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a  b  s  t  r  a  c  t

Averaging  aggregation  operators  analyse  a  set  of  data providing  a summary  of  the  results.  This  study
focuses  on  the  Bonferroni  mean  and  the  induced  and  heavy  aggregation  operators.  The  aim  of  the  work
is  to  present  new  aggregation  operators  that combine  these  concepts  forming  the  Bonferroni  induced
heavy  ordered  weighted  average  and  several  particular  formulations.  This  approach  represents  Bonfer-
roni means  with  order  inducing  variables  and  with  weighting  vectors  that  can  be  higher  than  one.  The
paper also  develops  some  extensions  by  using  distance  measures  forming  the  Bonferroni  induced  heavy
ordered  weighted  average  distance  and several  particular  cases.  The  study  ends  with  an  application  in  a
large companies  risk  management  problem  in  Colombia.  The  main  advantage  of  this  approach  is that  it
provides  a  more  general  framework  for analysing  the  data  in scenarios  where  the  numerical  values  may
have some  complexities  that  should  be assessed  with  complex  attitudinal  characters.

© 2018  Elsevier  B.V.  All  rights  reserved.

. Introduction

The enterprise risk management (ERM) has been around for some years but the formal definition has been developed by the Committee
f Sponsoring Organizations (COSO) in 2004 [1]. In this approach, the company has to identify, assess and manage risk as a corporate
erspective and not as a department-by-department perspective [2]. Some of the advantages that the ERM has is that reduce capital costs,
he volatility of earnings and stock prices and helps to create synergy in different risk management activities [2–4].

A way to improve the results of the ERM is adding the knowledge and expectations that the decision makers have about the future
cenarios. One of the techniques that have been used to aggregate information in decision making process [5] is the Ordered Weighted
verage (OWA) operator developed by Yager [6]. It has been used in a great deal of applications [7–11] and developed a lot of extensions

12–16].
The originality of this paper is that introduce in the same formulation a complex formulation that takes four different aggregation

perators into one. The operators that the paper focuses are the Bonferroni OWA  (BON-OWA) [17], induced OWA  (IOWA) [18], heavy
WA (HOWA) [19] and OWA  distance (OWAD) [20] operators. The BON-OWA operator [17] can compare the arguments in multiple ways
nd capture the interrelationship. This operator has multiple extensions such as uncertain linguistic weights [21], interval values [22],
istance operators [23,24] and some applications in multiple criteria decision making [25], multiple attribute decision making [26] and
roup decision making [27] has been made.
The IOWA operator [18] has as main characteristic that it is able to reorder the arguments using order-inducing variable depending
n values associated to arguments. This operator has been studied using fuzzy measures, fuzzy numbers and many extensions have been
ade [28]. On other hand, the HOWA operator [19] has as main characteristic that the weighting vector is not bounded to one. Doing this is
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ossible to generate new scenarios to under or overestimate the results according to the expectation and knowledge of the future scenarios
f the decision makers. Some applications and extensions have been developed [29]. Finally, The OWAD operator [30] is an operator that
an be used when two sets of information want to be compared and an ordered weighting vector is used. Among the applications there
re in information systems, transparency and access to information laws and decision-making process [13,31,32].

The aim of the paper is to present new operators that use the main characteristics of the four previously specified techniques. In this
ense the Bonferroni induced heavy ordered weighted average distance (BON-IHOWAD) operator is introduced and some of the families
hat are obtained when not all the characteristics of the main operator need to be used. This occurs in cases that the problem is easy to
olve or that not many characteristics need to be taken into account to the final decision. In these situations we may  get the Bonferroni
eavy ordered weighted average distance (BON−HOWAD) operator, Bonferroni induced ordered weighted average distance (BON-IOWAD)
perator and some others. Also, among the main advantages the BON-IHOWAD operator has is that it can include in one formulation the
xpectations and knowledge of the decision maker in the result. Thus, is possible to generate new scenarios that cannot be seen if only the
istorical data is taken into account or using the aggregation process proposed of each operator separately.

Even though, traditional methods for dealing with ERM provide a rational philosophy, the heterogeneity of its organizational dynamics
re difficult to determine used them. Thus, this new method allows dealing with heterogeneity and uncertainty by information asymmetry
n ERM [32]. Hence, the BON-IHOWAD operator and families’ operators have been applied in an ERM problem for large Colombians
ompanies in order to generate new scenarios that compare the main goals in ERM with expected benefits through the interrelationship
etween main risks. Firstly, this application allows us to observe how the managers responsible of risk management prioritize goals for
ach sector to get expected benefits. Secondly, this will help the decision maker in understanding their actual situation and improve the
trategy that they are applying with the objective of obtain more profits.

The remainder of the paper is organized as follows. Section 2 presents the basic concepts of the OWA  operator, distance operators and
onferroni operators. Section 3 introduced the new propositions of operators based in Bonferroni, IOWA, HOWA and distances operators
nd in Section 4 a practical case of ERM in large Colombian companies is presented. Finally, Section 5 summarizes the main conclusions of
he paper.

. Preliminaries

This section presented some basic concepts that have been used throughout the paper, including the aggregation operators, Bonferroni
perators and distance operators.

.1. Aggregation operators

One of the methods that have been used for aggregate information is the OWA  operator [6]. The main characteristic of this operator is
he reordering step with the possibility to obtain the maximum operator and the minimum operator. Since its presentation many extension
ave been developed and applied in many problems [9,33,34]. The definition is as follows.

efinition 1. An OWA  operator of dimension n is a mapping OWA  : Rn → R with an associated weight vector W of dimension n such that
n

j=1

wj = 1 and wj ∈ [0,  1], according tothe following formula:

OWA (a1, a2, . . .,  an) =
n∑

j=1

wjbj, (1)

here bj is the jth largest element of the collection ai.
Also, it is noteworthy that decisions within the OWA  operators can be given under four criteria:
1. Optimistic criterion. It is based on the assumption that the most favorable state was presented, so that one should select the most

avorable result of each alternative and the results obtained selecting the most favorable of all. So that this criterion is based on a maxim
hat is formulated

Decision = Max{Ei} = Max[Max{aj}]
2. Pessimistic or Wald criterion. It argues that the decision-maker must select the alternative that provides a higher level of security, so

hat our decision should be the most favorable outcome of the most unfavorable for each alternative. This method is known as Max  Min
nd its formula is

Decision = Max
{

Ei

}
= Max[Min

{
aj

}
]

3. Hurwicz criterion. It is to ponder with an optimistic coefficient and another pessimist to the best and worst case respectively, then
dd the values and choose that alternative that proposes a greater result. The formula for this criterion is

Decision = Max
{

Ej

}
= Max[˛Max

{
aj

}
+ (1 − ˛) Min

{
aj

}
]

here  ̨ + (1 − ˛) = 1.
4. Laplace criterion. It is based on the principle of insufficient reason, so that the same degree of probability is associated with the

ifferent scenarios, as long as there are no indications of the opposite. The formula is
Decision = Max
{

Ej

}
= Max[

(
1⁄n
) n∑

j=1

aj]
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One of the extension of the OWA  operator that put attention in the way of the reordering step is made, is the Induced OWA  (IOWA)
perator [18]. In this operator, the weighting vector affects the arguments based in the order-induced vector, such that:

efinition 2. An IOWA operator of dimension n is an application IOWA : Rn×Rn → R that has a weighting vector associated, W of dimension
 where the sum of the weights is 1 and wj ∈ [0,  1], where an induced set of ordering variables are included (ui) such that the formula is:

IOWA (〈u1, a1〉 , 〈u2, a2〉 , . . ., 〈un, an〉) =
n∑

j=1

wjbj, (2)

here bj is the ai value of the OWA  pair < ui, ai > having the jth largest ui. ui is the order inducing variable and ai is the argument variable.
Another extension that put attention in the weighting vector is the Heavy OWA  (HOWA) operator [19]. This operator consider that the

otal value of the weighting vector can be lower or higher than 1 and the definition is:

efinition 3. A heavy aggregation operator is an extension of the OWA  operator for which the sum of weights is bounded by n. Thus, an

OWA operator is a map  Rn → R that is associated with a weight vector w, with wj ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that:

HOWA (a1, a2, . . .,  an) =
n∑

j=1

wjbj, (3)

here bj is the jth largest element of the collection a1,a2, . . .,  an and the sum of the weights wj is bounded to n or can be unbounded if the

eighting vector W,  −∞ ≤
n∑

j=1

wj ≤ ∞.  Additionally, according to Yager [19] and Merigó and Casanovas [35] the OWA  operator is found

hen the sum of the weights is one. The total operator is found when the sum of the weights is n. The minimum is found when wn = 1,
j = 0 for all j /= n and the sum of the weights is one, which is called Descending HOWA (DHOWA) operator. For obtaining the maximum

nd the average criteria, we could find it from different aggregations as the weighting vector can be higher than 1. We  should note that
hese results could also be obtained for the Ascending HOWA (AHOWA) operator.

It is also possible to add the characteristics of the IOWA operator and the HOWA operator in one unified formulation, this operator is
nown as the Induced Heavy OWA  (IHOWA) operator. This operator uses the reordering step of the IOWA operator (based in order-induced
ariables) and the values of the weights are not bounded to 1, the definition is as follows [35].

efinition 4. An IHOWA operator of dimension n is a mapping IHOWA : RnxRn → R that has an associated weighting vector W of dimension

 with wj ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that:

IHOWA(〈u1, a1〉 ,  . . ., 〈un, an〉 =
n∑

j=1

wjbj, (4)

here bj is the ai value of the IHOWA pair
〈

ui, ai

〉
having the jth largest ui, ui is the order-inducing variable, ai is the argument variable

nd the sum of the weights wj is bounded to n or can be unbounded if the weighting vector W,  −∞ ≤
n∑

j=1

wj ≤ ∞.

