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Abstract 

The linear and nonlinear theory of circularly-polarized Alfv6n and ion-cyclotron 
waves in multicomponent plasmas is reviewed. It is shown that minor heavy- 
ion components play an important role in the dispersive properties of space 
plasmas. In the nonlinear theory, the presence of minor heavy-ion components 
leads to a number of new wave couplings which in turn, can lead to new 
instabilities. These instabilities are of various kinds: modulational, beat wave 
and decay instabilities. It is shown that the new instabilities can be very efficient 
in the energy transfer from the pump wave to the heavy-ion species. This 
can occur through the Landau damping of electro-acoustic daughter waves, 
and/or resonance absorption of sideband waves. These processes can help us to 
understand a number of properties observed in high-speed solar wind streams 
and in the magnetosphere. 

1. Introduction 

We review recent work on linear and nonlinear stability of 
circularly-polarized Alfvtn and electromagnetic ion-cyclotron 
waves (EICW) in the solar wind and the magnetosphere. Since 
space plasmas are multicomponent plasmas, this is the study of 
the linear and nonlinear behaviour of circularly-polarized waves 
in multicomponent plasmas. 

The nonlinear decay of large amplitude electromagnetic 
waves has been extensively studied over the years, particularly, 
the stability of whistlers and AlfvCn waves [l-91, and EICW 
[lo-121. Most of these studies have considered plasmas 
composed of electrons and protons using either the one-fluid 
or the two-fluid model [13-191. A kinetic approach has been 
developed in [20,21], but this method is not valid for large 
amplitude waves. Inhester [22], using a drift-kinetic treatment, 
has shown that thermal effects reduce the maximum growth 
rates obtained in a fluid theory emphasizing, thus, the need for 
a full kinetic treatment of the problem. 

For several years it was thought that minor heavy ions 
could be treated as test particles in the dispersive properties of 
space plasmas. However, it has become increasingly apparent 
that minor heavy ions play a significant role in the dispersive 
properties of space plasmas [23]. 

Thus, we begin by studying Alfvtn and EICW in high-speed 
solar wind streams, taking into account not only the presence 
of minor heavy ions such as alpha particles, but also the fact 
that they are drifting relative to the main proton component 
[24]. Recently, Hollweg et a1 [25], studied the nonlinear 
coupling of Alfvtn waves in a two-ion species solar wind 
plasma. They showed that in an alpha-proton plasma the branch 
of the dispersion relation due to the minority species introduces 
new wave couplings to the nonlinear decay of the circularly- 
polarized AlfvCn waves which lead to several new instabilities. 
These couplings can provide a way to transfer energy from the 
pump wave to the protons and to the alpha particles. This can 
occur through resonance absorption between the sideband waves 

and the ions andor by Landau damping of the daughter sound 
waves, provided that Landau damping or resonance absorption 
do not suppress the instability altogether. 

These results have been extended to the study of the 
nonlinear stability of the EICW [26]. These waves can be 
excited in high-speed solar wind streams due to the proton 
thermal anisotropy of the core proton distribution function [23]. 
It is shown that the presence of a second ion component leads 
to wave couplings which generate new decay and modulational 
instabilities. Some of these instabilities involve sound waves 
which can be important in the preferential heating of the alpha 
particles, as observed in high-speed solar wind streams [24]. 

We then turn to the study of EICW in the magnetosphere 
where they are often observed in regions with L values ranging 
from 3 to 15 [27-291. These waves have been thoroughly 
studied over the years and it is now well known that the presence 
of minor heavy ions plays an important role on the dispersive 
properties of the plasma [30-381. From observations made on 
board the GEOS 1 and 2, and ATS 6 satellites, it is known that 
when large amplitude EICW are detected, minor O+ and He+ 
are heated to suprathermal energies of about 100 eV [32,33,39- 
421. This phenomenon, has been studied by a number of authors 
within the context of linear theory, and also using simulation 
techniques [42,4346]. From the linear theory of EICW 
it follows that maximum growth rates occur at frequencies 
far from the heavy ion gyrofrequency and, therefore, these 
waves cannot heat the bulk of the heavy ions [37,44,46,47]. 
Therefore, although heating can occur within the linear theory, 
it seems that linear theory alone is not sufficient to account 
for the observations. However, observationally it is clear 
that energization occurs when waves generated in one region 
propagate to another region along gradients. This condition 
is probably required even when taking into account nonlinear 
decays. 

In a recent paper [48], the parametric decays of EICW in a 
magnetospheric-like plasma composed of protons and He+ ions 
have been investigated. It was shown that although both species 
can be heated by parametric instabilities, parametric decays 
involving sound waves carried mainly by He+ show unstable 
wavenumber gaps which are more sensitive to the growth of 
the pump wave intensity, suggesting a preferential heating of 
the Het ions. 

We shall consider a magnetosphere-like plasma composed 
of three ion species [49]. The plasma composition is the 
following: a minor hot proton component of about 10% of the 
total proton number, thermal protons, thermal He+ ions and a 
minor thermal O+ ion-component with typical ratios of 100: 10: 
1, respectively. Note that in other magnetospheric scenarios, the 
O+ ion concentration can take values as large as lo%, which 

Physica Scripta T60 



Circularly Polarized Alfikn and Ion Cyclotron Waves in Space Plasmas 145 

can also be studied with the present model. There may also be 
energetic heavy ions coming from the ring current [50] but, as 
we shall see, they do not play a significant role on the parametric 
decays of EICW [491. 

We shall see that decay instabilities involving sound waves 
carried mainly by the heavy-ion species, have growthidamping 
rates comparable with or even larger than those associated with 
instabilities involving the sound wave of the proton majority 
ions, indicating that they are substantially heated by nonlinear 
decays of EICW. 

The layout of the paper is as follows. In Section 2 the 
linear stability of the circularly-polarized waves in a solar wind 
type plasma is discussed. In Section 3 the dispersion relation 
of Hollweg er a1 [25] is briefly reviewed. In Section 4 the 
nonlinear stability of both branches of the dispersion relation is 
investigated. In Section 5 the linear theory of the EICW in an 
electron-proton plasma with minor He- and 0' ions is briefly 
reviewed. In Section 6 the nonlinear dispersion relation for the 
mode coupling in a characteristic magnetospheric scenario is 
derived. In Section 7 the parametric decays of the EICW are 
analyzed. The results are summarized and discussed in Section 
8. 

2. Linear analysis of circularly-polarized waves in high- 
speed solar wind streams 

It has been recently shown that a relative drift between two 
ion species modifies the dispersion relation of the circularly- 
polarized EICW in two important ways [38]. First, the stop 
band which exists around the heavy species gyrofrequency 
when there is no drift [23,34,51] disappears in the presence 
of drifts. Second, the branch which in the absence of drifts, 
has a resonance at the proton gyrofrequency - to be called the 
alpha branch, because it is very close to the Doppler-shifted 
frequency of the drifting species - extends now beyond the 
proton gyrofrequency [38]. 

