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La teoria de la informacion surgi6é gracias al trabajo realizado por Claude E. Shannon:
“A Mathematical Theory of Communication”, donde se modela y caracteriza el desempeno
o6ptimo de los sistemas de comunicacion digitales. La idea bésica es la transmision de in-
formacion mediante un canal que introduce incertidumbre en la comunicacién. La senal
llega a un receptor que debe decodificar la informacion de forma confiable en el sentido de
probabilidad de error. Estableciendo una conexion con problemas de inferencia estadistica,
vemos que estan estrechamente conectados. Ambos problemas se encargan de trabajar con
observaciones y la informacion contenida en ellos. El objetivo final es tomar una decisiéon
correcta basada en las observaciones. El término decisién correcta implica establecer métri-
cas de desempeno. La teorfa de la informacion cumple un rol muy importante al establecer
limites fundamentales para problemas de decision estadisticos, es por esto que esta tesis hace
uso de las herramientas en estadistica y teoria de la informacion para resolver dos problemas
de inferencia, en el contexto de la astronomia y deteccidén con restriccion de tasa.

La primera parte de la tesis, estudia los limites fundamentales en astrometria. El foco del
trabajo es estudiar la alcanzabilidad de los limites fundamentales con estimadores précticos.
El trabajo propone cotas de desempeno para estimadores clasicos (maxima verosimilitud y
minimos cuadrados) con estos resultados se verifica numéricamente la optimalidad del esti-
mador de méaxima verosimilitud en el sentido que éste alcanza la cota de Cramer-Rao en un
gran espectro de regimenes observacionales.

La segunda parte de la tesis propone una cota alcanzable del error asociado al problema de
deteccion en un contexto de hipotesis bivariado cuando una de las fuentes es transmitida con
restricciones en la tasa. Este problema radica en establecer velocidades de convergencia para
el error de tipo II sujeto a un error de tipo I prescrito y cuando se tiene informaciéon limitada
de una de las fuentes. Para ello este trabajo establece cotas para la discrepancia que existe
entre el limite fundamental asintético y una expresion no asintotica derivada como parte de
éste trabajo.
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Summary

Information theory was originally iniciated by Claude E. Shannon in 1948 to find fundamen-
tal limits on data compression and digital communication, in a landmark paper entitled “A
Mathematical Theory of Communication”. The goal in communication is to send a message
over a noisy channel, and to reconstruct it with low probability of error. Then communi-
cation theory and statistics are intimately connected. In both context the main objective
is to make a minimum cost decision based on observations. In this context, information
theory has played a very important role in establishing fundamental performance limits for
these problems. Inspired by this theory, this thesis uses tools from statistics theory for the
resolution of two punctually relevant decision making problems that deals with uncertainty
and information.

On the first part of this thesis, we derive fundamental limits for the astrometry problem,
where we characterize the best attainable precision limit for a family of unbiased estima-
tors. We obtain performance bound for classical estimators (maximum likelihood and least
squares) and then we validate numerically the optimality of the celebrated maximum likeli-
hood estimator in the sense that it achieves the Cramer-Rao lower bound in a wide range of
observational settings and observational regimes.

On the second part of this thesis, we derive an achievable bound of the error associated to
the detection problem in a bivariate hypothesis testing problem, where one of the sources is
transmitted with a rate constraint. The contribution of this work is the derivation of closed
form expression for the type II error given a prescribed type I error and a limited rate. In
particular, we clarified the discrepancy between practical finite length regime scenario and
the fundamental asymptotic limit.
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Chapter 1

Introduction

Information theory was originally iniciated by Claude E. Shannon in 1948, in a landmark
paper titled “A Mathematical Theory of Communication”. The basic goal of communication
is to send a message over a noisy channel, and then to reconstruct it with low probability of
error, in spite of the channel noise. In this context, information theory provides a mathemat-
ical formalization of this problem and, more importantly, offers fundamental performance
limits for this decision task. This view inspires the work presented in this thesis where statis-
tical tool are applied in two relevant problems in the area of astroinformation and hypothesis
testing that are summarized in Section [I.1] and

1.1 Astrometry

Astrometry deals with the accurate and precise measurement of positions and motions of
celestial objects. Is the oldest branch of observational astronomy, dating back at least to
Hipparchus of Nicaea in 190 BC. Since, from its very beginnings, this branch of astronomy
has required measurements over time to fulfill its goals, it could be considered the precursor of
the nowadays fashionable “time-domain astronomy'[| preceding it by at least 20 centuries. In
recent years, astrometry has experienced a “coming of age” motivated by the rapid increase in
positional precision allowed by the use of all-digital techniques and space observatories (see,
e.g., |1], Fig. 1la in [2] for an overview spanning more than 2000 years of astrometry, |3| for a
summary of the contributions from the HST (fine guide sensors), and, of course, the exquisite
prospects from the [4], with applications ranging from fundamental astrophysics [5,6], to
cosmology |7]).

A number of techniques have been proposed to estimate the location and flux of celestial
sources as recorded on digital detectors (CCD). In this context, estimators based on the
use of a least-squares (LS) error principle have been widely adopted [8-10]. The use of this
type of decision rule has been traditionally justified through heuristic reasons. First, LS
methods are conceptually straightforward to formulate based on the observation model of

1 As defined, e.g., by Wikipedia: https://en.wikipedia.org/wiki/Time domain _astronomy
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these problems. Second, they offer computationally efficient implementations and have shown
reasonable performance [11-13]. Finally, the LS approach was the classical method used when
the observations were obtained with analog devices [14,/15], which are well characterized by a
Gaussian noise model for the observations. In the Gaussian case the LS is equivalent to the
maximum likelihood (ML) solution ( [16-18|), and, consequently, the LS method was taken
from the analogous to the digital observational (Poisson noise model) setting naturally.

Considering astrometry as an inference problem (of, usually, point sources), the astro-
metric community has been interested for a long time in understanding the fundamental
performance limits (or information bounds) of this task ( [19] and references therein). It is
well understood by the community that the characterization of this precision limit offers the
possibility of understanding the complexity of the task and how it depends on key attributes
of the problem, like the quality of the observational site, the performance of the instrument
(CCD), and the details of the experimental conditions [20,21]. On the other hand, it pro-
vides meaningful benchmarks to define the optimality of practical estimators in the process
of comparing their performance with the bounds [22].

Concerning the characterization and analysis of fundamental performance bounds, we can
mention some works on the use of the Cramér-Rao (CR) bound by [23H26]; and [27]. The CR
bound is a minimum variance bound (MVB) for the family of unbiased estimators [28,29]. In
astrometry and joint photometry and astrometry, Mendez et al. |20,21] have recently studied
the structure of this bound, and have analyzed its dependency with respect to important
observational parameters under realistic (ground-based) astronomical observing conditions.
In this context, closed-form expressions for the Cramér-Rao bound were derived in a number
of important settings (high pixel resolution and low and high signal-to-noise (S/N) regimes),
and their trends were explored across different CCD pixel resolutions and the position of
the object in the CCD array. As an interesting outcome of those studies, the analysis of
the CR bound has allowed us to predict the optimal pixel resolution of the array, as well
as providing a formal justification to some heuristic techniques commonly used to improve
performance in astrometry, like dithering for undersampled images |20, Sect. 3.3]. Recently,
an application of the CR bound to moving sources has been done by Bouquillon et al. |30],
indicating excellent agreement between the theoretical predictions, simulations, and actual
ground-based observations of the Gaia satellite, in the context of the GBOT program ( [31]).
The use of the CR bound on other applications is also of interest, e.g., in assessing the
performance of star trackers to guide satellites with demanding pointing constraints [32],
or to meaningfully compare positional differences from different catalogues (for an example
involving the SDSS and Gaia see [33]). Finally, a formulation of the Bayesian CR bound in
astrometry, using the so-called “Van-Trees inequality” [34], has been presented by our group
in Echeverria et al [35]: This approach is particularly well suited for objects at the edge of
detectability, and where some prior information is available, and has been proposed for the
analysis of Gaia data for faint sources, or for those with a poor observational history [36}37].

From the perspective of astrometric estimators, Lobos et al. [22] have studied in detail
the performance of the widely adopted LS estimator. In particular extending the result
in [38], Lobos et al. [22] derived lower and upper bounds for the mean square error (MSE)
of the LS estimator. Using these bounds, the optimality of the LS estimator was analyzed,
demonstrating that for high S/N there is a considerable gap between the CR bound and



the performance of the LS estimator (indicating a lack of optimality of this estimator). This
work showed that for the very low S/N observational regime (weak astronomical sources),
the LS estimator is near optimal, as its performance closely follows the CR bound. The
limitations of the LS method in the medium to high S/N regime proved in that work opens
up the question of studying alternative estimators that could achieve the CR bound on these
regimes, which is the main focus of Chapter

1.2 Hypothesis testing

Hypothesis testing is a classical problem of statistical decision. An hypothesis is proposed for
the statistical relationship between two variables (the null hypothesis), and this is compared
to an alternative hypothesis that impose no relationship between two variables. Hypothesis
tests is the task of determining what outcomes of a study would lead to a rejection of the null
hypothesis for a pre-specified level of significance. The process of distinguishing between the
null hypothesis and the alternative hypothesis is aided by identifying two conceptual types
of errors (type I and type II), and by specifying parametric limits on e.g. how much type I
error will be tolerated.

Often the statistician task is to find a test with a minimal probability of an error of type
IT given a prescribed probability of an error of type I. It is commonly understood in statistics
that the data (samples) are known to the statistician. We revisit here another dimension
of this problem by assuming that the statistician does not have direct access to the data;
rather, he/she has a lossy representation, more precisely, a finite rate version of it. In the
problem formulated earlier, this assumption is not a significant constraint if the data are
collected at a single location. In fact, the transmission of one bit enables the statistician to
make an optimal decision in the sense of minimizing the probability of an error of type II for
a prescribed probability of an error of type I [39]. Then, we consider the simplest problem
of this kind, namely, bivariate hypothesis testing when one of the variables is measured
remotely, and information about the other variable is transmitted over a noiseless channel of
finite rate constraint |39).

This problem is interesting for a wide range of applications. Consider for example problems
related with sensor networks and itd practical applications (self-driving cars, array of sensors
for measuring, internet of things). It is clear that the ability of automated systems to
make minimum risk decisions in a timely manner is crucial in the 21st century. These
systems will often operate under strict constraints over their resources. In some applications,
e.g. automated systems, relatively short blocklengths are common both due to delay and
complexity constraints imposed in the application. It is, therefore, of critical practical interest
to assess the unavoidable penalty over error exponents required to sustain the desired fidelity
at a given fixed blocklength. The main goal in this thesis is to develop non asymptotic rates
of convergences to the fundamental limit developed by Csiszar in [39].

Concerning the characterization and analysis of fundamental performance bounds in this
task, a common approach is to determine the exponential rate of decay of the error probability
of the second type with a prescribed type I error. In binary hypothesis testing, the optimal
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error exponent of the Type II error is well-known and given by Stein’s Lemma [40]. Extending
this result, Ahlswede and Csiszar [39] characterised the asymptotic behaviour of the error
exponent with communication constraint. On the other hand, Han [41] obtained fundamental
bounds in the case of general systems where both sources are limited by rate constraints.
Several other constributions on this topic consider extension of this kind of problem (such as
asymptotic decay of the type I error or universal setting) and they can be found in [42-45|.

1.3 Contribution

In the first part of this thesis, we study the ML estimator in astrometry, motivated by its
well-known optimality properties in a classical parametric estimation setting with indepen-
dent and identically distributed measurements (i.i.d.) [46]. We know that in the i.i.d. case
this estimator is efficient with respect to the CR limit [47], but it is important to emphasize
that the observational setting of astrometry deviates from the classical i.i.d. case and, con-
sequently, the analysis of its optimality is still an open problem. In particular, we face the
technical challenge of evaluating its performance, a problem that, to the best of our knowl-
edge, has not been addressed by the astrometric community. Concerning the independent
but not identically distributed case, [48] and [49] gave conditions under which ML estima-
tors are consistentﬂ and asymptotically normalﬂ Those conditions, however, are technically
difficult to proof in the astrometric context.

The main challenge here is the fact that, as in the case of the LS estimator [22], the
ML estimator is the solution of an optimization problem with a nonconvex cost function
of the data. This implies that it is not possible to directly compute the performance of
the method. To address this technical issue, we extend the approach proposed by Fessler et
al. [50] to approximate the variance and the mean of an implicit estimator solution of a generic
optimization problem of the data through the use of a Taylor approximation around the mean
measurement (see Theorem2.2]below). Our extension considers high order approximations of
the function that allows us not only to estimate the performance of the ML estimator through
an explicit nominal value, but also it provides a confidence interval around it. With this result
we revisit the more general weighted least square (WLS) and ML methods providing specific
upper and lower bounds for both methods (see Theorems and . The main findings
from our analysis of the bounds are two fold: first we show that the WLS exhibits a sub-
optimality similar to that of the LS method for medium to high S/N regimes discovered by
Lobos et al. [22] and, second, that the ML estimator achieves the CR limit for medium to
high S/N and, consequently, it is optimal on those regimes. This last result is remarkable
because, in conjunction with the result presented in [22], we are able to identify estimators
that achieve the fundamental performance limits of astrometry in all the S/N regimes for
the problem.

In the second part of this thesis, we develop an achievable bound for the error exponent

2this is, as the sample size increases, the sampling distribution of the estimator becomes increasingly
concentrated at the true parameter value

3more precisely, whose distribution around the true parameter approaches a normal distribution as the
sample size grows



in the bivariate hypothesis testing with communication constraints. We know that in the
case with no rate restrictions, the non asymptotic performance is well characterized [42], in
fact, its asymptotic limits converges to the divergence as presented in the celebrated Stein’s
lemma, however, little is known about the case with rate restrictions.

