists a factor map from (X/ry, . 2,(x),T1,...,Ty) to (Z,T1,...,Ty). It remains to prove

.....

.....

with 7T(l‘1) = y; and 7T(962) = ys. But y; = 7T($1) = 7T(?J1) = Y2, SO RTl,A..,Td(X/RTl,...,Td(X))

4.3 Recurrence in systems with the closing parallelepiped
property

In this section we study sets of return times for distal systems with the closing parallelepiped
property. In particular, we get a characterization of minimal distal systems with this property
using return time ideas.

We define the sets of return times for Z%minimal systems in the following way.

Definition 4.17. Let d > 2 be an integer and (X,T},...,7,;) be a minimal system with
commuting transformations 71, ...,7T;. Consider x € X and an open neighborhood U of .
We define the set of return times Ny, 7,(x,U) = {(ny,...,nqg) € Z%: T{"---Tyiz € U}.

A subset A of Z¢ is a set of return times for a minimal distal system if there exists a
minimal distal system (X,T},...,7y), * € U and an open neighborhood U of x such that
Ny 1,(z,U) C A,

We can characterize Z? sets of return times for distal systems via the closing parallelepiped
property. For this we consider the following definition

Definition 4.18. Let d > 2 be an integer, By, ..., B; C Z%'. We define the d-joining of
By, ..., B, as the set

B = {(nl, A ,nd) - Zdi Vi € [d], (nl,. ey M1, N1, - ,nd) € Bz} C Zd.
We remark that the 2-joining of By, By C Z is the Cartesian product B; x By. Now we
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have the following theorem

Theorem 4.19. Let d > 2 be an integer. A subset B C Z% is a set of return times for a
minimal distal with the closing parallelepiped property if and only if B contains a d-joining
of d subsets By, ..., Bg C Z%.

Proof. Let (X,T},...,Ty) be a minimal distal system with an extension (Y, Ty, ... ,Td) like
in Theorem[4.T} € X and U be an open neighborhood of z. Denote by 7: Y — X the factor
map. Let (yi,...,yq) € Y such that 7(y1,...,ys) = x and U be a neighborhood of (v, . .., ya)

in Y such that m(U) C U. Then, we have that Nz 3 ((y1,...,94),U) € N, _1,(2,U).
Now, we consider the factor map m;: Y — Y;, the projection onto the i-th coordinate.
Since all the systems that we are considering are minimal and distal, then the map m; is

open, by Theorem [1.32} So w(U) is open in ¥; and we have that Nz 7 ((y1,...,va4),U) =

-----

Nrp,..1,(yi, m(U)). But, in Y; the action T; is the identity, and the action on Y; is an

action of Z%7'. So we have that (ni,...,ng) € NTAI’_“’Td((yl?...,yd),U) if and only if

Vield, (n,...,n-1,%41,--.,na) € Ny 1y s o,y (Ui T (U)).

Conversely, let B; C Z% ! be a set of return times for a minimal distal system and for
ieldlet (Y;,Th,...,T;-1,Ti1,...,Ty) be a minimal distal system. Consider y; € Y; and an
open neighborhood U; of y; such that

Nry ot o, (Ui, Us) € By

We define B = {n € Z¢: Vi€ [d], (n1,...,ni_1,Ni41,-..,nq) € B;}. We prove that B is
a set of return times for a minimal distal system with the closing parallelepiped property.

d
For every Y; we consider the action T; as the identity, and weset Y = [[ Vi, ¥ = (v1,-- -, Ya)
i=1

and Z = O(y,Ti,...,Ty) C Y, which is minimal and distal. As T; acts trivially in the
i-th coordinate on Z, then Z has the closing parallelepiped property. Now, we consider

d
U= (H Ui) N Z, which is an open neighborhood of y in Z. Then, Ny, 1,(y,U) C B and
i=1

NTl,...,Td(Y7 U) = {n €Z%: Vie [d]7 (711, ey M1, Mg,y - - 7nd) € NTl,...,Ti,l,TiH,...,Td(yia Uz)}

]

We denote by B, __r, the family generated by sets of return times arising from Z?-minimal
distal systems with the closing parallelepiped property, and by B,  , the family of subsets
of Z® which have non-empty intersection with every set in Br,..1,

Lemma 4.20. Let d > 2 be an integer and (X, Th,...,Ty) be a minimal distal system with
commuting transformations Ty, ..., Ty. Suppose (x,y) € Ry, 1,(X). Let (Z,Ty,...,Ty) be
a minimal distal system with Ry, 1,(Z) = Az and let J be a joining between X and Z.
Then, for zy € Z we have that (x, zy) € J if and only if (y,z0) € J.
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Proof. The proof is similar to the proof of Lemma 6.19 in [7], which is an adaptation of the
proof of Theorem 3.5 in [27]. Let W = ZZ and T#,...,TZ: W — W be the corresponding
commuting transformations. Let w* € W be the point satisfying w*(z) = z for all z € Z and
Zs = O(w*,G%), where GZ is the group generated by T7,...,T7. Then, Z,, is minimal
and distal. So for any w € Z.,, there exists p € E(Z,G) such that w(z) = pw*(z) = p(z) for
any z € Z. Since (Z,11,...,Ty) is minimal and distal, F(Z,G) is a group, so p: Z — Z is
surjective. Thus, there exists z, € Z such that w(z,) = 2.

Take a minimal subsystem (A, Ty x TZ,...,Ty x TZ) of the product system
(X X Zoo, Ty X TE, ..., Ty x T?). Let mx: A — X be the natural coordinate projection.
Then, 7y is a factor map between two distal minimal systems. By Theorem [4.14] there exist

.....

Let z; € Z be such that w'(z;) = zp. Denote by m: A = X x Z, 7(u,w) = (u,w(z))
for (u,w) € A, u € X and w € W. Consider the projection B = m(A). Then,
(B, Ty x Ty, ..., Ty x Ty) is a minimal distal subsystem of (X x Z, T} x Ty,...,T; x Ty) and
since 7(zg,w') = (z,20) € B we have that J contains B. Suppose that 7(z,w?) = (z, 22).
Then, ((z, 20), (y, 22)) € Royxmy,... myx1,(B) and we conclude that (29, 22) € Ryy,..1,(Z). Since
Ry, 1,(Z) = Az we have that zy = 25 and thus (y,29) € B C J. O

Lemma 4.21. Let d > 2 be an integer and (X, T},...,T;) be a minimal distal system with
commuting transformations Ty,...Ty. Then, for v,y € X, (x,y) € Rayy,..1,(X) if and only

.....

.....

