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Optimizacién Estocastica Aplicada a la Planificacion Minera

En esta tesis, abordaremos el Problema de la Planificacion de la Produccién en
una Mina Subterrdnea para una mina explotada mediante el método de hundimientos de
bloques y/o paneles, a través de la formulacién de un programa de optimizacién lineal
estocastica multietapa. El objetivo es acrecentar la informacién considerada por los modelos
existentes incorporando el riesgo sismico, ademas de los tradicionalmente considerados como
la incertidumbre financiera y geoldgica.

La formulaciéon de un modelo que considere multiples fuentes de incertidumbre im-
plica la consideraciéon de muchisimas variables que tornan imposible la resolucién directa de
este mediante métodos convecionales. Atn recurriendo a la clusterizacién de bloques, como
se hace en este trabajo, el problema de optimizacion formulado continuia intratable. Para
abordar la resolucién del modelo propuesto utilizamos el bien conocido principio 'Divide y
venceras’, mas especificamente se echa mano a la Relajaciéon Lagrangiana de restricciones
que complican el problema. En este trabajo se relajan las restricciones de no anticipatividad,
que relacionan los escenarios, lo que nos permite dividir el problema maestro en tantos sub-
problemas como escenarios, y se propone una metodologia para obtener soluciones factibles
para el problema maestro empleando las soluciones obtenidas para los subproblemas.

Se estudia la relacion de la produccion y la actividad sismica, estableciendo un modelo
empirico simple, que nos ayuda a entender y a estimar la intensidad de la micro sismicidad
inducida por la mineria. Este andlisis nos posibilita estudiar y cuantificar los beneficios
del fracturamiento de rocas, mediante explosivos y preacondicionamiento hidrdulico. Se
relaciona el preacondicionamiento y las tasas de extraccion y el impacto en el Valor Presente
Neto.

Para la realizacion de esta tesis, se consideraron datos reales proporcionados por la
mina Codelco Chile Divisién El Teniente, la mina de cobre més grande del mundo. Esta

mina es explotada mediante hundimiento de bloques y paneles.
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STOCHASTIC OPTIMIZATION APPLIED TO SCHEDULING
MINING PROBLEMS

In this PhD thesis we consider the Underground Mine Production Scheduling Prob-
lem for a mine exploited by Block-Panel caving by formulating it as a novel multistage
stochastic linear program that includes more information than traditional models, which
usually consider just economic and geologic uncertainty, by incorporating the seismic haz-
ard.

The construction of a model considering many sources of uncertainty would lead us
to a model with thousands of variables which is too big to solve by direct methods. Even
using clusterization of blocks, as we do in this work, the model still remains intractable. To
tackle this issue we combine the well known Lagrangian Relaxation over the Non Anticipative
Constraints and a novel heuristic to construct a feasible solution from the solutions of the
subproblems generated by the relaxation, which is based on a combination of the static and
dynamic worst case approach.

In this work we study the relation between production and the micro-seismicity
induced by mining, by proposing a simple empirical stochastic model, a Geometric Brown-
ian Motion, for a seismic parameter which allows us to understand and predict the micro-
seismicity. This model described satisfactorily even the case of preconditioning fracturing
either by blasting or hydro-fracturing. The information given by the model for the seismic
parameter is introduced in the stochastic optimization problem to quantify the economic
and operational benefits from using preconditioning fracturing through the impact on the
extraction rock rates and the Net Present Value.

In this thesis, we test our model on real data from El Teniente mine, the biggest

underground copper mine in the world. El Teniente is mined by block and panel caving.
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Chapter 1

Introduction

In this chapter, we introduce the problems that this work is interested to deal with. All
of them are related to mine planning which will be explained in the first section of this
chapter. In the next section we present the previous works in this area. After that the scope
of our research will be exposed. Finally, the last section describes the main contributions

and the structure of our work.

1.1 What is mine planning?

Mine planning is a research area of Operations Research that studies how the activities and
strategic decisions in a mine have to be scheduled in order to optimize the benefits of the mine
project along of a time horizon. Some activities and decisions in a mine are: to determine
the initial investment and the capacity of the mine, to decide the number of rock tons to be
extracted and the speed of the extraction in the time horizon, to select the rock that will
be processed, to handle the waste and the residues produced, etc. The main challenge of
mine planning is to provide mathematical and statistical models that capture the complexity
and the risks inherent in the mining business to provide realistic estimates of the expected
benefits to the investors. Examples of risks that the planner must consider are: uncertainty
in the ore deposit and prices, the occurrence of accidents and strikes, tremors induced by
mining, environmental problems, etc. The works developed up to now mostly consider the
uncertainties and risks associated to metal prices and geological models and a few of them
deal with production incidents such as accidents, strikes, tremors, etc. (Armstrong, 2012 [6];
Flores, 2015 [30] and this thesis).

Basically there are two types of mines: the open pit and the undergrounds mines. Up
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to now, most works about mine planning have addressed the case of an open pit mine (see
e.g., [4, 5,7, 13, 14, 15, 24, 26, 27, 28, 41]); much less work has been done on underground
mine planning (Lizotte and Elbrond, 1985 [48]; Chatterjee and Sridhar, 1986 [21]; Aguayo
et al., 2012 [2]; Pourrahimian, 2013 [54]; Alonso-Aluyo et al., 2014 [3]). We devote Chapter
3 to the underground mining problem.

Currently, the planners use mainly three approaches to determine decisions and to
estimate likely profits in a mining project (Tulcanaza, [60]). The first one is the determination
of optimum production capacity; the second is the models that optimize the mining process
in terms of the available ore reserves and the third is the stochastic mine planning.

The determination of the optimal production capacity needs mainly the following
inputs: a geological model which defines the reserves, information about infrastructure and
its limitations, market data, that is, investments, prices and costs, the operation capacity,
etc. The results obtained through this approach are: the ultimate pit, the grade tonnage
curve, the mine life, the cash flow of the project, etc.

Planning based on optimizing the process in terms of available ore reserves consists
in extracting the rock with higher ore grade and lower processing cost, and deferring the
extraction of rock with lower economic value until later. Lane formalized this approach by
introducing the opportunity cost in [46], [49]. It focuses on extraction sequencing of rock by
ore grade rather than on determination of optimal capacity. The results of this approach, in
the most cases, is the increased Net Present Value.

In general these types of models could consider perfect information, i.e., these models
suppose that all information is always available along the time horizon. Clearly, this is sub-
optimal because it ignores the impact of the uncertainties in the mining business. The
stochastic models take into account the uncertainties in geological models, prices, markets,
etc. The uncertainty could be represented by random variables and stochastic processes
whose distributions are determined from historical data and observations (Dimitrakopoulos
2010, [25]). Basically, the Net Present Value is maximized in a stochastic setting subject
to constraints that represents the mining capacity, processing capacity, physical limitations,
etc. The uncertain data could appear in the objective function and the constraints.

Stochastic mine planning provides more reliable and realistic results than determin-
istic models because it considers pessimistic, average and optimistic scenarios. The main
difficulty in the stochastic models is their resolution because realistic stochastic models re-

quire too many variables in order to represent the uncertainty and the models obtained are
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too big to solve them in a reasonable time. Indeed, typically mining scheduling problems can
be reduced to the well-known Precedence-Constrained Knapsack Problem (Kellerer et al.,
2004 [44]) and this problem is known to be NP-hard (You and Yamada, 2007 [62]), which
implies that the exact resolution of large cases is very time consuming (see e.g., [2, 27]).
For this reason heuristic methods are applied to solve the stochastic models, such as La-
grangean Relaxation [24], Progressive Hedging [26], Aggregation methods [41], Tabu Search
[27], Genetic Algorithms [15] and many others.

1.2 Previous works

A vast literature exists on open pit optimization starting out from Lerchs & Grossman’s
seminal paper (1965) [47] on choosing the optimal pit contour. Having determined the
pit contour, mine scheduling consists of specifying the sequence in which blocks should be
removed in order to maximize the total discounted profit subject to a variety of physical and
economic constraints. From this work up to now, many models were developed to optimize

the processes in an open pit mine:

e Deterministic models. This class of models considers the all parameters known at the
beginning of the time horizon of the economic valuation for the mine. Here, we find
works focusing on cut-off grades estimation: the pioneer paper of Lane (1965) [46],
Asad (2005) [7] which calculates the cut-off grades taking into account the stockpiling
for a mine that exploits two minerals. Nieto et al. (2006) [52], Rendu (2014) [55],
where the underground case is also treated, among others. Also, there are works based
on block sequencing approach such as the cited paper of Lerchs & Grossman’s (1965)
[47] that presents the ulimate pit problem, Caccetta et al. (2003) [14] Schultz (2008)
[58] which exposes an agregetation procedure to generate clusters of blocks, Cullenbine
el al. (2011) [24], Jélvez et al. (2016) [41] which formulates the optimization in terms

of macroblocks and presents a criterion to construct them, among many others.

e Robust and stochastic models. As was mentioned, these models take into account
uncertainties: Dimitrakopoulos et al. (2007) [28], Abdel & Dimitrakopoulus (2010)
[1], Boland et al. (2008) [13] which incorporate geological scenarios as exogeneuos
uncertainty, Amaya et al. (2011) [4] in which a robust optimization model is developed

considering ore grade uncertainty and compared to the Value-at-Risk and Conditional
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Value-at Risk, Armstrong et al. (2012) [6] where a multistage model to manage major
production incidents is presented, Franco (2017) [15] where a polymetalic stochastic

model with uncertain geology, prices and costs, etc is considered.