The main challenge faced in this work is the fact that there are many technical and
mathematical difficulties when dealing with the likelihood of the ratio. Developing bounds
to the induced measure given by the encoder function is not an easy task due to the freedom
of such function. To address this technical issue, we extend the approach of Zhang et al. |70]
to the case of noisy rate distortion theory and obtain fundamental bounds via concentration
inequalitites such as the bounded difference inequality [67] and the Berry-Esséen theorem [65],
which are a powerful generalization of the central limit theorem and give non asymptotic
performance expression under general conditions.

1.4 Main Hypothesis

The main hypothesis of the first part of this work is that the ML estimator is efficient in a
large collection of observational regimes from classical result in the i.i.d. case and empirical
evidences. We conjecture that this can be proved theoretically. We also want to show that the
WLS method is, in general, sub-optimal (in comparison with the minimum variance bound
given by the CR result), specially at high and very high S/N.

For the problem of testing under a rate constraint, the hypothesis is that non-asymptotic
expression for the error exponent can be obtained and from this being able to analize the rate
of convergence of this expression to the theoretical asymptotic expression. Similar results
has been established in the classical problem and we conjecture that this type of analysis
can be extended from the rate constrained scenario. The main technical challenge is the
fact that there exists many mathematical difficulties when dealing with the likelihood of the
ratio in the rate constraint problem. Developing bounds to the induced measure given by
the encoder function is not an easy task due to the freedom of such function. We want to
adress this technical issue by extending the approach of Zhang et al. [70] to the case of noisy
rate distortion theory and obtain fundamental bounds via concentration inequalities such as
the bounded difference inequality and the Berry-Esséen theorem.

1.5 Structure of the thesis

This thesis is organized in 4 Chapters. In Chapter 2] we present the estimation problem
of astrometry and characterise the fundamental limits described earlier. In Chapter [3| we
present the detection problem in hypothesis testing and the main technical challenge to
develop non asymptotic bounds. Finally, Chapter (4] presents the conclusions and exhibits
some future work.



Chapter 2

Estimation in astrometry

2.1 Preliminaries and background

We begin by introducing the problem of astrometry. For simplicity, we focus on the 1-D
scenario of a linear array detector, as it captures the key conceptual elements of the problemﬂ

2.1.1 Astrometry as a parameter estimation problem

The main problem at hand is the inference of the relative position (in the array) of a point
source. This source is modeled by two scalar quantities, the position of object z. € R in
the arrayl and its intensity (or brightness, or flux) that we denote by F € RT. These
two parameters induce a probability distribution p, z over an observation space that we

denote by X. Formally, given a point source represented by the pair (:cc,ﬁ), it creates a
nominal intensity profile in a photon integrating device (PID), typically a CCD, which can
be expressed by

E, p(x)=F-¢(x —.0), (2.1)

where ¢(x — z., 0) denotes the one dimensional normalized point spread function (PSF) and
where o is a generic parameter that determines the width (or spread) of the light distribution
on the detector (typically a function of wavelength and the quality of the observing site, see

Sect. [20,121].

The profile in Eq. is not measured directly, but it is observed through three sources
of perturbations. First, an additive background noise which captures the photon emissions
of the open (diffuse) sky, and the noise of the instrument itself (the read-out noise and
dark-current [51154]), modeled by B; in Eq. . Second, an intrinsic uncertainty between
the aggregated intensity (the nominal object brightness plus the background) and actual

!The analysis can be extended to the 2-D case as presented in [20].
2This captures the angular position in the sky and it is measured in seconds of arc (arcsec thereafter),
through the “plate-scale”, which is an optical design feature of the instrument plus telescope configuration.
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measurements, which is modeled by independent random variables that follow a Poisson
probability law. Finally, we need to account for the spatial quantization process associated
with the pixel-resolution of the PID as specified in Eqgs. and . Modeling these
effects, we have a countable collection of independent and non-identically distributed random

variables (observations or counts) {I; : i € Z}, where I; ~ Poisson(\i(z., F')), driven by the
expected intensity at each pixel element i, given by

)\i(IC, F) = [E{L} = F : gi(.fc) +Bi, Vie”Z (22)
S
=Fi(zc,F)
and
zi+Az/2
gi(z.) = / o(x — z.,0) do, Vi€ Z, (2.3)
xi—Ax/2

where E{} is the expectation value of the argument and {z;:i € Z} denotes the standard
uniform quantization of the real line-array with resolution Az > 0, i.e., ;1 —z; = Ax for all
i € Z. In practice, the PID has a finite collection of measurement elements (or pixels) Iy, .., I,,,
then a basic assumption here is that we have a good coverage of the object of interest, in the
sense that for a given position z,

Zgi(xc) ~ Zgi(mc) = /_OO d(x — xy0) de = 1. (2.4)

i€z
At the end, the likelihood (probability) of the joint observations I™ = (Iy, .., I,) (with values
in N™) given the source parameters (z., F') is given by

L(I™ 3¢, F) = [ weiy (1) - Froeeiy(L2) = iy @ey (In), WI™ € N, (2:5)

where fy(z) = eﬂi’\z denotes the probability mass function (PMF) of the Poisson law [17].

T

Finally, if F' is assumed to be know, the astrometric estimation is the task of defining
a decision rule 7,() : N* — O, with © = R being the parameter space, where given an
observation I™ the estimated position is given by z.(I™) = 7,,(I™).

2.1.2 The Cramér-Rao bound

In astrometry the Cramér-Rao bound has been used to bound the variance (estimation error)
of any unbiased estimator [20,21]. In general, let I™ be a collection of independent observa-
tions that follow a parametric PMFE f; defined on N. The parameters to be estimated from I™
will be denoted in general by the vector § = (6,05, ...,0,,) € © = R™. Let 7,(I") : N* — ©
be an unbiased estimator]] of 8, and L(I";0) = f5(I,) - f3(I2) - - f3(I,) be the likelihood of
the observation I™ € N" given § € ©. Then, the Cramér-Rao bound [28,29] establishes that
if

Oln L(I™;0
[EIanéL {%} =0, Vi e {1, .. ,TTL}, (26)

3The joint estimation of photometry and astrometry is the task of estimating both (mc,ﬁ) from the
observations, see [21]. B B
“In the sense that, for all § € ©, Ernpr {7, (I")} = 0.
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then, the variance (denoted by Var), satisfies that
Var(ra(I"):) > [Z3(n)~']is, (2.7)

where Zz(n) is the Fisher information matrix given by

OlnL(I™0) OlnL(I™0 o
i J

In particular, for the scalar case (m = 1), we have that for all § € ©

min Var(r,(I")) > Zy(n) ™" = Eprgp { [(dlnl’;_(g]",@)) ] } : (2.9)

Tn(-)ET™

where 7" is the collection of all unbiased estimators and I" ~ f7'. For astrometry, |20, 21|
have characterized and analyzed the Cramér-Rao bound, leading to

Proposition 2.1 ( /21, Sect. 2.4]) If F € RY is fized and known, and we want to estimate
xe from I ~ f(chj—v) =LI"z., F) in Eq. , then the Fisher information is given by

n (ngi(i’fe)>2

dz.

T.(n) =) FaG) 1 B

i=1

(2.10)

which from FEq. induces a MVB for the astrometric estimation problem, and where
025(n) =Z, (n)"! denotes the (astrometric) CR bound.

2.1.3 Achievability and performance of the LS estimator

Concerning the achievability of the CR bound with a practical estimator, [22, Proposition
2| have demonstrated that this bound cannot be attained, meaning that for any unbiased
estimator 7,(-) we have that

Var(r,(I")) > o2.g, (2.11)

where I" follows the Poisson PMF f, 7 in Eq. (2.5).

This finding should be interpreted with caution, considering its pure theoretical meaning.
This is because Eq. does not exclude the possibility that the CR bound could be
approximated arbitrarily close by a practical estimation scheme. Motivated by this refined
conjecture, [22] proposed to study the performance of the widely adopted LS estimatOIE] with
the goal of deriving operational upper and lower performance bounds of its performance that
could be used to determine how far could this scheme depart from the CR limit. Then,
from this result, it was possible to evaluate the goodness of the LS estimator for concrete
observational regimes. For bounding the performance of the LS estimator, the challenge was

5This is the solution of 75(I") = argmingeg Yoy (I — Ai(a))?, with Ai(a) = Fgi(a) + Bi, a being a
generic variable representing the astrometric position, g;(-) is given by Eq. (2.3, and where arg min represents
the argument that minimizes the expression. More details are presented in [22].
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that 7,6(/™) is an implicit function of the data (where no close-form expression is available)
and, consequently, [22] derived a result to bound the estimation error and the variance of
Trs(1™). We can briefly summarize the main result presented in |22, Theorem 1] saying that
under certain mild sufficient conditions (that were shown to be realistic for astrometry), there
is a constant 6 > 0 (that depends on the observational regime, in particular the S/N) and
a nominal variance o7, which is determined in closed-form in the result, from which it is
possible to bound Var(r.s(1™)) by the simple expression

Var(ms(I") € ( (3%5;;2, (j%5<g>>2) , (2.12)

where

Zinzl (Fgl(x6> + Bl) ) (gl/('rc))2 ‘
(FYLi(g())?)

Note that when § is small, 67 ¢(n) tightly determines the performance of the LS estimator,
and its comparison with o2 can be used to evaluate the goodness of the LS estimator for
astrometry. Based on a careful comparison, it was shown in |22, Sect. 4] that in general
02 4(n) is close to o2 ,(n) for the small S/N regime of the problem. However for moderate
to high S/N regimes, the gap between 07 ¢(n) and o2(n) becomes quite significantf’]

o2s(n) = (2.13)

These unfavorable findings for the LS method have motivated us to study alternatives
schemes that could potentially approach better the Cramér-Rao bound for the rich obser-
vational context of medium to high S/N regimes. This will be the focus of the following
sections, where in particular we explore the performance of the ML and WLS estimators,
thus extending and generalizing the analysis done for the LS estimator by our group presented
in [22].

2.2 Bounding the performance of an implicit estimator

Before we go to the case of the WLS and the ML estimators, we present a general result
that bounds the performance of any estimator that is the solution of a generic optimization
problem. Let us consider a vector of observations I" = ([y,...,1,) € R" and a general so-
called cost function J(«, I™). Then the estimation of =, from the data is the solution of the
following optimization problem:

7;(I") = argmin J(a, I™), (2.14)

a€R
where « represents the position of the object in the context of astrometry. As in our pre-
vious work [22], the challenge here is that this estimator is implicit because no closed-form
expression of the data which solves Eq. is assumed. In particular, this implies that
both the variance and the estimation error of 7,(I™) can not be determined directly. To

6In particular, for the very high S/N regime and assuming Ax/o < 1, |22, Proposition 3] shows that this

2
it ors(n) o _8
gap reaches the condition i N e




address this technical issue, we extend the approach proposed by Fessler et al. [50]| to ap-
proximate the variance and the mean of an implicit estimator solution of a problem described
by Eq. - through the use of a Taylor approximation around the mean measurement, i.e.,
I" = Epnng, 7).

More precisely, we assume that J(c, I™) has a unique global minimum at 7,;(I™), and that
it has a regular behavior, so its partial derivatives are zero, i.e.,

= iJ(TJ(I") ). (2.15)

8 n
0= —J(a, ") o

o

C!:TJ(I"

Then we can obtain 7;(1") by a first order Taylor expansion around the mean I™ by

™ n 1 - - 82 m n ™ T T
(I = 7,(I") +Z—TJJ (L—1)+ 222%%@(1 —t(I" = I - L) - 1))

(.

v

=e(I,I-1)

(2.16)
with ¢ € [0,1] is fixed but unknown[| For simplicity, Eq. can be written in matrix
form as

T (I") =7, (I") + V1, (I") - (1" = I") +e(I", " = "), (2.17)
where V = [8?1 ] denotes the row gradient operator and e(I™, I — I") is the residual
error of the Taylor expansmn From Eq. - we can readily obtain the following expression
for its variance

Var{r;(I")} = Vr;(I")Cov{I"}V7;(I")" (2.18)
Eo??n)
+ Var{e(I",I" — I")} + 2Cov{NV7;(I")(I" — I"),e(I", I" — I")}.  (2.19)
E“;J,(n)

In Eq. (2.18) we recognize two terms: o%(n) that captures the linear behaviour of 7,(-)

around I™ and «;(n) which reflects the deviation from this linear trend. It should be noted
that the above expression does not depend on 7(I") itself, but on its partial derivatives
evaluated at the mean vector of observations. Then in the adoption of this approach to
estimate Var{7;(I")}, a key task is to determine V7;(I").

Remark 1 It is meaningful to note that [50] only considered the linear term in his approx-
imate analysis, obviating the residual term ~;(n) in Eq. . This first order reduction
is not realistic for our problem because the solution of a problem like the one posed by
Eq. in astrometry has important non-linear components that need to be considered in

the analysis of Eq. (2.18).

In an effort to analyze both the linear and non-linear aspects of a general intrinsic estimator
solution to Eq. (2.14)), the following result offers sufficient conditions to determine o%(n) in
closed-form, and to bound the magnitude of the residual term ~;(n) in Eq. (2.18).

