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1. Introduction

Nowadays, advances in control theory are closely related with
the development of mathematical models that represent the dy-
namic behavior of physical systems. Several approaches have been
reported to model dynamic systems in the specialized literature,
being Takagi-Sugeno (TS) fuzzy models one of the most prominent
ones to model non-linear dynamic systems [1]. Indeed, TS fuzzy
models often are referred as universal approximators of non-linear
functions [2,3], and thus of non-linear dynamics.

One of the main concerns about TS fuzzy models is structure
selection and parameter identification. For example, Zhao et al. [4]
described a methodology that integrated both structure selection
and parameter identification with the selection of the inputs of the
model. In this methodology, authors used the Gustafson-Kessel
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(GK) [5] and Compatible Cluster Merging (CCM) algorithms for
cluster identification, cluster merging (to reduce the complexity
of the resulting model and selection of the input variables) and
identification of the parameters of the premises; whereas they
used the least squares method to identify the parameters of the
consequences. In [6], the authors pre-processed the information
used in [4] to reduce the information loss during the identification
procedure and to clearly define the membership functions to be
used in the resulting model. Such pre-processing consisted in mak-
ing a rotation of the input space which allowed defining auxiliary
variables that account for the information that is not captured by
the model itself. In [7], the authors proposed an approach based
on linear piece-wise modeling. The state space is divided into
several subspaces in accordance with the previous knowledge of
the system, and a linear model is assigned to each subspace. Finally,
the parameters of each local linear model are identified.

In addition, several modifications to the aforementioned ap-
proaches have been reported in the literature. For instance, clus-
tering methodologies have been discussed in [8-10]. Specifically,
in [8] the Gath-Geva algorithm was used, while the authors in [9]
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and in [10] respectively proposed the use of neural networks and
gravitational search-based hyperplane. While the GK algorithm
requires a priori definition of the number of rules (or a well-
defined search domain), the works of [ 11-14] are more flexible and
allow explicit elicitation of the number of rules during the training
procedure. Local learning schemes, i.e. where the parameters of
each rule are estimated separately, have been explored in [12-
15]. It has been shown that local learning is usually more stable
and homogeneous than global learning [16]. Algorithms that in-
clude uncertainty and noise have been proposed in [17] and [18].
Generalized TS fuzzy systems consider arbitrarily rotated rules and
as such can show better performance than conventional TS fuzzy
systems [19,20]. Online learning, including rule parameters and
structure updating, in the so-called evolving TS models has been
proposed and studied in [21-24]. Some new TS fuzzy models that
use the Kronecker product have been proposed in [25,26]. Other
relevant aspects and features for the identification of fuzzy models
can be seen in [16,27,28].

Although TS fuzzy models are known as universal approxima-
tors, and despite the efforts done by the researchers to propose
methodologies that allow capturing all features of the dynamic
system under analysis, little attention has been paid to include in
these methodologies typical properties of dynamic systems such as
controllability, observability and stability. Indeed, current method-
ologies for the identification of TS fuzzy models focus on minimiz-
ing the prediction error of the model, and leave aside the study
of the previously mentioned properties. It is important to remark
that not including properties like controllability and observability
could restrict the range of applications of the model. Specifically,
the development of control strategies might not be possible if
the model used to represent the system to be controlled is not
controllable. In fact, controllability is a property that guarantees
that a system could be driven towards a desired state from any
initial state by means of a feasible control action [29]. Therefore,
it is relevant to analyze the conditions that must be met by the TS
fuzzy model to guarantee controllability.

In the literature, several approaches have been proposed to an-
alyze the controllability of dynamic systems. For instance, the au-
thors in [29] and [30] analyzed the controllability of linear dynamic
systems, establishing the following condition for the absence of
controllability: there exists a zero-pole cancelation in the model.
Such condition can be verified using the Sylvester matrix as shown
in [31]. Regarding non-linear systems, it is concluded in [32] that
if a continuously differentiable continuous time nonlinear system,
with continuous third order derivatives, is linearized around the
origin and (i) the resulting model is controllable, and (ii) the free-
response of the model is globally asymptotically stable, then the
nonlinear system is controllable. The conditions however are too
restrictive.

To the best knowledge of the authors of this manuscript, there
are no works dealing with the controllability of discrete-time dy-
namical TS systems, whereas some tackle the controllability of TS
fuzzy models of continuous time state space fuzzy models. The
authors in[33] analyzed continuous time state space TS fuzzy mod-
els by regarding them as time-varying linear systems. The time-
dependency of the parameters was determined by the membership
functions and the inputs (and their changes) considered in the
model, and controllability can be checked by means of the invert-
ibility of a time-varying controllability matrix. The same class of
models are analyzed in [34] by means of Lie algebra and a model
relaxation. This relaxation considers the TS fuzzy models as linear
systems with matrices contained in convex hulls. Lie algebras are
also used for the analysis of continuous time TS models in [35]. In
this case, the accessibility conditions were analyzed instead of the
controllability conditions. Accessibility is a relaxation of controlla-
bility in which only a set of final/desired states are considered [36].

