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Abstract—In this paper, a new prediction interval model based 
on a joint supervision loss function for capturing the uncertainties 
associated with the modeled phenomenon is described. This model 
provides the upper and lower bounds of the predicted values in 
accordance with the desired coverage probability, as well as their 
expected values. A benchmark problem is used to evaluate the 
proposed method, and a comparison with the neural network 
covariance method is performed. Additionally, the proposed 
method was applied to forecast the residential demand from a 
town in UK, considering the prediction interval performance for 
one-day ahead. The results show that the method is able to 
generate an interval with narrower width than the covariance 
method, and maintains the coverage probability. The information 
provided by the prediction interval could be used in the design of 
microgrid energy management systems. 

Keywords—Prediction interval, joint supervision, neural 
network. 

I. INTRODUCTION 

Prediction models are fundamental tools for estimating 
future states of time dependent variables. They rely on 
approximating the underlying distribution of a certain function 
in order to generate an output that is as close to the real value 
as possible. Several methods for performing predictions are 
available and used, such as linear models, fuzzy systems, and 
neural networks for non-linear predictions [1]. Machine 
learning has become popular during the last decade in industry, 
academia, medicine, and several other areas where their quality 
of universal approximators allows modeling complex systems 
based only on a set of samples [2],[3]. 

However, while the predictions generated by a neural 
network can be very accurate, given enough data and correctly 
selected hyperparameters, these predictions do not take the 
uncertainty of the data into account. Indeed, in its supervised 
form, the current paradigm of neural network training treats 
each point of the training dataset as a completely accurate 
representation of the distribution generated by the modeled 
function. However, this assumption is violated when noise is 
present in the system, meaning that the accuracy of the model 
drops as the uncertainty increases. Since an estimation of the 
reliability of the prediction is fundamental for several 
applications (such as load forecasting), prediction intervals 
have been proposed [4].  

A prediction interval consists of an upper and lower value 
that defines a range in which the estimated random variable is 
expected to belong, given a coverage probability. This means 

that the model is able to predict the uncertainty of an 
observation yet to be made. To be useful, prediction intervals 
are expected to maximize the amount of data inside the bounds, 
as well as to be as narrow as possible [5]. 

Several methods have been proposed to construct the 
prediction interval. Most of them require two different models, 
the first one aimed at constructing the crisp prediction, and the 
second one designed to generate the corresponding prediction 
interval. In most cases certain assumptions on the distribution 
of the data are made[6]. Such algorithms include the covariance 
method that uses the error between the prediction of the model 
and the real data to generate an interval under the assumption 
of normally distributed noise with zero mean. Given the 
complexity of the modeled systems, these assumptions are 
difficult to validate and do not hold true for certain systems, 
leading to a loss in the accuracy of the interval. 

In response to these shortcomings, models that are capable 
of generating prediction intervals without any assumptions on 
the distribution of the data have been proposed. Such models 
include techniques such as that presented in [7] where complex 
pipelines are required to obtain the prediction interval, resulting 
in implementation of a convoluted algorithm. Other methods 
include lower upper bound estimation (LUBE) [6] in which a 
two-output neural network is used to generate the interval with 
the parameters tuned by a special algorithm achieving state of 
the art results, and [8] where genetic algorithms are used to tune 
the parameters of a two output neural network. While both 
methods use neural networks to generate the prediction interval, 
the first one still requires a different model to achieve the crisp 
prediction, and the second one is subject to the shortcomings of 
evolutionary algorithms applied to the training of neural 
networks, mainly, the very high computational complexity for 
high dimensionality problems, resulting in slow parameter 
tuning. 

In this work we propose a novel prediction interval based 
on a three-output neural network trained by backpropagation 
using a combination of the classical loss function as well as a 
new interval loss function, which is also proposed in this paper, 
that measures the quality of the generated interval. This model 
retains the simplicity and efficiency of the backpropagation 
trained neural networks while achieving state of the art results 
in interval generation and model prediction. Furthermore, this 
method allows unifying the crisp prediction and the interval 
generation under a single model trained by a single algorithm 
(backpropagation), greatly simplifying the application process. 
This method is also fast to train and benefits from all the 
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development made for backpropagation techniques, such as 
generalization techniques and parallelized training. 

