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Abstract—Both economics and stability analysis are critical to 
operate electricity networks in an efficient and secure manner, 
especially in the context of microgrids, where more complex 
stability phenomena may arise. In this vein, we propose a 
combined economic and stability model implemented through a 
hierarchical approach, where a master problem determines the 
economic system dispatch regardless of stability considerations 
and then a slave subproblem attempts to stabilize the master’s 
solution through the optimization of control gains. If the 
economic dispatch solution determined by the master problem 
cannot be stabilized by slave’s adjustments of control gains, a 
feasibility cut is generated and added to the master problem to 
calculate a new, more stable dispatch solution (master and slave 
are run iteratively). We demonstrate that control gains can be 
co-optimized with power outputs of generating units (in real 
time) to obtain more economically efficient and secure dispatch 
solutions and therefore that economics and stability analysis can 
be combined in a single framework by using advanced 
optimization techniques. 

Index Terms—Energy management systems, Power system 
economics, Small signal stability, Co-optimization. 

I. INTRODUCTION 
Microgrids have been recognized as a key component of 

the future smart grid, promoting the use of distributed energy 
resources, participating in an ancillary service market at the 
distribution level, and providing black start capability through 
the islanding operation ability [1, 2]. Even though microgrids 
could provide these features simultaneously, in the present 
operational paradigm, power system economics and stability 
are treated as different problems with their own technical 
frameworks and mathematical models. In this context, 
optimization, economic dispatch models are used to determine 
cost-effective system operation, while small signal models 
(among others) are used to determine stable operation. The 
economic dispatch problems usually take the form of an 
optimal power flow (OPF) problem with non-linear 
programming (NLP) formulation, where the nonlinearities 
come, for example, from the AC power flow equations. The 
small signal models are often obtained from a state-space 
representation of the microgrid, potentially using full-featured 
models that include detailed control laws such as the popular 
droop control [3]. 

Economic optimization and system stability may present 
conflicts, especially in the microgrid context, where stability 
can be significantly sensitive to the outputs of the economic 
dispatch. In fact, although system stability can be efficiently 
managed through control gains and control laws [4, 5, 6, 7], 
generation outputs can also affect the degree of stability of a 
given operating point. Therefore, there is an important 
opportunity to coordinate economic and stability decisions in a 
single mathematical framework. 

Economic optimization with stability constraints has been 
studied earlier in both the main power system [8, 9, 10, 11] 
and the microgrid [12, 13, 14]. In the particular case of 
microgrids, previous works have focused on angle stability in 
unbalanced operation [13], uncertainty under intermittent 
generation [14], transient stability constrained OPF [11], 
among other aspects. However, scarce literature is found on 
small signal stability being co-optimized along with the 
economic dispatch. Reference [12] pursues the latter, but 
simplifies on the droop control gains that are chosen to be 
identical for all generators. In practice, there are several ways 
to choose the droop control gain, with the selection of gains 
proportional to power ratings being one of the most popular 
[3]. However, this selection of gains does not necessarily 
guarantee a stable operation at all times. 

In this context, this paper presents a novel approach with a 
particular focus on small-signal stability and the use of 
feasibility cuts to iteratively eliminate regions of the OPF’s 
searching space where solutions become unstable. Thus, the 
proposed economic dispatch model can simultaneously co-
optimize generating units’ outputs and gains in a real-time 
fashion (e.g., every 5 mins in an Energy Management 
System). The optimization is performed using a NLP 
formulation with added Benders cuts [15]. Particularly, our 
approach is divided into two stages or modules: (1) a master 
module that determines the optimal power flow (OPF) 
solution of the microgrid in a given operating conditions, and 
a (2) slave module that checks whether the obtained solution 
in (1) is stable (i.e., real parts of eigenvalues are negative). If 
the dispatch solution is unstable, control droops’ gains are 
iteratively changed so as to minimize the maximum real part 
across all eigenvalues. If the dispatch solution remains 
unstable, the slave module generates a feasibility cut that is 
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incorporated in the master module to reduce its searching 
space (making the current solution unfeasible) and thus obtain 
a new, more stable solution in the next iteration. This process 
is illustrated in Fig.1.  

 

Fig: 1: Overview of proposed co-optimization approach. 
 