Another property of high-speed solar wind streams is the 
fact that alpha particles (and other heavy ions) are hotter than 
protons. It seems that their thermal velocities are equal, namely, 
T, = 4Tp. Moreover, at distances of 0.3 AU, the alpha-particle 
temperature is higher than the temperature in the solar corona, 
indicating that the alpha particles - and also other heavy ions 
- are heated up in their transit from the sun to 0.3 AU [24]. 

The dispersion relation of the left-hand polarized EICW in 
a plasma composed of electrons, protons and alpha particles 
drifting relative to the protons is given by [23], 

X[A,(l - 2~ + 2yU) - 2~ + 2yU], (1) 

where x = w/R,, y = kVA/Rp,  R, = qBo/mpc, U = V,/V,, 
with V, the alpha-proton drift velocity and VA the Alfvtn 
velocity, q = n , / n p  A[ = (Tll/Tlll-l) is the thermal anisotropy 
of species 1, B111 = 8nnpm,K7'l~/mrB~, and Z is the plasma 
dispersion function [52]. 

From the real part of Eq. ( l) ,  the cold plasma dispersion 

YO 

'T I 
'I I /  

-1.5 -1.0 / I \  

Fig. 1. Dispersion relation of the EICW, Eq. (2), for U = 0.5. 

relation of the EICW is given by [38], 

y =- (2) 

In Fig. 1 the dispersion relation is shown for U = 0.5 in the 
proton rest frame. The first and fourth quadrants describe the 
forward and backward propagating left-hand polarized EICW, 
respectively. The third and second quadrants describe right- 
hand polarized EICW propagating forward and backwards, 
respectively [25]. The straight line in the first quadrant (which 
is also present in the third quadrant) is due to the drifting alpha 
particles, and is very close to the Doppler-shifted alpha-particle 
gyrofrequency, ( x  - y U )  2: 112. 

The growth rate of the waves can be calculated from the 
imaginary part of Eq. (1). Using the large argument expansion 
of the Z function, and assuming w = w, + iwi, with wi << wT 
(to be justified a posteriori), we obtain (A, = 0), 

2 x2  477(x - Y W 2  
1 - x + 1 - 2 x + 2 y u .  

(3) 

where 
8 q ( ~  - yU)(l  - x + y U )  

(1 - 2x + 2 y u y  
and y is the growtwdamping rate normalized to the proton 
gyrofrequency. 

The approximation we are using fails close to resonance 
where higher-order terms are increasingly important. However, 
since we are interested in general growth rate trends, the 
approximation should still hold. 

The first term in the right-hand side of Eq. (3) is positive 
between zero and the marginal mode which is given by x, = 
A,/(A,+l) [23]. The second term in the sum gives the damping 
of the EICW due to the alpha particles. 
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Fig. 2. Growth rates of the left-hand polarized EICW for A, = 3, ,illp,u = 0.1, 
and (a) U = 0.1, (b) U = 0.2. 

One distinctive property of high-speed solar wind streams 
is the large value of the thermal anisotropy of the proton core 
distribution function. At heliocentric distances of 0.3 AU values 
of A,  = 2 4  are frequently observed [24] .  

In Fig. 2 the behaviour of the growth rate is shown for 
increasing values of the normalized drift velocity, U .  The 
first maximum, corresponding to the proton branch of the 
dispersion relation (see Fig. I), increases as U increases. On 
the other hand, the second maximum of the growth rate, which 
corresponds to the alpha branch of the dispersion relation, 
decreases as U increases until it becomes negative for U > 
0.3. This is simple to understand. In fact, as U increases, 
this branch of the dispersion relation increasingly approaches 
the Doppler-shifted alpha-particle resonance and, therefore, it 
becomes strongly damped due to resonance absorption. 

In Fig. 3 we display the behaviour of the growth rate for a 
larger value of the thermal anisotropy, A,  = 5. A comparison 
between Figs 2a and 3a shows that while the maximum growth 
rate of both branches of the dispersion relation increases, the 
growth rate of the second branch becomes larger than that of 
the first branch. As U increases the second branch is completely 
stabilized, as in the previous case, but at larger values of the 
drift velocity, U > 0.5. The maximum growth rate of the proton 
branch increases as U increases, and since it becomes of the 
order of the real part of the frequency, violating the assumption 
that wi << wr,  we have omitted this branch in Figs 3b and 3c. 

Thus, it is clear that both branches of the dispersion relation 
can be excited in the solar wind, although the alpha-particle 

branch is stabilized at lower values of the alpha-proton drift 
velocity. 

Hollweg et a1 [25] ,  explored the parametric instabilities of 
the proton branch of the dispersion relation for frequencies 
of the pump wave close to the origin, namely, for Alfvtn 
waves [53,54]. However, according to our study of the linear 
stability of the EICW, the growthldamping rates for Alfvtn 
waves is close to zero. This means that AlfvCn waves cannot be 
generated locally in the solar wind by temperature anisotropies. 
Therefore, they are either generated locally by a different 
mechanism, or else, they are generated at the sun in coronal 
holes and propagate in the solar wind along the interplanetary 
field. 

On the other hand, it follows from our results that maximum 
growth rates for values of A,  = 2 4 ,  occur at much larger 
frequency values. Therefore, in the following sections we 
explore the parametric instabilities of both branches of the 
dispersion relation using, for the pump wave, frequency values 
dictated by the linear stability analysis. 

3. The nonlinear dispersion relation 

The equation of motion of each plasma species is 

where v1 is the bulk velocity of species 1, E and B are the 
electric and magnetic field, 4', ml, nl, and p' are the charge, 
mass, density and pressure of species 1 respectively, and c is 
the speed of light. 

Note that the dispersion relation given by Eq. ( 2 )  was first 
derived by using first-order perturbation theory of Vlasov's 
equation [38,55]. However, it is an exact solution of the set of 
Eqs. (4) in a cold plasma [25 ,56] .  This result has been recently 
generalized for any number of ion species [26] .  

In order to study the parametric instabilities of the EICW 
we follow the procedure of Hollweg et a1 [25] .  Thus, applying 
first-order perturbation theory to the background plasma which 
consists now of electrons, protons, alpha particles, and a 
forward-propagating EICW, we obtain [25 ,26] ,  

The various quantities appearing in the last equation are 
defined as follows, 
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allowed crossing does not lead to wave coupling. The presence 
of instabilities is characterized by the formation of gaps at the 
crossing points when the pump is switched on. On the other 
hand, there are cases denominated avoiding crossings, where 
the lines separate without forming gaps. Clearly, the latter do 
not lead to instability. The reason is simple to understand. If 
an horizontal line is drawn at any value of y ,  that line must 
cross as many lines as the order of the dispersion equation. If 
there are fewer crossings, it means that two or more roots have 
become complex conjugate and, therefore, there is a region of 
instability. A = ( B / B ~ ) *  

1CrO(cr) @+(a) $-(a) 

1 - xo 

1 - 2x0, 
1 - x* 
1 - 2x*, 
xo f x  
Y o  f Y 
x - y u  

X& = x o - y o u  

X& = x o - y o u  

x i ,  = & - YkU 
B = 4 n n , y K T / B i  

B; = Bern +2rl). 
The position of the pump is characterized by the coordinates 

xo and yo. For zero pump intensity Eq. (5) reduces to L- L-  D = 
0. Therefore, 

= 0, 4t7(x* - UY*I2 
1 - 2(x* - Uy*) 

2 xi 
1 - x+ 

L& = ( y k y  - - - 

or 

D = 0, (7) 
Equation (6) corresponds to the dispersion relation of the 

circularly polarized waves centered at ( X O ,  yo) .  The other 
equation, Eq. (7), corresponds to the sounds present in the 
system which, for 17 << 1, are given by, 

and 

(x  - y U )  = f(Ba)1'2y/2. (9) 
Equation (8) is the dispersion relation of ordinary sound 

wave propagating forward and backward relative to the protons. 
The other equation, Eq. (9), describes sound waves canied 
mainly by the alpha particles. 