The main contribution of this work consists of the 
development of a new differentiable loss function for interval 
prediction generation. This function is consistent with 
backpropagation training and is able to create accurate 
prediction intervals. In this paper we evaluate the benefits of the 
intervals generated with this loss function, and offer a real case 
study. 

The paper is organized as follows: The neural network 
structure used to generate the crisp and interval predictions is 
introduced in Section II. The new loss function used to train the 
proposed neural network prediction interval is provided in 
Section III. The results obtained on a state dependent noise 
benchmark series, and a real case study by constructing intervals 
for load forecasting are presented in Section IV. In both cases, 
the proposed method is compared to a standard prediction 
interval method. The conclusions of this study are presented in 
the last section. 

II. NEURAL NETWORK  PREDICTION INTERVAL MODELING 

A neural network is defined by a set of adjustable 
parameters that determine the output of the system ( ) to a 
certain input ( ) at the time instant  [9]. These parameters 
consist of a set of hidden and output weights ( , , , ), and a 

set of hidden and output biases , . Mathematically, the 
neural network output is defined as:  ( ) = , tanh , ( ) + +  (1) 

 
where  is the number of output units,  is the number of 
neurons in the hidden layer and  is the number of inputs to the 
network. The parameters of the neural network are trained by 
minimizing the root mean square error ( ) using 
backpropagation in a paradigm defined as supervised learning 
[10]. In this paper a method capable of generating a neural 
network prediction interval, as well as a crisp prediction is 
proposed. Therefore, a neural network with three outputs is 
used with = { , , }. Thus, ( ) 
represents the upper bound of the interval at time ; ( ) 
represents the estimated value at time ; and ( ) 
corresponds to the lower bound of the interval at time . 

To obtain the interval as well as a crisp prediction, the 
parameters = { , , 	 , , , } = { , , } 
are tuned through backpropagation method. This training stage 
is carried out after data is acquired and some model structure 
has been selected [3]. In this work, a new total loss function is 
used as the metric for the training process of the three-output 
neural network. The total loss function ( ) proposed is 
based on the joint supervision approach as presented in 
[11],[12]. 

 In this approach, the tuning of the neural network 
parameters is based on the supervision of more than one loss 
function. Several loss functions can define multiple objectives 
for the network. In this study, by combining two loss functions, 
the network can be trained to generate an interval that meets the 

desired coverage probability as well as minimizing the width of 
such an interval. In the next section, the proposed method for 
developing the prediction interval is presented.   

III. PROPOSED METHOD FOR DEVELOPING THE PREDICTION 

INTERVAL 

The training task is basically an estimation problem 
according to some metric. The parameters  are tuned by 
propagating the error ( ) = ( ) − ( ) through the 
network in order to minimize the difference between the model 
outputs ( ) at the time instant  and the real value ( )	at the 
time instant  of the dataset. Then, the classical loss function as 
training metric are defined as follows:   = 1 ( ) = { , , } (2) 

where  is the amount of available training data. To calculate 
the change in the parameters of the neural network, the gradient 
is calculated as the derivative of the classical loss function ( ). 
According to (2), the gradients are defined as follows: = − 2 ( ) = { , , } (3) 

 
This classical loss function (see eq. (2)) minimizes the 

error between the predicted values ( ) and real values ( ). 
However, it is impossible to define an interval using this metric 
alone since there are no terms that represent the interval. To 
address this issue, a second metric, called interval loss function ( ), is introduced here. The interval loss function for the upper ( ) and the lower ( ) bounds of interval	are defined 
as follows: = 1 ( )  (4) 

 = 1 ( ( )) (5) 

where: 

( ) = ( ) 	 	 ( ) > 00	 ℎ  (6) 

 
 ( ( )) = ( ( )) 	 	 ( ) < 00	 ℎ  (7) 

 
According to (4) and (6), for each point of data ( ) with a 

larger value than the upper bound ( ), the cost introduced 
by the  function increases quadratically in accordance 
with the difference between the real data ( ) and the predicted 
upper value of the interval ( ). Data points ( ) with a 
lower value than the upper bound ( ) introduce no cost. 
Likewise, as presented in (5) and (7), any data point ( ) with 
a lower value than the corresponding lower bound ( ) 

2018 International Joint Conference on Neural Networks (IJCNN)



introduces a cost. When the upper and lower interval loss 
functions are combined, the result is a penalization for each data 
point ( ) that lies outside the prediction interval. The three 
outputs of the neural network use the same target data ( ) 
during the training process. The introduction of different total 
loss functions for each output results in a different gradient for 
each of them. This, in turn, is the key factor for the prediction 
interval generation. 

