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1. INTRODUCTION

In several industrial applications, we deal with complicated physical phenomena which are at
the root of some difficult, and sometimes strange, effects. Such is the case of the lubrication
processes (e.g., see [1-3]), fluid flows in porous media (e.g., see [4]), or MHD generators with
neutral fluid seedings in the form of rigid microinclusions (e.g., see [5,6]). To model them, we
consider an incompressible, electrically conducting and micropolar fluid, a so-called magneto-
micropolar fluid. Many works have been written in the last decades on this subject. Among
others we mention Ahmadi and Shahinpoor (7], Eringen [8,9], Bessonov [10], Huilgol [11], and
Straughan [12].
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The study of the dynamics of the magneto-micropolar fluid model considered on an exterior
domain plays an important and useful role. We often find physical structures in which a bounded
body, or obstacle, produces perturbations in the surrounding medium and the spatial volume
of the external environment, namely the exterior domain, is extensively much larger than the
obstacle. From the modelling point of view, the obstacle may be regarded as a compact domain
located in all of R3. Let K denote this compact subset, and let £ denote its complement in R3,
that is, QO = K°.

It is known that certain dynamical systems may not have periodic solutions because there
exist many orbits, or branches of bifurcations, that can be randomly reached by the solution
(e.g., see [13]). However, several of these systems are still of the reproductive type, in the sense
that there exist at least two different times where the solution takes the same value.

We are interested in the study of the existence of reproductive weak solutions for the equations
that describe the motion of a viscous incompressible magneto-micropolar fluid in the exterior
domain © and in the time interval [0,00). Such a mathematical model reads: find the three-
dimensional fields (u,w,h) : 2 x (0,00) — R® and the scalar functions (p,q) : Q x (0,00) — R?
which satisfy the system of equations

%‘%+u.vu—(u+x)Au+V(p+~;—h-h> =xrotw+rh-Vh+f,
.Ow .
J5p Tiu-Vw —yAw +2xw — (@ + f)Vdivw = xrotu + g, (1.1)
dh

—a?—VAh+u-Vh—h-Vu+Vq=0,
divu =0, divh = 0.

Here u(z,t), w(z,t),h(z,t) € R3 denote, respectively, the velocity, the microrotational velocity,
and the magnetic field of the fluid at point x € Q and time t € (0,00), and p(z,t),¢(z,t) € R
denote the hydrostatic and magnetic pressures at the same place. The values u,x,7, 0, 3,7, J
and v are constants associated with properties of the material. For physical reasons, we suppose
that these constants satisfy min{y, x,r, 3,7, v, (a+3),7} > 0. The vector-valued functions f(z,t),
g(z,t) € R® are given external fields.

We assume that the following boundary and initial conditions hold:

u(z,t) = w(z,t) = h(z,t) =0, a.e. in 89, Vte(0,00), (1.2)
u(z,0) = up(z), w(z,0) = wo(z), h(z,0) = hy(z), a.e. in Q. (1.3)

To complete the system of equations, we prescribe the behaviour of the solutions at infinity. More
precisely, we consider the classical homogeneous decay

lim u(z,t) = lim w(z,t)= lim h(z,t) =0, Yt >0. (1.4)

|z]—o00 |z|—~o00 |z} —o00

It is important to remark that to treat (1.4) in our mathematical modelling, no weighted spaces
are required. From a physical viewpoint, we note that the classical boundary value condition for
the magnetic field, which reads

h-n=0 and rothAn=0, on 9§,

has been replaced by a homogeneous Dirichlet condition. Then we are considering a nonper-
fect conductor body K. The unknown function ¢(x,t), the corresponding magnetic pressure, is
concerned with the motion of heavy ions (e.g., see [14]),

_1 .
V ¢ = — rotjp,
o

where jp is the density of electric current and o > 0 is the constant electric conductivity.
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Let (u,w,h) be a weak solution of (1.1)-(1.4) (the exact definition will be given later on).
Given T > 0, if there exists (ug, Wo, hg) such that

u(z,T) = ug(z), wiz,T)=wo(z), h(z,T)=he(z), a.e. in €, (1.5)

then, we call (u,w,h) a reproductive weak solution of (1.1)-(1.4) at time 7. We say that sys-
tem (1.1)-(1.4) has the reproductive property if it is reproductive at every T' > 0 (see Kaniel and
Shinbrot [15] or Takeshita [16] for the case of the Navier-Stokes equations). We note that the
above property is a generalization of the notion of periodicity. In this paper, our goal is to prove
that system (1.1)—(1.4) is reproductive.