The solutions of Eqs ( 5 )  give rise to the various branches 
of the dispersion relation. Note that the origin x = y = 0 
corresponds to the position of the pump, namely, (XO, yo) ,  and 
the crossings between the solutions give the the possible wave 
couplings in the system. Note also, that the dispersion relation, 
Eq. ( 5 ) ,  is invariant under rotations around the origin through 
an angle of 180". Thus, it is sufficient to study the solutions in 
the upper half of the ( x ,  y )  plane. 

It is also important to point out that not all crossings will 
lead to instabilities. Only intersections which conserve energy 
can lead to parametric decays. Sometimes, even an energetically 

4. Nonlinear stability analysis 

4.1. Alpha branch 

We begin by exploring the alpha branch of the dispersion 
relation shown in Fig. 1. We shall assume that the alpha-proton 
drift velocity is equal to 0.5 V . ,  A,  = 3, rl = 0.04 and fillp = 0.1. 
These values are consistent with high-speed solar wind streams 
at 0.3 AU. 

According to Fig. 3c, a typical value for the frequency of the 
pump wave can be chosen as xo = 0.73 with a corresponding 
wave number yo = 0.436501. Taking for the interplanetary 
magnetic field, Box = 45 x G, a typical value at 0.3 AU, 
the frequency and wavelength associated with xo and yo are 
wo = 3 Hz and ho = 190 km, respectively. Other parameters 
are Be = 0.015, Bp = 0.15, and Pa = 0.2. 

In Fig. 4 we show the dispersion relation, Eq. (3, for zero 
intensity of the pump wave, A = ( B / B o ) ~  = 0, and for the 
position of the pump discussed in the previous paragraph. The 
straight lines are, from left to right, the backward-propagating 
proton sound -ps, the backward-propagating alpha sound -as, 
the forward-propagating proton sound +ps, and the forward- 
propagating alpha sound +as. The other lines are, from left 
to right, a solution of L- = 0 which corresponds to the upper 
branch of the first quadrant of Fig. 1, the branch which has 
a resonance at the proton gyrofrequency, and we shall denote 
it by +p. The next curve is a solution of L- = 0 which 
corresponds to the backward-propagating EICW in the fourth 
quadrant of Fig. 1 ,  namely the branch which has a resonance 
at the proton gyrofrequency -p. The next line is the branch of 
the pump which is very close to the alpha resonance, is forward 
propagating and we shall call it +a. The next line is a solution 
of L- = 0 and corresponds to the line which starts in the second 
quadrant of Fig. 1, crosses the origin into the fourth quadrant 
and goes to the alpha resonance in the third quadrant. We call 
this line -a. The remaining line is a solution of L- = 0 and 
corresponds to the upper branch in the third quadrant of Fig. 1. 
We shall call it +r, because it is a right-hand polarized EICW 
propagating forward. Finally, not shown in the picture, far to the 
left lies a solution of L+ = 0, a backward-propagating EICW 
corresponding to the segment above yo in the second quadrant 
of Fig. 1. We shall call it -r, because it is a right-hand polarized 
EICW, propagating backwards. 

The first intersection from the left in Fig. 4 corresponds to 
a crossing between (+p,-ps). The second crossing is between 
(+p,-p). The third one is (-as,-p). The fourth crossing is 
(+ps,-p). There is a fifth crossing at the origin (-p, +a). In 
the center to the right of the figure, there is a sixth crossing 
(-a, +as) and finally, there is a seventh crossing (+r, -a). 

In order to study possible instabilities we show in Fig. 5 the 
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Fig. 3. Same as Fig. 2 for A, = 5 and (a) U = 0.1, (b) U = 0.3 and (c) 

U = 0.5. 

same situation as in Fig. 4, but for A = lov4. We see that at 
the place where there was a crossing between (+p,-ps) there 
is now a gap. This gap is the well-known decay instability 
discussed by many authors. The second gap in the figure (from 
the left) is due to the second crossing in Fig. 4, the one involving 
(+p,-p). This is a beat wave instability and is essentially 
electromagnetic. It was first discussed in [57] in an electron- 
proton plasma [see also 581 and in a three-component plasma 
in [25]. Notice that although it involves only EICW, it is due 
to electrostatic perturbations. At the position where there was a 
crossing between (-as,-p), there is now an avoiding crossing. 

Let us take this example and make a brief comment, which 
can be extended to other cases. We note that the -p wave 
belongs to the L -  branch, so that its frequency is - w ,  while 

Y 
I .6 

I .2 

0.8 

0.4 

0 

Fig. 4. Dispersion relation, Eiq. (5),  for zero pump wave intensity, A = 0. The 
position of the pump is xo = 0.73 and yo = 0.436501. The other parameters 
are Be = 0.015, j3, = 0.15, = 0.2, U = 0.5, q = 0.04. 

Y 
I .6 

1.2 

0.8 

0.4 

0 
-0.4 0 0.4 0.8 x 

Fig. 5. Same as Fig. 4 but for A = 

the -as 
sound has a frequency -0, since it propagate backwards. 

Clearly, a decay cannot be expected at this crossing because the 
energy of the quanta, o # (00 - w )  + ( -U) ,  is not conserved. 

The fourth crossing in Fig. 4, (+ps,-p), gives rise to the 
third gap in Fig. 5. This is a decay instability involving the 
ordinary sound and a backward-propagating left-hand polarized 
EICW. The crossing at the origin, (-p,+a), gives rise to the 
fourth gap in Fig. 5 This instability is a new instability, which is 
mainly electromagnetic. Since neither -p nor +a extend to the 
origin, this corresponds to a modulational instability [15]. The 
next gap corresponds to a new decay instability corresponding 
to (+as, -a). Since this instability involves the +a sound, it 
can be very efficient in transferring energy to the alpha particles 
via Landau damping. The last crossing in Fig. 4, (+r, -a), is 
an avoiding crossing. 

Figures 6a, 6b, and 6c, are an enlarged view of the region 
close to the origin, showing the formation of the modulational 
instability, for A = 0, A = lop5 

We now study the effect of decreasing B values. To this 
end, in Fig. 7 we show the dispersion relation, Eq. (5 ) ,  for 
the same position of the pump as in Fig. 4 with A = 0 and 
Be = Bp = = 0.03125. The main difference with Fig. 4 is 
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Fig. 6. Enlarged view of the origin of Fig. 4 showing the formation of the 
modulational instability for (a) A = 0, (b) A = lo-’ and (c) A = 

that (+ps) has exchanged position with -as. As a result, the 
third crossing, between the (-p,+ps), is now a decay while the 
fourth crossing, between (-p, -as), is an avoiding crossing. 
When the pump is turned on, Fig. 8, the avoiding crossing 
between the (-p,+as) forces a separation between the two 
curves, leading to a coupling between (-as, +a). This crossing 
generates the gap shown by an arrow in Fig. 8. This is a new 
modulational instability which involves the pump wave on the 
alpha branch, and a backward-propagating alpha sound. This 

L. 