Notwithstanding the efforts done by the fuzzy systems commu-
nity to provide an adequate procedure for parameter identification
of TS fuzzy models and to derive conditions that allow analyzing
properties such as controllability, little effort has been done to
propose a methodology for parameter identification that includes
a measurement of the controllability of the resulting model, so as
to impose such a feature. Furthermore, there are no works dealing
with the conditions to establish controllability for discrete time
fuzzy models. Thus, the current paper proposes a methodology for
parameters identification in which both the prediction error and
the controllability of the model are considered. The methodology
consists in a modification of the typical least squares identifica-
tion, such that a barrier function is introduced into the objective
function used for the identification of the parameters of the con-
sequences, so that the cost function tends towards to infinity if
the identified model is not controllable. More precisely, the TS
fuzzy model is linearized at every point of the training data for the
identification, and the Sylvester matrix is then used to determine
if every local linearized model is controllable or not. Then, if the
model is not controllable, a large penalty is applied. This procedure
guarantees that each local linearized model is controllable. This
is a heuristic approximation to impose the controllability of the
identified fuzzy model. The proposed methodology is tested using
two case studies: a benchmark system and the CSTR described
in [37].

The remainder of this paper is organized as follows: Section
2 introduces the relevant preliminaries, i.e. theory regarding the
controllability analysis of dynamic systems and Takagi & Sugeno
fuzzy models; Section 3 presents an analysis of the controllability
conditions for discrete-time dynamical TS fuzzy models; Section 4
presents the proposed methodology for parameter identification
of TS fuzzy models; Section 5 describes the case studies used to
validate the methodology; and Section 6 presents the concluding
remarks and future work.

2. Preliminaries

This section discusses the controllability conditions for general
non-linear systems, the concept is then specialized to linear sys-
tems, and finally introduces fuzzy Takagi & Sugeno models.

2.1. Controllability of non-linear systems

Consider a discrete-time dynamic system with a state equation
given by
x(k+1)=fxk),uk), (1)

where f(-) € RM x RV — RM x(k) € RM denotes the state and
u(k) e RV is the input. For system (1) controllability is defined

as the ability to reach any desired state x (k;) = x; from any
initial state x (ko) = X, by using an admissible sequence of control
actionsu (ko) , ..., u(ky),forsomek; > ko [29,38].In several cases

these conditions are hard to verify or are not strictly fulfilled by a
system, thus relaxed versions of the concept of controllability are
usually considered.

One of the most used relaxations is given by the so called
accessibility analysis. Let R (xo, T) denote the set of states that can
be reached from Xy in a finite time T. Then the set

R(x0) = JR(x0,T) (2)

T=0

denotes the set of states that can be reached from xo. If R (xg) = RM
then the system (1) is said to be controllable at xy. If R (xo) contains
only a neighborhood of xy the system (1) is said to be locally
controllable [39]. Furthermore, if R (xg) = RM for all xo € RM then
system (1) is controllable.
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2.2. Controllability of linear systems

In the literature there are several approaches to determine if a
linear system is controllable or not (see e.g. [29]). In this paper, only
the method proposed in [31] is considered since it can be used in
discrete-time dynamic systems represented as a transfer function
from u (q) to y (q), being y () € R the output of the system (with
abuse of notation here u (q) € R). Moreover, since, in this paper,
only Takagi & Sugeno fuzzy models with linear consequences have
been considered, deriving the transfer function for each conse-
quence is straightforward. Let G (q) denote the transfer function of
adiscrete-time dynamic system. Then G (q) is expressed as follows:

— y (q) — Qny+lqny—1 ++ Qny+nuqny_nu
u(q) (qny — O — . — 9ny)

withn, > n, and qy (k) = y (k+ 1). From (3) the controllabil-
ity of a dynamic system is determined by the set of parameters
{01 seees Onyn, } If the numerator and the denominator are not co-
primes there is a zero-pole cancellation and therefore the system
is non-controllable [30]. In fact, given this condition the system (3)
behaves as a lower order system. Note that analyzing the existence
of zero—pole cancellations is an easy way to determine if a system
is controllable or not. However as the order of the system increases
determining the zeros and poles is a more challenging task. An
alternative to analyze the controllability of (3) consists in using
the Sylvester matrix. From (3), the Sylvester matrix S (y (q) , u (q))
between y (q) and u (q) is given by

S (q), u(q))

G(q) ) (3)

1 0 s 0 9ny+1 0 s 0
79] 1 eny-H
—o, 0 Onyimy ; 0
= _Qny . - 1 0 gny+nu 9ﬂy+1
0 —bh -6 '
. _gny : 9"y+"u
L 0 s 0 _Gny 0 s 0 |

(4)

Then, if det (S (y (q),u(q))) = 0 the numerator and the de-
nominator in (3) are not co-prime. That is, if the Sylvester matrix
is singular the system (3) is not controllable.

2.3. Takagi & Sugeno Fuzzy models

Takagi & Sugeno (TS) models are used in this work to represent
the dynamic behavior of a dynamic system. These models define
IF-THEN rules such as:

Ry:IFzy (k) is MF; and ... and z, (k) is MF, THEN
Yr @z (k) = fr (z (k) (5)

where R, denotes the rth rule of the fuzzy model, with r €
{1, ..., N;} and N, the total number of rules; y; (z (k)) is the con-
sequence or local model; z (k) = [z (k) , ..., z, (k)] is the premise
vector at time k defined as z(k) = [y(k—1),...,y(k—n,),
uk—1,...,uk— nu)]T; fr (z (k)) is a function of the model
premises; and MF/ is the fuzzy set (membership function) of the
ith premise corresponding to the rth rule. The membership grade
wr (zi (k)) is of the ith premise z; (k) to the fuzzy set MF is defined
as

e @ (1) = exp (05 - (ar, - (a1 (6) = br1))°) (®)

where a, ; and b, ; are the membership function parameters. Linear
consequences are considered in this work; the rth local model is
given by:

fr (z (k)) = 9:2 (k) = er,ly (k -D+--+ or,nyy (k - ny)