Note that as the slave module may define a non-convex 
region, adding feasibility cuts to the master module (from the 
salve module) does not ensure global optimal to be found. The 
proposed approach, nevertheless, presents a workable option 
to coordinate complex decisions in economics and stability 
analysis that are usually decoupled, truly attempting to co-
optimize generation power outputs and control gains. It is 
important to point out that, in practice, when an OPF solution 
is unstable, a new dispatch solution is determined by using ad-
hoc engineering insights and heuristics methods. In this 
context, our proposed approach represents an improvement 
and this is demonstrated next through two case studies. 

The organization of this paper is as follows. Section II 
introduces the proposed co-optimization problem, with the 
details on how the small-signal stability is introduced into the 
economic dispatch, OPF problem. Section III presents a 
hierarchical approach to solve this co-optimization problem. 
Section IV presents the optimization results over two case 
studies that exemplify the proposed co-optimization approach. 
Finally, conclusions are presented in Section V.  

II. CO-OPTIMIZATION APPROACH 
The combined economic-stability problem can be 

formalized as shown in (1), where bold fonts refer to vectors. minࡼ࢑,ࣂ,ࢂ,ࡽ,ࡼ .ݏ(ࡼ)ܿ 																			:ݐ ࡼ		 − ࡰࡼ = ,ࢂ)ࡼࡵ ࡽ(ࣂ − ࡰࡽ = ,ࢂ)ࡽࡵ ૙(ࣂ ≤ ࡼ ≤ ࡽࡼ ≤ ࡽ ≤ ࢂࡽ ≤ ࢂ ≤ ࣂࢂ ≤ ࣂ ≤ ࡼ࢑ࣂ ≤ ࡼ࢑ ≤ ,ࡽ,ࡼ)ො݃ࡼ࢑ ,ࢂ ,ࣂ ,ࡼ࢑ ,ࡰࡼ (ࡰࡽ ≤ 0
 

 
 
 
 
 
 

(1) 

 

In (1), ܿ(∙) is the generation cost function. ࡼࡵ(∙) and ࡽࡵ(∙) 
are the AC load flow equations, written as functions of 
voltages ࢂ and angles ࣂ, where ࢂ, ,ࣂ and ࢂ  represent their ࣂ
lower and upper bound limits, respectively. ࡽ,ࡼ and ,ࡼ	ࡽ are 
the generation outputs (active and reactive power) and the 
corresponding capacities (active and reactive power), 
respectively. ࡽ represents the lower bound limits for reactive 
powers. ࡼ࢑  contains the droop control gains of generating 

units, while ࡼ࢑ and ࡼ࢑ are the maximum and minimum values 
of droop control gains. Values in vectors ࡰࡼ and ࡰࡽ refer to 
demand (active and reactive power). For the sake of 
simplicity, length of all vectors is equal to the number of 
busbars and we assume one generating unit (and demand) per 
busbar and no transmission capacity constraints. Note that this 
is to simplify the notation and does not represent a limitation 
of our approach. Additionally, ො݃(ࡼ, ,ࡽ ,ࢂ ,ࣂ ,ࡼ࢑ ,ࡰࡼ (ࡰࡽ ≤ 0 
(that is defined in (2)) represents the stability constraint, where 
scalar function ݃(∙)	corresponds to the maximum real part 
among all eigenvalues. ߙ  is a positive security margin to 
ensure that value of ݃(∙)	is not only negative but also far from 
zero. ො݃(ࡼ, ,ࡽ ,ࢂ ,ࣂ ,ࡼ࢑ ,ࡰࡼ =(ࡰࡽ ߙ + ,ࡽ,ࡼ)݃ ,ࢂ ,ࣂ ,ࡼ࢑ ,ࡰࡼ  (2) (ࡰࡽ

III. HIERARCHICAL APPROACH 
Our hierarchical approach (shown in (3) and (4)) is 

composed of a (i) master, economic module (shown in (3)) 
that determines the most economically efficient dispatch 
solution of a microgrid for a given operating condition (e.g., 
an hour), and (ii) a slave, stability module (shown in (4)) that 
determines optimal ࡼ࢑  for the given optimal values of ࡼ∗, ,∗ࡽ ,∗ࢂ  ”*“ determined by the master module; asterisk) ∗ࣂ
refers to optimal values) to minimize ො݃(ࡼ, ,ࡽ ,ࢂ ,ࣂ ,ࡼ࢑ ,ࡰࡼ ,(ࡰࡽ  which attempts to make the 
dispatch solution found by the master module stable from a 
small-signal stability perspective. 