Much less work has been done on underground mine scheduling. For the deterministic set-
ting, the first applications were in the mid-1980s (Lizotte and Elbrond, 1985 [48]; Chatterjee
and Sridhar, 1986 [21]). After describing the constraints involved in both open pit and under-
ground mining, Aguayo et al (2012) [2] show how Codelco (the Chilean state copper mining
company) has solved the long-term planning problem for combined open pit/underground
mines since 1999 by relaxing a tight linear formulation. Pourrahimian et al. (2013) [54] de-
veloped a deterministic multi-step for an underground mine exploited by block caving model
considering cluster of blocks and they solved it for hundreds of drawpoints.

Important constraints in the models for open pit mines and underground mines are
the accessibility or precedence constraints because they condition the extraction sequences
that have to be satisfied. Armstrong et al. (2011) [5] modelled them through an accesibility
matrix for an open pit mine. This approach could be used for underground mines after
obvious modifications. In the underground case Gangawat (2014) [31] labeled each block
with spatial coordinates; Alonso-Aluyo et al. (2013) [3] used sets containing the predecessors
of each unit (block or cluster). An interesting way to write these constraints for underground
mines was presented in Aguayo at al (2012) [2] where the mine is divided in columns which
have to satisfy a roof smoothness constraint: for each column, its neighbour columns must
have similar heights to it. We use this to write the precedence constraints because it reduces
the number of constraints and is accurate.

As in open pit mining, the next step was to develop models that take account of
the uncertainty on key variables such as the commodity price and the ore grades. A set of
geostatistical simulations of the deposit was integrated into a study on long-term scheduling
of a nickel deposit (Carpentier et al., 2015 [17]). The two-stage stochastic integer program
model developed considers a variable cut-off grade and takes account of maximal develop-
ment, material handling flow conservation, mill and mine capacity, and activity precedencies.

Carvallo (2009) [18] and Alonso-Aluyo et al. (2014) [3] studied medium-term opti-
mization of underground copper mines under uncertainty on future copper prices for finding
an optimal extraction sequence for clusters of blocks. Multistage programming is used and

the copper prices are modelled as a trinomial tree. One key constraint that has to be re-
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spected is the non-anticipative principle (Garstka & Wets, 1974 [32]; Rockafellar & Wets,
1991 [56]; Heitsch & Romisch, 2003 [39]). This is done by setting up an equivalent determin-
istic model, which they solve by compact form. One point that is not clear in their paper
is how the price scenarios were generated. Multi-stage programming has also been used to
manage major production incidents in a mine, that is, incidents which prevent the mine from
producing for several months or more, such as roof falls, strikes, etc. (Armstrong et al., 2012
[6]). Also Flores (2015) [30] addressed seismic risk but using a static model to calculate the
optimal capacity of a underground mine exploited by block caving for long term.

Most models treat exogenous uncertainty and avoid endogenous uncertainty because
the probability of occurrence of scenarios then depends on the decisions made earlier and
this considerably increases the number of constraints and the size of the problem. For open
pit mine the paper of Boland et al. (2008) [13] presents a model including the endogenous
uncertainty just in ore grades: the decisions modify the initial information about ore grades
and then it changes the weight probability of the scenarios. But, to the best of our knowledge,
no papers treat endogenous uncertainty by seismic hazard for underground mines as we do
in this thesis.

The problem of block sequencing in a mine, generally leads to optimization problems
with as many binary variables as there are blocks, at least. In real applications, we have
to model mines with thousands of blocks or macro blocks and the associated optimization
problem becomes an intractable mixed integer linear problem , that is too big to find an exact
solution. In fact most MIP formulation for mining schedule are NP-hard problems even for
the deterministic formulations (Aguayo et al., 2012 [2]). Even after drastically diminishing
the number of the variables by clustering (Pereira et al., 2008 [53]) most problems remains
too big. Heuristic methods are required to tackle this problem in order to obtain reasonably
feasible solutions. For example Caccetta & Hill (2003) [14] applied a well known branch
& bound method to find solutions for the problem of determining an optimal production
schedule over the life of the deposit. Cullenbine et al. (2011) [24] used a Sliding Time Window
Heuristic to solve a deterministic Open Pit Mine Scheduling Problem. Dimitrakopoulos
& Lamghari (2016) [26] developed an algorithm for a stochastic two stage problem that
combines two techniques, Progressive Hedging (Rockafellar & Wets, 1991 [56]) and Sliding
Time Windows, thus the scenario decomposition is done by the first one and feasible solutions
are obtained by the second one. Jélvez et al. (2016) [41] solved the Ultimate Problem Pit

by aggregating blocks with similar characteristics (e.g. ore grade, rock density, etc.) which
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considerably reduces the number of variables, but the results are less accurate. Aguayo et
al. (2012) [2] obtained feasible solutions starting with the solution of the linear relaxation

and fixing the variables with integer values.

1.3 Objectives of the thesis

The objectives of this work are

e To formulate a model for the Net Present Value that includes price and seismicity

uncertainty.

e To model the micro seismicity induced by mining in an underground mine exploited by
block caving. Additionally we aim to construct scenarios representing the seismicity

uncertainty.

e To construct scenarios for metal prices supposing that they are modeled by a Geometric

Brownian Motion.

e To evaluate the economic impact of hydraulic fracturing in an underground mine ex-

ploited by block caving.

e To formulate a model an underground mine exploited by block caving with selective

mining.

e To evaluate the economic impact of implementing selective mining on the NPV of an

underground mine exploited by block caving.

e To develop an efficient algorithm that provides feasible solution for the models formu-

lated.

e To apply the models presented to a real case.

1.4 Contributions and structure of the thesis

The key contributions made in this thesis are:

1. We present a multistage stochastic model applied to underground mines that considers

uncertainty on both copper prices and induced seismicity. It is difficult to tackle the
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uncertainty due to induced seismicity because it is endogenous. In other words, this
uncertainty depends on the decision variables associated with extraction. To handle
that, a piece-wise linear relation is assumed between the quantity of rock extracted and
the induced seismicity, and then we find a probability distribution for local propor-
tionality constants that links mining and induced seismicity. It allows us to construct
scenarios without consider dependence on the decision variables. This model is also
used to evaluate the economic impact of the preconditioning hydraulic fracturing used

in underground mines.

2. We have used in a splitting representation in which the non-anticipative variables are

explicit in order to write our multistage optimization models.

3. We consider macro blocks composed of clusters of blocks in the same column (if the
grade is more or less uniform) rather than clusters of blocks in any column as in

Alonso-Aluyo et al, (2014) [3]. This gives more accurate results.

4. We use Lagrangian relaxation applied to non anticipative constraints to solve both
models, taking advantage of their specific structure. The relaxed problems are solved
by the Volume Algorithm and we use a dynamic worst approach to generate feasible

solutions.

5. We test our models by applying it to the El Teniente mine and compare the results

with and without seismicity uncertainty.



Chapter 2

Mathematical Background

In this chapter we introduce the basic concepts and facts on stochastic optimization and its
applications to scheduling mining and the approaches for solving big mixed linear programs

that arises from stochastic optimization.

2.1 Stochastic optimization

Traditionally, to maximize the profit in a mining project, deterministic programming is used
in which all information is always available [2, 14, 24, 41, 48]. But the uncertainties present
along the time horizon, such as variation of prices, occurrences of accidents, etc., suggest
that the results obtained by deterministic optimization are not reliable. For this reason,
stochastic optimization which considers the presence of random quantities is better suited
to the mining scheduling problem. Specifically, throughout this work we will use linear

multistage stochastic programming (see [12, 59]).

