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1. Introduction

In this paper, we study the existence and nonexistence of solutions to the following
nonlinear differential equations

~MF (W) +V(2z)u=f(u) nR, u>0 inR, | l‘im u(z) = 0. (1.1)
) xr|—0o0
Here V and f are given functions, 0 < A < A < oo constants and Mf\t A(s) the Pucci
operators defined by

As ifs>0 As ifs>0
+ — =Y, - — =
Mials) = { As if 5 <0, aals) = { As if s <0,

We remark that when A = A, one has MfA(u”) =",

One of motivations to study equations like (1.1) is to see to what extent the properties
and the results in the semilinear case can be generalized to the fully nonlinear case. When
A=A, (1.1) is well studied and it is proved that (1.1) has a solution for various V' (z)
and f(s) by critical point theory. Here we refer to [11,12] and references therein.

On the other hand, when A # A, (1.1) is not studied well. In [7], instead of (1.1), the
authors study the existence of positive radial solutions of

— M5\ (D*u) + yu= f(u) in Br(0) CRY, u=0 on dBg(0) (1.2)
as well as
—Mf’A(D2u) +u=u" in RV

Here N > 3,0 < ~vand 1 < p < pf where pf are critical exponents for /\/lf)A (see also [1,
3,5,6]). Recently, in [9], the authors show the existence of infinitely many radial solutions
of (1.2) when v = 0 and f(s) = |s|[P~!s. Moreover, in [9], the inhomogeneous case is also
considered and the existence of infinitely many solutions is shown on a bounded annulus.

In this paper, we aim to treat the inhomogeneous equation on the unbounded do-
main R. We emphasis that in general the existence of solutions to (1.1) is delicate when
the equation is inhomogeneous and the domain is unbounded. Indeed, we shall prove the
nonexistence result when V(z) is monotone. See Theorem 1.2 below.

We first deal with the existence result. For V(z), we assume

(V1) Ve Wh**(R) and 0 < infg V =: 4.
(V2) For a.a. z € (—00,0) and a.a. y € (0,00), V'(z) <0< V'(y).
(V3) V(0) < Vi :=limy|00 V() and there exist Co, &y > 0 such that

(for M} ,) (0 <)Vao — V(2) < Coexp (4,/‘% +§0|x|> for all z € R,
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(for My ,) (0 <)V — V(z) < Coexp (—2 V% +§0|x> for all x € R.

Next, for f(s), we suppose the following conditions and an example of f(s) is f(s) =
¥ ;P where 0 < a; and 1 < p;:

(f1) f € CY(R) and f(s) =0 for all s < 0.
(f2) There exists an 19 > 0 such that lims_, s~ f(s) = 0.
(f3) As s — oo,

f(s)

—~> — o0 and

s 7(s) = f(0) in Cioe((0,1]).

(f4) s+ s71f(s):(0,00) — R is strictly increasing.

Remark 1.1. (i) In (3), it follows that f € C((0,1]), f(1) = 1 and f(#) > 0 for 6 € (0, 1].
For example, when f(s) = sP and f(s) = slogs, one sees f(0) = 67 and f(0) = 6
respectively.

(ii) When A = A, condition (f4) is used to obtain bounded Palais—Smale sequences.
The classical condition to obtain bounded Palais—Smale sequences is the Ambrosetti—
Rabinowitz condition: 0 < pF(s) < f(s)s for some p > 2 and all s > 0 where
F(s) := [y f(t)dt. We remark that (f1)~(f4) do not imply this condition. In fact, consider
a function defined by

f(s) =mn(s)s” + (1 —n(s))Cslog s

where 1 < p, n € C*°([0,00),R), 7'(s) < 0 for every s € [0,00), n(s) =1if 0 < s <2,
n(s) = 0if 3 < s and C > 0 is chosen so that C'logs > sP~! in [2,3]. It is easily seen
that f satisfies (f1)—(f4) with f(#) = 6 and that F'(s) has the growth s%log(s) as s — oo,
providing the required counterexample.

Under these conditions, we have
Theorem 1.1. Under (V1)—(V3) and (f1)—(f4), (1.1) have a solution.

Next, we turn to the nonexistence result. In this case, we assume that V(z) is mono-
tone:

(V2) V'(z) > 0in R and

<

= lim V(z) < lim V() =V.

r—r—00 T— 00

Then we have
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Theorem 1.2. Let 0 < A < A < 0o and assume (V1), (V2'), (f1), (f4) and

lim @

s—0 8

= 0. (1.3)
Then (1.1) have no solution.
Remark 1.2. Theorem 1.2 still holds when we replace (V2’) by

V'(z) <0 inR, V= lim > lim V(z)=V.
r—r—00 Tr—r 00

Here we make some comments on the proofs of Theorems 1.1 and 1.2. First, even
though equation (1.1) can be transformed into an equation with variational structure
(pointed by Professor Evans), we prefer to use degree theoretic arguments in view of
future applications. For Theorem 1.1, we borrow the idea in [4] (cf. [7]). More precisely,
we will find a suitable function space X which is a Banach space, and rewrite (1.1) into
the equations (id — £%)(u) = 0 where £*(u) := (—MiA + V()"  f(u(z)) for u € X.
To find a solution u # 0, we use the Leray—Schauder degree degy in X and prove that

i) There exists an ro > 0 such that degy (id — £L*, B,,,(0),0) =
ii) There exists an r; > 7o such that degy (id — £* BTI( ),0) =

From i) and ii), we have degy (id — £*, A, ,,0) # 0 and find a ug € A,,,, so that
(id — £*)(up) = 0 where A, ,, = {u € X | ro < ||ul]x < r1}. One of difficulties here
is to find a suitable X in order that we can prove the property ii) as well as the map
L* : X — X is compact. A key for proving ii) is a priori estimates of solutions in X.
Since we treat the unbounded domain, we need the uniform decay estimates of solutions
as well as the uniform L°°-bounds. This point is different from the bounded domain case
and requires delicate arguments. For instance, see Proposition 2.9 below.

We also point out that the argument of Proposition 2.9 is useful to show the nonexis-
tence result namely, Theorem 1.2. Indeed, this case is simpler than Proposition 2.9 and
we will prove Theorem 1.2 in section 3.

In Appendix A, we consider (1.1) in the special case when V(z) = const. > 0. In this
case, we can prove the unique existence of solutions up to translations. See Proposition 2.1
and Appendix A.

Finally, we would like to make some comments about the higher dimensional version
of our problem, that is, the existence and nonexistence of positive solutions to equation

_M?\E,A(DZU) +V(@)u=f(u) inRY, u@)—0 as|z|— oo

In the general case this problem may be quite challenging because of the non-divergence
form and non-differentiability of the differential operator. In the radial case, the problem
may still be hard because of the presence of the singular and non-homogeneous term
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(N —1)u/(r)/r, which comes from D?u. In one-dimensional case, we exploit the fact that
any function in Sti has only one maximum point in R (see Lemma 2.6 for the definition of
Sti and Lemma 2.7 for the monotonicity property). From here we determine the number
of changes of concavity of functions in Sti, which is needed for the estimation of energy
FE,, and to complete the arguments. In the radial case, these monotonicity and concavity
properties may become quite subtle due to the presence of the singular term. In the case
of V(r) = constant > 0 we refer to [8], where some of these properties are explored in
the study of uniqueness of positive solutions. It would be interesting to see whether an
ODE approach as in [8] works well in the higher-dimensional case.

2. Proof of Theorem 1.1

Throughout this section, we always assume (f1)—(f4) and (V1)—(V3). We begin with
the existence result when V(z) = const. > 0.