To obtain the gradients of the new interval loss function ( ), 
the function must be differentiable in the whole space. Since the 
function is well defined in ∗, a proof of differentiability in 0 is 
provided for the upper interval loss function ( ): 

 (0) = lim→ (ℎ) − (0)ℎ = 0 (8) 

 (0) = lim→ (ℎ) − (0)ℎ = 0 (9) 

The development is equivalent for the lower interval loss 
function ( ). Hence:  = 1 ( )( )  (10) 

 = 1 ( ( ))( )  (11) 

 
where:  ( )( ) = −2	 ( )	 	 ( ) > 00	 ℎ  (12) 

 ( ( ))( ( )) = −2	 ( )	 	 ( ) < 00	 ℎ  (13) 

 
The total loss function ( ) for the upper and lower 

bounds of the interval are defined as the weighted sum of the 
classic loss function (see eq. (2)) and, the upper and lower 
interval loss function (see eqs. (4) and (5)):  = +  (14) 

 = +  (15) 

where  is the weighting factor. The crisp prediction output is 
obtained by using only the classical loss function (see eq. (2)). 
The gradients for the total interval loss functions are defined as: = +  (16) = +  (17) 

Since the total loss functions and gradients for all outputs 
are well defined, the classical backpropagation method can be 
used to tune the network’s parameters . 

 

A. Identification of the Parameters 

The aim of the identification method is to obtain the 
parameters  of the neural network prediction interval such that 
the interval will be as narrow as possible, and so that it contains 
the largest possible amount of measured data [13]. The 
minimization of the interval width is achieved through the term 

 (eq. see (2)) by a minimization of the error between the 
interval bounds ( ( ), ( )) and the real data. On 
the other hand, the minimization of the number of points 
outside the interval is achieved through the terms  and 

 (see eqs. (4) and (5)) which introduces a penalty to any 
data point outside the interval. Note that while the classical loss 
function ( ) tends to reduce the width of the interval, the 
interval loss function ( )	tends to increase it, introducing a 
tradeoff  between the coverage probability and the interval 
width that can be regulated by modifying the parameter  (see 
eqs. (14) and (15)). 

In this paper, the use of a neural network prediction interval 
model is proposed for forecasting the output at future steps 
ahead ( ). Therefore, the parameters of the neural network are 
tuned for  steps ahead. The prediction at future steps ahead 
is considered as a function of the output until the previous step, 
real and/or forecasted, depending on the number of steps ahead. 

To evaluate the quality of the interval, the prediction interval 
coverage probability ( ), and the prediction interval 
normalized average width ( ) are used as metrics for  
step ahead:  

= 1 ( + ℎ) − ( + ℎ) ∀ℎ = 1,⋯ ,  
 

(18) 

= 1
 ∀ℎ = 1,⋯ ,  

 

(19) 

with = 1 if ( + ℎ) [ ( + ℎ), ( + ℎ)] 
otherwise = 0. Let R	denote the range given by the 
maximum and minimum values of measurements [6],[14]. 

Fig. 1 presents the methodology proposed to obtain the 
prediction intervals. First the neural network prediction interval 
is trained using backpropagation with the total loss functions, 
and the set of parameters ( + ℎ) is found.  

The algorithm presented in Fig. 1 iterates, gradually 
increasing the interval width until the desired coverage 
probability ( ≥ ) is achieved. This gradual increase of the 
interval width is reached by modifying parameter  in each 
iteration. 

Once the desired PICP is reached, the algorithm continues 
to iterate while keeping the value of  constant. This is done to 
compensate for the random weight initialization, which can 
give different results for the same total loss functions ( ) 
and  parameter. In each iteration the  of the resulting 
neural network prediction interval is compared to the value of 
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the bestPINAW overall, and if the  of the current 
iteration is lower than the bestPINAW, the network is saved, 
and the 	is set as the current PINAW. Finally, a 
neural network prediction interval with a desired coverage 
probability and a minimum interval width is obtained.  

