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Abstract We study the global asymptotic stability of the origin for the continuous
and discrete dynamical system associated to polynomial maps in R” (especially when
n = 3)ofthe form F = A [+ H, with F(0) = 0, where X is areal number, I the identity
map, and H a map with nilpotent Jacobian matrix J H. We distinguish the cases when
the rows of J H are linearly dependent over R and when they are linearly independent
over R. In the linearly dependent case we find non-linearly triangularizable vector
fields F' for which the origin is globally asymptotically stable singularity (respectively
fixed point) for continuous (respectively discrete) systems generated by F. In the
independent continuous case, we present a family of maps that have orbits escaping
to infinity. Finally, in the independent discrete case, we show a large family of vector
fields that have a periodic point of period 3.
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1 Introduction

Let F : R” — R” be a C'-map with F(0) = 0. Then the origin is a singular point of
the differential system

x = F(x), ey
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and a fixed point of the dynamics of iterations of F
xHD = pxmy - O ¢ g )

We call the continuous (respectively discrete) dynamical system generated by F' to
the dynamical system associated to (1) (resp. (2)).

In this article we discuss the global asymptotic stability of the origin for both
systems but restricted to a special family of polynomial maps F in R", focussing on
n=3.

We let ¢ (¢, x) denote the solution of (1) with initial condition ¢ (0, x) = x. We
say that the origin is a globally asymptotically stable singularity of the continuous
dynamical system generated by F if for each x € R”, we have that the solution
¢ (¢, x) of (1) is defined for all # > 0 and tends to the origin as ¢ tends to infinity.

We say that the origin is a globally asymptotically stable fixed point of the discrete
dynamical system generated by F if the sequence x ™ of (2) tends to the origin as m
tends to infinity, for any x(@ e R”.

Our set of vector fields N'(A, n), that depends on a real number A and a positive
integer n, consists of the polynomial maps in R" of the form F = Al + H, with
F(0) = 0, where [ is the identity map and H has nilpotent Jacobian matrix at every
point.

Polynomial maps H defined on R” and on C" with nilpacobian matrix at every
point have been extensively studied from the algebraic geometry viewpoint (see for
example [5]). In this paper we make use of some aspects of this theory.

Note that for F € N(A,n), the Jacobian matrix JF at each x € R” has all
its eigenvalues equal to A. Therefore, a map F = Al + H in N (A, n) satisfies the
hypotheses of the Markus—Yamabe Conjecture (MYC) (resp. of the Discrete Markus—
Yamabe Conjecture (DMYC)) if and only if A < O (resp. |A| < 1). The MYC was
established by Markus and Yamabe in 1960 (see [8]) and the DMYC was formulate
by LaSalle in 1976 (see [7]). Its precise statements are the following.

The Markus—Yamabe Conjecture (MYC). Let F : R" — R" be a C'-map with
F(©0) = 0. If for any x € R" all the eigenvalues of the Jacobian of F at x have
negative real part, then the origin is a global attractor of the system (1).

The Discrete Markus—Yamabe Conjecture (DMYC). Let F : R" — R" be a
C'—map with F(0) = 0. If for any x € R” all the eigenvalues of the Jacobian
of F at x have modulus less than one, then the origin is a global attractor of the
discrete dynamical system (2) generated by F.