+ ‘9r,ny+]u (k - 1) R er,nernuu (k - nu) (7)
where 07 = [6,1,..., Qr,nﬁnu]T. Then, the fuzzy model output
becomes:

Nr
Viuzzy () =Yy (2 (K) - 6]z (k) )
r=1

ny-+ny

wr@®)__ and w, (z (k) = [T,

SN wiz(k)
(ari - (21 0) = b)) °)-

To the best of the authors’ knowledge, there are no identifi-
cation procedures for TS discrete fuzzy models that enforce the
controllability of the resulting dynamical model. Furthermore, the
study of the conditions to ensure controllability of the fuzzy model
has only been performed for continuous time models. Thus, the
controllability of TS fuzzy models is studied in the next section,
and a heuristic identification that considers the controllability of
the resulting discrete time TS fuzzy model is proposed after.

with h, (z (k)) = exp(—O.S :

3. Controllability of Takagi & Sugeno Fuzzy models

The controllability of discrete-time dynamical TS fuzzy models
will be analyzed using the Sylvester matrix criterion. For this, a
linear approximation and a transfer function from u (k) to y (k) are
required.

Let z be the linearizing point. Then the derivative of the fuzzy
model with respect to each premise z;j(k) is given by:

QY fuizzy (k) o dh; (z (k)) T
= 0T (k) + hy (2 (K)) - 6r 4 9
dz; (k) Z dz; (k) r2 (k) + hr (2 (k) - O 9
With
dh; (z (k) 2
———— =—(ari) (zs (k) = by i) - hy (z (k
0 (ari)” (21 (k) = br.i) - e (z (k)
Ny
2
—he (2 (k) Y — (i) (z (k) — bii) - by (z (k)
=1
Let 6 (6, a., b)) = dycfifz({{gk) o where 6 is the vector of
! z(k)y=z9
parameters of the consequences, and a.; = [a],i, e aNr,i] and
b.i = [bu. ... by,.i] are the parameters of the ith premise of each

rule. Then (8) can be approximated by:
ny-+ny

Vapprox 0 = 3 60, 0.4b.0) - @ 00 —20) | +y @) (10)

i=1

To simplify the notation, let §; = 6; (9, a.;, b.;). Then, (10) can
be rewritten as:
ny+ny
Varox 00 = 3 {200} +¢ @), (1)
i=1
where ¢ (z0) = y(z) — Z?ﬁn“ 6; -Zpit is a constant value
that depends on the value of zy. Note that (11) is a linear model
with a constant term (linear affine) [40]. Moreover, since ¢ (zo)
is constant and independent of u (k) such term can be omit-
ted to compute the transfer function without affecting the result
obtained by the analysis of the Sylvester matrix. Then, a trans-
fer function (3) between yupprox (k) and u (k) can be computed
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from (11) by using the lag operator g—! over the components

of z; (k), where q~' is such that I (k — 1) satisfies [(k—1) =
q ' (k) and z (k) is such that z (k) = [z;(k),.. Lz (k] =
[yk=1,....y(k—ny),uk— 1),...,u(k—nu)]T.

The Sylvester matrix criterion guarantees that the linearized
model at zg is controllable if the Sylvester matrix associated with
the linearized model is non-singular. Thus, a heuristic criterion
for checking controllability of a discrete-time dynamical TS fuzzy
model is proposed here: it is said that the system is fuzzy control-
lable in a set of values of {z}, if the linearized models at each z; is
controllable; otherwise, the model is said to be non-controllable
and the parameters and/or the structure of the model have to
be modified to guarantee its fuzzy controllability. This heuristic
method is motivated by the fact that the controllability of the
linearized model guarantees local controllability in continuous
time models.

The identification procedure to be presented in Section 4 will
use this criterion for enforcing fuzzy controllability, where the set
of linearization points is given by the training data points.

4. Fuzzy identification algorithm with controllability
constraints

The proposed methodology for the identification of Takagi &
Sugeno fuzzy models, considering the controllability conditions
analyzed in Section 3, is described here.

4.1. General Fuzzy identification methodology

In general terms, the identification algorithm is based on the
procedure shown in Fig. 1 [41]. Note that the contribution of
this work lies in the fourth step (Parameter Identification with
Controllability Constraints), precisely in the identification of the
parameters of the consequences.

All steps are introduced in general terms in this section,
whereas the procedure for identification of the consequence pa-
rameters considering the controllability condition will be pre-
sented in detail in Section 4.2.

The Identification Experiment Design consists in defining an
identification signal so that the oscillation modes of the plant in
the range of interest are excited [42,43]. Commonly, an amplitude
modulated pseudo random binary signal (APRBS) [44] is consid-
ered, and is also used here. The output of the experiment is an
input-output data-set that is divided into three subsets, namely,
training, test, and validation data-subsets, that are further used in
the selection of the model structure and in the computation of the
model parameters. These sets are used in the selection of variables
and the model structure, and posterior tests as is explained next.