Proof. The proof is similar to Theorem 6.20 in [7]. Suppose N(z,U) € Bp,  r, for
any open neighborhood U of y. Since X is distal, Ry 7,(X) is an equivalence re-
lation. Let = be the projection map n: X — Y = X/Rqp..r,(X). By Propo-
sition we have that Rp  7,(Y) = Ay. Since (X,T,...,7;) is distal, then
the factor map 7 is open and w(U) is an open neighborhood of w(y). Particularly,
Np,..1,(x,U) € Np. r1,(m(x),7(U)). Let V be an open neighborhood of w(x). By
hypothesis, we have that Np  71,(x,U)NNrp __ r,(7(x), 7(U)) # 0, which implies that
r,(m(z),m(U)) N\ Ny __7,(m(x), V) # 0. This implies that 7(U) NV # (. But this

holds for every V, then we have that w(z) € m(U) = 7(U). Finally, since this fact holds for
every U we conclude that mw(x) = m(y). This shows that (z,vy) € Ry, (X).

..... 1,(X). Let U be an open neighborhood of y and A
be a B}, 7, set. Then, there exist a minimal distal system (Z,T1,. .., Ty) with Ry, . 7,(Z) =

-----

..........

77777

77777

of (z,2p) under T; x T; for i € [d]. By distality we have that (J, 7} x T1,..., Ty x Ty) is a
minimal system and (x, zg) € J. By Theorem we have that (y,z) € J and particularly
there exist sequences (n');ey C Z¢ such that (T - ,TQQLT{% . -T;}izo) — (y,20). This
implies that Np,  7,(z,U) N\ N, 1,(20, V) # 0 and the proof is finished. O

----------

We get the following characterization of the closing parallelepiped property for minimal
distal systems.
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Corollary 4.22. Let d > 2 be an integer and (X, T, ..., Ty) be a minimal distal system with
commuting transformations Ty,...,T;. Then, (X,T1,...,Ty) has the closing parallelepiped
property if and only if for every x € X and every open neighborhood U of x, Ny, . r,(z,U)
contains the d-joining of d sets of return times for Z4'-distal systems.

Proof. We only need to prove one implication. Let us suppose that there exists
(x,y) € Rry..1,(X)\ Ax and let U,V be open neighborhoods of z and y respectively such
that U NV = 0. By assumption N, r,(z,U) is a By, 1, set, and by Lemma [4.21]
Ny, _7,(x, V) has nonempty intersection with Np, 7 (2, U). This implies that U NV # (),
a contradiction. We conclude that Ry, 1,(X) = Ax and therefore (X, T7,...,T;) has the
closing parallelepiped property. n
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Chapter 5

Examples of systems with the closing
parallelepiped property

In this chapter we present a family of examples of systems with the closing parallelepiped
property for each d > 2.

5.1 Affine transformations in the torus.

Let 7 > 1, a € T" and A be a r x r unipotent integer matrix, i.e., (A — I)? = 0 for some
p € N. A basic result about unipotent matrices is the following.

Proposition 5.1. Let A be a square matriz. Then, A is unipotent if and only if its charac-
teristic polynomial, pa(t), is a power of t—1. Equivalently, A is unipotent if all its eigenvalues
are 1.

Let T: T" — T" be the affine transformation = — Ax 4+ «. Let H be the group of
transformations of T" generated by A and the translations of T". That is, every element
h € His amap z — A'x + 3 for some i € Z and 3 € T". The group H acts transitively on
T" and we may identify this space with #/r, where I is the stabilizer of 0, which consists of
the powers of A. The system (T", u®" T is called an affine nilsystem (here p is the Haar
measure on T). Properties such as transitivity, minimality and ergodicity are equivalent for
systems in this class and this can be checked by looking at the rotation induced by a on the
projection T"/ker(a — 1) [30].

We consider different affine transformations 7;: T" — T", z — A;x 4+ «;, where A; is an
unipotent matrix for every i € {1,...,d}. We can still regard the system (T",T3,...,T,) as a
nilsystem (described in Chapter [2]) as long as the matrices commute. Let G be the group of
transformations of T" generated by the matrices Ay, ..., A; and the translations of T". Then,
every element g € G is a map © — A(g)r + ((g), where A(g) = A" - A, my,...,mqg € Z
and f(g) € T".

A simple computation shows that if g1,92 € G, then the commutator [gy, go] is the map
z—x+ (A(g1) — I)B(g2) — (A(g2) — I)5(g1) and thus it is a translation of T". On the other
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hand, if g € G and B € T9, then [g, 3] is the translation x — x + (A(g) — I)B. It follows
that the iterated commutator [---[[g1, gs], 93] - - - gx] belongs to T" and is contained in the
image of (A(gs) — I)---(A(gr) — I). If k is large enough, this product is trivial. So G is a
nilpotent Lie group. The torus T" can be identified with &/r, where T" is the stabilizer of 0,
which is the group generated by the matrices Ay, ..., Ag. We refer to (T",T1,...,Ty) as an
affine nilsystem with d transformations. It is worth noting that the transformations 7; and
T; commute if and only if (4; — I)o; = (4; — I)a; in T".

By a theorem from Leibman [28] we get:
Proposition 5.2. Let (T",T},...,Ty) be an affine nilsystem with d transformations. Then,

the properties of transitivity, minimality, ergodicity and unique ergodicity under the action
of (I1,...,Ty) are equivalent.

We consider some conditions on the commuting transformations 77i,...,7T; such that
(T",T1,...,Ty) has the closing parallelepiped property. We start by presenting the examples
but the proofs will be given in subsequent sections. First, we consider the case d = 2. We
have the following lemma.

Lemma 5.3. Let (T, T1,Ts) be an affine nilsystem with 2 commuting transformations, with
Tix = Ajx + o fori € {1,2}. Then, we have that for every n,m € Z,

Ty =1e + Ty'r — =,
if and only if the following conditions hold
(Ay —I)(Ay—1)=0. (5.1)
(Al - I)CYQ = (Ag - [)O{l = 0. (52)

In particular, if conditions (5.1) and (5.2)) are satisfied we have that

Qrnn(X)={(z, Tz, T3, TPz + T"x — x): x € T", n,m € Z},
and thus (T", Ty, T3) has the closing parallelepiped property.

Example. Consider the following matrices

10010 2 100112
010314 0102 2 4
0016 36 001123

A=looo0o100l “2=|lo000100
0000T10 000010
000001 000001
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For the first matrix, the eigenspace is given by,

;

1 0 0 0
0 1 0 0
0 0 1 0
Wl (Al) — < 0 ) 0 ) 0 ) -9 >
0 0 0 2
(\ 0 0 0 1 )
For the second one, the eigenspace is given by,
(/1 0 0 0 )
0 1 0 0
0 0 1 0
Wl (AQ) - < 0 ) 0 ) 0 ) -1 >
0 0 0 -1
(\ 0 0 0 1 )

It is easy to see that (A1 —1)(As—1) = 0 and we can choose o € Wi (As) and ae € W1 (A;)
such that (T®, T}, T5) has the closing parallelepiped property.

We can generalize the conditions (5.1)) and (5.2) in the following way.