Tt follows that lim Ph(; IIHI) =0.
I—T
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Theorem 2.2 Let us consider a fixed and unknown parameter x. € R, the observations
I" = (I,....I,)" where I; ~ f,., and 7;(I") the estimator solution of Eq. . If we
satisfy the following two rather general conditions:

a) the cost function J(a,I") is twice differentiable with respect to I" and x., and the
gradient of 7;(-) evaluated in the mean data I™ offers the following decomposition

V(1) - (1" =17 :azbi<li_ji) (2.20)

with a and {b; : i€ {1,...,N}} constants, and,
b) the estimator evaluated in the mean data equals the true parameter x. € R, this is,

T(I") =z, (2.21)

then we can define two new quantities €;(n) and B;(n) (both > 0) and o2(n) in Eq.
with analytical expressions (details presented in Appendix such that

| Epnng, Ao (1"} — 1’5\ <es(n) (2.22)

TV
bias

and
Varmmes, (s(I")} € (0%(n) = 8,(n),o%(n) + Bs(n)) . (2.23)

The proof of this result and the expression for (e;(n),o2(n),8;(n)) in Egs. (2.22) and
(2.23) are presented in detail in Appendix [2.6.1}

Revisiting the equality in Eq. (2.18)), Theorem [2.2| provides general sufficient conditions to
bound the residual term v;(n) and by doing that, a way of bounding the variance of 7,(1")
which is the solution of Eq. (2.14)). In particular, it is worth noting that if the ratio 55% < 1,

J

then Eq. (2.23)) offers a tight bound for Vary, {7;(I")}. In this last context, 05 (n) (called
the nominal value of the result) provides a very good approximation for Varm.ys, {7;(1")}.

On the application of this result to the WLS and ML estimators, we will see that the main

assumption in Eq. (2.20) is satisfied in both cases (see Egs. (2.64)) and (2.81) in Appendix[2.6.2]
and [2.6.3] respectively), and from that o%(n) is playing an important role to approximate

the performance of ML and WLS in a wide range of observational regimes. In addition, the
analysis of the bias in Eq. shows that these estimators are unbiased for any practical
purpose and, consequently, contrasting their performance (estimation error ~ +/variance)
with the CR bound is a meaningful way to evaluate optimality.

2.3 Application to astrometry

In this section we apply Theorem [2.2|to bound the variances of the ML and WLS estimators
in the context of astrometry. Following the model presented in Sect.[2.1.1} I" = (Iy,..., I,,)"
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denotes the measurements acquired by each pixel of the array, and where each of them follows
a Poisson distribution given by

I; ~ Poisson(\(z.)), i=1,...,n, (2.24)

as expressed by Eqs. (2.2) and (£2.3).

2.3.1 Bounding the variance of the WLS estimator

The WLS estimator, denoted by 7y 15(1™) in Eq. (2.26)), is implicitly defined through a cost
function given by

n
Jwrs(on I") = " wi(l = A(a))?, (2.25)
i=1
where (wy, ..., w,)T € R’} is a weight vector, and « is a general source position parameter.

Specifically we have that
Twrs(I™) = arg mig Jwrs(a, I™). (2.26)
[e1S

Applying Theorem we obtain the following result:

Theorem 2.3 Let us consider the WLS estimator solution of Fq. , then we have that

|Erpe Amwrs(I")} — x| < ewrs(n) (2.27)

Vv
bias

and
Varpes, {twrs(I™)} € (oty1s(n) — Bwrs(n), oy ps(n) + Pwrs(n)) (2.28)

where ol ¢(n) is given by

2
Sy wihi(r) (2
e (2.29)

() \? :
(Zlnl Wi ( éaa ) )
a=xc

and Pwrs(n) and ewrs(n) are well defined analytical expression of the problem (presented in

Appendix .

The proof of this result and the expressions for ey g(n) and Swrs(n)in Egs. (2.27) and
(2:28), respectively, are elaborated in Appendix [2.6.2]

This result offers concrete expressions to bound the bias as well as the variance of the
WLS estimator. For the bias bound in Eq. (2.27), it will be shown that ey s(n) is very
small (order of magnitudes smaller than z.) for all the observational regimes explored in this
work and, consequently, the WLS can be considered an unbiased estimator in astrometry, as
it would be expected. Concerning the bounds for the variance in Eq. (2.28), we will show
that for high and moderate S/N regimes the ratio Byrs(n)/o% 1 ¢(n) < 1 and consequently

Ui%VLS(n)
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in this context o3, 4(n) is a precise estimator of Varm.ys, {twrs(I™)}. For the very small
S/N the results offers an admissible interval 03, ¢(n) & Swrs(n) around the nominal value
0%,15(n). Therefore in any context o, ¢(n) shows to be a meaningful approximation for the
performance of the WLS.

Remark 2 If we focus on the analysis on the closed form expression 03, ¢(n) as an approxi-
mation of Varp g, {twrs(I™)} and we compare it with the CR bound o2 z(n) in Egs.
and , we note that they are very similar in their structure. In particular, it follows
that 03, 5(n) = c2x(n), if an only if, the weights of the WLS estimator are selected in the
following way

w =K - Vie{l,...,n}. (2.30)

1
‘Ai(ﬂfc)7
where K is an arbitrary constant (K > 0). In other words, the only way in which the
performance of the WLS approximates the CR limit is if we select the weights as in Eq. .
However, this selection needs the information of the true position x., which is unfeasible as
it contradicts the very essence of the inference task (indeed, z. is unknown, and we are
trying to estimate it from the data). Another interpretation is that no matter how we
choose the weights of the WLS estimator, it is not possible that the WLS is close to the
CR bound for every position x., telling us that the WLS is intrinsically not optimal from
the perspective of being close to the CR limit in all the possible astrometric scenarios. In
particular, this impossibility result is very strong in the high S/N regimes where 03, ¢(n) ~
Varpmeg, {Twrs(I™)}. This implication is consistent with the analysis presented by [22,
Fig. 4|, where it was shown that the variance of the LS estimator is significantly higher than
then CR bound in the high S/N regime. This justifies the study of the ML estimator.

2.3.2 Bounding the variance of the ML estimator

The ML estimator, denoted by 7. (I") in Eq. (2.32), is implicitly defined through a cost
function

J(a, I") = Z LIn(A(@)) — Ai(a), (2.31)

where « is a general source position parameter. Specifically, given an observation I™ we have
that

mur(l") = argmaxJ(a, I"),
= argmingl —LiIn(N(a)) + Ni(a). (2.32)
ae

i=1

Applying Theorem we obtain the following result:
Theorem 2.4 Let us consider the ML estimator solution of Fq. , then we have that

|Ernepe Aman(I")} — e | < earp(n) (2.33)

Vv
bias
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and

Varp.s, {mur(I")} € (0371 (n) = Barc(n), o3 (n) + Barn(n)) (2.34)

where
oyp(n) = U?}’R(n) = —~ ) (2-35)

and Byr(n) and epp(n) are well defined analytical expression of the problem (presented in

Appendix .

The proof of this result and the expressions for ey (n) and By (n) in Egs. (2.33) and
(2.34), respectively, are elaborated in Appendix [2.6.3]

Remark 3 It is important to mention that the magnitude of €)1, (n) is orders of magnitude
smaller than z. in all the observational regimes studied in this work (see this analysis in
Sect. and, consequently, for any practical purpose the ML is an unbiased estimator. This
implies that the comparison with the CR bound is a meaningful indicator when evaluating
the optimality of the ML estimator.

Remark 4 We observe that if the ratio Syr(n)/o%,;(n) is significantly smaller than one,
which is shown in Sect. [2.4] from medium to high S/N regimes, then Varpm s, {7ar(I")} =~
o3, (n). This is a very interesting result because we can approximate the performance of
the ML estimator with ¢3,;(n). On this context, it is remarkable to have that the nominal
value 03, (n) is precisely the CR bound (see Eq. (2.35)), because this means that the ML
estimator closely approximate this MVB in the interesting regime from moderate to very
high S/N. Note that this medium-high S/N regime is precisely the context where the LS
estimator shows significant deficiencies as presented in [22]. Therefore, ML offers optimal
performances in the regime where LS type of methods are not able to match the CR bound,
which satisfactorily resolves the question posted by 22| on the study of schemes that could
very closely approach the CR bound in the high S/N regime.

2.4 Numerical analysis

In this section we evaluate numerically the performance bounds obtained in Sect. for the
WLS and ML estimators, and compare them with the astrometric CR bound in Proposition
2.1} The idea is to consider some realistic astrometric conditions to evaluate the expressions
developed in Theorems and and their dependency on important observational condi-
tions and regimes. As we shall see, key variables in this analysis are the tradeoff between the
intensity of the object and the noise represented by the S/N value, and the pixel resolution
of the CCD.
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2.4.1 Experimental setting

We adopt some realistic design and observing variables to model the problem [20,21]. For the
PSF, analytical and semi-empirical forms have been introduced, see for instance the ground-
based model in [55] and the space-based models by [§] or [56]. In this work we will adopt

2
a Gaussian PSF| ie., ¢(x,0) = ﬁe_% in Eq. 1) and where o is the width of the
PSF and is assumed to be known. This PSF has been Tound to be a good representation for
typical astrometric-quality Ground-based data [57]. In terms of nomenclature, FWHM =
2v/21In2 o measured in arcsec, denotes the Full-Width at Half-Mazimum parameter, which
is an overall indicator of the image quality at the observing site [58|.

The background profile, represented by {Bi,i =1,.., n} in Eq. 1} is a function of sev-

eral variables, like the wavelength of the observations, the moon phase (which contributes
significantly to the diffuse sky background), the quality of the observing site, and the specifi-
cations of the instrument itself. We will consider a uniform background across pixels under-
neath the PSF, i.e., B; = B for all i. To characterize the magnitude of B, it is important to
first mention that the detector does not measure photon counts [e”] directly, but a discrete
variable in “ Analog to Digital Units (ADUs)” of the instrument, which is a linear proportion
of the photon counts ( [54]). This linear proportion is characterized by the gain of the instru-
ment G in units of [e~/ADU]. G is just a scaling value, where we can define F = F/G and
B = B/G as the intensity of the object and noise, respectively, in the specific ADUs of the
instrument. Then, the background (in ADUs) depends on the pixel size Ax arcsec as follows

D + RON?
G

where f, is the (diffuse) sky background in ADU arcsec™!, while D and RON?, both measured
in e~ model the dark-current and read-out-noise of the detector on each pixel, respectively.
Note that the first component in Eq. is attributed to the site, and its effect is propor-
tional to the pixel size. On the other hand, the second component is attributed to errors of the
PID (detector), and it is pixel-size independent. This distinction is central when analyzing
the performance as a function of the pixel resolution of the array (see details in |20, Sect. 4]).
More important is the fact that in typical ground-based astronomical observation, long ex-
posure times are considered, which implies that the background is dominated by diffuse light
coming from the sky, and not from the detector |20, Sect. 4].

B=fAz+ [ADU], (2.36)

For the experimental conditions, we consider the scenario of a ground-based station located
at a good site with clear atmospheric conditions and the specification of current science-
grade CCDs, where f, = 1502.5 ADU arcsec™!, D = 0, RON =5e~, FWHM = 1 arcsec
(equivalent to 0 = 1/(2v/21n2) arcsec) and G = 2 e~ ADU™! (with these values we will have
B =313 ADU for Az = 0.2 arcsec using Eq. (2.36)). In terms of scenarios of analysis, we
explore different pixel resolutions for the CCD array Az € [0.1,0.65] measured in arcsec, and
different signal strengths ' € {1080, 3224, 20004 ,60160}, measured in e~, which corresponds
to S/N e~ {12,32,120,230}. Note that increasing [" implies increasing the S/N of the
problem, which can be approximately measured by the ratio F / B. Ona given detector plus
telescope setting, these different S/N scenarios can be obtained by appropriately changing
the exposure time (open shutter) that generates the image.
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2.4.2 Bias analysis

Considering the upper bound terms ey s(n) and ey (n) for the bias error obtained from
Theorems [2.3] and for the WLS and ML, respectively, Fig. presents the relative bias
error for different S/N regimes and pixel resolutions. In the case of the ML estimator,
the bounds for relative bias error are very small in all the explored S/N regimes and pixel
resolutions meaning that for any practical purposes this estimator is unbiased as expected
from theory [17]. For the case of the WLS, we observe that from medium to high S/N
the relative error bound obtained is very small but, meanwhile at low S/N, unbiasedness
can not be fully guaranteed from the bound in Eq. . In general, our results show
that both WLS and ML are unbiased estimators for astrometry in a wide range of relevant
observational regimes (in particular from medium to high S/N) and, consequently, it is
meaningful to analyze the optimality of these estimators in comparison with the CR bound
in those regimes.
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Figure 2.1: Relative performance of the bias (as measured by log (100 X EJ(TL))) stipu-

Tc

lated by Theorem for the WLS estimator (left side, Eq. (2.27)) and the ML estima-
tor (right side, Eq. (2.33)). Results are reported for different values of the source flux
Fe {1080, 3224, 20004, 60160}, all in e~ (top to bottom symbols respectively), as a function
of the detector pixel size. The 0% level corresponds to having achieved no bias.

In the following sections, we move to the analysis of the variance of the WLS and ML
with particular focus on the medium to high S/N regimes across all pixel resolutions using

the performance bounds derived in Eqs. (2.28) and (2.34), respectively.

2.4.3 Performance analysis of the WLS estimator

In this section, we evaluate numerically the expression derived in Theorem [2.3|to bound the
variance of the WLS estimator in Eq. (2.28). For that we characterize the admissible regime
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predicted for the variance of the WLS estimator, i.e., the interval

(owrs(n) = Bwrs(n), oy ps(n) + Bwrs(n)) (2.37)

for S/N € {12,32,120,230} and Az € [0.01,0.65] arcsec. In these bounds, we recognize
its central value (or nominal value) o, 4(n) in Eq. and the length of the interval
2Bwrs(n) that is determined in closed form for its numerical evaluation in Eqgs. and
(2.67)). Note that 20y s(n) can be considered an indicator of the precision of our result to
approximate the variance of the WLS in astrometry.

