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Abstract

Nested covariance models, defined as linear combinations of basic covariance functions, are very popular in many branches
of applied statistics, and in particular in geostatistics. A notorious limit of nested models is that the constants in the linear
combination are bound to be nonnegative in order to preserve positive definiteness (admissibility). This paper studies
nested models on d-dimensional spheres and spheres cross time. We show the exact interval of admissibility for the
constants involved in the linear combinations. In particular, we show that at least one constant can be negative. One of the
implications is that one can obtain a nested model attaining negative correlations. We provide characterization theorems for
arbitrary linear combinations as well as for nonconvex combinations involving two covariance functions. We illustrate our
findings through several examples involving nonconvex combinations of well-known parametric families of covariance

functions.

Keywords Covariance functions - Nested models - Negative covariance - Spheres

1 Introduction

Nested covariance models are linear combinations
(weighted sums) of basic covariance functions. They have
an old history that can be traced back to geostatistics, and
the reader is referred to Serra (1968), Journel and Hui-
jbregts (1978), Wackernagel (2003), Porcu et al. (2006),
Gregori et al. (2008), Chiles and Delfiner (2012), Porcu
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et al. (2013), Daley et al. (2015), Kleiber and Porcu (2015)
and De Iaco and Posa (2018) for earlier as well as more
recent examples.

The notorious limit in the construction of nested models
is that the weights are bound to be nonnegative, in order to
preserve positive definiteness. Such a drawback has been
noted, for instance, by Gregori et al. (2008), who found
conditions such that at least one weight in the linear
combination of isotropic covariance functions in d-di-
mensional Euclidean spaces can be negative.

Admissible nested models with negative weights have
important consequences to several branches of applied
sciences. On the one hand, negative weights can allow for
covariances oscillating between positive and negative
values (see Yakhot et al. 1989). On the other hand, nested
models with negative weights have recently become pop-
ular thanks to the notable approach by Bonat and Jgrgensen
(2016), who consider nontrivial extension for the Gener-
alized Linear Model (GLM) to the case of multiple
covariates. The method is called multivariate covariance
generalized linear model (MCGLM). In particular, the
authors suggest to replace the identity matrix in the clas-
sical GLM setting with a matrix Q that is implicitly spec-
ified through the relation
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N
h(Q) = Z % C,
k=0

where 7, are real constants and C; are known matrices
reflecting the covariance structure. Since the set of positive
definite functions is convex and closed under linear com-
binations involving nonnegative constants, there is an
apparent issue in specifying this model, in particular in
knowing explicit restrictions for the parametric space of the
weights ;. The idea of modeling a function of the
covariance matrix by a linear structure goes back to
Pourahmadi (1999, 2011) and Pan and Mackenzie (2003)
among others (see Bonat and Jgrgensen 2016, for a thor-
ough review). In particular, Bonat and Jgrgensen (2016)
emphasize the need to model the covariance structure
explicitly, rather than treating it as a nuisance parameter.
Taking verbatim from Bonat and Jgrgensen (2016): many
researchers claim that a suitable covariance link function
must provide an unrestricted and interpretable parameter-
ization. Although laudable, such a goal is probably
overoptimistic and does not seem to have been achieved
yet, at least not for the general case. The authors propose a
numerical approach to this problem in order to get realistic
values for 79, . . ., Ty. This paper offers an analytic approach
that allows determining the exact range for the parameters
involved in an arbitrary linear combination.

A third consequence of nested models with only non-
negative weights is that it has important implications in
terms of statistical inference and testing, since, for
instance, the value 1, =0, for k=0,...,N, lies on the
boundary of the parameter space. Some criticism about this
fact is expressed in Bevilacqua et al. (2012).

The problem of linear combinations of covariance
functions in Euclidean spaces has been considered in
Gregori et al. (2008), who propose the special case of the
product sum model (and similar extensions). Motivated by
the increasing need of statistical techniques for global data,
typically defined over the sphere representing planet Earth,
this paper considers linear combinations of covariance
functions defined over spheres or over spheres cross time.
The fact that such covariances are defined over spheres
implies that the natural metric to be used is the geodesic
distance, and this fact has a nontrivial implication in terms
of mathematical framework needed to implement valid
covariance functions.

There has been a fervent activity in the last years around
positive definite functions on spheres, as well as on positive
definite functions on spheres cross time. The seminal paper
by Gneiting (2013) provides a thorough overview of
spherically isotropic positive definite kernels on sphere,
with applications to probability theory, spatial statistics,
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numerical analysis and approximation theory, among oth-
ers. Berg and Porcu (2017) provided the extension of the
classical characterization theorem for positive definite
functions on spheres to the case of the spheres cross time.
Porcu et al. (2016) focused on the geostatistical implica-
tions of using the geodesic distance for global data and the
discrepancies in estimation and prediction when using the
incorrect metric. The nonstationary case has been consid-
ered in Estrade et al. (2017). Regularity properties of
Gaussian fields on spheres and spheres cross time have
been studied by Lang and Schwab (2015) and Clarke et al.
(2018), respectively.