Lemma 5.4. Let (T",Ty,...,T,) be an affine nilsystem with d commuting transformations,
with Tyx = Ay + «; for i € [d]. Then, we have that for every n= (ny,...,ng) € Z,

d—

—_

I T = ()Y (D) O Tt
i—0 kelICld]
[|=i
if and only if the following conditions hold:

d
[[a -1 =0, (5.3)

i=1

d
vj e [d], JJ(Ai = Da; =0. (5.4)
ik

In particular, if conditions (5.3) and (5.4) hold the system (T",Ty,...,Ty) has the closing
parallelepiped property.

5.2 Proof of Lemma [5.3 and

We start with the following proposition which gives a description of the iterates of an affine
transformation.
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Proposition 5.5. Let r > 1 be an integer, a € T", A a r X r unipotent integer matriz and
T:T" — T" be the affine transformation x — Ax + «. Then, for everyn € Z and x € T" we

have that u
n|—1

T'z = A"z + sgn(n) Z Asen ko 1 B(n),
k=1

where,

« ifn>1,
fn)=4 Ao ifn < -1,
0 ifn =0,
and

1 ifn>1,
sgn(n) =¢ 0 ifn=0,
-1 ifn<1.

Proof. Let z € T?. We observe that

Tr = Ax+ a,
T’z =T(Az +a) = A%r+ Ao+ a.

n—1
Suppose that for some n > 1 we have proved that T"z = A"z + Y A*a. Then,
k=0

n—1
Tty =T <A”x + > Aka) ,
k=0
n—1
=A (A”x + > Aka) + a,

k=0

= A"tz 4+ 5 Ao+ a,
k=1
= Antly + 5 Ak,
k=0
Hence,
n—1
Vn>1 T's = A"z + ZAka.
k=0
For the case n < —1 we observe that
n—1
xr=T"(T"x)=A"(T"z)+ Z AFa.,
k=0
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Therefore,
n—1
T gy =AT"x— A" Aka,
L k=0
= A"g — > Ak,
k=0

=A"x — Y A k.
k=1

Finally,
In|—1

Vn € Z, T"z = A"x 4 sgn(n) Z Asen(mk g, 4 B(n).
k=1

]

First we focus on the case of two commuting transformations. The following propositions

give algebraic consequences of conditions (5.1)) and ((5.2)).

Proposition 5.6. Let r > 1 be an integer, Ay, As be two r X r unipotent integer matrices
and ai,an € T" be such that condition (5.1)) holds and the transformations x — A;x + oy,
i € {1,2}, commute. Then, we have that for every n,m € Z,

Aoy = mAsa; — (m — 1)ay,
Aoy =nAjas — (n — 1)as.
Proof. We observe that
(Al — 1)2062 = (Al — I)(Al - I)OZQ = (Al - I)(A2 - I)Oég = 0.
Then,
A%O{Q = 2A10./2 — (9.
By induction we prove that

Vn >0, Alas = nAjas — (n — 1)as.

We observe that
Al(—AlOéz + 20(2) = _A%OZQ + 2A10é2 = —2A10&2 + (6D) =+ 2A1(l/2 = (9.

Hence, Al_lozg = —Ajas + 2a5. Now, assume that the following formula works for some
n>1,
ATy = —nAjag + (n + 1)as.

Then, by the induction hypothesis,

Ai(—(n+1DAjas + (n+2)as) = —(n+ 1)A3as + (n + 2)Ajas,
S —(n + 1)(2A1a2 — Oég) + (n + 2)141@2,
==2(n+ 1A+ (n+ 1az + (n+ 2) A,
= —nAjas + (n+ 1)ae,
= Al_nOég.
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Hence, —(n + 1)Ajas + (n + 2)as = A7 (A7"as) = A7 "™ a,. Thus, we conclude that
for every n € Z
AT"ag = —nAjas + (n + 1)as.

The argument for A, and 4 is the same. O

Proposition 5.7. Let r > 1 be an integer, Ay, Ay be two r X r commuting unipotent integer
matrices such that condition (5.1) hold. Then, for every n,m € Z we have that

ATAS = AT + A — 1.
Proof. First we consider the cases n,m > 1. Assume that for some n > 1,
ATAy = AT 4+ Ay — 1. We have that

ATV Ay = AT A Ay — Ay = AT A+ Ay — T — A = AV 4 Ay — 1L

Then, by induction, we have that for every n > 1

ATAy = AT + Ay — 1.

Also, by induction we can prove that

Vn,m > 1, ATAT' = AT + AT — 1.

Let m > 1. We have that,
Al = ATAY + 1 — AT

Then, ATA;™ = A7 + A;™ — 1. Finally, we get that
Vn,m € Z, ATAY = AT + Ay — 1.

]

Proof of Lemma [5.3l Let z € T" and n,m € Z. We compute an expression for T{T5"x.
By Proposition 5.5, we have that

|m|—1 )
e =10 | ASz +sgn(m) > A;gn(m)]ag + B2(m) |,
j=1

Im|—1

= A7 | ADx +sgn(m) > Azgn(m)jag + Pa(m)
=1

[n|—1
+sgn(n) > Aign(”)kal + B1(n),
=1

m[—1

= AP APz +sgn(m) A7 S APy, + A7 By (m)
j=1

In|-1

+sgn(n) > Aign(n)kal + B1(n).
k=1
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Now, by Proposition [5.7]

m|—1 ,
TrTre = At + ATz — x + sgn(m) A7 S0 Ay 4 AT, (m)
j=1
In|—1

+sgn(n) . Aign(n)kal + p1(n),
=1

|m|-1 .
= —a+ Tz + ATz + sgn(m) AT S A ™0, 1+ A8y (m),
j=1
|m|-1

= —a + Tl'z + Az + sgn(m) AT AU 0y 4 AT Bo(m),
=1

J
[m|—1

= —r+ TPw + Az +sgn(m) 30 (A7 + AP — Doy + A7 By(m),
j=1
= —x+ Tz + AZx + sgn(m)(m| — 1) Alay
|m|—1

tsgn(m) Y AF ™ a, — sgn(m)(jm| — 1y + A7 Ba(m).
j=1

Then, by Proposition [5.6]
TPT9e = —x 4+ T1'a + AJx + sgn(m)(m| — 1)(nAdjas — (n — 1)ay)

Im|—-1 .
+sgn(m) 231 AZgn(m)Jag —sgn(m)(|m| — 1)ag +nA;Be(m) — (n — 1)B2(m),
iz
= —x 4+ Tz + T3« + sgn(m)(|m| — 1)nAiag — sgn(m)(|m| — 1)nay
+nAiB2(m) — nfy(m),
= —x+ 17+ Tz +n(A; — I)(sgn(m)(|m| — 1)ag + B2(m)).
= —z+ 17 + 13"z + nC(m)(A; — I)ay,

where C'(m) is a matrix which depends on m. If ay is an eigenvector of A; (and «; is an
eigenvector of A;) we have that

W' = —o 4+ 17'x + 15 .