It is known that the MYC (resp. the DMYC) is true when n < 2 (resp. n = 1) and
false when n > 3 (resp. n > 2). Notwithstanding, both conjectures are true for trian-
gular maps in any dimension. The continuous case was proved by Markus and Yamabe
[8], and the discrete case by Cima et al. [4]. In the case of polynomial maps, the DMYC
is also true when n = 2 (see [4]), though both conjectures are false when n > 3. 1In [2],
Cima et al. give an example of a pair of polynomial maps, of which one satisfies the
MYC hypotheses and the other the DMYC hypotheses, having both systems orbits that
escape to infinity. Further in [3], Cima et al. obtain a family of polynomial counterex-
amples containing the preceding pair. These counterexamples of [3] are, basically,
vector fields F = A1 + H in N'(A, 3) where H is a quasi-homogeneous vector field
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of degree one. We give examples of vector fields in A'(A, 3) which are linearly triangu-
ralizable (that is, triangular after a linear change of coordinates) in [6]. For these maps,
the MYC (resp. the DMYC) is true when A < O (resp. |A| < 1). Further, [6] contains
a family of counterexamples to the MYC which generalizes that of Cima—Gasull—
Maiiosas. The examples and counterexamples F = A [ + H € N (A, n) of above have
one common characteristic, namely the rows of J H are linearly dependent over R.

The parper is organized as follows. In Sect. 2 we consider the linearly dependent
caseforn = 3. Wesay thatamap F = A [+H € N'(, 3) is linearly dependent if there
exist (a, B, y) € R3—{0, 0, 0} suchthatee P+ Q+y R = 0, where H = (P, Q, R).
We study the global asymptotic stability of the origin for the continuous and discrete
dynamical system generated by maps F = A [ + H € N'(\, 3) which are linearly
dependent. We give anormal form for these maps (see Proposition 2.1) and characterize
those elements which are linearly triangularizable (see Theorem 2.4). The normal form
depends on a polynomial f (¢) with coefficients in R[z]. In the case f(¢) isa polynomial
of degree one, we show the global asymptotic stability of the origin for the continuous
and discrete cases (see Theorems 2.5 and 2.6). We thus obtain a family of non—linearly
triangularizable maps in A/ (A, 3) for which the origin is globally asymptotically stable.
To our knowledge, there are no examples as the preceding one in the literature. The
section concludes showing that, for a linearly dependent map F € N(A, 3), in order
for the origin not to be a globally asymptotically stable singularity (resp. fixed point)
the continuous (resp. discrete) system must have at least one orbit which escapes to
infinity (see Theorem 2.7).

In Sect. 3we deal with F € N (X, 3) which are not linearly dependent. These maps
be called linearly independent. We state the Dependence Problem and the Generalized
Dependence Problem introduced by van den Essen in [5, Chapter 7], among others,
and we obtain a family of examples F,, , = A I + H, , in N/ (A, n) which are linearly
independent for any dimensionn > 3, withtk JH, , =r > 2. Whenn > 3andr = 2,
we show that for these maps the origin is not globally asymptotically stable singularity
(see Theorem 3.2). Subsequently, we consider maps F = A I + H € N'(, 3), where
H(x,y,2) = (u(x,y,2),v(x,y,2), h(u(x,y,z), v(x,y,z))). A large class of these
maps H were characterized by M. Chamberland and A. van den Essen in [1]. The
characterization depends on a polynomial map g(¢). In the case g(¢) is a polynomial
of degree less than or equal to two, we show that the continuous system generated by
F = A1 + H, with A < 0 have orbits that escape to infinity (see Theorem 3.5). On
the other hand, in the discrete case, for |A| < 1, these maps have a periodic point of
period three (see Theorem 3.8). Therefore the origin is not a globally asymptotically
stable fixed point.

2 The Linearly Dependent Case

This section is devoted to maps F = A [ + H in N'(x, 3) where the component of
H are linearly dependent over R. Since F(0) = 0, this condition is equivalent to that
rows of the Jacobian matrix J H being linearly dependent over R. The first result of
this section establish a normal form for this type of maps. For a proof, see for example
[1, Corollary 1.1].
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Proposition 2.1 Let F = A1+ (S, U, V) € N(A, 3) linearly dependent. Then there
existsaT € GI3(R) such that T, F = A1 + (P, Q,0) where

P(x,y,2) = =b(z) f(a(2) x +b(2) y) + c(z) and
O(x,y,2) = a2 fla()x +b(z)y) + d(2) 3

witha, b, c,d € R[z] and f € R[z][¢].