Proposition 2.1. Under (f1)—(f4), the equations

— M W)+ Voou=f(u) inR, u>0inR,
’ 2.1)

u(z) = 0 as |z| = oo, u(0) = max u(x)
ES

and

~ M (W) +Vou=f(u) inR, u>0inR,

u(z) = 0 as |z| = 00, u(0) = max u(z) (22)

have unique solutions w, and w_. Furthermore, there exist z* > 0, ¢; > 0 and ¢y > 0
such that
Wi(z) <0=uwl(zF) <wi(y) forevery z,y € R with |z| < 2% < |y],

wi(x) < ey exp(—calx|) for all z € R.
Finally, if u satisfies

~ M A (W) + Vagu= f(u) inR, u>0inR,
u(0) = max u, u(z) = 0if z = oo or x = —o0,
then u = w4 .

We shall prove Proposition 2.1 in Appendix A.
From now on, we may assume V(0) < V. in (V3) and V() is not a constant function
without loss of generality. Under this additional assumption, we fix an n; > 0 so that
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2 Y
m<@,Aﬁ@+%)<§, (2.3)

where Vp := infgr V > 0, and 79 > 0 and ¢y > 0 appear in (f2) and Proposition 2.1. We
set

Xy, = {v eCR ‘ v]|n, = sup emlelly(z)| < oo}
It is easy to check that (X, , | - ;) is a Banach space.
Lemma 2.2. For every v € X,,,, the equations

—MiA(u") +V(@u=f(v(z)) inR, weX,,
have unique solutions.

Proof. We prove the claim at the same time for MY , and M} ,. Let v € X,,. For each
n € N, consider

{ M3\ (") + V(z)u = f(v(z)) in (—n,n),
u(—n) =0=u(n).

Then the above equations have a unique solution u,, € C?([-n,n]) due to (V1). In fact,
since f(s) > 0 by (fl), (f2) and (f4), u = 0 is a subsolution of the above equation. In
addition, it is easily seen that the function c¢(n? — x2) with sufficiently large ¢ > 0 is a
supersolution. Thus, a solution u,, to the above equation exists and it is unique from the
standard argument.

Now, the maximum principle yields w,, > 0 in [—n,n]. Moreover, we have

| oo (=) < Vo I @)z (m

Indeed, let x, € (—n,n) be a maximum point of w,. It follows from the equation and
ull(zy) < 0 that

£ ()] Lo~ (r) - ”f(U)HL‘X’(R)'

”un”LOO(—n,n) = un(xn) < V(Cﬂn) =~ Vo (24)
Next we shall show that there exist C3 > 0 and dy > 1y such that
up () < Cze™ 7l for all z € R and n > 1. (2.5)

To this end, we first notice that (£2) yields

f(s) < Cyls|tT  for all |s| < [|v]| oo
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Hence, by the definition of || - ||,,,, we obtain
F(@)) < Calo(@)|"™ < CaffullymemHHmImirl < Ggem(rmomish - (2.6)

for all x € R.. Recalling (2.3), fix an Ry > 0 so that

—An? (1 + ’720) + Vo — CyemomFo/2 > % > 0. (2.7)
We only treat n with n > Ry and set
Mom 1 @l oy 2 pem G B m el R,

Vo ’
Noting (2.3), (2.6), (2.7) and
2
f=(1+%) mwoz0, M=,
we get the following: for all Ry < |z]| < n,

— M5\ (wf) + Vg — f(v)
> MTA(wO) +Vwy — Mf(v)

2
> {—A (1 + %) w7+ v} wo — MCge~(Hmo)mlal

{—A (1 + %)2 n+ V} e(1+3)mRo _ Cse—%m'w/?] Me= (473 )mlzl

> [_A (1 + %0) 77% +Vy— Cse—nomRoN] Me— (143 )mlzl
0

Since

for all my1,ms € R, we have
— M (W = up) + V(@) (wo — un) = 0
for each Ry < |z| < n. From (2.4) and the definitions of M and wy, we have

Un(£Ro) < M = wo(£Rp), 0=1un(£n) < wo(E£n).
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By the comparison principle, we get
un(x) <wp(z) for all Ry < |z| < n.
Thus, (2.5) holds with dg := (1 + 19/2)m1.

By the elliptic regularity, one sees that (u,) is bounded in 012oc
(tn,,) such that u,, — ug in C2_(R), where ug satisfies

(R), hence there exists
— M\ (ug) + V(x)ug = f(v(z)) in R.
Moreover, from (2.5), we obtain

up(x) < Cge %l in R.

Since §g > m1, up € X;;, and the existence of solutions is proved.
For the uniqueness, let ui,us € X,, be solutions of

M5 (W) 4 V(z)u = f(u(z)) in R
and set w(z) := ui(x) — uz(x). Then it follows from (2.8) that tw(x) satisfy
M\ (W) +V(z)u >0 inR.
Noting that w(z) — 0 as |z| — oo, combining with the above inequality, £w(x) do not
have any negative minimum on R. Hence, w = 0 and u; = us. Thus we complete the
proof. O
Definition 2.3. For v € X,),, we denote by £¥(v) the unique solutions of
—MiA(u") +V(z)u=f(v) in R, ueX,.
Thanks to Lemma 2.2, £* : X, — X, . Furthermore,

Lemma 2.4. The maps L* : X,, — X,,, are compact.

Proof. Let (v,) C X,;, be a bounded sequence and put u,, = L*(v,,). We first show that
(uy,) has a convergent subsequence in X, . Set

My = sup ||vg ||, -
n>1
Then we have

vp(z) < Mie~mll for all € R,
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and there exists an My > 0 such that

- @l

Jun |z < R < M, foralln>1
0

(see the beginning of proof of Lemma 2.2). Now as in (2.6) and (2.7), choose an Ry > 0
so large that, for |z| > Rz we have

fun(z)) < Cre=(Fmomlzl
and

2
—An} (1 + 772—0) + Vp — Cremomlal/2 > % > 0.
For R > R, set

wg(z) == Ms [e—(1+%1)m<\x\—Rz) + e(1+ﬂ£)m(|x|—R)]

where Mj := 1+ M. Since w}, = (1 + ”70)2 niwg > 0, as in the proof of Lemma 2.2, for
all Ry < |z| < R, we get

— M5 (W) + V(@) wr — f(vn)
2 _Mf\[,/\(w;%) + V(z)wr — M3 f(vy)
> {—A (1 + %)2 nt + V} M; [e—(1+%l>m<\xl—R2> 1 () m(el-R)

— M3Cqpe~(tmo)mlzl

2
> {_A (1 + %) o+ Vo - C7€_n0an2/2] Mye~ (045 )mlel

+ [_A (1 + %)2 n? + Vo} (1+B)m(jz|-R)
> 0= —M5 \(up) + V(@)un = f(vn).
Noting
0 <up(:R2) < My <wgr(+Rs) and 0 < wu,(£R) < My < wgr(+R),
the comparison principle gives

up(2) < wg(z) = Ms {e—(l-s-%ﬂ)m(m_}%?) + e(l"‘%")m(\ﬂ—R)} ,

for all Ry < |z| < R and n > 1. Letting R — oo, we obtain
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un(x) < Cge_(H%Q)’“lII forallz € R and n > 1.

Using this exponential decay and the equation, we observe that there exists Cy > 0 such
that

[unllzoe + [lunllze + llupllee < Gy for all n > 1.
Thus, there exists (un,) such that u,, — ug in CZ_(R), where uq satisfies
up(z) < Cge~ 1 F)mlzl for all 2 € R.
This implies that vy € X, and u,, — uo in X,,. Hence, (u,) is relatively compact

in X,,.

Finally, we prove the continuity of £*. If v,, — vo in X,,, then arguing as in the

(R) where ug

o

above, there exists a subsequence (u,, ) such that u,, — ug in X, NCZ,

satisfies
*Mf\E,A(Uf)/) +V(z)up = f(vo) in R.