Equation (1.1); has the familiar form of the Navier-Stokes equations but it is coupled with
equation (1.1);; and (1.1);;. Equation (1.1);; describes the motion inside the macrovolumes
as they undergo microrotational effects, which are represented by the microrotational velocity
vector w. For fluids with no microstructure, this velocity vanishes and we deal with a magne-
tohydrodynamics system. For Newtonian fluids, where x = 0, equation (1.1); decouples from
equation (1.1);. Equation (1.1),;, which is the equation for h, is the Maxwell system in which
the electrical field is determined in a posteriori way. It is also important to note that if h = 0,
we consider the well-known asymmetric fluid model.

It is now appropriate to cite some earlier works on the initial boundary-value problem {1.1)-
(1.3) on a bounded domain, which are related to ours, and also to locate our contribution therein.
When the magnetic field is absent (h = 0), the reduced problem was studied by Lukaszewicz [17],
Galdi and Rionero [18], Padula and Russo [19], and Conca et al. [20]. Lukaszewicz [17] estab-
lished the global existence of weak solutions for (1.1)-(1.3) under certain assumptions by using
linearization and an almost fixed-point theorem. In the same case, by using the same technique,
Lukaszewicz [17] also proved the local and global existence, as well as the uniqueness of strong
solutions. Again, when h = 0, Galdi and Rionero [18] established results similar to the ones of
Lukaszewicz [17]. Finally, we can mention Padula and Russo [19], who studied the uniqueness of
the solution in the unbounded domains case.

The full system (1.1)-(1.3) was studied by Galdi and Rionero 18], and they stated, without
rigorous proof, results of existence and uniqueness of strong solutions. Rojas-Medar [21], also
studied the system (1.1)~(1.3) and established existence and uniqueness of strong solutions by
using the spectral Galerkin method, reaching the same level of knowledge as in the case of the
classic Navier-Stokes equations. Ahmadi and Shahinpoor (7] studied the stability of solutions of
the mentioned system. Boldrini and Rojas-Medar [22] proved existence of weak solutions as well
as reproductive weak solutions for system (1.1)-(1.3) in a bounded domain.

In Section 2, we establish the basic mathematical framework to be used and rewrite (1.1)—(1.4)
in a more suitable weak form. Also, we state Theorem 2.3, which is our main result. In Section 3,
we use the “extending domain method” (see (23,24]) to approximate problem (1.1)~(1.4). Finally,
Section 4 is devoted to provide the proof of Theorem 2.3.

2. FUNCTION SPACES AND PRELIMINAIRES

Throughout, the functions are either R or R3-valued and we will distinguish between these
two situations in our notations. More precisely, the vector-valued functions in R® are denoted
by {u,w, h}, while the scalar ones are simply written {p,q, u;,v;}.

We now give the precise definition of the exterior domain © where our boundary-valued
problem, i.e., problem (1.1)-(1.4), has been formulated: let K be a nonvoid compact stbset
of R® whose boundary 8K is of class C2. The exterior domain € that we consider is = K¢
and 99} = OK.

As we said before, to carry out the mathematical analysis we use the extending domain method.
It was introduced by Ladyzhenkaya [23] to study the Navier-Stokes equations in unbounded
domains. Before, this method was applied to study a large class of problem of exterior domain,
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as for example [25]. The main idea of this procedure is as follows: the exterior domain 2 may be
approximated by bounded domains Q) = By N, for every k > 1, with By the ball of radius &
centered at the origin. In each interior domain £, we prove the existence of a reproductive weak
solution. For this, we will apply the Galerkin method together with Leray-Schauder’s fixed-point
theorem (as in [26]). Next, using the estimates given in [23], together with a diagonal argument
and Rellich’s compactness theorem, we obtain the desirable reproductive weak solution to the
original problem (1.1)—(1.4).