 

 
Fig. 1.  Methodology for Developing Prediction Intervals. 

IV. EXPERIMENT AND RESULTS 

In this work, comparisons were made between the 
proposed method based on joint supervision, and the covariance 
method based on the work developed in [15]. In the covariance 
method the prediction interval is generated by considering the 
difference between the observations ( ) and the values 
predicted by the model ( ). This method is based on the 
assumption that the underlying noise possesses a normal 
distribution with zero mean and variance .  

The neural network in (1) can be written as:  

( ) = , 	 ̅ ( ) +  (20) 

 
where ̅ ( ) is the output of the hidden layer of the neural 
network: ̅ ( ) = tanh , 	 ( ) +  (21) 

Given this, we can write the upper and lower interval 
predictions following the definition presented in [15]: 

 ( ) = 	 ̅∗( ) + +  (22) 

( ) = ̅∗( ) + −  (23) 

where 

= 1 + ̅∗ ( ) ̅ ( ) ̅ ( ) ̅∗( )  (24) 

 ̅ ∗( ) is obtained with new input data used to predict the future 
observation, and ̅ ( ) is a matrix obtained with the data used 
in the training process, where parameters of the neural network 
were found. The error variance is , and  is a tunable 
parameter which is found by running multiple iterations with 
increasingly larger  values until the desired prediction 
interval coverage probability ( ) is achieved on 
experimental data [16]. Similar to the proposed method 
implemented for joint supervision, several training iterations 
were run for the covariance neural network in order to minimize 
the error caused by the random initialization of the parameters, 
and the parameters of the neural network were tuned with  
steps ahead. 

 
A. Benchmark 

The proposed method was evaluated based on the modified 
Chen series [17]. This modified database has state dependent 
noise: ( ) = 0.8 − 0.5 exp − ( − 1) ( − 1) − 0.3 + 0.9 exp − ( − 1) ( − 2) +  															 ( − 1) + 0.2	 ( − 2) + 0.1 ( − 1) ( − 2) + ( ) 

 

(25) 

where the system noise, ( ) = 0.5	exp(− ( − 1) ) ( ), 
depends on the previous state of the output model, and	 ( )	is 
white noise. Given the properties of the exponential function, 
the noise will be greater when ( − 1) is close to zero.  

The training, validation, and test sets are separated in 
proportions of 55, 25, and 20 percent respectively. The 
validation set is used in the selection of model structure stage. 
Fig. 2. shows 400 points of the input ( ( )), the noise and the 
output value ( ( )) of the modified series. The regressors ( − 1), ( − 2), ( − 1)	and	 ( − 2) were selected 
based on eq. (25), and the hidden neuron numbers were chosen 
as the ones that minimize the RMSE in the validation dataset. 
After that, the neural network on which the covariance method 
is based used 10 neurons in the hidden layer, while the network 
trained with the proposed method had 14 neurons in the hidden 
layer. The neural networks were trained on the training set, and 
early stopping was used to prevent overfitting.  

Fig. 3. shows the behavior of the  and  when 
the parameter  is increased (see eqs. (14) and (15)). While the 

 corresponding to the interval width increases at a 
constant rate as the parameter  becomes larger, the	  
which measures the coverage probability tends to stabilize at 
the desired coverage probability. 
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Fig. 2. Modified Chen Series. 

In this study, the desired  was defined at 90%. For the 
case presented in Fig. 3, the PINAW with which the desired 
coverage probability is achieved corresponds to around 20%. 
The method proposed possesses a diminishing returns nature, 
meaning that the best results in terms of the  and  
tradeoff will be obtained before the  curve stabilizes. 

Table I shows the root mean square error (RMSE) and the 
mean absolute error (MAE) as metrics for evaluating the quality 
of the model when a single trajectory is provided as the output. 
Additionally, the prediction interval normalized average width ( ) and the prediction interval coverage probability ( ) are included as the performance of the interval 
modeling. In this paper, test data set is used for evaluating the 
models at different prediction horizons. Finally, the training 
time is included in the table.  