This paper determines the exact range for the weights
involving arbitrary linear combinations of space or space—
time covariance functions. The plan of the paper is the
following: Sect. 2 contains the background material needed
for understanding the problem. Section 3 provides results
involving linear combinations of spatial covariance func-
tions. Section 4 is devoted to the space—time case. We then
offer, in Sect. 5, a list of examples that are useful for
practitioners. The paper ends with a short discussion.

2 Mathematical background

Let d be a positive integer. We define the d-dimensional
unit sphere by S = {x € R*"!, ||x|| = 1}, where d € N,
and || - || is the Euclidean distance. The geodesic distance
between any pair of points X,y on S? is defined as
0(x,y) = arccos((x,y)), where (-,-) is the standard inner
product on R, Throughout the text, we use the abuse of
notation 0 for 6(x,y) whenever no confusion can arise. Let

L2(§d, y) be the space of squared-integrable real-valued

functions on the sphere S? with respect to the uniquely
determined Haar measure on the sphere, denoted w;. The
surface measure of the sphere has a total mass given by

2 pld+1)/2
M@+ 1/2)

Let X be a nonempty set. A function K: X x X — R is
called positive definite on X if for any system of constants

looall =

{e:}., CR and any finite dimensional collection of
points {x;}3_, C X, one has
N N
ckK(xk,xh)ch Z 0
=1 h=1
If the inequality above is strict when at least one ¢ is

nonzero, then K is called strictly positive definite (Mene-
gatto 1995).
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2.1 The dass P(S%)

We define P(Sd) as the class of continuous functions  :
[0, 7] — R with (0) = 1 such that K(x,y) := (0(x,y)) is
positive definite on S?. We also define P(S™):=
Na>1P(S?), with the inclusion relation P(S™) C --- C
P(SY) c P(ST ) c---c P(SY).

Let us define the Gegenbauer polynomials Cf,;') through

the intrinsic relation (see Dai and Xu 2013; Atkinson and
Han 2012)

(1=20r 477" =3 P, |ri<l, xe[-1,1],
n=0
(2.1)
where A > 0. For A =0, (2.1) has to be replaced by
1 —xr o
r" <1 -1,1
1-2xr+12 ZC o Irl<t xel=11],

where it is known that C\” (x) = cos(narccos x). For
A > 0, it is true that
nl(n+24)21-%
2(2)(n+ 2)n!
(2.2)

m,ns

1
[ =y e e =
-1

with J,,, denoting the Kronecker delta. When 1 =0,
Eq. (2.2) simplifies to

/1 a _xz)—l/ZCr(lo)(x)C’S?)(x) dr — { (7/2)0mn

1 ném,n

if n>0
if n=0,

which is equivalent to the classical orthogonality relations
of the family cos(nx),n =0, 1,... (Berg and Porcu 2017).
It is important to note that CS,A)(I) = (24),/n!, with (a),
denoting the Pochammer symbol. Another important fact is
that |CS” (x)| < ¢ (1), for x € [~1, 1.

We now follow Berg and Porcu (2017) to illustrate the
relation between Gegenbauer polynomials and spherical
harmonics. A spherical harmonic of degree n for S? is the
restriction to S¢ of a real-valued harmonic homogeneous
polynomial in R**! of degree n. Together with the zero

function, the spherical harmonics of degree n form a finite
dimensional vector space denoted H,(d). It is a subspace

of the space C(S?) of continuous functions on S¢. One has
N,(d) := dimH,(d) = %(2;1 +d—1),n>1, Ny(d) =1,
(see Atkinson and Han 2012).

Due to the fact that the spaces H,(d) are mutually
orthogonal subspaces of the Hilbert space L2(SY, wy),

which is in turn generated by them, we have that any F €
L*(S%, w,) has an orthogonal expansion of the type

), IIFIl; = Z 15413,

where the first series converges in Lz(Sd,a)d), and the
second series is Parseval’s equation. The orthogonal pro-
jection S, of F onto H,(d) is given by

F= an, Sy € Hal (2.3)

Gu(d, & - n)F(n)dwa(n).

|0)d|| /

Here we are consistent with Berg and Porcu (2017) when
using G, (d, x) for the normalized Gegenbauer polynomial,
being identically equal to 1 forx = 1 when A = (d — 1)/2,
ie., by

M ) gy

G (d.x) = €1 (x) /€Ll (1) =

I

€[-1,1].

All these ingredients sum up to Schoenberg’s theorem
(Schoenberg 1942).

Theorem 2.1 (Schoenberg 1942) A continuous function
¥ : [0,7] — R belongs to the class P(S?), d =1,2,..., if
and only if
= buaGu(d,cos0), ba>0, 0€0,m], (2.4)
n=0

for a uniquely determined probability mass sequence

(bna), o given by

l|a—1]|Na(d

bn,d -
[leoal|

/ ¥ (x)Gn(d, cos x)(sinx)* ' dx.

Some comments are in order. By analogy with what was
done in Daley and Porcu (2014), the coefficients b, 4 are
called d-Schoenberg coefficients and the sequence (b, q),
a d-Schoenberg sequence in Gneiting (2013). This stresses
the fact that such a sequence is also related to the dimen-
sion of the sphere S¢,
attained.

When d = 1, the representation in Eq. (2.4) reduces to

0) = mel cos(nb),
n=0

while for d = 2 the Gegenbauer polynomials simplify to
Legendre polynomials.