In the sequel, we specify several vector-valued function spaces, which are used in what follows.
The domains  or Q are denoted in a generic way by D. Also, X denotes any function space.
Moreover, we consider D=Dx [0,T], where T is a strictly positive real constant. Then, we have

W™P(D) = {u; D%u € LP(D), |o| < 7},
Wg'P (D) = Closure of C§°(D) in WMP(D),
Wo(D) = Closure of C§°(D) in norm {[V¢||,
C5%,(D) = {p € CP(D); divy =0 in D},
J(D) = Closure of Cg,(D) in norm ||Vl
H(D) = Closure of C§%,(D) in norm ||¢||,

We denote by || - ||z»(py and || - |lwrs(py the standard norms of the vector-valued Sobolev
spaces LP(D) and W™P(D), with r > 0,1 < p < oo (e.g., see [26]). As usual, W™?(D) =
H™(D), r > 0, and otherwise, W%2(D) = L?(D). In this last case, the norm and the inner
product are denoted solely by || - || and (-,-), that is, without subscripts. As was proved by
Heywood [25], when D is bounded or an exterior domain, we note that J(D) is equivalent to the

space
Jo(D) = {p € Wy(D); divp =0, a.e. in D}.

Also, it is clear that in the bounded case we have
J(%) = {¢ € Hj(Q); divp =0, ae. in Q}.
The foliowing inequalities are used henceforth, their proofs can be found in {23].
LEMMA 2.1. Let D C R3? be bounded or unbounded. Then we get the following.
(a) For u € Wy(D) (or in J(D)), we have
afize(py < CLVul,

where Cy, < (48)"/8.
(b) (Holder’s Inequality.) If each integral makes sense, we have
(- V)v, w)| < 3Pl 1o (o) VY] o) [ W 2 (),
where p,q,7 >0 and 1/p+1/q+1/r=1. 1
LEMMA 2.2. Suppose that D is a bounded domain in R™ and its boundary @D is of class C?. Let

us take an orthonormal basis {w’ };";1 of L?(D). Then, for any € > 0, there exists a number N,
depending only on €, such that

Ne
hal? <3 (wwd)’ +elluldyne,  Yue WEP(D),
i=1

where p > 2n/n + 2, if n > 2, and otherwise p > 1, if n = 1. 1
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We now state our problem rigorously establishing regularity assumptions on the boundary 9
and on the external forces.

(S1) Let Og be a neighbourhood of the origin. Let Oy C int K and K € Bg, R > 0;

(S2) 9Q = 0K € C?%

(S3) f € L%(0,T;J(Q)*), g € L%0,T;Wo(Q)*), where J(2)* (respectively, Wp(Q)*) is the
topological dual of J(Q) (respectively, Wy(£)).

We denote the classical bilinear and trilinear forms by

3 3
— 6’()]' awj _ A ov; .
a{v,w) = E /D 2, Da; dz, b(u,v,w) = E /;)u] 7z, w; dz,

i,j=1 i,j=1

which are defined for all vector-valued functions u, v, w, for which the integrals make sense.

Now, we can define precisely the notion of a reproductive weak solution for the whole sys-
tem (1.1)-(1.4).

DEFINITION. Let T > 0. We say that the triple of functions (u,w,h), defined on £ x (0,7, is
a reproductive weak solution of (1.1)—(1.4) at time T if and only if there exist ug,hy € H(Q)
and wy € L*(Q) such that
(i) u(z,0) = up(z), w(z,0) = wo(z), h(z,0) = ho(z), a.e. in Q,
(i) u,h € L2(0,T; J(Q)) N LX(0, T; H()),
(iii) w e L?(0,T; Wo(Q)) N LL(0,T; L3()),
(iv) u,w, and h satisfy the variational equations

T
/0 (u,00) + (1 + x) a(u, ) + b(ut, 0, 1) ~ 7b(h, i, )

(2.10)
~(f,¢) — x (w,rot )] dt =0,

T

| 5.0 +7a(w.6) + (0 + ) (div w,div ) + 2x (w,9) 21
+J b(“y ¢7 W) - (g1 ¢) - X (ua rot ¢)] dt = 07
.
/ (B, %0) + v a(h, ) + b(u, &, h) — b(h, b, u)] dt = 0, (2.12)
0

for all g, 9 € W, .(Q) and ¢ € Wr(Q). 1

REMARK. It is important to note.
(i) As u(,¢),h(-,t) € J(Q) and w(-,t) € Wp(82), a.e. in (0,T), we have

ulspa =hlsg =wisq =0, a.e. in (0,7).
(ii) By Part (a) of Lemma 2.1

lim u(z,t) = lim w(z,t) = lim h(z,t) =0, a.e. in (0,7).