So,

QT17T2(X) = {(va{l$aT;7T{Lx + Tle‘ - {L')Z YIS ']I‘r’ n,mec Z}a

and thus (T7, T, T3) has the closing parallelepiped property.
Conversely, assume that for every n,m € Z and x € X we have that
Ty e =1e + Th'x — .
In particular,
TlTQI‘ = Tll’ —+ Tgl’ — X,
Ti(Asx + ) = Aix+ o)+ A + ap — 1,
Aj(Asx + o) +op = A1z + ag + Asx + g —

AjAsr + At + a1 = A1z +aq + Asr + an —
AlAQZL’ + AlOég = All’ + AQQI +ao — .
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If x = 0 we have that
A1CY2 = Qg —— (Al — [)Oég =0.

Then, (As — Iay = (A1 — I)ay = 0 and condition ([5.2)) is satisfied. We conclude that for
every x € T",
A1 Ay = Ajx + Ay — .

This implies that
AlAQ :A1+A2—[ — (Al—[)<A2—I) =0.
[

Now we consider the affine nilsystem (T", 73, ..., Ty). We remark that Condition (5.3)) can
be rewritten as

S (=1 T Ac=o. (5.5)

i=0 keIC[d]
[1|=i

since the two expressions, the left side of equations (5.8) and (j5.5)), are equal up to an
eventually change of sign.

Indeed, suppose that for some d € N the two formulas are equalup to a change of sign.
Then,

d+1 d
H(A—I)_O <:>Ad+1— H
=1 =1
d
& (Agr — (=) T Av] =0,
i=0 keIC(d]
[I|=i
& Aan Z (=D IT Av— Z(—l)iJrl II Ar=0,
keIC(d] i=0 keIC[d)
[|=i [|=i
d ) d A
(D I A= N (=) T 4y =0,
i=0 kelu{d+1} i=0 keIC[d]
1C[d] [|=i
[|=i (5.6)
d+1 , d ,
exEn I A= =D I Av=0,
i=1 keIC[d+1] i=0 keICld]
|I|=i, d+1€l |1]=3
d+1 , d+1 .
(=0 I A+ (=) I A =0,
i=1 keIC[d+1] i=0 keIC[d+1]
[I|=i, d+1€l |I|=i, d+1¢1
d+1 '
<> (-1 ]I Ar=0,
i=1 kelC[d+1]
Ve
d+1 '
s S (-0 I Ar=0,
i=1 kelCld+1]
|T]=i
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with the convention [] Ay = I. We get the following proposition.
kel

Proposition 5.8. Let r > 1 be an integer, Ay, ..., Ag be r X r commuting unipotent integer
matrices which satisfy condition (5.3)). Then, for every m € Z¢ we have

d d—1
[TAY =020 I Ay
i=1 i=0 keIC(d]
\T|=i
Proof. By (j5.6) we have that
d d—1 ‘
AT A = A | (D2 (0™ T A |
i=2 i=0 keIC[d)
T|=i
d—1 A
= (=D)AL [T A,
i=0 keIC[d]
|T|=i
d—1 A d (5.7)
=D (=0MA T A+ (CDA=1) [T A
i=0 keIC[d] i=1
\I|=i, T#{2,...,d}
d—1 A d—1 ‘
=D =0MA [T A+ (DT (0" T A
i=0 keIC[d] i=0 keIC[d]
\I|=i, T#{2,...,d} |T|=i

Let I C [d] with 0 < |I|<d—1,1¢Tand I+#{2,...,d}. Then,

AlnAk = H Ay

kel keIu{1}

Hence, we remark that for ¢ € {0,1,...,d — 1} and I C [d] such that 1 ¢ I

A, H A, = H Ay

kelIC[d] keICld]
[I|=3, I#{2,...,d} [I|=i+1, T#[d]

The two previous expressions appear in the sums of ((5.7]), but with different sign. So they
cancel each other. Therefore, in the first sum, only appear the subsets such that 1 € I and
in the second sum the subsets such that 1 ¢ I. Then,

d d—1 ‘ d—1 ,
ATTT A = (1) X (1) A 11 Ap+ (=D (=)™ T Ay,
i=2 i=1 keICd] i=0 keIC(d]
[I|=i, I#{2,...d}, 1€l T|=i, 1¢1
d—1 ‘
= (=D (=D I A,
i=0 keIC[d]

\I|=i
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where
|2 ifk=1,
T ik £
Using a similar argument as in the case d = 2, then by induction over the integer vectors
n € Z? with positive entries and finally extending the formula for all n € Z? we get that

d d—1
vneZd [[AY = (1Y (—1)* [T A
i=1 i=0 keICl[d]

\I|=i
]

Now we compute the expression for 77" ---T;*x. For simplification, we only consider
integer vectors n € Z? with positive entries.

Proposition 5.9. Let (T",T3,...,Ty) be an affine nilsystem with d commuting transforma-
tions, with Tyx = Ajx + o, for i € [d]. Then, we have that for every n= (nq,...,ng) € 24,

d d—i ng—jy1—1
n; ka_i
Tfl"'T;dx—HAmx"‘E :HA ’ E : A i
= 1] 1 k;d i+1= =0

Proof. The case d = 1 follows from Proposition For d = 2

no—1 ni—1

TP T2 = AV APz + AP Aas+ Y Afay,
j=0 k=0

and
2 2—4 no_jr1—1 & no—1 o ni—1 5
ez (3
HA v+ Y T4, Y A Ha i =A"APe + AV Z AZas + Y. AT'ag.
1= 1] 1 k)g i+1= =0 2 =0 kl 0

Using the induction hypothesis we have that

" d " d d—i n Ndg—i+14+1—1 &
ni d+1 _ i+1 G+1 d—it1+1
Tl "'Td+1 r =T H Ai+1 T+ Z H A]+1 Z Ad i+1+1Cd—i+1+1 | 5
=1 1= 1] kd—i+1+1:O
d+1 d d+1—i T2 i—1 k
_ n; j d+2
=T | [T1 A z+% 1 A7 X Afb aare-i |,
i=2 i=1 j=2 kgt 170
d+1 d d+1—1 " Ng4+2—i— k ni—1 i
_ ni g J d+2—1 1
= Aj [TAY >+ 1 A] > Ad+2 (Qara—i |+ Do A,
i=2 i=1 j=2 kara_i=0 k1=0
d+1 d d+1—i n ngy2_;i—1 & ni—1 .
— n; j d+2
= [T A=+ II A7 > Ay oae i+ Z Af'on,
i=1 i=1 j=1 kgyo 170 =
d+1 d+1d+1—1 " Nd4+2—i— k
— g J d+2—1
- H Ailx + Z H A] Z Ad+2 i Od4-2—i-
i=1 i=1 j=1 kgio_;=0
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By Propositions [5.8] and [5.9] we have that,