.2. Distance OWA  operators

The Hamming distance is useful when there are two sets that want to be compared [36]. This technique has been applied to in fuzzy
et theory [37,38]. The general expression is:

efinition 5. A normalized Hamming distance of dimension n is a mapping NHD : [0,  1]nx[0, 1]n → [0,  1], such that:

NHD (A, B) =
(

1
N

n∑
i=1

∣∣ai − bi

∣∣) , (5)

here ai and bi are the ith arguments of sets A and B, respectively.
The Hamming distance can be combined with the OWAD operator, in order to generate the Hamming OWAD operator. With this operator

s possible to generate the maximum and the minimum operator. The definition is as follows [38,39]:

efinition 6. An OWAD operator of dimension n is a mapping OWAD : [0,  1]nx[0, 1]n → [0,  1] that has an associated weighting vector w,

ith
n∑

j=1

wj = 1 and wj ∈ [0,  1], such that:
OWAD(〈�1, �(k)
1 〉, .., 〈�n, �(k)

n 〉) =
n∑

j=1

wjDj, (6)
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here Dj is the jth largest of the differences |xi − yi|, and |xi − yi| is the argument variable represented in the form of individual distances.
Another extension can be done if the weighting vector is not bounded to 1. This operator is called heavy ordered weighted-average

istance (HOWAD) operator and is defined as [40]:

efinition 7. A HOWAD operator of dimension n is a mapping HOWAD : RnxRn → R that has an associated weighting vector W with

i ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that

HOWAD (〈x1, y1〉 , 〈x2, y2〉 ,  . . ., 〈xm, ym〉) =
n∑

j=1

wjDj, (7)

here Dj is the jth largest of the differences |xi − yi|, |xi − yi| is the argument variable represented in the form of individual distances, and

he weighting vector can take values that satisfy −∞ ≤
n∑

j=1

wj ≤ ∞ to under- or overestimate the results according to the information

vailable.
Also note that if using order-inducing variables does the reordering step the OWAD operator becomes the Induced OWAD (IOWAD)

perator. The definition is as follows [34]:

efinition 8. An IOWAD operator of dimension n is a mapping IOWAD : RnxRnxRn → R that has an associated weighting vector W such

hat wj ∈ [0,  1] and W =
n∑

j=1

wj = 1, according to the following formula

IOWAD (〈u1, x1, y1〉 , . . ., 〈un, xn, yn〉) =
n∑

j=1

wjbj (8)

here bj is the |x1 − y1| value of the IOWAD triplet
〈

ui, xi, yi

〉
having the jth largest ui, ui is the order-inducing variable and |x1 − y1| is the

rgument variable represented in the form of individual distances.
Finally, if we unify the reordering step of the IOWAD and the weighting vector of the HOWAD, we  obtain the induced heavy OWAD

IHOWAD) operator. The definition is as follows [41]:

efinition 9. An IHOWAD operator of dimension n is a mapping IHOWAD : RnxRnxRn → R that has an associeated weighting vector W

ith wi ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that:

IHOWAD (〈u1, x1, y1〉 , . . ., 〈un, xn, yn〉) =
n∑

j=1

wjDj (9)

here Dj is the |x1 − y1| value of the IHOWAD triplet
〈

ui, xi, yi

〉
having the jth largest ui, ui is the order-inducing variable and |x1 − y1| is

he argument variable represented in the form of individual distances.

.3. BON-OWA operators

The Bonferroni mean was proposed by Bonferroni [42] and many extensions have been developed like using linguistic variable [21],
uzzy sets [15], interval values [22] and so on. One of the extensions is with the OWA  operator, which was  presented by Yager [17] as the
onferroni OWA  operator as follows.

efinition 10. The Bonferroni OWA  is a mean type aggregation operator. It can be defined by using the following expression.

BON − OWA (a1, . . .,  an) =
(

1
n

∑
i

ar
i OWAW

(
Vi
)) 1

r+q

(10)

here
(

Vi
)

is the vector of all aj except ai. Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0,  1] when

i

wi = 1. Then, we can define this aggregation as OWAW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wia�k(j)

⎞
⎠, where a�k(j) is the largest element in the n – 1 tuple Vi

 (a1, . . .,  ai-1, ai+1, . . .,  an).

( ) ⎛ ∑n

⎞

Note that if wi = 1

n−1 for all i, OWAW Vi =⎝ 1
n − 1 j = 1

j /= i

aq
j
⎠, and Eq. (10) becomes the classical Bonferroni mean.

efinition 11. A BON-OWAD distance for two sets X = {x1, x2, . . .,  xn} and Y = {y1, y2, . . .,  yn} is given by:
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BON − OWAD (〈x1, y1〉 ,  . . ., 〈xn, yn〉) =
(

1
n

∑
i

Dr
i OWADwi

(
Vi
)) 1

r+q

(11)

here
(

Vi
)

is the vector of all
∣∣xj − yj

∣∣ except
∣∣xi − yi

∣∣. Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0,  1]

hen
∑

i

wi = 1. Then, we can define this aggregation as OWADW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wiD�k(j)

⎞
⎠, where D�k(j) is the largest element in the n – 1

uple Vi =
(
〈x1, y1〉 ,  . . .,

〈
xi−1, yi−1

〉
,
〈

xi+1, yi+1

〉
, . . ., 〈xn, yn〉

)
.

Note that if wi = 1
n−1 for all i, OWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

Dq
j

⎞
⎠, and Eq. (11) becomes Bonferroni mean distance [20].

. New proposition of BON-OWA operators with IOWA, HOWA and Hamming distance

One extension that can be done for the BON-OWA operator is if a reordering step according to order-inducing variables and a weighting
ector not bounded to 1 are applied. This operator is called the Bonferroni Induced Heavy OWA  (BON-IHOWA) operator and can be defined
s follows.

efinition 12. The Bonferroni IHOWA (BON-IHOWA) is a mean type aggregation operator that has an associated weighting vector W with

i ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that

BON − IHOWA (〈u1, a1〉 , . . ., 〈un, an〉) =
(

1
n

∑
i

ar
i IHOWAW

(
Vi
)) 1

r+q

(12)

here
(

Vi
)

is the vector of all aj except ai. Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0, 1]

hen 1 ≤
n∑

j=1

wj ≤ n, where the weights are associated according to the largest value of ui and ui is the order-inducing variable.

ikewise, the sum of the weights wj is bounded to n or can be unbounded if the weighting vector W = −∞ ≤
n∑

j=1

wj ≤ ∞.  Then,

e can define this aggregation as IHOWAW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wia�k(j)

⎞
⎠, where a�k(j) is the largest element in the n – 1 tuple Vi = Vi =

〈u1, a1〉 ,  . . .,
〈

ui−1, ai−1

〉
,
〈

ui+1, ai+1

〉
, . . ., 〈un, an〉

)
.

Note that if wi = 1
n−1 for all i, IHOWAwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

aq
j

⎞
⎠, and Eq. (12) becomes Bonferroni induced heavy mean.

xample 1. We  have assumed that IHOWA pair’s
〈

�i, ai

〉
is given by A = 0.2, 0.5, 0.9, 0.8 and U = 3, 6, 1, 5. W∗ is the weighting vector

f the ai associated with ˛i whose components vij . Here we  shall let W∗, instead of being 1, it is 1.9 and it has the following values:
∗ = 0.4, 0.3, 0.7, 0.5. The ordered OWA  pair’s is

〈
6, 0.5

〉
,
〈

5, 0.8
〉

,
〈

3, 0.2
〉

,
〈

1, 0.9
〉

, that is the ordered list ai is 0.5, 0.8, 0.2, 0.9.
e take r = q = 1. In addition: V1 = (0.8 + 0.2 + 0.9), V2 = (0.5 + 0.2 + 0.9), V3 = (0.5 + 0.8 + 0.9) and V4 = (0.5 + 0.8 + 0.2). Using this

et:

IHOWAv1

(
V1
)

= 0.3 × (0.8 + 0.2 + 0.9) = 0.57

IHOWAv3

(
V3
)

= 0.5 × (0.5 + 0.8 + 0.9) = 1.10

BON − IHOWA =
(

1
4

× ((0.3 × 0.57) + ((0.4 × 0.64) + ((0.5 × 1.10) + + ((0.7 × 1.05))
)0.5

= 0.6542

Note that it is possible to distinguish two particular cases. The first one, if the weighting vector is equal to 1, then the BON-IHOWA
ecomes the BON-IOWA, so.

efinition 13. The Bonferroni IOWA (BON-IOWA) is a mean type aggregation operator that can be defined as follows.
BON − IOWA (〈u1, a1〉 , . . ., 〈un, an〉) =
(

1
n

∑
i

ar
i IOWAW

(
Vi
)) 1

r+q

(13)
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here
(

Vi
)

is the vector of all aj except ai. Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0, 1]

hen
∑

i

wi = 1, where the weights are associated according to the largest value of ui and ui is the order-inducing variable. Then,

e can define this aggregation as IHOWAW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wia�k(j)

⎞
⎠, where a�k(j) is the largest element in the n – 1 tuple Vi = Vi =

〈u1, a1〉 , . . .,
〈

ui−1, ai−1

〉
,
〈

ui+1, ai+1

〉
, . . ., 〈un, an〉

)
.

Note that if wi = 1
n−1 for all i, IOWAwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

aq
j

⎞
⎠, and Eq. (13) becomes Bonferroni induced mean.

xample 2. We have assumed that IOWA pair’s
〈

�i, ai

〉
is given by

〈
3, 0.2

〉
,
〈

6, 0.5
〉

,
〈

1, 0.9
〉

,
〈

5, 0.8
〉

. wi is the weighting vector of

he
〈

�i, ai

〉
associated with ˛i whose components vij . Here we  shall let ˛1 = 0.4, ˛2 = 0.3, ˛3 = 0.7 and ˛4 = 0.5. The ordered OWA  pair’s

s
〈

6, 0.5
〉

,
〈

5, 0.8
〉

,
〈

3, 0.2
〉

,
〈

1, 0.9
〉

, that is the ordered list ai is 0.5, 0.8, 0.2, 0.9. We take r = q = 1. In addition: V1 = (0.8  + 0.2 +
.9), V2 = (0.5 + 0.2 + 0.9), V3 = (0.5 + 0.8 + 0.9) and V4 = (0.5 + 0.8 + 0.2). Using this get:

IOWAv1

(
V1
)

= 0.4 × (0.8 + 0.2 + 0.9) = 0.76

IOWAv3

(
V3
)

= 0.7 × (0.5 + 0.8 + 0.9) = 1.54

BON − IOWA =
(

1
4

× ((0.5 × 0.76) + ((0.8 × 0.48) + ((0.2 × 1.54) + + ((0.9  × 0.75))
)0.5

= 0.6608

Also if in the reordering step ui = 1/n, then the BON-HOWA operator is obtained, being the formulation.

efinition 14. The Bonferroni HOWA (BON−HOWA) is a mean type aggregation operator that has an associated weighting vector W with

i ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that

BON − HOWA (a1, . . .,  an) =
(

1
n

∑
i

ar
i HOWAW

(
Vi
)) 1

r+q

(14)

here
(

Vi
)

is the vector of all aj except ai. Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0, 1] when

 ≤
n∑

j=1

wj ≤ n. Thus, the sum of the weights wj is bounded to n or can be unbounded if the weighting vector W = −∞ ≤
n∑

j=1

wj ≤ ∞.

hen, we can define this aggregation as HOWAW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wia�k(j)

⎞
⎠, where a�k(j) is the largest element in the n – 1 tuple Vi = Vi =

a1, . . .,  ai−1, ai+1, . . .,  an).