J| =00 j&]—o00 jz]—o00

(iii) We also see that the pressures are recovered by a standard application of De Rham’s
theorem. ]

Finally, we state our main result, which is proved in what follows.

THEOREM 2.3. EXISTENCE OF SOLUTION. Under Hypotheses (S1)-(S3) problem (1.1)-(1.4)
admits at least one reproductive weak solution. ' ]
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3. THE INTERIOR PROBLEM

Since (1.1)—~(1.4) has been formulated in a variational form, it is natural to use the “extending
domain method” (see [23,24]). It consists in building a sequence of functions that converges, in a
suitable topological sense, toward the solution of the original exterior problem (1.1)~(1.4). More
precisely, we consider the following family of differential problems {(Px)}ren, defined on bounded
domains Q) = Bx N Q: Find the three-dimensional fields (v,z,b) : O x (0,T) — R® and the
scalar functions (p, q) : Qx x (0,7) — R? which satisfy the system of equations

Vi (1 + XAV +(v- V)V +V (p+£b-b) = xrotz+7(b- V)b -+,
zy —YAZ — (o + B)Vdivz+ j(v-V)z + 2xz = xrot v + g,
b;—vAb+(v.-V)b—(b.-V)v+Vg=0,
divv =0, divb =0,
v=0, z=0, b=0, on 3%,
v(,T) =v(,0),  2(,T)=2(,0),  b(T)=b(,0),
where v, denotes the time derivative and 0 = dQ U 0By. It is straightforward to see that the

sense of reproductive weak solution for (Py), also called approximated reproductive solution, is
completely similar to the one for (1.1)—(1.4). In fact, we have the following.

(Px)

DEFINITION. We say that a triplet of functions (v, z,b) defined on Qi x (0,T) is a reproductive
weak solution of (Py) at time T if only if there exist vo,bo € H(Q%) and zo € L*(Q) such that
(1) v(z,0) = vo(z), z(z,0) = zo(z), b(z,0) = bg(z), a.e. in Qy,
(i) v,b e L*(0,T; J(Q)) N L2(0,T; H(Q)),
(iii) z € L2(0,T; H§ (%)) N LL(0, T; L)),
(iv) v, z, and b satisfy the variational equations

T
/0 {(V, ‘pt) + (ﬂ + X)(VV, V‘P) + b(V,(p, V) - Tb(b, ‘,O,b) - X(Z,I‘Ot (P) - (f, 90)} dt = 0,

T
/0 {(z, ¢¢) +v(Vz, V) + (a + B)(div z,div @) + jb(v, ¢, 2) + 2x(z, ¢)
— x(v,rot¢) — (g, ¢)} dt =0,
T
|| (0.0 + (5, 99) + (v, 8, b) - b(b, p,v)} e =,
0

for all p,1 € W, (Q) and ¢ € Wa(). (]

PROPOSITION 3.1. EXISTENCE OF APPROXIMATED REPRODUCTIVE SOLUTION. Under Hy-
potheses (S1)~(S3) problem (Py) admits at least one reproductive weak solution, denoted by
(vk,zk, bk). ]

The last part of this Section 3 is devoted to establish the proof of Proposition 3.1. We do that
using the Galerkin method together with Leray-Schauder’s Homotopy Theorem as in {24,26].
We begin by proving a useful a priori estimate and by establishing a finite-dimensional itera-
tive scheme to approximate the functions (v*,z*,b¥). More precisely, we look for a sequence