Revisiting the uniform weight case

To begin the analysis, we consider the setting of uniform weights across pixels, i.e., the case
of the LS estimator and, without loss of generality, we locate the object in the center of the
field of Viewﬂ which can be considered a reasonable scenario to represent the complexity
of the astrometry task. At this point, it is important to remind the reader that from the
analysis of 03, ¢(n) in Remark 2, the nominal value o3, ¢(n) is equivalent to the CR bound
when the w; are selected as a function of the true position in Eq. (2.30). In view of this
observation, the selection of non-uniform weights can be interpreted as biasing the estimation
to a particular area of the angular space, which goes in contradiction with the essence of the
inference problem that estimates the position with no prior information, and only relies on
the measured counts. From this interpretation, revisiting the LS estimator is an important
first step in the analysis of the WLS framework.

On the specifics, the boundaries of the interval in Eq. and its nominal values are
illustrated in Fig. for the different observational regimes. In addition, Fig. shows
the CR bound as a reference to evaluate the optimality of the LS scheme across settings.
We observe that for the low S/N ~ 12 regime, the nominal values precisely match the CR
bound, however our result is not conclusive as the interval around the nominal performance
is significantly large. This is the regime where our result is not conclusive regarding the
performance of the LS estimator. In the regime S/N € (30,50) (top right panel on Fig. [2.2),
we notice an important reduction on the range of admissible performance, and our result
becomes more informative and meaningful. In this context, the nominal values is very close to
the CR bound, and we could assert that the LS estimator offers sufficiently good performance
in the sense that is very competitive with the MV B. Importantly, when we move to the regime
of relatively high S/N and very hight S/N (from 100 to 300), our results is very accurate
to predict the performance of the LS method, and we find that the gap between the CR
and the nominal value is very significant (the deviation from the MVB is 16% and 30% for
S/N 120 and 230 at Ax = 0.2 arcsec, respectively). This last result confirms one of the
main findings presented in [22|, who showed that for medium to hight S/N the LS estimator
is suboptimal with respect to the MVB. In Fig. we also show the square root of the
empirical variance (Var(mwrs)) with respect to the empirically-determined mean position .
(using the WLS estimator), all as derived from the simulations, showing good consistency
with our predictions.

81t is important to remind that the CR bound is a function of the value of the parameter to be estimated,
in this case the position z., see the Fisher information in Eq. (2.10).
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Figure 2.2: Range of the square root of the variance performance (in miliarcsecond—mas)
for the WLS method in astrometry using uniform weights (equivalent to the LS method)
predicted by Theorems and , Eq. . Results are reported for different rep-
resentative values of F and across different pixel sizes (top-left to bottom-right): F €
{1080, 3224,20004, 60160} e~ .
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Non-uniform weight case

The sub-optimality of the WLS scheme from moderate to high S/N seen in Fig. 2.2]can be ex-
tended for any arbitrary selection of a fixed set of weights, as it would be expected. Given that
the space of weights selection is literally unlimited, we use the insight obtained from Remark
2 that states that a selection of weights can be interpreted as an specific prior on the position
of the object where the optimum, but unfortunately unknown, selection (achieving the CR
bound) of weights in Eq. is an explicit function of the unknown position of the object.
Then, we consider a finite set of positions {x.1, ..,z } that uniformly partition the field of
view, and their corresponding weights sets {wi(z.1): 1 =1,..,n}, {wi(z.2):1=1,..,n}...
and {wi(z. ) :1=1,..,n} using Eq. to cover a representative collections of weights
for the problem of astrometry.

Then, for a specific selection of weights in our admissible collection (attributed to a prior
believe of the position of the object in the field of view), we evaluate the worse discrep-
ancy between o3, 4(n) — Bwrs(n) (which is the most favourable expression for the variance
predicted from Theorem , and the CR bound in Proposition across a collection of
presumed object positions in the following range of positions

©={x; —0o,2, —08x*0,2;, —06*0,2, —04*0,2, —0.2% 0,2}

where x7 denotes the center of the array (which, as indicated at the beginning of Sect.
is equal to the true object position z.) and 0 = FW HM/2+/21n2 is the dispersion parameter
of the PSF. The idea of using this worse case difference is justified from the fact that in this
parameter estimation problem we do not know the position of the object, and consequently,
the optimality of any WLS estimator should be evaluated in the worse case situation, as
the scheme should be able to estimate the position of the object in any scenario (position).
More precisely, for a given weight selection {w;,i =1,..,n}, we use the following worse case
discrepancy

sup (UI%VLS(TL) — Bwirs(n)) — U%’R(n).

2.38
T.€O U(ZJR(n) ( )

For this analysis note that both (0%,;¢(n)—Bwrs(n)) and 02 z(n) are functions of the position
Te, Az, and S/N.

Fig. illustrates the worse case discrepancy in Eq. for the medium and high
S/N regimes where Theorem provides an accurate and meaningful prediction of the
performance of the WLS method, i.e., for S/N € {120,230}, and across Az € [0.05,0.7] arc-
sec. The discrepancy is quite significant, in the order of 37% and 60% in the range for
Az € [0.1,0.3] arcsec for S/N 120 and 230, respectively.

To refine the worse case analysis presented in Fig. 2.3 and to evaluate in more detail the
sensitivity of the discrepancy indicator given by Eq. , we evaluate the discrepancy of
WLS using the weights associated to x (the center position of the array) with respect to the
CR bound associated to the positions {2} —o, 25 —0.8%0, 5 —0.6%0, x5 —0.4%0, 25 —0.2%0, z}},
to study how the discrepancy (measuring the non-optimality of the method) evolves when
the adopted position moves far from the prior imposed by the WLS in the center of the
array. Fig. illustrates this behaviour, where it is possible to see that the discrepancy is
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Figure 2.3: Worse case discrepancies in Eq. for the WLS estimator using the weights
set indexed by the positions © = {zf — 0,25 — 0.8 %0, 25 — 0.6 x0, 25 —0.4*0, x5 —0.2%0,z}}.
Results are reported for two S/N scenarios, namely ' = 20004 e~ (Left) and F' = 60160 e~
(Right), and across different pixel sizes.

very sensitive and proportional to the misassumption of the object position, where the worse
case discrepancy in the maximum achievable location precision is on the order of 40% for
pixel sizes in the range [0.1,0.6] arcsec for S/N ~ 120, and about 60% for pixel sizes in the
range [0.1,0.6] arcsec for S/N ~ 230. These worse case scenario happens in both cases when
the object is located the farthest from the prior assumption, as it would be expected.

The main conclusion derived form this CR bound analysis is that, independent of the
weight selection adopted, as long as the weights are fixed, the WLS estimator is not able to
achieve the CR bound in all observational regimes. More precisely, the discrepancy (measur-
ing the non-optimality) in the less favourable case of an hypothetical and feasible position
of the object is very significant, in the range of 40% — 60% for the important regime of high
and very high S/N.

2.4.4 Performance analysis of the ML estimator

In this section we perform the same analysis done for the WLS in Sect. but using the
result in Theorem [2.4] In particular, we consider the admissible regime for the variance of
the ML estimator given by

(UlzbfL(n) — Bur(n), o3y (n) + 5ML(”))

in Eq. (2.34)), where the nominal value in this case, 0%,;(n) in Eq. (2.35), is precisely the CR
bound, while the length of the interval 28,1 (n) is given by Eqs. (2.43) and (2.84) in closed

form.

Considering an object located in the center of the array, i.e., x. = x,, the performance
curves are presented in Fig. for S/N € {12,32,120,230} and Az € [0.1,0.65] arcsec.
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Results are reported for two S/N scenarios, namely F = 20004 e~ (Left) and F = 60160 e~
(Right), and across different pixel sizes.

First, we note that there is a significant difference in the predictions of our methodology for
the ML estimator in comparison with what we predict in the WLS case. In fact, the results of
our approach are very precise for the determination of the variance of the ML estimator in all
the regimes, from small to high S/N, which is remarkable. More important it is the fact that,
from these findings, we observe that the performance deviation from the MVB in the worse
case (small S/N) is very small (see Table first raw), while for any practical purposes the
variance of the ML estimator achieves the CR limit for all the other regimes, from medium
to high S/N, which is a numerical corroboration of the optimality of the ML estimator in
astrometry, as predicted theoretically by Theorems and 2.4] In Fig. we also show the
square root of the empirical variance (Var(7yr)) with respect to the empirically-determined
mean position . (using the ML estimator), all as derived from the simulations, showing good
consistency with our predictions.

Complementing this analysis, we conducted the same comparison considering different
positions for the object within the array obtaining the same trends and conclusions. To

summarize these results, Fig. shows the value 100 x U%V’L(n)tfﬁé?)_gmm), which is an
indicator of the quality of the estimator (the smaller the better) for different scenarios of the
position of the object z. € © = {2z} — 0,25 —0.8% 0,25 — 0.6 %0, 2% —0.4% 0,25 —0.2% 0,27}
In particular, for all the evaluated positions, the relative discrepancy is bounded (relative
to the CR bound) by values in the range of 0.025% and 0.012% for pixel resolution in the
range Ax € [0.1,0.2] arcsec for S/N = 120 and S/N = 230, respectively. Finally, Table
presents the relative discrepancy for all the range of S/N values considered in this study for
the case Ax = (0.2 arcsec.

We conclude from this analysis that the ML estimator in nearly optimal for the medium,
high and very high S/N regimes across pixel resolutions, achieving the MVB for astrometry.
This is an interesting result, since it lends further support to the adoption of these type
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Position z, | S/N=12 | S/N=32 | S/N=120 | S/N=230
o 38% | 0.34% | 0.032% | 0.010%
z,—02%0 | 41% | 027% | 0.014% | 0.009%
Zo—04x0| 43% | 019% | 0.022% | 0.007%
z,—06+0c| 3.8% | 020% | 0.019% | 0.009%
Z,—08%0 | 39% | 030% | 0.022% | 0.011%
To—0 3.6% | 0.40% | 0.019% | 0.008%

Table 2.1: Indicators of the performance quality of the ML estimator relative to the Cramér-

0'2 n n)—o)p n .
Rao bound expressed in terms of the indicator 100 x nr( )Zij‘za)) ME™) from the result in

Theorem The results are presented for different positions of the object z. € {2} — 0o, 2% —
0.8%0, x5 —0.6%0, 25 —0.4%0, x5 —0.2x0, 2} (rows) and for different S/N € {12, 32,120,230}
(columns).

of estimators for very demanding astrometric applications, as has been done in the case of
Gaia [59]. We note that [13] reach the same conclusion regarding the optimality of the ML
method in comparison with the MVB, through simulations of 2D CCD images using a broad
set of Moffat PSF stellar profiles. While their results is purely empirical, it is interesting
that they test the ML using a different PSF from ours, and in a 2D scenario, and yet
they reach the same conclusions. More recently, [60] have tested (also empirically) the ML
method in a 1D scenario (similar to ours), but in the context of a Gaia-like PSF. They find
that the ML is unbiased (in agreement with our results, see Fig. , and, by comparing
two implementations of the ML they conclude that they predict self-consistent and reliable
results over a broad range of flux, background, and instrument response variations. It would
still be quite interesting to compare the performance of those implementations against the
CR MVB in order to further test our theoretical predictions.

2.4.5 Comments on an adaptive WLS estimator for astrometry

In Sect. [2.3.1] we presented results that offer a nominal prediction for the variance of the WLS
method through Eq. which turns out to be very accurate in the regime from medium
to high S/N as shown in Sect. Interestingly, Remark 2 tells us that this nominal
values precisely match the CR limit for an optimal selection of weights given in Eq. (2.30),
namely w; ~ 1/\(x.) for all i = 1,..,n (compare Eqgs. (2.29) and (2.35))). As this selection
is unfeasible, because it requires the knowledge of z. (see the expression in Eq. ), we
can approximate this value by a noisy version of it, considering the fact that the expected
value of the observations [; that we measure at pixel iis \;(z.) using our model in Eq. (2.4).
Therefore I; can be interpreted as a noisy version of Aj(z.) and

wi(f;) = (2.39)

1
I
can be seen as a noisy version of the ideal weight # Adopting this data-driven weighting

approach, we would have an adaptive WLS method as the weights are not fixed but instead
they are a function of the data {I; : i =1,..,n}. This selection of weights can be interpreted
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Figure 2.6: Indicator of the performance optimality of the ML indicator (computed as 100 x

02, (n)+Brr(n)—orr(n)

) ) for different positions of the target object x. € © = {x} — 0,27 —
0.8*0,2,—0.6x0,2;, —0.4x0,2, —0.2%0, x:} in the array, as a function of pixel resolution.
The left panel shows the case F' = 20004 e, the right panel the case F' = 60160 e~.

as an empirical version of the optimal weights that achieves the CR bound. Then, the
problem reduces to solve

Tawrs(I") = arg 16{161”1;1 Jawrs(c, I™) (2.40)

where .
JAWLS(aa [") = Zwi(li)(ji - )\1(04))2- (2-41)

i=1

Fig. presents the performance of this scheme for the same regimes we have been
exploring in this work, supporting the conjecture that this selection of weights resembles the
optimal weight selection and in fact achieves MSE performances that are surprisingly close
to the CR bound in all the observational regimes.