The class P(S*) consists of those continuous mappings
¥ : [0, 7] — R having expansion (see Schoenberg 1942)

= i by(cos 0)"
n=0

where positive definiteness is

b,1>0, 0¢€]0,n],

b, >0, 00, (2.5)
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where >, b, = 1. By defining G,(c0,x) := x", we can
see how the representation (2.5) is of the same form as
(2.4). A relation between the coefficients of Egs. (2.4) and
(2.5) can be found in a more general context in Berg et al.
(2018).

A wealth of examples and interesting results are pro-
vided in Gneiting (2013). Observe that Gneiting makes
explicit distinction between positive definite and strictly
positive definite functions on spheres, the latter being
attained when, in Eq. (2.4), the d-Schoenberg coefficients
are strictly positive for infinitely many even and odd
n when d >2 (Chen et al. 2003) and when d = 1, given
integers 0<j<n, there exist k>0 such that the d-
Schoenberg coefficient by are strictly positive (Mene-
gatto et al. 2006). Such a distinction is beyond the scope of
this paper.

There is an explicit connection between Gaussian ran-
dom fields and the class P(S?). Let Z = {Z(x) | x € S}
be a real-valued zero-mean Gaussian random field. By
Theorem 5.13 of Marinucci and Peccati (2011), Z admits a
stochastic expansion being the analogue of (2.3). Such a
representation is also called stochastic Peter-Weyl theorem
on the sphere.

By well known facts, any positive definite function is
the covariance function of a Gaussian random field. For the
remainder of the paper, we use equivalently both termi-
nologies, whenever no confusion can arise.

2.2 The dass P(S%,R)

We start by considering stationary covariance functions on
the real line. We call P(R) the class of continuous func-
tions @ : R — R with ¢(0) = 1 such that K(x, y) := ¢(x —
y) is positive definite on R. By Bochner’s theorem, such
functions are represented as the Fourier transforms of
probability measures u:

o= [ e

[o¢]

ueR.

The hypothesis that ¢ € L'(R) ensures that there exists a
nonnegative mapping ¢ € L'(R), such that

1 +o00 N
o IR0

- (2.6)

o(u) = uecR.
We finally call P(S?, R) the class of continuous mappings
W : [0, 7] x R with ¥(0,0) = 1 such that the function K :
S'%xS'xR— R defined K(x,y,u) ==
Y (0(x,y),u) is positive definite on S x R.

We also define P(S™,R) := Ny>P(S?,R), with the
inclusion relation P(S™,R) C --- ¢ P(S,R) c P(S*,
R)C---C P(S',R).

through
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A characterization of this class has become recently
available (see Berg and Porcu 2017): a continuous mapping

¢ :[0,7] x R — R belongs to the class P(S, R) if and
only if

¢(0,u) = ilmd(u)gn(d, cosl), (0,u)€[0,7] x R,

i
(=]

(2.7)

with {4,4(-)}ey C P(R) such that > 2 4,4(0) = 1.

Also, we have

Nu(d)]|wa1]]
[l

Ina(u) = / ¢ (x,1)Gy(d, cos x) sin(x)* " dx.

Berg and Porcu (2017) use the term Schoenberg function
sequence for (Z,a(-)) -

The class P(Sd,[R) has many applications to
applied problems (see, for example Porcu et al.
2016, 2017).

3 Nested models within the class P(S?)

We start by considering a simple strategy that allows
obtaining covariances on spheres S? as weighted sums of
basic covariances with potentially negative weights.
Specifically, let N be a positive integer and ,, for
k=1,2,...,N, acollection of elements of the class P(Sd).
Thus, for every k there exists an associated d-Schoenberg

sequence (bff;),fio, such that

3

Vi (0) =" bYGu(d,cos0), 0€0,7], bY)>0,

S

=
(=]

2

(3.1)

=
(=]

For a given system {c; : k = 1,2,...,N} of real constants,
we now consider the function C:[0,7n] — R defined
through

|
:7zckl//k(9)a 0¢e
K=

where x := Zivzl ¢r # 0 is a normalizing constant so that
C(0) = 1. We now seek the conditions on the constants ¢
such that C is still an element of P(S%). The answer is
trivial if the constants ¢, are restricted to be nonnegative.
But the fact that at least one of them might be extended to a
negative interval is what gives a motivation for a deep
study of the problem.

A direct inspection shows that C has Schoenberg coef-
ficients b, 4 given by

[0, ], (3.2)
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1N
bn,d = _chb,i_;’a
Ly

and Z:C:o b,qa = 1. Thus, the application of Theorem 2.1
shows that C is an element of the class P(S“) if and only if
the sequence (b, 4),, is nonnegative and summable.

