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a b s t r a c t

Heritage buildings in Latin American countries possess high architectural value. Studying these construc-
tions under extreme loads, particularly earthquakes, requires representative models for simulating
expected response. At present, the non-invasive Operational Modal Analysis (OMA) tests offer interesting
possibilities for obtaining modal parameters to update and validate a structural model for this type of
structure. In this context, this article focuses on the calibration and adjustment process for a finite ele-
ment model of the Metropolitan Cathedral of Santiago Chile, based on experimentally identified modal
and mechanical material properties. Accordingly, an in situ experimental campaign, aimed at obtaining
the response of the structure due to ambient vibrations is presented and discussed. Six high-sensitivity
synchronous triaxial accelerometers were employed in this campaign. Enhanced Frequency Domain
Decomposition (EFDD) and Stochastic Subspace Identification (SSI), system identification methods, were
applied. Mechanical tests were performed on the Cathedral’s stone blocks. The experimental data and
derived modal properties were used to generate and update a finite element model. Several considera-
tions were made in the model updating process: the most relevant was the homogeneous treatment of
the stone masonry with their mortar interface, and the boundary elements restraining effect caused by
adjacent structures. A preliminary model updating process was applied to define the boundary conditions
and initial material properties. This optimization was based on minimizing an error function given by the
difference between the experimental and analytical frequencies. A second step was then applied, in
which models with different material properties were evaluated within a physically possible range.
The final model selection was based on the distance between the experimental and analytical frequen-
cies, and the mode shapes. The updated model allows an assessment to be made of the structure behavior
in its current condition and models to be prepared for a wide range of possible future research scenarios.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Studying the structural performance of heritage masonry con-
structions has become a priority in cities around the world where
architectural heritage needs to be preserved. However, this assess-
ment remains a complex task. A major difficulty is knowing the
mechanical properties of component materials, the current struc-
tural damage, and the degree of interaction between various inter-
nal and external elements and systems. Because of these and other
difficulties, some general recommendations for structural analysis
of historic constructions have been proposed using a multidisci-
plinary approach [25].

Powerful computational tools are currently available for assess-
ing the structural behavior of historic masonry construction. A
summary of the different available strategies can be found in Roca
et al. [44]. Analytical models of these structures can be from
detailed models, like micro-modeling [30] or simplified models
that consider the masonry as a continuous isotropic material
[39]. In the latter modeling type, the yield surface for compression
is given by the Hill criterion and the yield surface for traction by
the Rankine criterion [17]. This approach is more manageable,
because it has adequate computational effort, fewer parameters
and a mathematically simpler representation [44].

A methodological approach to assessing a historic building
should incorporate non-destructive or minimally destructive
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Nomenclature

ai, bi, ci Quadratic function constants for ith frequency
d Distance between experimental and numerical model
E Young’s module
E30-60% Young’s module, experimentally determined in the

monotonic compression test, in the range 30% to 60%
of the maximum strength

Ebm Young’s modulus of brick masonry
Erm Young’s modulus of reinforced brick masonry
Esm Young’s modulus of stone masonry
fc Compressive strength
fexi ith frequency obtained from experimental model
fi ith frequency obtained from numerical model
Im(⁄) Imaginary part of the complex mode
J Minimizing function in the model update process
Re(⁄) Real part of the complex mode
wi ith weighting factor for each ith frequency
wf Weighting factor for frequency term
wi,MAC ith weighting factor based on the MAC between exper-

imental modal shape and numerical one
wu Weighting factor for modal shape term
xj jth calibration parameter for the model updating pro-

cess
ei Error between experimental and numerical frequency

/exC Experimental complex mode
/exR Equivalent real mode to the experimental complex

mode
/exi ith experimental modal shape
/i ith numerical modal shape
()T Transposed matrix
( )�1 Inverse matrix
CTE10 Quadratic tetrahedral element of 10 nodes
DD Damage in dome
DLW Damage in central longitudinal wall
DTA Damage in transverse arch
EFDD Enhanced Frequency Domain Decomposition
FDD Frequency Domain Decomposition
FMAC Frequency scaled MAC
GPS Global Positioning System
MAC Modal Assurance Criterion
OMA Operational Modal Analysis
SA Setup located on base of arches
SSI Stochastic Subspace Identification
ST Setup located on top of walls
SW Setup located on base of windows
UTC Coordinated Universal Time
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experimental techniques. One example is the well-known vibra-
tion analysis technique, used to estimate the structure’s natural
frequencies and modal shapes. The modal parameters thus
obtained can then be used to calibrate numerical models by adjust-
ing their mechanical properties [5]. Among the non-invasive meth-
ods the Operational Modal Analysis (OMA) is the most commonly
used [4,15,42]. By measuring the response to ambient vibrations
and assuming that the input is white noise, the modal properties
can be defined based on the system identification process. There
are some complications involved in using OMA methodology,
including: signal noise from the very long cables [18], the difficulty
of detecting modal shapes for very close modes, definition of ade-
quate system order (in case of parametric identification method),
and detection of spurious modes generated by signal noise [33].

Several studies have used OMA methodology with the aim of
studying the components of historical constructions, mainly tow-
ers, vaults, domes and arches [9,21]. By contrast, defining the
modal properties in a historic structure’s more rigid zones, like
perimeter walls and resistant transverse and longitudinal axes, is
a less studied subject. One of the main difficulties relates to the
complexity of identifying high-frequency close modes, which are
common in structures with uniform stiffness and mass distribu-
tion. Additionally, the low- response level to ambient excitation
and the typical device resolution and precision make their identi-
fication a confusing and difficult process [12,13].

One additional difficulty in identifying structural systems in
this type of structures is that their structural elements do not have
purely flexural or torsional modes, but a mixture of the two, unlike
what occurs in conventional structures [10]. Therefore, the mea-
suring devices need to be distributed in the structure, to capture
all these special movements. Another common difficulty relates
to the highly nonlinear response, which is due to the friction inter-
action between units at low deformation levels; this introduces
anomalies, which can be confused with structure modes, i.e. they
generate spurious vibration modes that can cause interpretation
problems in the identification process [12].

In similar previously developed cases, preliminary analytical
models were developed, from which an optimal location for the
response measuring devices was defined [32] based on the modes
to be identified. Although this analysis is a good initial guide for
defining the location of measuring points, the final location will
depend on the structure’s accessibility and operational conditions
for measuring its response to environmental vibration.