By Lemma 2.2, ug is uniquely determined and does not depend on choices of subse-
quences. Therefore, it is easily seen that the whole sequence (u,,) converges to ug in X,
and the maps £F are continuous. O

Using £*, the fact f(s) > 0 for every s € R and the strong maximum principle, we
notice that u € X,,, is a solution of (1.1) if and only if u = £*(u) with u # 0.
following the idea in [4]

Next, in order to find a nontrivial fixed point of £* in Xos

(cf. [7]), we shall show that

i) There exists an 7o > 0 such that degy, (id — £*, B,,(0),0) = 1.
ii) There exists an r1 > ro such that degy, (id — L*,B,,(0),0) = 0.

Here degy, (id — L£*,0,0) stands for the degree of the map id — £* in X,,,. From i)
and ii), it follows that

id— L5 #0 ondA,,,, and degy, (id—L" Ay, ,0)=~1
where A, », = {u € X, |10 < ||ull, <ri}. Thus, if we can prove i) and ii) we can find
a solution of (1.1) in A,y .

First we show i), namely,

Lemma 2.5. There exists an ro > 0 such that degx, (id — £*, B,,(0),0) = 1.
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Proof. It suffices to prove that there exists an ro > 0 such that (id — BL*)(u) # 0 for
all u € 9B,,(0) and all § € [0,1] since the homotopy invariance gives

degy, (id — £*, B,,(0),0) = degx, (id, Br,(0),0) = 1.
We first notice that for 3 > 0, the equations u = SL* (u) are equivalent to
—/\/li,\(u”) +V(z)u=Bf(u) in R

foru € X,,. If u € X,;, \ {0} satisfies u = BL* (u) with B > 0, then the fact that f(s) >0
for all s € R yields u > 0 in R. Since u(z) — 0 as |z| — o0, let 9 € R be a maximum
point of u. As in the proof of Lemma 2.2, from S € [0,1] and f(s) > 0 for s > 0 due to
(f4), we get

Bf(u(xo))

u(zo)

0<V()§V(£L‘0)§ <

By (f2), we may find a §; > 0, which is independent of 5 and u, so that
o1 < u(@o) = [lullL= < Jlully,

for all u € X,;, \ {0} and 3 € (0,1] with u = BL*(u). Therefore, selecting an 7y € (0, 51),
we see that

(id = BL*)(u) # 0
for all v € 0B,,(0) and for all § € (0,1]. Thus the lemma holds. O
To show ii), we need some preparations. From (V3), we may select a kg > 0 so that
[—3k0,3k0] C [Voo =V > 0] :={z € R | Voo — V() > 0}. (2.9)
Next choose a pg € C5°(R) satisfying

po(—z) =po(x), 0<@o<1 iInR, ¢4(x)<0 in0,00),

(2.10)
(po(lﬁ) =1 if 0 <z S Ko, gﬁo(l’) =0 if 2/"»’0 S x.
Then we first prove
Lemma 2.6. There exists a t = t(f, Vo) > 0 such that
K2 -
0t < ull oo (= roumo]) < |ullx,, foreacht>t and wue S (2.11)

4A

where
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Sti={ueX, | - Mf)A(u”) +V(z)u = f(u) +tpo}.

Proof. By (f2) and (f3), there exists a ¢(f, Vo) > 0 such that

w (v )z v

0<s S

Choose a t = £(f, V) > 0 so that if t > £, then —c(f, Vi) +t > /2. For this £, we shall
prove that (2.11) holds.

Let t > ¢ and u € S;. Since ¢t > 0, we have u # 0. Thus u > 0 in R due to f(s) >0
in R and the strong maximum principle. Hence, (V3) yields

flw)

u

— M5 A (") = f(u) + oo — V()u = ( - V(x)) u+ teo

> (M - Voo> u+tpg > —c(f, Voo) +tpo in R.

B u
By the definition of ¢g, we see

— M5 A (W) > 5 in [k, ko),

t
2
which implies

t
u” S _ﬁ in [—Iio,l{o].

Integrating the inequality over [z,y] C [—Ko, ko], one has

o' (y) < u'(z) — %(y —x) for — ko <z <y < k. (2.12)

Now we divide our arguments into two cases:
Case 1. There exists an zg € [—ko, 0] such that u'(zg) < 0.
Case 2. v/ > 0 in [—kg,0].

In Case 1, we put © = ¢ and integrate (2.12) in y over [xq, ko] to obtain

u(ko) < ulwo) +u'(x0) (Ko — x0) — ﬁ(ﬁ;o — x0)2 < wu(xg) — ﬁ(/‘éo - x0)2.

Hence,

Y
I

t t
%]l Loo ([= ro,ro]) = w(T0) > u(ko) + H(ﬁo —z0)* > H(Ko — x0)?

Thus (2.11) holds.
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In Case 2, putting y = 0 in (2.12), it follows that

4
A% <u/(x) for every x € [—kyo,0].

Integrating this inequality over [—ko, 0], we obtain

2
K
ﬁt < U(O) - u(_HU) < U(O) < HUHL”([—HO,RO])'

Thus (2.11) holds and we complete the proof. O
Next, we shall prove some properties of elements in Sti.

Lemma 2.7. Let t > 0 and u € S\ {0}. Then either
(i) There exists an xo € R such that v'(y) <0 < u/(z) for allz < zo <y
or else
(ii) There are yo < 0 < 29 such that u'(yo) = 0 =u'(z0) and v'(z) # 0 if x # yo, 20-
In particular, every u € Sti \ {0} has only one mazimum point in R.

Proof. For u € S \ {0}, it suffices to prove the following claim:

Claim. If «/(zp) = 0 holds for some zo > 0, then u/(z) < 0 for every x > 2. Similarly, if
' (yo) = 0 holds for yo < 0, then u/(z) > 0 for all < yo. In particular, each u € S\ {0}
has at most one critical point in [0, co] (resp. (—oc, 0]).

We first remark that since u(—x) satisfies the same type of equation by (2.10) and
(V1)-(V3), it is enough to prove the first assertion. To this end, suppose that zo > 0
satisfies u'(z9) = 0 and set, for all x € R,

a(x) = ulzo +a]), V(z)=V(a+lz) and @o(x)=po(z0 + |z]).

Then, since u'(29) = 0 and 29 > 0, @ € CY(R) N C?*(R \ {0}), @(z) — 0 as |z| — oo.
Moreover i, V and @q are even and V'(x) > 0, gj(x) < 0 for a.a. x > 0 and

~ M\ (@") + V= f(i@) +t@o in R\ {0}.

Furthermore, by the differential equations and u € C%(R), we have @ € C?(R) and the
equation above is satisfied in R.

We shall prove Claim by the moving plane method. For A > 0, define x) = 2\ — z,
Ex={x€(0,00)| A <z} and

un(z) = a(ey) —a(z),  eal@) = Po(xr) = Po(x).

Since
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we have

Noting (2.8), |zx] < |z|, V(2x) < V() and @o(x) < go(xy) for all 2 € Xy, we have

— M A (W) + V(@)uy > f(a(x) = f(@(z)) in Xy,

Moreover, from

fa(zy)) = fa(z)) = [ f/(@(x) + Oux(z))dOus(z)

S—_ _

g)\(ﬂf)UA(l’),
we have
—M; A (u}) + (V(2) — ga(z))ua(z) >0 in 5.

Since @ > 0 in R, f/(0) = 0 by (f1) and @(z) — 0 as x — oo, it is not difficult to see
that the strong maximum principle implies that for all A sufficiently large,

uy >0 in Xy, w\(\)=-2a'(\)=—-2u(20+A) > 0. (2.13)
Next, set
A =inf{A>0Ju; >0 in Y5 forall \> A}

From the above observation, we have 0 < A\, < oo. In addition, notice that if uy > 0
in Xy, then

<My ( ) + (V(z) - g,\(x))+u>\(1:) in X,.