Linear multistage stochastic programming

In the multistage stochastic setting the information is slowly revealed over time: firstly, a
decision is made for today, namely period t, based on what we know today. After that,
we observe the outcome from stochastic process at time t and make a decision for the next
period ¢t + 1 and repeat the process. Additionally, the decisions made at time ¢ can depend
on information available up to this time, but not on the results of future observations. This
requirement is called non anticipative principle.

Let T € Z* be a positive integer called time horizon. We denote the decision
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variables by the vectors x = (21, x9,...,2xr) where z; € R™ is the decision for period ¢ and
ng € Z" forallt =1,...,T, and denote the uncertain information that is gradually revealed
by the stochastic process & = (£1,&,...,&r) where & € R% is the uncertain data revealed
at time ¢ and d; € Z* for all t = 1,...,T. We use the notation { = (&1,...,&) to denote
the history of the stochastic process & up to timet=1,...,T.

With this notation we can schematically write the decision process described above
in the form

decision (x1) ~~» observation (&) ~~ decision (xg) ~~
. ~» observation (1) ~~ decision(zr),

and the non anticipative principle can be expressed by the equation x; = x;({), that is, the
decision variable z; can depend just on information revealed up to time ¢. Since {&}L, is a
stochastic process, x; is a stochastic process too.

Consider the case T' = 2. This case is called a two-stage stochastic program. Suppose
that we want to maximize the functions fi(x;) for the first period and fs(xs, &) for the second
period (they could be revenue for example). If information &, is always available, then we
have fa(xq,&) = fo(z2) and should solve

nax [fl(ifl) + mesili()xl) f2(932)] (2.1)
where A is a set and {A5(x1) }oyen, is a family of sets.

But the information & could be available just in the second period. In this case & is
a random variable and (2.1) does not make sense, instead it would be reasonable to consider
the optimization problem

max [fl (ZEl) + ]Eg2

T1E€EAX]

sup f2($2,§2)” (2.2)

x2€X3(x1,£2)

where & is a set and {X5(21, &)}y 6, 1S a family of sets.

Now, for the general case, that is, 7' € Z* arbitrary, consider f, : R™ x R%* — R
continuous functions for ¢t = 2,....7 and &, : R®1 x R* — R™ measurable and closed
valued multifunctions for ¢ = 2,..., 7. For the first stage consider the function f; : R™ — R

and the set X7 C R™. Following the approach for two-stage case we formulate the problem

max fi(z1) +E sup  fa(w2,&) +E |-+ E

r1E€X] ZQGX(JB1:£2)

sup )fT(ﬂfT,fT)”] (2.3)

zr€X(xr—1,¢T
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The problem above is called a nested formulation. Another way to formulate (2.3)

1S

maXg, xo,...,x¢ E [fl(flfl) + fQ(Xz(ﬁ[z})afz) +.o..+ fT(XT<£[T])a §T)}
s.t. xr1 € A, Xt(g[t]) S Xt(xtfl(f[t—l])a §t>7 t=2,....T,

where the decision variables x; : R% x ... x R%* — R™, & xt(f[t]) t =1,....T are

(2.4)

considered as functions of the data process . Note that the optimization in (2.4) is
performed over the deterministic vector 1 € R™ and over the functions x; (¢ > 1). So,
unless the data process {&}7_, has a finite number of realizations, formulation (2.4) leads to
an infinite dimensional optimization problem.

In particular we are interested in the so called multistage stochastic linear problem:
the following is a multistage stochastic problem with linear objective functions and linear

constraint functions:

ft(xtaft) = CtTfﬂt» X = {951 cAnr =by, 1 > 0}7

(2.5)
X(.’Et,h ft) = {iL't . Zi:l AthT = bt7$t > O} t= 2, c. ,T.

Here & := (c1, A11,b1) is known at the first-stage and is not random, and & := (¢4, Ay, by) €

R%, t =2, ...T are random data vectors.

Scenarios

In order to make (2.4) tractable we consider a finite number of possible realizations, N, for
the data process {§;}_,. Fort € {1,...,T} let the possible values for the random variable &
be {&},... &M}, t =2,...,T and let p}* be the probability of occurrence for the realization
&m with m € {1,...,M;}. Then 3  p=1 for all ¢ and the sets of possible realizations

for the process {&}7_, is the set of T-tuples

== {2, ) ke Z and ky < M, fort =2,..., T},
and the probability of occurrence of the scenario (&1,&52, ..., ;T) is pheoobr = ke -p?.

kyoskr
Clearly >, . p™ " =1.

We can represent the set =, which is known as the scenario set or scenarios for short,
by a scenario tree of T levels. Each level is also called stage. At level ¢t = 1 we have only
one root node, and we associate with it the deterministic value &;. At level ¢t = 2 we have as

many nodes as different realizations of & that can occur, that is, we have M nodes. Each
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of them is connected to the root by an arc. For each node g of level t = 2 (that corresponds
to realization & of &) we have M3 nodes and we connect them with the node g, etc.

Thus, the nodes at level 1 < t < T correspond to the possible values of &, {&}, . .., tMt}
Each of them is connected to a unique node at level ¢t —1, called the ancestor node and is also
connected to M;,1 nodes at level ¢ 4+ 1, named children nodes, which correspond to possible

values at level ¢ + 1, that is {€},,,... &5}

Deterministic Equivalent Model

Now, we proceed to formulate the optimization problem (2.4) with objective functions and
constraints given by (2.5) when the uncertain data has finite possible realizations. Let
€ = {(c, A5, b5)}L, € = be a scenario, pe the probability of scenario € and 26 = (25,...,25)
the corresponding sequence of decisions.

Firstly, look at the form of the objective function. The expectation in (2.4) calculated

over the finite number of scenarios = is

Ee

T =]
> <cf>Txf] = e [l () e+ ()T
e=1

t=1
where p¢ is the probability of scenario { € =.

Now, we formulate the non anticipative constraints (NAC). To write the NAC, note
that the condition that decisions cannot depend on future observations is equivalent to saying
that two decision variables at time ¢, let us say xf and xf/, have to be equal if the information

revealed up to this time is identical for the scenarios £ and ¢, i.e., {y = f’fﬂ. Then, given

£,& € = the NAC’s have the form:
wi=ap i gy =&y (2.6)

Constraints (2.5) together with constraints (2.6) can be written as linear constraints
for suitable matrices.
Thus, renaming variables and parameters the stochastic linear program (2.4)-(2.5)
has the form:
P T
maxy, ., CpTp

s.t. P Az, =b, p=1,...,P
Aogo

(2.7)

x, € R,
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where the matrices A, € R™*" and the vectors b, € R™», ¢, € R" are deterministic and
my, Ny, P € ZT are suitable for all p = 1,... P. The linear (deterministic) programming
problem (2.7) is called the deterministic equivalent model (DEM) for the stochastic linear
programming problem (2.4)-(2.5).

The size of the problem (2.7) could grow dramatically depending on the number of
scenarios considered and eventually this optimization problem cannot be solved exactly by
conventional methods. In the next section we introduce special techniques to deal with big

linear programming problems.

Scenario Generation

To model uncertain parameters in a stochastic optimization problem we used probability
distributions (in a single period case) or a stochastic process (in a multi-period case) instead
of single values. Except for some special cases, stochastic optimization problems cannot
solved directly with continuous distributions, most solution methods need discrete distri-
butions. In addition, the cardinality of the support of the discrete distribution is limited
by computing power and the complexity of problem. Therefore, modelling the uncertain
parameters requires constructing a finite number of scenarios that capture the uncertainty
to provide robust solutions. The asymptotic properties of this discrete approximation are
well-understood, see for instances, for instance, Mordukhovich [51]. Considering for T' > 3,
to the best of our knowledge there is not a implementable scenario generation method, which
could approximate reasonably the solution of the original problem.

There are many techniques for scenario generation: Bundle-based sampling, moment-
matching heuristics, the opinions of specialists, etc. (see, e.g., [43]). Here, we employ
binomial trees which is a standard method for generating scenario that is widely used in

finance to model Geometric Brownian Motion: (see Section 2.5).

Sensitivity & Stability Analysis

Sensitivity analysis is the study of how the uncertainty in the output of a mathematical
model can be apportioned to different sources of uncertainty in its inputs. It helps us to
identify the more relevant sources of uncertainty for a model and their influences on the
objective function in a stochastic optimization problem.

To do a basic sensitivity analysis of (2.7) we perturb the uncertain data and observe
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the changes on the objective function and compare them with a baseline case.

Stability analysis studies the impact on the solutions of variations in the scenario
trees. Stochastic programs tend to have flat objective functions, so we can only require
stability of the objective values, not of the solutions themselves.

Proper models and scenario generation should be stable, that is, if it generates
several scenario trees, the solutions should not vary too much. Stability guarantees that the

decisions do not depend on the choice of the scenario tree.