d d d—i s ng—iy1—1 &
T = AN D TLAY S A e,
=1 = 1] 1 kd7i+1:0
d—1 ) d d—i n,ndﬂ'“*l k
=)' (D" [T AFe+ 3 147 X A aei,
i=0 keIC[d) i=1j=1 kdq—i41=0
[1]=i
d—1 ] L 1
= (=D (=1 [T Apra+ H AN Aty
i=0 keICd] =1 kq=0
[1]=i
d d—i n ng—iy1—1 kg ii1
+ZHAJ > AL z:rlad it+1-
= 2] kd7i+1:0
Now, by Condition (5.4]),
d—1 ) ng—1 d—1 ) e
T Tie = (=) (=)™ I Afre+ 3 | (DX (D)™ T A | aq,
i=0 kelC[d] kq=0 =0 JEIC(d]
\1|=i =
d d—i n,ndﬂ'“*l ke ii
+> ITA7 > A adin
i=2j=1 kq_ir1=0
where L
o 7’1,]‘ lf] d,
mﬂ_{ ka ifj=d.
Thus,
d—1 , na—1 e
T .. ,ng — (_1)d Z(_l)zﬂ H AZkI. + Z H Aj T g
i=0 keIC(d) kq=0 jeIC|[d]
|I|=i \I|=i (5.8)
d d—i nvndﬂ‘“*l kg i
+> 11 Aj] > AL zlﬁ Qd—i+1-
i=2j=1 kg—ip1=0

The first expression in previous equality is equal to

d—1 ' ng—1 ng—1 ma
= (=143 (=1)i+! 1 Arz+ > I A Tag+ > I1 Al ag |,
1=0 kelIC] d] kq=0 jeIC[d] kq=0 jeIC[d] d¢1
|I|=i |T|=i,d¢T |I|=i,del’
d—1 ) ng—1
= (D' APe s T AVaat S T1 Al
i=0 kelIC[d] jeIC[d] kq=0 j€IC[d]
|T|=i |T|=4,d¢T [I|=i,del
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In the case i = d — 1 in the first sum appears

TLd—l

[T AFe4+ng I AFag+ ) [T AV
kezg[d] jeIC[d] ka=0 jeIC|d]
|I|=d— |1\ d 1,d¢I |I|=d—1,del
ng— 1 )
= JI A’“x—i—ndHA ag+ >, I A;njozd,
k:eIC[d] kq=0 jeIC[d]
[1|=d— |I|l=d—1,del
d—2 ) na—1 s
= H AZ’CZL‘ + nd(—l)dfl Z(—1)1+1 H Akad + Z H Aj Toyg.
kelC[d] i=0 keIC[d—1] kq=0 jeIC[d]
|I|=d—1 |I|=i |I|=d—1,del
So we have that
d—2 . na ng—1 e
Tlnl ...ngx — (_1)01 Z(_l)z—i-l H AZk$+nd H AjJOéd_'_ Z H AjJOéd
i=0 keIC[d] JEICd] kq=0 jeIC[d]
|I|=i [I|=i,d¢1 [I|=i,del
d d—i " Ng—it+1—1 o
+> H Ay > A g+ I Apka
=2 j= ka—i+1=0 keIC[d]
[I|=d—1
d—2 ‘ ng—1 s
Fng(=1)" (=) T Agea+ XD T AfVaw,
i=0 keIC[d—1] kq=0 jeIC[d]
|I|=i |I|=d—1,del
d—2 . ng—1 "
=D 0 T A+ > TT Afas | + 1 A
i=0 keIC[d] kq=0 jeIC[d] keIC[d]
|I|=i |I|=i,del [I|=d—1
d d—i n_ndﬂ‘ﬂ—l e ng—1 -
+> 147 X Al e+ > [I A47aq
[I|=d—1,del
d—2 ‘ d—2 A .
(=) (D) T Agag +na(=1)* 3 (=17 [T A aqg
i=0 keIC[d—1] i=0 JeIC[d]
|I|=i |I|=i,d¢ 1
(5.9)
From here we deduce that,
d—2 ) ng—1
e Titr = (=) S (=1)tt II Arz+ Z IT A aq | + [ Az
i=0 keIC[d] ka=0 jeICld] keIC[d]
|I|=: |T|=i,del |I|=d—1
ng—1 . d d—1 " ’nd,i+171 ky
+ Z H Aj]ad+2 HA]'J Z Ad zl++1ad i+1-
k=0 jeIC[d] i=2j=1 ka—it1=0

\T|=d—1,del

Now we are ready to prove Lemma [5.4] For illustration we first present an example of

Equation (5.10)) in the proof of Lemma .
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Example. Consider the case d = 2. We have that

no—1 no—1

—x+ AP+ AP+ Y APay + Z Ay = —x 4+ Alx + Z Al
ko=0 ki= k1=
no—1
+ A2z + Y ARa,
k2 =0

=—c+1"r+ T,
Consider now the case d = 3. We have that the left side of Equation [5.10|is equal to
r—"T"e —T)%x —T3%x + T\ 152 e + 11 T3 + 152 153 x,

and the right side of Equation (5.10)) is equal to

ng—1
—(—x+ AVz + APr + APr + Y ABag) + AT AP + AT AR + AP AR
ks=0
ny—1 nz—1 T na—1 ni—1
=+ Z AnlAk?’CEg—F Z AnQAkaOég—l—Anl Z ASQOQ—I— Z AlflOél
k3=0 k3=0 ko=0 k1=0
nzg—1 no—1
= — (—:1;' + Alx + APx + APr — AP APy — AP APy — z AL Aoy — Z Ak2a2)
k3=0 ko=0
no—1 nzg—1 nzy—1 no—1 ni—1 k
FAMAB L — S ARa, — Y APBas + Y AP ARy + AT Z Aoy + Z Aoy,
ka=0 k3=0 ks=0 ko= ki=
= —(—x+ A"z + AP?x + APx — AT' AP0 — AT'APx — TQ"ZT;%)
no—1 nzg—1 nz—1 no—1 ni—1
— Y Akq, — Z Afsag + Y AT ARz + AT Y Aoy + z AMay,
ko=0 k3=0 k3=0 ko=0 k1=0
no—1
= ( r+ ATz + Ay + Z AR ay + AP — AN APy — AT AR — Ty T )
ko=0
ng—1 nzg—1 ni—1
— Z Ak30[3+ Z AnlAkSOég)—f-Anl Z Ak2062—|— Z AklOtl,
k'3 0 k?3 0 ko=0 k1=0

= (At AV + TPr + AR — AP AR — AP AR — TP T )

nz—1 nfl nfl nfl

— S ABag 4+ Y AT ABas + AT Y ARa, + Y Ay,
k3=0 k3=0 ka=0 k1=0
= — (- xl + Al'x + 152z ?L A — ATP Ay e — T T3 e — 157 T3 x)
ns ng—
Z AkSOég—f-Anl Z AkQOéQ,
k3=0 k2=0
nz—1
= ( x4+ Az +T7%x + APx + Z Absag — AM Ay — TMTse — Ty Tos )
k3=0
ng—1
+AT S Ak,
ka=0
no—1
= - AV'w —Ty2x — Ti3x + AV APe + AP S ARy + T T30 4+ Ty Ty,
ko=0