(vk,,zk bk ) defined on a finite 3m-dimensional space such that for m ~— +oo we have
vk — vk strong in L?(0, T; H(S%)) and weak — * in L°(0, T; H(Q)), (3.1)
z¥, — zF strong in L% (0,T; L?(Q%)) and weak — xin L (0, T; L*(Q)) , (3.2)
bk, — b* strong in L?(0,T; H(Q%)) and weak — x in L(0, T; H(U)). (3.3)

As we shall see, the m**-approximating reproductive sequence {(vk,,z% , bk )},,>1 is nothing but
the reproductive weak solution of (Py) restricted on finite-dimensional functional spaces. This
fact depends in a crucial way on the following a priort estimate.
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LEMMA 3.2. Let (v, z*,b¥) be a weak solution of (Py). Then it satisfies the estimate

: (nvknz+jnzkuz+rubknz) +ua<vk v*) +7a (2%, )
(3.4)
+2rva (b*,bF) < = ”f”.y(m* + = “gﬂwom)*

Proor. Multiplying (Pi):, (Pk)ii, and (Pk)m by v, zF, and rb¥, respectively, and integrating
by parts on Qk, we obtain

]]vk“ + (u+x)a (vE,vF) = rb (b*, bF, vF) = x (rot 2%, vF) + (£, vF),

Zdt
32l + v (a2) + (oot ) v+ 2x 2] = x (ot v®, ) + (.2
; jt [6%|1* + 7 a (b¥, b%) = rb (b, v¥, bF) .

Adding these equalities and observing that b(b*, b*, v¥) 4 b(b*, v¥ b¥*) = 0, we obtain

14d
5 g (v B2+ 52" + rb*2) + (+ x) @ (v, v*) +va (zk,zk) +rvae (bk,bk) (35)
+(o + B) ||div zk” +2x sz“ = 2x (2¥, 1ot v¥) + (£, v¥) + (g, 2%) .
Next, we estimate the right-hand side of (3.5). Using |rot v|| = ||Vv|| and Young’s inequality we
can deduce

2x (2", rot v¥) < 2x||z*| [Jrot v¥| < 2X I 199 ) < xffz ]+ xa (v, v*)

(f Vk) < “f”.j(gk)- (Vk Vk)

Vv <3 HfHJ(Q)- g
(8,7") < llgllm-1u) “Vz"“ < “é;; Hg”WO(Q)‘ + %a (2*, z*).

Substituting the above estimates into (3.5) and neglecting some positive terms, we get the desired
estimate (3.4), which conclude the proof. ]
REMARK. The right-hand side of (3.4) does not depend on integer k.

Let k € N be fixed and let {¢*}$2, € C& (%) and {¢'}2, C C'°°(Qk) be orthonormal bases

in L?(Q4) and total bases in J(Q) and HJ (Qk), respectively. As mtP-approximated reproductive
solution of equation (Pk) we choose

k(1) = }:cm ), (3.6)
=1

25 (z,t) = ) dmi(t)9'(2), (3.7)
i=1

bk (z,8) = ) emi(t)¢'(2), (3.8)
i=1

satisfying Vi=1,...,m, Vt € (0,7 the system of equations
(vh6 @) +(n+x)a (VE,9") + b (v, vh, ¢')

| , | (3.9)
—rb (b, bk, o) = x (rot 2%, ") + (£, "),
j (zfn,t,q&é) +va (z%,q&’.) + (o + B) (div zk,, div ¢*) + jb (vfn,zfn, ¢')
‘ . , (3.10)
+2x (vE,8') = x (rot vE,, ¢) + (g, ¢"),
(bk, . 0") +va (b, ') +b(vE, bk ") —b (b, vE, o)) =0. (3.11)

Note that if (v£,, 2k, bk)) satisfy (3.9)-(3.11) then these functions verify the inequality (3.4).
In fact, it is straightforward to prove the following result.
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COROLLARY 3.3. Let (vE 2% bk ) be a solution of (3.9)—(3.11). Then it satisfies the estimate

(vall ol ARy ll *) + na(vh,vh) +va(zh, 7h)
(3.12) 1
+2rva (b, bf,) < " |lfl|3<n)' s HglI%vo(m»
To simplify notation, we keep some abbreviations

ok, = (v, 2k, bk), (3.13)

k 2 k 2 T 2 k 2
ok = ||vE®I” + iz @) +r|pE@)|". (3.14)
Let dj denote the diameter of the domain Q. - (3.15)
Let A\x denote the positive real constant a%— min{u, v, 2rv}. (3.16)

k
Then, we have the following estimate.