Within the identification process, there is a list of previous
research in which a frequency domain method (FDD) is contrasted
with a time domain method (SSI), as making a comparison is
important for highly uncertain problems, in order to generate con-
sistent results [18,31,43]. However, there is other research into
heritage structure, in which the FDD method alone is enough to
identify the structure’s mechanical properties [3,20,29]. One of
the final aims of some similar studies [1,21,42] is to determine
the structures’ modal properties using the OMA methodology
and subsequently update the model with multivariable optimiza-
tion techniques [14]. These techniques minimize error function,
where the calibration parameters (model variables that can vary
within a range) comply with user-given constraints. This error
function is given by the difference of the natural frequencies and
the structure’s modal shapes, between the experimental and ana-
lytical model [8].

Chile is widely recognized as one of the most seismic countries
in the world. This is due to its location in the subduction zone
between the Nazca plate and the South American plate. There are
additional seismic considerations for Santiago, the capital city,
since there exist two more seismic sources: an intraplate seismo-
genic source for medium depth earthquakes, and a crustal seismo-
genic source for superficial earthquakes [28]. An iconic
architectural heritage structure of Santiago Chile, is the Metropoli-
tan Cathedral. This historical structure more than 250 years old
was chosen as a case study for this research.

The Metropolitan Cathedral of Santiago, Chile, has been affected
by environmental factors throughout its history, but mainly by
earthquakes occurring on the site [24]. A preliminary research pro-
ject took place to identify and update the models for the Cathedral
[48]. In this research, a mathematical optimization technique was
used by minimizing an error function [14] in the model updating
process, using only the modal frequency.
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The methodology used in this article is as follows: i) Develop an
analytical model of the main Cathedral structure, ii) An experimen-
tal campaign where the response is recorded by synchronized
velocity meters at selected points in the structure, iii) Processing
the signals obtained in the experimental campaign, iv) Modal iden-
tification of the structural system, v) Compression tests on rock
samples from the structure, vi) Initial adjustment of mechanical
properties by solving an optimization problem using only modal
frequency, vii) Develop a grid search with models with different
mechanical properties. After this introductory section, the article
is organized as follows: ii) Overview of the Cathedral; iii) Analysis
of ambient vibrations (OMA); iv) FE models and Model Updating;
v) Brief discussion and suggestions; and vi) Conclusions.

2. The metropolitan cathedral of Santiago

2.1. General description

The Metropolitan Cathedral of Santiago is probably the most
important historical structure in Chile’s capital city. It is east-
west oriented and is located in the northern center of the city. Its
construction dates back to 1746 and its architectural style is neo-
classical. It has a length of 110 m and a width of 30 m, with three
longitudinal naves (Fig. 1).

The structural system consists mainly of stone masonry walls
up to a height of 11 m and then brick masonry walls to a height
of 17 m. The roof structure consists of wooden trusses in the center
and north naves, while the south nave has metal trusses. Two bell
towers of 45 m height can be distinguished in the main façade
(Fig. 2a). These structures are composed of steel columns at the
corners, covered by brick masonry. The central nave is the highest
(Fig. 2b), with a ridge height of 20 m, while the lateral naves are
15 m high. On the central nave, between the 10–11 and B–C axes
(Fig. 1), there is the main 50 m high dome. The dome base is com-
posed of steel beams, which support the brick masonry walls cre-
Fig. 1. General plan view of the Metrop
ating its outline. On top of this dome, there is a three-dimensional
lattice structure supporting the roof.

2.2. History of construction

Before the Cathedral that exists today, the original structure had
a south-north orientation. This structure was planned and built
between 1544 and 1570 [41]. Several earthquakes have hit the
Cathedral over its history, and in 1769 was almost completely
destroyed by fire. In 1746, years before its complete destruction,
the Bishop at the time decided to build a new cathedral, which is
the basis of the present building. The construction of the new
Cathedral began in 1748; the two Cathedrals coexisted in the same
place up to 1769, with the old structure oriented perpendicularly
to the new one.

Based on experience with the first structure, it was concluded
that the new Cathedral should have buttresses to provide more lat-
eral resistance; stone blocks, instead of adobe, were determined to
be the base material of the new structure. Construction proceeded
from the western toward the eastern facade, but after the death of
the chief architect, a new builder took charge of the project in
1770. In 1830, the first stage of the construction ended, without
towers nor the dome. Construction of the chapel started in 1846,
later stopped and then resumed in 1858. Additionally, the first
tower was built, but it did not correspond to any existing tower
in the current Cathedral.

Subsequently, two earthquakes occurred in Santiago, one in
1851 and another in 1874. Severe damage was generated by the
first one in most of central nave arches; only the first and tenth
arches from the western facade have no damage. The damage
was repaired in 1854. The 1874 earthquake affected the 3 main
arches of the eastern facade. The Bishop ordered the remodeling
of the Cathedral in 1897, which included two towers on the main
facade, the dome above the altar, the roof, the removal of interme-
diate pilasters supporting the choir, and other architectural remod-
olitan Cathedral of Santiago, Chile.



Fig. 2. Metropolitan Cathedral of Santiago, Chile: a) Main façade, b) View of the central nave.
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eling. The tower was demolished in 1898, and the rest of the works
were completed by 1906 [24].

The Metropolitan Cathedral of Santiago was declared a National
Historic Monument in 1951, and another major remodeling took
place on the cathedral, specifically the archbishop’s crypt in
2006. Thanks to this work, many stones could be obtained that
have the same quality as the walls, because they were extracted
from the structure base.

2.3. Historical seismic behavior and the current state

The main cause of the Cathedral’s damage is the numerous
earthquakes that have affected the structure over its lifetime. The
March 3rd, 1985 earthquake (Mw 8.0 - Valparaiso) affected both
the Cathedral structure and cladding. This led to a repair process
of the most significant structural damage, which began in 1999
[40]. Serious but eventually recoverable damages were observed
in the Cathedral after the 2010 Maule earthquake.

After the February 27, 2010 earthquake (Mw 8.8 - Maule), the
following Cathedral damage was identified as part of this study
(DD – Damage in dome, DLW – Damage in longitudinal wall, DTA
– Damage in transverse arches):

– DD1: Cracking at the dome base and reinforcing buttress head
(Fig. 3).

– DD2: Shear cracks in brick masonry walls that make up the
dome (Fig. 4).