— 4 TP — TPe — Tiw + TP T + TP Ty + T Ty .
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Proof of Lemma [5.4l. Suppose that for some d > 2 the following identity holds,

d—1 d—2 ng—1
d i+1 Nk, _ d _1Vit+l np mj
(D)X (=)™ O Trz= (=13 (-1) I Are+ > T AV ay
i=0 keIC[d] i=0 keIC[d] kq=0 jeIC[d]
|I|=i |I|=i |I|=i,del
ng—1 ]
+ II A+ X I Alag
keIC[d) kq=0 jeIC[d]
|I|=d—1 |I|=d—1,del
d d—i s ng_i+1—1 &
J d—i+1
+Z H A Z Ad i+1 Qg —j41-
i= 2] kd—i+1:0
(5.10)
We now extend the identity to d + 1. Indeed,
d—1 ) ngy1—1 s
(DD I Are+ X T Afasn [+ T A
i=0 keIC[d+1] kgr1=0 jeIC[d+1] keIC[d+1]
= |T|= zd+1€] |I|=d
ngr1—1 . dbldtl—i - nagei=1l
3 ) d+2—1
+ > I1 A7 gy + > 11 A > Ad+2 i Xd+2—i
kqt1=0 jeIC[d+1] =2 j=1 kd4+2-:=0
|T|=d,d+1€I
p 1d—2 - ngy1—1 m
n J
= (=)™ (=1 [I Afe+ > I Aj7asn
i=0 kcIC[d+1] ka+1=0 jeIC[d+1]
|I|=i |I|=i,d+1€el
d+1 d nag m
+ Nk J
+(=1)"(=1) [I Afz+ X I[I A7
kelC[d+1] kqy1=0 jeIC[d+1]
|I|=d—1 |I|=d—1,d+1el
nd+1—l m d+1d+1—i n Ng+2—i— k
n j d+2—1
PO oA S aPas ST A S A,
keIC[d+1] kg+1=0 j€IC[d+1] =2 j=1 kgi2-=0
|I|=d |I|=d,d+1€l
p 1d72 . ng+1—1 "
. n .
= (MY APty T AMagn
i=0 kelIC[d+1] kqgy1=0 jelIC[d+1]
\T|=i |T|=i,d+1€l
’I’Ld+171 m
n ,
- moArer S I Al
kelIC[d+1] kq+1=0 jeIC[d+1]
|T|=d—1 |[I|l=d—1,d+1erl
ng+1—1 m d+1d+1—1 n Ng+2—i— kg
n j 2—
P oA S AP+ ST A ST A
keIC[d+1] kir1=0 jEIC(d+1] i=2 j=1 kaya_i=0
\I|=d [T|=d,d+1€I
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d—2 nd+1—1

= —By+ (=)™ E (=)™ [I Are+ ¥ I Afaan

i=0 keIC[d+1] kgi1=0 j€IC[d+1]
\I|=i, d+1€T |T|=i,d+1€T
J 1d72 1n a—1
n n
—(=0T (=0T Y T Afaa— IT Afz+ [ Afte
i=0 kqg=0 ;j€IC[d] keIC[d+1] keIC[d+1]
T|=i,del [|=d—1 I|=d
ng+1—1 s ng+1—1 s
+ Z H Aj JOéd_H - z H Aj JOéd_H
kay1=0 jeIC[d+1] kap1=0 jeIC[d+1]
|I|=d,d+1€l |I|=d—1,d+1€I

d+1d+1—1 Nqg+4+2—i—

+2 I A7 X Adf; S Qi

i—2 j=1 kata—i=0
d—2 . ng—1 .
where By = (1) > (=1)*' [ I Afz+ >> I Aj”aq|. Now we have that previ-
i=0 keIC[d) ka=0 jeIC[d]
\T|=i \T|=i,del

ous equation is equal to

d—2 ng41—1
_ d+1 +1 Nk m;
= —Bg—Cy+ (-1)"" X (-1)"" [T  AfFz+ X [I A7
=0 kelC[d+1] ka+1=0 jeICld+1]
|I|=i, d+1€I |I|=i,d+1el
a1 d—2 17’Ld—1 m
] j Nk ng
(=) (=0T > I A e — [T Afe+ I Afse
i=0 kq=0 jeIC[d] keIC[d+1] keIC[d+1]
|T|=i,del \I|=d—1, d+1el I|=d
nd+171 s nd+171 s
+ 2 Il Ajfean— X I[[ A7 an
kas1=0 jeIC[d+1] kap1=0 jeIC[d+1]
\T|=d,d+1€l [[|=d—1,d+1€l
d+1d+1—i e Ndg4+2—i—
J d+2 i
+> I 47 X Ad+2 i Qd42-i,
i=2 j=1 kgpa_i=0
i d—1 - ng41—1 m
" )
= —Bqi—Cy+ (1) (-1 [T  Afz+ X I[I A7aun
i=0 keIC[d+1] kar1=0 jeICld+1]
|I|=i, d+1€l |T|=i,d+1€l
gl d—2 L ng—1
+ H— Nk
D NI S )| AVag+ JI Apfw
i=0 kq=0 j€IC[d] keIC[d+1]
\T|=i,deI \I|=d
ng+1—1 m d+1d+1—i . T2 i—1
j d+2—1
4+ Z H AJ JOéd_|_1 + Z H AJJ Z Ad+2—z g2,
ka11=0 jeIC[d+1] 1=2 j=1 kiti2_;=0
|T|=d,d+1€I
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d—1 ng+1—1
_ d+1 it+1 ng ™m;
= —Bqg—Cy—Dag+ (=1)" > (-1) [1 Azt >0 [ A7oun
i=1 keIC[d+1] kay1=0 jeIC[d+1]
|I|=i, d+1€Tl |I|=i,d+1€l
— ng—1
(MY ()Y ] A aqg
i=1 kq=0 jeIC[d]
|I|=i,del
nd+1—l s d+1d+1—1i Ndg+2—4i— L
+ I Ao+ X I Afasm+ X [1 47 X Adi+22 Oy
kEIC[d+1] kd+1:0 ]EIg[d-f—l] =2 j:1 kd+2 ;=0
|I|=d |I|=d,d+1€1l
1 1 nag m
_ + i+ N J
= —Bqg—Cy— Dg+ (=1)" > (-1 [1 A+ >0 [  Aj7aan
i=1 keIC[d+1] kay1=0 jeIC[d+1]
|I|=i, d+1€Tl |I|=i,d+1€l
— ng—1
. .
—(=DT (DT Y T Afaa+ [T Afte
i=1 ka=0 jeIC[d] keIC[d)
|I|=i,del |1|=
d+1d+1—1 Nd42—4— k
J d+2—1
+> 11 Aj > Ad+2 i Od+2—i
i=2 j=1 kqpo_i=0
di d . ng+1—1 m
_ + it g I
= —By—Cq— D+ (=1)"" 32(-1) [I  Afe+ > I Ajoan
i=1 keIC[d+1] ka+1=0 jeIC[d+1]
|1\:i d+1el |1T|=i, d+1€]
g L "zl . dtldtl—i - napz-i=l
+ i+ J k J d42—i
(DT Y I A4 ad+HA v+ I A7 > AfS e
=1 kq=0 jeIC[d] =2 j=1 kgyo—i=0
|I|=i,del
But with a simple change of variable we have that
d+1d+1—1 Nd+42—i— k
s 3J d+2—1 _ mn1 nq
HA e+ [1 AY X2 Ad+2zad+2l =17 Ty
k=1 i=2 j=1 kqya_;=0
Thus expression [5.10] is equal to
il d . ng4+1—1 m
. n .
= —By—Cq—Dy+ (=1)"" X (=)™ II  Afz+ > I Ao
i=1 kelC[d+1] ka+1=0 jeIC[d+1]
\[|=i, d+1€l |I|=i,d+1€I
d—1 ng—1
4 e
_(_1)d+1 Z(_l)erl Z H Aj Jad + Tlnl .. 'ngJ?
i=1 kq=0 jeIC[d]
|I|=i,del
gl d 1 ng4+1—1 m
— 3 Nk i
= —By—Ca—Dg+ (=1)"" X (=1)"" [T Afz+ > I Ajoan
i=1 keIC[d+1] kat1=0 jeIC[d+1]
\I|=i, d+1€l |I|=i,d+1€l
— ndfl
4 e
—(=D" XD Y I A aa+ T Tyt
|I|=i,del
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= ()™M Y ()T O Tre+ T Tt