Note that if wi = 1
n−1 for all i, HOWAwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

aq
j

⎞
⎠, and Eq. (14) becomes Bonferroni heavy mean.

Another extension is when the Bonferroni means are combined with heavy weighted average (HWA) operators [35], this operator is
alled the Bonferroni HWA  (BON-HWA) operator. The formulation is:

efinition 15. The Bonferroni HWA  (BON-HWA) is a mean type aggregation operator that has an associated weighting vector W with

i ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that

BON − HWA (a1, . . .,  an) =
(

1
n

∑
i

ar
i HWAW

(
Vi
)) 1

r+q

(15)
here
(

Vi
)

is the vector of all aj except ai. Let W be weighted average vector of dimension n − 1 with components wi ∈ [0, 1] when

 ≤
n∑

j=1

wj ≤ n. Thus, the sum of the weights wj is bounded to n or can be unbounded if the weighting vector W = −∞ ≤
n∑

j=1

wj ≤ ∞.
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hen, we can define this aggregation as HWAW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wia�k(j)

⎞
⎠, where a�k(j) is the largest element in the n – 1 tuple Vi = Vi =

a1, . . .,  ai−1, ai+1, . . .,  an).

Note that if wi = 1
n−1 for all i, HWAwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

aq
j

⎞
⎠, and Eq. (15) becomes Bonferroni heavy mean.

xample 3. We have assumed that BON−HOWA is given by 0.2, 0.5, 0.9, 0.8. W∗ is the weighting vector of the ai associated with ˛i

hose components vij . Here we shall let W∗, instead of being 1, it is 1.9 and it has the following values: W∗ = 0.4, 0.3, 0.7, 0.5. We  take
 = q = 1. In addition: V1 = (0.5 + 0.9 + 0.8), V2 = (0.2 + 0.9 + 0.8), V3 = (0.2 + 0.5 + 0.8) and V4 = (0.2 + 0.5 + 0.9). Using this get:

HOWAv1

(
V1
)

= 0.4 × (0.5 + 0.9 + 0.8) = 0.88

HOWAv3

(
V3
)

= 0.7 × (0.2 + 0.5 + 0.8) = 1.05

BON − HOWA =
(

1
4

× ((0.2 × 0.88) + ((0.5 × 0.57) + ((0.9 × 1.05) + + ((0.8 × 0.80))
)0.5

= 0.7151

In the paper is presented a new extension of the BON-OWAD operator [23]. In this new operator the characteristics of the IOWA operator
nd the HOWA operator are included in one formulation, calling it the Bonferroni Induced Heavy Ordered Weighted Average (BON-IHOWA)
perator. The main advantage of this new operator is that can include in one single formulation more information of the decision maker
nd solve more complex problems. Another important aspect is that if the problem is not that complex it is possible to use some of the
articular cases that are included in the operator. The definition of the BON-IHOWAD is as follows.

efinition 16. A BON-IHOWAD distance for two sets X = {x1, x2, . . .,  xn} and Y = {y1, y2, . . .,  yn} that has an associated weighting vector

 with wi ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that

BON − IHOWAD (〈u1, x1, y1〉 , . . ., 〈unxn, yn〉) =
(

1
n

∑
i

Dr
i IHOWADwi

(
Vi
)) 1

r+q

(16)

here IHOWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j  /= i

Dq
j

⎞
⎠ with

(
Vi
)

being the vector of all
∣∣xj − yj

∣∣ except
∣∣xi − yi

∣∣ and wi being an n − 1 vector

i associated with ˛i whose components wij are the IHOWAD weights. Let W be an IHOWAD weighing vector of dimension n − 1 with

omponents wi ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n where the weights are associated according to the largest value of ui and ui is the order-inducing

ariable.

Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0, 1] when 1 ≤
n∑

j=1

wj ≤ n, where the weights are

ssociated according to the largest value of ui and ui is the order-inducing variable. Likewise, the sum of the weights wj is bounded to n or can

e unbounded if the weighting vector W = −∞ ≤
n∑

j=1

wj ≤ ∞.  Then, we  can define this aggregation as IHOWADW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wiD�k(j)

⎞
⎠,

here a�k(j) is the largest element in the n – 1 tuple Vi = Vi =
(
〈u1, x1, y1〉 , . . .,

〈
ui−1, xi−1, yi−1

〉
,
〈

ui+1, xi+1, yi+1

〉
, . . ., 〈un, xn, yn〉

)
.

Note that if wi = 1
n−1 for all i, IHOWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

aq
j

⎞
⎠, and Eq. (16) becomes Bonferroni induced heavy mean distance.

xample 4. We have assumed that BON-IHOWAD pair’s
〈

�i, xi, yi

〉
is given by X = (0.2, 0.5, 0.9, 0.8), Y = (0.5, 0.6, 0.1, 0.9)

nd induced variable are U = (3,  6, 1, 5). W∗ is the weighting vector of the
〈

�i, xi, yi

〉
associated with ˛i whose com-

onents vij . Here we shall let W∗, instead of being 1, it is 1.9 and it has the following values: W∗ = 0.4, 0.3, 0.7, 0.5.
he ordered OWA  pair’s is

〈
6,
∣∣0.5 − 0.6

∣∣〉 ,
〈

5,
∣∣0.8 − 0.9

∣∣〉 ,
〈

3,
∣∣0.2 − 0.5

∣∣〉 ,
〈

1,
∣∣0.9 − 0.1

∣∣〉 that is the ordered list xi, yi is

0.5 − 0.6
∣∣ , ∣∣0.8 − 0.9

∣∣ , ∣∣0.2 − 0.5
∣∣ , ∣∣0.9 − 0.1

∣∣. We  take r = q = 1. In addition: V1 = (
∣∣0.8 − 0.9

∣∣+ ∣∣0.2 − 0.5
∣∣+ ∣∣0.9 − 0.1

∣∣), V2 =∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ 3
∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ 4

∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣
0.5 − 0.6 + 0.2 − 0.5 + 0.9 − 0.1 ), V = ( 0.5 − 0.6 + 0.8 − 0.9 + 0.9 − 0.1 ) and V = ( 0.5 − 0.6 + 0.8 − 0.9 + 0.2 − 0.5 ).
sing this get:

IHOWADv1

(
V1
)

= 0.3 × (
∣∣0.8 − 0.9

∣∣+ ∣∣0.2 − 0.5
∣∣+ ∣∣0.9 − 0.1

∣∣) = 0.36
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IHOWADv2

(
V2
)

= 0.4 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.2 − 0.5
∣∣+ ∣∣0.9 − 0.1

∣∣) = 0.48

IHOWADv3

(
V3
)

= 0.5 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.8 − 0.9
∣∣+ ∣∣0.9 − 0.1

∣∣) = 0.50

IHOWADv4

(
V4
)

= 0.7 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.8 − 0.9
∣∣+ ∣∣0.2 − 0.5

∣∣) = 0.35

BON − IHOWAD =
(

1
4

×
((

0.36 ×
∣∣0.5 − 0.6

∣∣)+
(

(0.48 ×
∣∣0.8 − 0.9

∣∣)+
(

(0.50 ×
∣∣0.2 − 0.5

∣∣)+ +
(

(0.35 ×
∣∣0.9 − 0.1

∣∣)))0.5
= 0.56

It is possible generate two particular cases. The first one when the weights are equal to 1, then the BON-IOWAD operator is obtained
nd is defined as:

efinition 17. A BON-IOWAD distance for two sets X = {x1, x2, . . .,  xn} and Y = {y1, y2, . . .,  yn} such that

BON − IOWAD (〈u1, x1, y1〉 , . . ., 〈unxn, yn〉) =
(

1
n

∑
i

Dr
i IOWADwi

(
Vi
)) 1

r+q

(17)

here IOWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j  /= i

Dq
j

⎞
⎠ with

(
Vi
)

being the vector of all
∣∣xj − yj

∣∣ except
∣∣xi − yi

∣∣ and wi being an n − 1 vector Wi

ssociated with ˛i whose components wij are the IOWAD weights, where the weights are associated according to the largest value of ui

nd ui is the order-inducing variable

Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0, 1] when
∑

i

wi = 1, where the

eights are associated according to the largest value of ui and ui is the order-inducing variable. Then, we can define

his aggregation as IOWADW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wiD�k(j)

⎞
⎠, where D�k(j) is the largest element in the n – 1 tuple Vi = Vi =

〈u1, x1, y1〉 , . . .,
〈

ui−1, xi−1, yi−1

〉
,
〈

ui+1, xi+1, yi+1

〉
, . . ., 〈un, xn, yn〉

)
Note that if wi = 1

n−1 for all i, IOWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

Dq
j

⎞
⎠, and Eq. (17) becomes Bonferroni induced mean distance.

xample 5. We  have assumed that BON-IOWAD pair’s
〈

�i, xi, yi

〉
is given by X = (0.2, 0.5, 0.9, 0.8), Y = (0.5, 0.6, 0.1, 0.9) and induced

ariable are U = (3,  6, 1, 5). wi is the weighting vector of the
〈

�i, xi, yi

〉
associated with ˛i whose components vij . Here we  shall let ˛1 =

.4, ˛2 = 0.3, ˛3 = 0.7 and ˛4 = 0.5. The ordered OWA  pair’s is
〈

6,
∣∣0.5 − 0.6

∣∣〉 ,
〈

5,
∣∣0.8 − 0.9

∣∣〉 ,
〈

3,
∣∣0.2 − 0.5

∣∣〉 ,
〈

1,
∣∣0.9 − 0.1

∣∣〉
hat is the ordered list xi, yi is

∣∣0.5 − 0.6
∣∣ , ∣∣0.8 − 0.9

∣∣ , ∣∣0.2 − 0.5
∣∣ , ∣∣0.9 − 0.1

∣∣. We  take r = q = 1. In addition: V1 = (
∣∣0.8 − 0.9

∣∣+
0.2 − 0.5

∣∣+ ∣∣0.9 − 0.1
∣∣), V2 = (

∣∣0.5 − 0.6
∣∣+ ∣∣0.2 − 0.5

∣∣+ ∣∣0.9 − 0.1
∣∣), V3 = (

∣∣0.5 − 0.6
∣∣+ ∣∣0.8 − 0.9

∣∣+ ∣∣0.9 − 0.1
∣∣) and V4 =∣∣0.5 − 0.6

∣∣+ ∣∣0.8 − 0.9
∣∣+ ∣∣0.2 − 0.5

∣∣). Using this get:

IOWADv1

(
V1
)

= 0.4 × (
∣∣0.8 − 0.9

∣∣+ ∣∣0.2 − 0.5
∣∣+ ∣∣0.9 − 0.1

∣∣) = 0.48

IOWADv2

(
V2
)

= 0.3 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.2 − 0.5
∣∣+ ∣∣0.9 − 0.1

∣∣) = 0.36

IOWADv3

(
V3
)

= 0.7 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.8 − 0.9
∣∣+ ∣∣0.9 − 0.1

∣∣) = 0.70

IOWADv4

(
V4
)

= 0.5 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.8 − 0.9
∣∣+ ∣∣0.2 − 0.5

∣∣) = 0.25

BON − IOWAD =
(

1
4

×
((∣∣0.5 − 0.6

∣∣× 0.48
)

+
(

(
∣∣0.8 − 0.9

∣∣× 0.36
)

+
(

(
∣∣0.2 − 0.5

∣∣× 0.70
)

+ +
(

(
∣∣0.9 − 0.1

∣∣× 0.25
)))0.5

= 0.559

Also if the order-inducing variable is according to ui = 1/n, then the BON−HOWAD operator remains. The formulation is:

efinition 18. A BON−HOWAD distance for two sets X = {x1, x2, . . .,  xn} and Y = {y1, y2, . . .,  yn} that has an associated weighting vector

 with wi ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that
BON − HOWAD (〈x1, y1〉 ,  . . ., 〈xn, yn〉) =
(

1
n

∑
i

Dr
i HOWADwi

(
Vi
)) 1

r+q

(18)
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here HOWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j  /= i

Dq
j

⎞
⎠ with

(
Vi
)

being the vector of all
∣∣xj − yj

∣∣ except
∣∣xi − yi

∣∣ and wi being an n − 1 vector Wi

ssociated with ˛i whose components wij are the HOWAD weights. Let W be an HOWA weighing vector of dimension n − 1 with components

i ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n.