 minࣂ,ࢂ,ࡽ,ࡼ .ݏ (ࡼ)ܿ :ݐ ࡼ 										 − ࡰࡼ = ,ࢂ)ࡼࡵ ࡽ 	(ࣂ − ࡰࡽ = ,ࢂ)ࡽࡵ ૙ (ࣂ ≤ ࡼ ≤ ࡽ ࡼ ≤ ࡽ ≤ ࢂ ࡽ ≤ ࢂ ≤ ࣂ ࢂ ≤ ࣂ ≤  ࣂ

 
 
 
 

(3) 

 minࡼ࢑ ො݃(ࡼ∗, ,∗ࡽ ,∗ࢂ ,∗ࣂ ,ࡼ࢑ ,ࡰࡼ  (ࡰࡽ
.ݏ                                  ࡼ࢑ (4)                     :ݐ ≤ ࡼ࢑ ≤  ࡼ࢑

 

Hence, the slave module stabilizes the dispatch solution 
determine by the master problem if ො݃(∙) ≤ 0. If the dispatch 
solution cannot be stabilized, an iterative process starts where 
a feasibility cut is generated and send to the master module in 
the form of a new linear constraint that will reduce the 
searching space of the OPF problem and make its new 
solution different to the previous one. The new solution is 
obtained while moving away from the previous one in the 
direction that makes ො݃(∙) smaller. The feasibility cut can be 
written as shown in (5) and is obtained by solving the 
optimization problem shown in (4), where ்࣊ࡼ  is the 
(transposed) objective function’s gradient vector associated 
with ࡼ∗, ,∗ࡽ ,∗ࢂ  is optimal. Note that (5) is the ∗ࡼ࢑ when ,∗ࣂ
linear, first order Taylor approximation of ො݃(ࡼ, ,ࡽ ,ࢂ ,ࣂ ,ࡼ࢑ ,ࡰࡼ (ࡰࡽ ≤ 0. 
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(5) 

 

Note that while the master problem (including its feasibility 
cuts) is solved through a NLP solver, the slave suproblem that 
represents the stabiliy part, is solved through an optimization-
via-simulation approach. 

IV. CO-OPTIMIZATION RESULTS 
This section introduces two case studies. The first case 

presents a two-source microgrid that supplies a single load. 
The purpose of the first case is to illustrate the co-optimization 
approach within a simple system and hence we neglect the 
effect of network losses and reactive power. The second case 
presents a more realistic three-source microgrid with multiple 
loads and full consideration of losses and reactive power. 

A. Two-source microgrid 

In this microgrid, both sources are distributed generators 
(DG) connected to a common point (through power lines), at 
which the load is located. We consider an energy storage unit 
and a wind turbine as generation resources, as shown in Fig. 
2(a). From the optimization point of view, we are interested in 
understanding how the low cost, but electrically far wind 
turbine is capable to provide maximum output (i.e., no wind 
curtailment) without compromising the stability of the system. 
Note that the marginal cost of the storage unit is not 
necessarily zero and, in fact, can be significantly higher [16]. 

The circuit diagram for this case study is shown in Fig. 
2(b). As suggested by [17], we use dynamic phasor modeling 
for the generation units and load, which comprises two 
generation units coupled by R-L impedances (where R-L 
contains both coupling and line impedances), and includes 
droop control in both of them. The model for a single DG is 
simplified as an ideal voltage source with frequency droop 
control. The transfer function of this simple model is 
presented in (6), where the input is the point of coupling (PoC) 
voltage and the output is the current. Also, ෨ܻ  is the small 
signal admittance, ܼ	 and ߮  are the coupling (and line) 
impedance magnitude and phase angle (consisting of 
equivalent ܴ  and ܮ),	 ௘ܸ஺  and ௅ܸ஺  are the steady-state voltage 
amplitudes of the source and the PoC, with ߶௘  and 	߶௅ their 
respective angles, and ݇௉  is the droop control gain. 
Additionally, ߜ = ߶௅ − ߶௘  and ܷ  refers to the amplitude of 
phasor തܸ௘ − തܸ௅ ( തܸ௘ and തܸ௅ are shown in Fig. 2(b)). 