Throughout the paper we assume k > (0. We show
below that at least one of the coefficients ¢, can be negative
while preserving the fact that C ¢ P(Sd). A technical
hypothesis is needed and we explicitly state it here for the
convenience of the reader:

Hypothesis H1 Let bﬁf}i be the coefficients defined

through Eq. (3.1). We suppose throughout that M >0 for

n,
allne”Z,.
Hypothesis H1 is indeed necessary to develop the rest of
our findings. In fact, we can now write

1w N—1 b(kg)g
byg = *bn‘,d) ch ("N) +cn
k=1 bn,d

, n€Z+

By assuming x > 0 (for k<0, see Remark 3.4 hereafter)
we obtain that b, ; >0, n € Z, if, and only if,

(k)
n,d
()
n.d

N—1
Ck
k=1

S

+ey>0, nez.. (3.3)

Sy

Next, inspired by Gregori et al. (2008), we define

p® p®
My, := sup L’d:nEZ+ my, := inf "’d:n€Z+
pM) pM

nd n,d
k=1,2,...,N—1.

(3.4)

Note that m; >0 and My > 0, for k =1,2,...,N — 1. The
following lemma will simplify the exposition of the results
following subsequently.

Lemma 3.1 Ler y, € P(SY), k=1,...,N, with associ-

ated d-Schoenberg coefficients b% and assume the

Hypothesis Hl. Let C : [0,7t] — R be the function defined
through Eq. (3.2) such that k¥ > 0. Then, the following
assertions hold true.

(i) If C e P(S?), then

N—1
en> =Y [Midyg >0y + midye <oy (3.5)
=1
) I
N—1
N — Z Ck [Mkl{ck<0} + mkl{ckzo}]» (3.6)

k=1

then C € P(SY).

Proof We give a constructive proof. Suppose C € P(S?),
then b, 4 > 0 for all n. From Eq. (3.3) we get

N-1
0 S ch
k=1

This is exactly (3.5).
Now we assume that (3.6) is true. We need to prove that
b,q >0 for all n. By Eq. (3.6),

b<k¢)1 N—1 N—1

n, < -

b(A;) + v < ; oMy + ; crmg + ¢y
M - -

>0 cr <0

bf,k N—1 b,(lf) N-1 b(k)

N—1 )

d n,d n,d
Z“W“NZ > iy chm
k=1 n,d k=1 n.d k=1 n,d

>0 <0

N-1

N—1
— E KMy — E Cmy,
k=1

k=1

<0 k>0

N—1 b(kz)i
= Ck —_ — ny
; ")

CkZO

Therefore, by (3.3), b, 4 >0 for all n. O

The special case N =2 allows for a complete charac-
terization of the problem.

32 Let y, €P(SY) with associated
(k)

d-Schoenberg coefficients b, 4, k =1,2. Suppose that

Hypothesis HI holds. Let c,cy € R such that ¢; + ¢, > 0.
Then,

Proposition

_ 1
_C1—|—C2

()

[Clwl(e) + CZWZ(H)]’ 0e [07 7'5]7

belongs to P(Sd) if, and only if,
> — [Mll{cl <0} + I’I’lll{c1 20}] . (37)
Proof Suppose that i € P(S?). By Eq. (3.3),
(1
b

n,d
2)’
bid

> —cC ne’z,.

We now note that all numbers bfl] 2 / bffa),, n € Z are non-

negative, which in turn implies that M, and m; are non-
negative. Previous inequality implies that

> — My,
> —cymy,

c1<0
6‘120
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This is exactly Eq. (3.7). The converse is shown through
straight application of Lemma 3.1.

An important case follows.

Corollary 3.3 Let y, € P(S?) with associated d-Schoen-
berg coefficients biff)z» k = 1,2. Suppose that Hypothesis HI
holds. Let p € R. Then,
C=py,+(1-p)¥,

belongs to P(S?) if. and only if,

(3.8)

- sy -
1 — max{1,M,} =pP= 1 —min{l,m}’ (39)

where the left side is —oo if the maximum is 1 and O if the
maximum is +00. The right side is +oo if the minimum is 1.

Proof We consider Proposition 3.2 with ¢; = p and
¢y =1 —p. Then

{p(l—Ml)Sl, p<0
p(1—-m)<1, p>0.
This is equivalent to (3.9). O

Remark 3.4 1If k<0, we can proceed in the same way as
before and then Eqgs. (3.5)—(3.7) become, respectively,

N—1

ey S — Z Ck [Mkl{ckg()} + mkl{ck > 0}]7
k=1

N—1

cy<S — Z ik [Midie, > 0p + midie, <0y,
k=1

< —c [Mll{cl >0y +mily, goﬂ-

Note that under the hypotheses
ci+c=1>0,forall peR.

of Corollary 3.3,

4 Product-sum models with potentially
negative weights within the class P(S?, R)

4.1 A product-sum model

Product—sum models have been first proposed by De Iaco
and coauthors (see De Iaco et al. 2001). We start this section
by recalling that the class ’P(Sd, R) is a convex cone, being
closed under the topology of pointwise convergence. This
implies that, for given y € P(S“) and ¢ € P(R), the func-
tion  (0,u)—¢(0,u) =yY(O)o(u), (0,u) € 0,7 xR,
belongs to the class ’P(Sd, R). In virtue of Theorem 3.3 in
Berg and Porcu (2017), this in turn implies that the model

@ Springer

o(0,u) = i Jn,a(1)Gn(d, cos 0),

n=1

)un,d c P(R) ,

has d-Schoenberg functions 4,4 given by
in,d(u) = bn,d@(“)v

with b, 4 being the d-Schoenberg coefficients of i as in
(2.4).

