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On the effectiveness of ventilation to
mitigate the damage of spherical
chambers subjected to confined
trinitrotoluene detonations

Francisco Hernandez1 , Hong Hao2 and Xihong Zhang2

Abstract
This article presents a comparative study on the effectiveness of ventilation to mitigate blasting effects on chambers subjected to con-
fined detonations of high explosives. The pressure time-history that acts on the chamber walls is described by three components: (1)
the first shock wave, (2) the train of re-reflected shock waves, and (3) the gas pressure. The radial response of spherical chambers is
described by the radial breathing mode and modeled by an equivalent single degree of freedom system. The three pressure compo-
nents are considered for the calculation of the maximum ductility ratio, which is obtained from the numerical solution of the single
degree of freedom chamber response. It is assumed that openings reduce the gas pressure but they have an insignificant effect on
shock waves. The dynamic response of fully and partially confined chambers are calculated and compared. Results show that inter-
mediate/small openings (less than 10% of the surface of the chamber) are ineffective to mitigate the chamber response and damage.
The vibratory response of the chamber is susceptible to elastic or plastic resonance but it is not considerably modified by the long-
term gas pressure because of its high radial breathing mode frequency, allowing concluding that ventilation is ineffective to reduce the
maximum response of spherical chambers subjected to internal high explosive explosion.

Keywords
afterburning, fully and partially confined explosions, gas pressure component, high explosive, plastic resonance, ventilation

Introduction

A blast chamber is a structural system designed to con-
fine internal explosions to prevent casualties and dam-
age of surrounding facilities and structures. A blast
chamber can be designed for single or multiple usages.
A multiple-usage chamber is designed to remain elastic
under the action of blasting loads, while single-usage
chambers can undergo a controlled level of damage.

The first analytical solution of explosion contain-
ment chambers was published in 1950s by Baker and
Allen (1958). In that study, the elastic response of
spherical chambers, which are subjected to a uniformly
distributed internal transient pressure, was obtained
using an equivalent single degree of freedom (SDoF)
system and then expanded to consider its elastic–
plastic response (Baker, 1960). White and colleagues
(White et al., 1977, White and Trott, 1980) concluded
that an increment in the static yield strength of the
tank material can improve the agreement between the
analytical and experimental results.

It is commonly agreed that openings and frangible
covers can be useful to reduce the structural damage
of blast chambers and provide more effective designs,

based on the fact that ventilation should reduce the
pressure intensity associated with an internal explosion
(Eckhoff, 2013). In fact, the pressure time-history is
highly susceptible to ventilation when a confined defla-
gration occurs (Bradley and Mitcheson, 1978; BS EN
14494:2007, 2007; Chippett, 1984; Hernandez et al.,
2015; Molkov et al., 2000, 2004; NFPA 68, 2007;
Puttock et al., 2000; Yao et al., 1969).

In contrast, a high explosive (HE) generates a deto-
nation that is characterized by a supersonic combus-
tion that triggers a train of shock waves. In fact, the
pressure time-history, which acts on chamber walls
subjected to fully or partially confined HE detona-
tions, is commonly described by three components. In
this context, the three pressure components that are
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generated by confined HE detonations that occur on
spherical chambers have been described from theoreti-
cal derivations (Abakumov et al., 1984; Belov et al.,
1986; Zhdan, 1981), numerical simulations (Donahue
et al., 2013; Dong et al., 2012; Hernandez et al., 2016;
Li et al., 2008), and observed from experimental data
(Adishchev and Kornev, 1979; Anderson et al., 1983;
Belov et al., 1986; Beshara, 1994; Buzukov, 1980;
Chan and Klein, 1994; Donahue et al., 2013; Dong
et al., 2012; Hernandez et al., 2016; Karpp et al., 1983;
Li et al., 2008). The first component is an impulsive
component caused by the reflection of the first shock
wave, which propagates supersonically from the deto-
nation point until it reaches the chamber wall. The sec-
ond component is a train of re-reflected shock waves,
caused by consecutive reflections of the first shock
wave on the chamber walls; this train of shock waves
is successively attenuated due to its interaction with
air, which transforms the kinetic energy allocated into
the shock waves to internal energy through a viscous
dissipation process. Finally, the quasi-static gas pres-
sure component is generated because the kinetic energy
allocated into the shock waves is slowly transformed
to internal energy, causing that the enclosed gases
(HE products and air) increase their temperature
and pressure if they are restrained to expand freely.

Even though it is conventionally accepted that ven-
tilation reduces the gas pressure and impulse, there is a
lack of detailed studies of shock wave propagation and
gas pressure interaction of containment structures with
openings or frangible covers. In fact, there is not a
clear understanding about the effectiveness that open-
ings and vents can provide when an internal HE deto-
nation occurs.

The pressure time-history can be approximately esti-
mated when symmetrical chambers, such as spherical
or cylindrical geometries, are subjected to concentric
trinitrotoluene (TNT) detonations. That is, the three
pressure components (the first shock wave, the train of
re-reflected shock waves, and the gas pressure) can be
estimated using simplified approaches (Baker and
Kulesz, 1983; UFC 3-340-02, 2008). Based on these
simplified pressure components, the linear and non-
linear response of spherical chambers subjected to con-
centric internal explosion can be calculated based on
an equivalent SDoF system. As a result, the influence
of each pressure component on the peak response can
be analyzed to understand their effects. Particularly,
the effect of the reduction of the gas pressure compo-
nent due to ventilation can be analyzed to explain how
it mitigates damage of spherical chambers.

In this study, the analysis is focused on realistic
idealized scenarios of spherical monobloc steel vessels
subjected to detonation of concentric spherical TNT
charges. Multiple numerical analyses are performed

that allow covering a wide range of parameters: dia-
meter of chamber (0.5–6 m), equivalent TNT charge
weight (0.05–400 kg), and ductility ratios (0.2–8.0). All
results are summarized in terms of a dimensionless
thickness, which allows comparing different chamber
scales and charge weight densities. Conclusions about
the consequence of each pressure component are then
analyzed. Results indicate that ventilation is not neces-
sarily an effective technology to reduce damage related
to the vibratory response of storage chambers sub-
jected to an internal HE detonation.