In particular, since uy, > 0 in Xy, the strong maximum principle yields either
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(i) uxn, >0in Xy, v} (M) >0
or else
(ii) Uy, = 0 in Z)\*.

Next we prove that if 4 > 0 and u, > 0 in 3, hold, then there exists an ¢, > 0 such
that uz > 0 in ¥ provided | — fi| < €. To see this, we remark that

Up — U, in C’lloc([u,oo)).

Since uy, () > 0 holds due to u, > 0 in X, and the strong maximum principle, for
sufficiently small €, we observe that | — fi| < ¢, implies uz > 0 in (i, R.) where R > 0
is chosen so that z > R, implies gz(z) < Vo/2.

From
_M;’A(u;{)—i—(V—Vo/?)uﬂZO in [Re,00), wus(z)—=0 asz— o0

and the strong maximum principle, u; cannot take a non-positive minimum. Hence
| — fi| < €, implies uz >0 in ¥z and uj (i) > 0.

By this claim we see that if uy, > 0in X, then A, = 0. Thus, A, = 0 holds provided
(i) occurs. Moreover, we also see from (2.13) that @'(x) < 0 for all z > 0.

On the other hand, let us consider the case A, > 0 and uy, =0 in ¥,,. In this case,
we notice that —2a’(X) = u) (A) > 0 for all A > A\, and @(2)\, —z) = @(x) for all x > A,.
Since @ (0) = 0, we have @/'(2\,) = 0, which is a contradiction. Hence, (ii) only occurs
when A, = 0 and it follows from (2.13) that @'(z) < 0 for all z > 0.

By the above observations, we obtain A, = 0 and @/(z) < 0 for all x > 0, which
implies «/(2) < 0 for all > zy. Thus we complete the proof. O

Lemma 2.8. There exists an Mgy > 0 such that
lul| Loe(m) < Mo for each u € St and t>0.

Proof. We argue by contradiction and suppose that there are (s,) C [0,00) and u,, € S
such that 7, := ||un|[f~®) — 00. Thanks to Lemma 2.7, let (x,,) C R be a unique
maximum point of (u,) and set

R G e R R Ca R

Vi(z) =V (a: + %x) .

Then v,, satisfies

vn(2) S 0a(0) =1, —ME, (ul]) + ﬁvm _/ }ZT:;) N f(S:n)% in R.
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Recalling Lemma 2.6, we have

2

K K2 -
ﬁsn - ﬁt < lun|lpe@m) = 7 for all n.

Hence, by (f3), s,/f(7n) — 0 as n — oco. Moreover, noting that f(s) is increasing in
[0,00) by (f4), it follows from v, (x) < 1 that

f(Tnvn) .
) <1 inR.

Noting v},(0) = 0 and 7,/ f(7,) — 0, we may extract a subsequence (still denoted by (n))
such that

0<

v —vg €CL(R), 0<vp<1 inR, vp(0)=1, v(0)=0.
Furthermore, by 0 < v, <1 and (f3), we have

% = f(vo) in Cioe([vo > 0]).

Since 0 € [vg > 0], let I be a component of [vg > 0] satisfying 0 € I. Then we have
v, —vg  in O (1), —MiA(v{J’) = f(v) inI.
When I = (—cg,¢1) and ¢; < oo, since v)(0) = 0, v9(0) = 1, f >0, f(1) =1 > 0 and

vo(c1) = 0, we observe that v{(c1) < 0, however, this contradicts 0 < vy < 1 in R.
On the other hand, if I = (—cg, 00), then by v{(0) = 0, vo(0) =1 and —Mf’A(v{)’) =

f(vo), we observe that vy must hit a zero at some xo > 0 with v}(zo) < 0, however this
contradicts 0 < vy < 1 again. Hence, Lemma 2.8 holds and we complete the proof. O

The next proposition is a key in order to prove degxn1 (id — £*, B,,(0),0) = 0 for
some 11 > 7.

Proposition 2.9. There exists an My > 0 such that
lullx, < M; foreach ue SE and t>0.

Assuming Proposition 2.9, we first prove Theorem 1.1. Before the proof, we remark
that for every t > 0 and v € X, the equations

—Mf’A(u”) +V(z)u= f(v) +tpy inR

have unique solutions in X, . Indeed, we may prove this claim in a similar way to the
proof of Lemma 2.2 thanks to ¢g € C§°(R). Thus, we denote by F*(t,v) these unique
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solutions. Furthermore, we may show that the maps (¢,v) — F£(¢,v) : [0,00) x X,), —
X

m are compact as in Lemma 2.4.

Now we prove Theorem 1.1.

2 ~
Proof of Theorem 1.1. Choose 1 := M7+ Z—xt—i—ro where M7, t and ry appear in Propo-
sition 2.9 and Lemmas 2.6 and 2.5. We first claim that

u— FE(t,u) #0 in B,, (2.14)

~ 2 _
where t; > { is chosen so that 2¢; > r1. Indeed, let u € B, satisfy u — F*(t;,u) = 0.
Noting u € S,?E1 and t; > t, Lemma 2.6 gives a contradiction:

Ko
12 flullx,, 2 [l @) = it >

Hence, (2.14) holds.
Since Proposition 2.9 and the choice of r1 imply

u—F*(t,u) #0 on dB,, foreveryt>0,
it is easily seen from (2.14) and the homotopy invariance of degree that
degx, (id = L*, B, (0),0) = 0.
Combining this with Lemma 2.5, we obtain
degx, (id—LF, Ay, ry,0) = —1
and solutions of (1.1) in A, ,. This completes the proof. O

Before proceeding to the proof of Proposition 2.9, we remark the following fact on the
function goo(s) := f(s) — Vaos, which will be used below.

Fact. There exists a unique s > 0 such that
Goo(8) <0 = goo(Sc0) < Goo(t) for all 0 < s < 500 < t. (2.15)

This fact follows from (f1)—(f4). In fact, for sufficiently small s > 0, by (f2), we get
Joo(8) < 0. On the other hand, (f3) yields goo(s) — o0 as s — oo, hence, there exists an
Seo > 0 80 that geo(See) = 0. Moreover, from

et =5 (12 v

S

and (f4), we see that (2.15) holds.
Now we prove Proposition 2.9.
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Proof of Proposition 2.9. We argue indirectly and suppose that there exists (s, un) €
[0,00) x Xy, such that u, € SE and |unllx,, — oo. Remark that u,, satisfies

_Mi/\(ux) +Vu, = f(un) + sppo  in R.

By Lemma 2.7, u, has only one maximum point and denote it by x,. Our first aim is
to show

(2,) is bounded. (2.16)
To prove (2.16), suppose that z,, — co. We may assume 3k < z,. Setting
V() = un(x + x,), Vp(z) :=V(x+2x,), on(®):=polx+ x,),
we see p, =0 1in [0,00) thanks to 3k¢ < ;. Furthermore, by Lemma 2.7, we have

~MEAW) + Vavn = f(v) + supn IR, 0,(0) = maxv, >0,
v (y) <0< (z) forx <0<y, Vi— Ve, Snpn—0 in Cue(R).
In the sequel, we divide our arguments into several steps.
Step 1. One has
vp — wy  strongly in CZ_(R) (2.17)
where wx are unique solutions of (2.1) and (2.2) (see Proposition 2.1).
We first notice that (v,) is bounded in L*°(R) due to Lemma 2.8. Combining with
Vi = Voo and spp, — 0 in Cloc(R), we may extract a subsequence (still denoted by

(n)) so that

Up = v in CIZOC(R)7 _Mi/\(vg) + Voovo = f(UO) in R,

vo(0) = maxvy, 0<wvy in R, vj(y) <0<vj(z) forx<0<y.
By v, (0) = maxg v, we have v//(0) < 0. Since v,(0) > 0 and ¢, =0 on [0,0), we get
F(0a(0) = =M 5 (v71(0)) + Vi (0 (0) = Vi (0)ua (0),

which implies
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By V,(0) — Vi, and (f2), we may find a §yp > 0 so that v,(0) > dp for all n. Thus
v(0) > dp and vp > 0 in R. Now from v{(y) < 0 in [0, 00), one has

Vo,00 = lim vo(y) > 0.