Remark 2.2 In the normal form (3) we may assume f(0) = 0 by modifying the
polynomials ¢(z) and d(z) if necessary.

An interesting question about the maps satisfying the hypotheses of the MYC or
the DMYC concerns the injectivity.

Proposition 2.3 If A # O then any F € N (A, 3) linearly dependent is injective.
Proof The Proposition results from the normal form (3). O

Recall that a map F : R" — R" is triangular if it has the form

F(xi,x2,...,x,) = (Fi1(x1), F2(x1,x2), ..., Fu(x1, X2, ..., X3)).

Our next result establishes conditions under which maps of the form F = A +
(P, 0,0) € N(x, 3), with (P, Q) as in Proposition 2.1, are linearly triangularizable
(triangular after a linear change of coordinates).

Theorem 2.4 Let F = A1+ H € N(x, 3) where
H(x,y,z) = f(a(2)x +b(2)y) (=b(2),a(z),0) + (c(2),d(2),0)

withh € R, a,b, c,d € R[z], f € R[z][t]. Then X is linearly triangularizable if and
only if either f is constant or {a, b} are linearly dependent over R.

Proof When f depends only on z, the result is clear. In what follows, we will assume
that the degree of f with respectto 7 is greater than zero. If {a, b} are linearly dependent
over R, then there exists (o, ) € R? — {(0, 0)} such that @ a(z) + Bb(z) = O,
for all z € R. Assume 8 # 0. Then b(z) = §a(z), with § = —%. Consider the linear
isomorphism 7' (x, y,z) = (z,x + 8y, y). Then

T(F)(u,v,w) = A(u,v,w) + 0,cu) +8du),a(m) f(au)v)+du)),

which is triangular.
Now suppose that there exists a linear isomorphism M such that

M. (F)u,v,w) = A(u,v,w) + (A(v, w), B(w), 0).
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Assume that [M] = (m;j)1<;, j<3 is the matrix of M with respect to the canonical
basis of R3. We have

m31 [—f () b(2) +c(2)] + maa[f(t)a(z) +d(z)] =0
where t = a(z) x + b(z) y. Then

m31 [—f(0)b(z) + c(@)] + m3[f(0)a(z) +d(2)] =0
and, therefore,

(f (@) = fQ0)[—m31b(z) + m32a(z)] =0.

If (m31,m32) # (0,0), the proof is complete. If (m31,m32) = (0,0), we may
assume that m33 = 1 and det[M] = 1. Thus the matrix of M~ with respect to the
canonical basis of R is

my —mi M3

-1 ~
[M™] = | —m21 my my3
0 0 1
with m3 = —mi3moy +mipmy3 and my3 = my3mo; — my] ma3. Then

t=a(w)[mpu—mpv+mzw] + b(w)[—maiu+miiv+m3w]
and
B(w) = may [—f(1) b(w) + c(w)] + man [f({)a(w) +d(w)].
Differentiating the preceding expression with respect to u we obtain
0 = /() Imxnaw) —my bw)?
and so {a, b} are linearly dependent over R, which completes the proof. O

The next two results assert that, in the linearly dependent case, the origin is a
globally asymptotically stable singularity when the degree of the polynomial f () is
one.

Theorem 2.5 Let F = )1+ H € N(X, 3) where
H(x,y,z) = g(2) (a(2) x +b(2) y) (=b(2),a(2),0) + (c(2),d(z),0)

with A <0, a,b,c,d, g € R[z]. Then the origin is a globally asymptotically stable
singularity for the differential system x = F(x).
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Proof Note that (x (), y(¢), z(t)) is a solution of the differential system x = F(x) if
and only if z(¢) = z9 e and (x(1), y(t)) is a solution of the linear system