Simplified analysis: equivalent SDoF
system

The dynamic response of monobloc thin walls spheri-
cal chambers that are subjected to uniformly distribu-
ted pressure time-histories (p(t)) can be described by
an equivalent SDoF system related to its radial breath-
ing mode (RBM) (Baker, 1960). Based on these deriva-
tions, the equation of motion that describes the elastic
RBM displacement is expressed as follows (ur)

∂2ur

∂t2
+vn

2 � ur =
p(t)

r � h ð1Þ

where the parameters that describe the perfect elastic–
plastic SDoF system are: the equivalent mass
(m= r � h), the equivalent elastic stiffness

(k = 2 � h � E=(1� n) � a2), the natural angular fre-

quency (vn =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � E=r(1� n) � a2

p
), and the equivalent

yielding pressure (Py = 2 � h � sy=a); where r is the

material density (kg/m3), h is the chamber wall thick-
ness (m), n is the material Poisson’s ratio, E is the
material Young’s modulus (Pa), sy is the yielding

strength (Pa), t is the time, and a is the mean radius of
the chamber (mm) (Baker, 1960).

Without losing generalization of found results, the
chamber material assumed during this study is steel
BHW35, that is, the same material that was analyzed
by Dong et al. (2012) for a spherical blast chamber that
was tested subjected to a 25 kg of a concentric charge
of TNT. That is, the elastic properties are the com-
monly employed for steel, that is, E= 2:17 3 105 MPa,
r= 7:8 3 103 kg=m3, and n= 0:28. The yield strength
for steel BHW35 (high-strength steel) is
sy = 390 MPa. Strain-rate effects are ignored because
results are presented in terms of a dimensionless thick-
ness, which is independent of the selected material
properties.

During the initial studies of spherical chambers
subjected to concentric HE detonations, the pressure
time-history was idealized by an unique equivalent tri-
angular pulse (Baker, 1960; Baker and Allen, 1958).

2 Advances in Structural Engineering 00(0)



However, the simplified blast pressure (p(t)) can be
better described by including the three pressure com-
ponents, which can be taken into account when the
chamber response is solved using numerical integration

methods. Moreover, the response associated with each
pressure component can be analyzed separately (or
simultaneously) in order to understand its effect on the
chamber response. Based on this, the software

Table 1. Comparative blasting scenarios.

Case Description Sketch

1S The pressure time-history is modeled using a triangular
pulse associated with the first shock wave only (obtained
from UFC’s charts).

1S+QSG The pressure time-history is obtained using the envelope
between the first reflected shock wave (estimated from
UFC charts) and a constant QS gas pressure function
(which is also obtained from the UFC’s charts). This case
models simplistically the fully confined case.

1S+TG The pressure time-history is estimated using the maximum
between the triangular pulse associated with the first
shock wave (estimated from UFC charts) and the gas
pressure component according to a triangular function
based on UFC’s approach. This case corresponds to the
partially confined case defined by the UFC. A vent area
equal to 25% of the chamber’s surface has been
considered for this case.

3S The pressure time-history is modeled using a triangular
pulse associated with the reflected first shock wave
(estimated from UFC charts) and two subsequent
reflected shock waves according to Baker’s approach
(three re-reflected shock waves with decaying amplitudes).

3S+QSG The pressure time-history is obtained using the
superposition of the three re-reflected shock waves of
Case 3S and the gas pressure component estimated from
UFC’s charts. This case corresponds to the fully confined
case. The gas pressure component grows linearly until it
reaches the QS gas pressure at the end of the third shock
wave.

3S+TG The pressure time-history is obtained using the
superposition of the three reflected shock (3S) and the gas
pressure component associated with the partially confined
case (estimated from UFC’s charts) and assuming a vent
area equivalent to 10% of the chamber’s surface.

Hernandez et al. 3



MATLAB 7.9.0 will be employed to (1) digitalize and
estimate the blast loading components from simplified
blast loading approaches, (2) obtain the numerical
non-linear response of the equivalent SDoF system
(Newmark’s constant acceleration method (Chopra,
1995)), and (3) compare the effect of each pressure
component and the ventilation on the chamber
response related to the blast scenarios (Table 1).

Simplified energy approach to determine
the chamber thickness

Based on the equivalent perfect elastic–plastic SDoF
system, the ductility ratio (m) is defined as the ratio
between the peak radial displacement and the yielding
radial displacement (m= ur�max=ury, where
ury =Py=k). Assuming that the pressure time-history is
a unit impulse, the initial kinetic energy of the SDoF
system is equal to Ek

0 = ir
2=2 � m, where ir is the

reflected shock wave impulse, and m is the equivalent
mass of the SDoF system. The maximum potential (or
hysteretic) energy, for a perfect elastic–plastic SDoF
system, is reached when the system reaches its maxi-
mum displacement and is defined as follows (area
under the force-displacement curve)

Ep
max=

1

2
� k � umax

2 =
1

2
� k � m � Py

k

� �2

=
1

2
�

m � Py

� �2

k
if m ł 1 (elastic)

Ep
max=

Py � ury

2
� 1+ 2 � m� 1ð Þð Þ= Py

2

2 � k � 2 � m� 1ð Þ if m ø 1 (plastic)

ð2Þ

Assuming that there is not internal or external
sources of energy dissipation, the initial kinetic energy
is transformed to potential energy based on the energy
conservation principle (Ek

0 =Emax
p ). Substituting the

dynamic properties used for the equivalent SDoF sys-
tem into equation (2), the chamber thickness subjected
to a unit impulsive can be obtained as follows

h=
1

sy � m
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E

2 � r � 1� nð Þ

s
� ir for m ł 1

h=
1

sy �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � m� 1
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

2 � r � 1� nð Þ

s
� ir for m ø 1

ð3Þ

As a result from equation (3), the ratio between the
chamber thickness and the elastic thickness
(helastic = hm= 1 = h(m= 1)) will depend mainly on the
ductility ratio

h

helastic

=
1=m m ł 1

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � m� 1
p

m ø 1

� �
3

ir W , a� h=2½ �
ir W , a� helastic=2½ � ’

1=m m ł 1

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � m� 1
p

m ø 1

� ð4Þ

The dimensionless thickness ratio, h=helastic (equa-
tion (4)), normalizes the influences of several structural
and geometrical parameters. That is, chambers with
different mean radius (a), charge weights (W ), and
material properties can be compared independent of
their values. In view of that, results that are shown
during the following sections are presented as a func-
tion of h=helastic. However, helastic will be later obtained
using a simplified triangular pulse (Case 1S, Table 1)
that reduces slightly errors on the approximation asso-
ciated with the unit impulse approach.

Simplified blast loading

The three pressure time-history components that act
on the chamber walls are obtained according to the
UFC guidelines, Baker’s approach, and assuming that
the vessel is initially full of air at normal atmospheric
conditions.

First shock wave

In this study, the first shock wave is modeled using a
triangular function. The values to estimate the peak
reflected pressure (Pr) and the reflected impulse (ir) are
directly obtained from the UFC Code (UFC 3-340-02,
2008).