Let W be an OWA  weighing vector of dimension n − 1 with components wi ∈ [0, 1] when 1 ≤
n∑

j=1

wj ≤ n. Thus, the sum

f the weights wj is bounded to n or can be unbounded if the weighting vector W = −∞ ≤
n∑

j=1

wj ≤ ∞.  Then, we can

efine this aggregation as HOWADW

(
Vi
)

=

⎛
⎝ n−1∑

j=1

wiD�k(j)

⎞
⎠, where D�k(j) is the largest element in the n – 1 tuple Vi = Vi =

〈x1, y1〉 , . . .,
〈

xi−1, yi−1

〉
,
〈

xi+1, yi+1

〉
, . . ., 〈xn, yn〉

)
.

Note that if wi = 1
n−1 for all i, HOWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

Dq
j

⎞
⎠, and Eq. (18) becomes Bonferroni heavy mean distance.

efinition 19. A BON-HWAD distance for two  sets X = {x1, x2, . . .,  xn} and Y = {y1, y2, . . .,  yn} that has an associated weighting vector W

ith wi ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n, such that

BON − HWAD (〈x1, y1〉 , . . ., 〈xn, yn〉) =
(

1
n

∑
i

Dr
i HWADwi

(
Vi
)) 1

r+q

(19)

here HWADw

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

Dq
j

⎞
⎠ with

(
Vi
)

being the vector of all
∣∣xj − yj

∣∣ except
∣∣xi − yi

∣∣ and wi being an n − 1 vector Wi

ssociated with ˛i whose components wij are the HWAD weights. Let W be an HWAD weighing vector of dimension n − 1 with components

i ∈ [0,  1] and 1 ≤
n∑

j=1

wj ≤ n.

Let W be weighted average vector of dimension n − 1 with components wi ∈ [0, 1] when 1 ≤
n∑

j=1

wj ≤ n. Thus, the sum of the weights wj

s bounded to n or can be unbounded if the weighting vector W = −∞ ≤
n∑

j=1

wj ≤ ∞.  Then, we can define this aggregation as HWADW

(
Vi
)

=

n−1∑
j=1

wiD�k(j)

⎞
⎠, where D�k(j) is the largest element in the n – 1 tuple Vi = Vi =

(
〈x1, y1〉 ,  . . .,

〈
xi−1, yi−1

〉
,
〈

xi+1, yi+1

〉
, . . ., 〈xn, yn〉

)
.

Note that if wi = 1
n−1 for all i, HWADwi

(
Vi
)

=

⎛
⎝ 1

n − 1

∑n

j = 1
j /= i

Dq
j

⎞
⎠, and Eq. (19) becomes Bonferroni heavy mean distance.

Also if the weights are equal to 1 and the order inducing variable is ui = 1/n, the BON-OWAD operator remains. The definition is
resented in [23].

xample 6. We have assumed that BON−HOWAD is given by X = (0.2, 0.5, 0.9, 0.8), Y = (0.5, 0.6, 0.1, 0.9). W∗ is the weighting
ector of the ai associated with ˛i whose components vij . Here we  shall let W∗, instead of being 1, it is 1.9 and it has the following val-
es: W∗ = 0.4, 0.3, 0.7, 0.5. We  take r = q = 1. In addition: V1 = (

∣∣0.5 − 0.6
∣∣+ ∣∣0.9 − 0.1

∣∣+ ∣∣0.8 − 0.9
∣∣), V2 = (

∣∣0.2 − 0.5
∣∣+ ∣∣0.9 − 0.1

∣∣+
0.8 − 0.9

∣∣), V3 = (
∣∣0.2 − 0.5

∣∣+ ∣∣0.5 − 0.6
∣∣+ ∣∣0.8 − 0.9

∣∣) and V4 = (
∣∣0.2 − 0.5

∣∣+ ∣∣0.5 − 0.6
∣∣+ ∣∣0.1 − 0.9

∣∣). Using this get:

HOWADv1

(
V1
)

= 0.4 × (
∣∣0.5 − 0.6

∣∣+ ∣∣0.9 − 0.1
∣∣+ ∣∣0.8 − 0.9

∣∣) = 0.40
HOWADv2

(
V2
)

= 0.3 × (
∣∣0.2 − 0.5

∣∣+ ∣∣0.9 − 0.1
∣∣+ ∣∣0.8 − 0.9

∣∣) = 0.36

HOWADv3

(
V3
)

= 0.7 × (
∣∣0.2 − 0.5

∣∣+ ∣∣0.5 − 0.6
∣∣+ ∣∣0.8 − 0.9

∣∣) = 0.35
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Table 1
Main goal set in ERM.

Goals

G1 Guarantee continuity of operation
G2 Comply with internal and external rules
G3 Guarantee availability and quality of information
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G4 Keep the good will
G5 Prevent economic losses
G6 Protect people

HOWADv4

(
V4
)

= 0.5 × (
∣∣0.2 − 0.5

∣∣+ ∣∣0.5 − 0.6
∣∣+ ∣∣0.1 − 0.9

∣∣) = 0.60

BON − HOWAD =
(

1
4

×
((∣∣0.2 − 0.5

∣∣× 0.40
)

+
(

(
∣∣0.5 − 0.6

∣∣× 0.36
)

+
(

(
∣∣0.9 − 0.1

∣∣× 0.35
)

+
(

(
∣∣0.8 − 0.9

∣∣× 0.80
)))0.5

= 0.6244

. Case study

We  have proposed a new set of methods combining OWA  operators, distance measure, Bonferroni means to provide a new tools for
ecision-making process. To developed case study, we used the enterprise risk management (ERM) in large companies in Colombia survey.
e have studied four main sectors: Trading and consumer, Service, Manufacturing and Extractive. We  have focused our analysis on main

oals in ERM, main types of risk and main benefits in ERM. Using these new methods, we  have analysed the preference, comparison, order
nd relation information that has a decision-maker according to their expectations about ERM. The main idea is to establish interrelationship
nd continuous comparison between goals, types of risks and expected benefits in ERM in large companies in Colombia. Thus, it is desired
o determine which of the goals is prioritized by the managers through the interrelationship and continuous comparison using the different
ypes of risks and the expected benefits as weighted vectors.

.1. Enterprise risk management

The Committee of Sponsoring Organizations of the Treadway Commission [42] proposes a comprehensive framework that allows
dentifying, analysing and evaluating a group of risks from the interrelation of eight components: internal environment, goal setting, event
dentification, risk assessment, risk response, control activities, information and communication and monitoring. Large companies use this
ramework by their simplicity and easy understanding. However, the management of the information requires a great amount of time
nd responsible monitoring for its execution. This framework suggests how these components can be applied within company to pursuit
rganizational goals across all levels of the organization [43].

In Colombia, the technical standard that adapts the COSO guidelines is NTC 31,000 [44], which defines the guidelines, valuation methods
nd evaluation tools for corporate risk management. Likewise, NTC−OHSAS 18,001 [45] have been formulated to identify, assess and
valuate the occupational safety and health risks and the NTC-ISO 14,001 standard [46] that establishes environmental management
equirements. However, the application of these frameworks and norms depends on the flexibility and integration of the information by
he companies, which can be evidenced in a management of the risk at a traditional level or level of progressive management or level of
trategic risk management. Therefore, making a sensible and responsible risk management requires the total commitment of the company,
ather than having a regulation or established frameworks. Recently, a research has shown a descriptive study about risk management
rocesses in privates enterprise in Bogota, in which is highlighted the main implications in health and labour safe [47]. This study stands
ut the importance of enterprise risk management.

In spite of all these frames and tools, it is difficult to know within dynamic environment, (1) which kinds of risks are preferred over
he others, (2) how each risk can be interrelated between them and (3) the expectation of fulfilment between goals raised and expected
enefits. Thus, the ERM is an uncertain bet that is affected by the internal and external changes of the company.

.2. Mathematical application

Now, we present the mathematical application of the algorithm proposed above. The main advantage of on using BON-OWA operators
s that they can interrelate, order and overestimate information according to attitude of decision-maker. The application is focused on
nowing the degree of importance of goals on ERM and its interrelationship with expected benefits and types of risk in large industries in
olombia.

Step 1. Using the data set of the enterprise risk management (ERM) in large companies in Colombia survey, we have taken the main
oal set in ERM, which are common for four large economic sectors trading and consumer sector, service sector, manufacturing sector and
xtractive sector (see Table 1). They are identified as G1, G2, G3, G4, G5 and G6. It is to remain that each goal is considered a property.

Step 2. Using the data set, we have determined what goal is the most relevant in each sector according to type of risk. Here, it is evident
hat some risks are more important than others depending on the sector (see Tables 2–5). With this data, we  are able to make a continuous
omparison and establish interrelationship between each goals taking into account different types of risk for each sector as characteristics
n the same formulation.
Step 3. To make technical continuous comparison and interrelationship between each goal for each sector, we have used BON-OWAD,
ON−HOWAD, BON-IOWAD and BON-HIOWAD. The main idea is make a continuous comparison between goals using types of risks. In
his sense, we have taken as weighted vector w expected benefits in ERM Finance Benefit (FB), Organizational Improvement (OI) and
ecision-making Benefits (DMB) (see Tables 6 and 8). It is noteworthy that Heavy OWA  is characterized by the degree of expectation, i.e.,
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Table  2
Trading and consumer sector.