¥\ _ (A—A®OBMHGE) —B@)>G() A C(t)

v) A?*G@) A+ ADBOG®) y D(r)
where (A, B,C,D,G)(t) = (a,b,c,d, g)(z0 e“). Since the origin is a locally
asymptotically stable singularity , there is a basis of solutions of the linear system

consisting of solutions which tend to the origin as ¢ tends to +oo. Therefore, the
origin is a globally asymptotically stable singularity. O

Theorem 2.6 Let F = A1 + H € N'(A, 3) where

H(x,y,2) = g(2)(@@)x+b()y)(=b(z),a(z),0) + (c(2),d(2),0)

with0) < X < 1,a,b,c,d, g € R[z]. Then the origin is a globally asymptotically
stable fixed point of the discrete dynamical system (2) generated by F.

Proof Without loss of generality, we may assume that c(z) = d(z) = 0. In fact,
the polynomials c(z) and d(z) may be eliminated by applying the coordinate change
T(u,v,w) = (u—+m(w), v+ n(w), w) where

mw)) = —1 c(w)
(n(w) ) = a2 [A-=M1T + g(w) M(w)] (d(w))

with

_(—aw)b(w) —b(w)?
M(w) _( a(w)? a(w)b(w))'

So we assume

Hx,v,2) = g (@) x +bz)y) (=b(2),a(z),0).

Therefore,

F(x,y,2) = (A(2) ()yc) Az)

where

AG) = (/\—a(z)b(z)g(z) ~b(2)°g(2)
a a()’g(x)  r+a@b)gR) )

Thus it suffices to prove that, for any (x, y) € R2, we have

nlgrgoA(A”z>A((x"—1z)---A(xz)A(z)(’y“) = (8)
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Let M be the normal vector space of the 2 x 2 real matrices A = (g;;) endowed with
the norm || A|| = 2 max |q;;|. Considering R2 endowed with the norm I x, »I =
max{|x|, |y|}, we have

AGe, WIF<ITAlI | (x, I and [AB| <[ Allll BIl.
A simple computation yields
AQMD)AMV ') - AQD)AR) =
A — nagbogoh" ' 4+ r11(z)  —nb§gor" ! + ri2(2)
nagor" "' +r(@) A" +naobogor" ! + rxn(2)

where r;;(0) = 0 and (ao, bo, go) = (a, b, g)(0).
Fix N € N so that 2 NAN~! max{a3go, b3go. laobogol} < 1. Let B(z)

IA I

AOQNTIDA(WN27) - A(A2)A(z). Consider 0 < |z] < zo such that || B(z)||
K < 1. Then, forn = kN — 1, we have
|1002-a(3)] = [ 0080 ()
<K, 9l =0 if k— oo
which completes the proof. O

Our next result shows that, for a linearly dependent F € N'(A, 3), in order for
the origin not to be a globally asymptotically stable singularity (resp. fixed point)
the continuous (resp. discrete) system must have at least one orbit which escapes to
infinity.

Theorem 2.7 Let\ € R,andlet F = A I+ H € N (A, 3) linearly dependent. If . < 0
(resp. |A| < 1) and the origin is not a globally asymptotically stable singularity (resp.
fixed point) for the differential system x = F(x) (resp. for the discrete dynamical
system (2) generated by F ), then the differential system x = F(x) (resp. the discrete
dynamical system generated by F) has orbits which escape to infinity.

Proof We may assume that H = (P, Q, 0) where

P(x,y,2) = —b(z) f(a(zx)x +b(z)y) + c(z) and
Ox,y,2) =a2) fa@x+b()y) + d(z)

with a, b, c,d € R[z] and f € R[z][z].

Consider the case L < 0. Let y(¢) = (x(¢), y(¢), z(¢)) be a solution of the system
i = F(x). We denote the omega-limit set of y by w(y). Since z(¢) = z(0) ¢*’, we
have w(y) C Wx, where W is the extended plane {z = 0} U {o0o}. If the orbit y (¢)
is bounded, then w(y) = {0} and we obtain the Theorem. The proof is analogous for
the discrete dynamical system generated by F' in the case [A| < 1. O
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Thus we are led to posing the following:

Question 1 Do there exist linearly independent maps in N'(A, 3), with the degree of
f(t) greater than one, for which the origin is globally asymptotically stable either in
the continuous case, or the discrete case, or both?