Re-reflected shock waves

The confinement conditions associated with fully or
partially confined chambers cause that the first shock
wave is successively reflected on the chamber wall. The
UFC approach does not consider the effect of the train
of re-reflected shock waves acting on structures.
However, this phenomenon increases the impulse and
can produce resonance, as it is discussed later in this
article.

A common approach that is used in this research
assumes that the train of shock waves is modeled by
three consecutive pulses considering that the peak pres-
sure for each consecutive pulse is halved during each
reflection (Baker and Kulesz, 1983; Baker et al., 1966;
Smith and Hetherington, 1994). The duration of each
re-reflected shock wave is assumed to be constant and
equal to the duration of the first shock wave, that is,
t01

= t02
= t03

= t0. The approach assumes that the re-
reflected shock waves propagate at the same average
velocity that is observed during the first shock wave;
thus, consecutive triangular pulses strike the chamber
wall with an recurrence period (reverberation time)

4 Advances in Structural Engineering 00(0)



that is twice the arrival time predicted for the first
shock wave (2 � ta, with ta estimated from the UFC
curve, Figures 2 to 7). After that, the quasi-static gas
pressure is assumed to be dominant and other shock
waves are ignored (Edri et al., 2011). In this research,
the same train of shock wave profile is assumed for
chambers with and without ventilation.

Gas pressure

The gas pressure component is originated by the con-
finement conditions that restrain the free expansion of
the gas. The gas pressure component for partially con-
fined chambers is commonly modeled according to a
triangular (UFC 3-340-02, 2008) or an exponential
decaying function (Anderson et al., 1983). In this
study, the gas pressure component is determined using
the UFC’s approach, which is described by a triangu-
lar pulse that depends on two parameters; the peak gas
pressure (Pg) and the equivalent gas pressure duration
tg = 2ig/Pg, where ig is the gas pressure impulse.

Experimental and dimensionless analyses of par-
tially confined vessels have shown that the peak gas
pressure is independent of the ventilations (Anderson
et al., 1983). Therefore, the peak gas pressure is the
same for vented or unvented cases.

For the vented case, it is assumed that there is not a
frangible cover (WF = 0, and ig is independent of ir);
therefore, ventilation generates the minimum gas
impulse that refers to the case that ventilation attenu-
ates most significantly the gas pressure component.
The peak gas pressure and when it occurs can be esti-
mated based on experimental observations described
by Baker (1983). That is, the gas pressure is assumed
to increase linearly up to the peak vented gas pressure
is reached, just at the time corresponding to the end of
the reverberation phase (after the three shock waves),
that is, 4 � ta + t0 after the first shock wave impinges
the chamber wall.

Blasting scenarios

The first aim of this study is to analyze the effect of
each pressure component on the demand of ductility of
spherical chamber subjected to concentric TNT deto-
nations. The second objective is to discuss about the
effect of ventilation on the reduction of the gas pres-
sure component and its consequence in the dynamic
response and corresponding damage. Taken into
account these objectives, different blasting scenarios,
summarized in Table 1, are considered during the
course of the following sections.

All blast scenarios are solved numerically consider-
ing the equivalent perfect elastic–plastic SDoF system.
Results are presented in terms of the dimensionless
thickness (h=helastic) and the maximum ductility ratio
(m= ur�max=ury, where ur�max is the maximum radial
displacement obtained from the numerical solution
and ury =sy � a � (1� n)=E is the yielding radial
displacement).

Several numerical simulations (more than 25,000),
related to the SDoF system, have been performed
allowing to cover a wide range of combinations
between parameters, which are summarized in Table 2.

The Case 1S is taken as reference for future com-
parisons because it displays the smallest ductility ratio
and it can be easily compared with the unit impulse
approach. Figure 1 shows the ductility ratio as a func-
tion of the dimensionless thickness corresponding to
the load Case 1S for different charge weights (between
1 and 120 kg). These curves show that results are
almost independent of the TNT charge weight, indicat-
ing that equation (4) is sufficiently accurate to predict
the thickness for ductile systems.

The same set of parameters derived for Case 1S are
then used to evaluate the performance associated with
other blasting scenarios detailed in Table 1. As a result,
effects of each pressure component and ventilation can
be analyzed and compared.

Table 2. Analyzed parameters’ ranges.

Mean radius (a) (mm) Range of charges (W)
(TNT, kg)

Range of
hm= 0:2 (mm)

Range of
helastic = hm= 1 (mm)

Range of
hm= 5 (mm)

250 0.05–1.8 19–157 4–80 1.2–25
500 0.25–10 26–340 5–115 1.7–36
750 0.25–30 14–439 3–154 1.0–49
1000 0.5–50 15–614 3–150 1.1–48
1500 1–120 16–831 3–169 1.1–55
2000 2–170 18–1066 4–146 1.3–48
2500 5–300 28–1217 6–166 2.0–54
3000 10–400 38–1048 8–157 2.6–52

TNT: trinitrotoluene.

Hernandez et al. 5



Effects of different blast scenarios on the
chamber response

In this section, the effect of each pressure component
is studied in terms of the increase in the maximum duc-
tility ratio. To analyze the effect of each pressure com-
ponent and/or ventilation, results are presented in
terms of the quotient between ductility ratios obtained
for two different blasting scenarios (Table 1). This
quotient refers to the amplification (or deamplifica-
tions) on the demand of ductility between the com-
pared cases (numerator/denominator). This quotient
represents also the amplification ratio of the peak
radial displacement between the compared cases
(m1=m2=ur�max�1=ur�max�2, where m1=ur�max�1=ury,
m2=ur�max�2=ury, ury=sy �a � (1�n)=E, and ur�max�1

and ur�max�2 are the maximum radial displacement for
Case 1 and Case 2, respectively).

UFC’s basic pressure profiles: Case 1S, Case
1S+QSG, and Case 1S+ TG

In this section, the response of a spherical chamber
subjected to the loading Case 1S, Case 1S+QSG, and
Case 1S+TG are compared. Figure 2 shows the maxi-
mum ductility ratio for the three loading cases in terms
of the dimensionless thickness, associated with a sphe-
rical chamber (a = 1500 mm and steel BHW35) sub-
jected to a concentric detonation of a TNT charge
weight of W = 25 kg and different thicknesses (14.5–
244.1 mm, where helastic = hm= 1 = 43:7 mm).

From Figure 2, one can conclude that the gas pres-
sure component increases the ductility ratio, especially
when the chamber wall thickness is smaller than the
elastic thickness. From the comparison between Case
1S+QSG and Case 1S+TG, it can be concluded that

the effect of ventilation reduces slightly the ductility
demand.