2.2 Lagrangian Relaxation and Volume Algorithm

Firstly, we present the Lagrangian Relaxation (see [29, 22, 36]) and after that a method to

solve this relaxation called the Volume Algorithm (see [9]).

Lagrangean relaxation

Lagrangian Relaxation is a widely used technique to solve optimization problems. Basically,
it consists in relaxing complicating constraints through the addition of them to the objective
function and the penalization of them by factors called Lagrangean multipliers.

In order to make this description of the Lagrangian relaxation more precise, let us

start with the following definition about relaxation of a maximization problem:

Definition 2.1 Problem (RP,,.,) : max{g(z) : x € W} is a relaxation of problem (Pnaz) :

max{ f(x) : x € V'}, with the same variable x, if and only if

1. the feasible set of (RPypas) contains of (Ppag), i.e., W DV, and

2. over the feasible set of (Ppnaz), the objective function of (RPn.:) dominates that of
(Praz), i-e., Y € V,g(x) > f(x).

Notation 2.1 Given an optimization problem (P) let v(P) be the optimal value of the prob-
lem (P) (if it exists).

It follows that v(RP4z) = v(Paz) and (RP,,,;) is an optimistic version of (Pu:)-
From now on, let A € R¥*" and C' € R*2*" be matrices and b € R* and d € R* be
vectors and X = R} x {0,1}?. We are interested in dealing with linear problems, which

have the form

max{f(z): Az =b,Cx < d,z € X}, (2.8)
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where the complicating constraints are Ax = b (these will be the non anticipative con-
straints). Note that the equality constraints Az = b can be decomposed into the constraints
Ar < b and —Ax < —b. So, for our purposes is convenient to study the optimization
problem:

max{f(z): Az < b,Cx < d,x € X}. (P)

The constraints Az < b are assumed complicating, in the sense that without them problem
(P) would be much simpler to solve. The constraints Cz < d (possible empty) will be kept,

together with X, to form de Lagrangean relaxation of (P) as follows.

Definition 2.2 The Lagrangean relazation of (P) relative to the complicating constraints

Az < b, with nonnegative Lagrangean multipliers X, is the problem
max{f(z) + A\(b— Ax): Cx < d,z € X} (LR)y)

In (LR)), the slacks of the complicating constraints Az < b have been added to the objective
function with weights A and the complicating constraints have been dropped. This is called
dualization of constraints Az < b. Clearly, (LR,) is a relaxation of (P). Indeed, the feasible
set of (LR)) contains the feasible set of (P) and

f(x) < f(x) + A(b — Ax),
for any x feasible for (P) and any A > 0. It follows that v(P) < v(LR)), for all A > 0.
Definition 2.3 The problem of finding the lowest Lagrangean upper bound on v(P) is:
minv(LR,) (DP)

it is called the Lagrangean dual of (P) relative to the complicating constraints Az < b.

The problem above is a problem in the dual space of the Lagrangian multipliers, whereas

(LR)y) is a problem in z.

Remark 2.1 1. From now on, we will refer to v(LR) as Lagrangean relazation bound,

or simply Lagrangean bound.
2. For (2.8) the Lagrangean relaxation is
max{f(xz) + \(b — Az) : Cx < d,x € X}, XeR" (LRy)
and the dual problem become

min v(LR)) (LR)

AER™
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Now, we present a well known weak duality result that relates the Lagrangean bound

v(LRP) and v(P).

Theorem 2.1 1. If z(\) is an optimal solution of (LRy) for some A > 0, then v(P) <
F(x(N) + A — Az(N)).

2. If in addition x(\) is feasible for (P), then f(x(X\)) < v(P) < f(z(N)) + A(b— Az(N)).

3. If in addition \(b — Az (X)) = 0, then x(\) is an optimal solution of (P), and v(P) =
f(x(N).

Remark 2.2 For (2.8) if x()) is feasible for (P) automatically \(b — Az (X)) = 0 and then
x(A) is an optimal solution of (P).

Volume Algorithm

We want to solve the maximization problem (LR) with f(x) = cx for some fixed vector

¢ € R™. Thus, the problem (LR) becomes

min max{cz + \(b — Ax) : Cx < d,z € X}, (LRP)

AER™

The maximization in (LRP) is over all A € R™ and to solve it numerically it is convenient to
use a subgradient method. A subgradient method is an iterative procedure that can be used
to solve the problem of minimizing a non-differentiable function ¢(A) on a closed convex set,
A e,

min{¢(A\) : A € A},

using the following generic procedure:

1. Choose an initial point \°.

2. Construct a sequence of points {\"} C X which eventually converges to an optimal
solution using the rule:

N = Py(A™ + §,0™) (2.9)

where P, (.) is a projection on the set A, d, > 0 is a positive scalar called step length
and v, is a vector, called step direction, which has to be determined at each iterate

point.

3. Until: some stopping condition.
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For a differentiable function ¢(\) this is the well known gradient method and for that case

we have that the step direction in (2.9) is v, = V¢(A). But for the problem (LRP) we have
d(A) =max{ct + A\(b— Az) : Cx < d,x € X}, NeR" (2.10)

which is a non differentiable convex function, so in this case the gradient cannot be defined.
However, we can consider an element in the subdifferential set. Recall the definition of

subdifferential of a convex function ¢ : R — R:

O(A) ={s e R" : 9(2) = P(A) = s(z = M)},

and an element s € 9Y(A) is called subgradient at = € R™.
For the Volume Algorithm in (2.9) we take the step direction

V" = Bus™ + "t (2.11)

where s" € Jdp(\") and (3,1, € R are a suitable scalars. Note that here the current step
direction depends on the previous one calculated in the prior iteration, this allows us to
avoid a zigzagging behaviour and a slow convergence. These types of methods are known as
the deflected subgradient method.

Next we have to determine how to construct the sequence {\"}, the step lengths {4, }
and the step directions {v,} in (2.9), and the subgradient s™ € d¢p(A\™) and scalars 3,,n, in
(2.11) for each n. To do that we start to rewrite the dual problem (DP) via the following
result by Geoffrion (1974) [33]:

Theorem 2.2 For ¢()\) defined by (2.10) we have

d(A*) = max cx (2.12)
s.t. Az <b
z € conv(X)

where \* is the optimal value of the problem (LR) and conv(X) is the convex hull of X, that
is, conv(X) = {d>" apa™: Y. a, =104 > 0,2" € X, Vi}

Notation 2.2 Put ¢* = ¢p(\*).
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Note that (2.12) can be written as

¢* = max Z(cxi)ai
st. (b— Ar")a; <0

Zai:l

(073 ZO VZ,

Here the optimization is over «;’s, so, the solution of the problem (2.12) is z = >, alx;
where o is the solution of the problem above and z° € X. To obtain the set of points
{z',2?,... 2" ...} C X which generates the solution of (2.12) consider the dual of the

optimization problem above:

"= min z
st. 2> (c+AA)x' —\b, Vi

AeRT, zeR. (2.13)
Setting z = ¢(\), then the problem above is equivalent to the Lagrangian dual:
¢* = min{p(A) : A € RT'} (LD)
where ¢(A) is the dual function determined pointwise by the subproblem:
o(N) = max{(c + AA)z" : 2" € X} — \b. (2.14)

We can solve (LD) by a subgradient optimization procedure that we summarize below. From

this, we obtain the wanted set of points {z!, 2%, ... 2%, ...} C X.

Algorithm 1 Subgradient algorithm
Step 0

Give an initial quess for the Lagrangian multiplier X in (2.14).
Step 1
Solve (2.14) for \:

max z = (c+ AA)z — \b

st. ze X

Let T be the solution and Z the optimal value of the problem above. Then s =b— AT is a

subgradient at \.
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Step 2
Updated A\ = X\ + dd. Here § is the step size, and the formula for it is
¢ — LB
[Is[?

(2.15)

where 0 < p < 2.
Step 3

If some stopping criteria is met then stop otherwise go to Step 1.

In the subgradient algorithm described above the value of the step size is justified
empirically by Held, Wolfe and Crowder [40].

The basic idea to determine the corresponding weights «; in the convex combination
comes from applying the theorem on volume and duality due to Barahona and Anbil [9],
where the a; are estimating certain volumes associated to active faces at an optimal dual

solution as shown in the following theorem.

Theorem 2.3 Consider the problem

a; >0 1=1,2,...,m, (2.16)
where a; € R™ and b; a vector, and its dual
min 2z
st. z4+aA>b, fori=1,2,....m
z € R,
where A € R™. Let (2,5\) € R x R™ be an optimal solution, and suppose that constraints
1,2,...,m" with m’" < m are active at this point.
Let z > Z and assume that
24 aXN>b;, fori=1,2....m
z <z,
defined a bounded polyhedron. For 1 <i <m’, let ~; be the volume of this polyhedron. Then

an optimal solution of (2.16) is given by

i .
- fori=1,...,m.