Y—>00

Since Mf\[A( 0) = goo(vp) in R, it follows from (2.15) that
either vg oo = 0 or vg,00 = Soo > 0.
If v9,.c = 0, then by Proposition 2.1, we have vy = w4 and Step 1 holds.

Now we assume vg oo = Soo- By v < 01in [0, 00) and (2.15), we have vy > s in [0, 00)
and

— M5 A () = goo(v0) >0 on [0, 00).
Moreover, if v9(0) > soo, then the strict inequality holds at « = 0. However, this contra-

dicts facts v((0) = 0 > v{(0), v{(x) <0 for z € [0,00) and vo(z) — Soo a8  — 00. Thus
we get vg = S0 in [0, 00).

Next, we put
B () = S @) + Flon()) — % for My,
Bo (@) = S0 (2) 4 Floa() = 202 for M.

We also put hy, () := Vi (2) — f(vn(x))/vn (). Recalling V,,(z) = V(z+2,) and z,, — o0,
we may assume that V;'(z) > 0 in (0,00). Notice also that vy, is strictly decreasing in
(0,00) by Lemma 2.7. Hence (f4) yields that h,(z) is strictly increasing in [0, c0). Since
v (0) < 0 and M)%A(v;{) = vphy, in [0,00), we see h,(0) < 0. Noting h,(r) = Voo > 0
as ¥ — 00, there exists a unique z:¥ > 0 such that h,(z;5) = 0. Therefore, one has

v (z) <0<v(y) for0<z <zt <y.
Moreover, taking a subsequence if necessary, we may assume v, (zf) — §
vn(2F) is bounded. Noting V;,(2) — V., as n — oo and letting n — oo in h,
it follows from (f2) that

since

>0 s
(27) =0,

S

§>0 and V,

Thus by (2.15), we obtain § = s, and v,(2F) = so. Recalling v//(z) > 0 for x > zF,
V) > 01in [0,00) and ¢, = 0 in [0, c0), we have
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/ /
E:z,+(x) = vy () (Avy, + f(vn) = Vavn) — 2n 72 = 77%]721 <0 in [z:{,oo),

/!
E, (z)= —%U% <0 in[z,,00).

Thanks to E, 4+(z) — 0 as  — 00, one sees E,, +(zF) > 0. Since it follows from (2.15)
that

S

Vn(z,f) = Voo, /goo )ds = [%mn) G(s) <0,
0 oo
we obtain
2 (Vo(zE 2
WGP = 3 { R - Pl - - Gnon) >0

By the fact that (v]) is bounded in [—1,00), we may find a 1,2 > 0 so that
[l (x)| > 6, >0 in [2F — 8y, 25 + 6]

Due to this and the fact v),(0) = 0, shrinking d2 > 0 if necessary, we may assume

zF > 65 > 0 for any n. Furthermore, by v, (2) — s and v/, < 0 in [0, 00), we obtain
+

z

(0) > ’Un( — 52) (Z?L:) — / ( )dLE > ’Un( ) + 5152 — Soo0 + 6152

ZT:LE—(;Q

However, this contradicts vy = se in [0,00). Thus v o = 0 and Step 1 holds.
To proceed further, we need some preparations. First, combining the monotonicity
of v, with (2.17), we can prove that

vp, = wx  strongly in L(R). (2.18)
Moreover, we may also derive the uniform exponential decay in [0, 00):
vn(z) + |Vl (2)| < czexp(—cqz) forallz >0 and n>1 (2.19)

where ¢z, ¢4 > 0 do not depend on n. Indeed, by (2.18), ¢, = 0 in (0,00), (V1) and (£2),
we may find an Ry > 0, which is independent of n, such that for all n > 1, v, (Ry) < 1
and

_MiA(’Ug) + <Vn - f(vn)) Uy 2> _MiA('Ug) + %U’n in (Ro, OO)

Un

On the other hand, the function
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wo(x) = exp (—\/K(:B — Ro))

satisfies
£ " Vo .
— M a(wp) + 5 wo >0 in (0,00), wo(Ro)=1.
It follows from (2.8) that for every n > 1,

%(wo —v,) >0 in (Rp,00),

(wo —vp)(Ro) >0, (wo—vy)(z) >0 asz— oo.

— M a(wg —vp) +

Therefore, the comparison theorem yields v, < wq in [Rg,00). Using the differential
hence, (2.19) holds.

Using the same notation z* to the above namely, unique points satisfying v/ (2:5) = 0
+

equation, we also get the unlform decay for v}/, v},

and zf > 0, we claim that zn — 2% where z* are unique points satisfying zi >0
and w/{(2%) = 0. In fact, the unique existence of z* is ensured by Proposition 2.1.
Furthermore, by (2.18), (V1), (2), ¢, = 0in [0,00) and wy(x) — 0 as |x| — oo, there

exist ng and Ry > 0 such that if n > ng and x > Ry, then
M3 A (07) = Vo(@)vn(z) = f(un(2)) >0,

which yields z* < Ry. Moreover, by w/.(0) < 0, we also observe that z:* never approaches
to 0. Thus, by the uniqueness of z*, we have z — z* and we may assume z > 0.

Next, since v, is strictly increasing in (—oo, 0] and strictly decreasing in [0, 00), let
yE(s) and zZ(s) be inverse functions of v, satisfying y;=(s) < 0 < zF(s) for 0 < s <
v, (0). In particular, we have

yn, - = C((0,v,(0)],R), vn(yf(s)) =s5= vn(z,jf(s)) for 0 < s < v,(0).

Moreover, y, 2 are smooth except for at most two points s = v,,(0) and s = v, (y)
where v/, (y) = 0 and y # 0. Set y := (v, (2F)), namely, y& < 0 and v, (yF) = v, (2F)

+

hold. Moreover, by w(—z) = wx (), y¥ — —2% as n — oco. Next, set

Bnoe s () = 3 (04,0)) 4 Floa(e)) — 2202()  for My,
B (@) 1= S04 (0)? + Flon(e)) = 2=03(a)  for My,

Remark that E,, - +(x) = 0 as |z] — oco. Then we shall prove
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Step 2. We have

<

0< —En,oo7+(zf{) < cexp (—2a:m/ % +§o> ,

Vo
0 < —Epoo(2,) < cexp <2xn =+ §o>

>

where ¢ > 0 is independent of n and & > 0 the constant in (V3).

First we notice that

’U;z [(Vn - Voo)’l}n - Sn@n] if ’UZ(:E) > 07
= (2.20)
W [8(Vavn = f(0n) = $ngn) + F(vn) — Vo] if 0f/(x) <0
and
E;l,oo,—(x) = U;(m)(/\vg + f(vn) = Vaoun)
_ v’:l [(Vn - Voo)’l}n - Sn(pn] if ’U;{(l‘) >0, (2 21)
T Yl [R(Vatn = £(0n) = $agn) + F(vn) = Veova]  if vi(z) < 0. '

Since v/ > 0 in (2, 00), v/, <0 in [0,00) and ¢, = 0 in [0, 0), we get

(Bnyoo,t) () = 05 (Viy = Vo )v, > 0 in (27, 00).

n

Hence, (V3), 2z — 2% > 0 and (2.19) give

0SB () = [(Bum) @) = [ ua(Vie = Vi
2F zn
cexp [ =24/ %= + &(zn +25) ) (for M;\FA)
= cexp [ =24/ %= + &(zn +2,) ) (for My a)
cexp —2xn\/% (for M;A>
= cexp _anm (for M;,A>‘

Hence, Step 2 holds.
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Step 3. One has

E’n,oo:t( )<Enooi(yn)

Recalling yﬂf —2* and z,, — oo, we notice that for each s € [Un(zf), v, (0)], (V2)
and yF(s) < 25 (s) imply V,,(yf(s)) < Va(2E(s)). Moreover, we may assume ¢,, = 0 in
[y:f, 00). Hence, noting

ME (W) = Vion = f(a) in [y, 5], ofl(2) <0 in [0,25),

Un (Y (5)) = 5 = vn(2, (5))  for s € [ua(2y), va(0)],

we obtain
v(z) <0 forall z € (yF,2F).