Figure 3 shows the ductility ratio obtained for Case
1S+QSG is normalized by the Case 1S
(m1S+QSG=m1S). From the Figure 3, one can conclude
that the gas pressure component increases the ductility
ratio when ductile chambers are analyzed. For exam-
ple, an increment of 10% on the ductility ratio is
observed when the dimensionless thickness (h=hm= 1) is
approximately equal to 0.6.

Figure 3 shows that the peak response of elastic
spherical chambers is practically insensitive to the gas
pressure component; in contrast, ductile chambers
show that the pressure gas component increases con-
siderably the peak response. The pressure profiles ana-
lyzed in this section are governed by the first shock
wave; hence, the chamber response is mainly impulsive.
That is, the peak radial response (ur�max) is reached

Figure 1. Ductility ratio for Case 1S as a function of the
dimensionless thickness (a = 1500 mm) for different TNT
charge weights.

Figure 2. Ductility ratios for Case 1S, Case 1S+QSG, and
Case 1S+TG of a spherical chamber (a = 1500 mm and steel
BHW35) subjected to a concentric detonation of a charge
weight W = 25 kg, Av=Achamber = 25%, and different thicknesses.

Figure 3. Normalized ductility ratios of Case 1S+QSG to
Case 1S (m1S+QSG=m1S) as function of the dimensionless
thickness for different charge weights (a = 1500 mm).
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during the first cycle of the response and can be
obtained assuming that the maximum potential energy
(Ep�max, Figure 4) is equal to the gas pressure work
(Wgas(tmax)), which is done until the peak response is
observed (tmax), that is

Ep�max=Py � ur�max � uy=2
� �

=Wgas tmaxð Þ

=

ðtmax

0

p tð Þ � _ur tð Þdt
ð5Þ

where Py = 2 � h � sy=a is the equivalent yielding pres-
sure, _ur(t) is the radial chamber velocity, and
r(t)= k � (ur(t)� up(t)) is the equivalent elastic–plastic
force.

Assuming an impulsive response, the peak radial
response can be obtained for Case 1S and Case
1S+QSG (or 1S+TG) as follows

u1S
r�max=

1

Py

�
ðt0
0

pSW tð Þ � _ur tð Þdt

0
@

1
A+

ury

2

u1S+QSG
r�max =

1

Py

�

ðt1
0

pSW tð Þ � _ur tð Þdt+

ðtmax

t1

pgas tð Þ � _ur tð Þdt

0
@

1
A+

ury

2

ð6Þ

where t1 is the time when the gas pressure becomes
dominant, that is, pgas(t)ø pSW (t), pgas(t) is the gas
pressure component (equal to Pg for Case 1S+QSG)
and pSW (t) is the pulse pressure associated with the first
shock wave (Case 1S). If we assume that there is not a
significant difference of _ur(t) when t 2 ½t1, t0� associated
with both cases, then normalized ductility between
Case 1S+QSG and Case 1S can be calculated as
follows

m1S+QSG

m1S

=
u1S+QSG

r�max

u1S
r�max

’ 1+

Ðtmax

t1

pgas tð Þ � pSW tð Þ
	 


� _ur tð Þdt

Ðt0
0

pSW tð Þ � _ur tð Þdt+
ury�Py

2

ð7Þ

When an SDoF system is subjected to a short-
duration pulse, the peak radial velocity is observed
during the initial phase of the response (Figure 4).
After that, the peak radial displacement will occur
when the radial velocity becomes zero (t= tmax).

One can observe from Figure 4 that the peak
response for elastic chambers is rapidly reached (i.e.
tmax ’ Tn=4), due to the high natural frequency associ-
ated with the RBM. In contrast, the peak response is
reached later (tmax) when the chamber responds plasti-
cally, owing that the secant RBM frequency is conse-
quently reduced. Therefore, the gas pressure impulse
that contributes to amplify the peak response
(
Ð tmax

t1
½pgas(t)� pSW (t)�dt, blue and orange areas of

Figure 4) becomes smaller as the chamber tends to
response elastically. Similarly, the radial velocity that
is observed when the pressure gas component becomes
dominant (t.t1) is smaller while the chamber does not
respond plastically (Figure 4).

The right term of equation (7) refers to the ratio
between the gas pressure work that is done by the gas
pressure component until the peak response is reached
and the pressure work that is done by the first shock
wave. This ratio is small for elastic systems because the
gas pressure pulse that contributes to the peak response
is low and the radial velocity ( _ur(t)) is also low when
t.t1. However, this ratio becomes significant when the
chamber behaves plastically, which explain why the gas
pressure component increases the ductility ratio.

Figure 5 shows ductility ratios obtained for Case
1S+TG (partially confined) normalized by those of

Figure 4. Sketch of maximum internal energy absorbed by the chamber and comparison between pressure and radial velocity for
the calculation of the pressure work.
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Case 1S+QSG (fully confined), respectively
(m1S+TG=m1S+QSG). From this figure, the ductility
reduction due to ventilation is explained. To sum up,
ventilation generates an insignificant reduction on the
ductility demand (or maximum displacement) for lin-
ear systems (h=hm= 1 ø 1). Similarly, the reduction of
the peak response for non-linear chambers is limited
for ductile systems. For example, the maximum ducti-
lity reduction is smaller than 10% for m ł 5. From
Figure 5, one can observe that the obtained curves
indicate that the ductility reduction due to ventilation
could be significant for system that shows vary high
ductility demands (m.5).

The ineffectiveness of ventilation to reduce the peak
chamber response can be explained by rewriting equa-
tion (7). That is, the normalized ductility between Case
1S+QSG and the Case 1S+TG can be obtained
assuming that the radial velocity ( _ur(t)) is not signifi-
cantly modified between these cases, and expressed as
follows

m1S+TG

m1S+QSG

=
u1S+TG

r�max

u
1S+QSG
r�max

’ 1�

Ðtmax

t1

p
gas
1S +QSG tð Þ � p

gas
1S + TG tð Þ

h i
� _ur tð Þdt

Ðtmax

0

p1S + TG tð Þ � _ur tð Þdt+
uy�Py

2

ð8Þ

The reduction of ductility because of ventilation is
related to the second term of equation (8). The numera-
tor refers to the gas pressure work that is done by the
difference between the gas pressure components
obtained for Case 1S+QSG and Case 1S+TG,
respectively. In general, this value is low because the
impulse associated with the difference between the gas
pressure profiles (

Ð tmax

t1
½pgas

1S +QSG(t)� p
gas
1S + TG(t)�dt,

orange area of Figure 4) tends to be small and because
the radial velocity is also negligible when the larger

differences between these gas pressure components
becomes significant (Figure 4). Moreover, the denomi-
nator of equation (8) refers to the total gas pressure
work associated with Case 1S+TG (green, blue, and
orange areas in Figure 4); therefore, the numerator is
normalized by a high value. It can be concluded that
the second term of equation (8) tends to be small if the
chamber does not display a substantial plastic response.