This system’s root loci is shown in Fig. 3, where we 
consider a demand of 1.2 [kW], a given dispatch condition 
(not the optimal), and a range of values for the control gain of 
source 1. The control gain of source 2 is not changed and kept 
equal to 1%. Note that Fig. 3 clearly shows that the system is 
stable for the control gains assessed at the selected dispatch 
condition, albeit roots’ real parts can get very close to zero. 
Thus, we are interested in obtaining a new dispatch solution 
with an increased security margin of -32 (ߙ = 32 , which 
means that the maximum real part across all eigenvalues 
cannot be higher than -32).  

෨ܻ (ݏ) = − 1Δ(ݏ) · 1ܼ ൤ܼܮ cos߶௅ +ଶݏ ଶܮ1 ൬ܼଶ cos(߶௅ − ߮)− 12 ௉݇ܮ ௘ܸ஺ܷ sin ߶௘ cos ߶௅൰ +ݏ ଶܮ12 ܼ݇௉ ௘ܸ஺( ௅ܸ஺ sin߶௅+ ܷ sin(߮ − ߶௘) cos߶௅)	൨ Δ(ݏ) = ଷݏ + ܮ2ܴ +ଶݏ ଶܮ1 ൬ܼଶ + 12 ௉݇ܮ ௘ܸ஺ ௅ܸ஺ sin(ߜ)൰ +ݏ ଶܮ12 ܼ݇௉ ௘ܸ஺ ௅ܸ஺ sin(ߜ − ߮) 
 

 
 
 
 
 
 
 
 

(6) 

 

Fig. 2: Illustrative microgrid (a) and its electric schematic (b).  

 

Fig. 3: Eigenvalues of the two-source system for various droop control gains 
of source 1 (region of interest plotted). 
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Hence, we apply our approach where the master module 
attempts to minimize costs, which, in this case, is equivalent to 
maximizing the output of the wind turbine (for the sake of 
simplicity, we assume that wind power generation is sufficient 
to supply demand). The results of the proposed iterative 
process are displayed in Table I, where due to its illustrative 
purpose, resistances and reactive powers have been neglected 
(i.e., linear or DC-OPF). 

TABLE I. ITERATIONS RESULTS FOR THE CO-OPTIMIZATION APPROACH 

Feasibility cuts DG 1 [ࢃ] DG 2 [ࢃ] ࢍܖܑܕ(∙) 
0 0 1,200 −28.69 
1 317 883 −31.04
2 499 701 −31.77
3 579 621 −31.96 
4 599 601 −31.99
5 600 600 −32.00

 

The above results can be also observed in Fig. 4 that shows ݃(∙)	as a function of the energy storage’s power output (note 
that to draw the black line, we evaluate ݃(∙) several times in a 
process outside the proposed method). This figure illustrates 
that the most economically efficient solution proposed by the 
master module in the first iteration (storage output equal to 0 
[W]) is infeasible (for any vector ݇௉), presenting eigenvalues 
(real part) that are higher than −32 (which is our arbitrary 
security margin). Thus, the stability of the microgrid has to be 
improved by increasing storage output and curtailing wind. 
This is introduced through a feasibility cut, shown in red color 
in Fig. 4. As the iteration continues, more feasibility cuts are 
introduced, until the optimal solution is found at iteration 5 
(see number of blue dots on the black curve in Fig. 4). 
Interestingly, in this case ݃(∙)	 corresponds to a convex 
function and therefore approximations through linear 
feasibility cuts can successfully find the true global optimal 
solution of the DC-OPF problem with stability constraints. 

 
Fig. 4: Max eigenvalue (real part) as a function of the power output of the 
energy storage unit. Red lines represent the feasibility cuts in every iteration. 

 

The progress of the Eigenvalues across the iterative 
process is shown in Fig. 5 in a root loci plot, demonstrating 
that the iterative process is effective in delivering more stable 
solutions. 
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Fig. 5: Eigenvalues of the two-source system across the iterative process 
(region of interest plotted). 
B. Three-source microgrid 

This case study uses the same grid topology presented in 
[12], maintaining its line parameters but differing on the loads. 
This grid is shown in Fig. 5, where ܦଵ  and ܦଷ  represent 
constant impedance loads. The generators are modeled with 
droop gains between 0.01% and 5%.  

 
Fig. 5: Diagram of the three-source microgrid. Each generator is connected to 
the microgrid through the same coupling impedance RC-LC (see Table II). 