The Variables Selection step consists in determining the re-
gressors of the input and output to be considered in the model.
Several approaches for this have been reported in the literature.
For example, a methodology based on a sensitivity analysis is
proposed in [41], heuristic methods are used in [45], and correla-
tion/autocorrelation studies are performed to define the candidate
variables in [42]. At the end of this step one obtains a set containing
the most relevant variables to represent the behavior of the system.

In this work, the regressors are obtained by evaluating the
corresponding fuzzy models for a range of combinations of (n,, n,),
the maximum orders of the input and output regressors. More
precisely, they are evaluated forn, = 1,...,nymax and n, =
1,...,n, — 1. For each regressor combination (i.e. each combina-
tion of (ny, ny)), a fuzzy model is identified with the training subset,
and the combination that provides the smallest prediction error for
the validation subset is chosen.

The Structural Optimization step consists in defining the opti-
mal number of rules N;. For each different combination of (n,, n,),

Identification Experiment
Design

v

Variables Selection

v

Structural Optimization

v

Parameter Identification
with Controllability
Constraints

v

Model Validation

A\ 4

) 4

A4

Fig. 1. Proposed methodology of Fuzzy Identification.

different structures are considered systematically,i.e. N, =1, ...,
Nr max, and for each structure the Parameter Identification step
proceeds, where the training subset is used to identify the param-
eters of the model. The number of rules that provides the smallest
prediction error for the validation subset is chosen.

For each combination of (ny, n,) and structure of the fuzzy
model, the Parameter Identification step attempts to find the pa-
rameters to minimize the squared error between the measured
value and the model output [46,47] for the training data-set. It is
noted that the clustering procedure is separated from the conse-
quences parameters identification because a better representation
of the operation conditions of the system can be obtained this
way [48].

The well-known Gustafson-Kessel algorithm (GK) [5] for fuzzy
clustering is selected for finding the membership functions (i.e.
premises and their parameters) due to its ability to detect clusters
with different shapes and orientation. However other methods for
obtaining fuzzy clusters can be also used within the same proposed
framework presented for controllability of TS models.

Once the membership functions are defined, one must find
the parameters of the consequences. The least squared method is
usually used, where the consequence parameters are computed as
the solution of the following minimization problem:

min] 6) = (v (0 = Ypay (k. 6))” (12)
k=1

where @ is the vector of all consequences parameters, i.e., 7 =
[67.....6% ]: ¥ (k) is the process output at time k; Yz (k. 6)
is the predicted output obtained by the fuzzy model; and m is
the number of measurements. One drawback of this method is
that the resulting model is not necessarily controllable. This is the
motivation of this work, which as a main contribution introduces a
modification of problem (12) in order to enforce controllability of
the resulting model. This new method will be presented in detail
in Section 4.2.

As mentioned above, the obtained models for each combination
of (ny, n,) and number of rules are assessed using the validation
data-subset in order to find the optimal settings. The most used
metrics are the root mean squared error (RMSE), and the compar-
ison of the response of both the real system and the model.
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Finally, the adequateness/usefulness of the identified models
for control is studied using the test data-subsets.

4.2. Consequence parameters identification to impose controllability

The optimization procedure to find the consequences param-
eters is described here. The parameters of the premises are not
modified here since changing these parameters might result in
rules that do not necessarily fit with the operating conditions of
the system.

To impose that the TS fuzzy model is controllable, the criterion
presented in Section 3 is included into the optimization procedure,
i.e. it is imposed that the Sylvester matrices associated with the
linearized models at each of the training data points are not singu-
lar. Accordingly, the minimization problem (12) is reformulated as
follows:

m m
minJ (6) = kZ (v () = Ypzzy (k. 0))” 4 D~ ¢ (Spzy (k. 6))  (13)
=1

k=1
where

Aif Sfuzy (k, 6) is singular

® (Sfuzzy (k, 9)) = { 0if Sfuzzy (k, 0) is not singular (14)

where . — o0 penalize the case when the model is not con-
trollable; and Sp.zy (k, 6) is the Sylvester matrix of the system
linearized around the point in the training data-subset at time k
given the parameters 6. The term ZZLI @ (Sfuzzy (k, 0)) guarantees
that Sy (k, 0), k =1, ..., mare not singular by making A large
enough, thus the local systems obtained from the linearization
around the points in the training data-subset at time k given the
parameters 6 are controllable. Thus, as discussed in Section 3, the
resulting TS fuzzy model is said to be controllable. Recall that since
this is a heuristic procedure, the optimization guarantees that the
linearized models around each of the training points are control-
lable. Since the identification experiment should cover most of the
space where the process will operate, this is a good approximation
to actual controllability.

Some practical issues need to be addressed regarding the defi-
nition of the penalty term in (14). First, roundoff or observational
errors play a crucial role here. Since a condition for singularity
of a matrix A is det (A) = 0, it is clear to see an infinitesimal
change of a parameter -either due to roundoff or to an obser-
vational/identification error - can make the matrix become non-
singular and thus apparently controllable when it is not, or vice-
versa. Second, there are cases where the determinant of a matrix
may be close to zero when the matrix is not close to singular.
For instance, consider the case of an n x n diagonal matrix with
entries given by 10~!. Clearly the value of the determinant will
approach to zero as n becomes large, while the matrix is not singu-
lar. And third, it is desirable to use a criterion so that systems with
Sylvester matrices that are close to singular — and thus are close to
uncontrollable - will not appear as a solution of the problem. Such
a system (assuming the absence of numerical and observational
errors) may be technically controllable, but the time constant for
one state may be extremely slow to be practical. Based on all
these considerations, it is clear that an indicator of proximity of
singularity is needed, and that is not given by the determinant.
Thus, the condition number is considered, which for a matrix A,
it is given by

maxy %
k(A) = —r (15)

Al
MRy Sy

If k(A) is large, then A is close to singular. In fact, it holds that
«(A) = ||All |A="] . As shown in [49], this condition for checking
proximity to singularity is robust to all the issues mentioned above.