LEMMA 3.4. Let (v, z5 bk ) be a solution of (3.9)-(3.11). Then it satisfies the estimate
T || gk 2 k 2 r At 2 2
M@ < 0O + | (IOl + 8@l ) e (317

PRrROOF. By using Poincaré’s inequality, (3.15) and (3.16) in (3.12), we obtain

-j—t(HVWHHanH2+THban2)+Ak(llvml‘ AR Ay

) (3.18)
2 2

< m 115 + ; l&llWo ()~
or equivalently, by adopting (3.13) and (3.14),

d k et o

= (M fes@’) < 2 nfnJ(w =~ gl
Integrating from 0 to 7', we obtain

Mo < IO + [ e (IO e + IO ooy )

m < [im A J@)~ T I8 llwe(a)- | O

which is (3.17). |

In the sequel, we show that (vX,,z% bk ) is a fixed point of the operator ®™ defined below.
Let L™ be the mapping defined by

L™:[0,7] - R, (3.19)
t — L™(t) = y(t), (3.20)

where y(t) is computed by
y®) = (emi(®)y-- s mm (), V5 drma (1), V7 dram(8), Vremi(t),- -, VT emm(t))

and where the time dependent functions {(cmi(t), dmi(t), em:(t))}i2, are the coefficients of the
expansion of (v&,,zX bk ), as done in (3.6)~(3.8).
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Since we have chosen the bases {*(z)}32; and {¢*(z)}32, orthonormal in L?(Qy), we have
Iy@lesn = 5@, vie 1. (3:21)
Next, we define the operator ®™ as follows:

o™ R3™ R (3.22)
x — O™ (x) =y(T), (3.23)

where x = (z;)3™, and y(T) = L™(T) is the vector of coefficients at time T of the solution
of (3.9)-(3.11) with initial condition given by

ve(z) =) =i ¢'(x), | (3.24)
=1

b@) = zmii 6'(2), (3.25)
i=1

bf(z) =) zomss '(2). (3.26)
=1

It is not difficult to see that ®™ is continuous, and we claim that ®™ has at least one fixed
point. This will be a consequence of Leray-Schauder’s homotopy theorem. To prove this, it is
enough to show that for any A € [0, 1], a solution of the equation

AB™(x(\)) = x(N), (3.27)

has a bound independent of A. Since x(0) = 0, we restrict the proof to A € (0,1]. In such
case {3.27) may be rewritten

3™ (x())) = = x(}). (3.28)

By the definition of ®™ and equality (3.21), we deduce from (3.17)

2
)\kT

T
SxO)l < IO + /0 et (Ilf(i)ﬂfv(m* + lg(®)voa- ) dt

R3™

Since we impose the condition 6% (0) = 6% (T), we obtain

T
Ix(A)flfsm < ;‘;{;‘%‘:‘I /0 et (Hf(t)}‘?r(a)n + ”g(t)”iz/Vg(Q)*) dt = M, (3.29)

¥ A € (0,1)]. Obviously, this upper bound does not depend on A € [0, 1] and so we have established
that the operator ®™ has at least one fixed point, denoted by x(1). Also, we remark that x(1)
must satisfy (3.29). In other words, we have proved the following existence result.

LEMMA 3.5. EXISTENCE OF THE mt"-APPROXIMATING REPRODUCTIVE SOLUTION. Under
Hypotheses (81)-(S3) problem (3.9)-(3.11) admits at least one reproductive weak solution,

(vk 2k bE), Vm > 1. Furthermore, this sequence of functions satisfy

1) (vm,z,’;,bk } is uniformly bounded in L2(0, T; J (4 )) x L2(0, T; HE Q) ) x L*(0, T; J (%)),
(ii) (vk, 2%, bk) is uniformly bounded in L%(0,T;H(Q) x L(0,T; L*(Q%)) x L=(0,T;
H(Q)).