Our results in this sub-section show that some commonly adopted weighting schemes,

using the analogous to Eq. (2.39), are a very good data-driven choice for methods that
employ a WLS scheme, such is the case, e.g., of the well know PSF stellar fitting program
(including astrometry) DAOPHOT, described in |9, Eq. (10)].
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2.5 Conclusions and Final Remarks

We study the performance of the WLS and ML estimators for relative astrometry on digital
detectors subject to Poisson noise, in comparison with the best possible attainable precision
given by the CR bound. Our study includes analytical results, and numerical simulations
under realistic observational conditions to help us to corroborate our theoretical findings.

We extend the work presented in Fessler et al. [50] by giving upper and lower bounds for
the variance and the mean of implicit estimators (as is the particular case of the WLS and
ML schemes). We verified that the bias of the WLS and ML methods are negligible in all
the observational regimes explored in this paper and that the variance of the ML method is
close to the CR lower bound in most of the observational regimes explored in this work. We
show the suboptimality of the WLS estimator by proving that this estimator can not achieve
the CR bound unless you have access to the position (which is impossible in this estimation
problem).

2.6 Appendix

2.6.1 Proof of Theorem 2.2

We begin presenting the expressions for (e;(n), 8;(n),c%(n)) to complete the statement of
the result.

€;(n) = max

Epner., {% SN S (I I~ I~ B f})}' )

te(0,1] o1 j—1 iUlj
Bi(n) = €;(n) +255(n), (2.43)
where
2
€7(n) = max Eyx lii e (I —t(I™ — I™)(L — L) (I; — I;) (2.44)
J e ) | 24 2 01,01, J P T ’ '

5 (n) =
7(n) Jnax,

Ernoy, {(VTJ(f”) NS OIS S %U(I‘” (I — Y (L= D), — I
1j=1

and, finally,

o = [PIEATLTY - ERZORC] P PQ‘”ggng}’”)]T )] (2 o
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Proof of Theorem - Using the chain rule in the cost function J(«, I™) and taking the
partial derivative 7 of both sides in 1) we have that

0= 82 J( (I"),I")— 0 T(I") + a—2J(T([”) I, i=1 n (2.47)
~ 0a? oI, oadl; A '
Thus, we have n equations with one unknown, and it holds for any /™. Defining the operators
0? 0?
20 110y — 9 4
v () 8042’ () aaa[i7 ( 8)

of dimensions 1 x 1 and 1 x n, respectively, we can express (2.47) in matrix form as
0=V2J(r(I™), ")VrI") + VI (r (1), ™). (2.49)

Assuming that the matrix V2°J(7(I"), ") is non singular, we can calculate V7(I") from
@.19)

Vr(I") = =[V2J(r(I"), IV I (r (1), 1), (2.50)
Finally, using (2.50)), evaluating at I", and then replacing in (2.18)), we have that
o3(n) = —=[V*J(r(I"), ")) VI (e (1), I Coo{ I} (= [V I (r (1), I™)] IV T (r(17, )T

= (VU M)V (), I Cou{ I [V (r (1), )T V0T (r (1), 1))~
_ {32J(T(I"),I”)]_l {aU(T(n),I")}OOU{I”} 82J(T(I"),I”)]T {82,](7([”),]”)]_1 (2.51)

Oa? 0adl; 0adl; Oa?

Moving into the residual term 7;(n) in (2 captured by (;(n), we must consider the
variance of the error function Var{e(]”,[" I")} and the covariance Cov{V7;(I")(I" —
I"),e(I™, I"™ — I™)}. For the first, we have that

Var{e(I",I" — I")}
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On the other hand, for the covariance, using the main assumption in (2.20)), it is clear that

Erneg, {VTar(I") - (I" = I")} = Egnny,, {a zn: bi(I; — I_i)} =0. (2.53)

From this,
(Coo{Vr(I")(I" —I"),e(I" 1" = I} )
[E{Vr(I™")I" = 1") (e(I™, I" = I") — E (e(I", " —1"))}

[E,Mf%{mm) 1) ;zz s 70" = T E)(@—L)H

<  max
te[0,1]

Ernm., {(Wf‘")- - 1) ZZWI f"—t(f"—f”>><zi—fi><fj—I}-)}(F.w

=35 (n)
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Finally, replacing (2.52)) and (2.54) in the definition of v;(n), we have that:
vs(n)| < Var{e(I",I" — I")} + 2|Cov{Vr(I")(I" — I"),e(I", I" — I")}|
< €;(n) +285(n) = Bs(n). (2.55)

For the bias expression of the result in (2.22)), using the hypothesis in (2.21)), we can take
expectation at both sides of (2.17)) to obtain that

N
Ernepe A7)} = 2| = |Erney, {aZbi(L — L) +e(I",I" — f”)}‘

i=1

~ [, felI 17— P}

]‘ - - 62 T n ™ T T
- [Epwf%{§221(m];<f —i(I" T >><L—L><Ij—1j>}‘

A
:
"

2.6.2 Proof of Theorem 2.3

Proof: The proof and, in particular, the derivation of o3, 5(n), Bwrs(n) and ey rs(n) simply
reduces to an straightforward application of Theorem For that we need to first validate
the assumptions of Theorem If we begin with Eq. (2.50)

Vr(I") = [V I (1, (I, 1) (7 (1), 17, (2.57)

and then we calculate the gradient terms in the RHS of (2.57)) for our WLS context, it follows
that

82

VQOJWLS(C%,[H) = WJWLS(CW[n)
. - 8)\1(04) 2 82)\1(06)
— 221w<( e ) +(Nilo) = h) = |, (2.58)
o2 o2 T
VHJWLs(Oé,In) = <aaa]1JWLS<Oé7In)7.”7MJWLS<Q7[n)> (259)
B M (av) M)\ "
= 2 (w1 G g ) (2.60)

Following (2.57), we need to evaluate Eqs. (2.58)) and (2.60) at a = 1y 1s(1™). For that, we

have the followinﬂ
Ty __ : av ). 2
71/{/L5(I ) = arglaleuRn ._El U)l()\l(l’c) )\1(()é>) . (261)

Then we will use the following result:

9considering that I; = E{L;} = \i(z.).
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Proposition 2.5 Under the assumption of a Gaussian PSF, Ty s(I") = ..

Notice that this proposition is the second assumption used in Theorem Using this
proposition, we obtain that

V2 o s (rrns (). ) = 22‘”1((8320‘))

_ Qéwi (ags‘)):_%, (2.62)
V' Twis(rwps(IM), 1) = —2 <w1‘9§—g‘>, . ,wnmgci"‘))T R
a=Twrs(I")
(2] .
Finally, applying and in we have that
Vrwes(I") - (I" = 1") = —[V*J(rwes(I"), ")) [V! (TWLS( ), "I 1)

) [Z“’ () ] Z (1, ~ B(R$4)

N TV
TV
a bj

which offers the decomposition needed for the application of Theorem (Eq. (2.20)). For
the value of 03,;5(n) in (2.46)), since the observations are independent and follow a Poisson
distribution, we have that

Cou{L;, I;} = { oriht=Xizg, =4, (2.65)

Then if we replace (2.62)), (2.63) and (2.65)) in (2.46), we have that

2
n O\ (a
21:1 wiz)\i(xc) (%)
asze (2.66)
(Zﬁ—l W (8)5(a)>2 )

On the other hand, the expression for Sy rs(n) and ey rs(n) can be determined from the
evaluation of (2.43) and ({2.42)), respectively. Looking at them, the problem reduces to deter-

mine the key term BB%’ILS (I" +t(I™ — I™)). For that, if we use |50, Eq. (17)] we can obtain

U%/VLS(”)
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the following identity['7]

*Twrs
1,01,

(I_n + t(In _ I_n)) —

92, _ - oy 272
2 () = (B4 (0~ )2 + 20 (25820

i=1

m PR (0 ) = (B #0512+ 60 T

, oo’
i=1

(20, 25

[zn: 825\;ga) “(ila) = (L + t(L — L)) 2w; — 2wy (w‘i(“))Z] : (ij 0o

= et
o)~ () (o4

which concludes the result.

a:TWLs(T"+t(I"'—f”'))
(2.67)

Proof of Proposition

Proof: Using the function h(a) = > wi(Ai(@.)—Ai(@))?, we need to show that the minimum
is reached only at a = x.. From this, we have that h(a) > 0 and it achieves its minimum at
z.. To prove uniqueness, let us assume that there is another position % # z. at which h is
zero. Then

hzy) = Zwi(h(%) — Xi(27))* =0

< Al(ze) = N(a2)), Vied{l,...,n}. (2.68)

The last identity is not possible, because if we use a Gaussian PSF there is at least one
i€ {l,...,n} such that \(z.) # \i(z%).

Proof of Eq. (2.67))

Proof: Recall |50, Eq. (17)] and considering Jy rs(c, I™) as the cost function we have that

P rwis pny n gy - [ O Iwes(e I e = 1) (08w ps (o I 44" =) Orwps (I + 40" =)
o1,01; 9a2 9ad a1,
3 Jwrs(a, I" +t(I" = I")] drwrs™ +t(I™ — I™)
00201, ar;

+83JWLS(061 I" +t(I" = I") drwrs" +tI" = 1I")) n 3 Jwrs(a, I" +t(I" - I™))
90201, o1, 900101,

a=ry g (IM+t(IT—In))
(2.69)

where from the definition of Jy . (c, I™) we have that

P sl L2 52 P () — (ot Ty + 2 (22

Oa? — Oa? Oa
(2.70)

10The derivation of this identity is presented in Appendix
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83JWLS(047]_TL —Ft([” o [_n)) B n 83)\j(a) _ — )\( ) ( )
53 = 12:1: e “(Aile) = (Li+ (L — 1)) 2w; + 6wy 902 da
(2.71)
P wrs(o, I+ (I —T) 9*Xi(a)
aa28[i = — (211}1 8052 > 5 (272)
3 n n_ Jn
FJwrs(o, I" +t(I" —1")) 0. (2.73)

8046[18[j

I t(Im—I»
Concerning 2Ll +( )

we use - and

it is just the i-th component of the gradient in Eq. (2.57)), then

02 Jwirs (o, In+t(I"—IM)))

Orwrs(I™ +t(I" = 1)  — 9adl;
o1, o 32JWLs(aj"2+t(I"*j"))
[oe"

(2020 (2.74)
52BN (\(a) — (i + #(T — L)) 2us + 2w, (aﬁ;ff))z.

Finally, replacing (2.70), (2.71)), (2.72), (2.73) and (2.74) in (2.69)), and evaluating in o =
Twrs(I" +t(I™ — I™)) we obtain the desired result

O*TWLS n Faa -1
sror [+ =) = .

" 92) (o _ (o 2
{; P (Ni(e) = (B + 15 = T)))2w; + 2u; (552

H[ " 93 Ai(a) - ila) — (fi+t(1i—fi)))2wi+6w162%:[(20£) Ai(a)] _

da? d da
O (@)
(205255 (g P0l0)
02\ («) = = A\i(a) 2 J 0a?
> Fgaitt - (@) = (i + ¢ 1)))2w; — 2u; (25)

(242 (23) (242

a=rwis(In+t(I7=I"))
(2.75)

2.6.3 Proof of Theorem 2.4

Proof: Again the proof and the derivation of o3, (n), By (n) and €y (n) reduce to apply
Theorem First, we need to validate the assumption of Theorem [2.2] Beginning with the
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equality in Eq. (2.57)), it follows that

82
V20JML(CY,[n) = wJML(OJ,In)
L 1 [(One)) < 1 9 X\i(a)
- Yt (Fe) 3 (1) e 10
i=1 i=1
1 82 82 T
Viur(a, I") = (MJML(CVJ )a-~-,mJML(O%] ))
T
_ 1 8)\1(a)7”'7 1 oA\(a) ' (2.77)
AM(a) Oa An(@) O«

For evaluating these two expression at a = 7, (I") as required in (2.57), we use tha
n

(1) = arggleing . —Ai(ze) In(Ni(@)) + (). (2.78)

Then we will use the following result
Proposition 2.6 Under the assumption of a Gaussian PSF, Ty (I") = z..

Notice again, that this proposition is the second assumption used in Theorem [2.2] From
this proposition, it follows that

V2 J(ry (1), I7) = —ZM%)A; (aAi(a>>

oSG %

(x.) oJe! o=z, ’
& L fon(e)
_ _; —— ( £ ) N (2.79)
" o o2 o2 T
AV J(TML(I ),I) = (aaallj(&,[ ),,aa—a]_nj(@,j)) ) (I_n)
_ 1 () 1 O(a)\" (2.80)
AM(a) da 7 M) Oa B '
Finally, we apply (2.79) and (2.80) in (2.50) to obtain that
Vrur(I") - (I" = 1") = =[V*J (e (1), IV T (rag (T7), T = 17)
-1
G 8/\i(a)>2 L1 9)N(e)
_ . I, — B
; Ai(e) ( da o ‘= Nj(z.)  Oa a:%( i — E(@8))
Y b

that shows that the sufficient condition in (2.20]) of Theorem [2.2]is satisfied. For computing
the value o3, (n) in (2.46)), we have that

OOU{Ii,]j} = { (‘)/CU"{L} = )\i(l‘c), ifi= 7,

" Considering that I; = E{L;} = Ai(z.).

(2.82)

~J
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since the observations are independent and follow a Poisson distribution. Then, replacing

£79), (250) and (2:82) in (2:46) we have that

1
2
n 1 O (a)
Zi:l Ai(ze) ( Oa )

o2, (n) = , (2.83)

a=x,

which resolves the identity in (2.35)). Finally Sasz(n) and €prz(n) comes from evaluating (2.43))
and (2.42) in this ML context. For that we only need to determine ZZ4L (I  ¢(I™ — ™).

o501,
Using [50, Eq. (17)], we can obtain the following identity["?]