Thus, in order to penalize proximity to singularity, the penalty
function (14) is redefined as

A ik (Spuzy (k. 0)) = M

16
0 else (16)

4 (Sfuzzy (k, 9)) = {

for some large M > 0. If a local model has a condition number
great than M it is regarded as close to non-controllable, and will be
rejected due to the penalization.

The optimization problem (13) with the penalty function (16)
is an unconstrained non-linear optimization problem due to the
penalty terms. The LS problem (12) on the other hand is quadratic;
in spite of its non-linear nature, ysy (k, 0) is a linear function
of 6 . In the examples below, the optimization problem (13) is
solved with the Nelder-Mead simplex search method of [50,51]
as implemented in the Optimization Toolbox of Matlab. This is
an optimization method for unconstrained optimization without
derivatives, and is based on the comparison of the function values
at the (n+1) vertices of a general simplex (where n is the number
of variables), followed by the replacement of the vertex with the
highest value by another point. It is particularly suitable for non-
continuous and non-smooth optimization problems.

A pseudocode of the proposed identification algorithm is pre-
sented next:

Algorithm 1: TS fuzzy identification with controllability constraints

0: Experiment design, data collection, separate training, validation and test sets.

1: set ny.max’ Nr,max’j”M
2: ] =0
3: forn,=L..,n, .. n =L.,n -1
4 I =
ny.ny
5 for N, =L...,N, ..
6: Perform clustering.
7 Solve problem (13). Optimal solution is Ggywl
8: if 1., (0:»‘"”']\.‘ )<JP,  then N =N, where J (6, , ) corresponds
to the evaluation of cost (13) using the validation set.

9: end
10:  Optimal number of rules for (H),ﬂ\,) is N™ and its costis J (5.;,"“,1\1,)

@..,)<T™ then (n;’,m,n:”‘) =(n,,n,) and N;™ =N,

11 if J -
12: end
opt __opt

13: The optimal solution is 6, a.x, andit has (n), ,n,

ny

) regressors and N™ rules.

The complexity of the proposed algorithm is n;,male‘,maX
O(ny max> Nr,max, N, m), where O(ny max, Nr max, N, m) is the com-
plexity of the optimization problem as a function of the maximum
considered order of the dynamic system ny max, the maximum
considered number of rules of the model N; max, the number of
steps ahead in the optimization N and the data of the training set m.
It is clear from Algorithm 1 that the main sources of computation
requirements come from evaluating all possible combinations of
(ny, ny, N;), and of course the complexity of problem (13).

Algorithm 1, as it is proposed here is not suitable for application
on real time as it requires the solution of optimization problem
(13), which includes the whole training set. The use of the pro-
posed algorithm for online application, by means of an iterative
implementation, is indeed relevant and will be the focus of future
research.

Since the contribution of this work lies in the fourth step, pre-
cisely in the identification of the parameters of the consequences
enforcing controllability, the proposed method can still be used
within fuzzy identification methodologies that choose different
procedures for the other steps. For instance, different clustering
or optimization methods could be used. Also, generalized TS fuzzy
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systems, that are able represent arbitrarily rotated rules, may be
considered with the proposed methodologies.

In the next section, the proposed method is implemented in two
case studies.

5. Case studies

Two case studies have been considered to analyze the proposed
identification method: a benchmark controllable nonlinear sys-
tem, and a continuous stirred tank reactor (CSTR) [52].

Considering both case studies, the proposed identification pro-
cedure with controllability constraints (CCID) is compared with
two other identification methods: the conventional least squares
identification (LSID); and a local identification method (LLSID) [53].
In the latter method the parameters 6 are found by minimizing:

Ny m
minJ(8) = > hr (z(k) (/(k) — yr(k. 6,))° (17)

r=1 k=1

With some further manipulation, this can be decomposed in
such a way that the parameters of each rule are determined sepa-
rately by means of local least squares identification.

For each system, the performance of the models and the rel-
evance of the imposition of controllability are evaluated through
their use in control. While LSID provides the global solution of
minimum prediction errors, LLSID provides better behaved models
in the sense that they learn the trend embedded in the input-
output observations better than LSID [53]. The comparison of CCID
with these methods is then performed to verify the relevance of the
imposition of controllability versus the model with the smallest
error (LSID) and the one that best learns the trend of the input-
output observations (LLSID).

Here, a Model Predictive Control (MPC) strategy is considered.
Since MPC considers a minimization of the performance over the
future N steps, for the LSID and CCID cases the optimization aims at
minimizing the quadratic error of the N-steps-ahead predictions.
However, only the minimization the quadratic error of the 1-steps-
ahead predictions can be considered for LLSID due to the struc-
ture of the local identification: if an N-step-ahead minimization
is performed, the model will go through several rules, then the
minimization cannot be performed separately for each local model.