-0.4 0 0.4 0.8 x 

Fig. 7. Dispersion relation for zero pump intensity, A = 0, with xo = 0.73 
and yo = 0.436501 with rj = 0.04 and U = 0.5 as in Fig. 4, but for 

= 0.03125, 1 = e, p, a.  

Y 
I .6 

I . 2  

0.0 

0.4 

0 
-0.4 0 0.4 0.8 x 

Fig. 8. Same as Fig. 7 for A = 

instability (see text). 

The arrow indicates the new modulational 

instability can also be very efficient in transferring energy from 
the pump to the alpha particles by means of Landau damping. 

4.2. Proton branch 

We now investigate the parametric decay of the proton branch. 
For the pump wave we choose xo = 0.74 and yo = 1.4512. The 
corresponding frequency and wavelength are 00 = 2.67 Hz and 
ho = 100 km, respectively. We have chosen this value because 
it is close to the proton resonance and according to Eq. (3), the 
growth rate for Blip = 0.1 is still large, y = 2.8 x 

In Fig. 9 we illustrate this situation for A = 0, Be = 0.015, 
Bp = 0.15, and Be = 0.3, and A ,  = 3. We see that, starting 
from the left, there is a crossing between (-p, -ps). Then there 
are two crossings along the +p line with the -p line. Along the 
+ps line there are three crossings. One at the origin with +r 
(which is a solution of L- = 0) and a second one at x = 0.4 and 
y = 1.1 with +r. The third one is (+ps, -a). There is another 
crossing between +r and -a which, being both solutions of 
L-  = 0, is an avoiding crossing. Then there are four crossings 
between the -a wave with the +ps, +r, +as, and +a. Finally, 
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Fig. 9. Dispersion relation for zero pump intensity, A = 0, for xo = 0.74, yo = 
1.4512, on the proton branch. The other parameters are fie = 0.015, pp = 0.15, 
fia = 0.2, U = 0.5, 7 = 0.04, as in Fig. 4. 
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Fig. 10. Same as Fig. 9 for A = 

there are three new crossings in the upper right part of the figure, 
(+a, +as), the (+a, +r), and (+as, +r). 

Figure 10 is the same as Fig. 9, but the intensity of the 
pump wave has been increased to A = A comparison 
between the two figures shows that at the first crossing, in 
the left part of the figure, there is no coupling, as expected 
because it is energetically forbidden. Then the two crossings 
along the +p line give rise to two instabilities which are mainly 
electromagnetic. The crossing, (+r, fps), gives rise to a gap 
corresponding to a decay instability. There is another decay 
instability between the (+ps, -a). The three crossings in 
the upper right corner are avoiding crossings. The remaining 
two crossings (-a, +as) and (-a, +a) do not show coupling 
effects. 

Figure 11 is an enlarged view of the upper-right part of 
the last figure, the region involving the crossings (+a, +r) and 
(+as, +r). It is clear that these crossings are avoiding. In Fig. 
12 we show that the crossing (+as, +a) is also avoiding. 

= 0.03125 with 1 = 
e, p, a. For A = 0 this situation is illustrated in Fig. 13. In 
Fig. 14 the pump is A = lop4. This case is similar to the 
previous one, except that due to the interchange between -as 

We now reduce the B values to 
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Fig. 11. Enlarged view of the upper right part of Fig. 9 for A = 
that the crossings between (+r, +as) and (+r, +a) are avoiding crossings. 

showing 
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Fig. 12. Same as Fig. 9 for A = 

crossing. 
showing that (+as, +a) is an avoiding 

and +ps there is now a modulational instability between the 
+ps wave and the +r wave at the origin. As before, there are 
two electromagnetic instabilities along the +p line. Finally, at 
larger pump intensities,A % 1.2 x loM2, there is a new decay 
instability (see Fig. 14b) due to the action of the pump on the 
+ps and -a lines, which tend to coalesce. This effect is a 
pump-induced coupling because there is no crossing for A = 0. 
To the best of our knowledge, this effect has not been reported 
before. The modulational instability (+ps, +r) and the decay 
instability (fps, -a)are separated by a stable y interval, which 
shrinks to zero for higher values of the pump. 

4.3. The alpha branch at a lower frequency 

In this section we return to the alpha branch, but this time the 
pump is placed at a lower position, namely at xo = 0.635 and 
yo = 0.22879. We do this for three reasons. First, we want to 
show that the situation is not too different to the one encountered 
when the pump wave was at a higher frequency. Second, in 
order to show that the system is unstable even without the pump 
wave when the phase velocities of the +ps and the -as waves 
are close to each other. Third, to illustrate a case where the 
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Fig. 14. Same as Fig. 13, for (a) A = 
pump induced coupling (see text). 

(b) A = 1.4 x lo-*, showing the 

presence of a sound wave can interfere with an electromagnetic 
instability. 

Figure 15, where A = 0, is the equivalent of Fig. 6 for the 
new position of the pump. One can see that the nature of the 
crossings is the same. When the pump is turned on, they give 
rise to the same gaps shown in Fig. 8. 

We now set Be = Bp = Pa = 0.08. Fig. 16 shows the 
solution of Eq. (-) for zero pump wave intensity. We see that 
the +ps and the -as are missing. This is because U is in the 
range found by Hollweg er al. [25]  where a linear beam-plasma 

Y 
I .2  

0.8 

0.4 

0 
-0.4 0 0.4 0.8 x 

Fig. 15. Dispersion relation for zero pump intensity, A = 0 (alpha branch) for 
xo = 0.635, yo = 0.22879. The other parameters are Be = 0.015, pp = 0.15, 
pa = 0.2, U = 0.5, q = 0.04, as in Fig. 4. 
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Fig. 16. Same as Fig. 15 but 
have disappeared. 

= 0.08, 1 = e, p, a. Note that -as and +ps 

instability occurs due to the overlapping of the two sounds. One 
interesting point, discussed in [25] is that this instability can be 
stabilized by the pump wave. In fact, Fig. 17, which is the 
equivalent of Fig. 16, but for A = lo-', shows that the +ps 
and -as have reappeared due to the action of the pump, which 
has separated the otherwise overlapping sounds. Thus, waves 
belonging to the alpha branch can also stabilize the linear beam- 
plasma instability. 