788 M. DURAN et al.

PRrooF. First, we note that (3.29) gives
VA + 51125, + [[p5, )| < M.

So, by integrating (3.12) from 0 to t < T and considering the above estimation, we can deduce
for all m > 1 the following uniform boundness:

e [VE®N + 3 2507 +r o] < ME ) + M, (3.30)
T
Co /0 (o (vis vim) + @ (2m,7m) + a (b, br)) ds < M(f,g) + M, (331)

where Co = min{y, vy, 2rv} and

T
1 1
M= [ (; IO - + = \lg(t)n%mw) dt.

which are none other than (i) and (ii). ]
From this lemma, we can directly deduce the following convergence property of the sequence

{(mezfn»bfn)}ma-

COROLLARY 3.6. CONVERGENCE OF m‘P- APPROXIMATING REPRODUCTIVE SEQUENCE. There

exist vF, b* € L2(0,T; J(Q)) N LL(0,T; H(Q)) and 2* € L2(0, T; HY(Qk)) N L(0, T; L2(Q%))

such that

vk — v* strong in L*(0,T; H(Q%)) and weak — xin L (0, T; H(Q)),

z¥ — 2" strong in L? (0,75 L*(%)) and weak —  in L (0, T; (%)) ,

bk — b* strong in L2(0, T; H(Q%)) and weak — * in L(0,T; H(Q))-
Proor. Since J(Q) (respectively, Hg(%)) is compactly embedded in H(f) (respectively,
L?(%)), we may choose a subsequence, which we again denote by (v, zﬁm, b%,), such that

vk — vk

be bk } weak in L*(0, T; J (%)) and weak — * in L°(0, T; H(Q%)),

z¥, — 2¥ weak in L? (0,T; H} (%)) and weak —  in L (0,T; L*(Q)) -
Furthermore, combining Lemma 2.2 (with n = 3,p = 2) and (3.31) we see that
vk — vk :
bg bk } strong in L2(0,T; H(S%)),
z° — z* strong in L? (0,T; L*()) - ]

m
Finally, we have the following.

PROOF OF PROPOSITION 3.1. Taking the limit as m — oo in (3.9)—(3.11) we can easily prove
that the approximated reproductive solution (v¥*,z*, b*) is a reproductive weak solution of prob-
lem (Pyg). [ |

4. PROOF OF THEOREM 2.3

Let (v*,z*,b*) be a weak solution of (Py) obtained in Proposition 3.1. Define the extended
functions

k .
ot (2, 1) = { vi(z,t), ifze Q, 1)
0, ifxe Q\Qk,
(o) { z*(x,t), ifx € Q, (4.2)
wi(z,t) = .
¥ 0, if z € Q\Qy,
b*(z,t), if x € Qy,
h*(x,t) = 4.3
(1) {o, itz € Q\ Q. (4.3)

Then we have the following result.
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LEMMA 4.1. Let u*, w* h* be defined as above. These functions satisfy
(i) uk,h* € L2(0,T; J(Q2)) N L2 (0, T; H(Y));
(ii) wk e L2(0,T; Wy(2)) N LX(0, T; L*(9)).

Furthermore, we have

T o2 T o2 T o2

[ivet e [lowf<a, [vn<n, (44)
0

SUPESS |kl < gy, SRS k| <y, SRS k< gy (@

where {1, {3, £3 are strictly positive real constants independ of k € N.
PROOF. By integrating (3.12) in [0, T}, we obtain

T
co/ (I9vE@I° + | Vak@ + | Vbk @) dt < Mt ), (4.6)

since vk 2k ,bE are reproductive with period T. Consequently, if m goes to +oc in (4.6), by
the lower semicontinuity of the norm with respect to weak convergence, we obtain

T
Co /O (Ivv @I + [ 92 @ + [[Vo*@)*) @t < M(t.g). (4.7)
Analogously, from (3.30) we deduce the uniform estimate
b V@I +3 @ + 7 DR < M(t.g) + 1, (19)
which implies (i) and (ii) and conclude the proof. ]

Next, we pass to the limits as k goes to infinity. By the uniform estimates (4.4) and (4.5), we
have a subsequence {(u¥, w* h¥)}, denoted without any subscript, as well as functions u,h €
L%(0,T; J(R)) N L(0,T; H(Q)) and w € L%(0, T; Wp(Q)) N L(0, T; L?(Q)) such that

uk——+u

h* - h
w* — w weak in L*(0,T; Wy(?)) and weak — * in L% (0,T; L*(92)) .