 

The electrical parameters of this grid are presented in 
Table II. The variable costs for the DG units follow the 
expression ܿ(ࡼ) = ࢀ࡭ ∙ ࡼ + ࢀ࡮ ∙  ଶ (7)ࡼ

where ܿ(ࡼ) is the resulting cost, ࡼ is the dispatched active 
power vector, ࡭ and ࡮ are the vectors with the cost function 
parameters shown in Table III, and function (∙)ଶ outputs a 
vector where each element of the input vector are squared. 
Finally, upper and lower bounds are presented in Table IV. 

In the first iteration, where the stability considerations are 
fully ignored, the OPF solution obtained does not meet the 
level of stability required (where ߙ = 20  is arbitrarily 
defined) and this is shown in the second column of Table V 
(labeled as Initial solution). However, when feasibility cuts 
are progressively included in the economic optimization, we 
can observe a significant improvement of the solution shown 
in the third column of Table V (labeled as Final solution). 
This table shows the comparison between both cases, how the 
resulting power flow differs, and how the total cost of the 
system changes. It takes seven feasibility cuts to reach the 
final power flow solution that meets the security margin of ߙ = 20 . Table V also demonstrates how critical (for the 
purposes of stability) the reactive power dispatch is. There is 
a radical change on the reactive power dispatch of DGs 1, 2 
and 3, and, to a lesser extent, on active power.  
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TABLE II. ELECTRICAL PARAMETERS FOR THE THREE-SOURCE MICROGRID 

Variable Symbol Value 
Base power ܵ௕ 100[ܸܣ]
Rated voltage ௕ܸ 220[ܸ]
Rated frequency ଴݂ 60[ݖܪ]
Resistance of line 1-2 ܴଵ 0.46[Ω]
Reactance of line 1-2 ଵܺ 0.20[Ω]
Resistance of line 2-3 ܴଶ 0.70[Ω]
Reactance of line 2-3 ܺଶ 1.16[Ω]
Coupling resistance ܴ௖ 0.03[Ω]
Coupling reactance ܮ௖ 0.35[݉ܪ]
Demand at busbar 1 ܦଵ 500[ܹ] 
Demand at busbar 3 ܦଷ 8,500[ܹ]

TABLE III. COST FUNCTION PARAMETERS FOR THE MICROGRID DGS 

DG Quadratic part (B) Linear part (A)
1 0.135 50 
2 0.310 70 
3 1.831 100 

TABLE IV. CONSTRAINTS FOR THE DGS VARIABLES 

Variable Minimum value Maximum valueଵܲ 0[ܹ] 8,000[ܹ]ଶܲ 0[ܹ] 8,500[ܹ] ଷܲ 0[ܹ] 7,500[ܹ]ଵܸ, ଶܸ, ଷܸ 0.9[ݑ݌] ߠ[ݑ݌]1.1ଵ, ,ଶߠ ,ଷ −70º 70º ݇௉ଵߠ ݇௉ଶ, ݇௉ଷ 0.01% 5% 

TABLE V. COMPARISON OF THE OPTIMIZATION WITHOUT AND WITH      
SMALL-SIGNAL STABILITY CONSTRAINTS 

Variable Initial solution (w/o 
stability constraints) 

Final solution (w/ 
stability constraints) 

Change [%] 20.00 ࢻ ଵܲ[ܹ] 5,306 5,034 −5ଶܲ[ܹ] 2,508 2,568 +2 ଷܲ[ܹ] 519 743 +43ܳଵ[ܸݎܣ] −1,186ܳ− 1,444 133ଶ[ܸݎܣ] 327ܳ− 2,366− 1,044ଷ[ܸݎܣ] 502+ 2,288 380ଵܸ[ݑ݌] 5− 1.00 1.05ଶܸ[ݑ݌] 4− 0.96 1.00ଷܸ[ݑ݌] ߠ0 0.90 0.90ଵ[º] 1.14 0.30 −74ߠଶ[º] 0.00 0.00 0ߠଷ[º] −10 −12 +20݉݅݊ ݃(∙) −9.60 −20 +108
Cost [$] 6,735,615 6,981,681 +4

 

V. CONCLUSIONS 
The proposed economic-stability approach to solve an 

economic dispatch with stability constraints has been 
successfully applied on two case studies, which demonstrate 
that economic and stability analysis can be combined by using 
advanced optimization techniques. We illustrate the 
performance of our approach, demonstrating that an economic 
and stable solution can be reached through a unified 
mathematical program, eliminating the need to apply separate 
engineering insights/arbitrary rules to stabilize system 
operation outside the economic dispatch problem.  
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