3 The Linearly Independent Case

In this section we consider maps F € N'(, 3) where the rows of J H are linearly
independent over R. We begin with some algebraic preliminaries extracted from
[5, Chapter 7] and [1]. The study of the Jacobian Conjecture for polynomial maps
of the form I + H where I is the identity map and H a homogeneous map of degree
3, with JH nilpotent, led various authors to the following problem. Let « be a field of
characteristic zero.

Dependence Problem. Letd € N, withd > 1,andlet H = (Hy, ..., Hy) : k" —
k" be a homogeneous polynomial map of degree d such that J H is nilpotent. Does it

follow that Hy, ..., H, are linearly dependent over «?
The attempt to solve it by induction led to consider the more general problem:
Generalized Dependence Problem. Let H = (Hy, ..., H,) : k" — k" be a poly-

nomial map such that J H is nilpotent. Are the rows of J H linearly dependent over
K?

The answer to this question turned out to be “yes” if n < 2 and “no” if n > 3. More
precisely, van den Essen showed the following (see [5, Theorem 7.1.7]).

Theorem 3.1 (i) IfJ H isnilpotentandrk JH < 1, then the rows of J H are linearly
dependent over k (here rk is the rank as an element of M, (k (X)).

(ii) Let r > 2. Then, for any dimension n > r + 1, there exists a polynomial map
H,, : k" — k" such that JH, , is nilpotent, vk JH, , = r, and the rows of
J Hy, , are linearly independent over k.

The example is the following. Let a € R[x|] with dega = r and f(x1,x3) =
xp —a(xy). Then H, , = (H\, ..., H,) where

Hl(-xla "'7-xl’l) = f(x19-x2)s

i )
Hi(x1, . oxn) = Xig1 + (f — i), a® D) (fax) ™l if2<i<n
(_1)r+1 (r) r
Hyp1 (X1, 00 %) = ————a "’ (x1) (f(x1,x2))", and
Hi(xi, ..., x) = (f(x1,x0) 7 ifr+1<j<n

is a polynomial map satisfying assertion (ii). (See [5, Proposition 7.1.9]). For r = 2
and n > 3, the components of H, > are

Hi(x1,...,xy) =xp—ax —bxlz,
Ha(x1, ..., %) = x3+ (@ +2bx1) (x2 —ax; —bx}), )
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H3(x1,...,x3) = —b (x2 —ax; —bx})?, and for j > 4

2yj—1
Hi(x1,...,xp) = (xa —ax; —bxi) ™,

with b # 0.

Theorem 3.2 Let F,o = A1 + (Hy, ..., Hy), with H; as in (4) .

(@) If A < O then the system X = F, 2(x) has orbits that escape to infinity.
(b) If =1 < A < 1 then the discrete dynamical system generate by F,, > has a periodic
orbit of period three.

Proof (a)Itsuffices to prove the theorem in the case n = 3. Thus assume n = 3 and put
X = Fao.If (u, v, w) = ¢p(x1, %2, %3) = b (x1, %3 = Abxf, Axi +x2 —axi —bxp),
and ¢*(X) = Y then

Y(u,v,w) = (w,kv—wz,ka+v—A2u).

To find orbits of Y that escape to infinity, consider the coordinate change

1
(s,q,p) = ;(l,u,w).

If Z is the vector field Y in the new coordinates, then W = (W, Wy, W3) = sZ
is defined by

W(s,q,p) = (—s(hs —p?)s(p—2rq) +qp*,sp+1—22g) + p’).