Effect of re-reflected shock waves

The effect of re-reflected shock waves is analyzed based
on the comparison between the maximum ductility
ratio obtained for Case 1S and Case 3S. Figure 6 shows
the ductility ratio for Case 3S associated with a spheri-
cal chamber (a = 1500 mm and steel BHW35) sub-
jected to a set of different TNT charge weights (1–
120 kg). From the comparison between Figures 1 and
6, one can observe that the re-reflected shock waves
increase significantly the ductility demand.

Figure 7 shows the normalized ductility ratio
obtained between the Case 3S and Case 1S. This

Figure 5. Normalized ductility ratios for Case 1S+TG and
Case 1S+QSG (m1S+TG=m1S+QSG) as function of h=helastic for
different charge weights (a = 1500 mm).

Figure 6. Ductility ratios of Case 3S for several dimensionless
thicknesses and charge weights (a = 1500 mm).

Figure 7. Normalized ductility ratio of Case 3S to Case 1S for
several dimensionless thicknesses and charge weights
(a = 1500 mm).
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normalized ratio refers to the amplification generated
by re-reflected pulses. From Figure 7, one can con-
clude that (1) both elastic and plastic chambers show
amplification; (2) the maximum amplification of ducti-
lity ratio is 1.85 (see Appendix 1); (3) the amplification
depends on the equivalent TNT charge weight, the
chamber wall thickness, and the chamber radius; (4)
plastic chambers are more susceptible to amplifica-
tions; and (5) the train of re-reflected shock waves
plays an important role and should be considered for
design of blast chambers.

The amplification caused by re-reflected shock
waves (Figure 7) is not described exclusively by the
ratio between the chamber natural frequency and the
frequency of pulses, as the elastic theory predicts. This
fact is observed because Figure 7 shows that the ampli-
fication vary strongly with the chamber wall thickness
(or dimensionless thickness value). However, the cham-
ber natural frequency is invariant with the thickness;
similarly, the reverberating time of re-reflected pulses
(2 � ta) depends mainly on the TNT charge weight and
the chamber radius. Therefore, one could expect a con-
stant amplification for each combination between
TNT charge weight and chamber radius (i.e. a constant
curve with the dimensionless thickness) when elastic
theory is employed. Therefore, one can conclude that
the amplification that is generated by re-reflected shock
waves depends on the scale of the problem.

Spherical chambers subjected to concentric detona-
tion are described by the RBM, which is related to a
high natural frequency. In general, the RBM frequency
is comparable with the reverberating frequency of re-
reflected shock waves. Therefore, the radial response
shows a vibratory response between each re-reflected
shock wave. This vibratory response is amplified by
secondary re-reflected shock waves as soon as these
secondary pulses coincide with a positive radial velo-
city, that is, they cause a resonance response.

The maximum potential energy (if dissipation
sources are ignored) for a SDoF system subjected to a
train of three pulses (with a duration t0 and a reverber-
ating time 2 � ta) can be estimated by equaling this
energy with the gas pressure work that is done by the
three pulses

Ep�max=

Ðt0
0

p tð Þ � _ur tð Þdt 8t0\t ł 2 � ta

Ðt0
0

p tð Þ � _ur tð Þdt+
Ð2�ta + t0

2�ta
p tð Þ � _ur tð Þdt 82 � ta + t0\t ł 4 � ta + t0

Ðt0
0

p tð Þ � _ur tð Þdt+
Ð2�ta + t0

2�ta
p tð Þ � _ur tð Þdt+

Ð4�ta + t0

4�ta
p tð Þ � _ur tð Þdt 84 � ta + t0\t

8>>>>>>>><
>>>>>>>>:

ð9Þ

Figure 8 shows the hysteretic curve, that is, the
equivalent elastic–plastic force (r(t)) is plotted versus

the radial displacement (ur(t)), where
r(t)= k � (ur(t)� up(t)) and k = 2 � h � E=(1� n) � a2,
and up(t) the accumulated plastic radial displacement.
Based on the energy conservation principle, the hys-
teretic energy is equal to the maximum potential
energy (Ep�max). Therefore, the increase in the hystere-
tic energy related to each pulse (areas H1, H2, and H3
of Figure 8) is equal to the increase in the maximum
potential energy (E(1)

p�max,E(2)
p�max, and E(3)

p�max).
If we assume that each pulse can be modeled such as

a unit impulse, then we can obtain an upper limit for
the energy contribution associated with each pulse as
follows (see Appendix 1)

E(1)
p�max=H1+

ury � Py

2
=

ðt0
0

p tð Þ � _ur tð Þdt ł
1

2

i2
r

m

E(2)
p�max=H2=

ð2�ta + t0

2�ta

p tð Þ � _ur tð Þdt ł
1

2

i2r�2

m
+ ir�2 � _ur 2 � tað Þ

E(3)
p�max=H3=

ð4�ta + t0

4�ta

p tð Þ � _ur tð Þdt ł
1

2

i2r�3

m
+ ir�3 � _ur 4 � tað Þ

where ir�2 =
ir

2
; ir�3 =

ir

4
and m= r � h

ð10Þ

If the peak radial displacement occurs after that
each pulse has finished, the vibratory response is

Figure 8. Sketch of energy contribution associated with each
pulse (assuming that shock wave coincide with a positive radial
velocity).
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described by ur(t)= ur max � cos (vn � (t � tmax)).
Therefore, the condition for the maximum contribu-
tion of the subsequent pulse can be derived assuming
that the center of gravity of the subsequent pulse coin-
cides with the peak positive radial velocity

2 � ta +
t0

3
= tmax+

3

4
� Tn + Tn � n� 1ð Þ 8n= 1, . . . ,‘

) Y=
2 � ta

Tn

+
t0

3 � Tn

� tmax

Tn

+
1

4
= n 8n= 1, . . . ,‘

ð11Þ

Therefore, the amplification factor (m3S=m1S,
Figure 7), for perfect elastic–plastic systems, does not
depend on 2 � ta=Tn such the linear theory predicts;
instead, numerical results show that the amplification
occurs when Y 2 ½0:7� 1:3� or ½1:7� 2:3� (pink areas
of Figure 9). Figure 9 shows Y against the dimension-
less thickness, which is highly correlated with the
amplification factor (m3S=m1S, Figure 7), that is,
m3S=m1S ’ f (Y). From comparison between Figures 7
and 9, one can observe that the maximum amplifica-
tion factor (1.85, Figure 7) occurs when Y is close to
1.0 or 2.0, and m3S=m1S is reduced when Y is far-off
1.0 or 2.0.