The RMSE and MAE shown in Table I, reveal that the 
proposed method has lower values than the covariance method. 
The reason for this is that using a total loss function integrates 
the uncertainty into the model, and since the joint supervision 
network shares parameters for the interval and the crisp 
predictions, the network is able to extract more information 
from the same data. Supervision by total loss functions with 
multiple objectives can lead the solution away from local 
minima, and also improve generalization of the algorithm as 
reported in [12]. However, the prediction error increases for a 
larger prediction horizon, because the models face different 
levels of uncertainty at different steps ahead.  

As can be seen in Table I, while both methods are able to 
maintain the coverage probability at about 90% (the desired 

), the joint supervision method has the benefit of 
providing a narrower interval (see PINAW) for all the prediction 
steps ahead, which in turn, provides more information about the 
uncertainty phenomena modeled. This difference becomes 
apparent when comparing Fig. 4. with Fig. 5. These figures 
correspond to the sixteen-step ahead prediction interval of both 
models, tuned with 90% coverage probability, using a rolling 
horizon strategy. While the covariance methods maintain a 
constant width for the interval, the proposed method achieves a 
narrower interval in states with little noise, and an interval 
length of similar width to that of the covariance method in states 
with high noise.  

 
Fig. 3. PICP and PINAW According to . 

TABLE I.  PERFORMANCE METRICS 

Prediction 
Horizon 

Performance 
indexes 

Neural Network Models 

Covariance 
Joint 

Supervision 

One step 
ahead 

 

RMSE (kW) 0.2675 0.2583 
MAE (kW) 0.1733 0.1601 
PINAW (%) 7.12 6.57 
PICP (%) 88.94 89.54 
Training time (sec) 42 72 

Eight steps 
ahead 

 

RMSE (kW) 0.6319 0.6227 
MAE (kW) 0.4586 0.4549 
PINAW (%) 18.47 15.75 
PICP (%) 89.35 91.71 
Training time (sec) 46 84 

Sixteen 
steps 
ahead 

 

RMSE (kW) 0.6470 0.6554 
MAE (kW) 0.4702 0.4855 
PINAW (%) 19.35 17.47 
PICP (%) 89.91 90.37 
Training time (sec) 31 69 

 
This can be explained by the covariance method assuming 

normally distributed noise, since joint supervision does not 
make any assumptions on the distribution of the noise, which 
makes it an ideal candidate to model state dependent noise such 
as that found in the modified Chen series.  

 

 
Fig. 4. Sixteen-step-ahead Prediction Interval based on Covariance. 

2018 International Joint Conference on Neural Networks (IJCNN)



 
Fig. 5. Sixteen-step-ahead Prediction Interval based on Joint Supervision. 

Finally, the parameter numbers to tune are ( + 1) +( + 1), where  is the number of neurons in the hidden layer, 
 is the input number, and  are the output units. Thus, 61 and 

115 parameters were found for the covariance method and the 
proposed method, respectively. Therefore, as shown in Table I, 
the training time for the joint supervision method is higher than 
that of the covariance method. Additionally, iterations were 
added in the proposed method when the desired PICP was 
reached, keeping the  value constant.    

B. Application for Load Forecasting  

Load forecasting is an important issue in the operation of 
microgrids. In order to use robust model predictive control, 
it is desirable to predict a reasonable interval in which the 
following data point will fall [18]. In this work, the proposed 
method was used to represent the future load uncertainty of 20 
residential dwellings from a town in UK, for various prediction 
horizons. 

The available load data was collected for the summer season 
of the year 2008, in which a period of 93 days was used, divided 
into 52 days of training, 23 days for validation, and 18 days for 
collecting test data. The maximum electric load is 29.54 KW 
with a sampling time of 15 minutes. 

Regarding the model structure of the neural network, various 
neural networks were evaluated modifying the numbers of 
hidden units. Then, for each proposed structure, the relevant 
input variables were selected by sensitivity analysis [19]. The 
best structure was defined when the validation error was either 
increased or stable compared with the training error when the 
structure of the model increased in complexity. Finally, for the 
best model, all the parameters were calculated using the training 
data set. The optimal structure, consisting of 11 regressors and 
15 neurons for the proposed method, and 12 neurons for the 
covariance method in the hidden layer, was obtained: 

 ( ) = ( ( − 1), ( − 2), ( − 3),	 																								 ( − 4), ( − 5), ( − 91), 																												 ( − 92), ( − 95), ( − 96), 
                          ( − 97), ( − 100)) (26) 

 

where ( ) is the electric load output prediction, and  ( − 100) is the input corresponding to one previous day and 
one previous hour. Specifically, in this study, 15- minute, 1-
hour, and 1-day forward prediction horizons were considered. 
For each model (covariance and joint supervision) and 
prediction horizon, the performance indices are computed as is 
shown in Table II.  