– DLW1: Vertical cracks at the junction of central longitudinal
walls on the western façade (Fig. 5).

– DLW2: Vertical cracks at the junction of central longitudinal
walls with transversal axis 2 wall (Fig. 6).
Fig. 3. Cracking at the
– DLW3: Punching cracks in all the pillar heads that support the
brick masonry portion in the central longitudinal walls (Fig. 7).

– DLW4: Slippage between the upper brick masonry and stone
masonry of the longitudinal walls of the nave, axes B and C
(Fig. 8).

– DLW5: Cracks in the upper window of B axis between axes 11
and 12 (Fig. 9).

– DTA1: Cracks in the internal transversal arches, some axes
(Fig. 10).

The Metropolitan Cathedral of Santiago de Chile’s current dam-
age status does not compromise its overall stability, but could
affect the local stability of certain elements in a potential seismic
event [24]. On the other hand, due to the massive structure, all
these fissures detected in the structure most probably do not work
against the low intensity of the ambient vibration. Therefore, even
though it is important to define the current damage in the struc-
ture, the numerical model of the structure is considered as contin-
uous, as will be mentioned later in the model assumptions.

3. Ambient vibration analysis

An experimental campaign was designed and implemented to
estimate the modal properties of the Metropolitan Cathedral of
Santiago Chile. A description of the campaign and its main results
are presented in this section.

3.1. Experimental campaign

The experimental campaign consists of measuring the response
of the structure to ambient vibrations at selected points. To select
base of the dome.



Fig. 4. Cracking at the dome.

Fig. 5. Cracking at the junction between the central longitudinal axis and the western facade.

Fig. 6. Cracking at the junction between the central longitudinal axis and the tower base.
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Fig. 7. Steel shoring punching on the masonry.

Fig. 8. Cracking at the junction of brick masonry and stone masonry.

Fig. 9. Window of B axis between axes 11 and 12.
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these points, areas were first selected where the fundamental
modes of a preliminary numerical model possessed higher ampli-
tudes, and then the most easily accessible points were chosen.

Six Trominos devices [36], which measure accelerations and
velocity in 3 orthogonal directions, were used during the experi-
mental campaign. The sensor clock was adjusted using UTC time,
obtained from a GPS device. This time set-up allows for equipment
and signal synchronization. Structure vibration was recorded by
measuring velocity, due to its larger signal-to-noise ratio.

Twenty-two set-ups were defined to cover the entire structure;
locations are shown in Fig. 11. A set-up is an array of instruments
where the structure response is recorded for at least 20 min; this is
consistent with an empirical rule given by Rodriguez [45], where
the measurement duration is recommended to be at least 2000
times the natural period of interest, e.g. if this structure begins
with a natural frequency of approximately 2 Hz, the measurement
duration should be at least 17 min. Two reference instruments,
always located at the same position, were used in all set-ups
(called REF 1 and REF 2 in Fig. 11). A sampling rate of 128 Hz
was used. It is important to note that the instruments were located
at different heights, as can be seen in Figs. 12 and 13. To facilitate
interpretation of its location a description was defined as follows:



Fig. 10. Cracks in the internal transversal arches.

Fig. 11. Location of setups defined in the experimental campaign.
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SA: Bases of the arches in the north and south longitudinal
naves. This was the location of the reference instruments (C6 and
B7 axes).

ST: Top of south and north longitudinal walls.
SW: Window bases of the central longitudinal walls (B and C

axes).
Reinforcements were being installed in the Cathedral during the

measurements, so some areas were inaccessible. This affected the
measurements in the main facade towers and the dome located
above the altar. Another inaccessible area was the inside western
wall. Fig. 14 shows the sensor location in the experimental model
defined by the ARTEMIS identification software [46] of the main
Cathedral structure.

3.2. Signals processing and system identification

Fig. 15a shows the measured velocity records at the reference
position (see Fig. 11 – position REF2). Note that the amplitude of



Fig. 12. Section X-X according to plan in Fig. 11, with location of set-ups.

Fig. 13. Section Y-Y according to plan in Fig. 11, with location of set-ups.

Fig. 14. Artemis model of the Cathedral with localization of sensors.
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the recorded movement is very low (about 4.0E – 5 m/s), which is a
characteristic response to ambient vibration in rigid structures.
Additionally, Fig. 15b shows the Fourier spectrum for the corre-
sponding signals. This indicates that the recorded structure signals
include detectable predominant frequencies in their response.

The signal conditioning consisted of a three-step process: an
initial series de-trending, then low-pass filtering with cutoff 8 Hz
frequencies, and finally a decimation process in a band between
0 and 8 Hz. This whole process generated signals for further pro-
cessing the structural system identification.
Two different OMA methods were used in this research: EFDD
[6] and SSI [51]. As the name implies, the first method is an
improved version of the FDD method (Frequency Domain Decom-
position) [7]. These improvements consist mainly of determining
frequencies and damping by the correlation function, and deter-
mining the mode shape by the weighted sum of the singular vector
decomposition. The EFDD method was applied using a manual
peak-picking process on the singular value curves. On the other
hand, the SSI method was applied based on Crystal Clear algorithm
[23] and stabilization diagrams for the visualization of results.

Fig. 16 shows the singular values of the spectral densities for
two cases: Fig. 16a is the average singular value for all setups,
and Fig. 16b is the singular values graph of setup #10 that shows
the peaks not clearly visible in Fig. 16a. The potential EFDD fre-
quencies were first selected by peak peaking process to evaluate
the experimental mode validities, the frequency selection was then
confirmed by SSI method. Fig. 17 shows the stabilization diagrams
for two setups (13 and 8), in which the frequencies obtained con-
firm the modes obtained from the EFDD method. Finally, the linear



Fig. 15. Velocity signals of a second reference point in setup 1 a) Time series. b) Fourier spectrum of the time series.
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independence of these experimental modes was verified from the
calculus of Modal Assurance Criterion (MAC) [2] between them.

Fig. 18 shows the MAC between experimental modes. The final
experimental modes used in the model updating process will be
based on a visual comparison between experimental and analytical
mode shapes, and their MAC calculation.

Therefore, the defined experimental modes, based on the iden-
tification methods, can be seen on Table 1. For all experimental
mode pairs observed in Table 1, the frequencies defined according
to EFDD are very close to SSI frequencies. The differences between
frequencies are because the frequency values identified correspond
to a band and not to precise values, given the non-linearity in the
behavior of the structure.