The 
dispersion relation for A = 0 is shown in Fig. 18. We see that 
the -as passes through the crossing between the -p and +p 
waves. This crossing gave rise to an electromagnetic instability 
in all previous cases. Now, however, due to the presence 
of the -as, there is a decay instability between the +p and 
the -as which has eliminated the (-p,+p) electromagnetic 
decay. This situation is illustrated in Fig. 19 for a pump 
wave intensity of A = Comparing the gap widths of 
the electromagnetic instability (+p, -p) of Fig. 5 ,  and the 
electrostatic instability (+p, -as) of Fig. 19, for the same pump 
wave intensity A = lop4, we see that the electrostatic coupling 
is more sensitive to the growth of A: It spreads over a wider 

Finally, we take Be = Bp = 0.08 and /la = 0.8. 
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5. Linear theory of EICW in the magnetosphere 

The dispersion relation of EICW propagating parallel to the 
external magnetic field in a homogeneous plasma, is given by 
1231, 

0.8 - 

0.4 - 

-0.8 -0.4 0 0.4 0.8 x 

Fig. 17. Same as Fig. 16 for A = lo-’ showing the reappemnce of -us and 
+ps. 
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Fig. 18. Same as Fig. 15 (u branch) for = 0.08 and pa = 0.8. 
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Fig. 19. Same as Fig. 18 but for A = 

electromagnetic decay (-p,+p) (see text). 
Note the elimination of the 

range of y values. In fact, it can be shown that already at 
A = lo-’ a significant electrostatic gap has developed. 

where yo = k v A / Q , ,  V A  = Bo/ (4~m,n , ) ‘~~  is the Alfvtn 
velocity, xo = w/Q, ,  A1 = (TL/TIl - 1)1, = 
8rmPnihKTllr/m1B;, Vlh = nlh/np, QC = %/np ,  Zi is the ion 
charge, Z is the plasma dispersion function [52], M I  = mi/zlm,, 
QP is the proton gyrofrequency, TI, Tl,  are the parallel and 
perpendicular temperature, 1 is the index of the ion species, qcp, 
qhp, are the concentrations of cold and hot protons, respectively, 
and the sum over I is over all plasma components. 

Assuming the plasma to be composed of electrons, protons, 
He+, and Ot ions, from the real part of Eq. (1) we obtain the 
cold plasma dispersion relation, 

The dispersion relation given by the last equation is 
illustrated in Fig. 20 for qHe+ = n H e / n p  = 0.12, and rlo+ = 
no/n, = 0.01. These values are typical of the magnetosphere 
at the geostationary altitude. The first quadrant corresponds 
to the left-hand polarized EICW propagating forward along 
the external magnetic field in the proton rest frame. In this 
quadrant the dispersion relation has three branches. One which 
has a resonance at the 0’ ion gyrofrequency (to be called 
the 0 branch). Then there is another branch which has a 
resonance at the He+ gyrofrequency (He branch). Finally, there 
is a branch that has a resonance at the proton gyrofrequency 
(proton branch). The second quadrant in Fig. 20 corresponds 
to the dispersion relation of right-hand polarized waves moving 
backwards. The third quadrant, having w < 0 and k < 0, 
describes right-hand polarized waves moving forward, and the 
fourth quadrant corresponds to the dispersion relation of left- 
hand polarized waves moving backwards [49]. 

We shall assume a magnetospheric plasma model consisting 
of ne = 12.3 ~ m - ~ ,  npc = 10 ~ m - ~ ,  nph = 1.1 cmv3, = 
1.2 ~ m - ~ ,  no+ = 0.1 cmP3, KT,,/2 N KTHe+/2 2: KTo+ = 
5 eV, KT,h/2 = 17 kev, Bo = 130nT, and A,  = 1. These 
values are consistent with the geostationary region explored by 
GEOS 1 and 2 [32]. 

The growth rates can be calculated from the imaginary part 
of Eq. (1) assuming that the plasma is composed of Maxwellian 
electrons, a hot proton component described by a bi-Maxwellian 
distribution function with thermal anisotropy A,  [23,59,60]. In 
some of the above- mentioned references it is assumed that the 
thermal components are cold. However, the cold components 
are, of course, not completely cold, but have thermal energies 
ranging from a few eV up to 10 eV [61,62]. Thermal effects 
due to the “cold” components have been studied in [23,37,47], 
showing that they do not play a significant role. 

It is well known that the proton thermal anisotropy of 
the minor hot proton component can render unstable the three 
branches of the dispersion relation [59,60], in agreement with 
observations performed on board the GEOS 1 and 2 satellites 
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Re[ii exp(ikz - iwt)], and Sp = Re[p exp(ikz - iwt)] .  The 
pressure is assumed to behave adiabatically, Sp/po = ySn/no, 
where y is the adiabaticity coefficient. Using the definitions 
UJ- = U, + iu,, BL = B, +iB,, E l  = E, +iE,,and j l  = 
j ,  + i j,, the perpendicular perturbations are given by S u l  = U+ 
exp (ik+z - iw-t)+v- exp (ik-z - iw-t) and similarly for SBI, 
SE-, and Sj-, in terms of (bI, eh, j + ) .  The problem is now 
solved using standard linear perturbation theory. 

From the mass conservation equation we obtain, 

Sn = noRe { expikz - iwt , l 
and from the ( x ,  y)-component of Eq. (12) it follows that, 

qw-b+ 
(0, - w-)lJ- = -- Bqwcull + 

mck+ 2mc(w, - W O )  ' 

Fig. 20. Linear dispersion relation, normalized wavenumber, y = k U A / a p ,  vs 
normalized frequency, x = w / R p ,  for qHe+ = 0.12, and i o+  = 0.01. 

[32,40]. The branch with the resonance at the OL ion 
gyrofrequency is unstable in the region 0 < w < Qo+. The 
branch having a resonance at the He+ ion gyrofrequency is 
unstable in the region '20- < wcl < w < QHe+, and the branch 
with the resonance at the proton gyrofrequency is unstable in 
the region wc2 < w < w m  < Qp. The frequencies wcl and 
wc2 are cutoff frequencies, which depend on the minor ion 
concentration, and wm is the marginal frequency, which for 
A, = 1 occurs at w, = QP/2 [23,34,47,591. 

Having established the fact that the three branches of the 
dispersion relation, Eq. (1 l ) ,  can be active in the magnetosphere, 
we shall study the nonlinear stability of each branch in their 
corresponding excited regions. 

To this end, in the next section we derive the nonlinear 
dispersion relation of the left-hand polarized EICW. 

' where BA = B exp (ikoz - iwot) with B real, w, = coo f w ,  
k* = ko f k, with WO and ko the frequency and wavenumber of 

6. Nonlinear dispersion relation of EICW in the 
magnetosphere 

So far we have used kinetic theory to study the linear properties 
of the EICW. We shall now assume a fluid description of the 
plasma. By doing this, important effects like Landau damping 
and resonance absorption are being left out. Clearly, a detailed 
study of the physics of each decay should include these effects 
[20-221. However, a fluid model is sufficient to provide a 
general survey of possible wave couplings and instabilities 
which is the purpose of this review. 

Thus, each plasma component is assumed to satisfy the 
following fluid equation of motion, 

the pump wave, and w, = zlqlBo/mlc is the gyrofrequency of 
species 1.  

On the other hand, from the z-component of Eq. (12) we 
obtain, 

{l-T}u 
= 4 (ic+: [ E ( b +  - b r ) + v T  - U +  

mw 

where U:  = ypo /po  is the sound speed of the ion species 
considered. 