For s # 0, the orbits of Z and W are the same. Moreover, for s > 0 (resp. s < 0),
the orbits of Z and W have the same (resp. inverse) orientation. Over the plane s = 0,
the vector field W is radially repeller outside of a line of singular points, namely the
line p = 0. For s > 0, we have W; > 0 and, therefore, there are no orbits there with
w—Ilimit set contained at s = 0. For s < 0, we must find orbits of W with o —limit set
contained at s = 0.

Consider the numbers

1 1 11

TS POT T 907

A=2)\., S0 —W

and the set
Py={(s,q,p):as—p><0,50<5<0,0<¢q<qo,0<p< po}

We have the following:

(1) Over the set P4 N {(s,q, p) : As — p> = 0}, the vector field W points outward
from the set P4. In fact, if (s, g, p) € P4 and As — p2 =0, then
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3
Awl—zpw3:—%[p(A+3,\) £ 2(1—22g)]
P
> —X[pO(A+3A) + 2(1=2%¢p]=0.

(2) Overtheset P4 N{(s, q, po) : s < 0}, the vector field W points outward from the
set P. In fact, if p = po, then

Wi =s0.po+1—22q) + pj
> sGpot D+p) = 1
N = =5 — =
= Po Po 3 83)\,3
7 1 —1

g0 e Ty Y

(3) Over the set P4 N {(s, 0, p)}, the vector field W points outward from the set Py.
In fact, if ¢ = 0, then

Wy, = sp<0.

(4) Over the set P4 N{(s, qo0, p)}, the vector field W points outward from the set Py.
In fact, if g = qo, then

2 2 Sp
Wa = sp—qo(hs —p7) = ()\s—p)[fpz—qo]zo

AS
because
pz
)\s—p2<As—p2§Aso—To_0
and
sp Po 1
h(s, = —— < h(so, p) <h(sg, —) = — .
(s, ) st s (50, p) = h(s0. 5°) = 177 < 40

Thus any orbit y (¢) of W, with y (0) an interior point of P4, has «-limit set contained
intheline s = p = 0. Clearly, any (of these) orbit corresponds to an orbit of our initial
vector field X that escapes to infinity. This completes the proof in this case.

(b) When n = 3 the system F3 correspond to a particular case of (10) and the
result follows of Theorem 3.8. Thus assume n > 3. Observe that

Fuo(xXt, ... xn) = (F32(x1, %2, x3), Axa + f(x1, x2)°, . Ax, + f(xr, x2)" ™ h

where f(x1,x) =xp —ax; — bxlz.
This implies that the third iterated of F;, 5 is of the form

F,iz(xl,- CL X)) = (F33,2(X1, X2, x3), A xa4ga(x1, X2, %3),. ., A2 4 ga (X1, X2, X3)).
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Then the point (x1, ..., X,), where (X7, X2, X3) is a periodic point of period three of
F3p,and X = ﬁ gj(x1,x2,x3), for 4 < j < n,is a periodic point of period three
of F, 2. The proof is now complete. O

Observe that the example H3 > has the special form

Hio(x,y,2) = (ux,y),v(x,y,2), h(u(x, y))). (&)

In [1] it proved that a large class of polynomial maps H = (Hy, H», H3) of the form

H(x,y,z) = (u(x,y,2),v(x,y,2), h(u(x,y,2),v(x,y,2)). (6)

with J H nilpotent and such that Hy, H,, H3 are linearly independent, reduce through
a linear coordinate change, to a map of the form

G(x,y.2) = (g(t),viz— (b +2viax) g(1), a g(1)%) (7

withr = y+by x+vie x?andvia # 0,and g € R[r]withg(0) = Oanddeg, g(¢) > 1.
More specifically, it has the following theorem that resume the results of [1].