3.3. Determination of mechanical properties of materials

Following the procedure proposed by Oliveira [38], 3-cylinders,
12 cm high and 5 cm in diameter were extracted from an intact
rock block used in the structure. The samples were subjected to
monotonic compression testing; the results are shown in Table 2.
Additionally, a value of 2400 kg/m3 was experimentally deter-
mined for the stone density.

According to Table 2, the average value of Young’s modulus
obtained in the 30% to 60% range of maximum strength was
13,900 MPa, and the average compressive strength value was
111 MPa. These values can be associated with a high quality lime-
stone [35].

The elasticity modulus required for the computational model
should consider the entire wall behavior of this material, as well
as joints. The investigations of Oliveira [38] and Lourenço [30]
show that the Young’s modulus for cores obtained from stone is
much higher than from block and mortar wall. This is not surpris-
ing: in the field of rock mechanics, an intact rock modulus is well
known to be up to 10 times greater than the cracked solid modulus
[22]. So, the joints between blocks were assumed to behave like
cracks in a (pseudo) rock mass, and an initial Young’s modulus of
stone masonry was adopted to the order of one tenth of the value
obtained in the intact specimen test, i.e. 1390 MPa. The assumed
value of Young’s modulus is consistent with that of roughhewed
stone masonry suggested by Italian Code for Constructions [26],
where the Young’s modulus is between 1020 and 1440 MPa.
In the case of brick masonry located on top of the stone
masonry, it was not possible to obtain representative material for
a compressive test. Therefore, an experimental value obtained by
Valledor et al. [50] from another heritage building located close
to the Cathedral and contemporaneously built, coinciding with
the finishing of the walls in height and the growth of the Cathedral
central nave at the end of the 19th century, is used as the first pro-
posed value. Consequently, an initial value of the Young’s modulus
of 1780 MPa and a density of 1800 kg/m3 were defined for brick
masonry. It should be note that the assumed Young’s modulus is
within the range of reference values (1200–1800 MPa) for brick-
work suggested by the above-mentioned building code (Italian
Code for Construction NTC08, 2008). The top of the north façade
of Cathedral is reinforced with metal anchors; which is why there
is a third material, called reinforced brick masonry, whose modu-
lus is initially assumed to be at the same brick masonry value.
Table 3 summarizes the initial values for calibration parameters.

As mentioned above, once the structure’s modal properties
were identified, the Finite Element (FE) model was updated by
adjusting the mechanical properties of materials making up the
structure.
4. Finite element analysis and model updating

This section first describes the finite element model, then the
mechanical properties are defined using a two-stage optimization
problem. The first adjustment of mechanical properties and bound-
ary conditions, given by adjacent structures, was based on mini-
mizing the error function between experimental and analytical
frequencies. A second stage of model updating process was carried
out, based on minimizing the difference between frequency and
MAC values, when varying the Young’s moduli of the three main
materials within physically ranges. So, the research will compare
the results obtained by the two stages of model updating.

Some assumptions are made as a basis for the model. Firstly, the
structure’s behavior is considered as continuous, without disconti-
nuities in the wall intersections. Secondly, the structure’s flexible
components (towers and dome) have been represented as simple
elements, because the rigid part of the structure is the focus.
Thirdly, the adjacent structures (sacristy, tabernacle and chapel)



Fig. 16. Singular values of the spectral densities marking natural frequencies by manual peak peaking process in: a) Average of singular values of Spectral Densities for all test
setups. b) Singular values of Spectral Densities for test setup 10.
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that interact with the principal Cathedral structure can be repre-
sented as elastic elements, to simplify the principal Cathedral
structure. Finally, mechanical material properties of the structure
can be characterized as representative values for the whole struc-
ture, disregarding the high variability of these properties in differ-
ent structural zones.

4.1. Model description

Given the model’s complexity and size, the mesh had been pre-
viously generated with GID software [11]. The structure’s com-
puter model was analyzed using the DIANA software [47].

The finite element model includes detailed modeling of the
structure’s rigid area and simplified modeling of the towers and
dome, using concentrated masses connected by frame elements
with flexo-compression capacity. Additionally, the effect of the
adjacent structures (chapel, tabernacle and sacristy, as seen on
Fig. 1) is represented by elastic elements that generate lateral
interaction with the structure. This way of representing the adja-
cent structures is used because each one was built at different
times [24,40]. This leads to the conclusion that if the model
included all adjacent structures, additional parameters and uncer-
tainty would increase, which in turn would increase the difficulty
of optimization. The soil type in the area is high quality gravel
[49], and so the base nodes are considered to be fully restricted.

The model is built mainly with quadratic tetrahedral elements
of 10 nodes (CTE10) with 3 degrees of freedom (translational)
per node. The quadratic property of the elements contributes



Fig. 17. Stabilization diagrams to define stable modes for two particular setups: a) Setup 13, b) Setup 8.
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greatly to convergence in obtaining the natural frequencies model.
The complete model has 271,106 nodes, 5195 of which are fully
restricted at the base. Therefore, there are 797,733 degrees of free-
dom. There are 153,992 CTE10 elements, 3038 frame elements to
represent flexible zones of the structure; and 450 axial rods to sim-
ulate roof structures at the head of walls. Thus, there are 157,480
elements in the entire model. Fig. 19 shows the generated FE
model for the Cathedral.

4.2. First adjustment of mechanical properties

The first stage of model updating process was made by compar-
ing the frequencies obtained experimentally (Table 1) with those
calculated by the FE model, based on the initial parameter values
(Table 4). The match between modes for model updating is based
on the visual qualitative assessment of the mode shapes (see
Fig. 20) and quantification of the MAC between experimental mode
shapes and those obtained from the numerical model (Table 5).

Given that the MAC will be used for comparing the analytical
and experimental modes, the experimental modes require trans-
formation to real values to compare them with the analytical ones.
This transformation is important, because energy dissipation in a
real structure cannot be represented by only viscous (proportional)
damping, and therefore complex experimental modes are identi-
fied [19]. This is related to the presence of cracks in the structure
and therefore the influence of these in the damping of the struc-
ture. The complexity of the experimental modes is then related
to the presence of these cracks and gives us an idea of the current



Fig. 18. MAC between experimental modes.

Table 1
Experimental frequencies.