i=0 keIC[d)
|T|=i
d ] ngy1—1 s
+(=D)H (=) [T  Afz+ X [T A7
i=1 keIC[d+1] kgt1=0 jEIC[d+1]
|I|=i, d+1€I \1| i,d+1€l
_(_1\d+1 ! z+1 et nj ma-ip1 ka—it1
(=D (=D > I AF ad+ZHA > A adsiga
i=1 ka=0 jeIC|d] i=2 j= kd—i11=0
|I|=i,del

Now we will show that

(_1)d+1 i(—l)i'H O T]?kx _ (_1>d+1 i(_l)iﬂ H AZ}cI.

i=1 keIC[d+1] i=1 keIC[d+1]
\I|=i, d+1€l |I|=i, d+1€I
d - ngy1—l .
F(=DH (=) T [T Aj7awn
i=1 ka11=0 jeIC[d+1]
|I|=i,d+1el
d—l i ’I’Ld—l s
_(_1)d+1 Z(_l)erl Z H Aj ]ad
i=1 kq=0 jeIC[d]
|I|=i,del
d d—i n ng—i+1—1 ki
+ZHA > AL aai
=2 j= kqg—i+1=0
(5.11)
We remark that
d+1 d i+1 ng d+1 d i+1 N (Md+1
(=1 X (=1) O Tz =) XD O M1 ),
i=1 keIC[d+1] i=1 keIC[d]
|I|=i, d+1€l |I|=i—1
d—1
= (=)™ Y (=) O TMT5 o),
i=0 keIC[d]
. [1]=i
= (=D (=D O T (T ).
i=0 keIC[d]
|I|=i
Therefore, expression ([5.11)) is equal to
ddi2 i+1 n Md41 et n ndl
= (D)= IT ART e+ ST AlVaq | + H A WLyl @
i=0 keIC[d] kq=0 j€IC[d] keIC
|1|=i 1ur| =i,del |I|=d
ng—1 ] d d—i n_nd—i+1_
+y I AVa+ X 1AV S AliHaei,
kq=0 jGIg[d] =2 j=1 kd_i+1:0
|I|=d—1,del
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d—2 ng+1—1 ng—1

(—1)d Z<—1)i+1 H Ank AZiJilx"" Z Ad+1 v | + Z H A;'njad

=0 keIC|[d] kgy1=0 kq=0 jeIC[d]
[I|=i |I|l=i,del
n nd+171 nd—l m
ng d+1 d+1 J
+ I1 Ap | Ae+ Y Aftaea |+ X I Aj7 ag,
keIC[d] ka11=0 kq=0 jeICld]
|[I|l=d—1 |[I|=d—1,del
d d—i " Ng—i+1— k
J d—i+1
+ Z H Aj Z Ad i+1 YXd—i+1;
i=2j=1 " kg_i11=0
dd—2 . n ng41—1 k ng—1 m
_ 1\t ng d+1 ng d+1 J
(=1 > (=1) [[ ArAdn e+ I A 2 AfVaan+ > I Ajlaq
=0 kelIC[d] kelIC[d] kg11=0 kq=0 jeIC|[d]
[I|=i |I|=t |I|=i,del

Nd41— nd—l

1
+ I AfA e+ T A ZoAd—H a3 [ Afaq

keIC[d] keIC[d]  kaji= ka=0 jeICld]

|[I|l=d—1 |[I|l=d—1 |[I|=d—1,del
d d—i s Nd—i41— k
J d—i+1
+2 1147 X Ad i1 Qd—it1,
i=2 j=1 kq_ip1=0
dd72 L ng+1—1 " ng—1 .
(=1)* > (=1) [I Azt X I[I  A7am+ > I Aj7aq
i=0 keIC]d+1] kap1=0 jeIC[d+1] ka=0 jEIC[d]
|I|=i4+1,d+1€l |[I|=i+1, d+1€el |I|=i,del
ng41—1 m ng—1 "
Nk j J
+ I Afer+ X I[I A+ > I A7
keICld) ka+1=0 keIC[d+1] kq=0 jeIC[d]
|I|l=d, d+1€I |[Il=d, d+1€eI |I|=d—1,del
d d—i - it1—1 &
J d—i+1
+ Z H Aj Z Ad i+1 Yd—i+1,
=2 j=1 ka—i11=0
dd—l . Nd+1—1 m
n ng )
(=D 2 (=1) [ Ape+ X I AMawm
i=0 keIC[d+1] kis1=0 jEIC[d+1]
|I|=i4+1,d+1€l |[I|=i+1, d+1€el
d—2 TLd—l m nd_l m
d i+1 j j
=D DT Y I Aaat+ 2 IT 0 Ao
=0 kq=0 jeIC|[d] kq=0 jeIC[d]
|I|=i,del |I|=d—1,del
d d—i s Nd—i41— k
J d—i+1
+2 147 X Ad i1 Qd—it1-
i=2 j=1 kg_ip1=0
i d . ng+1—1 m
n T )
(=) X (=1) [I Afe+ X [T  A7amm
i=1 keIC[d+1] ka11=0 jeIC[d+1]
|I|=%,d+1€l |I|=%, d+1el
dd—l A 1nd71 m d d—i  ma—iti—l
— 1)+ J J d—i+1
(DD X I A aa+ 3 TTAY X Ayl i,
=0 kq=0 jEIg[d] =2 j=1 kqg—i+1=0
|I|=i,del
i d . ng+1—1 m
+ i+ Nk j
(=)= > (=1) I[I Afe+ X [T  A7amm
i=1 keIC[d+1] kqg1=0 jeIC[d+1]
|I|=%,d+1el |I|=4, d+1€el
J 1d—l 1nd—l m d d—i n Nd—i4+1— k
3 j d—i+1
—(=DT DT Y I A ea+ X ITA7 X Ad i1 Qd—it1-
=0 kd:O ]Elg[d] 222_]:1 k?d z+1*0
|I|=i,del
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Finally we have that