Theorem 3.3 Let H(x,y,z) = (u(x,y,2),v(x,y,2),h(ulx,y, 2),vx,y, ).
Assume that H(0) = 0,h'(0) = 0, and the components of H are linearly inde-
pendent over R. Let A = g—z g—’; — g—; g—lz’ and B = g—; g—’; - 3‘5 g—lz’. If JH is nilpotent
and deg,(uA) # deg, (vB) then there exists T € G L3(R) such that THT 'is of the
form (7).

Remark 3.4 (1) By Theorem 3.3, any map
F=xI4 u(x,y,2),v(x, v 2), hulx,y,2),vx, ,2)) € N&,3)

under the condition deg, (#A) # deg,(vB), modulus a linear change of coordi-
nates, has the form

F(x,v,2) =A(x,y,2) + (0,v1z,0)
+g@) (1, = (b1 +2viax), a g(1)) ®)

with 1 = y + b1 x + viex? and via # 0, and g € R[¢] with g(0) = 0 and

deg, g(t) > 1.
(2) Any map

F=xI+u(x,y 2),vx,y 2),hux, y z2),vx,y,2)) € N4, 3)

under the condition deg, (1 A) # deg,(vB) is injective.

(3) For n = 3, the map F37 of Theorem 3.2 up to a linear change of coordinates is
of the form (8) with g(¢) a polynomial of degree one. Therefore, the origin is not
a globally asymptotically singularity (resp. fixed point) for the continuous (resp.
discrete) dynamical system generated by F3».
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In consequence we establish the following:

Question 2 Do there exist linearly independent maps in N'(x, 3) of the form (8) for
which the origin is globally asymptotically stable for the corresponding continuous
and/or discrete system?

3.1 The Continuous Case
Our next result gives a negative answer to Question 2, in the continuous case, when

the degree of g(z) is less than or equal to two. First observe that, by applying the
coordinate change

(u, v, w) = ¢(x,y,2)
=Ax+g@),t,vz +Av1ax2)

where t =y + b1 x + v« x2, to the vector field (8) we obtain
Gu(F)(, v, w) = A, v, w) + (&' @0 v+w), w,avu?). ©

Theorem 3.5 Consider a map F € N (X, 3), with A < 0, of the form (8) where
gt)y=A1t+ Ay % Then F has orbits that escape to infinity.

Proof In the case A = 0, making the linear change of coordinates
1
(u,v,w) =d(x,y,2) = Z(x,my, mviz)

with m = Ay, the vector field F — A I has the form (4). The result now follows from
Theorem 3.2.
Next consider the case Ay # 0. Then we may assume

F(x,y,2) = A(x, 9,2) + (€ 0Oy + 2), 7, viax?).

To find orbits of F' that escape to infinity, we first make the coordinate change
1
(ua v, w) = _(-xa Yy, 1)
z
If Y is the vector field F in the new coordinates, then Z = w Y is defined by

Z(u,v,w) = (—,3u3 + (Aiw+ Ayv)(Av + 1), —ﬁuzv +w, —wQw + ,3142))

with 8 = v; . For w # 0, the vector fields Y and Z have the same orbits. Moreover,
forw > 0 (resp. w < 0), the orbits of ¥ and Z have the same (resp. inverse) orientation.
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Then we apply the blow-up
( ) ( vow )
s, q, =\u, =, =) -
q,p B
If Y is the vector field Y in the new coordinates, then ¥; = s2 Z; where

Zi(s,q.p) = A(s,q,p)(s,—3q,—5p) + (0, p— Bq, —p(B + Aps’))

with A(s,q. p) = —B + (A1ps® + Axq) (hgs® + D).
The singularities of Z; over s = 0 are

28 48  8p2
— d — [— .
(0,0, 0), (0,3 2,0), an (0,5 T

The Jacobian matrix of Z; at (0 4p ﬁ) has eigenvalues

> 54, 254,
B 28
HL=—T. M= - and u3 = —28.