Z;nzl Vi

o =
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Next we describe the Volume Algorithm, an extension of the subgradient, due to
Barahona and Anbil [9] and based on the last theorem, that helps us to find an optimal
solution for (LR).

Algorithm 2 Volume Algorithm

Initialization

Start with a vector A := \° and solve the corresponding subproblem (LD). Let T be an
optimal solution of this subproblem. Set 2° =z, ¢ := ¢p(\°), k = 1.
Step 1

Determine a direction of motion, d* = Az — b, and
A = Pamy (A + 6pdb),

for a step size Oy given by the Polyak’s step length rule

¢— LB

O = M R

where 0 < i, < 2.
Solve the problem (LD) with \¥, and let x* and ¢(N\¥) be the solutions obtained.
Then T s updated as
T:=ar++(1l—a)z (2.17)

for some o € (0,1), to be discussed later.
Step 2
If 9(\F) < ¢, update u and ¢ as

Let k:=k+1 and go to Step 1.

At the end of the Volume Algorithm, A would be an output for the solution of the Lagrangian
dual with the objective value ¢. Note that it is a descent method because the update happens
if (A\¥) < ¢. Further, it provides an ’approximate’ primal solution through (2.17) in the

sense of the next definition:
Definition 2.4 Suppose A € Q* = {X € R : ¢()\) < ¢(\), VA € R"} and let
X(A\) ={z € conv(X) : cZ + A(b— Az) > cx + \(b — Azx), Va € conv(X)}.

An z € X () is said to be a near-optimal solution of (P) if Az <b and \(b— AZ) = 0.
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Indeed, if {z° 2',... 2*} are produced by solving (2.14), then (2.17) implies

T=1—-a)2"+1—-a)* " azt +...+ (1 — a)az " + azk,

i.e., T is a convex combination of {2° x! ... 2¥} C X, since for a € (0,1), all coefficients

are in (0,1) and
k—1
aZ(l —a)+(1—-a)f =1
=0

Thus, based on Theorem on Volume and Duality we conclude that Z is near-optimal solution

for (P).

2.3 Robust optimization: Worst Case & Dynamic Worst
Case Approach

Decision Theory is the study of the reasoning underlying an agent’s choices. In many cases,
these choices have to be taken under uncertainty. To handle decisions under uncertainty
some powerful tools as Scenario Analysis, Robust Optimization, Stochastic Optimization,
Stochastic Games, etc have been developed. In this section we take tools from Scenario
Analysis and Robust Optimization to provide feasible solutions for the Volume Algorithm
scheme, which are needed to updated the Polyak step size (2.15).

Scenario analysis is a process of analyzing possible future events by considering
alternative possible outcomes. For an extensive presentation of Scenario Analysis see e.g.
Wright & Goodwin [61].

Robust Optimization aims to provide optimal responses that work in any scenario.
In Robust Optimization a certain measure of robustness is sought against uncertainty that
can be represented as deterministic variability in the value of the parameters of the problem
itself and/or its solution. For more about Robust Optimization the reader can see Ben-Tal

et al. [11].

Worst Case

The worst case approach is one of most popular methods in Robust Optimization. It con-
sists of considering the worst scenario for the uncertain parameters to optimize. The worst
scenario must be the lowest value if we are dealing with prices or the highest value if we are

treating with costs.
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Given a scenario tree the worst case scenario is the one such that each realization
corresponds to the worst possibility at each period. The definition of worst realization
depends on the decision maker.

To define the worst case scenario in a rigorous way consider a multi stage stochastic

optimization problem:

T
max¢ deQ Dot (cf)Txf

s.t. SY_JASE =0, t=1,...,T, €€Z

wp=af if fy=¢&,, t=1,...T, E€E (2.18)
ASEO
7 € R™,

where the uncertain parameters are (Af, bf, cf) € R™r>m x R™» x R". We are interested in

finding a 'robust’ solution {Z;}; for the problem above in the sense of the next definition.

Definition 2.5 We say that {Z:}+ is a robust solution for the problem (2.18) if

t

DALk, =1

T=1

forallt=1,...,T and £ € =.

Note if {Z;}; is a robust solution then xf =12y, Vt=1,...,T, £ € = is a feasible solution

for the problem (2.18) (the non anticipative constraints are satisfied trivially).

Definition 2.6 For the multistage problem (2.18) we define the worst scenario as the

scenario ¢ such that the solution of the problem

wc
max 35 (c )T

st S A e =0
AS =0,

Ty € Rnt,

fWC
t

. t=1,....T

denoted by xfwc is a robust solution for (2.18) and xfwc = arg minxgeRnt{thzl(cf)Tmf :
t

¢ € Z} where a:f is the solution for the problem

max 3, (¢f)
st S Alx, =0, t=1,...,T

AS =0,

Ty € Rnt,
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Thus, the worst case scenario is the worst scenario in terms of the objective function so that
its realization at each period is the worst one.

If 2WC = (2}V¢, ..., 2lVC) corresponds to the worst scenario in the sense of the last

wcC

definition, we have "' is a robust solution for (2.18) and then

ot =aV¢  VeezteT,

is a feasible (sub)solution for (2.7).

Intuitively, the worst scenario approach gives us the decisions that should be taken
if the worst scenario happens. It does not consider the information revealed about uncertain
parameters during the time horizon. Therefore this is a very conservative and inflexible
strategy to obtain a implementable policy.

A dynamic worst case approach that takes into account the information revealed

along the time horizon to improve the decisions taken is presented next.

Dynamic Worst Case

The dynamic worst case approach is similar to the worst case, but instead of taking into
account just one scenario, the worst one, the dynamic to solve (2.18) progressively updating
the worst scenario scenario at stage ¢t as one among the scenarios whose realizations are the

same as the observed one up to stage t. Mathematically, it is expressed in the following way:

e For the first stage t = 1 we solve the optimization problem for the worst scenario and

fix the variables for this stage.

e Consider ¢t > 1. To determine the values of the decision variables for scenario £ where
£y = (&1, &2, ..., &) we solve the problem with variables fixed prior to stage ¢t — 1 for
the worst scenario among the scenarios with history £;. We fix the variables up to

stage t to the obtained values.

e We dot <+ t+ 1 and go back to the prior step.
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2
<D,
<>
(2D

Figure 2.1: This scenario tree was constructed considering three periods and the tree is such

that one scenario is worse than another one at the same period if it is located lower.

For example, in Figure 2.1 we solve the optimization problem considering the worst
scenario {4,2,1}. After that at period ¢ = 2, the decisions variables are fixed for the period
t = 1 and the realization is observed: if the realization is up, that is, 8, the updated worst
case scenario is {4, 8,4}, otherwise the worst scenario is the same considered at stage t = 1,
etc.

This dynamic approach is a wait & see type and it provides a feasible solution for the
optimization problem that is less conservative than the one obtained by the (static) worst
case. Anyway, the solution obtained by the dynamic approach is conservative since at each

stage it considers the worst scenario given the realizations revealed at the current stage.

2.4 Geometric Brownian Motion

In this section we review the Geometric Brownian Motion or Log-Normal model which will
be used to model the uncertainty in the metal prices (see e.g. [10, 35, 42, 45]).

Let (2, A, F,P) be a filtered probability space where (2 is a set space, A is c—algebra
of subsets of €, P is a probability measure over (£2,.4) and F = U, F; is a filtration.

Brownian Motion

A Brownian Motion is a stochastic process, that is, a sequence of random variables {B(t) :

B(t) is a random variable for every ¢ > 0}, that satisfies the properties:

1. Starts at the origin with probability equal to one: P[B(0) = 0] = 1.
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2. The increments are independent random variables: for 0 < t; <t < ... < t,, we

have {B(t;+1) — B(t;)}i, are independent random variables.

3. The increments are stationary:
B(t+ At) — B(t) = B(s + At) — B(s), Vs,t:0<s<te][0,+o0]
where the equality is in the sense of the probability distributions.

4. The increments of the process are gaussians with mean 0 and variance ¢t — s:

B(t) — B(s) ~ N(0,Vt — s).