Experimental mode EFDD method SSI method
Frequency (Hz) Frequency (Hz)

1 1.81 1.74
2 1.96 1.93
3 2.03 2.06
4 2.38 2.38
5 2.55 2.56
6 2.76 2.79
7 2.86 2.86
8 2.95 2.93
9 3.18 3.20

Table 2
Results of Young’s modulus and compressive strength obtained from monotonic
compression testing of stone cylinders.

Specimen E30%-60% fc
(MPa) (MPa)

P1 13,400 115
P2 11,000 111
P3 17,200 109
Average values 13,900 111
Coef. of Variation 0.23 0.03

Table 3
Initial calibration parameter values.

Calibration parameter Initial value

Young’s modulus of stone masonry Esm (MPa) 1390
Young’s modulus of brick masonry Ebm (MPa) 1780
Young’s modulus of the reinforced masonry Erm (MPa) 1780
Lateral stiffness factor from Chapel 1.00
Lateral stiffness factor from Sacristy 1.00
Lateral stiffness factor from Tabernacle 1.00

Fig. 19. FE model of the Cathedral.

Table 4
Numerical frequencies (initial calibration parameters).

Numerical
mode

Frequency
(Hz)

Mass participation
based on FE model
(%)

Mode description

1 1.38 0.48 Bending of south tower.
2 1.39 0.15 Bending of north tower.
3 1.41 0.61 Bending of south tower.
4 1.43 0.43 Bending of north tower.
5 1.90 27.48 Transverse bending of

longitudinal walls.
6 2.02 0.27 Transverse bending of

south longitudinal walls.
7 2.19 1.73 Transverse bending of

longitudinal walls and
bending dome.

8 2.27 0.11 Bending dome.
9 2.32 1.55 Transverse bending of

longitudinal walls and
bending dome.

10 2.40 0.53 Transverse bending of
south longitudinal walls.

11 2.54 5.44 Bending dome.
12 2.56 0.02 Transverse bending of

longitudinal walls.
13 2.59 0.63 Transverse bending of

longitudinal walls.
14 2.83 2.24 Transverse bending of

longitudinal walls.
15 2.97 0.22 Transverse bending of

longitudinal walls.
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damage of the structure. The comparison between these modes
and the analytical modes was performed using the numerical
transformation (Eq. (1)) purposed by Niedbal [37]:

/exR ¼ Reð/exCÞ
þ Imð/exCÞðReð/exCÞTReð/exCÞÞ

�1
Reð/exCÞT Imð/exCÞ ð1Þ
where Re (⁄) and Im (⁄) are the real and imaginary parts of the com-
plex mode, respectively; /exC and /exR are the experimental com-
plex mode (obtained directly from the identification process) and
the equivalent real mode, respectively. The lower limit value of
MAC that was considered to be valid for this ‘‘modal equivalence”
was 0.50. Some other studies (e.g. [42]) have started with MAC
equal to 0.4 as the lower limit value.

Based on Table 4, the four first numerical modes were not con-
sidered, because they are related to towers movement, and the
experimental model cannot reproduce this. It can be clearly seen
in Tables 4 and 5 that 3 of the 4 selected modes have relatively
large participation mass percentages. Note that in this type of
structure, values accumulated from mass participation can only
be achieved with many more modes than for conventional struc-
tures. Additionally, there are two important modes (modes 9 and
11) that have not been taken into account because these are
related to dome movement.

As seen in Table 3, the calibration parameters considered for the
model update were: (1) the Young’s modulus of stone masonry; (2)
the Young’s modulus of brick masonry; (3) the Young’s modulus of
the reinforced masonry; (4) the lateral stiffness factor in the chapel
support area; (5) the lateral stiffness factor in the tabernacle sup-



Fig. 20. Reference experimental modes and corresponding analytical global ones.

Table 5
Couples experimental and numerical (obtained with initial parameters) frequencies according to their similarity in modal shape and MAC.

Experimental Mode number Experimental frequency (Hz) Numerical Mode number Numerical frequency (Hz) MAC

2 1.96 5 1.90 0.85
4 2.38 7 2.19 0.61
8 2.95 14 2.83 0.55
9 3.18 15 2.97 0.69
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port area; and (6) the lateral stiffness factor in the sacristy support
area. These three last calibration parameters are dimensionless,
because they are factors that multiply a vertical distribution of
elastic supports in the zones where the principal structure is adja-
cent to before mentioned external structures. The vertical distribu-
tion of elastic supports has the following mean values per square
meter: 472 MN/m for chapel, 2040 MN/m for tabernacle and 307
MN/m for sacristy. The initial values for these factors take unity
values to begin the model updating. These calibration parameters
have high uncertainty and influence in the model, so it is important
to define their values in the model updating process. There are
many other important calibration parameters that can participate
in the model updating, like material mass, but their uncertainty
is relatively low, as its identification was done in laboratory.

Various techniques have been proposed for updating models
[19,27]. The method proposed by Douglas and Reid [14] was ini-
tially applied in this study.

The modal updating begins by defining an approximating func-
tion expressing the numerical frequency based on a quadratic
function of the calibration parameters (Eq. (2)).

f i ¼ ai x2j þ bi xj þ ci ð2Þ

where fi represents the numerical frequency; ai, bi and ci the quad-
ratic function constants for each frequency, where i is the vibration
mode; and xj are the calibration parameters of the model, in this
case j = 1 ... 6. Then the error is defined as:

ei ¼ f i � fexi ð3Þ
where fexi is the corresponding experimental frequency.
This problem can now be treated as a multi-objective multivari-
able optimization problem, where each of the errors would be
minimized. To simplify the problem, all error functions are
concentrated in a single expression, and so the problem becomes
a multi-variable optimization problem with a single objective, i.e.
to optimize the function (Eq. (4)):

J ¼
X

wi e2i ð4Þ

where wi are the weights for each error, depending on the mode
being evaluated. This weighting factor depends on the uncertainty
associated with the experimental measurement, and the uncer-
tainty associated with the numerical model [19]. Therefore, the
expressions (2), (3) and (4) define the process for obtaining the
error function that subsequently will be minimized in the first stage
of model updating. The optimization process was performed based
on the Karush-Kuhn-Tucker method using MATLAB Optimization
[34].

As the dependence of the frequency on the parameters was
assumed to be quadratic [14], 3 points needed to be defined on
each parameter variation. The structure’s natural frequencies were
calculated when taking the minimum, maximum and nominal
value for material parameters. The parameters were modified
one at a time.