Assuming the electrons to be massless, from Eq. (14), 
its complex conjugate, and Eq. (15), one can solve for the 
longitudinal component of the electric field, E .  We obtain, 

ic = Bbr  wT Borc(kl-z)--(--z)  Bb+ W- 
Bozc k, 

Assuming charge quasi-neutrality, from Eq.( 13) it follows 
that, 

(17) 

(18) 
nl 

71 = , I = cp, hp, He, 0, 
ncp + nhp 

and the electrons can be eliminated altogether. 

given by, 
Thus, for each plasma component, the parallel velocity is 

(19) 

(20) 

A c p ~ l l c p  = Bp + /%[qhpcIlhp + qHe+UllHe- + qO+UO+] 
I 

AhpUllhp = Bp + Be[qpcUlpc + qHe'e He* + qO+cO+], 

(22) where U is the bulk velocity, 41 the electric charge, ml, the mass, 
E and B the electric and magnetic field, and p the pressure. 

Ao-u,,o. = B ~ +  + - [ q c p ~ l l c p  Be + q7hpc,lhp + ) 7 H e + ~ H e - ~ ,  16 
We now assume that the background plasma is composed of 

electrons, cold protons (cp), hot protons (hp), He- ions, 0- ions 

the dispersion relation given by Eq. (11). 

direction, Boz, we introduce the following perturbations: Su, = 
Re[u exp(ikz - iwt)], SE, = Re[€ exp(ikz - iwt)], Sn = 

where 

cl  = 5 
UA 

(23) 1 = cp, hp, H ~ + ,  o+, 
and by a circularly polarized wave, the pump, which satisfies 

Taking the external magnetic field to be along the z -  AI = [ 1 - ( x + $ ) $ ] + a 1 3  Bl 

1 = cp, hp, He-, 0'. (24) 
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1 
B Bi = - BTb+), 1 = p, He, 0, (25) 

B2 1 x;Y***([) - x:Yo*o(/) 
Biz YOY&*O(/)*&(/) 

a: = -- , 1 = p ,  He+, 0’. (26) 

i 

which, due to Ampere’s law, k+b+ = -4rr j + / c ,  leads to, 

Proceeding in a similar way for j ? ,  one obtains two 
equations in terms of the parallel velocities, b:, and b+, 

B[R+(qcpUlIcp + VhpUllhp) + R+(Hef)UIIHe+ + R+(O+)UllO+l 

+VAL+b+ = 0,  (39) 

Upon elimination of the parallel velocities using Eqs (19- 
22), one finally obtains two equations in terms of bT_ and b+ 
only. Setting the determinant of these equations equal to zero 
yields the nonlinear dispersion relation. 

It is convenient to define the following quantities, 

and 

where 
B/ Y2 B2 1 A/ = I--- 

mi/mp x2 + 

and & = xR&l with 1 = p, He, O+. 

form, 

*ou) *+(/) *-u) ’ 
1 = cp, hp, He, 0’. (48) 

The dispersion relation can now be written in the following 

T;T-+ - T;T: 
Q = 0. (49) L+L-Q + L,TC - L-T,’ + 

Except for the first term in Eq. (49), all other terms vanish 
for zero pump wave intensity, A = (B/Bo,)~, where B is 
the magnetic field of the pump wave, and Boz is the external 
magnetic field. 

Hence, for zero pump wave intensity, the dispersion relation 
reduces to, 

L+L-Q = 0, (50) 

namely, 

and 

Q = 0. (52) 
Clearly L& = 0 correspond to the circularly-polarized 

waves satisfying the same dispersion relation given by Eq. (1 I), 
except that they are now referred to a new origin given by 
( X O ,  yo) which are the frequency and wavenumber of the pump 
wave. Note that when Lh = 0, Sn, Sp, E,, and SU, have 
zero amplitude and Eq. (5  1) is equivalent to Eq. (1 I), with 
xo = yo = 0. 

Equation (52) gives the sounds present in the system. Since 
the electrons, cold protons, He+, and O+ ions are much cooler 
than the hot protons, Be, BCp, he+, BO+ << Bhp, the solutions of 
Eq. (52) are given by, 
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0.6 

Thus, there are eight electro-acoustic modes in the system. 
The first two, given by Eq. (53), are ordinary sound waves. The 
second two, given by Eq. (54), are carried mainly by the hot 
protons, the other two, given by Eq. (56), are carried mainly 
by the He+ ions, and the last two, given by Eq. (56) are carried 
mainly by the O+ ions. 

- 
-0 to 

7. Parametric decays of the EICW 

7.1. Oxygen branch 

We shall begin by assuming that the pump wave belongs to the 
branch of the dispersion relation which has a resonance at the 
0- ion gyrofrequency (see Fig. 20). We choose the frequency 
of the pump wave to be xo = 0.05 and the corresponding 
wavenumber yo = 0.0783. This frequency value is in the region 
of ion cyclotron excitation of this branch [60,61]. 

In Fig. 21 we have plotted the dispersion relation, Eq. (49), 
for zero pump wave intensity. From left to right, the lines 
correspond to the following solutions of Eq. (50). The -hps 
sound which corresponds to the negative solution given by 
Eq. (53). The -cps line, which is the negative solution of 
Eq. (54). The -0 line, which is a solution of L- = 0, 
and corresponds to the branch which has a resonance at the 
oxygen gyrofrequency in the fourth quadrant of Fig. 20. . The 
-Hes line, which corresponds to the negative solution given by 
Eq. (55). The -0s sound which is the negative solution given 
by Eq. (56). The +Os sound which corresponds to the positive 
solution of Eq. (56). The +Hes line, solution of Eq. (55 ) .  The 
+O line, corresponding to the branch of the pump wave in the 
first quadrant of Fig. 20, and it is a solution of L ,  = 0. The 
+cps solution of Eq. (53) The +r line which is a solution of 
L - = 0, and corresponds to the branch of the dispersion relation 
in the third quadrant of Fig. 20. The +hps sound which is the 
positive solution given by Eq. (54). There are other lines which 
do not show up in the figure, corresponding to the He and proton 
branch in the first quadrant of Fig. 20 and the corresponding 
reflections into the second quadrant of Fig. 21 coming from 
the fourth quadrant of Fig. 21. Finally, there is another line 
which is not shown in the figure, which is a solution of L- and 
corresponds to right-hand waves propagating backward relative 
to the external magnetic field in the second quadrant of Fig. 
20. Since the dispersion relation, Eq.(41), is a sixteenth-order 
equation, there must be sixteen lines in all, which is indeed the 
case. 

The crossings between the lines in Fig. 21, are possible 
wave couplings with the pump wave when this is turned on. 
From left to right, these crossings are: (-0,-cps), (-0,-Os), 
(+Os,-O), (-O,+Hes), (- O,+cps), (+0 3 ,  -0) (-0 , ,  +0) 
(+Hes,+O), and other crossings not shown in the figure. There 
is also a crossing between (+O,+r) at the origin. Not all these 
crossings correspond to wave couplings. A necessary condition 
is that they must satisfy the resonance conditions no0 = w1 +w2, 
n = 1 , 2 . .  ., where w1 and w2 are the frequency of the daughter 
waves. 