Prvr ; = -1

(I"L + t(ITL _ I’!L)) — .
01,01; Noo2n(a) L4t(hi—L)  Li+t(hi—=1) [ 0x(a) ?
Z daZ Ai (o) o A2 () ’ da
(

i=1

BN (o) L+ t(I - L) 352Ai(a)mi( o) I +t(I—f) L+t(L—L) (0N(e))?
—~  0Oa? . Ai() 7 002 da A () A () ( da > .

__1 9N (04))
Aj(a)  Oa

rj(e) 1 1 <5‘/\j(a)>2
3 2Ni(a) Lt(hi—I)  L+t(hi—I) (a,\i(a))2 0a? Nj(a)  A(w)
(@) 22 ()

i=1 da? oo

(‘ /\i(la) waiia)) + (82(;;(2a) )\i(la) B Aiga) (8;((;7))2) ' (_ Ajia) 6>\(;O(za)>]

)

a:TA{L(I_"L+t(I7L—I_7‘))

(2.84)
which concludes the result.
Proof of Proposition
Proof: Let us consider the function g, : R} — R given by
In(Wrs o tn)ae = > —AiIn(y:) + v (2.85)
i=1
We note that
i, Gn (Y1, s Yn)rp = Z in g1(y:)a (2.86)

where applying first order condition y; = A;, Vi € {1,...,n}. Returning to our problem in
(2.78) where \; = I; = \i(z.) and y; = \(a), it is clear, considering the Gaussian profile in
PSF, that

Ai(a) = Ni(ze) Vie{l,..,n}if a =z, (2.87)

which concludes the result.

2The derivation of this result is presented in Appendix
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Proof of Eq. (2.84)

Proof: Recall |50, Eq. (17)] and considering Jyz(cv, I™) as the cost function we have that:

?riL (I e — Iy = | - 2 Inp(a, I + (1™ — ™)) 71 ([03Tarp (e, I + ¢(I™ — I™)) CoTmp (M + (™ — 1)) N
1,81 B a2 das aI;
P Inp (o, I +t(I™ —I")) ] drpp(I™ +tI™ = 1™)
8a?01; oI

+33JML(ﬂ,f7‘ U™ —I") ATy (" (I - 1)) n P JInp (e, I +t(I™ —IM))
80201, aI; 8adI;01;

a=71rrp (It —1M))
(2.88)

where from the definition of Jy (o, I™) we have that

PIur(o, I+ (1" = 1") G~ PNle) T+thi—5) L+thi— L) (X)) (2.89)
a2 N 0a? Ai(@) X (a) da o

i=1

PBur(a, I +t(I" —T7) KN Px(a) L+tli—L)  ,9°N(a) O(e) L+t — L) L+t~ L) (9x(@))®
dad z} 93 A(a) 7 822 da X 2 2 ( da ) ’
(2.90)
Il I"+t(I"=1")  PN(e) 1 1 ()’ (291)

da?0I, o 0a N(a) A(a) Ja ’ '

83JML(04 jn+t(fn —jn))

: =0. 2.92
804(9]18[]- ( )

5} I t(Im—I»
Concernlng 7oL +( )

we use ) and

it is just the i-th component of the gradient in Eq. (2.57)), then

I (oI +t(I"—I)))

aTML(f”—l—t([”—j:”)) T Dol
8.[i - GQJAIL(a,frhi»t(I"fjn))
Oa?
(_ 1 ama)) (2.93)
Ai(a)  Oa

" 92 (a) I+t(I—f) Lthi-T) [ on(@ )2
& 0 N@) 7X@ \ da

Finally, replacing (2.89), (2.90), (2.91), (2.92) and (2.93) in (2.88)), and evaluating in o =
v ([™ 4+ t(I™ — I™)) we obtain the desired result

0? - - -1
104 Z": 2xi()  Lirt(hi—h)  Ltt(li—h) (ax (a))
= Oa? Ai () A2 (a) O
N PN(a) L+HL-T) 3a%(a) (o) I + t(I; — I) N 2fi +t(L = L) (oN())?
— da Ai(@) Oa? O A () A () da
1 9Ai(a)
" Xi(@) oa )

Prj(a) 1 1 (0N
n o 92M(a)  Ttt(L—T foat(l—1, ()2 0o Ni(a) M)
02 \i(e)  Li+t(Li—1) Li+t(Ii— 1)) . Ii(a) J J
[Z 52 (%) ]

i=1 " 9a2 "7 X(a)

a=rarp (In+t(In—In))
(2.94)
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Chapter 3

Detection in Hypothesis Testing

In the simplest hypothesis testing problem the statistician has to decide on the basis of a
sample of size n between the null (H0) and alternative (H1) hypothesis of which only one
is true. Often this task reduces to find a test with a minimal probability of error of type
IT given prescribed probability of error of type I. The asymptotic performance of the type
IT error is characterized by the Stein’s Lemma [40]. We consider a new dimension to this
problem by assuming that the statistician does not have direct access to the data; rather,
he/she can be informed about them with a rate constraint, meaning lossy version of the data.
Then we are interested in the non-asymptotic rate of convergence of the type Il error in this
new setting. First of all we formalize the hypothesis testing problem with rate constraint.
Then we present some classical results from the simple hypothesis testing by giving the non-
asymptotic performance of the type Il error given a prescribed type I error. Finally we move
to the challenging problem where we have rate restrictions and we present an achievable rate
of convergence for the second kind of error.

3.1 Preliminaries

For the rest of this work, we restrict our attention to finite alphabets X and Y. Denoting
P(X) the family of probability measures on X. The measure and the product measure of the
random variables X and Y taking values in X and Y will be denoted px € P(X), puy € P(Y)
and puxy € P(X xY), respectively. X7 = (Xy,...,X,,) and Y]" = (V1, ..., Y},) denote the finite
block samples with joint product measure jixp yn = pi% - (n—fold distribution).

Consider a bivariate hypothesis testing defined as

0=0— Hy:(X,Y) ~ uxy(0) 2 puxy € P(X xY)
0=1— H, Z(X, Y) ~ ,uX7y(]_) = ﬂX’y S [P(X X Y)

with 0 < D(px,y(0)[|px,y (1)) < oo.
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3.2 Inference Problem

The problem to tackle consists on a non-asymptotoc analysis of a particular case named Test
against independence with a fized rate constraint on one of the modalities. In particular, our
null and alternative hypothesis are described as follows:

>

0:0—>H01(X7Y)N/,LX7)/(0) /LX7y:,uX',lLy|X€[P(XXY)
0=1— H (X,Y)~puxy(1) 2 fixy = pix - py € P(X xY),

where py = Y oy px(2)py x(-|z). Consider that the statistician observes Y* samples di-
rectly and can be informed about X7 samples indirectly, via a fixed rate encoding functions
fn(+) of rate R in bits per sample. More precisely, given the joint vector (Xy, ..., Xp,, Y1, ..., Y3)
an encoding-decoding rule (f,,, ¢,) of length n and rate R can be represented by two functions:

o fn: X" —{1,...,2"%} (Encoder)
o ¢,:{1,..,2"%} x Y — © = {0, 1}, (Decoder).

Now we will define the operational problem following the classical definitions in hypothesis
testing [61].

Definition 3.1 Given (X1,Y1), ..., (Xn, Yn) ~ puxy(6), and given a pair of encoder-decoder
(fn, &n) of rate R and blocklength n, we define the type I error as

Po(fm ¢naMX) = [P<¢n(fn(XIL>7Y1n) + 0|0 = 0)
= M},Y(Ac<fna¢n>> (3'1)

where p% \ is the n—fold distribution (1% = ] pxy) and
i=1

A(fm ¢n) £ {(1’1, vy Ly Y1y e0ey yn) € X" X Yn|¢n(fn(x17 "'7'rn)7 Y1, 7yn) = 0} (32)
In particular, we can express A(f,, dn) as
A(fns bn) = U F D) < Ay )} (3.3)
(Y15 y7z)€¢7_zl({0})

Similarly the type II error is defined as

Pl(fna ¢naMX) £ Hj(qbn(yvlnafn(X?)) = 0|0 = 1)
- ﬂ?(,Y(A(fmgbn))- (3'4)

n
~ A ~
and fix y = ] fixy

i=1

Definition 3.2 We say that a pair of encoder-decoder (f,,, ¢,) of length n and rate R operates
at type I error € > 0 if for ux € P(X)

PO(.fna ¢naMX) <e (35)

36



With this definition we introduce the optimal type II error of rate R and type I error €
(function of puy € P(X)) as the solution of

671(67R7 :uX) = min {Pl(fmgbm,uX)}' (36)

(fn,on) of blocklength n and size R,
operating at type I error e

Alternatively, we can recover 3,(e, R, j1x) in two-stages as

bulesRone) = i { e o, )] Elog(15,000)) < R} 7)

n

where

Bae, R, pix, fn) 2 min{fig, (xpyvp (A)] A C fo(R) x Y™ and pug, (xppvp(A) > 1€} (3.8)

Note that this definition follows closely the one adopted by Ahlswede et al. [39] and it
represents the optimum for the families of encoder-decoder given a distribution px. In what
follows we are interested in the asymptotic error exponent (assuming for a second that this
limit exists):

{6, R, pux) = nliggo—% log(Bn(€, R, pix))- (3.9)

The following result shows a single letter closed-form characterization for (e, R, pix).
Theorem 3.3 (Ahlswede & Csiszdr. [39]) Ve > 0,

E(e, Ry ux) = [ 0ax I(U;Y). (3.10)
I(U;X)<R U[<[X|+1
Interestingly, this result connects this problem of test of independences with communication
constraint with the noisy lossy source coding problem using the log-loss (or cross entropy) as
the distortion metric [62]. This is precisely (in its asymptotic regime when nlim oo, see Fq.
the problem of information bottle-neck [65].

Definition 3.4 Using the same reasoning that in the problem of universal source coding,
given (fn, dn) of length n and size R operating at type I error € > 0 for ux, we can define
the discrepancy in error exponent as

BO( s dnoix) = €6, R pix) = (= 108(Pu 1)) ) (3.1

Adopting EO(fpn, On, tx) as a performance indicator, we can introduce weak and strong no-
tions of universal source coding for this type of rate constrained hypothesis testing problem.

Before this, we extend Definition [3.9 to a family F C P(X).

Definition 3.5 We say that (f,, ¢n) of length n and size R operates at type 1 error ¢ > 0
for the family F C P(X), if Vux € F

PO(.fna ¢naMX) <e (312)
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3.3 Non asymptotic analysis for the Error Exponent: no-
rate constraint case

Here we present an analysis of the discrepancy in Eq. for the case of a known px € P(X)
with finite n and no-rate constraint (i.e, R > H(X)). In other words, we present a non-
asymptotic analysis of the error exponent of the classical Stein’s Lemma [40]. We begin with
some definitions:

Definition 3.6 Given (X1,Y1),...., (X, Ys) ~ uxy(0), and given a decoder (test) ¢, : X X
Y" — © ={0,1} of blocklength n, the type I error is

PO(¢n, MX) = [P<¢7L(X{L7 Y?) # 0’9 - O) (313)
— W (A%(60)), (3.14)

where
A(dn) 2 (21, o T, Y1y oy Yn) € K X Y|l @1, ooy Ty Y1y ooy Yn) = O} (3.15)

Similarly the type II error is defined as

Py(nspix) 2 P(6(X7, Y1) = 06 = 1) (3.16)
— iy (A(6n). (3.17)

Definition 3.7 We say that ¢, of length n operates at type I error with no-rate restrictions
e > 0 if for ux € P(X)

PO(gbn;MX) S €. (318)
Consequently, the operational type II error is defined as
Bnle, ix) = min {P1(Pn, 1x) (3.19)

(¢n) of blocklength n
operating at type I error e

and the asymptotic error exponent is expressed by (considering that the limit exists)

. —1
§(€ px) = lim — log (B (€, pix))- (3.20)
A single letter characterization for &(e, ux) is presented in the following result.
Theorem 3.8 (Stein [40]) Ve > 0,

E(e, nx) = D(pxy||fiixy)- (3.21)

The following two results (theorems and present an upper (achievability argument)
and lower (converse argument) bound for the discrepancy between the asymptotic closed-form
expression £(€, ux) and its non-asymptotic counterpart ’71 log(Bn(€, px)) measured by

Dlpsllins) ~ (- os(6u (e ) ) (3.22)
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3.3.1 Achievability (Upper bound) and Converse (lower bound) for
the discrepancy

Theorem 3.9 Achievability: Given a fized ux € P(X) and € € (0,1) then

(e px) — (—%logwn(e,uxn) <oyl i)gag 4o (%) o> 1 (323)

n
where o*(uxy, fixy) = Varxy~pux .y (10g <%>) and ®~1(-) denotes the inverse of the

cumulative distribution function of the standard normal distribution.
Similar, for the converse we have that

Theorem 3.10 Under the same hypothesis than Theorem for any 0 < € < 1/2 we have
that

€epx) - (—% 1og</5n<e,ux>>> , s lm) di(e) (3:24)

n
where 0, (€) = 1/ % SUP (g )exxy

The proof are presented in Appendix [3.6.1] and [3.6.2] respectively. Theorems and
[3.10] show a non-asymptotic performance of the type II error for a prescribed type I error.
It is well known that the type II error decreases as an exponential rate, this theorems give
more precise asymptotic description of the behavior of this probability of error and the rate
of which converges to the limit given by £(e, ux). Both bounds are in the same order of
magnitude (O(1/4/n)) and, consequently, they are consistent and we can say that they offer
optimal rate of convergences to the limit. A corollary of this theorems is when we make the
blocklength tends to infinity where we recover the Stein’s Lemma.

ax,y {(z.y)})

log (ux,y({(x,y)})> ‘

3.4 Discrepancy analysis: Rate constraint case

Here we consider the more challenging case with a rate constraint. We follow closely the
arguments presented in the non-asymptotic case. The following result offers an upper bound
for the discrepancy in Eq. (3.11), in the case when we have a rate restriction.