Ito Calculus and Stochastic Differential Equations

Definition 2.7 Let b(t,z),o(t,z) : [0,7] x R — R. A stochastic differential equation is
given by:

dX; = b(t, Xy)dt + o(t, X;)dB;. (2.19)
defined overt € [0, T| with initial condition the random variable Xy which is Fo—measurable
and independent of the Brownian Motion. The equation (2.19) is in the sense of the integral
equation

X, =Xo+ /t b(s, Xs)ds + /t o(s, Xs)dBs,
where the first integral is a Rz’eman(;z integral and t?te second one 1s an Ito integral. The
process { X} is called an It process.

A Geometric Brownian Motion is described by the following Stochastic Equation:
dXt = ,LLXtdt + O'XtdBt.
XO = X (220)

Through It6 Calculus can be shown that the solution of (2.20) is:

1
X; = xgexp {(M — 502> t+ (TBt:| (2.21)

The equation (2.20) can be interpreted in the following way: when the stochastic term
is dropped the equation is reduced to dX; = puX;dt whose solution is X; = zge’ which

corresponds to an initial capital zq that increases with 100u% interest.

Theorem 2.4 Let {X;} be an It6 stochastic process given by (2.19) and f(t,z) a C* function

ont and C* function on x, then the process {Y; = f(X;)} is an Ité process and

dY; = fi(t, Xp)dt + f.(t, Xy)d X, + %fxw(tv Xi)(dX,)?. (2.22)
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Estimation of Geometric Brownian Motion parameters

To estimate the parameters 1 and o in the equation (2.20) from historical data we review

two methods: The Maximum Likelihood and the non parametric method.

Maximum Likelihood Method

Consider the times {ty < t; < ... < tx} and a sample {xg,z1,...,2x} of the stochastic
process {X;}; such that xy is a realization of Xj,.
We are searching an estimator that maximizes the joint probability p(to, o, t1, Z1, .. ., tn, Tn; 0)

dependent on a unknown vector parameter 6, let us say 6 = argmax, L(0) where
L(0) := p(to, xo, t1,T1,. .., tn, TN; ).
Thus, we have to solve the maximization problem:
pto, o, t1, T1, ..., N, TN) 1= meaxL(G) (2.23)

Now we are interested in determining the joint probability p(to, zo,t1,x1,...,tn,xy) for the
equation (2.20). As the solution (2.21) is a Markovian process and given the total probability
theorem we have that the joint probability is:

p(to, o, t1, T1, . . ., tn, ;3 0) =p(to, x0; 0) X p(t1, x1|to, x0; 0)
X p(ta, To|ty, 1, to, 05 0) . ..
X p(tn, TNEN-1, TN 1, - - -, 11,21, Lo, To; 0)
=p(to, v0; ) X p(t1, z1]to, To; 0) X p(ta, vo|t1, 21;0)
X ... xpty,onltn-1,zn-1;0)
where p(tg, xg|tp—_1, Tx_1;0) is the probability of transitioning from state xj to xx_; in a single
step.

To determine the transition probability, discretize the equation (2.20) by the Euler-

Maruyama scheme:
th - thq = IUthflAt + O-thq(Btk - Btkq)

where At = t), — t;_;. Since By, — By, _, ~ N(0,VAt), the conditional distribution of the

random variable given the event {X;, | = xx_1} is

X HXooy = w1} ~ N, on),
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where p, = x4, _, + pxy,_, and o = oxy,_,. So, the transition probability is

1 o 2
p(tk,xk|tk,1,xk,1;9) \/_a exp [ <xko_k'uk> ] , k = O, 1, A ,N
k

Note that the problem (2.23) is equivalent to ming J(#) where J(0) = —In L(#) and 6 =

(i, 0). The function J(#) can be written as

N > Y1/ — 1 2
J(e):—lnp(to,:icm@)—l—§1n2ﬂ+21n0k+25<u>

k=0 k=0 Tk
N 1 N T 2
k
(ln27r+lnAt+21na + E Inzg 14+ —— 50T AL g (fk—l —1—uAt> )

To find the best estimator 6 = (ji, &) we search for the critical values of J(6):

N
0o o) 1 (&_1_M)
k=1

o o2 Tg—1
8J(,LL,O') N 1 al Tk 2
= = — —1—puAt) .
0 Jdo o o3At ; Th_1 HAat

To obtain the last equality we use the fact p(to, xo;0) = 0.

Thus, the critical values are:

1 N T 2
~9 k

= =3 (1A .
7 NAtk:1< a )

Lk-1
Moreover, the Hessian matrix H(J(u, o)) has positive eigenvalues at (fi,d), so it is the best
estimator.

Non parametric method

Using the same discretization as in the last subsection, since the Geometric Brownian Motion

is a diffusion process we obtain the following relations valid for £k =0,1,..., N:
X — X
(Xt - Xt )2 2 v 2
E [ HlAt — — 0 X, | = o(At),

where o(A) means that the order of the left sides in the equations above is At. Then,

1 N-1

AL 2k=0 (xlﬁ-l - $k)

- N-1 )
k=0 Tk

N—1
o2 = ﬁ k=0 (Try1 — xk)g

Zkoxk
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The expression for u reduces to pu = % by the telescope property of the sum. Note
k=0 &

that the last expression for u reveals that the estimates of the parameters of the Geometric

Brownian Motion depend strongly on the first and the last data of the period considered.

2.5 Option pricing

In general, the value of any asset is the present value of the expected cash flows on that

asset. This section will consider a case where the assets have two specific characteristics:

e The assets derive their value from the values of other assets called the underlying

security or commodity.

e The cash flows on the assets are contingent on the occurrence of specific events.

These assets are called options, and the present value of the expected cash flows on these
assets will understate their true value. The metal prices holds the two conditions above, so
they are options. Indeed, the metal price depends on the metal, the underlying commod-
ity, and clearly it is depends on several kind of events: demand, strikes, economic crises,
discoveries, etc.

Basically, there are two types of options: call and put options. A call option is a
financial contract between two parties, the buyer and the seller of this type of option. The
buyer of the call option has the right, but not the obligation, to buy an agreed quantity of
the underlying security from the seller of the option at a certain time (the expiration date)
for a certain price (the strike price). The seller is obliged to sell the commodity or financial
instrument to the buyer if the buyer so decides. The buyer pays a fee (called a premium)
for this right. The term ”call” comes from the fact that the owner has the right to ”call the
stock away” from the seller. Conversely, the put option gives the owner the right, but not
the obligation, to sell the underlying, at the strike price, by the expiry date to a the seller
of the put.

We will use the binomial price model which can be seen as an approximation of the
widely used Black & Scholes model used to evaluate options. We start by introducing the
Black & Scholes model.

Black & Scholes Model

The Black & Scholes Model is based in the following assumptions:
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e The price of the option and the underlying asset related to the option have the same

source of uncertainty.

e The rate of return on the riskless asset is constant and thus called the risk-free interest

rate.

e The instantaneous log return of stock price is an infinitesimal random walk with drift;

more precisely, it is a geometric Brownian motion, and we will assume its drift and

volatility are constant.

Following these assumptions we can deduce the value for the call options, C, and for the put

options, P:

C = SP(dy) — Ke "' ®(dy)
P = K®(—dy) — S®(—d,)

where @ is the cumulative distribution of the normal standard distribution A/(0, 1) and

ln(%)—F(T—F%Q)T
dy = T :

dgzdl—Uﬁ,

and

e S: current value of the underlying asset.

K strike price of the option.

T life to expiration of the option.

r: riskless interest rate corresponding to the life of the option.

e o2 variance in the log return of the underlying asset.

Note that e~"7 is the discount factor, and reflects the fact that the exercise price on the

option (call or put) does not have to be paid until expiration. This means that we are

dealing with European options.

The portfolio that replicates the call option is created by buying ®(d;) units of the

underlying asset, and borrowing Ke™"'®(d,). This portfolio will have the same cash flows as

the call options. Analogously, for put options we can consider a portfolio whose cash flows

are equal to the cash flows for this option.
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Binomial trees

Binomial option pricing trees are based on a simple formulation for the asset price process
in which the asset, in any time period, can move to one of two possible prices.

At each step, it is assumed that the underlying instrument will move up or down by
a specific factor u and d per step of the tree respectively. Thus, by definition we have u > 1
and 0 < d < 1 and additionally assume that ud = 1. So, if S is the current price, then in
the next period the price will either be S, =S - u or Sgoun = 5 - d.