From this it follows that v/,(z) < 0 < v/,(y) for yf <y <0 < z < zF and yF, 2T €
C([vn(2F),v,(0))). Thus we see from (2.20), v, (z) = v, (y;"), the monotonicity of V,,
and the change of variables s = v, (x) that

0
e (0) = By oot () = / (B oot (2)dz

yid

- /O [ﬁ [Vt = F(02)} + F(vn) = Vacvn | vlda

v
va(0) _
= / ;\{V(yn( ()} + £(s) ds
on (i)
o _
< L AVa(EE ()5 = f(5)} + f(5) = Veos| ds
vn(zI
/ [ — f(on)} + f(vn) = Vootn | vj,da
0

/ n00,4) (2)d2 = By o,4(0) = Bp oo 4 (2,7)
0

Hence, Ey o0 4+(2) < Epoo+(y). In a similar way, we can prove E, o _(2,)
Enco,—(y;, ) and Step 3 holds.
In what follows, we derive the estimates for Enooi(yff) First we prove

IN
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Step 4. E! () <0 in (—oo,yr) for sufficiently large n.

n,00,+

For E, o 4+, by v, > 0 in (—o0,y;") and (2.20), if z < y;} and v/(z) > 0, then we
have

(E”LOO,-F)/(x) = U;L {(Vn - Voo)'Un - Sn@n} <0.
On the other hand, if z < y;" and v//(z) < 0, then A < A gives
(En,oo7+)/(x) = U;(AUZ + f(vn) — VooUn)
= IU:’L {(A - A)UZ + (Vi = Voo )Un — Snpn} < 0.

Hence, (Ep 00.+)'(z) <0 in (—o0,y;!).
For M, ,,if x <y, and v),(xz) > 0, then we have

(ETL,OCM*)/(;U) = ’U;L {(Vn - Voo)vn - Sn(Pn} <0.

On the other hand, we consider the case v)(x) < 0 and = < y,,. We first remark that
for sufficiently large n, we have (E, o0 —) (x) < 0 provided z € (—o0,3ko — x,] and
vl (z) < 0. In fact, it follows from (2.18), ({2), w_(z) — 0 as |z| — oo and (V1) that one
can find ng and Ry > 0 so that

fon) = Voovn, <0 foreachn >ng and a < —Ry.

Since we may assume 3kg — T, < —Rgy for n > ng due to x, — oo, the condition
vl(z) <0 and x < 3kg — x, give

(Enoo,-) (z) = v, (2) { Ao () + f(n) = Voorn} < 0.

Therefore, we only consider in [3kg — @, y,,| and remark that ¢, =0 on the interval.
Next, we shall show that f(v,(x)) — Voovn(x) < 0 when v//(z) < 0 and x € [3kg —
X,y Yy |- Noting vy, (y,,) = vn(2;, ), vn(x) < vp(y, ) for @ € [3kg — n,y,, ] and

vn(z0) = 0= Va2, )va(z,) = flon(2)),
we infer from (V2), (f4) and v/ (z) > 0 in [3k9 — xn, y,, ] that

FOnn)) oy, fon(@)

0=Vala) == 1) vn(@)

for all « € [3k0 — zn, ¥y, |-

Thus f(v,(2)) — Veoun(z) <0 in [3k0 — 2p, y,, |. Therefore, when = € [3kg — 2y, y,, | and
v(x) <0, it follows from (2.21) that
(Enoo,-)(x) < Avp,()vr () < 0.

Hence, Step 4 holds.
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Step 5. One has

—2K0—Tn
By ot (yn) < / 0l v (Vi — Vi )da.
—3Kko—Tn

By Step 4, we have (E,, o +)'(z) < 0 in (—o0,y ). Since By o0+ (7) — 0 as  — —o0,
we obtain

’Uf —2K0—Tn
BEnoot(yt) = /(Emooi)’(x)da: < / (Enoo,x) (z)dx (2.22)
—00 —3Ko—Tn

Recalling (2.18), (V1), (f2), 2, = oo and ¢, = 0 in [—3kg — Zp, —2Ko — ], We may
assume that

./\/liA(v;{) =Vovn — f(up) >0 in [—3Kko — Ty, —2K0 — Tp)-
Hence, v)/(z) > 0 in [—3Kkg — Tn, —2K0 — 25| and

(Encox) () =0, (Vo = Vo)un,  in [=3Kg — T, —2K0 — Ty
Thus it is easily seen from (2.22) that Step 5 holds.

Step 6. There exists a ¢ > 0, which is independent of n, such that

min{v, (z),v},(z)} > cexp | —|z[y/ %= for M;;A,

(2.23)
min{v, (z),v},(z)} > cexp | —|z[y/ %= for My ,

for all x < —2kg — x,, and sufficiently large n.

Yy (x) == cexp (—lﬂ@) , Y_(x):=cexp <—|x|\/§>

where ¢ > 0 is chosen so that

Set

. > e
égfl v (0) > ¢

Notice that this is possible from (2.18). Then for each n, it follows that v, (0) > ¥ (0)
and in (—o00,0),
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MWL) + Vaoths = 0 < f(vn) + $npn
= ML (W) + Vv < =M, () + Vi,

0= _M;A(UH —Y) + Voo (v — 1) in (—00,0),

s

(U —¥1)(0) >0, (v, —tvyi)(x) =0 asz— —oo.

Therefore, we get ¥4 (z) < vp(z) in (—o0,0) and (2.23) holds for vy,
For v!,, by ¢, =0 in (—o00, —2k¢ — x,) and (2.18), there exists a ¢ > 0 such that

M;\t,A(UZ) = Vovn — f(vn) > cv,,  in (—o00, —2Kk9 — )

for all sufficiently large n. Hence, (2.23) holds for v//. Noting

x

v = [ oy,

— 00

(2.23) holds.
Step 7. Conclusion (Completion of the proof for (2.16)).
We first notice that by the choice of kg > 0, one has

min (Voo =Vu)= min (Voo —V(x)) >0. (2.24)

[—3Kk0—Tn,—2Kk0—Tn) [=3k0,—2K0]

By Step 6, we observe that for x € [—3kg — &, —2K0 — Tp]

cexp | —2(3ko + zn) V% (for M;A),
up (2)vp (z) > % (2.25)
cexp | —2(3ko + zn) % (for My ).

Therefore, using (2.24), (2.25) and Step 5, we obtain

_En,oo,Jr(er) > cexp (—23;71\/%) (fOI‘ MI’A%
— VOO B

for some ¢ > 0. However, by Steps 2 and 3, we have a contradiction. Hence, we may find
an My > 0 so that z,, < M.
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For the lower bound of (), by introducing @, (x) := u,(—z), we can reduce the case
into the case x, — co. Thus (2.16) holds.

We finally derive a contradiction in order to complete the proof of Proposition 2.9.
By (2.16), we may assume x,, — . Next, from Lemmas 2.6 and 2.8, we observe that if
sn > t(f, Vao), then

2

HS" < unllze®r) < Mo.