Strategic Operational Financial Technological Socials Environmental Labour Legal Physics Insurable

G1 0,176 0,321 0,286 0,071 0,036 0,107 0,071 0,143 0,036 0,000
G2 0,059 0,071 0,071 0,000 0,000 0,000 0,036 0,000 0,000 0,000
G3 0,000 0,071 0,071 0,000 0,000 0,036 0,000 0,036 0,000 0,000
G4 0,059 0,071 0,036 0,036 0,036 0,036 0,071 0,000 0,000 0,000
G5 0,353 0,107 0,214 0,000 0,000 0,071 0,107 0,036 0,000 0,000
G6 0,000 0,000 0,036 0,000 0,000 0,071 0,107 0,071 0,036 0,000

Table 3
Service sector.

Strategic Operational Financial Technological Socials Environmental Labour Legal Physics Insurable

G1 0,100 0,229 0,157 0,100 0,014 0,129 0,143 0,157 0,014 0,029
G2 0,057 0,114 0,071 0,071 0,000 0,071 0,043 0,071 0,014 0,000
G3 0,043 0,043 0,029 0,029 0,000 0,014 0,057 0,029 0,000 0,014
G4 0,014 0,029 0,014 0,029 0,000 0,014 0,014 0,000 0,014 0,000
G5 0,029 0,114 0,114 0,029 0,029 0,043 0,029 0,029 0,014 0,000
G6 0,043 0,129 0,057 0,000 0,014 0,100 0,143 0,086 0,029 0,000

These weighted vectors represent the expectations of managers in ERM.

Table 4
Manufacturing sector.

Strategic Operational Financial Technological Socials Environmental Labour Legal Physics Insurable

G1 0,118 0,235 0,176 0,000 0,000 0,059 0,059 0,176 0,000 0,059
G2 0,000 0,176 0,118 0,000 0,000 0,059 0,118 0,059 0,000 0,000
G3 0,059 0,118 0,118 0,059 0,118 0,059 0,000 0,000 0,000 0,000
G4 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000
G5 0,118 0,118 0,059 0,000 0,000 0,000 0,000 0,059 0,000 0,000
G6 0,118 0,118 0,059 0,000 0,000 0,059 0,235 0,059 0,000 0,059

Table 5
Extractive sector.

Strategic Operational Financial Technological Socials Environmental Labour Legal Physics Insurable

G1 0,143 0,357 0,143 0,000 0,000 0,214 0,071 0,143 0,000 0,000
G2 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000 0,000
G3 0,000 0,071 0,000 0,000 0,000 0,071 0,071 0,000 0,000 0,000
G4 0,071 0,000 0,000 0,000 0,000 0,000 0,071 0,071 0,000 0,000
G5 0,000 0,000 0,071 0,000 0,000 0,071 0,071 0,000 0,000 0,000
G6 0,071 0,286 0,214 0,000 0,071 0,357 0,214 0,071 0,000 0,000

Table 6
Weighted vector for BON-OWAD.

W1 W2 W3 W4 W5 W6 W7 W8 W9 W10

FB 0,011 0,019 0,022 0,056 0,107 0,119 0,122 0,122 0,185 0,237

D
(
t
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˜
w

T
W

OI  0,010 0,022 0,022 0,051 0,114 0,121 0,127 0,130 0,175 0,229
DMB  0,010 0,020 0,023 0,052 0,111 0,121 0,128 0,131 0,174 0,230

escending HOWA (DHOWA) operator is found when wn = 1, wj = 0 for all j /= n and the sum of the weights is one and Ascending HOWA
AHOWA) operator is found from different aggregations as the weighting vector can be higher than 1 [35]. Likewise, Yager [19] proposed
hat HOWA weighted vectors can be obtained using weighting vectors allocations, which is called “the push up” allocation and is denote

pu. This method is emphasized the larger values in the aggregate and thus we try to allocate as much of the available magnitude to the
lements at the top of the weighting vector W [19]. Due to Heavy OWA  is characterized by the degree of expectation its weighted vectors
ave some adaptations using Wpu allocation (see Tables 7 and 9). Step 4. In order to unify the continuous comparison and interrelationship

etween each goal, we have used the maximum similarity sub-relations [48]. This method allows us to obtain the similarity relation [S
] from technical continuous comparison explained in step 3. Thus, we found a dissimilarity fuzzy relation [D ˜] through its complement,
here [D ˜] = |1−[S ˜]. From [D ˜] we obtain a symmetric and reflexive matrix through the determined � level, where � = n [23]. Finally,

able 7
eighted vector for BON−HOWAD.

W1 W2 W3 W4 W5 W6 W7 W8 W9 W10 Ave

FB 0,256 0,496 0,388 0,116 0,047 0,256 0,248 0,225 0,039 0,023 2,093
OI  0,295 0,558 0,426 0,124 0,054 0,310 0,318 0,279 0,054 0,023 2,442
DMB  0,287 0,543 0,411 0,124 0,047 0,302 0,310 0,264 0,054 0,023 2,364
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Table 8
Weighted vector for BON-IOWAD.

W1 W2 W3 W4 W5 W6 W7 W8 W9 W10

FB 0,122 0,237 0,185 0,056 0,022 0,122 0,119 0,107 0,019 0,011
OI  0,121 0,229 0,175 0,051 0,022 0,127 0,130 0,114 0,022 0,010
DMB  0,121 0,230 0,174 0,052 0,020 0,128 0,131 0,111 0,023 0,010

Table 9
Weighted vector for BON-HIOWAD.

W1 W2 W3 W4 W5 W6 W7 W8 W9 W10 Ave

FB 0,256 0,496 0,388 0,116 0,047 0,256 0,248 0,225 0,039 0,023 2,093
OI  0,295 0,558 0,426 0,124 0,054 0,310 0,318 0,279 0,054 0,023 2,442
DMB  0,287 0,543 0,411 0,124 0,047 0,302 0,310 0,264 0,054 0,023 2,364
Order  6 1 2 7 8 4 3 5 9 10

Table 10
� levels to determine the maximum similarity sub-relations.

Trading and consumer sector Service sector

FB OB DMB  FB OB DMB

� ≥ ≤ ≥ ≤ ≥ ≤ ≥ ≤ ≥ ≤ ≥ ≤
BON-OWAD 0,996 0,977 0,996 0,977 0,996 0,977 0,995 0,977 0,995 0,977 0,995 0,977
BON-HOWAD 0,994 0,967 0,993 0,963 0,993 0,964 0,993 0,979 0,993 0,977 0,993 0,977
BON-IOWAD 0,995 0,965 0,995 0,965 0,995 0,965 0,995 0,977 0,995 0,977 0,995 0,977
BON-IHOWAD 0,993 0,949 0,992 0,945 0,992 0,946 0,993 0,972 0,992 0,970 0,992 0,971

Manufacturing sector Extractive sector

FB OB DMB  FB OB DMB

� ≥ ≤ ≥ ≤ ≥ ≤ ≥ ≤ ≥ ≤ ≥ ≤
BON-OWAD 0,994 0,977 0,994 0,977 0,994 0,977 1,000 0,977 1,000 0,977 1,000 0,977
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BON-HOWAD 0,992 0,976 0,991 0,974 0,991 0,975 0,999 0,983 0,999 0,979 0,999 0,980
BON-IOWAD 0,993 0,977 0,992 0,977 0,992 0,977 1,000 0,977 1,000 0,977 1,000 0,977
BON-IHOWAD 0,989 0,968 0,999 0,965 0,999 0,965 0,999 0,965 0,999 0,959 0,999 0,960

he results obtained are analysed and it is possible to observe how is the company being oriented and how the goals in ERM contributes
o benefits according each sector.

.3. Results

In this section we can observe the main results obtained of the application. We  have used the new methods proposed, BON−HOWAD,
ON-IOWAD AND BON-IHOWAD. These methods allow making continuous aggregations, multiple comparisons and distance measures
etween each argument. Furthermore, these operators have specific characteristics by the combination of different methods. The main
dvantage of BON−HOWAD over the others BON-OWA operators is that Heavy part, which allows the weighting vector to range between
he OWA  operator and the total operator, i.e., the restrictions on the associated weighting vector are diminished. The main advantage of
ON-IOWAD is that Induce part, which allows taking OWA  pairs in which one component induces a ordering over the second components,

.e., the reordering step is induced by another mechanism which depends upon the values of their associated order-inducing variables. The
ain advantage of BON IHOWAD is that IHOWA part combines the characteristics of HOWA and IOWA that allow using at the same time

n inducing order and a sum of the weights that can range from 1 to n.
Based on methods proposed above, we have used information of the enterprise risk management in large companies in Colombia survey

n order to compare and show the sort of goals in ERM using the different types of risks and the expected benefits as weighted vectors in
our main large sectors. We  have shown the maximum similarity sub-relations matrices to understand the presentation of results after

athematical operation (see [Appendix 1]). We  have obtained the maximum similarity sub-relations, which can be expressed in max
≥) and min  (≤) terms (Table 10). Thus, using the maximum similarity sub-relations matrices is determined the average sub-relation to
btained the main results from each method for each sector, which can observe in Tables 11–14.

Firstly, when it is used BON-OWAD, it is noteworthy that the differences between expected benefits within each sector are not significant.
owever, the importance of goals has an important variation. In this case, we have only taken into account continuous aggregations, multiple
omparisons and distance measures between each argument.

Secondly, when it is used BON−HOWAD, it is noteworthy that the differences between expected benefits within each sector have
hanged. Likewise, the importance of goals has an important variation. In this case, we have also taken into account the relaxing of
eighted vector.

Thirdly, when it is used BON-IOWAD, it is noteworthy that the differences between expected benefits within each sector are not

ignificant. However, the importance of goals has an important variation in compare with BON−HOWAD. In this case, we have also taken
nto account the induced component. On first thought, the results obtained seem to be similar although there are significant difference
epending on method used and the sector studied. Thus, it is to highlight those theses methods allows carrying out continuous aggregations
nd multiple comparisons of the information. Besides, when using the Hamming distance the positive results are located at the lower limit.
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Table  11
BON-OWAD.

Trading and consumer sector Service sector Manufacturing sector Extractive sector

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

G1 0,983 0,983 0,983 0,988 0,988 0,988 0,989 0,988 0,989 0,997 0,996 0,996
G2 0,986 0,986 0,986 0,990 0,990 0,990 0,990 0,990 0,990 0,996 0,996 0,996
G3 0,990 0,990 0,990 0,991 0,991 0,991 0,989 0,989 0,989 0,997 0,996 0,996
G4 0,989 0,989 0,989 0,991 0,990 0,990 0,989 0,989 0,989 0,997 0,996 0,996
G5 0,988 0,988 0,988 0,990 0,990 0,990 0,990 0,990 0,990 0,993 0,993 0,993
G6 0,985 0,985 0,985 0,984 0,984 0,984 0,982 0,982 0,982 0,986 0,986 0,986

Table 12
BON−HOWAD.