We suppose that the expected rate of return is constant (risk free), say r. Let p be
the probability of the favourable scenario Sy, then the probability for Sgsun is 1 — p. Thus,
if S; is the scenario at period ¢t and Sy, a; is the price for the next period we have:

erAt —d

pSi+ (1 —p)S; = E[Sipad = €25, = p = o —d
and if o denote the volatility it is obtained using approximations u = VAL and d = e~oVA
and, consequently, ud = 1. Note these approximations are reasonable for At small. For p to
be in the interval (0,1) the following condition on At has to be satisfied At < (%)2

We can construct another binomial tree by considering the logarithmic stock price

space and the price probability to up or down as p =1 — p = 1/2. In that case, In S; could
be increased to In.S; + Inu or it could be decreased to In.S; + Ind. Then,

In StJrAt ~ N(ln St + (TZ — O'/2)At, UZAt)

p(In Sy +Inu) + (1 —p)(InS; +Ind) =1n S, + (r* — §)At

p(InS; +Inu)®+ (1 —p)(InS; +Ind)* — (In S, + (r* — $)At)> =In S, + (r* — $)At

=

where p = 1 — p = 1/2. Solving these equations we obtain u = e(r*=o/DAtHoVT and d =

(r?=o/2)At=oV This is not an approximation; the model is valid for every At. Note that in

e
this case ud # 1.

Note that to construct a binomial tree in any case we need just the time step At,
the initial price Sy, the riskfree interest rate r» and the volatility o.

We distinguish two types of binomial tree:

a) Recombining tree

If the underlying asset moves up and then down (u,d), the price will be the same as
if it had moved down and then up (d,u) here the two paths merge or recombine. In

general, recombining trees do not distinguish between two scenarios with the same
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initial and final results. This property reduces the number of tree nodes, and thus
accelerates the computation of the option price. Thus, a recombining scenario tree
for T periods has T'+ 1 scenarios. This type of tree is used for non path-dependent
options. In a multistage stochastic optimization setting it can be used if decisions are

taken just at the initial and final stages.

This property also allows that the value of the underlying asset at each node can be
calculated directly via formula, and does not require that the tree be built first. The

node value will be:

Ny—N,
Sn = S() XU d,

where S, is the spot price at node n, Sy is the spot price at initial period, N, is the
number of up ticks and Ny is the number of down ticks, the probability to the price

increase is p and the probability to the price decrease is 1 — p.

When the time between periods are small, it can shown that the recombining tree
with ud = 1 converges to the continuous Black and Scholes model (the Cox, Ross and

Rubinstein tree [23]).

Figure 2.2: The Cox, Ross and Rubinstein tree converges to the Black & Scholes model if
At — 0

b) Non-Recombining tree

For path-dependent options we use a non-recombining tree. The distinctive character-
istic of this type of tree is that two scenarios with the same initial and final results

are not necessarily equal because the intermediate states are considered to distinguish
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scenarios. Thus, a non-recombining scenario tree with 7" periods has 27 scenarios. In
the non-recombining tree, the v and d may change in each step, thus make the under-
lying asset more variable and has some application values. Even when u and d do not

change, scenarios with initial and final prices are considered different.

'FJ Uuu

Suud
Sudu
;':.I“m,!,j
S
Sdud
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Figure 2.3: Non recombining binomial scenario tree for three periods.

For more details about options read e.g. [8].

2.6 Block caving & micro-seismicity

One technique widely used to mine massive steeply dipping ore bodies (typically low grade)
with high friability is block/panel caving: an undercut with haulage access is driven under
the orebody, with "drawbells” are excavated between the top of the haulage level and the

bottom of the undercut. The orebody is drilled and blasted above the undercut to create
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a void at each draw-point so that the rock breaks and falls due to the friability of the rock

and gravity. After that, the broken ore is removed via the haulage access.

Figure 2.4: Block caving detail.

The rock removal generates instability in the ore body and new fracturing begins.
This process produces seismic activity which fractures the ore body. This seismicity has to
be controlled in order to prevent damage to the mine’s structure and this can done mainly
by controlling the extraction speed for the fracture rock from the draw-points.

If caving stops and removal of ore from the drawbells continues, a large void may
form, resulting in the potential for a sudden and massive collapse and potentially catastrophic
windblast throughout the mine. To avoid this situation sometimes the rock is preconditioned
by hydraulic fracturing, blasting, or by a combination of both. Hydraulic fracturing has been
applied to precondition strong roof rock over coal longwall panels, and to induce caving in
both coal and hard rock mines. Where caving does continue, the ground surface may collapse
into a surface depression. This phenomenon is called subsidence.

It is desirable to cave the whole ore body preserving the mine structure but many
problems can occur in this process: tunnel collapse by rock burst due uncontrolled and
strong seismicity, the caving stops and a rigid void is formed, the material extracted from a
draw point is waste (dilution), etc. To avoid these problems it is fundamental to determine
properly the mine design and the mine planning for short and middle terms which implies

the control of the extraction rates and block sequencing.
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Figure 2.5: Block caving scheme.

Mining and micro-seismicity

Seismology is the study of earthquakes and the propagation of elastic waves through the
earth or other bodies. Many studies on historical data of natural earthquake occurrences
show that the magnitude of a earthquake can be modelled by bounded Pareto distribution
(see e.g. [57]): ,
Ry = M =M
M—" — M,

where M_ < M < M, is the seismic moment and M_, M, are the minimum and maximum
seismic moment respectively, 5 is a parameter and F); is a probability cumulative distribution
for M.

Under proper assumptions, the frequency of the tremors can be modelled by Poisson
Processes and it is independent of the event magnitudes [38]. Thus, the sum of the seismic
moments of the tremors is a composite Poisson Process, i.e., if M(t) is the cumulative sum
of the magnitudes of the tremors up to period t and (M), are independent and identically
distributed variables representing the seismic moments of the tremors that happened at time

T with M, ~ Pareto(, M~, M™) and the Poisson process { N (¢) };>¢ is such that the number

of seismic events that have happened up to and including time ¢ is N(¢), then
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In the case of micro-seismicity induced by mining the parameters [ in the Pareto distribution
and A in the Poisson process depend on the mining (type of rock, mining technique, speed
rate extraction, etc.).
An important relation between frequency and magnitude of the tremors is given by
the Gutenberg- Richter law [37]:
logn = a — bm, (2.24)

where n is the number of earthquakes with magnitude m, and a and b are parameters. The
parameter a is a measure of the level of seismicity, whereas the parameter b, which is typically
close to 1, describes the relative number of small and large in a given interval of time.

The seismicity that results from ground deformation associated with a change in
volume was described by McGarr [50] in a seminal paper. He observed the following relation
between mining and seismicity:

S My = KulAV],
where AV is the volume change (AV is positive if the volume is added and AV is negative
if the volume is removed), > M, is the sum of the seismic moments of the earthquake
population, p is the modulus of rigidity, and K is a factor close to 1. McGarr proved his
claim by analyzing the East Rand Proprietary Gold Mine, South Africa, and the the Denver
earthquakes in USA.

When mining occurs a rock mass is moved and by the McGarr work it triggers seismic

activity. In 1994 Gibowicz & Kijko [34] proposed a similar relation:
Mt = Kt X tOnt, (225)

where M; is the sum of seismic moments of the events that occurred in the period t¢; ton; is
the tonnage of the rock extracted in the period ¢t and K; is a proportionality constant for the
period t, which depends on the type of rock and mining technique and the constant K; ;
for the prior period. So the intensity of the seismic activity in one period depends on what
happened in the previous period. To the best of our knowledge there are no mechanical

models to describe the relation between mining and micro-seismicity.

2.7 Modelling an Underground Mine

To model the mining process in an underground mine we divide the mine in sectors which

are then divided in columns and then into blocks as shown in the figure below.
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Figure 2.6: Scheme of a sector in an underground mine. In red we observe a block and in

blue a column.

More precisely, let S be the set of sectors, I(s) the set of columns in sector s € S
and Vj the set of neighbours columns in sector s € S. Each column i € I(s) is divided in
{Ni,} blocks which are numbered from the bottom to the top. Let I = (J, ¢ I(s) be the set

of columns in the whole mine, Ny = J ) N;, the blocks in sector s € S and N = |J,.4 Vs

is€I(s
the set of blocks in the whole mine.

A generic block is represented by n = (4, j, k, s) where 4, j and k are the z-coordinate,
y-coordinate and z-coordinate of n respectively, and s € S is the sector where the block is.
So, (i,7) is the column to which the block n belongs to. We introduce the notation for a
block n;, € Z* which means that the block is in column i, € I(s) which is in sector s and
the value of n;, € N;, corresponds to the height where the block is located (recall that the
blocks in a column are numbered from the bottom to the top). When the context is clear
we omit the subscripts indicating the sector and the column.