An amplitude modulated pseudo random signal (APRBS) has
been chosen as the input u (t) in order to generate an input/output
data set. This set is divided into the training (60%), validation (20%)
and test (20%) sets. The training data set is used for finding the
TS model parameters for all the considered settings of number of
clusters and structure of the model (maximum delay of the past
inputs and states). The validation data set is then used for choosing
the best structure and number of clusters of the model. For the
CCID procedure, the maximum allowed condition number is set to
M = 10'°. Larger condition numbers are regarded as indicative of
the system being close to non-controllable and a penalty is applied.

As mentioned above, an MPC strategy has also been considered
for the assessment. The models obtained with the LSID, LLSID and
CCID methods are used to obtain the predictions of an MPC con-
troller that at each sample time solves the optimization problem
given by

N-1
min Y (W(k+ 1) — ref(k + 1)) Q(y(k + 1) — ref(k + 1))

k=0
“+u(k)"Ru(k)
s.t. y(k) =f (yk — 1), ..., y(k — ny),

uk—1),...,u(k—ny), k=1,...,N

where ref is the reference for the output, N = 10 is the predic-
tion horizon and f (z(k)) = Z’;L hy (z (k) G,Tz (k), with z(k) =
(k= 1),...,y(k—ny), u(k = 1),...,u(k — ny)). According to
the receding horizon scheme, this optimization is solved at each
sampling time k and only the first element of sequence of control
actions, namely u(k), is applied to the system.

For both systems, the fuzzy models are identified using ny max =
6 and Ny max = 5.

5.1. Controllable nonlinear system: benchmark system

The following state space nonlinear system will be considered
as a benchmark system to analyze the proposed identification
method:

X1 (t) = X (£) — X1 (t) exp (x1 (£))
Xy () = —x1 () — X2 () exp (X2 (£)) 4+ u (t) (19)
y(©) =hx(@®) =x(t).

Note that it can be rewritten as a time-varying linear system

x(t) = A(t)x(t) + B(t)u(t),
with

—exp(xq(t)) 1 0
A(t)z[ 1T D exp(®) ]’B(t):[ 1 }

Continuous-time linear time-varying systems are controllable
if the controllability matrix C = [¢1,..., ¢, where ¢&(t) =
B(t), ¢iy1 = A(t)g(t) — ¢(t),i = 1,...,n — 1is full rank [54].
In this case, the controllability matrix is given by

0 1
Cz[ 1 —exp (xy(t) ]

which is full rank, thus proving that the system is controllable.

The CCID method is compared with LSID and LLSID using the
controllable nonlinear benchmark system. The sampling time for
the discrete-time dynamical fuzzy models and the MPC controllers
is Ty = 0.01[s].

Some general results regarding the controllability and the struc-
ture of the models obtained with the LSID, LLSID and CCID methods
are shown in Table 1. Fuzzy models with 4 rules are obtained for
LSID and CCID, but the optimal structures are different. LLSID has
an optimal fuzzy model with 5 rules. The worst-case (among the
different operation points given by the training data) condition
number of the Sylvester matrix for CCID is just below the threshold.
These matrices are then invertible and the model is controllable in
all the operation points defined by the training points. On the other
hand, the worst case for the condition number of the Sylvester
matrix is above the defined threshold for the models obtained with
LSID and LLSID. Then, the identified models are close to singular,
implying they are close to uncontrollable and are thus rejected. All
determinants are very close to zero, thus justifying the use of the
condition number.

Table 2 presents a comparison between the measured and the
output values provided by the fuzzy models for the three identifi-
cation procedures. The root mean squared error (RMSE) consider-
ing 1 and 10 step-ahead-predictions was used as a performance
index. As expected, the errors for 10-step-ahead predictions are
larger than for 1-steps-ahead predictions for all methods. Also,
the errors obtained with LSID are smaller than with CCID because
the former method does not constrain the condition number and
can find the unconstrained optimum. The errors found with LL-
SID are smaller than those obtained with CCID for 10-step-ahead
predictions, but larger than those found by LSID. Indeed, LSID is
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Table 1
Fuzzy Identification Results for the Benchmark System using the conventional (LSID), local (LLSID) or
proposed (CCID) methods.
Method/Set max (cond (Spuzzy(k))) min (det (Spzzy(k))) (ny, ny) Number ofRules
LSID 2.4154e+15 5.8591e—38 (5,5) 4
LLSID 5.4276e+15 9.0710e—46 (6,5) 5
CCID 9.7036e+-09 1.2965e—34 (6,2) 4
The second column informs the maximum value of the condition number of the Sylvester matrix
computed for every data point in the training sets. The third column informs the minimum value of
the Sylvester matrix computed for the same points. The fourth and fifth columns present the optimal
output and input orders (ny, n,) and number of rules, respectively.
Table 2 results validate the relevance of the controllability of the mod-
RMSE results for benchmark system. els, since better closed-loop performances can be obtained when
’Vt[]ethc;’d/ Steps Training Validation Test controllability is forced, in spite of the facts that the training
ahea identification errors are smaller for LSID and LLSID and that models
LSID 1.3139%—05 1.7663e—05 1.3332e—05 are smoother and correctly follow the output-input trend in LLSID.
(1 step ahead)
LLSID 1.3145e—05 1.5754e—05 1.2286e—05 5.2. Continuous stirred tank reactor
(1 step ahead)
CCID head 8.0931e—05 1.0094e—-04 9.5322e-05 A continuous stirred tank reactor (CSTR) is also used to evaluate
(1 step ahead) the proposed identification method. The model of the CSTR is
LSID 0.0022 0.0030 0.0023 described by the following equations [52]:
(10 steps ahead)
LLSID 0.0026 0.0032 0.0024 X1 () = —=x1 () + K1 () - (1 = %1 (t)) — Kz () %2 (t)
(10step ahead) X () =u(t) =% () +5[Ki (©) - (1= 21 (1) = K2 (©) %2 (1)]
CCID 0.0038 0.0049 0.0047 500
(10 steps ahead) K7 (t) = Kyp exp <—7
X2 (1)
Table 3 where x(t) = [x1(t),x2 (t)]" is the state of the system, with

Closed-Loop Performance Results for the Benchmark System controlled with MPC

using the model from conventional (LSID), local (LLSID) or proposed (CCID) methods.