Trading and consumer sector Service sector Manufacturing sector Extractive sector

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

G1 0,975 0,973 0,973 0,983 0,981 0,981 0,984 0,982 0,982 0,993 0,991 0,991
G2 0,980 0,978 0,979 0,985 0,984 0,984 0,986 0,985 0,985 0,991 0,989 0,990
G3 0,986 0,985 0,985 0,987 0,986 0,986 0,984 0,982 0,983 0,993 0,991 0,991
G4 0,984 0,983 0,984 0,986 0,985 0,985 0,984 0,983 0,983 0,993 0,991 0,991
G5 0,982 0,981 0,981 0,985 0,984 0,984 0,986 0,985 0,985 0,986 0,983 0,983
G6 0,985 0,984 0,984 0,984 0,983 0,983 0,981 0,980 0,980 0,987 0,984 0,985

Table 13
BON-IOWAD.

Trading and consumer sector Service sector Manufacturing sector Extractive sector

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

G1 0,976 0,976 0,976 0,984 0,984 0,984 0,983 0,983 0,983 0,992 0,992 0,992
G2 0,980 0,980 0,980 0,987 0,987 0,987 0,986 0,986 0,986 0,991 0,991 0,991
G3 0,985 0,986 0,986 0,989 0,989 0,989 0,985 0,985 0,985 0,993 0,993 0,993
G4 0,980 0,980 0,980 0,988 0,988 0,988 0,983 0,983 0,983 0,993 0,993 0,993
G5 0,976 0,977 0,977 0,986 0,986 0,986 0,988 0,988 0,988 0,986 0,986 0,986
G6 0,977 0,977 0,977 0,983 0,983 0,983 0,983 0,983 0,983 0,984 0,984 0,984

Table 14
BON-IHOWAD.

Trading and consumer sector Service sector Manufacturing sector Extractive sector

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

G1 0,965 0,962 0,963 0,977 0,976 0,976 0,975 0,982 0,982 0,982 0,979 0,980
G2 0,971 0,969 0,969 0,981 0,979 0,979 0,980 0,982 0,982 0,982 0,979 0,980
G3 0,979 0,977 0,978 0,984 0,983 0,983 0,978 0,985 0,985 0,985 0,982 0,983
G4 0,971 0,969 0,969 0,982 0,981 0,981 0,975 0,985 0,985 0,985 0,982 0,983
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G5 0,966 0,963 0,964 0,979 0,978 0,978 0,983 0,971 0,971 0,971 0,966 0,967
G6 0,968 0,966 0,967 0,981 0,980 0,980 0,981 0,973 0,973 0,973 0,969 0,969

Fourthly, when it is used BON-IHOWAD, it is noteworthy that the differences between expected benefits within each sector are significant
nd the importance of goals has a critical variation. Hence, these methods allow comparing the feasibility and usefulness according to
xpectations of decision-makers, when 1) the weighted vector has a range from 1 to n and 2) when the weighted vector is induced to its
eorder.

We have depicted the results in order to comprehend the information behaviour. It is noteworthy that the results are ordered in
scending because the lowest data is the most important goal to achieve the expected benefit. When using BON-OWAD operator the
mportance and interrelationship of the expected benefits are similar for each sector, i.e. all benefits have the equal relevance and all goals

orks in the same way. Likewise, the most important goals for each sector are G2 for one sector and G3 for three sectors and the least
mportant goal is G6 (see Fig. 1). When using BON−HOWAD operator the importance and interrelationship of the expected benefits change
or each sector. It is noteworthy that goal G3 is the most important for tow sectors and goal G5 is the most important for the other ones.

Here, none benefit has more relevance than the others into each goal. However, it is marked an important variation between each of
oal (see Fig. 2). When using BON-IOWAD operator the importance and interrelationship of the expected benefits are similar for each
ector, such as BON-OWAD operator. However, there are some variations in the importance of goals where G1 is the most important
oal for three sectors and G6 for one sector and the least important goals are G4 and G3 for three sector and G5 for one sector (see
ig. 3). When using BON-IHOWAD operator the importance and interrelationship of the expected benefits change for each sector, such as
ON−HOWAD. It is noteworthy that the importance of blue bar (finance benefit) becomes more pronounced among the others. Here, the
elevance of one of the benefits is remarkable. As the same previous one, the most important and least goals are not the same of the others

ethods (see Fig. 4).One of the main contributions is to understand how can be related goals, benefits through risk management and the

xpectations and attitude of managers. Risk management enables resources to be effectively allocated and used, improved operational
fficiency and effectiveness, enriched organizational learning, and enhanced organizational flexibility [44]. These aspects are directly
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Fig. 1. BON-OWAD.

Fig. 2. BON−HOWAD.

Fig. 3. BON-IOWAD.
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Fig. 4. BON-IHOWAD.

elated to strategy and organizational aims, which are integrated into a system that identifies, qualifies, evaluates and designs measures

f treatment, implementation, monitoring and evaluation [42].

In this sense, the applications enable to make continuous aggregation and multiple comparison of available information taking into
ccount their distance, range and ordered induce. Likewise, it is important to note that with the use of different values in the weight
ector and reordering the assigned weight to the argument based in the induced vector, it is possible to generate new scenarios that
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Table  15
Trading and consumer service order.

BON-OWAD BON-HOWAD BON-IOWAD BON-IHOWAD

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

1 G3 G3 G3 G3 G3 G3 G3 G3 G3 G3 G3 G3

2 G4 G4 G4 G6 G6 G6 G2 G2 G2 G4 G4 G4

3 G5 G5 G5 G4 G4 G4 G4 G4 G4 G2 G2 G2

4 G2 G2 G2 G5 G5 G5 G6 G6 G6 G6 G6 G6

5 G6 G6 G6 G2 G2 G2 G5 G5 G5 G5 G5 G5

6 G1 G1 G1 G1 G1 G1 G1 G1 G1 G1 G1 G1

Table 16
Service sector order.

BON-OWAD BON-HOWAD BON-IOWAD BON-IHOWAD

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

1 G3 G3 G3 G3 G3 G3 G3 G3 G3 G3 G3 G3

2 G4 G4 G4 G4 G4 G4 G4 G4 G4 G4 G4 G4

3 G2 G2 G2 G2 G2 G2 G2 G2 G2 G2 G2 G2

4 G5 G5 G5 G5 G5 G5 G5 G5 G5 G5 G5 G5

5 G1 G1 G1 G6 G6 G6 G6 G6 G6 G6 G6 G6

6 G6 G6 G6 G1 G1 G1 G1 G1 G1 G1 G1 G1

Table 17
Manufacturing sector order.

BON-OWAD BON-HOWAD BON-IOWAD BON-IHOWAD

FB OB DMB  FB OB DMB  FB OB DMB  FB OB DMB

1 G5 G5 G5 G5 G5 G5 G5 G5 G5 G5 G3 G3

2 G2 G2 G2 G2 G2 G2 G2 G2 G2 G6 G4 G4

3 G1 G3 G1 G1 G4 G3 G3 G3 G3 G2 G1 G1
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4 G3 G4 G3 G3 G1 G4 G1 G1 G1 G3 G2 G2

5 G4 G1 G4 G4 G3 G1 G4 G4 G4 G1 G6 G6

6 G6 G6 G6 G6 G6 G6 G6 G6 G6 G4 G5 G5

sing the traditional statistical formulations cannot be achieved. With the changes in these two  vectors is possible to add the knowledge,
ptitude and expectations of the decision maker into the final results obtained by the formulations. These is important to take into account
onsidering that the decision-makers not always have a rational behaviour and sometimes overreact or underreact when they receive
ertain information [49]. Thus, in this application the distance reflects the differences between information of each risk according to each
oal; the range and ordered induce reflect the attitude of manager on what expect from risk management; and continues aggregation
nd multiple comparison reflect the interrelationship of each of the variables. Hence, it is possible to observe which goals are prioritized
o achieve the expected benefits. Now, it is explained which goals are prioritized in each economic sector selected in Colombia for each

ethod applied.
In Table 15 is shown the order of trading and consumer service. It is observed that the prioritized goal for each method applied is G3

Guarantee availability and quality of information). It is noteworthy that in the ordering in positions 2, 3, 4 and 5 has great variation for
ach method, in which is found goals G2, G4, G5 and G6. Finally, the goal less prioritized is G1 (Guarantee continuity of operation). Thus,
n this sector, it is shown that in order to achieve the expected benefits the most important is to Guarantee availability and quality of
nformation. This feature reflects that it focuses on affects the feedback, learning and accumulation of knowledge by companies. Also, a
on-favourable aspect is not to prioritize the G3 goal, since it negatively day-to-day management.

In Table 16 is shown the order of service sector. Initially, it is observed that all methods prioritize same goals. Results obtained are
omogeneous for each method used. This ordering is given by the attitude of managers that show the range and induce of their perceptions.
n the one hand, methods show the prioritized goal is G3 (Guarantee availability and quality of information) followed by G4 (Keep the
ood will) and the ordering in positions 3, 4 and 5 has great variation for each method, in which is found goals G2 and G5. Finally, the goals
ess prioritized are G1 (Guarantee continuity of operation) and G6 (Protect people). Thus, in this sector, it is shown that in order to achieve
he expected benefits the most important is to Guarantee availability and quality of information and Keep the good will. These features
uggest that they focus on affects the feedback, learning and accumulation of knowledge by companies and organizational reputation.
lso, a non-favourable aspect is not to prioritize the G1 and G6 goals, since it negatively affects the guarantee operational performance and
rotection of their employees.

In Table 17 is shown the order of manufacturing sector. In this sector, BON-OWAD, BON−HOWAD and BON-IOWAD show the prioritized
oal for each method applied is G5 (Prevent economic losses) followed by G2 (Comply with internal and external rules) and the ordering
n positions 3, 4 and 5 has great variation for each method, in which is found goals G1, G3 and G4. Finally, the goal less prioritized is G6
Protect people). On the other hand, BON-IHOWAD there is a great variation in the order of each goal. The prioritize goal are G5 (Prevent
conomic losses) and G3 (Guarantee availability and quality of information) followed by G4 (Keep the good will) and G6 (Protect people).

ikewise, the ordering in positions 3, 4 and 5 has great variation for each method, in which is found goals G1, G2, G3 and G6. Finally, the
oals less prioritized are G4 (Keep the good will) and G5 (Prevent economic losses). Hence, in this sector, it is shown that in order to achieve
he expected benefits the most important is also to the solvency by companies and the feedback, learning and accumulation of knowledge.
lso, a non-favourable aspect is not to prioritize the G5 goal, since it negatively affects protection of their employees.
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Table 18
Extractive sector order.