From Figures 7 and 9, one can conclude that the
amplification due to resonance is not observed for
some cases (e.g. W = 2.5 kg or W ø 50 kg, Figure 7)
because the re-reflected pulses impinge the chamber
walls when the radial velocity is negative. If a non-
linear response occurs, tmax will depend strongly on the
chamber thickness. This explains why plastic reso-
nance depends on the chamber thickness and the scale
of the problem. For linear systems, tmax ’ Tn=4 (unit
impulse assumption), which makes that equation (11)
is coincident with the classic elastic theory.

The appendix shows a simplified approach to esti-
mate the maximum ductility ratio, assuming that the

blast loading is described by three unit impulses and
all of them coincide with a peak positive radial velocity
(plastic resonance approach).

Effect of gas pressure and ventilation when the three
simplified pressure components are considered

In this section, the effect of the gas pressure component
and ventilation is analyzed, considering the superposi-
tion of the three pressure components. The comparison
between Case 3S and Case 3S+QSG allows under-
standing the effect of the gas pressure component and
the comparison between Case 3S+TG and Case
3S+QSG is employed to analyze the effect of
ventilation.

Figure 10 shows ductility ratios calculated for case
3S+QSG normalized by those from Case 3S. This
figure shows the effect of the gas pressure component
when shock waves are taken into account. From
Figure 10, one can conclude that the gas pressure com-
ponent can increase significantly the ductility ratio
until 40% (and 15% for elastic chambers) in compari-
son with the case when it is ignored.

Figure 11 shows the normalized ductility ratio
between the case 3S+TG (partially confined chamber
with 10% of effective vented area) and the case
3S+QSG (fully confined chamber). From Figure 11,
it can be concluded that opening/frangible covers (with
an effective vent area equivalent to 10% or lower)
allow reducing the ductility demand up to 5% in com-
parison to fully confined chambers.

These analyses were repeated using different mate-
rial properties and chamber radiuses, finding the same
overall results (which are not presented due to page
limitation). Similarly, the analysis was executed using
a significant opening area of 20%, showing that this
ventilation can reduce the ductility ratio by 15% (max-
imum reduction), and just 5% for most of the cases.

Figure 9. Y=((2 � ta)=Tn)+ (t0=(3 � Tn))� (tmax=Tn)+ (1=4)
versus h=helastic corresponding to different charge weights
(a = 1500 mm).

Figure 10. Normalized ductility ratios (Case 3S+QSG to
Case 3S) as a function of the dimensionless thickness
(a = 1500 mm) for different charge weights (1–120 kg).
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Comments and results discussion

Dynamic responses of spherical chambers are governed
by the RBM, which is associated with very high natural
frequencies. In fact, spherical chambers show a vibra-
tory response between each consecutive re-reflected
shock wave. Therefore, spherical chambers are suscep-
tible to plastic (or elastic) resonance when the re-
reflected pulses coincide with positive radial velocities.

The gas pressure component is related to a monoto-
nically decreasing or a constant function (partially
confined or fully confined chambers). Therefore, the
work that is done by the gas pressure component dur-
ing one cycle of vibration is canceled if the chamber
shows an harmonic response, that is, the gas work will
be null as soon as the peak positive velocity is similar
to the peak negative velocity and the gas pressure
remains constant. Nevertheless, if plastic resonance
occurs (because re-reflected shock waves), the positive
velocity will be higher than the negative velocity caus-
ing that the gas work that is done by the gas pressure
component increase the chamber deformation.

Natural frequencies of chambers with other geome-
tries that contain flat walls, such as cubical chambers,
are significantly lower than the obtained for membrane
vessels (because they display an initial flexural
response rather than a membrane behavior). Thus, the
chamber response of flexural members is not described
by a vibratory response between shock waves; instead,
it is described by a damped harmonic oscillation. For
these cases, the peak chamber response is related to
the impulse that is observed until the peak response is
reached, that is, the maximum ductility ratio is con-
trolled by the pressure time-history that is observed
until the first peak response is reached. If the natural
period of the chamber is higher (e.g.
Tn.4 � (4 � ta + t0)), the influence of the gas pressure

impulse becomes important and can increase signifi-
cantly the structural response. Hence, ventilation
should be an effective tool to mitigate the impulse and
improve the performance of chambers with flat walls.

In this article, we have studied spherical chambers
that display a ductility ratio smaller than 5.0 (for Case
1S). However, other blasting scenarios that include
additional pressure components reach ductility ratios
values as high as 8.0. From the presented analysis, we
have concluded that ventilation is an ineffective tool to
mitigate damage of spherical blast chambers; however,
ventilation could be effective if higher ductility ratios
are allowed (higher than 8.0) according to the trend
that is observed in Figure 11. In general, it is not rec-
ommended to use ductility ratios higher than 8.0 when
an explosive chamber is designed, especially if brittle
materials (e.g. steels with high yielding strength) are
used for the design of membrane blast pressure vessel.

The effects of eccentric detonations have not been
discussed in this article because the limitations of the
SDoF approach. Similarly, other important design
aspects have not been analyzed in this article. One of
them is the effect of temperature. In general, the effect
of temperature is traditionally ignored when structures
are subject to HE explosions, owing that the pressure
profiles last few milliseconds and structure provides
enough ventilation to avoid long-term effects associ-
ated with the confinement. However, fully confined
chambers show a quasi-static pressure that can last
several minutes (or hours) before that it is dissipated
by thermal convection through the chamber walls or
released from a venting device. The quasi-static gas
pressure is triggered because the chemical energy allo-
cated in the HE is transformed to internal energy that
causes a residual constant pressure and temperature.
In fact, Edri et al. (2013) derived that the final tem-
perature of the gas mixture is a function of the charge
weight density. Finding that the quasi-static tempera-
ture of the gas mixture is higher than 2300�C when W/
V . 0.0241 lb/ft3 for confined TNT explosions (obser-
ving that the forging temperature for carbon steels is
approximately 1230�C and the melting point is around
to 1400�C). Therefore, a fully confined chamber should
be also able to resist the combined effect between the
quasi-static gas pressure and temperature. However,
ventilation allows a relatively fast release of the QS gas
pressure and temperature; therefore, temperature effect
can be potentially ignored when ventilation is pro-
vided. In conclusion, this second design aspect could
make mandatory to use ventilation because it allows
reducing the final gas mixture temperature.