Theorem 3.11 Given pux € P(X) and € > 0, we have that ¥y > 0, there exists a scheme
{(fns Pn)n>1}, operating at type I error € > 0, such that

1
(e R i) — (—ﬁlogm(fn,qsn,m)) <y 4d, Vn> (3.25)
where 0, is O(1/y/n). Furthermore, from Eq. it follows that eventually in n

élec ) — (T ox(e ) ) < 0 (D)), (3.20
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Proor. For the proof of this result we use the following Lemma that is an extension of the
achievability and converse argument presented in Section

Lemma 3.4.1 Given puy € P(X) and an arbitrary function f; : X' — {1, ..., 2%} there exist
a scheme {(f,, ¢n),n > 1} operating at type I error € > 0 of rate R, such that

6(e o) = (=2 10B(PA ) ) < (66 Bpa) = TDng el )| + 800
with

(3.27)
Oni(€) =1/ % . sup

/Lﬁ(xl),yl({(%yl, sy t)
log | = : (3.28)
(2,915 1) € LR x Y Mfl(xl)’yz ({(Z, Y1y eeey yl)})

The proof of Lemma follows closely the converse argument of Section 7?7 and is presented
in Appendix [3.6.5

The result in Eq. (3.25) follows from Lemma and the fact that Vy > 0 we can always
find {* and f* function of  such that (see [39], their equation (2.6) and Theorem 3),

1 _
(e, R pux) —7 < l_*D(:ufl*(Xl*),Yl* Nfl*(xl*),yl*) < &(e, R, pix) (3.29)

Note that Eq. tells us that we can construct an scheme operating at type I error e
that has a discrepancy with respect to (£(¢, R, pux) — ) that goes to zero at a rate O (\%)
as along as we tolerate an offset v > 0.

From this result, we can address the case where we make v = 0 using the following inequality:
Vi >0and f; : X' = {1,..., 2"} we have from Lemma and the definition of 3, (e, R, ux)

in Eq. (3.6), that:
f(ea Ra ,UX) - (_rlz log(ﬁn(QRv MX))) S 5(63 R) UX) - <_71L log(Pl(fna ¢'ru,uX)))

1 5 ~
<&(e, R, pux) — 7D(Uf,(xl),yl‘|#fl(xl),w) + 6ni(€)

= ( max I(U;Y) — }I(ﬁ(Xl),Yl)) +8u(e)  (3.30)
I(U;X

UU=-X—Y
)SR JUI<]X|+1

First, we note that the bound in Eq. 1) is valid for an arbitrary f;, in particular we can

optimize it by the supremum. Second, we know the rate of convergence of 9,;(¢) from Eq.
(3.28). Then the optimal upper bound obtained from Eq. (3.30) reduces to the analysis of:

1 -
_max I(U;Y)—  max  ~I(fi(X",Yh. (3.31)
I(U;%(éﬁ)fuﬁmﬂ fikl = {1,210

In other words, this is precisely the non-asymptotic analysis of the information bottleneck
problem [63]. It is well-known that this coding problem can be presented as a classical rate-
distortion (fixed-rate) source coding problem using the log-loss as the distortion function [68].
More precisely, Eq. can be described as

1 ~
~ min - HY'|fi(X") - min H(Y|U) (3.32)
Fext {20y L 1UX3<R U1 X4+
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Now, let us consider a family of probability distributions py € P(Y), indexed with a parameter
A € A where A is some alphabet. Given a sequence of parameters \" = (Aq, ..., \,) € A" the
product probability distribution in P(Y) is defined as

pon ({(Y1, s ) }) 2 Huxi({yi}) (3.33)

Let p(A",Y™) : A" x Y — R U {0} denote the logarithmic loss distortion given by:

PO ) 2 o g (01, )}) = 37— o o, ({11 (3:34)

i=1

Where by construction p(\",y") is additive. Then the following lemma holds:

Lemma 3.4.2 [68] Let (X', Y") be a random vector with known joint distribution. For any,

fixed rate encoding function f; : X' — {1, ..., 2"} and decoding function g : {1, ..., 2"} — A"

such that g(f;(X")) = A it follows that
Elp(g(u), Y[ u(X') = u] = ZHY'|i(X") = u). (3.35)

Noting that averaging Eq. (3.35) with repect to X! we get that

~|

~| =

Elp(g(fu(X"), YD) > S HY'|fi(X")). (3.36)
The term in the LHS of Eq. (3.36) is a case of noisy rate distortion under the logarithmic
loss, the encoder f; and decoder It is convenient to define a new distortion function
pzt, A - X x A — RU {0} as

plrt, N 2 E[p(\L Y| X! = 2. (3.37)

Notice that by this definition p(z!, \\) = S, p(zi, Ai) is additive and A = ¢:(fi(zh)) where
g; is the ith component of function g. Then using f; as the encoder and g; as the decoder we

recover the classical rate distortion problem [69]. Then we use | [70], Theorem 3] to obtain
that

1 ~ from lemma B.2.2] ~ from [ [70], Theorem 3] o log |
FHORXD) ST B (X)) < p(ry - 2op(r) 8! (

(3.38)
where D(R) is the noisy rate-distortion function, that precisely correspond in this context to

min_ H(Y|U)

UU=X—
I(U;X)<R |UI<[X]+1
. Returning to Eq. (3.31), we have from Eq. (3.38) that

14 0 logl log
I(U:Y) — ZIHXH. Y < - D(R) === —
o IUY) - e GIGN.Y) < 55D +0( l )

—-X—-Y
I(U;X)<R U|<[%|+1

(3.39)

!see Appendix (pending)
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which from Eq. (3.30)) implies that

0

E(e, R, pux) — (—% log(ﬂn(e,R,,uX))) < —@D(R)% + Sn,l(e) +o0 (g) ) (3.40)

If we look closely to Eq. 1} there is a compromise between Snyl(e) and % function of [.

First, we need to give an explicit dependence of [ in the term presented in Snyl(e), for this,
we use the following lemma

Proposition 3.12 Consider two arbitrary probability measures px,vx € P(X), an arbitrary
encoder f, : K — {1,....,n}. and its induced partition of X given by:

T ={ A, = £, ({i}) i€ {1,...,n}} C B(X) (3.41)
where B(X) denotes the power set of X, then

px(A) _px({a)) (3.42)

Ssu S
er ux(A) T hex vx({z})

Proor. Given A € 7, we note that

4]
> nx({j:j €A}
‘;j((j)) == (3.43)

> vx({7:7 € A})

J

Then, given a collection of positive numbers {a; : i € {1,...,n}} and {b; : i € {1,....,n}}, we
use the following calculus inequality

n

i=1
— < max

> bi 1

i=1

5" {Z—} (3.44)

i

Finally, since A is arbitrary and the positiveness of the probability measure we conclude the
desired result. O

Now, define
mr={Aur= f1{i}) i€ {1,..., 28 ¢ B(xY) (3.45)

Notice that by Eq. 1} f, induces a partition over X, then using Proposition , we get
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from 4,,(¢) the following upper bound

gml(e) — M . sup

: (291591 EFL (RN XY

log (lff}(xl),yl({(%yl, sy })
#ﬁ(xl),yl({(% Y1y Y1) })

)

)

log Mlx,y(Al,R X {(Y1, - Y1
iy (Arr < {(y1, - 0

21In(1/e

sup
(A, RY15- Y1) €T RXY!

i‘?‘
~| =
~_

2In(1/e) - o ey ({(@1, o w1, ) })

B nl (ﬂfl,mévz,yl,.?yz)exl><Yl tog (/EZX,Y({("Tl? 5L YLy - l)}))‘
20In(1/e) <1 o pxy ({(z,9)})

VTl (ﬁx,y<{<x,y>}>)" (3:40)

Then the problem reduces to minimize the RHS of Eqs. (3.40) and (3.46]) function of .
For that if we propose [ = n® with a < 1, the optimum value of « is the consequence of
assuming that the two components has the same asymptotic behaviour as a function of n,

this reduces to the following matching correlations. bf;—fa = /™, implying that o = 1/3.

Finally replacing in Eq. (3.40) we get the desired result

éle. ) ~ (- os((e o)) ) < 0 (M5, (3.47)

[]

3.5 Conclusions and Final Remarks

The results provided in Section and provided concrete non-asymptotic finite sampling
description of the performance of an hypothesis test where we have a rate constraint in one of
the sources. For the proof many arguments are used based on the use of sofisticated results
from concentration inequalities. For the classical problem we obtain rate of convergences to
the limit that are optimal of the order O(1/y/n). For the more challenging rate constraint
problem, we obtain a result that provide a rate of convergence to the asymptotic limit that
goes as O(In(n)/n'/3). Thus we found a discrepancy with the classical setting presented in
Section [3.3} which rises the problem of finding a converse result to resolve if this O(In(n)/n'/?)
rate of convergence to the limit is optimal.

3.6 Appendix

3.6.1 Proof of Theorem [3.9

Proor. The proof is based on an achievability argument [64], meaning that we are going to
prove that there is a scheme {¢,},>1 operating at type I error e. For that we consider the
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optimal Neyman-Pearson family parametrized by ¢t > 0, in particular we consider

M%,Y({(l’h ey Ty Y1y o0y yn)})

Apt 2 (21, ey Ty Y1y ey Yn) € X XY
{ M&,Y<{(x17"'7xnay17”'7yn)})

> e”t} . (3.48)

an its induced test denoted by ¢,.(-) : X" x Y" — {0,1}f] Choosing this collection, the
probability of type I is given by

PO((bn,tth) = [P(Qﬁn,t(X?ayvln) 7é 0|9 = 0)

:Nn (wla"'vxnvylw"ayn) € X" x Y" n
o ({ MX,Y({(x17"'7xn7yla"'7yn)})

iy ({(@1s o Ty Y1, oy Yn) ) < e"t}> :

(3.49)
Due to the construction of the test it follows directly that
Py, pix) < e, (3.50)
and consequently, we are looking for
() 2 supft < iy (AS,) < o). (351)

. . - ~ o? BX, - 6r(px,y Bx,
For this, it is useful to consider ,,(¢) = D(uxy||fixy)+ M@ L (e — UQ(NX(ffﬂyxgsiz)ﬁ)

where k(uxy, fixy) is the absolute third moment associated to the random variable log (%) )

Choosing this %, (¢), and applying the Berry-Esséen theorem [65] it follows that:

PO(¢n,t7 MX)
& MXY(XIJK) >
—pP(=%"1 : <i.(e)]0 =
<n ; (ﬂX,Y(XIJ Yi)) ~ (€

O Crlpxy, fixy) ( - ~ n )
< — + | (t,(e) — D —

Vno?(pxy, fixy)*? (ta(e) (MX’YHMKY))\/02(MX,Y,NX,Y)
@  Crlpxy, fixy) e 6r(px,y, fixy)

Vno?(pxy, fux,y )/ Vno?(pxy, fux,y)3/?
(3)
S €, (352)

where for (1) we applied the Berry-Esséen theorem (the statement of the theorem is presented
in Appendix [3.6.3)), for (2) we replaced the value of #,(¢) and for (3) we use the fact that
constant C provided is less than 6 (see Appendix [3.6.3). Finally, replacing this value of #,(¢)

in Eq. (3.50) and using a Taylor approximation for ®~!(-) of first order around e we have
that

QMeaning that d)n,t(xla vy Ty Yy eeey yn) =0if (1'1, vy Ty Y1, 7yn) € An,t

44



log(Bn(e, 1x)) log(Pl(cbm,ux))

n
o?( MXY;MXY) 6r(px,y, fix,y)
< D @ _ i 9
- (/LXYHMXY \/ ‘ UQ(P«X,YyﬂX,Y)B/Q\/ﬁ
o2 (pux,y, fixy) |« 1 do—1(z) 6r(pxy, fixy)
=—-D P — ’ :
(vl - \/ (€ da 1250-2(NX,Ya/1X7Y)3/2\/ﬁ
@) o2 (xy, fixy) | «_1 do—1(z) 6k(pxy, fxy) ]
<-D P - ’ ’
A (kxyllixy) — \/ (€) dz . o2(pxy ﬂX,Y)S/Q\/ﬁ_
o*(px.y, fix,y) 1
= —D(puxyllixy) - o~ (e) + O ) (3.53)
where for (1) we consider £ € <e — 02(2';(‘;):’;’352)\/5, e) and the monotonicity of ®71(:). [

3.6.2 Proof of Theorem [3.10l

Proor. Let us consider the set

e <u§,y<{<x1,...,xn,yh...,yn)})

A 2 (21, T, Yy oy Yn) € X X Y™ | =log [ =
s {( o) 0%\ iy U s ms s )]

) = D(pxyllixy)| > 5}7

(3.54)
we have the following:

Lemma 3.6.1 (Chapter 11, Sect 11.8 [66]) For an arbitrary set B,, C X" x Y™ and its induced
test mﬂ such that operates at type I error (i.e. u% y(By) < €) then

ﬂT)L(y(Bn) > (1 —e— 5)2—”(D(ux,y\|ﬁx,y)+5)' (3.55)

By construction, it is clear that there exists 0 > 0 such that A ; operates at type I error e.
In fact we consider

51(6) £ supfo : iy (A55) < o). (3.56)
To characterize §%(¢) we use that:

Log (Pkor (X X Vi o V) ) e (@)
"1g(ﬂ?cy(Xh-~-7Xth---’Yn>>_@,y%w“”( e (ZE) 6

where [i,,(x,y) denotes the empirical distribution induced by (X7, ..., X,,,Y7,...,Y,). Then
we can use the bounded difference inequality [67] to bound p' y (A5, 5). For that we need to

3Meaning that ¢, (21, ..., Tp, Y1, oo Yn) = 0 if (T1, ey Ty Y15 oo, Yn) € B
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obtain an expression for the bounded differencd] given by:

sup wp o tog (LX) 52 oy tog (fxﬂ{(w)}))’
TE{L i} (X1,Y1) e (X Y )y (K3, T €XXY] (4, ) exxy ixy{@ 9N/ S fix,y ({(z,9)})
<2 wp log(w)
T (ay)exxy ix,y ({(z,9h /|

(3.58)

where ji, (2, %) denotes the empirical distribution induced by (X1, ..., Xi, ..., X,,, Y1, ., Yi, ..., Yy).
Then the bounded difference inequality [67] (Sec 2.3) tell us that:

{ )

J

1 Ny (X1, o, X, Y, 00 Y,
~ log (MX,Y( 1 1 ) > 6,

— D [l
n [/;W(Xl,...,Xn,Yl,...,yn)> (xy |lAx,y)

g

/‘"x,y(Afz,é)

—nd?
<exp =

|- (3.59)
o sup |log <ux,y<{<w,y>}>>‘
(z,y)EXXY

Bx,y ({(zy)})
Using this bound, a lower bound for ¢/ (¢) is given by the solution of:

. —n(3u(6))?