BON-OWAD BON-HOWAD BON-IOWAD BON-IHOWAD

FB OB DMB  FB OB DMB FB OB DMB  FB OB DMB

1 G1 G1 G1 G1 G1 G1 G3 G3 G3 G3 G3 G3

2 G3 G2 G2 G3 G3 G3 G4 G4 G4 G4 G4 G4

3 G4 G3 G3 G4 G4 G4 G1 G1 G1 G1 G1 G1

4 G2 G4 G4 G2 G2 G2 G2 G2 G2 G2 G2 G2

5 G5 G5 G5 G6 G6 G6 G5 G5 G5 G6 G6 G6

6 G6 G6 G6 G5 G5 G5 G6 G6 G6 G5 G5 G5

Table 19
Prioritize goals.

Sector The most prioritized The least prioritized

Trading and consumer Guarantee availability and quality of information Guarantee continuity of operation
Service Guarantee availability and quality of information Guarantee continuity of operation Guarantee continuity of operation
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Manufacturing Prevent economic losses Guarantee availability and quality of information Prevent economic losses Keep the good will
Extractive Guarantee availability and quality of information Prevent economic losses

In Table 18 is shown the order of extractive sector. In this sector, BON-OWAD and BON−HOWAD show the prioritized goal for each
ethod applied is G1 (Guarantee continuity of operation) followed by G3 (Guarantee availability and quality of information) and the

rdering in positions 3, 4 and 5 has great variation for each method, in which is found goals G4, G2 and G5. Finally, the goal less prioritized
s G6 (Protect people). BON-IOWAD and BON-IHOWAD show the prioritized goal for each method applied is G3 (Guarantee availability and
uality of information) followed by G4 (Keep the good will) and the ordering in positions 3, 4 and 5 to BON-IOWAD has great variation,

n which is found goals G1, G2 and G5. Finally, the goal less prioritized is G6 (Protect people). On the other hand, the ordering in positions
, 4 and 5 to BON-IHOWAD has also great variation, in which is found goals G1, G2 and G6. Finally, the goal less prioritized is G5 (Prevent
conomic losses). Thus, in this sector, the information related is more consistent and evidence a great coincidence between goals and
enefits for each method.

Finally, it is highlighted that the variation of results depends on attitudinal character of manager and not by the sort of information.
ikewise, it is observed that BON-IHOWAD is the most robust method, since it combines all characteristics the each method aggregated.
n this sense, it is important to highlight that these methods allow comparing and interrelating continuously with specific characteristics.
s result, we can identify the most and the least prioritized goal (see Table 19).

Methods are shown that the most important goals in ERM are Guarantee availability and quality of information and Prevent economic
osses and the least important goals are Guarantee continuity of operation, keep the good will and prevent economic losses. This suggests
hat there are risks more o less relevant at the moment to make a decision in ERM orientation. Also, it is observed how large companies in
olombia prioritize goals to manage risk in search of good operational and economic results. Finally, it is obtained an integral view between
isks, goals and benefits, which allows determining aspects among planning, implementation and expected results.

As we can see, by the use of different aggregation operators the results that are obtained and the ranking of the most to least prioritized
oal may  change. This is important to consider because it is a clear example of how the results of the same problem can differ considerably
epending if the subjective information that the decision maker has about the future expectations and knowledge of the market. In this
ense, it is possible to affirm that when the problem that is analysed is complex the information provided by the decision maker makes a
ifference when it is included or not in the final results, and also, if the case is simpler using this information or not can sometimes give
he same results, so using one of the families of the BON-IHOWAD that doesn’t include all the aggregation processes will give the same
esults in a simpler formulation.

. Conclusions

We  have studied several mathematical methods that allow proposing a new set of tools in aggregation theory. We  have focused on
onferroni means, OWA  operators and Hamming distance to develop operators that are able to aggregate, interrelate, compare and rank

nformation multiple and continuously according to the preferences and attitude of the decision maker. The operators proposed are
alled BON−HOWAD, BON-IOWAD AND BON-IHOWAD. Each operator has a characteristic by the combination of different methods. For
ON−HOWAD the main advantage is associated with the heavy part, which allows diminishing the restrictions on the associated weighting
ector and there is a range between the OWA  operator and the total operator. For BON-IOWAD the main advantage is associated with
nduce part, which allows doing the reordering step through an induced mechanism that is dependent upon the values of their associated
rder-inducing variables. For BON-IHOWAD the main advantage is given by IHOWA part, which combines the characteristics of HOWA
nd IOWA in the same formulation.

We  have proposed a case study for mathematical application. Case study is focused on enterprise risk management (ERM) in large
ompanies in Colombia survey. This application analyse the preference, comparison, order and relation information that has a decision-
aker according to their expectations about ERM. We  have taken into account main goals in ERM, main types of risk and main benefits

n ERM for four main sectors: Trading and consumer, Service, Manufacturing and Extractive. Finally, we  have used the new methods to
stablish a multiple comparison and interrelationship between goals, risk and benefits in ERM in large companies in Colombia. Results are

hown in three parts. Firstly, it is highlighted the main results for each method used and their implications. Secondly, results are depicted
n order to comprehend the information behaviour. Figures have shown the variation and the prioritization between goals to get expected
enefits for each sector. Thirdly, we have shown the order for each sector. Here, the application allows reflecting the differences between

nformation of each risk according to each goal, the attitude of manager on what expect from risk management and the interrelationship
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of each of the variables. Thus, it is shown that the most important goals in ERM are Guarantee availability and quality of information and
Prevent economic losses and the least important goals are Guarantee continuity of operation, keep the good will and prevent economic
losses.

In ERM the methods more used are focused on quantitative and qualitative. These methods seek risk measure, such as: “probability
(the likelihood that a threat will occur), impact (the loss that will occur if the threat is realized) and risk exposure (the magnitude of a risk
based on current values of probability and impact)” [42]. Likewise, these methods provide a rational philosophy but the heterogeneity of
its organizational dynamics is difficult to determine used them [50]. According to Arena, Arnaboldi and Azzone [50] this heterogeneity is
explained at the highest level by differing risk rationalities, information asymmetry and their potential to challenge the conceptualization
of uncertainty. Thus, this new method allows dealing with heterogeneity and uncertainty by information asymmetry, since new method
is being able to aggregate, multiple compare and order information continuously in a real application in order to identify the relation
and prioritization between goals, risk and benefits for large firms in Colombia. This allows aggregate different sort of information in the
decision-making process and strategy planning process for ERM. Finally, it was possible to identify how the final results can change when
the complete operator is used (taking into account all the different aggregation processes) or only some of the families of the same.

In future research, we expect to expand these methods into other business areas [51], such as, personal selection, investment and
opportunities of business. Also, the development of new aggregation operators using probabilities [52], moving averages [53], support
vector machines [54], prioritized operators [55,56], fuzzy numbers, linguistic variables and new applications in group decision making are
expected.
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Appendix 1.

The maximum similarity sub-relations matrices with BON-OWAD

See Tables A1–A16.

Table A1
Trading and consumer sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,977 0,989 0,987 0,986 1 0,977 0,988 0,987 0,986 1 0,977 0,988 0,987 0,986
G2 0,977 1 0,996 0,994 0,988 0,977 1 0,996 0,994 0,988 0,977 1 0,996 0,994 0,988
G3 0,989 0,996 1 0,993 0,987 0,988 0,996 1 0,993 0,987 0,988 0,996 1 0,993 0,987
G4 0,987 0,994 0,993 1 0,987 0,987 0,994 0,993 1 0,987 0,987 0,994 0,993 1 0,987
G5 0,986 0,988 0,987 0,987 1 0,986 0,988 0,987 0,987 1 0,986 0,988 0,987 0,987 1
G6 0,987 0,991 0,992 0,992 0,977 0,987 0,991 0,992 0,992 0,977 0,987 0,991 0,992 0,992 0,977

Table A2
Service sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,985 0,987 0,988 0,990 1 0,985 0,987 0,988 0,990 1 0,985 0,987 0,988 0,990
G2 0,985 1 0,992 0,993 0,994 0,985 1 0,992 0,992 0,994 0,985 1 0,992 0,992 0,994
G3 0,987 0,992 1 0,995 0,994 0,987 0,992 1 0,995 0,994 0,987 0,992 1 0,995 0,994
G4 0,988 0,993 0,995 1 0,994 0,988 0,992 0,995 1 0,993 0,988 0,992 0,995 1 0,994
G5 0,990 0,994 0,994 0,994 1 0,990 0,994 0,994 0,993 1 0,990 0,994 0,994 0,994 1
G6 0,987 0,991 0,989 0,988 0,977 0,987 0,991 0,989 0,987 0,977 0,987 0,991 0,989 0,987 0,977

Table A3
Manufacturing sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,988 0,985 0,985 0,993 1 0,988 0,984 0,984 0,993 1 0,988 0,984 0,985 0,993
G2 0,988 1 0,988 0,988 0,993 0,988 1 0,988 0,988 0,993 0,988 1 0,988 0,988 0,993
G3 0,985 0,988 1 0,989 0,993 0,984 0,988 1 0,989 0,993 0,984 0,988 1 0,989 0,993
G4 0,985 0,988 0,989 1 0,994 0,984 0,988 0,989 1 0,994 0,985 0,988 0,989 1 0,994
G5 0,993 0,993 0,993 0,994 1 0,993 0,993 0,993 0,994 1 0,993 0,993 0,993 0,994 1
G6 0,985 0,987 0,984 0,984 0,977 0,985 0,987 0,984 0,983 0,977 0,985 0,987 0,984 0,983 0,977
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Table A4
Extractive sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,994 0,999 0,999 0,999 1 0,994 0,999 0,999 0,999 1 0,994 0,999 0,999 0,999
G2 0,994 1 1,000 1,000 1,000 0,994 1 1,000 1,000 1,000 0,994 1 1,000 1,000 1,000
G3 0,999 1,000 1 1,000 1,000 0,999 1,000 1 1,000 1,000 0,999 1,000 1 1,000 1,000
G4 0,999 1,000 1,000 1 1,000 0,999 1,000 1,000 1 1,000 0,999 1,000 1,000 1 1,000
G5 0,999 1,000 1,000 1,000 1 0,999 1,000 1,000 1,000 1 0,999 1,000 1,000 1,000 1
G6 0,996 0,992 0,993 0,993 0,977 0,996 0,992 0,993 0,993 0,977 0,996 0,992 0,993 0,993 0,977