As can be seen in Table II, the Joint Supervision Method 
achieves better RMSE and MAE indexes for all of the prediction 
horizons, meaning that the crisp prediction made by the neural 
network trained under joint supervision is more accurate than 
the prediction made by a network using only the classical loss 
function.  

Fig. 6 and Fig. 7 show one-day ahead prediction intervals 
of both models, tuned with 90% coverage probability, using a 
rolling horizon strategy, i.e., the forecast for one-day ahead was 
performed every 15 minutes. 

The results (see Table II) suggest that the prediction 
interval was tuned to appropriately 90% of the desired coverage 
probability, and the interval width corresponded to the 
minimum width for characterizing the uncertainty of the load. 
The width values are due to the high variability of the data in 
this case study. Since the information level given by an interval 
has a direct relationship to its width, the proposed method of 
interval generation gives better information than the covariance 
method. 

In particular, the crisp prediction for the states with low 
noise is much better for the joint supervision network than for 
the classical network, while the crisp predictions for states with 
high noise are very similar for both networks. For this case 
study, 157 parameters were found for the covariance method 
and 213 for the proposed method. Therefore, the highest 
training time was with the Joint Supervision Method, as shown 
in Table II. 

 
TABLE II.  PERFORMANCE METRICS  

Prediction 
Horizon 

Performance 
indexes 

Neural Network Models 

Covariance 
Joint 

Supervision 

One step 
ahead 

 

RMSE (kW) 2.4503 2.1739 
MAE (kW) 1.8522 1.6040 
PINAW (%) 43.94 39.56 
PICP (%) 90.29 91.09 
Training time (sec) 9 21 

One hour 
ahead 

 

RMSE (kW) 2.4656 2.3918 
MAE (kW) 1.8474 1.7590 
PINAW (%) 45.67 43.89 
PICP (%) 91.38 92.92 
Training time (sec) 10 18 

One day 
ahead 

 

RMSE (kW) 2.5558 2.3836 
MAE (kW) 1.9766 1.7965 
PINAW (%) 48.78 47.90 
PICP (%) 92.36 92.91 
Training time (sec) 9 23 

 
 
 

2018 International Joint Conference on Neural Networks (IJCNN)



 
Fig. 6. One-day-ahead Prediction Interval based on Covariance.  

 

 
Fig. 7. One-day-ahead Prediction Interval based on Joint Supervision. 

V. CONCLUSIONS 
In this paper, a Prediction Interval Model based on a Joint 

Supervision Method is proposed. The model is used to construct 
a prediction interval that includes a representation of the 
uncertainty. A total loss function that is composed of both a 
classical loss function and a new interval loss function is used 
for training the neural network prediction interval. Thus, the 
parameters of the models are determined with the objective of 
minimizing the prediction error and the width of the prediction 
interval, while maintaining the desired coverage probability. 

The proposed model was compared with a covariance 
prediction interval method. Based on the results, it was found 
that in all of the cases, the proposed method generated the 
largest amount of information in terms of the relationship 
between the width of the interval and the coverage probability. 
Additionally, the proposed method is capable of predicting state 
dependent noise accurately as is shown with the benchmark 
used for evaluation. It was also found that joint supervision by 
proposed total loss function can improve the crisp results of the 
neural network. Much of this success is due to the derivation of 
the total loss function that takes the coverage probability, as 

well as the width of the interval, into account, and that is well 
suited for backpropagation algorithm. The final algorithm 
unifies the generation of the prediction interval and the crisp 
prediction in a solution for modeling uncertain data. 
Furthermore, the proposed method benefits from all the 
optimization found for neural networks, making the training 
very efficient. Future work can include integrating the interval 
models in the actual operation of a microgrid, for instance, in 
the design of robust energy management strategies. 
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