2 (3.60)
bxy ({(zy)})
(oo () )

which give us

55 (€) > bu(e) = \/ % : ( sup

z,y) EAXY

fixy ({(z,9)})
Finally, using 0, (¢) in Eq. (3.61) replacing in Eq. (3.55) and taking logarithm we have that

for all B, with u% y(By) <,

log(fix,y (Bn)) > log(1 — € = du(€)) — n(D(px.yv[[fix,y) + da(€)).

(3.62)
Since B,, is arbitrary, we conclude that
1 log(1 — e — Onle ~
flec i) = (o8Pl onpen)) ) 2 R g ey
O

4For completeness the theorem is presented in Appendix
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3.6.3 Berry-Esséen theorem

There exits a positive constant C' such that if Xy, X, ..., X,, are i.i.d. random variables with
Exmpy, (X1) = 0, Exyopy, (X7) = 0% > 0 and Ex, vy (|X1f?) = p < 00 and if we define

X i+ X+ + X,
n

Y,

the sample mean, and F,(-) the cumulative distribution function of

Y,\/n

o

and ®(-) the cumulative distribution function of the standard normal distribution, then for
all x and n,

Cp

ad\/n

That is: given a sequence of independent and identically distributed random variables, each
having mean zero and positive variance, if additionally the third absolute moment is finite,
then the cumulative distribution functions of the standardized sample mean and the standard
normal distribution differ by no more than the specified amount. Note that the approximation
error for all n (and hence the limiting rate of convergence for indefinite n sufficiently large) is
bounded by the order of n='/2. The best estimate of C' up to date is 0.40973 < C' < 0.4748
[71].

[Fn(z) — ®(2)] <

3.6.4 Bounded difference inequality

Let A be some set, and assume a function g : A” — R satisfies the bounded difference
assumption

sup lg(x1, .y xn) — g(@1, oy Tis1, T,y Tig1y ooy Tn)| < ¢y Vi€ {L,...,n}
T1yeney T, TiEA

In other words, we assume that if we change the ith variable of ¢ while keeping all the others
fixed, then the value of the function does not change by more than ¢;. Consider X1, ..., X,, are
independent random variables taking values in A. Under the bounded difference assumption,
for all t > 0,

n
—22) 3 2
i=1

[P(g(Xl, ,Xn) — IEXl,n-,XnNMxl Xn (g(Xl, ,Xn)) Z t) S (&

-----

and

—2t2/ Xn:c?
[P([EXlw-wanMXl,m,Xn (g(Xb cey XTL)) - g<X17 7X’rl) Z t) S € =t
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3.6.5 Proof of Lemma

Proor. For an arbitrary encoder f, let us consider the family of optimal Neyman-Pearson
tests:

:ufn(X"),Y"({<Z = fn(wla "'7xn)7y1a 7?/71)}) > e”t

Boi(fn) = N R T
o) {“" ) Lz = s s )y Y1 ees ) )

(3.64)

parametrized by ¢ and its induced test denoted by ¢, +(+) : {1, ..., 2"} x Y" + {0,1} P} Using
this set, the probability of type I is given by

PO(fnv ¢n,t7MX> = P(¢n,t(fn(X?)7 Yln) 7é O|9 = 0)
,szn(Xn)’yn({(Z = fn(xh "'7xn)7y1a 7yn)})

= s T YLy ooy Un) | = <e™y ).
Hxy ({(xh ot tin) /va,L(X")7Y"({(Z:fn(xla-~-a$n)vyla--->yn)}) ° })
(3.65)
We also obtain an upper bound for the type II error by:
Pl(fna gbn,tnuX) S e—nt’ (366)

then the problem to tackle consist on

GO= sup sup{t: (B (f) < 6. (3.67)

fn encoder of rate R t

Note that f,, in general is an arbitrary function that breaks the i.i.d assumption then deter-
mining ¢’ (€) is not a feasible task. At this point it is convenient to derive a lower bound

for t*(e). For this we use f; (of rate R) to construct an i.i.d setting of blocklength I. More

precisely we construct f, applying the function f; to every sub-block of length [, k times such
that n = kl

fn,l(xlv ey LYy L4l ooy T2y "'7$l(k—1)+17 "’7xkl) = (.fl(mh "'axl)a .fl(xl+17 ...7{E21), ceey fl(xl(k’—l)—O—h "'7xkl))~
(3.68)

Recall B, ;(f,), in this case it is convenient to re-parametrize t as t = %D(Mfl(xl)yl | xty yi) —
0 for 6 > 0. The type I error can be upper bounded as follows
0= o>

(M‘I;L(Xl%YL(Zl’ aeey Zk, Yl, "'7Ykl)

- < D(uj fi 7 — 10
u’;l(x,),yl(zl,...,Zk,Yl,...,Ykz)> el )

Wiy (BioFur)) =P (,1 log

k
1 Mfl(Xl),Yl(Zl7"'7Zk’Y17"'5Yk’l) ]
<P ( %1 (ﬂ]}( ) 1(Z1 Zk, Y1 Yia) _D(Mfl(xl)»yl”‘uﬁ(Xl)’Yl) >15l0=0
(X1, Y sy Lk g ey
(3.69)
with Z;, = ]?Z(Xl(kq)ﬂ, ..., Xk1). Notice that
: M%(XLWI(Zh.”’ZMYIMWYM) 1 gy ({(z g1 u)h)
Elog ok (Z 21, Y Yii) B Z (2, Y15 - i) log | == (e -
/’l’fl(Xl),Yl 1yeeey Lky L1y -0y LKL (z,yl,‘..,y,,)eﬁ(xz)xw qu(Xl),Yl Yls s Yl
(3.70)

BMeaning that d)n,t(fn(xla -~-,Jin),y1, --~7yn) =0if (1'17 cey Ty Y1, 7yn) € Bn,t(fn)
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and

Z bk (z,y1, -, 1) log (3.71)

Nfl(Xl),Yl({(Zv Y1y -y yl)})

(Mfl(Xl),Yl({(Z’ Y1y oo yl>})>

(Z1,Y1,.,Y0),..,
(Zk,\Yi(k—1) 415 YiK)s
(Zi’vyl(i’—l)+1 7777 Yli’)

efi(xHyxy!

- Z ﬂk(zhyh”'uyl)log

(2,Y15--591)

€fi(kHxvt

log (’fﬁ(xl)’yl({(z’yl’ '”’yl)})> ‘ vie {l,..k}.  (3.72)

'ufl(Xl),Yl({(Z’ Y1y ey yl)})

(,uf‘l(Xz)’yz({(Z,yla -~-ayl)})> ‘

<

: sup
(%M»--w?ﬂ)éﬂ(ﬁl)xw

o

Nﬁ(xl),yl({(za Yy Y1) })

Again, using bounded difference inequality [67] we get

k
]_ Mf(Xl)Yl(Zlu"kaaYlu"'7Ykl) ~
P |-log | == — D(p; Iy > 106106 =0 3.73
(k (“];}(xz),yz(zla---,Zk,Yb---,Ykl) xllgexn ) (3.73)
—k(16,(1))?
< exp (0n (1)) s |- (3.74)
9 - o tg xty ! (LEy-u)})
(2,41, yl)EI}l(Xl)xw & Rty vt (zyu)})

Finally a lower bound for ¢ (¢) can be determined as function of d,,;(¢)) that is the solution
of the following equality.

—k(15,,,(€))2
exp (19ni(€)) 5 | =€ (3.75)
,uf (Xl)yyl ({(Zayl ~~~~~ yl)})
2 Sup log ﬂ‘l 1 vt {1,011
(21, 00) S (K1) V! XD

More precisely, we have that

. 1 . 2log(1/e)
tn(e) > 7D(Mf~z(xl)7yl’||H.fl(Xl),Y’) — 7[ . Sllp~
" (2,915 y1) EFr(R) xY!

'qu(Xl),Yl({(Z,yh U
76)
at:

ll/f”l(Xl)’yl({(zayla 7?/[)})
o ( >}>>
3.
h

Finally, replacing the bound of Eq. (3.76]) in Eq. (3.66]) and taking logarithm we have t

1 ~ 1 - ~
f(é, R, :uX) - (_E log(P1<fn,la Pn,; ,UX))) < |:€(€7 R, ILLX) - 7D(:ufl(Xl),Yl | |:ufl(Xl),Yl):| + 5n,l(6)7
(3.77)
with
~ 21In(1 3 z, PR
dni(€) =1/ 2inl/e) sup log éLfl(Xl)’Yl(ﬂ b, 90)}) : (3.78)
L e A T oyt ({(z 01903
which concludes the result. O
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Chapter 4

Conclusion

We summarize our main findings for the estimation and detection problems in sections
and respectively.

4.1 Astrometry

We study the performance of the WLS and ML estimators for relative astrometry on digital
detectors subject to Poisson noise, in comparison with the best possible attainable precision
given by the CR bound. Our study includes analytical results, and numerical simulations
under realistic observational conditions to help us to corroborate our theoretical findings.

By generalizing the technical result presented in [50| we are able to obtain, for the first
time, close-form expressions for the variance and the mean of implicit estimators (as is the
particular case of the WLS and ML schemes), which can be computed directly from the data
(see Theorem in particular Egs. and (2.23), and Appendix A). When specifying
this result to astrometry with digital detectors, we are able to bound both the bias and the
variance of the relative position of a celestial source on a CCD array as a function of all the
relevant parameters of the problem (see Egs. and or Egs. and for
the WLS and ML estimators respectively). We verified that the bias of the WLS and ML
methods are negligible in all the observational regimes explored in this paper (see Fig. .

A careful analysis of our predictions confirms earlier results by [22] (for the LS method)
in that the WLS method is, in general, sub-optimal (in comparison with the MVB given by
the CR result), specially at high and very high S/N (see the two bottom panels on Fig. [2.2)).
However, a judicious data-driven selection of weights (called “adaptive” WLS method by us,
Sect. (2.4.5))), improves the performance of the WLS substantially (see Fig. 2.7). This is
an interesting result, given the widespread use and simple numerical implementation of the
WLS method.

The ML method is found to have both a smaller bias than the WLS method (compare left
and right panels of Fig. [2.1)), although the bias on both methods is already quite small), and
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a tight correspondence to the MVB throughout the entire range of S/N regimes explored in
this paper (Fig. . Therefore, the ML estimator for astrometry is consistently optimal,
and should be the estimator of choice for high-precision applications.

This paper, along with [22|, completes an in-depth study of the performance of commonly
used estimators in astrometry using PIDs, and sets the stage for the development of codes
that could efficiently implement astrometric ML estimators on 2D detectors, incorporating
also the simultaneous measurement of fluxes, as explored in [60].

4.2 Hypothesis testing

This work characterizes an achievable bound for the optimal error exponent in the bivariate
hypothesis testing setting with communication constraint. The main technical challenge is
the fact that there exists many mathematical difficulties when dealing with the likelihood of
the ratio in the rate constraint problem. Developing bounds to the induced measure given
by the encoder function is not an easy task due to the freedom of such function. To address
this technical issue, this work extends the approach of Zhang et al. [70] to the case of noisy
rate distortion theory and obtain fundamental bounds via concentration inequalities such as
the bounded difference inequality and the Berry-Esséen theorem.

The achievable bound seems to offer a reasonable velocity of convergence to the limit,
however, we do not know if this rate is optimal without a converse result. As a future
work we want to find a converse bound for this problem, the main technical challenge of the
converse falls into analysing the function f (enconders), because this function breaks the i.i.d
assumption of one of the sources, and consequently, we can not use classical concentration
arguments (based of sum of independent measurements) as used in the unconstrained case.
One attractive path of the future research in this direction is to find a way to connect this
likelihood ratio to an additive distortion measure, in this way, we can use Zhang’s theorem |70]
to derive a converse tight bound.
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