) nd+1—1
(D EDT I Afe+ XD
=0

keIC[d+1]

[T AVasn |+ TI Az

kat1=0 jeIC[d+1] keIC[d+1]
|I|=i |I|=i,d+1€el |I|=d
ng+1—1 e d+1d+1—i n_ndwﬂ'*l Ko
+ > II  Afcan+ ) I1 A7 X AfLT v
kg41=0 jeIC[d+1] =2 j=1 kgio_;=0
\I|=d,d+1€l
d—1 d
(D™ (=) O TPe+T7 - Ttz + (-1)™ 3 (-1)™ O T*a,
i=0 kcIC[d] i=1 keIC[d+1]
|I]=i |I|=i, d+1€l
d
(D™ (=D)* O TMPe+ ()™ X (=D)" O Tt
i=0 keIC(d] i=1 keIC[d+1]
|T]=i |I|=i, d+1€l
d
(_1)d+1 Z(_1>z+1 O T]:Lkl’
=0 kelIC[d+1]
[1|=¢

We conclude that if (T", 7, ..., Ty) satisfies conditions (5.3)) and (5.4), then

d—1
Tlnl . T;dl' — d § 1 i+1 T]?lcx
_ kGIC[d]
=0
[1|=i

and thus the system has the closing parallelepiped property since the last coordinate of
Qr...7,(X) is a function of the rest of the coordinates

Conversely, assume that for every n = (ny,...,ny) € Z¢ and z € X we have that

d—1
Tp - Tyie = (=) (=)™ O Tita.
s keIC(d]
T|=i
In particular,
d—1 '
T1 . 'Td[E (—1)d Z(—l)H_I O Tkilj'
i=0 keIC|d)
|I|=i
d d d—i d—1 ‘
[T Aiz+ 3 I] 4jaaivn = (1) (=) O Tz,
i=1 i=1j=1 i=0 keIC[d)
) \T|=i
-1
HAx—i—Z HA agipn = (D) (=D)"* Y O The.
i=1j= i=0 IC[d) keT
|T|=i
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From now we assume the subsets I = {/,...

=1 j=

,l;} are given in increasing order. Then,

d—1 ‘
H Az + Z H Ajaq-in = (1) (=1 3 [ Az
i=0 IC[d] kel
|I|=i
S i+1 d
+(_1) Z(_l) Z Z H Ajafk—m-l'
i=0 IC[d) r=1 je{tr,...lk—}

If x = 0 we have that

[ |=i

d—1
Z H A iOd—it1 = <_1)d Z( )H_l Z Z H Ajazi—r-‘—l’
i=1j= =0 ]7' 1]6{61 Li— 'r}
\II
which is equivalent to
Z N Z H Ajay, ., = 0. (5.12)
i=0 ICld] r=1 je{ty,...ti—r}
[T|=1
We separate the left side of (5.12)) in the following sums,
d - i d -
(=0T Y Y I Ao, =XED)" Y IT  Ajaa
=0 IC[d] r=1jel={l1,...0; .} i=0 ICld]  je{li,...li—r}
[|=i |I|=i,derl
d—1 " i
+ (=0 > X I Ao,
i=1 IC[d] r=1j€{tr,.. li s}
T|=i, d¢ T
d , i
=D X X I Ao,
i=2 IC[d] r=2je{l1,....li—r}
T|=i,deT
(5.13)

Let 1 <i<dand I CI[d] with |[I| =7 and d ¢ I. We consider J = I U {d}. We observe

that if » € {2, ...
third sum we have

i+1

>, I

r=2j€{ly,..liy1-r}

,i+ 1}, then i + 2 —r < i+ 1. Therefore ¢;;1_,11 # d. Then, for J in the

-y I

r=1lje{l1,..li—r}

Ajafi+1—r+1 Ajo%—r-ua

which is the expression for I in the second sum. Since the map I — I U {d} is a bijection
when |I| < d, we have that the last two sums on ([5.13)) cancel each other. Finally, equation

(5.12)) is equivalent to

d d—1
Z 1+1 Z H AjOéd =0+« HAjad =0.
=0 |IIIC[¢Cil] Ije{él, i} i=1
1, A€
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We have deduced that condition (5.4) holds. We conclude that for every x € T",

d d—1

HAia: = (—1)‘12 1)+t Z HAkx

i=1 i=0 IC[d] kel

T =i
Then,

d d—1
[[A= 0 =0 ) ][4 — H -1
i=1 i=0 IC[d) kel

|I|=i
and condition [5.3] holds.
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Perspectives

The main result of this thesis is the introduction of a new dynamical cubic structure for
a minimal Z%action on a compact metric space and, for a minimal distal system with the
closing parallelepiped property, the proof of a structure theorem. These results extend the
same results in the case of a Z?-action.

As we mentioned before, the systems with the closing parallelepiped property are the
topological versions of the ones that control the behavior of multiple ergodic averages in
the commuting case. It is a hard and open question to give a precise description of them,
and it seems that nilsystems play a role in it. Some progress in this direction was made by
T. Austin in [4, 5]. The work we have done here contributes to the understanding of such
systems, giving a partial structure theorem for topological systems. We do not know if we
can further improve the relatively independence result we have to get nilsystems involved in
the picture.

In particular, we would to determine if the closing parallelepiped property is preserved
under factor maps. This property was proved for two commuting transformations and even
in that case the proof is non trivial. Some ideas to tackle these open problems would be to
find a topological counterpart of the magic systems introduced by B. Host in [23], as was
done in [7], and some tricky use of the enveloping semigroup.

An aspect that would be nice to see further developed in the future is the use of these cube
structures to understand the group of automorphisms of a dynamical system, in particular,
of some symbolic systems and tilings. In [7] S. Donoso and W. Sun used the cube structure
Qs.r(X) to understand the group of automorphisms of the Robinson tiling.

Another problem we would like to tackle is to study the maximal nilsystem factor of a sys-
tem (X, Ty,...,T,;) with commuting transformations 77, ..., Ty, and if there exists a relation
with the factors defined in this thesis. Let H be the group spanned by the transformations
T, ; = Ti’lTj. We have that in the factor X/qu(x) the transformations 77, ..., T, are equal, so
if the factor has the closing parallelepiped property, then this factor is a nilsystem, but this
factor is not necessarily the maximal nilsystem factor of X. It is a hard and open question
to give a precise description of them.
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