In the case g > O (resp. B < 0), this singularity is an attractor (resp. repeller) of
the vector field Z;. Given an initial condition (s(0), ¢ (0), p(0)) sufficiently close to
the singularity, with s(0) p(0) > 0 (resp. s(0) p(0) < 0) for B > 0 (resp. 8 < 0), we
obtain an orbit of the original vector field F' that escapes positively to infinity. O

3.2 The Discrete Case

In this subsection we prove that, in the discrete case, the answer to Question 2 is
negative for any g(¢) € R[¢] with g(0) = 0 and deg,g(¢) > 1.
For |A] < 1, consider

F(-xvy9Z) :)‘(xsy7Z) + (O,U]Z,O)
+g(®) (1, =(by + 2via x), a g(1)) (10)

with 1 = y 4+ by x + viax? and via # 0, and g(r) € R[r] with g(0) = 0 and
deg;g(t) > 1.

Lemma 3.6 The set of fixed points of F is reduced to the origin. If g(t) = At then
the unique periodic point of period two of F is the origin.

Lemma 3.7 If—1 < A < landg(t) = At,with A # 0, then F has a periodic point of
period three (xg, Yo, z0) # (0, 0, 0). Furthermore, the eigenvalues ofDF3 (x0, Y0, z0)
are all different from 1.
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Proof Calculations involve MATHEMATICA prove that the point (xq, Yo, zo) With

_ A+ A +407 2%

o AB(1—2)] ’
14+ +22 2 2 3 4 5 .7
+ Aby (1= 1) (14427 + 9]
(L4 2+ 23 (14322 + 423 + 304 +25)
20 = )

vi AZB (1 — 1)5

where 8 = vj«, is a periodic point of period three of F. On the other hand, we prove
that the characteristic polynomial of D F 3(xo0, Y0, 20) 18

p(x) = =22 — A (8+ 441+ 10422 + 16413 + 164 1% + 11321 4 44 2°
4847 —4a¥) x + (—4+ 81+ 44207 + 113273 + 164 2% + 164207
+104 25 + 4427 + 828 x% + 13,

and

p(H)=3G -1 A +xr+2H> 0.

Theorem 3.8 For |\| < 1, consider

F(x,y,2) =Xx(x,y,2) + (0,v12,0)
+ g A, —=(b1 +2viax), ag(t))

witht = y+by x+vi« xZandv o #0,and g(t) € R[t]with g(0) = 0and g’ (0) # 0.
Then there exists (xo, Yo, z0) 7% (0,0, 0) which is a periodic point of period 3 of F.

Proof Assume g(1) = At+ Axt?>+---+ Apt*, with A # 0. When (A, ..., Ay) =
0, ...,0) we denote the corresponding map F by Fy. Therefore, Fj has a periodic
point of period three (xo, Yo, z0) # (0, 0, 0) and the eigenvalues of DFS (x0, Y0, 20)
are all different from 1. Consider the map G : R¥~! x R? — R3 defined by

G(Az, ..., Ak, x,y.2) = F>(x,y,2) — (x,y,2).

Observe that G(0,...,0,x,y,z) = F03(x, v,z) — (x,y,2), forall (x,y,z) € R3.
Then G(O, ..., 0, xg, yo, z0) = (0,0,0) and D> G(O0, ..., 0, xg, yo, zo) is invertible.
From implicit function theorem, there exist ¢ > 0 such that, for all (A, ..., Ax) with
max{|Az|, ..., |Ak|} < e the map F(x, y, z) has a periodic point of period three. For
the general case, observe thatif a € R — {0} and T'(x, y,z) = a~! (x, y, z), then
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T(F(T_l(u, v,w) =A,v,w) + (0,v;w,0)
+ 8@ (1, = (b1 + 2vi@ u), @ g(1))

with @ = « a and
gt) = ll_lg(at) = A[+A2at2_’_,,_+Akak—ltk.

For |a| sufficiently small, the map 7 o F o T~! has a non vanished periodic point of
period three, and then, the map F also. O
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