Therefore, (s,,) is also bounded and assume that s, — sg. Thus from the equation, we
also get u, — up in CZ_(R),

MA A(ug) +Vug = f(uo) +sopo  in R, ug(xo) = max o,

up(y) <0 <ug(z) forx<zy<y, wup>0inR. (2.26)

If up(zg) = 0, namely ug = 0, then by the monotonicity of u, (u,(y) < 0 < u/ (z) for
z <z, <y), we choose an Ry > 3kg so that

Vg, — flug) > %un

for all |z| > Ry and sufficiently large n. Therefore, we have

M5, Alug) = Vauy — fluy) > %un for every |z| > Ry.

Hence, we may derive the uniform exponential decay:

un(z) < cexp <—|x| 2V—§>

for all z € R and n. By the definition of X, and (2.3), this asserts that (u,,) is bounded
in X,),, however, this contradicts [lu,|x, — oo.

Next we consider the case ug(zo) > 0 and shall show that lim|,|_ uo(x) = 0. If
this is true, then as in the above, we can derive a uniform exponential decay and get
a contradiction. Set o 1= limy,_,o0 up(z). Since ug is a bounded solution of (2.26), we
have

lim M,\ Alug)(z) = a}grolo (Vug — f(uo) — s090) = Voolioo — f(too)-

Tr—r00

Thus by (2.15), either uy = 0 or else Uy = Soo. Let us assume s, = Sop. From (2.26),
we get ug > Seo N [xg,00). Since Voos — f(s) < 0 for s > s, one sees that

M\ (ug) = Vug — f(uo) = sopo < Vaotto — f(ug) — sopo < 0 in (x0,00).
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Since ug(zo) = 0 and up(z) = Seo as ¢ — 00, we conclude that V = Vg, up = s and
sopo = 0 in [z, 00). Hence, by (2.9) and V = V, in [z, 00), we see 3ko < xg. Thus we
may assume 2xkg < x,. Now set

Bo(x) = S (@) + Flun(@) ~ “ a2 @) for M,
B (x) = S, (@) + Flun(e) - A D2w) for M5y,

Since x, > 2kg, V'(z) > 0 in [z, 00) and u,(x) — 0 as |z] — oo, arguing as in the case
to v, above, we may find unique 2z > z,, such that

ull(z) < 0=u(z) <ull(y) foraz, <z<zF<y.

n

Therefore,

!

\%
(Ep1) (x) = ——ui <0 in [z,?,oo), lim E, 1+ (z) =0, Eni(zi) > 0.

2 T—00 ns=
By u”(zF) = 0, one has
f(un(z7))
Vo < Vi(zt) = Lamin /)

From (f2), we may find a dg > 0 so that &y < u,(zF). Recalling zo < liminf,, . 2,
V =V in [z9,00) and (2.15), we obtain

Un (25) = S0,
V(z)
2

un(z,ﬂf)2 — F(800) — V;'Osgo = Goo(800) < 0.

Flun(5)) - 2

Combining with E,, +(2f) > 0, we may find a §; > 0 so that

(un (2))% = b1

n n

Noting that u/,(z,) = 0 and (u!) is bounded in L*(R), we have 0 < &5 < 2z — ,, for

n
some do > 0, and

(@) > 83> 0 in [ - 6, 22]
for some 63,4 > 0 with d4 < d5. Thus

Un (Ty) > un(zf —84) > un(zf) + 0304 — Soo + 0394.

This contradicts uy, (2,) — uo(xo) = Soo. Hence, u = 0.
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For lim,_, o up(z) = 0, by introducing v, (x) = u,(—z) and vo(x) = up(—2), we can
reduce into the former case and get lim,_, o, up(z) = 0. Now we complete the proof of
Proposition 2.9. 0O

3. Non-existence theorem

In this section we prove Theorem 1.2 that asserts that the equation (1.1) does not have
a solution when V' is monotone. The argument below is similar to that of Proposition 2.9.

Proof of Theorem 1.2. Let us suppose for contradiction that wu is a positive solution of
(1.1) and let xp be a maximum point of u. Noting that V is non-decreasing and that
the argument in Lemma 2.7 works under (f1) and (1.3), if Z satisfies u/(Z) = 0 then
u'(z) < 0 for all € (&, 00). Thus zg is the unique critical point of u.

To proceed further, we make some preparations. Since u is strictly decreasing in
(z9,00) and V non-decreasing in R, by (f4), we see that the function

is strictly increasing. Moreover, since u” () < 0 and Mf}A(u”) = wh(x) in [zg,00), we
have h(zg) < 0. Hence, by h(z) — V > 0 as  — oo thanks to (V2’), there is a unique
2% > x4 such that h(z*) = 0. In particular, since u”(y) > 0 = u”(24) if 2¥ < y, we
have 7o < z¥ due to v/(z9) = 0 and u(z) — 0 as 2 — co. Remark also that u”(z) < 0
for all zy < z < 2% .

Recalling that u is strictly increasing in (—oo, ) and decreasing in (xg,00), u has
two inverse functions y* (s) and z*(s) satisfying y*(s) < x¢ < 2% (s) for 0 < s < u(zo).
Next we define y* = y*(u(z*)) and

Hy@) = 2w @) + Fu) - L@ o My,
H_(z) = %(1/(30))2 + Flu(z)) — V(g_)u%) for M3 ,.

Notice that y* < z* follow from zy < z*. To complete the proof of Theorem 1.2, we
proceed in various steps.

Step 1. Hy(2%) > 0 and if V(2F) <V, then Hy(2F) > 0.
We start with
H, (z) =4/ (z) (V(z) — V(F)) u(=) if v(z) >0, (3.1)

(@) = /(o) (he)ate) + Flule) V) ) i) <0, (2
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H () = ' (z) </\h(:c)u(:c) + flu(z)) — V(z)u(x)) if u(z) <0.  (3.3)

A
Noticing that ' < 0 < V' and 0 < u” in (2%, 00), from (3.1) we have H’ (z) < 0 in
(2%, 00). In case V(2%) < V we additionally have H’.(z) # 0. From Hy(z) — 0 as
|x] — oo we conclude that Step 1 holds.

Step 2. Hy(2%) < Hi(y®) and if V # const. in [yT, 2], then Hy(2F) < Hy(y™).

We use arguments similar to those of Step 3 of the proof of Proposition 2.9. Noting
that zo < 2%, u”(2%(s)) < 0 for every s € (u(z%),u(w)), u”(2%) =0 = h(z*) and V is
non-decreasing, we observe that for each s € (u(z%),u(zo)),

f(s S
n o) = Vi) - 1 < v - I SneE) <nem 0 s
From /\/lf,A(u”) = u(x)h(z) it follows that u”(x) < 0 in (y*, z%). Hence, by (3.2), (3.4)
and changing variables s = u(z), we have

A A
u(zo)
= [%h(y*(s))s + f(s) = V(z*)s} ds
u(y™)
u(zo)
< [Z;h(ﬁ(s))s + f(s) — V(zﬂs} ds
u(zt)

= 7/ [%h(x)u(:r) + flu(x)) — V(zﬂu(x)] o' (x)dw

+

= f/H_'i_(x)dac = Hy(z0) — Hy(27).

Zo

Thus Hy(2%) < Hy(y") and if V # const. in [yT, 2], then we have V(y*) < V(2T)
and h(y*(s)) < h(2%(s)) for s close to u(z*). Hence, in this case, Hy(2%) < Hy(yT)
holds. Using (3.3) instead of (3.2), the case of H™ is treated in a similar way.

Step 3. H/, () <0 in (—oo,y*) and if V # const. in (—oo,y*), then H', # 0.