The nominal values for the parameters in the optimization pro-
cess were: Young’s modulus of stone masonry (Esm) 1390 MPa
(range of variation was from �15% to 40%), Young’s modulus of
brick masonry (Ebm) 1690 MPa (range of variation was from
�25% to 5%), Young’s modulus of the reinforced masonry (Erm)
1870 MPa (range of variation was from �5% to 25%). Since the con-
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tributed stiffness from adjacent structures does not have a single
representative value, as they vary in height, the calculated value
was multiplied by a factor of 1.00 and its variation was made based
on this factor (range of variation was from �40% to 500%). After
this function error minimization process, the calibration parame-
ters were obtained (Table 6). These values are called frequency
optimized values from now on.

4.3. Definition of models based on changing mechanical properties

The second stage of model updating was based on large number
of models, generated in a grid search, in which the Young’s modu-
lus of materials vary within a defined range. The lateral stiffness
factors do not change and the frequency optimized values were
fixed.

A wider range of variation for the calibration parameters values
was allowed (between 50% and approx. 150%. of central values).
Table 7 summarizes the central values (obtained from frequency
optimization), minimum and maximum values for each parameter.
The step increases in each parameter range were 10% but, when
close to the central values, the increase was 5%. The total number
of models generated with the described increments is 910.
Table 6
Frequency optimized values of calibration parameters with model updating based on
function error minimization.

Calibration parameter Frequency optimized
value

Young’s modulus of stone masonry Esm (MPa) 1560
Young’s modulus of brick masonry Ebm (MPa) 1700
Young’s modulus of the reinforced masonry Erm

(MPa)
1870

Lateral stiffness factor from Chapel 3.265
Lateral stiffness factor from Sacristy 3.526
Lateral stiffness factor from Tabernacle 3.063

Table 7
Range of calibration parameters (910 models).

Calibration parameter Min.
value

Central
value

Max.
value

Young’s modulus of stone masonry Esm
(MPa)

780 1560 2330

Young’s modulus of brick masonry Ebm
(MPa)

850 1700 2550

Young’s modulus of the reinforced
masonry Erm (MPa)

940 1870 2810

Fig. 21. Distance between analytical model and experimental model with the same partic
area of interest for Young’s modulus of stone masonry between 1320 and 1630 MPa.
The change of the calibration parameters is given by a multidi-
mensional matrix where all possible combinations are given. The
order of variation of the calibration parameters for exposition of
the results in the next section is in cascade, starting with the vari-
ation of Young’s modulus of the reinforced masonry, then the vari-
ation of Young’s modulus of brick masonry, and finally the
variation of Young’s modulus of the stone masonry. The models
for which Young’s modulus of reinforced masonry was lower than
for brick masonry were not included.
4.4. Model updating

The model updating process was done by comparing the modal
parameters obtained experimentally with those calculated by FE
model perturbation. The distance between models was calculated
using expression (Eq. (5)).

d ¼
XM
i¼1

wi;MAC wf
jf i � fexij

fexi
þw/½1�MACð/i;/exiÞ�

� �
ð5Þ

where: fi represents the numerical frequency, fexi is the experimen-
tal frequency, /i represents the vector of the analytical modal shape,
/exi is the vector of experimental modal shape, wi,MAC is the
weighting factor based on the MAC between the analytical modal
shape and experimental one, wf is the weighting factor of frequency
summation term and w/ is the weighting factor of modal shape
summation term; the last two weighting factors add up to unity.
In all these terms, i subscript means mode that is being evaluated.

The expression (5) proposes that the frequency and modal
shape have different weighting factors based on the confidence
that exists in their experimental determination [19]. This expres-
sion relates all modes that participate in the model updating, dis-
tinguishing the different participation for frequency term against
modal shape term, and additionally the different participation of
each mode.

The value of the distance between the experimental model and
each of the analytical models is plotted in Fig. 21. This figure shows
a clear trend toward a minimum value in models with a Young’s
modulus of stone masonry between 1320 and 1630 MPa (model’s
number 300 to 500). In addition, the location of the model with
nominal initial properties, and the model with frequency opti-
mized values are shown. Even though the overall trend in Fig. 21a
defines the existence of an optimum range of properties, focussing
in on the area of interest (Fig. 21b) it shows that there is no unique
representative minimum, from a practical point of view, since the
trend of the curve is always monotonic when varying the Young’s
modulus of reinforced masonry.
ipation for frequency and modal shape term, a) Distance for all models, b) Zoom into



Fig. 22. Participation of frequency term in the distance value of expression (1) for
different couples of weighting factors.

Fig. 23. Distance between analytical and experimental model – for cases in which
the factors wf and w/ vary. a) Case 1. Zoom in area of interest for Young’s modulus
of stone masonry between 1400 and 1720 MPa. b) Case 2. Zoom into area of interest
for Young’s modulus of stone masonry between 1320 and 1870 MPa. c) Case 3.
Zoom in area of interest for Young’s modulus of stone masonry between 1320 and
1870 MPa.
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Several different weighting factors wf and w/ were tested to
evaluate their effect on model selection, Fig. 22. This figure indi-
cates that for the area of interest, located between the models with
a Young’s modulus of stone masonry between 1400 and 1720 MPa
(model’s number 350 and 600) approximately, the frequency par-
ticipation is not similar to the weighting factors entered. It is noted
that for the case where the two terms weigh the same (each 50%),
the frequency term has a 10% of participation in the distance value
and correspondingly the modal shape term would present a 90% of
participation within the area of interest. For the case in which the
weighting factor in the frequency term is 0.70, its participation
reaches approximately 20% of the distance. For the case in which
the weighting factor of the frequency term is 0.90, its participation
is 50% of the distance. Finally, just when it has a weighting factor of
0.95 of the frequency term, its participation is about 65% of the dis-
tance. It is only in the latter case when the recommendation in the
literature is fulfilled. We therefore chose to work with these 3 last
cases (0.70–0.30, 0.90–0.10 and 0.95–0.05 for wf and w/ respec-
tively) and to evaluate their results (Fig. 23). In Fig. 23 there are
some marks (models with specific values for calibration parame-
ters) named as ‘‘minimum values to analyze”. These models will
be reviewed in the next section.

5. Results of model updating

Two reference values were defined to continue evaluating the
appropriate values for calibration parameters: errors between fre-
quencies and the MAC, both between the experimental and the
analytical model (Table 8). The analytical model was performed
based on frequency optimized values (Table 6).