The origin in Fig. 21, corresponds to the coordinates of the 
pump wave (xo, yo) which is on the O+ branch of the dispersion 
relation (see Fig. 20). In Fig. 21 the solutions of Eq. (50) are 
shown only in the first and second quadrant in the (x, y) plane. 
The other two quadrants can be obtained by rotating the plane 
through an angle of 180" and, therefore, they contain no new 
information. The search for parametric decays is carried out 

L- L* 

L- 

-0.015 -0.01 -0005 0 0005 001 0015 

X 

Fig. 21. Solution of the dispersion relation, Eq. (49), for zero pump wave 
intensity, A = 0. The position of the pump is xo = 0.05 and yo = 0.0783, on 
the 0- branch. The other plasma parameters are, Be = 1.1 x w3, Pph = 11.36, 
Bpc = PHe+ = BO+ = 3.3 x qcp = 0.9, qhp = 0.1, and fl~:' = 0.12, and 
lo+ = 0.01. 

using the method of Ref. [15]. 
In Fig. 22 we have switched on the pump wave. This 

is done by solving numerically Eq. (49) for A # 0. For 
A = lop4, a comparison between Fig. 21 and 22a, shows that 
at the position of some of the crossings there are now gaps. The 
gaps along the vertical direction correspond to instabilities. In 
fact, if a horizontal line is drawn at the position of the gaps, 
this line will cross only 14 lines, which means that two of 
the sixteen real roots have become complex conjugate. This 
is the case of the crossings between (-O,+Os), (-O,+Hes), 
(-O,+cps), (- O,+O), and between (+r,+O) at the origin. 
The gap between (-O,+Os) is a decay instability where the 
pump decays into a backward propagation EICW, or sideband 
wave - solution of L- = 0 - and a forward propagating sound 
daughter wave. The gap between (-0, +Hes) and (-0, +cps) 
are also decay instabilities. The next gap between (-0, +0) 
is a decay, essentially electromagnetic, where the pump wave 
decays into two sideband waves, one solution of L -  = 0, and 
the other solution of L+ = 0. The coupling is due to space 
charge fluctuations, that do not correspond to a sound wave 
eigenmode interacting with the EICW [57]. The fourth gap 
between (+O,+r) is an electromagnetic modulational instability, 
where none of the lines involved extend to the origin [15]. 

We have calculated maximum growth/damping rates of 
some of the crossings. The gaps (-O,+Os) and (-O,+Hes) 
merge, namely, they are not separated by a range of y-values 
with zero growth rate, y = wi/QP. Maximum growth rates, 
ym, however, are separated in each gap. For the gap between 
(-0, +OS), ym = 1.23 x and occurs at y = 0.1520, and 
x = 2.3 x lop3. Similarly, for (-0, +Hes), ym = 4.82 x 
at (y = 0.1462, x = 4.26 x lop3), and for (-0, +cps), 
ym = 6.21 x lop4 at (y = 0.1375, x = 8.91 x 

In Fig. 22b the pump wave intensity has been raised to 
5 x lop3, in order to show the formation of the modulational 
instability. All of these instabilities are new in the sense that 
they involve either the sounds supported by the O+ ions, or/and 
the branch of the dispersion relation which has the resonance 
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Fig. 22. Solution of the dispersion relation, Eq. (49), for (a) A = 
(b) A = 5 x 

(+O, +r), for the same parameters of Fig. 21. 

and 
showing the two electromagnetic instabilities +0, -0) and 

at the O+ ion gyrofrequency. They can be very efficient in 
heating up the O+ ions by Landau damping of the sound waves 
andor by resonance absorption. All other crossings in Fig. 21 
are avoiding crossings, as can be seen in Fig. 22b. 

7.2. Helium branch 

We now study the paramemc decay of the He branch by taking 
the pump wave to be one of the waves belonging to the He 
branch of the dispersion relation given by Eq. (1 1). For the 
frequency of the pump wave we choose the value of Fig. 2 
of [48], namely, xo = 0.17. The corresponding y-value is 

Proceeding as in the previous case, in Fig. 23a we have 
plotted the solutions of Eq. (49) for zero pump wave intensity. 
The crossings are essentially the same as those of Fig. 2 of [48] 
except for those involving the Os. 

In Fig. 23b, the pump wave intensity has been raised to 
A = We can see that there is a new decay instability 
in which the pump wave decays into a backward-propagating 
left-hand EICW, -He, and a forward-propagating sound wave, 
+Os. The other couplings are similar to Figs 3 and 4 of 

yo = 0.2747. 
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Fig. 23. Solution of the dispersion relation, Eq.  (49), for the pump wave on 
the He branch. The frequency and wavenumber of the pum are xg = 0.17 and 
yo = 0.2747 for (a) A = 0, (b) A = and (c) A = lo-*. The other 
parameters are like in Fig. 21. 

[48], except for the modulational instability between (-He, +r) 
which is now between (-He, +Hes). This is explicitly shown 
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in Fig. 23c. 
The maximum growth rate for the case of Fig. 23c, occurs 

for the crossing between (-He, +Hes), with ym = 2.60 x 
at (y = 0.5440,~ = 2.25 x lo-’). The electromagnetic 
instabilities, i. e., the (+He, -He) have ym 2i 

7.3. Proton branch 

We choose for the frequency of the pump wave the value 
xo = 0.4 as in [49]. The corresponding yo value is yo = 0.3660. 
Fig. 24a is the dispersion relation given by Eq. (49) for zero 
pump wave intensity. This situation is very similar to Fig. 9a 
of [48] except for the new sounds, f Os. Due to the (+Os), 
there is a new decay instability between (+Os,-p) as shown in 
Fig. 24b for A = and in Fig. 24c for A = All other 
crossings are similar to Figs 9a and 9b of [48] 

In Figs 24b and 24c, maximum growth rates occur for the 
crossing between (-p, +Hes). They are ym = 1.11 x lop2 
at ( y  = 0 . 6 9 0 , ~  = 1.96 x lo-’), and ym = 3.32 x at 
( y  = 74, x = 2.32 x respectively. 

8. Summary and conclusion 

Parametric decays of large amplitude AlfvCn waves have 
been thoroughly investigated over the last 20 years [l-12,14- 
18,28,29]. However, all these studies have considered only 
one ion-species. Recently, minor heavy ion species have 
been considered in [25,26,48,49], showing that heavy ion 
components cannot be excluded from any realistic treatment 
of multicomponent plasmas. 

We have discussed the linear stability of left hand polarized 
EICW propagating in a three component, solar wind type 
plasma, composed of electrons, protons, and a minor component 
of drifting alpha particles. 

For large values of the proton thermal anisotropies, like 
those frequently observed in high-speed solar wind streams at 
0.3 AU [24], both branches of the dispersion relation can be 
unstable with large values of the growth rates. The maximum 
growth rate of the proton branch increases with increasing 
alpha-proton drift velocity, while the maximum growth rate 
of the alpha particle branch decreases. The reason lies in the 
fact that, as U increases, the proton branch deviates from the 
Doppler shifted alpha particle gyrofrequency, while the alpha 
branch becomes closer and closer to the alpha particle resonance 
(compare our Fig. 1 with Fig. 1 of [38]). 