First we consider H;. We observe that ' > 0 and V'(z) > 0 in (—oo,y™"), so that
when u”(x) > 0, (3.1) implies
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H', (z) = o/ (z)(V(z) = V(z7))u(z) <0. (3.5)
On the other hand, if v”(z) < 0, then recalling that A < A, we have

H', (z) =/ (Au" + f(u) — V(25)u)

3.6
= {(A ="+ (V(z) - V(z1))u} <0. (36)

Hence, H/, <0 in (—oo,y™). If V' # const. in (—oo,y™), we may find 21 < y* such that
V(z1) < V(y") < V(2"). Then, from (3.5) or (3.6), we have H, (x1) < 0.
Next we consider H_. We have u’ > 0 for x < y~, hence if «’(z) > 0, then we have

H' (z) =u'(z) {V(z) = V(z7) }u(z) <0. (3.7)

On the other hand, assume that u”(z) < 0. Since v’ > 0 in (—o0,y7), we get u(x) <
u(y~) = u(z7). Therefore, by the definition of 2~ and (f4), we find

which yields f(u(z))—V (27 )u(z) < 0. Thus, from (3.3) and monotonicity of V, it follows
that

H (0) = (o) | Fhla)ate) + Flula) = V- uto)|

= /() {% {V(z) = V(z7)} u(z)
+(1-3) Ut - v )] <o, (33)

By (3.7) and (3.8), we get H' (z) < 0in (—oo,y~). Moreover, it is easily seen that when
V # const. in (—oo,y™ ), H_ # 0 holds.

Step 4. Conclusion.

By Steps 1-3, we get

+

0 < Ha(+%) < Ha(y*) = / H, (2)dz < 0. (3.9)

— 00

However, V. < V, so we have V # const. in either (—oo,y™) or (y*,2%) or (2%, 00).
Consequently, at least one inequality in (3.9) is strict, providing a contradiction and
completing the proof. O
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Appendix A. Proof of Proposition 2.1

Here we prove Proposition 2.1.

Proof of Proposition 2.1. We first prove the existence of solutions. For @ > 0, we con-
sider
—u" = A g (u) in R, (' (0),u(0)) = (0, ), (A1)
—u" = A"go0 () in R, (' (0),u(0)) = (0, ) (A.2)
where goo(s) := f(s) — Vios, and we write up o and uy o for unique solutions of (A.1)
and (A.2). By (f1)—(f4), it is well known that there exists an ag > 0 so that up o () hits
zero at some point x, > 0 (up o(2a) = 0) if @ > ap, up q, is a positive solution of (A.1)

and ua o, () = 0 as |z| = oo, and ua o(x) a positive periodic solution of (A.1) when
a < ag. The number «g > 0 is characterized by

and (A.3) has a unique positive solution due to (2.15) (or (f1)—(f4)). For instance, see

[2,10]. Therefore, (A.3) yields o > Soo. The same statement holds for uy 4.
For pp > 0, set

Bl () = 50 (2))” + 5~ Colu(2).

Then it is easily seen that

= Blun.a, Al

Il
o
Il

d .
@E[UA’O" A(z) in R.

In particular, since up o, (%), U} 4 (T); Uxao(®), U)o (F) — 0 as 2 — oo, we have
Elup a9, A =0 = Eluy a0, Al in R.
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Since up,a(0) = @ > Soo and up o, () — 0 as  — 0o, we may choose zp > 0 so
that wa o (TA) = Sco and U o, (T) < Soo for every x > xp. Recalling Goo(S00) < 0 and
Elup a0, Al(za) = 0, we obtain u) , (v4) <0 and

. 1 _
At min G < 5(uj\7a0 (2A))? + A G oo (up oy (z4))

= Eup a0, A(2A) < E[ua oy, Al(za) = 0.

By (A.3) and (2.15), the equation
A" G oo () = Elun.ap, N(za) € (xl min GOO,O) (A.4)

has two solutions 0 < 81 < S50 < 82 < Q.
Now we consider uy s, (). Since uy s, is periodic and Efuy s,, A|(z) = Efux sy, AJ(0) =
A"1G(s2) < 0 in R, we observe that

mlgxuk’s,2 =89 > So > 81 = ménu;nsg.

Hence, we may select a y1 > 0 so that uy s, (z) > Sec = Ux,s,(y1) for each x € [0, y1).
From the choice of y; and (A.4), it follows that

Un 55 (Y1) = Soo = Uhag (TA)y  Eltx s, (1) = A G oo (52) = Eun g, \(z4),

/

which implies |u} , (y1)| = |[u}y ,, (za)]. By ) 4, (y1),u) ,, (za) < 0 due to the definition

of y1 and xy, we obtain u) , (y1) = u} , (za). Thus, set

u(z) = U, sy () if 0 <z <y,
Uhao (T —y1 +xa) if 1 <z,

and u(r) = u(—z) for * < 0, it is easily seen that u € C!(R) and u satisfies
M, (") = goo(u) in R\ {£y1}. In addition, from the definition of wu, it follows
that

lim u'(y1 +h) —u(y1)

o Wy h) = (y)
h10 h

10 h

=0=1l
h

Hence, u € C?(R) and u is a solution of (2.1). Moreover, we observe that u”(z) < 0 <
u”’(y) for all |z] < y; and |y| > y1. Further, it is known that u, o, decays exponentially,
so does u.

For (2.2), we start with uy o, instead of up o,. Then we choose an xx > 0 so that
U, (Z) < Soo = Up,ae(xr) for every z € (z,00). In this case, instead of (A.4), we
consider the equation



P. Felmer, N. Ikoma / Journal of Functional Analysis 275 (2018) 2162—-2196 2195

A G oo (s) = Eluxag, A7) > Elux.a, AJ(z2) =0

and this equation has only one solution s1 > «g due to (2.15). Let us consider uy 4,. By
s1 > g, we may find a z; > 0 satisfying up 4, (21) = 0. Thus, choose a y; > 0 so that
UA,s; () > Soo = Un s, (Y1) for all z € [0, y1) and set

u(x) — uA,Sl('T) if 0 S T S y17
’ Unao (@ — 11 +2n) if y1 <z

Then as in the above, we can check that u € C?(R) is a solution of (2.2), decays
exponentially and u”(x) < 0 < u”(y) for each |z| < y1 and |y| > y1.

Next, we prove the uniqueness of solutions of (2.1) and (2.2). Let u1 be a solution of
(2.1) constructed in the above and u any solution of (2.1). By the sign property of goo,
we deduce that u(0) > so. Moreover, notice that

ML) =go(u) R & —u = (M] ) Hge(n) in R

where (M3 )7 (s) = A7 's if s > 0 and (M ,)7'(s) = A5 if 5 < 0. Since (M7 )"
and f are locally Lipschitz continuous, the initial value problem

= (M5 ) g (w) IR, (W(2),u(2)) = (1,02) (A5)

has a unique solution ©, q, o, for every z,; € R and as > 0. Since goo(Se0) = 0, if
u(0) = Soo, then we infer that u = ug s, = Seo, which contradicts u(z) — 0 as x — oc.
Hence, u(0) > Soo.

Now choose zp > 0 so that u(zp) = Soo > u(z) for all z > zx. Then u satisfies

—u" = A lgoo(u) in (zp,00).
Noting Efu, A](z) =0 in [zp,00) and u(zp) = So0, We have
(u'(za), w(2a)) = (U 0 (Ta); Un a0 (@4)) = (W4 (Y1), ua (y1))-

Thus it is easily seen from the construction of u; and the unique solvability of the initial
value problem for (A.5) with z = 2z, that u(x) = ui(x + y1 — zp) in R. Noting that

u1(0) = maxu; > ui(z) forx#0, u(0)= max u,

we deduce that y; = zp and u; = u. Hence, the uniqueness of solutions of (2.1) holds.
Similarly, we can prove the uniqueness of solutions of (2.2).

Remark that the above argument can be applied to conclude v = wy if u satisfies
—Mf’A(u”) = goo(v) in R with u(0) = maxgu, v > 0 in R and u(z) — 0 as either
T — 00 or x — —oo. Thus we complete the proof. O
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