Method/Set avg(Ja) max(Jy) min(Jy) std(Jo)

LSID 5.5395e+-08 3.6325e+-09 1.1257e+03 7.2789e+-08
LLSID 6.1014e+4-08 3.8865e+-09 1.1122e+4-03 7.9900e+-08
CCID 4.6995e+08 3.8102e+-09 168.1958 7.2806e+08

The table reports the avg, max, min values and the standard deviation of the
evaluation of J over the different initial conditions and references for which MPC
with the LSID model is stable.

the global optimum. However, since LLSID learns better the trend
of the input-output dynamics, it generalizes better, and obtains
almost the same errors as LSID for the training data, but obtains
smaller errors for the validation and test data sets.

It is important to remark that the fuzzy models are of greater
order than the original system (five or six of the fuzzy models
versus two of the original system). Although this often generates
an over-fitting in the response of the model, this happens naturally
in the identification procedure to capture all non-linear behaviors
introduced by the exponential functions present in the original
system (see Eq. (19)).

The application of MPC with the identified models is used to test
the relevance of the CCID method. The MPC parameters are Q =
108, R = 1and N = 10. MPC is applied with the models obtained
with LSID (MPC-LSID), LLSID (MPC-LLSID) and CCID (MPC-CCID)
for 36 different initial conditions (all the crossed combinations of
x; = 0,0.2,0.4,0.6,0.8,1and x, = —1,-0.6, -0.2,0.2,0.6, 1
and 7 different references (ref = 0,0.2,0.4,0.6,0.8, 1, 1.2). The
closed-loop performance, which is recorded for each setting, is
givenby Jo = Yo (k+ 1) —ref)T Q(y(k 4 1) — ref) + u(k)" Ru(k),
where K = 100 is the total simulation runtime.

The average and minimum performances of MPC-CCID are bet-
ter than that of MPC-LSID. Particularly, the average performance
of MPC-CCID is 15.16% smaller than that of MPC-LSID and 22.98%
smaller than that of MPC-LLSID.

Thus MPC-CCID consistently, in average and the best case,
yielded better performances than both LSID and LLSID. These

x1 (t) the conversion and x; (t) [°K] the temperature inside the
reactor. Kio = 3 - 10°, Kyg = 6 - 107 are the Arrhenius con-
stants of the reactions present in the reactor. The manipulated
variable u (t) [°K] corresponds to the temperature of the inlet flow
of cooling fluid and is limited to the interval [300, 490] [°K].The
controllable variable, y (t), is the conversion rate, i.e., y(t) = x1 (t).

The sampling time for the discrete-time fuzzy dynamical mod-
els and the MPC controllers is T, = 0.05[s]. Some general results
regarding the controllability and the structure of the models ob-
tained with the LSID, LLSID and CCID methods are shown in Table 4.
The worst-case (among the different operation points given by the
training data) condition number of the Sylvester matrix for CCID is
well below the threshold. These matrices are then invertible and
the model is controllable in all the operation points defined by the
training points. For LSID and LLSID, on the other hand, the worst
case for the condition number of the Sylvester matrix is above the
defined threshold. Then, the identified models are close to singular,
implying they are close to uncontrollable and are thus rejected.

Table 5 presents a comparison between the measured and the
output values provided by the fuzzy model for the three identi-
fication procedures. The RMSE considering 1 and 10 steps ahead
predictions was used as a performance index. As expected, just like
for the SNLC, the errors for 10-step-ahead predictions are larger
than for 1-step-ahead predictions for all methods. Also, the errors
obtained with LSID are smaller than with CCID because the former
method does not constrain the condition number and can find the
unconstrained optimum. The errors found with LLSID are smaller
than those obtained with CCID, but larger than those found by LSID
for 10-step-ahead predictions. Indeed, LSID is the global optimum
for the N-step-ahead predictions. However, the errors are smaller
for LSSID for 1-step-ahead predictions because it generalizes better
than LSID.

The MPC controller parameters are Q = 10, R = 1and N =
10. MPC-LSID, MPC-LLSID and MPC-CCID are applied for 6 different
initial conditions (x; = 0,0.2,0.4,0.6,0.8,1,x, = 351) and all
the combinations with the references ref = 0.4, 0.45, 0.5, 0.55,
0.6, 0.65. The closed-loop performance J, is recorded for each
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Table 4
Fuzzy Identification Results for the CSTR using the conventional (LSID), local (LLSID) or proposed (CCID)
methods.
Method/Set max (cond (Spuzy(k))) min (det (Spzzy(k))) (ny, ny) Number of Rules
LSID 2.2085e+15 4.0007e—42 (4,4) 4
LLSID 5.4276e+15 9.0710e—46 (6,5) 5
CCID 1.3848e+07 1.7608e—13 (2,1) 5

The second column informs the maximum value of the condition number of the Sylvester matrix
computed for every data point in the training sets. The third column informs the minimum value of
the Sylvester matrix computed for the same points. The fourth and fifth columns present the optimal
output and input orders (ny, n,) and number of rules, respectively.