This remark opens for a simple modeling strategy that
we will illustrate now. Consider a finite dimensional col-
lection of functions ¢, € P(R), k =1,2,...,N such that,
for all k, ¢, € Li(R). This implies that each ¢, can be
uniquely written as in (2.6), with @, being the Fourier pair
of ¢g. In particular, we have @,(w)>0, for w € R and
0 € Li1(R) because of Parseval’s identity.

Now, let ¢; € R and , € P(S?), k=1,2...,N. Con-
sider the function C : [0, 7] x R — R defined by

N

COu) =3 ey (0)yu).

k=1

uecR,

(0,u) € [0,7] x R.

(4.1)
Apparently, C has d-Schoenberg functions given by

1 N
/In,d(u) = ;chbff‘)iqok(u), ne ZJM ue Rv
k=1

and of course we have that Y -~ 4,4(0)<oco and
Jna € L1(R). Now, note that

1 N 1 N o
Inal) = 2> eib4onw) = > aby / ¢ Gy (w)dw

=1 k=1
o0 , 1 N (k)A

:/ o ;chbmdgok(w) dw, neZ,, ueR,
—00 =1

that is,

~ 1 & N
Ina(w) = ;chbgﬂpk(w), w e R.
=1

Since bff[),@k(w) >0, for all n, k, w, we have to find con-

ditions on the scalars ¢, so that
Ina(w) >0, weR,

in order to guarantee that C belongs to the class 73(8‘17 R).
A technical hypothesis is again needed to ensure that we
can go further with our findings.

Hypothesis H2 Let ¢, be the Fourier pair of ¢, as in
Eq. (2.6). We suppose throughout that ¢y(w) > 0, for all
we R.
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If Hypotheses H1 and H2 hold, then we can write

- (k
~ 1wy~ ISP bn()z‘/’k( )
Ind(W) = =b, i Py(w) ZLk(M—+LN , neZ,, weR.
K k=1 bn,d(PN(W)

Since k > 0 (see Remark 4.4 hereafter for x<0), then
Tna(W) >0, n € Z,, w € R, if, and only if,

N—1

2w
—1

Now, defining

i, = sup{ Pi(w)
(PN(W)
k=1,2,..

b() w
ndﬁ”k( ) Yoy >0,

bn d @N(W

neZ,, weR. (4.2)

e in ?r(w) W
= f{aNM

:WEIR},

LN—1,

cr),

we obtain the following.

Lemma 4.1 Let C as defined at (4.1) with k >0 and
assume the Hypotheses HI and H2. Then the following
assertions hold true.

(i) If CeP(S"R), then
N—1 N
CNZ = ) Gk [MkMkl{ckzo} + mk%1{5k<0}} .
k=1
(4.3)
G If
N-1 .
CNZ = ) Gk [MkMkl{ck<0} + mk"Tkl{ckzo}} )
k=1
(4.4)

then C € P(S*, R).

Proof 1f C € P(SY,R), then E,Ld(w) >0 for all n and

w. By (4.2)
B (w) N-1 .
Z = + ey < Z kM My
k= (P W k=1
>0
N-1
+ Z Crmmy + c.
cf:<]0

This is exactly (4.3).

If (4.4) holds, we need prove that I,,_,d(w) >0 for all
n and w € R. By (4.4),

N-1 pb s N-1 (k) ~ N-1 (k) ~
Pk (W) bnd‘l’k(w) bndq’k( w)
O P Zciw Y
k=1 bnd‘/’N( w) “o b, ‘/’N( ) Ao b, 4 Pn(w)
Ck k
- __ N-1
- Z MM — z Crmmymy,
c':;O (:kaZIO
N—1 pO 5 (w N—1 p0 5 (w
= Z Ck —nmymy | + Ck n’d?k( ) —MM; | >0
(N) (N)
k=1 bn d N W k=1 bn d N(w)
>0 ’ <0 !

for all n€Z, and we R. By Eq. (4.2), Z,a(w)>0,
neZ.,weR. O

For the special case N =2 we attain the following
characterization.

Proposition 4.2 Let 1, € P(S?) with associated
d-Schoenberg coefficients bl(f; and ¢ € P(R), k=1,2.
Let ci,co € R such that ¢y +cy > 0. Suppose that
Hypothesis HI and H2 hold. Then,

ety 91 + c2rr 0]

- c1+ e
belongs to P(S*, R) if and only if
2> — ¢ [MiM i1y, <oy +miii1y, >0y (4.5)
Proof Suppose that C € P(S*,
bfif)za’l(w)
bfﬁzﬁoz(W) ,

R). By Eq. (4.2),

> —cC neZ,, weR.
Since all numbers b} /b7, n € Z, G, (w)/B(w), w € R,
and M, M 1,my, m; are nonnegative, in particular, the
previous inequality implies
> — oMMy,
cy> —cymymy,

c1 <0
0120.

is obtained from
O

This is Eq. (4.5). The converse

Lemma 4.1.