Having shown that both branches of the dispersion relation 
can be excited in high-speed solar wind streams, we have 
studied the non linear decay of the waves. 
The alpha branch gives rise to a number of decay instabilities. 
Some of them have been discussed before in different plasma 
configurations or different branches of the spectrum, but others 
are new. In particular, there is a modulational instability which 
involves -p and +a wave which is essentially electromagnetic. 
It deserves a deeper analysis, but this is beyond the scope of this 
paper. There is also a new decay instability which involves an 
+as and a -a wave. Since this instability involves the alpha 
sound, it can be a new mechanism for transferring energy to the 
alpha particles via Landau damping. 

In the same branch, but for smaller j3-values, there is a new 
modulational instability between -as and +a. This instability 
can also be important in the energy transfer to the alpha particles 
via Landau damping. 
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Fig. 24. The dispersion relation, Eq. (49), for the pump wave over the proton 

branch at xo = 0.4, and yo = 0.3660, for (a) A = 0, (b) A = and (c) 
A = The other parameters are like in Fig, 21. 

We then explored the proton branch by choosing for the 
pump wave an U-value close to the maximum growth rate of this 
branch. There are two electromagnetic instabilities involving 
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the +p and the -p waves. Here, it is interesting to emphasize 
that we have found that the lines +ps and -a, which do not 
cross for A = 0, are forced to coalesce when the pump strength 
is increased, giving rise to a new decay instability. Thus a 
strong pump can induce the decay of modes that do not satisfy 
the resonance conditions when the pump intensity is zero. 

Finally, we returned to the alpha branch, but we chose 
for the pump a lower w-value. This was done in order to 
show that the nonlinear instability of this branch is not strongly 
dependent on the position of the pump. We also use this 
example to show that the system can be unstable to electrostatic 
perturbations even in the absence of the pump wave, a situation 
already discussed in [25] for the proton branch. In this case the 
linear instability is suppressed by the action of the pump. This 
configuration has also been used to discuss a case where there is 
a crossing between three waves. As a result an electromagnetic 
instability is lost and replaced by an ordinary decay instability. 

A general result which applies to both branches of 
the dispersion relation of the pump wave is that for high 
frequencies, like the values we have used here, the pump wave is 
highly unstable to parametric decays. In fact, very small values 
of the intensity of the pump are sufficient to trigger parametric 
decays, a result to be contrasted with [25], where much larger 
values of A are required. This is even more so in the case of 
the alpha branch. 
Next, we review parametric instabilities of large amplitude 
EICW in a magnetospheric-like plasma composed of electrons, a 
minor component of energetic protons, a background of thermal 
protons, He+ and Of ions. It is well known that the presence 
of minor heavy ions introduces new branches in the linear 
dispersion relation of the EICW, which have resonances at the 
heavy ion gyrofrequency [60,61]. Observations on board several 
satellites have confirmed the predictions of the linear theory 
[32,40]. 

After the appearence of the EICW, the 0' and He+ ions 
are heated up to suprathermal energies of about 100 eV. There 
seems to be little doubt that the EICW are responsible for this 
phenomenon. However, it seems that linear theory alone is 
not able to explain the heating of the bulk of the heavy ions 
[37], and nonlinear theory is required. To this end, nonlinear 
decays of EICW with only a minor He+ ion-component has 
been investigated [48]. It was conjectured that He' ions could 
be preferentially heated by parametric decays, due to Landau 
damping and resonance absorption. 

Here we have included a minor thermal component of O+ 
and He+ ions [49]. The nonlinear dispersion relation, Eq. (49) 
is now of order 16 and it reduces to the dispersion relation given 
in [48] when VO+ is set equal to zero. There are 8 sounds in 
the system carried mainly by the ion-components, two by each 
species. 

We have analysed in details the parametric decays of 
the O+ branch of the dispersion relation. There are 
five new instabilities: three decay instabilities involving 
(-0, +Os), (-0, +Hes), (-0, +cps), and two essentially 
electromagnetic instabilities, one between (-0, +O), and the 
other a modulational instability between (+O, +r). All of them 
can lead to O+ heating, either by Landau damping or resonance 
absorption. 

We then study the influence of the O+ on the Het and proton 
branch of the dispersion relation. The general picture is similar 
to the one discussed in [48]. In the case of the He+ branch, a 
comparison between Fig.7 of [48] and our Fig. 23 shows that 

there is a new decay instability which involves (+Os,-He), and 
instead of the modulational instability, which in the absence of 
the O+ involves (+He, +r), there is now a new modulational 
instability between (-He, +He). On the other hand, the proton 
branch is very similar to the case when there are no O+ ions 
(see Fig. 9 of [481) except that now there is an additional decay 
instability which involves (+Os, -p) (see our Fig. 24). 

Following a method like the one used in [63], a numerical 
analysis of the growtWdamping rates of the unstable modes 
shows that they are comparable, or even larger, for the sounds 
involving the heavy ions. Thus, unless kinetic effects suppress 
the instabilities altogether, we expect the cold heavy ion- 
species to be substantially heated by nonlinear decays of EICW. 
However, in order to make a definite statement about this point, 
a full kinetic treatment is required. 

From Figs (22-24), it follows that the pump wave is 
stable to parametric decays involving the hot proton sounds 
for magnetospheric temperatures. Indeed, they always lead 
to avoiding crossings, except for a very small gap between 
(+hps, +r) in Fig. 10b of [48J Therefore, the role of the 
hot species is to provide the free-energy source of the EICW, 
namely, the thermal anisotropy, but they do not intervene in 
the parametric decay of the waves. Consequently, even though 
there are energetic heavy-ion components in the magnetosphere, 
they can be neglected in the study of the parametric instabilities. 

The observed Ot and He' energization seems to be favored 
along the direction perpendicular to the external magnetic field. 
This fact would imply that instabilities involving left-hand 
polarized daughter waves belonging to the O+ and the He+ 
branch of the dispersion relation, should play an important role 
in the energy transfer from the waves to the O+ and He+ ions 
via resonance absorption. 

The present paper is limited in several respects. We have 
provided a preliminary identification of the instabilities, leaving 
out the problem of the pump strength threshold. It is well 
known that usually the pump amplitude must exceed a certain 
threshold for the development of the parametric instability. 
The threshold depends on the linear damping processes of the 
waves, generated by kinetic effects, Thus, in a next stage, a 
kinetic treatment of the couplings is necessary. The formalism 
introduced in [20,21] for electromagnetic waves and multiple 
ion species, seems to be a promising starting point. The matrix 
elements for the coupling of the interacting wave amplitudes 
must be analyzed to obtain the growth rates and the physical 
characteristics of the processes. Eventually this examination 
may reveal the possibility of explosive phenomena. These 
studies are needed to obtain the higher level of physical 
description required to consider the saturation of the linear 
kinetic instabilities of the pump and the energy fluxes, so 
that specific applications to solar wind particle heating and 
acceleration may be envisaged. These studies lie beyond 
the limits of the present work which, as remarked in the 
introduction, aims only to give an exploratory overview of 
the parametric processes of the EICW linearly excited resonant 
alpha and proton branches. 
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