Table 9 shows the average error frequency and mean change for
MAC in each model. The difference between the experimental and
analytical frequency should be as low as possible; for the modal
shape, MAC change between the analytical model with frequency
optimized values and the experimental model should be positive.
Thus, the analytical models 446, 451, 458 and 464 (in bold and
gray background) are closest to the experimental model in the case
wf = 0.90 and w/ = 0.10.

A new variation range for the calibration parameters was there-
fore defined for the new area of interest (Table 10), where the steps
of variation were 3%. The additional number of models generated
for this last step is 147. The order for arranging these models based
on changing parameters follows the same logic as the 910 previ-
ously analyzed models. The calculated distance for this group of
models can be seen in Fig. 24.

Given the short difference between the experimental and ana-
lytical models (between 0.045 and 0.055) for this new group (see
Fig. 24), they will no longer be analyzed based on whether or not
they have a strict minimum value, but rather by evaluating directly
the error between experimental and analytical frequencies, and the
MAC variation between the analytical and experimental modal
shapes in the corresponding mode.

The error regarding the experimental frequency of each mode is
represented in Fig. 25. The analytical model is appropriate when
the frequency error is below the segmented lines; these lines indi-
cate the reference limits generated by the analytical frequency
error, based on the analytical model with frequency optimized
values.

Fig. 26 uses the MAC analysis between each pair of analytical
and experimental modal shapes. The MAC value in this figure is
plotted and compared with the MAC for the analytical model with



Table 8
Reference values for frequencies and modal shapes.

Mode 1 Mode 2 Mode 3 Mode 4

Experimental frequencies (Hz) 1.96 2.38 2.95 3.18
Analytical frequencies for frequency optimized values (Hz) 2.00 2.28 2.97 3.11
Percentage errors between frequencies 2.0% 4.2% 0.8% 2.4%
MAC 0.85 0.64 0.59 0.74

Table 9
Analysis of frequencies and modal shapes for models with valid minimum distances.

Weigh�ng 
factors Model's 

mum-
ber

Values of calibra�on parameters
Analy�cal frequencies (Hz) with

percentage errors MAC with percentage changes

wf wφ Esm (MPa) Ebm (MPa) Erm (MPa)
Mode 

1
Mode 

2
Mode 

3
Mode 

4
avg.
error

Mode 
1

Mode
2

Mode
3

Mode 
4

avg.
change

0.70 0.30 543 1716 1020 1122
2.06 2.26 2.97 3.05 0.85 0.15 0.55 0.77

5.0% 4.6% 0.6% 4.1% 3.6% 0.3% -76.4% -6.7% 4.3% -19.6%

0.90 0.10

446 1555 1528 1960
2.00 2.27 2.95 3.08 0.85 0.61 0.58 0.74

1.8% 4.6% 0.0% 3.2% 2.4% -0.1% -4.3% -1.1% 0.1% -1.4%

451 1555 1613 1867
2.00 2.27 2.96 3.09 0.85 0.63 0.59 0.74

1.9% 4.4% 0.4% 2.8% 2.4% 0.0% -1.7% -0.3% 0.4% -0.4%

458 1555 1698 1961
2.00 2.28 2.97 3.11 0.85 0.63 0.59 0.74

2.1% 4.2% 0.8% 2.3% 2.3% 0.0% -1.2% 0.0% -0.1% -0.3%

464 1555 1783 2054
2.01 2.28 2.98 3.13 0.85 0.64 0.59 0.74

2.2% 4.0% 1.2% 1.7% 2.3% -0.1% -0.8% 0.3% -0.7% -0.3%

481 1632 1528 1774
2.04 2.29 3.01 3.13 0.85 0.48 0.59 0.75

4.1% 3.6% 1.9% 1.7% 2.8% 0.0% -25.7% -0.4% 1.1% -6.2%

0.95 0.05 501 1632 1783 2054
2.05 2.30 3.04 3.18 0.85 0.50 0.59 0.74

4.6% 3.0% 3.1% 0.0% 2.7% -0.1% -22.5% 0.7% -0.3% -5.6%

Table 10
Range of calibration parameters in interest zone (147 models).

Calibration parameter Min.
value

Central
value

Max.
value

Young’s modulus of stone masonry Esm
(MPa)

1510 1550 1600

Young’s modulus of brick masonry Ebm
(MPa)

1540 1700 1850

Young’s modulus of the reinforced
masonry Erm (MPa)

1780 1960 2140

Fig. 24. Distance between analytical and experimental model – Second stage.

Fig. 25. Frequency error for each mode.
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frequency optimized values (segmented lines) as a reference. The
analytical model is appropriate when the MAC values are above
the segmented lines.

Analyzing Figs. 25 and 26, the first two sections of the elasticity
modulus variation for stone masonry is an appropriate range when
the MAC is adequate; however, this conclusion would only be true
for the frequency error for the first and third mode. As the fre-
quency error variation is not large, the sections mentioned in the
elasticity modulus for stone can be said to be adequate; the other
two modules can vary within the full range defined in this new



Fig. 26. MAC for each mode.

Table 11
Valid ranges of calibration parameters.

Calibration parameter Min.
value

Max.
value

Young’s modulus of stone masonry Esm (MPa) 1510 1550
Young’s modulus of brick masonry Ebm (MPa) 1540 1850
Young’s modulus of the reinforced masonry Erm

(MPa)
1780 2140
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variation of the 147 models (Table 10). Therefore, adequate ranges
of calibration parameters can be established that get an analytical
model similar to experimental one, based on in situ measurements.
These ranges are shown in Table 11.

Fig. 27 graphically indicates the closeness of experimental fre-
quencies and modal shapes with analytical frequencies. This
graphs are similar to FMAC (Frequency-scaled MAC) [16], and con-
centrate all the information on error frequencies and MAC between
experimental and analytical modes in one picture. These graphs
show FMAC for comparing calibration parameters that were
assumed as frequency optimized values, and the results of second
stage. These cases correspond to analytical models with minimum
and maximum values indicated in Table 11. The size of the circles
shown relates to the MAC in the analytical and experimental
modes. It should be noted that the optimal ranges obtained for
the calibration parameters produce adequate results in both fre-
quencies and mode shapes through MAC.
6. Brief discussion and suggestions

The structure’s natural frequencies concentrate to a narrow
band; there are 4 experimental frequencies considered to the
model updating in the 1.90 to 2.97 Hz range, and all these consid-
ered modes correspond to the out-of-plane flexure of the longitu-
dinal walls. The first stage of the model updating process obtained
similar results to the second one. Despite this, the latter takes into
account the comparison between modal shapes by calculating the
MAC between experimental and analytical modes.