Another aspect that has not been considered in this
article refers to the mitigation of the re-reflected shock
waves. Here, the re-reflected shock waves have been

Figure 11. Normalized ductility ratios (Case 3S+TG (Av/
Achamber = 10%) to Case 3S+QSG) for a spherical chamber
(a = 1500 mm) with different dimensionless thicknesses and
TNT charge weights (1–120 kg).
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estimated by three re-reflected pulses according to
Baker’s approach (Baker and Kulesz, 1983). However,
computational fluid dynamics (CFD) simulations and
experimental data (Buzukov, 1980) have shown that
re-reflected shock waves are not necessarily quickly
attenuated; therefore, the number of significant re-
reflected shock waves could be more than three pulses.
CFD simulations indicate that secondary shock waves
propagate slower than the first shock wave; thus, the
reverberating time is longer than the value assumed by
the simplified approach in (Baker and Kulesz, 1983).
As a result, elastic or plastic resonance could not occur
at the same conditions that have been derived in this
article. Moreover, a slow shock wave attenuation and
the implication of extra powerful re-reflected shock
waves can generate significant plastic resonance (when
they coincide with positive radial velocities).

In this article, we have assumed that re-reflected
shock waves are not significantly attenuated by small
openings because only three pulses were considered.
Nevertheless, ventilation could be effective to mitigate
re-reflected shock waves when multiple shocks (more
than three) are observed, that is, ventilation can be
effective to reduce the plastic resonance phenomenon
when multiple shock waves are displayed.

Finally, another aspect related to mitigation of re-
reflected shock waves is associated with the chamber
geometry and the relative position of the vent respect
to the detonation point. A significant mitigation of re-
reflected shock waves can be initially achieved if the
first shock wave is orientated toward the opening
direction.

Conclusion

The effect of each pressure component on the ductility
demand of spherical chambers subjected to concentric
TNT spherical explosions have been studied using a
simplified equivalent SDoF approach. It is shown that
the three pressure components contribute significantly
to the response. Therefore, all of them should be con-
sidered when vessels are designed to resist fully or par-
tially confined HE explosions.

The results have been presented in terms of a dimen-
sionless thickness (which is justified by a unit impulse
approach) and the dimensionless quotient between
ductility ratios obtained between two different blast
scenarios. This allows comparing the effect of each
component independent of the scale of the problem.

The inclusion of two subsequent re-reflected shock
waves can cause elastic or plastic resonance, which
could amplify the chamber response and ductility ratio
by a factor of 1.85. The amplification generated by re-
reflected shock waves depends on the scale of the prob-
lem for ductile systems.

The plastic or elastic resonance phenomenon was
explained and a simplified approach was proposed as
an upper limit of the demand of ductility (assuming
three re-reflected pulses). It is proposed to use this sim-
plified approach for design of spherical chambers,
because uncertainties associated with the reverberating
time and the actual TNT charge weight can be conser-
vatively taken into account; however, the effect of mul-
tiple shock waves (more than three) should be
analyzed.

The gas pressure component can increase signifi-
cantly the chamber responses around of 15% (or
more). However, the common understanding that ven-
tilation is effective to mitigate damage of storage cham-
bers is not exactly correct. In fact, results obtained
from the SDoF approach indicates that a venting area
of 10% led only to a maximum of 5% reduction on the
chamber response.

Spherical chambers are related to high RBM fre-
quencies that involve a vibratory response between
each consecutive shock wave. This effect generates that
spherical chambers are susceptible to resonance and
are not significantly affected by the long-term impulse
generated by the gas pressure component.

This research has been focused on the study of the
effect of ventilation on the response of spherical cham-
bers during its dynamic response. Other design aspects
such as the final gas mixture temperature or the
attenuation of several powerful shock waves can make
the ventilation effective and mandatory for design of
vessels subjected to confined HE detonations.
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Appendix 1

Plastic resonance approach (upper limit)

A simplified approach to estimate the maximum ducti-
lity demand is described in this appendix. This
approach assumes that the blast loading is described
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by three unit impulses that coincide with peaks radial
velocity (plastic resonance).

In order to demonstrate the accuracy of this
approach, the case associated with plastic resonance
presented in Figures 7 and 9 is analyzed. This example
refers to a spherical chamber (a = 1500 mm) sub-
jected to a concentric spherical detonation of a TNT
charge weight of W = 10kg. The impulse of the first
shock wave is then estimated to be ir = 1:9801 MPa
from the UFC 3-340-02 (2008). The chamber wall
thickness is selected as h= 11:0611 mm, which corre-
sponds to h=hm= 1 = 0:5322 (related to plastic reso-
nance, Y= 1 in Figure 9, and m3S=m1S ’ 1:85 from
Figure 7).

The same material properties are used in the
analysis. Therefore, the SDoF dynamic properties
are m= r � h= 0:0863 MPa �ms2=mm, k = 2 � h � E=
((1�n)�a2)=2:963N=mm, Py=2�h�sy=a=5:752MPa,
ury=Py=k=1:941mm, vn=

ffiffiffiffiffiffiffiffiffi
k=m

p
=5861rad=s (or

Tn=1:07ms).
The tops figures in Figure 12 shows the pressure

time-history and radial response for Case 1S, Case 3S,
Case 3S+QSG, and Case 3S+TG that have been
obtained numerically using Newmark’s numerical inte-
gration method. Figure 12 shows three plots related to
the numerical solution of the problem for Case 1S and
Case 3S. The first plot shows the hysteretic energy
(H =

Ð
r(ur)∂ur) and the work that is done by the inter-

nal pressure (Ep�max=
Ð

p(t) � _ur(t)∂t). The second plot
shows the pressure time-history and the radial chamber

velocity for Case 3S (used for calculation of Ep�max).
The third plot shows the hysteretic diagram, that is,
r(t)= k � (ur(t)� up(t)) against ur(t) (used for calcula-
tion of the hysteretic energy, H).

From Figure 12, we can conclude that the plastic
resonance occurs when pulses coincide with a peak
positive radial velocity (second plot) that increases the
plastic work when the re-reflected pulses impinge the
chamber walls (H1, H2, and H3, third plot of Figure
8). From Figure 12, it is also confirmed that the hys-
teretic energy is described and equal to the envelope of
the internal pressure energy work (first plot).