An immediate consequence is:

Corollary 4.3 Let , € P(S?) with associated d-Schoen-

berg coefficients b,(f[), and ¢, € P(R), k =1,2. Suppose

that Hypothesis HI and H2 hold. Let p € R. Then,

C=pYi01+ (1= p)Yr0, (4.6)
belongs to P(S*,R) if and only if

! <p< ! 4.7
l—max{l,Mllr/[l} T l_rnin{la”llﬁll}7 ( . )

where the left side is —oo if the maximum is 1 and O if the
maximum is +00. The right side is +oc if the minimum is 1.
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Remark 4.4 1f k<0, we can proceed in the same way as
before and then Eqgs. (4.3)-(4.5) become, respectively,

=

Ck [Mquk L <oy +mem 1y, 0}} ;

2
I

|
v

=

—1

- ) {Mkml{ck >0} +mk’/7\121{ck§0}:|a
1

IN

CN

~
Il

2 < — o1 [MiM 1y, = o) +mying Ly, <oy

4.2 A general formulation within the class
P(SYR)

This section faces the most general and tricky case within the
class 73(8‘1, R). Examples of functions in this class can be
found in Porcu et al. (2017). We consider a collection
{Yp:k=1,...,N} C P(S’ R), and constants c; € R, for
k=1,2,...,N. Consider the function C:[0,n] x R — C
defined by

N

C0,u) = %Z (0, u),

k=1

(0,u) € [0,7] x R.  (4.8)

Using (2.7) we get that C has d-Schoenberg functions given by
IS~ 50
= —Z ity (1),
e A

where >, 2,4(0)<oc and 4,4 € Li(R). For this, note
that, since

1 & x
) - c mw
e sz/
N
ch)»nd dw, neZ,, ucR,
=

1

neZy, uclk,

w(l
K

\
8 3
/\

we have

)vnd E ck/“nd ,

Thus, we have to find conditions on the scalars ¢, so that

neZ,y, weR.

E,lyd(w) >0, weR, ne”Z,.

The following additional hypothesis is needed subsequently.
Hypothesis H3. Let C as in (4.8), where j, € P(S?, R),
~(k
forall k=1,2,....N. Let /1,(110), be the Fourier pair of the
coefficients igf}i associated with C. We suppose throughout

~(N
that iid)(w) >0, forallwe Randn e 7Z,.
If Hypothesis H3 holds, then we have

@ Springer

~ N- 2W
Jna(W fi,,d Z +cen|l, weR, neZ,.
k=1 W)

Since k > 0 (see Remark 4.8 hereafter for kx <0), we have

that EM,(.) is nonnegative if, and only if,

k
8 ii<w>
ch +cecv>0, weR, neZ,.
k=1 nd(w)
Let n € Z, fixed and define
~(k)
/ln,d(w)
Mn’kZ:SUp WWER s
/“n,d (W)
(k)
. /“nAd(W)
My := inf W:WE Ry k=1,2,...N—1
/ln,d (W)

Note that m,,; >0 and M, >0, for k=1,2,...,N — 1.
Defining

My = sup{Mmk 'n € Z+},
k=1,2,...N—1,

my = inf{mmk ‘n e Z+},

similarly to the previous cases we have the following lemma.

Lemma 4.5 Let C as defined at (4.8) with k >0 and
assume Hypothesis H3. Then the following assertions hold
true.

(i) If C e P(S"R), then
N—-1

N> =Y [Midy s op + il <oy
k=1

Table 1 Bounds m; and M associated with p in Eq. (3.9)

Parameters my M,

Here, both i, and y, belong to the Multiquadric family as in (5.1).
w€E€Zipr €(0,1)and o >0, k=1,2

. (ﬁ)z(l -p1)'I(w)  +o©

P1>p2 02) (1—=p2)°T(1y)

11 <17 0 (ﬂ)z(l —p1)"I(12)
p1I<p2 o2) (1 =p2)°T(1)

Same setting but considering Eq. (5.2) for both ¥, and ,. Here,
or€(0,1)and oy, >0, k=1,2

5] >52 o 2 1_51 d-1 —+00
() (=3
51 <, 0 e\ /1 —5\*"
() (=)
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Table 2 Bounds m; and M; associated with p in Eq. (3.9). Here
o € (0,2), ox >0, k=1,2. Both ¥, and ¥, in (3.8) belong to the
Sine Power family as in (5.3)

Parameters my M,
oy > 0 0 o (o1 2
=)
o <o oy (o1 2 +oo
2 (2)

Table 3 Bounds m; and M; associated with p in Eq. (3.9). Here
ar >0, k=1,2,y, is the Multiquadric as in (5.1) and ¥, is the Sine
Power as in (5.3)

Parameters m M,

pre (07%)’ “ € (0,2) 0 max —\/5(2)2(1 -

T1 €Z+\{0} %) F(rl)

a
ny > max{rl,‘]"fz;f} o nl"(rl +n) (n+1)
Hmzo(szaz)

X(zpl)n:n:0717"'7”0 }

0‘2:Pl€(07%) 0 (Jl)zl—pl
02(—) —=

7 =1 g2 P1

n=p € (3,3 0 8\/5(2)21_17'

=1 ) 2—pi

4p -2

aIf py € (0,1), then max{rl,m} =1

Fig. 1 Nested Multiquadric
covariance functions with the
above specified parameters (a,
b) and p calculated with the
minimum allowed value in

Eq. (3.9), and realizations of
Gaussian random fields with
such covariance functions (¢, d)

C®)

1
0.8
06
04
02

3061
) If
N—1 o
CNZ — Z ck [Midie, <oy + e, > 03],
k=1

then C € P(S, R).
For the particular case N =2 we have the following

characterization.