Table 5
RMSE results for benchmark system.
Method/Steps Training Validation Test
ahead
LSID 8.4325e—05 8.5083e—05 8.1722e—05
(1 step ahead)
LLSID 7.9448e—05 8.0607e—05 7.6701e—05
(1 step ahead)
CCID 2.4790e—04 2.2314e—04 2.2554e—04
(1 step ahead)
LSID 0.0044 0.0038 0.0037
(10 steps ahead)
LLSID 0.0052 0.0052 0.0047
(10 step ahead)
CCID 0.0075 0.0063 0.0067
(10 steps ahead)
Table 6

Closed-Loop Performance Results for the CSTR controlled with MPC using the model
from conventional (LSID), local (LLSID) or proposed (CCID) methods.

Method/Set avg(Ja) max(Jq) min(Jq) std(Jg)

LSID 1.6921e+10 5.9734e+10 5.8818e+-08 1.4032e+10
LLSID 1.7661e+10 6.3513e+10 6.1223e+4-08 1.4657e+10
CCID 1.5406e+10 5.4524e+10 2.6907e+-08 1.2800e+-10

The avg, max, min and values and the standard deviation of the evaluation of J; over
the different initial conditions and references are reported.

initial condition and reference, with K = 120 (associated with a
simulation time of 6[s]).

The results for J,; for both methods and all initial conditions
and references are reported in Table 6. The average, maximum
and minimum performances of MPC-CCID are better than that of
MPC-LSID and MPC-LLSID. Particularly, the average performance
of MPC-CCID is 8.95% smaller than that of MPC-LSID and 12.77%
smaller than that of MPC-LLSID. This happens in spite of the fact
that the identification error for training and validation subsets
are smaller for LSID and LLSID and that models are smoother and
correctly follow the output-input trend in LLSID. This validates the
relevance of controllability of the identified model just like in the
case of SNLC.

5.3. Discussion

LSID and LLSID, in both examples, obtain a maximum condition-
ing number (among the training data set points) of around 10%
(see Tables 1 and 4), which is large compared to the maximum
allowed value of 10'°. Though this value is arbitrary, it is useful for
illustrating the relevance of controllability of the identified models.
CCID obtains models for which the maximum conditioning number
is less than 10'° (see Tables 1 and 4), and in order to satisfy this
constraint, it sacrifices predictive accuracy with respect to LSID
and LLSID (see Tables 2 and 5). This sacrifice is performed with
the goal of obtaining controllability, which is a desired property
in control, which allows that all states can be reached given a

feasible sequence of inputs. For this reason, the different methods
are tested in a setting that uses an MPC controller with the obtained
models. MPC is one of the most popular advanced control methods
based in models. It minimizes the performances of the system over
a prediction horizon, then applies the first control action of the
sequence, and then repeats the procedure the next instant.

LSID is the conventional global least squares minimization
based identification, which finds the global optimum for the pre-
diction errors. However by doing so may yield rules that by them-
selves do not appropriately approximate the dynamics of the
system in the vicinity of the center of the cluster associated to that
rule. On the other hand, LLSID is a local least squares minimization
method, which sacrifices prediction accuracy for ensuring that the
local models of each rule approximate the local dynamics of the
system. Due to this, it may compete in the errors for 1-step-ahead
predictions when the optimization is performed for 10-step-ahead
predictions. Additionally, from this property one could expect that
imposing controllability for the fuzzy model may not be needed.

However, simulation results show (see Tables 3 and 6) that the
models obtained with CCID consistently reach better closed loop
performances (as evaluated by the same performance metric used
in MPC) than those obtained with the other models. This shows
that both priorities (reaching the global optimum for the prediction
error and ensuring local models that resemble the real dynamics)
are overshadowed by the relevance of imposing controllability
when using the models for control, and confirms the relevance of
the inclusion of controllability in fuzzy identification of dynamical
systems for control. If the model is controllable, then the predicted
states in the optimization within the controller can reach the de-
sired operation points, which will then allow better quality control
inputs to be applied to the systems.

It is relevant to note that, as mentioned before, this work high-
lights the relevance of imposing controllability when the models
are used for control. However it does not claim that it is better than
other methods well established in the literature. Instead, it points
out a relevant aspect for the identification of fuzzy systems, which
can be included in different identification frameworks.

6. Conclusions

A new fuzzy identification methodology that imposes control-
lability on the fuzzy models has been proposed in this work. The
key step of the methodology is to include, in addition to the
classical cost measuring the error between the model estimation
and real data, a penalty term that heuristically penalizes models
that are not controllable. Two case studies were used for validating
the effectiveness of proposed method, and the simulation results
showed that the closed-loop responses, in terms of stability and of
quantifiable performance, are better when imposing controllabil-
ity. In particular, these results highlight the role of controllability in
predictive controllers design: controllability helps obtaining better
closed-loop performance. Future research will focus on develop-
ing improvements for computational complexity, such as defining
heuristics for finding the optimal regressors order and number
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of clusters, and the extension of the developed methodology for
online application by means of an iterative implementation.
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