After that, the numerical solution of the problem
have been calculated when the plastic resonance occurs
(Case 3S). The unit impulse approach can be used to
estimate the upper limit of the ductility demand of the
problem. Thus, results from the unit impulse approach
can be compared with the numerical results displayed
in Figure 12, which will be shown in parenthesis ‘‘()’’
during following calculations for comparison. The
maximum internal energy related to the first shock
wave is estimated from equation (10) as follows

E(1)
p�max=

1

2
� ir

2

m
= 22:7 MPa �mm (19:6 MPa �mm)

ð12Þ

If we assume that H1=E(1)
p�max, we can obtain the

plastic radial displacement that is generated by the first
shock wave (up1, Figure 8), which is described as
follows

Figure 12. Pressure time-history; radial response (Av=Achamber = 10% for 3S+TG); and hysteretic and internal pressure work
(Case 1S and Case 3S), internal pressure and radial velocity (Case 3S), and hysteretic diagram (Case 1S and 3S).
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up1 =
H1� Helast

Py

= 2:98 mm 2:438 mmð Þ,

with Helast =
Py � ury

2
= 5:582 MPa �mm

ð13Þ

The maximum radial displacement after the first
shock wave is up1 + ury = 4:921 mm (4.378 mm).
Thus, the maximum ductility ratio for Case 1S is
m1S = (up1 + ury)=ury = 2:535 (2:256).

The maximum radial velocity for a perfect elastic–
plastic system (after yielding) is
_ur�max =vn � ury = 11:375 mm=ms (11.35 m/s); there-
fore, the maximum internal energy related to the sec-
ond shock wave is estimated from equation (10) as
follows

E(2)
p�max=

1

2
� ir

2

4 � m +
ir

2
� _ur�max= (5:6+ 11:3)

= 16:9 MPa �mm (15:4 MPa �mm)

ð14Þ

Assuming that H2=E(2)
p�max, we can obtain the plas-

tic radial displacement related to the second shock
wave (up2, Figure 8) as follows

up2 =
H2

Py

= 2:946 mm 2:681 mmð Þ ð15Þ

The maximum radial displacement after the second
shock wave is up1 + up2 + ury = 7:867 mm (7:036 mm).
The maximum internal energy related to the second
shock wave is obtained from equation (10) as follows

E(3)
p�max=

1

2
� ir

2

16 � m +
ir

4
� _ur�max= (1:4+ 5:6)

= 7:05 MPa �mm (6:33 MPa �mm)

ð16Þ

If H3=E(3)
p�max, we can obtain the plastic radial

_displacement related to the third shock wave (up3,
Figure 8) as follows

up3 =
H3

Py

= 1:226 mm 1:123 mmð Þ ð17Þ

Therefore, the maximum radial displacement after
the third shock wave is up1 + up2 +
up3 + ury = 9:093 mm (8:159 mm). The maximum duc-
tility ratio for Case 3S is m3S =(up1 + up2 +
up3 + ury)=ury = 4:684 (4:203). We can observe that the
quotient between ductility ratios related to Case 3S
and Case 1S is m3S=m1S = 1:848 (1:863).

The proposed unit impulse approach shows to be
slightly conservative and accurate in comparison to
the numerical results obtained from the SDoF analy-
sis. The amplification factor (1.85) is similar to the
value derived in Figure 7. The hysteretic energy contri-
bution associated with each pulse is a function of the

peak radial velocity, _ur�max=vn � ury, which depends
on the scale of the problem (e.g. the material yielding
strength). Therefore, the amplification factor related to
plastic resonance depends also on this scale, that is,
the amplification factor can be higher or smaller than
1.85 if other conditions are studied. However, this sim-
plified approach can be used as an upper limit of the
demand of ductility ratio including the effect of the
scale.

Observe that equation (4) can be also used if certain
ductility performance is required by assuming plastic
resonance and the pressure time-history idealized by
three (or more) unit impulses. That is, we can use an
equivalent impulse (ir � ) in equation (4) rather than
the impulse that is associated with the first shock wave
(ir), therefore

ir*=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � m � E

(1)
p�max+E

(2)
p�max+E

(3)
p�max

� �r

= 2:839 MPa �ms) ir�
ir

= 1:434

ð18Þ

where E(1)
p�max,E

(2)
p�max, and E(3)

p�max depend on the
chamber thickness, which also depends on these values;
therefore, the problem need to be iteratively solved.

The equivalent impulse (ir � ) depends on the scale
of the problem, and it is not equal to the sum of
impulses of the three different shock waves (1.75).
Observe that ir � =ir can be higher than 1.75 under cer-
tain circumstances. The factor 1.75 is valid when the
system does not show a vibratory response, that is,
when the natural frequency is substantially smaller
than the reverberating frequency.

If we assume that the three pulses increase the total
impulse by 1.75, we obtain that E(1)

p�max � =H1 � =
(1:75 � ir)2=2m= 68:6 MPa �mm, then up1 � =
11:128 mm, m3S � = 6:733, and m3S � =m1S = 2:656.
This means that the amplification factor is higher than
the value obtained with the unit impulse approach.

If we assume that all variables remain constant in
equation (4) except the equivalent impulse, one can
determinate the ductility ratio for the case of multiple
shock waves in terms of the ductility ratio for Case 1S
and the equivalent impulse amplification factor
(ir � =ir)

m3S =
ir�
ir

� �2

� m1S �
1

2

� �
+

1

2
ð19Þ

Evaluating this equation for m1S = 2:535 and
ir � =ir = 1:434, we can obtain m3S = 4:684 and
m3S=m1S = 1:848 (same results that have been obtained
above). If ir � =ir = 1:75, we obtain m3S � = 6:733 and
m3S � =m1S = 2:656. This calculation shows that equa-
tion (4) can be used if a proper equivalent impulse
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(ir � ) is used for design. From Figure 12, we observe
that the gas pressure component increases the ductility
ratio demand. For this example, the maximum radial
response was 8.159 mm for Case 3S (m3S = 4:203),
9.353 mm for Case 3S+QSG (m3S+QSG= 4:819),
and 9.082 mm for Case 3S+TG (m3S+QSG= 4:679).
That is, m3S+QSG=m3S = 1:15 and m3S+TG=
m3S+QSG = 0:97, implying that the gas pressure
increases the ductility ratio on 15% and ventilation
can reduce just 3% the ductility ratio. It is interesting
to note that the increment of the ductility ratio due to
the gas pressure is around the same order of magni-
tude that the increment observed when the unit
impulse approach is used (an upper limit for Case 3S).

The gas pressure component causes a uniform ten-
sile membrane stress that can be obtained from the sta-
tic part of the equation of motion (equation (1)) and
equal to sgas(t)= a � pgas(t)=(2 � h) (normal stresses) for
spherical chambers, owing to the high natural fre-
quency of the RBM. The QS gas pressure increases the
average stress of the chamber wall, and so, the chance
of plastic deformation. Since, sgas(t) is a quasi-static
function, it can be equivalently included during the
presented analysis using a reduction of the yielding
strength during each reflection according to
seff

y (t)=sy � sgas(t).
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