Proposition 4.6 Let \, € P(SY, R) such that Hypothesis
H3 is satisfied, for k=1,2. Let ci;,co € R with
c1+ ¢ > 0. Then,

C= [c1yhy + o]

(i )
belongs to P(Sd, R) if, and only if,
2> — ey [Mi1y, <o + 1y, >0y

Corollary 4.7 Let y, € P(Sd, R) such that Hypothesis H3
is satisfied, for k = 1,2. Let p € R. Then,

C=py;+(1-ph

belongs to P(S?,R) if, and only if,

- <p< - —,
1 — max{1,M,} =P=7 — min{1, 1, }

where the left side is —oo if the maximum is 1 and O if the
maximum is +00. The right side is +oc if the minimum is 1.

c®)

-0.2

o

0.5 1 1.5

(@ p1 =05 p2 =02 7 =2

n=1;01=1;09=1

- 2
1
05
n
-0.5
(c)

2 2.5 3 0 0.5 1

(b) 6, =0.5; 62 = 0.2;
g9 = 1
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Table 4 Bounds m;m; and

Parameters Myg, Mg, MG, G,

MMthtleGl-Gz

M1]l71 1 associated with p in

Eq. (4.7) Both ¥, and y, are Multiquadric functions as in (5.1) and both ¢, ¢, are Gauss functions as in (5.4). Here
Mg € Z+, Pug, € (0,1), 0, € Ry and opg,, 06, >0, k=1,2
Mg = TMgs 0 oo
DPmg; = PMg,
oG, <0G,
gy = T (%)20 —puaa)" T (wge) oo
PMg, > PMg, omgy) (1= Pag,)™ T (Turg, )
G, = oG, o6, \* (06,
(o) ()
Mg < TMg 0 <M> 2(1 = putg )™ T (turgy) %
PMg <Py oug) (1= Pgy) ™ T (Thagy)
oG, <0G, o6, \* (6, 12
(ee) (o)
Mg < TMg 0 +o0
DPmg; <PMq,
oG, 2 0G,

Both ¥, and y, are Multiquadric functions as in (5.2) and both ¢, ¢, are Gauss functions as in (5.4). Here

6M11k € (07 ]), and OMg, 0G, > 0, k

6MQ1 > (3qu 0

oG, <0G,

Omgy > Omg, oua \ (1
(ae) (=

oG, > oG, oG, 2 oG,
(o) G

5Mq1 <5qu 0

oG, <OCGZ

(5M111 <5qu 0

oG, = oG,

(SMql

=1,2
+00
da-1 +oo
5qu>

)1/2

Mg 1- OMq,

) (=)

)

(
g

1- 5M¢h

)1/2

OMg,

aG, oG,

0G, oG,

Remark 4.8 1If k <0, then the equations in Lemma 4.5 and
Proposition 4.6 become, respectively,

N—1

v < — Z ik [Midye, <oy + mudye, > 0y,
k=1
N—-1 .

en< =Y a[Mdy, s oy + il <oy,

02 < — e [Mily, = oy + it 1, <oy
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5 Examples

In this section we give classes of the functions that belong
to P(S), P(S™) or P(R) so that the functions in (3.8) and
(4.6) are respectively spatial and space-time covariance
functions. We consider some of the most widely used
models on spheres for which an explicit expression of the
Schoenberg coefficients is available. We also provide the
supremum and infimum necessary so that the range of the
parameter p in (3.9) and (4.7) becomes well determined.
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Table 5 Bounds m;m; and M11\711 associated with p in Eq. (4.7). Here
asp, € (0,2), ag, € Ry and osp,, 06, > 0, k = 1,2. Both ; and ¥,
are Sine Power functions as in (5.3) and both ¢, ¢, are Gauss
functions as in (5.4)

Table 6 Bounds m;m; and M11\711 associated with p in Eq. (4.7). Here
Omq, Osp, 0G, > 0and ag, € Ry, k = 1,2,y is Multiquadric function
as in (5.1), ¥, is a Sine Power function as (5.3) and ¢, ¢, are Gauss
functions as in (5.4)

Parameters msp, sp,MG, .G, MSP,A,SPZMG.#GZ Parameters Mg, SPMG, G, M/\,qugpIWGhG2
) 2 2 1/2
sy > Asp, 0 dspy (Ospy 0.1 0 AN AR
X Pmg € ) Chg,sp
oG, <0G, osp, \Osp, 06, %G,
N2 [\ /2 asp € (0,2)
Gy %G,
X|— — g € Z4 \ {0}
<002> (0‘0.) !
4ppg—2
ny > max{rM,,7 17M2/m }
osp, > 0sp, 0 +00 !
%G, 2 %G, oG, <OC(;2
osp, <dsp, 0 “+0oo | 0 n
o0
oG, <G, Pmg € (05),
dsp, <0sp, asp, (Osp, )\’ +00 asp € (0,2)
—L =] x
oG, 2 G, osp, \OSP, TMq c Z+ \ {0}

2 1/2
(5e) Go)
>< _ p—
ng OCGl

5.1 Examples from P(S) and P(S™)

This section illustrates some examples from Corollary 3.3,
that is, C(0) = pyr,(0) + (1 — p)y,(0). Thus, necessary
ingredients are:

1. Parametric classes within the classes P(Sd) and
P(S™) for y, and v,.
2. Computation of M| and m,; as in Corollary 3.3.