The maximum similarity sub-relations matrix with BON-HOWAD

Table A5
The maximum similarity sub-relations matrix with BON-HOWAD. Trading and consumer sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,967 0,984 0,981 0,980 1 0,963 0,982 0,979 0,978 1 0,964 0,982 0,980 0,979
G2 0,967 1 0,994 0,992 0,982 0,963 1 0,993 0,991 0,981 0,964 1 0,993 0,991 0,981
G3 0,984 0,994 1 0,990 0,982 0,982 0,993 1 0,989 0,980 0,982 0,993 1 0,990 0,981
G4 0,981 0,992 0,990 1 0,982 0,979 0,991 0,989 1 0,980 0,980 0,991 0,990 1 0,980
G5 0,980 0,982 0,982 0,982 1 0,978 0,981 0,980 0,980 1 0,979 0,981 0,981 0,980 1
G6 0,980 0,987 0,989 0,988 0,984 0,979 0,987 0,988 0,987 0,983 0,980 0,987 0,988 0,987 0,983

Table A6
Service sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,979 0,981 0,983 0,986 1 0,977 0,979 0,982 0,985 1 0,977 0,979 0,982 0,985
G2 0,979 1 0,988 0,989 0,992 0,977 1 0,987 0,988 0,991 0,977 1 0,987 0,989 0,991
G3 0,981 0,988 1 0,993 0,991 0,979 0,987 1 0,993 0,990 0,979 0,987 1 0,993 0,990
G4 0,983 0,989 0,993 1 0,991 0,982 0,988 0,993 1 0,990 0,982 0,989 0,993 1 0,990
G5 0,986 0,992 0,991 0,991 1 0,985 0,991 0,990 0,990 1 0,985 0,991 0,990 0,990 1
G6 0,981 0,987 0,984 0,982 0,015 0,980 0,986 0,982 0,980 0,977 0,980 0,986 0,983 0,981 0,016

Table A7
Manufacturing sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,982 0,978 0,978 0,990 1 0,981 0,976 0,975 0,989 1 0,981 0,976 0,976 0,989
G2 0,982 1 0,983 0,983 0,990 0,981 1 0,981 0,981 0,989 0,981 1 0,981 0,982 0,989
G3 0,978 0,983 1 0,984 0,990 0,976 0,981 1 0,982 0,989 0,976 0,981 1 0,983 0,990
G4 0,978 0,983 0,984 1 0,992 0,975 0,981 0,982 1 0,991 0,976 0,982 0,983 1 0,991
G5 0,990 0,990 0,990 0,992 1 0,989 0,989 0,989 0,991 1 0,989 0,989 0,990 0,991 1
G6 0,979 0,982 0,977 0,976 0,986 0,977 0,980 0,976 0,974 0,985 0,978 0,980 0,976 0,975 0,015

Table A8
Extractive sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,988 0,997 0,997 0,997 1 0,986 0,996 0,996 0,996 1 0,986 0,996 0,997 0,996
G2 0,988 1 0,999 0,999 0,999 0,986 1 0,999 0,999 0,999 0,986 1 0,999 0,999 0,999
G3 0,997 0,999 1 0,999 0,999 0,996 0,999 1 0,999 0,999 0,996 0,999 1 0,999 0,999
G4 0,997 0,999 0,999 1 0,999 0,996 0,999 0,999 1 0,999 0,997 0,999 0,999 1 0,999
G5 0,997 0,999 0,999 0,999 1 0,996 0,999 0,999 0,999 1 0,996 0,999 0,999 0,999 1
G6 0,992 0,983 0,986 0,986 0,986 0,990 0,979 0,983 0,983 0,977 0,980 0,987 0,988 0,987 0,983

Table A9
The maximum similarity sub-relations matrix with BON-IOWAD. Trading and consumer sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,965 0,987 0,985 0,975 1 0,965 0,986 0,985 0,976 1 0,965 0,986 0,985 0,976
G2 0,965 1 0,995 0,993 0,979 0,965 1 0,995 0,993 0,979 0,965 1 0,995 0,993 0,979
G3 0,987 0,995 1 0,992 0,979 0,986 0,995 1 0,992 0,979 0,986 0,995 1 0,992 0,979
G4 0,985 0,993 0,992 1 0,978 0,985 0,993 0,992 1 0,979 0,985 0,993 0,992 1 0,979
G5 0,975 0,979 0,979 0,978 1 0,976 0,979 0,979 0,979 1 0,976 0,979 0,979 0,979 1
G6 0,971 0,980 0,982 0,981 0,977 0,972 0,981 0,983 0,981 0,977 0,972 0,981 0,983 0,981 0,977
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Table  A10
Service sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,981 0,983 0,988 0,983 1 0,981 0,983 0,988 0,983 1 0,981 0,983 0,988 0,983
G2 0,981 1 0,989 0,992 0,990 0,981 1 0,990 0,992 0,990 0,981 1 0,990 0,992 0,990
G3 0,983 0,989 1 0,995 0,990 0,983 0,990 1 0,995 0,990 0,983 0,990 1 0,995 0,990
G4 0,988 0,992 0,995 1 0,990 0,988 0,992 0,995 1 0,990 0,988 0,992 0,995 1 0,990
G5 0,983 0,990 0,990 0,990 1 0,983 0,990 0,990 0,990 1 0,983 0,990 0,990 0,990 1
G6 0,986 0,990 0,987 0,986 0,977 0,986 0,990 0,987 0,986 0,977 0,986 0,990 0,987 0,986 0,977

Table A11
Manufacturing sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,985 0,983 0,978 0,984 1 0,985 0,983 0,978 0,984 1 0,985 0,983 0,978 0,984
G2 0,985 1 0,986 0,983 0,986 0,985 1 0,986 0,983 0,986 0,985 1 0,986 0,983 0,986
G3 0,983 0,986 1 0,983 0,985 0,983 0,986 1 0,983 0,985 0,983 0,986 1 0,983 0,985
G4 0,978 0,983 0,983 1 0,988 0,978 0,983 0,983 1 0,988 0,978 0,983 0,983 1 0,988
G5 0,984 0,986 0,985 0,988 1 0,984 0,986 0,985 0,988 1 0,984 0,986 0,985 0,988 1
G6 0,988 0,989 0,987 0,987 0,977 0,988 0,989 0,987 0,986 0,977 0,988 0,989 0,987 0,986 0,977

Table A12
Extractive sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,985 0,998 0,997 0,997 1 0,985 0,998 0,997 0,997 1 0,985 0,998 0,997 0,997
G2 0,985 1 1,000 0,999 0,999 0,985 1 1,000 0,999 0,999 0,985 1 1,000 0,999 0,999
G3 0,998 1,000 1 0,999 1,000 0,998 1,000 1 0,999 1,000 0,998 1,000 1 0,999 1,000
G4 0,997 0,999 0,999 1 0,999 0,997 0,999 0,999 1 0,999 0,997 0,999 0,999 1 0,999
G5 0,997 0,999 1,000 0,999 1 0,997 0,999 1,000 0,999 1 0,997 0,999 1,000 0,999 1
G6 0,991 0,983 0,986 0,986 0,977 0,991 0,983 0,986 0,986 0,977 0,991 0,983 0,986 0,986 0,977

Table A13
The maximum similarity sub-relations matrix with BON-IHOWAD. Trading and consumer sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,949 0,981 0,978 0,964 1 0,945 0,979 0,976 0,962 1 0,946 0,979 0,976 0,962
G2 0,949 1 0,993 0,990 0,970 0,945 1 0,992 0,989 0,968 0,946 1 0,992 0,990 0,968
G3 0,981 0,993 1 0,988 0,970 0,979 0,992 1 0,987 0,968 0,979 0,992 1 0,988 0,968
G4 0,978 0,990 0,988 1 0,969 0,976 0,989 0,987 1 0,967 0,976 0,990 0,988 1 0,967
G5 0,964 0,970 0,970 0,969 1 0,962 0,968 0,968 0,967 1 0,962 0,968 0,968 0,967 1
G6 0,959 0,972 0,975 0,973 0,977 0,956 0,970 0,973 0,971 0,977 0,957 0,970 0,973 0,971 0,977

Table A14
Service sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,972 0,975 0,983 0,975 1 0,970 0,974 0,981 0,974 1 0,971 0,974 0,981 0,974
G2 0,972 1 0,985 0,989 0,985 0,970 1 0,984 0,988 0,984 0,971 1 0,984 0,988 0,985
G3 0,975 0,985 1 0,993 0,985 0,974 0,984 1 0,992 0,984 0,974 0,984 1 0,992 0,984
G4 0,983 0,989 0,993 1 0,985 0,981 0,988 0,992 1 0,984 0,981 0,988 0,992 1 0,984
G5 0,975 0,985 0,985 0,985 1 0,974 0,984 0,984 0,984 1 0,974 0,985 0,984 0,984 1
G6 0,980 0,985 0,982 0,980 0,977 0,978 0,984 0,980 0,978 0,977 0,978 0,984 0,980 0,978 0,977

Table A15
Manufacturing sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,978 0,975 0,968 0,977 1 0,976 0,973 0,966 0,975 1 0,977 0,974 0,966 0,975
G2 0,978 1 0,980 0,975 0,979 0,976 1 0,979 0,974 0,978 0,977 1 0,979 0,974 0,978
G3 0,975 0,980 1 0,975 0,978 0,973 0,979 1 0,973 0,977 0,974 0,979 1 0,974 0,977
G4 0,968 0,975 0,975 1 0,982 0,966 0,974 0,973 1 0,981 0,966 0,974 0,974 1 0,981
G5 0,977 0,979 0,978 0,982 1 0,975 0,978 0,977 0,981 1 0,975 0,978 0,977 0,981 1
G6 0,983 0,985 0,981 0,980 0,977 0,981 0,983 0,979 0,978 0,977 0,981 0,983 0,979 0,978 0,977
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Table A16
Extractive sector.

Finance benefits Organizational improvement Decision-making benefits

G1 G2 G3 G4 G5 G1 G2 G3 G4 G5 G1 G2 G3 G4 G5

G1 1 0,969 0,995 0,994 0,994 1 0,965 0,994 0,993 0,993 1 0,966 0,994 0,994 0,993
G2 0,969 1 0,999 0,998 0,999 0,965 1 0,999 0,998 0,998 0,966 1 0,999 0,998 0,998
G3 0,995 0,999 1 0,998 0,999 0,994 0,999 1 0,998 0,999 0,994 0,999 1 0,998 0,999
G4 0,994 0,998 0,998 1 0,998 0,993 0,998 0,998 1 0,998 0,994 0,998 0,998 1 0,998
G5 0,994 0,999 0,999 0,998 1 0,993 0,998 0,999 0,998 1 0,993 0,998 0,999 0,998 1
G6 0,981 0,965 0,970 0,972 0,977 0,978 0,959 0,965 0,967 0,977 0,979 0,960 0,966 0,968 0,977
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