As mentioned before, the selection of the calibration parameters
involved in model updating depends on the importance of the vari-
able in the model and the uncertainty that exists in its determina-
tion. In the first stage, the elastic moduli of the materials and the
stiffness factors of the interaction conditions of the adjacent struc-
tures were defined as calibration parameters, only the modulus of
elasticity was varied for the second stage since each new parame-
ter increases by an order of magnitude the number of models to
analyze.
The model updating stages determine single values (first stage)
or physically possible ranges for calibration parameters (second
stage). This processes contain uncertainties related with: the mod-
eling of the structure, uniformity of mechanical properties in mate-
rials, noise present in measuring structure response to ambient
vibration, the interaction between plane resistant components of
the structure, among others. These uncertainties, although not
explicitly considered in the model updating, are responsible for
additional changes in the final obtained ranges of calibration
parameters. The second stage of model updating process has
shown that the range of values for each calibration parameter is
best suited to representing the current behavior of the Metropoli-
tan Cathedral of Santiago Chile in future research. The final fre-
quency errors show for both stages that the presented results are
adequate, because the major error was not more than 5%, and
the MAC values were maintained at approximately the same value
between the both stages.

The Young’s modulus of stone masonry is the most important
value for the model updating. All graphs that show the distance
between experimental and analytical models have stronger
changes in the variation of this calibration parameter. Future
research can be developed by considering the fact that the Cathe-
dral is made up of single material (stone masonry) and assessing
how different the results could be with this new consideration.
This option is very important because if the number of calibration
parameters is reduced, the workload will decrease, and other
parameters can be considered, like stiffness factors in all support
conditions.

Based on the experience gained during the research, some sug-
gestions can be done in order to help future studies or engineering
projects:

– The referential sensors must be located in places of the struc-
ture where movement is important for most modes. For that,
a numerical model should be developed before the experimen-
tal campaign. The other sensors should be successively dis-
tributed based on the modes the user wants to capture. Other
factors to consider in the experimental campaign are: measure-
ment time, synchronizing the sensors and their precision.

– It is important to validate the records after each measurement.
For that, the synchronization of sensors must be check in each
setup. This can be done based on the graph of phase angle for
transfer functions between measurements of the same setup.

– Evaluate the tool for identifying the system to be used. This tool
can be generated by the user, or can be a commercial software
built for this purpose. Similarly, the user should plan the tool for
model updating. All these tools should be validated to ensure
good performance in the study.

– If one of the calibration parameters is more important than the
others in the final results, this fact should be properly evaluated,
because the model updating could solely focus on this parame-
ter. The model updating based on the second stage proposed in
this study could be developed more quickly, with fewer calibra-
tion parameters, or it can neglect certain parameters to take
others into account.

– The researcher experience is very important, because there are
many decisions that are based on good judgment. All definitions
in the process should be supported with alternative methods or
literature related to the subject.

– In the case of study of model updating of structure based on
local modes, it is important to note the process to follow in
the experimental campaign. Firstly, the analytical model must
be developed for defining the structure sensor locations. Sec-
ondly, the experimental campaign should be done, if the system
identification process suggests the presence of local modes, it is
important to update the analytical model so that these modes



Fig. 27. Graphical comparison between analytical and experimental frequencies for many cases: a) Frequency optimized values of calibration parameters, b) Minimum values
in calibration parameters of final ranges, c) Maximum values in calibration parameters of final ranges.
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can be observed in the model. Finally, new setups must be
planned to obtain information about these experimental local
modes, which will be the basis for the final model updating.

7. Conclusions

This research presents the system identification of Cathedral of
Santiago Chile in two stages. The first stage is the traditional
method, based on minimizing an error function, and the other is
based on simulation of many models that varied the Young’s mod-
ulus of structural materials. Single values for each parameter was
obtained from the first stage; these values are physically logical
because they are inside the initially proposed range. By contrast,
the second stage produces a physical range for each calibration
parameter, which was a harder process but with a major interac-
tion by the user. From this research, the following conclusions
can be drawn:
The experimental campaign, carried out through in-situ
dynamic testing, was one of the better ways of studying this struc-
ture. The information obtained about the material properties was
very valuable, because this is a necessary input for future research
into the structure’s seismic performance. Additionally, OMA tests,
with their non-invasive characteristics, allowed for the study of
the structure without affectation and in service. Therefore, based
on a non-destructive technique, the bases of a study related with
the safe of this important structure can be defined.

The numerical model has been considered with all nodes rigidly
joined; additionally, the experimental model, generated with the
participation of all setups, has meant that global modes were used
in the study of the structure. It is important to note that if the
researcher wants to see the local modes, both the numerical and
experimental model should be planned accordingly. This is an
opportunity for further study i.e. the model updating of the struc-
ture based on local modes.
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In the distance formulae for evaluating the similarity between
experimental and analytical models, the term related to the modal
shapes did not strongly change in the series of analyzed models;
this is because the calibration parameters were only Young’s mod-
ulus of materials in the second stage; it probably would produce a
better result if there were many more calibration parameters
related to the structure support.

Determining ranges in the model calibration parameters
depends on weighting factors; the models show the local mini-
mum, as referenced in the graphs of this paper, only when the
weighting factors have certain values aligned with the confidence
of their determination, specifically the frequency term and modal
shape term in the distance formulae.

The two stages of model updating produced similar results. The
first stage obtains a single value for each calibration parameter,
while the second allows to get ranges of values for each parameter.
This latter can be more consistent with the structure’s reality,
because it is physically more logical to have a valid range for each
calibration parameter, given the variability in structure properties.
Additionally, in the second stage, the whole process is carried out
based on logical steps given by the physics of the problem, while
the first stage has a mathematical foundation that minimizes
researcher judgment in solving the problem.

Although the results between stages are very close, it is impor-
tant to note that the computational cost of the second stage is
much greater; a practical definition would then be that the first
stage is enough to get adequate results. However, although there
is no greater difference between the results of these stages, there
is a greater certainty in obtaining the results in the second stage
because the interaction achieved by the user with the adjustment
of the model is much greater.
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