In particular, we consider the following parametric
classes (Tables 1-3):

e Multiquadric functions:
Let pi,p2 € (0,1), 11,72 be positive integers and
01, 0, positive real numbers. The functions
1 —pe *
0)=0;| ———— 0<0<m, k=12
lpk( ) Gk<1—pk0080) 9 svsm, ) &y
(5.1)

belong to the class P(S*) and their coefficients in the
expansion are given by (Arafat et al. 2018)

tn—1Y\ , .
=0 =t (M - o,

n=01,..., k=1,2.
e Multiquadric functions and P(S*):
Let d>2. A reparameterization of (5.1) with
pr = 20;/(1 —l—(S%), with d; € (0,1), for k = 1,2, pro-
vides us the functions

4pmg—2
ny > max{qu7 125

uG, > oG,

2 0 21—
osp = Pmyq (S (0,5) 2ﬂ<%> M

osp Pmyq

Tyg = 1 2 1/2
q « O'Gl OCGZ /
06, <0G, 0G, oG,

2 0 +00
Osp = Pmg € 075
Mg = 1
oG, = oG,
21 0 21 =
Usp = Pmg € (5’5) 8v2 <%> T~ Pyg
osp) 2 —Dpmg
Ty =1 o6, 2 %, 1/2
oG, <og, “\oa, ) \ag,
21 0 400
osp = Pmg € 55
T™Mq = 1
uG, > oG,
Crtgsp = maxyeqo, nu){ﬂ/f(:’:t)“(l 1:([;::; Ma H{E:g':jllp) (n+ l)(21)Mq)r,}
(1 — 6™

Y (0) = ‘7/%

k=1,2.

0<0<m

)

(1+0; — 25, cos0)™*’
(5.2)

If 7, = (d — 1)/2, then , belongs to the class P(S?),
and its d-Schoenberg coefficients are given by (see
Equation (4.31) of Mgller et al. 2018)
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Fig. 2 Nested multiquadric
coupled with Gauss covariance
function with the above
specified parameters (a) and p
calculated with the minimum
allowed value in Eq. (4.7), and
realization of a Gaussian
random field with such a
covariance function at two time
instants: bt =0 and ¢ t = 0.3

(b)

afd+n—=2Y\
b= —a (T an

e Sine Power functions:
Let oy,00 € (0,2) and oy, 0, be positive real num-
bers. Then the functions
0\ *
Y (0) = a1 {1 — (mi) } 0<0<2m k=1,2,
(5.3)

belong to the class P(S™), and their Schoenberg
coefficients are given by (Soubeyrand et al. 2008;
Gneiting 2013)

2 1 L Ok
po) — _ %% b (m__)’
" V2 (n+1)! rg) 2
n=0,1,..., k=1,2.
In the above cases, the supremum M, and the infimum m,;

required in Corollary 3.3 can be found by simple
techniques.
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As an illustration, Fig. 1 displays two nested Multi-
quadratic covariance functions corresponding to Table 1 and
realizations of Gaussian random fields with such covariance
functions. The covariance reaches a minimum less than
—0.141 in the first case and —0.222 in the second case.

5.2 Examples from the classes P(S?, R)
and P(S™,R)

Let ag, € Ry and oG, > 0, k = 1,2. It is known that Gauss
functions given by

(5.4)

PG, (u) = Gék exp(_aGk|u|2)7 k=12,

belong to the class P(R). The supremum and infimum,
M 1,my, needed in Proposition 4.2 and Corollary 4.3 are
available in Table 1 in Gregori et al. (2008).

Using Table 1 in Gregori et al. (2008) and the tables of
the previous subsection, we obtain Tables 4, 5 and 6.

Here all parameters are subscripted in each case with the
initial of the used function (Mq for Multiquadric, SP for
Sine Power, G for Gauss).
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As an illustration, Fig. 2 displays a nested Multiquadric
coupled with Gauss covariance function corresponding to
Table 4 and a realization of a Gaussian random field with
such a covariance function. The covariance reaches a
minimum less than —0.079.

6 Discussion

We have provided simple strategies that allow obtaining
admissible nested covariance models with (some) negative
coefficients. Our findings enrich the classes of covariance
functions on spheres as well as spheres cross time. In par-
ticular, our model allow for potential negative correlations at
large distances over the sphere representing planet Earth.

A subsequent step in our research will be to consider a
more general class of processes over spheres, called axially
symmetric in Jones (1963). Such a class is more suit-
able for modeling climate processes, that are notoriously
stationary with respect to longitude, but nonstationary with
respect to latitude.

Another important research for the future will be to
consider the regularity properties of Gaussian fields with
admissible nested covariance functions. This would imply
to emulate the tours de force in Lang and Schwab (2015)
and in Clarke et al. (2018).
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