} weak in L2(0,T; J(©)) and weak — * in L(0, T; H(f)),

To conclude the proof of Theorem 2.3, it is enough to show that there exists a subsequence
{u*’, w¥',h*'} such that
k/
u — u . 2 re
a h} strong in L? (0, T; L, () ,
wk' — w strong in L? (0, T; L},.(2)) -

(4.9)

In fact, once these strong convergences and limits are established, we can easily prove that
(u,w,h) is the desired reproductive weak solution for (1.1)-(1.4). Indeed, let (y,&,%) be any
arbitrary test function, © a bounded subset of @ and kg € N such that: supp ¢, supp &, and
supp ¢ are included in © C Qp, C Q, Yk > ko. Then, by Lemmas 2.1 and 4.1, we have

T T
2
/0 ((uk -V, u*) - (u- Vo, u)) dt < /0 (”“k - “”Lz(e) ”uk”LG(Q) | Vel Lae)

2
+ [[u* = |2 ”“”L“(Q)”V‘p“”(e)) dt
1/2

T 2 Y2 T 2
<Cy (/0 Huk—u”LQ(e) dt) (/0 [Vu®| dt) i‘;_%e;}s IVl 3 (o)

1/2

T 2 1/2 T
+Cy (/0 [[u* — uf|72 e dt) (/0 ||Vu||2dt) D Vel
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Combining this inequality with (4.9), we deduce

[)T ((uk' -V, uk'> —{u- Vo, u)) dt — 0, as k' — oo.

All the other convergences are proved similarly, and we have established that (u,w,h) is one
reproductive weak solution of our problem (1.1)—(1.4). ]
We claim that the convergence properties stated in (4.9) are true.

LEMMA 4.2. There exists a subsequence {u* , w*', b*'} such that

LN

h* —h
w* — w strong in L? (0,75 LE. () .

} strong in L? (0, T; L} (),

PROOF. We restrict our proof to the subsequence {u* }3?_,. The other subsequences, {w* }%o_,
and {h*'}o_,, are treated similarly.

We put K; = Q;, then {K; }$2, is an increasing sequence of compact sets, that is: K1 C Ky C

- — ) as j — oo. For each K, we choose a;(z) € C§°(Q) with the property 0 < a; < 1,
ajlk; =1 and supp o; C Qj41. It is important to note that K; C supp «;. Here, and in the
remaining, (.o, = [-[r2(q,) and d; denotes the diameter of €;. Then we can construct the
desired {u*'} as follows. First, we construct a sequence {a;(z)u*(z)}.;, uniformly bounded
in L2(0,T; H3(Q2)). Indeed, since u* = 0 on 9%y, Poincaré’s inequality on Q5 yields that
laru*flo, < flu*ll, < d3/2(Vu*|lq,. Hence, we have

2

T 2 T
/0 Jort o), dt < 2 /0 IVut @) dtggdg_oM(f,g). (4.10)

Moreover,
IV (@au®)[lg, < [[(Ten) - ub]|, + [len Tut]|g,

d o
< (& 1Vaufzeion + loliian ) |99,

from which, we conclude that

T 2 do 2 1
- /0 IV (a1 u*(8)||5, dts(ﬁuwnmm)+na1an(m>) g Mte). @1

The estimates (4.10) and (4.11) imply that {a;u*} is uniformly bounded in L?(0,T; H}(925)).
Consequently, there exists a subsequence {ajul? };":1 which converges weak in L?(0,T; H}(S2,))
and strong in L?(0,T;L?($)). Furthermore, as ay|k, = 1, {u'?}52; converges strong in
L?(0,T; L*(K1)). If we repeat the argument, we deal with the sequence {u/P}32,, j > 1. To
end the proof, it is enough to choose the diagonal terms, which we denote by {uk'}i‘,’zl, and to
remark that the sequence converges for all K in L?(0,T; L2(K;)).
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