To model the extraction and processing in the mine we assign variables to each block.
In this work we use three variables associated with blocks: if we denote by n any block, we
have a binary variable that takes the value 1 if the block n is extracted and 0 if it is not,
a continuous variable that takes real values between 0 and 1 and represents the fraction
extracted of the block n and another continuous variable that takes real values between 0

and 1 and represents the fraction processed of the block n. Obviously, the fraction processed

is lesser than the fraction extracted. We denote these variables as:

1 if excavation of block n € N begins at period ¢t € T and scenario w € €2,

0 otherwise.

e y, € [0,1]: continuous variable representing the fraction of block n € N to be mined

at period t and scenario w € ).
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e 2, € [0,1]: continuous variable representing the fraction of block n € N to be pro-

cessed at period t and scenario w € Q.

Here, € is the set of scenarios considered in the optimization of the Net Present Value. It
can depend on many uncertainties such as prices, grades, seismic, demand, etc. Thus, we
have as many variables as blocks, scenarios and periods in the time horizon. In order to
reduce the size of the model some authors consider clusters of blocks (see [41],[58]). Instead
of considering clusters as in those works, we divide each column in macro blocks with similar
ore grade.

The accessibility conditions, also called precedence conditions, are important require-
ments that have to be fulfilled. These conditions are related to the coherent extraction and
the physical stability of the mine and they establish the set of feasible extraction sequences.
For underground mines any feasible extraction sequence has to hold the following condition:
a block can only be extracted if the preceding blocks have been extracted, where precedents
blocks are those close to and adjacent to this block (see Figure 2.7). The main stability
criteria is the concavity of the mine cavity and the smoothness of the roof. The smoothness
of the roof means that the height of any column cannot differ considerably from the height
of its neighbouring columns (see [3]).

Some approaches to model the acessibility conditions are the accessibility matrix [5]

which consists in defining a matrix for blocks kq, ks € Ni:

1 if ks can be extracted only after the extraction of ki,
A8<k17 k?) -
0 otherwise,

for all s € S and the precedence sets [3] that consists in defining the sets
P, = {blocks that have to be extracted before the extraction of block n} C Ng,

foralln € Ny and s € S.
In this work, we use the approach presented in [2] with clustering (each column is
divided in macro blocks with similar ore grade). Our approach is summarized mathematically

in the following relations:
hiy —hs, <ds Vse€ S, i,jeVi, kel(s),teT,wel,
hiy=0 i€ B, Vse S, teT,wel,

where h¥, is the height of the column i € I(s) at period ¢t € T and scenario w € 2, V4 is the

set of neighbouring columns to k € I(s), 0, is the maximum differential of heights allowed
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for sector s € S and B, are the columns on the boundary of the sector s € S. The first
relation above enforces the smoothness of the roof and the second one, the concavity of the
mine cavity.
In terms of the y variables the height is expressed as
hey=hiyy+ > onys, Vse€S, i€l(s),teT,weq
nen;
The approach used in this thesis stands out, from others, because is simple, it can be

expressed elegantly and is more precise than the clustering approach that allows clustering

of blocks from different columuns.
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Figure 2.7: Precedence conditions. The point on the top represents the block that will be
extracted and the points in the bottom represents the nine blocks that have to be extracted

before the extraction of the upper block.



Chapter 3

Stochastic model with price and

seismicity uncertainty

3.1 Modelling the uncertainty

3.1.1 Seismic risk scenarios

As was mentioned in Section 2.6, the occurrence of induced micro seismicity in an under-
ground mine depends on the intensity of rock extraction during mining. We need to tackle
the exogenous uncertainty due to the micro seismicity. To do this we construct the scenarios

modelling the seismic activity by considering the random variable k; = k,; in equation

K, K,
M, = ﬁZtont = k; x ton, where k; = ﬁz (3.1)

where the time window considered is one month, [¢t,# 4+ 1), M, is the total seismic moment
released in [t, ¢ + 1), ton; is the amount of rock extracted in [¢,¢ + 1), K; is a constant that
depends on the value taken in the previous time window, K;_;, N; is the number of micro
tremors that happened in [t,t + 1). As we suppose that K; and N; depend on the type
of the rock and the mining technique, we avoid endogeneus uncertainty by modelling the
parameter k; which does not depend on the decision variables under these assumptions.

To model k; from the historical data available, which gives the production and seismic
events occurrence almost daily, we consider time windows of one month. k; and suppose that
it We have production data and data on seismicity for two sectors in the El Teniente mine:
sector A (2000- 2015) and sector B (2006-2012). To estimate and validate the parameters

we split the data into a training set and a testing period (for sector A: from 2000-2009 then

38
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2010-2015; for sector B: from 2006-2012, then 2013-2016).

Figure 3.1.1 shows the log(k;) for the sector A of the El Teniente mine at monthly
intervals over the period 2000 to 2016. Visually it is reasonable to use a GBM to model this
variable. In the others sectors a similar pattern is observed. So let us suppose that {k;} is
a Geometric Brownian motion (GBM).

To estimate its parameters we use Maximum Likelihood Method (Campbell et al.,

1997):
N ky
=— > log—,
$Tap 28
1 tn L 2
52 = — log —— — &D 2
6" = — 2 (og L & : (3.2)

where & is the estimate for £ = u — 02/2, ¢ is the estimate for o, n is the cardinality of the
train set and ¢, is the time splitting training set and test set.

The estimates of the volatility are shown in Table 3.1.1 together with root mean
square error (RMSE) and mean absolute percentage error (MAPE). To validate our estimates

we plotted the 95% confidence interval around the observed values in the testing period.

250
25
2.0
17.5
15.0
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wo T Train data

Test data
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Figure 3.1: log(k(t)) in the sector A.
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ParameterSector A B
1 —0.03539 | —2.564742 x 107°
o 0.68856 0.1377444
RMSE 2.9498599 1.92982669
MAPE 13.75909031 25.44987706

Table 3.1: p, 0, RMSE, MAPE values for Sector A and Sector B sectors

In the sector B the train period considered was 2006-2012 and the test period was
2013-2016. The results are showing in Figure 3.1.1 and Table 3.1.1.

— Aerage
5 T Confidence Interval
— {rain data
0 test data
2006 2008 2010 a2 2014 2016

Figure 3.2: log(k(t)) in the sector B.

We constructed the corresponding scenario trees for the period 2010-2014 with the
parameters obtained from process k; as a binomial tree with volatility obtained from (3.2).
The drift from (3.2) is negative in both cases which means the seismicity is decreasing over

time but we need a conservative approach and to do that it is considered null drift.

Modelling of micro seismicity induced by mining
Hydraulic Fracturing

Hydraulic fracturing (also fracking or hydrofracturing) is a stimulation technique in which
rock is fractured by a pressurized liquid. In the oil and gas industry is widely used to create

cracks in the deep-rock formations through which natural gas, petroleum, and brine will flow
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more freely. In mining by block caving it is used for preconditioning the rock mass fracturing
and relaxing it before to be mined. It is a complement of preconditioning by blasting which
is used for the same purpose. even though the use of hydraulic fracturing in mining is not
new there are few works on the benefits of its use ([19],[20]).

Hydraulic fracturing is designed to establish an efficient cave initiation, to carry out
a rapid cave propagation and to obtain smaller magnitude micro tremors. Additionally, finer
fragmentation, better management of the stresses are hoped for. From the point of view of
mine planning, higher draw rates, faster undercutting rates, etc.

To quantify the achievement of the objectives we present the seismic behaviour with
and without hydraulic fracturing in El Teniente mine and we propose a methodology to

quantify the benefits of its use.

3.1.2 Study case at El Teniente mine

Hydraulic fracturing (HF) was used to precondition a sector (called Sector A) in the El
Teniente underground copper mine. In order to compare the seismicity with and without
HF, Codelco provided production data and data on seismicity for Sector A from 1994 to
2017, with no HF until 2007.

3.1.3 Case without hydraulic fracturing

Figure 3.3 shows the magnitude of each seismic event that occurred and Figure 3.4 shows
the average magnitude calculated over 30 day periods, that is, the sum of the magnitudes
of all that occurred in 30 days divided by the number of events in that time window. The
number of seismic events normalized by the production is shown in Figure 3.5. Note the

increase after 2015.
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Figure 3.3: M; in sector A without HF.

160 4
—— seism number per production
140 4
120

100 4

1995 2000 2005 2010 2015
year
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Figure 3.4: my; in sector A without HF.
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Figure 3.6: Evolution over time of the
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Figure 3.7: log(k(t)) in sector A with HF.

The production in the sector A without preconditioning was increasing up to 2007

but decreased afterwards (3.6).

Before sector A in this mine was preconditioned by HF, there were irregular and

highly unpredictable events. After 2007 a slight increase is observed.

The relation between the logarithm of frequency and the magnitude seisms are show-
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ing in the figures below. As expected, at sectors A and B is observed the behaviour predicted

by Richter-Gutenberg law.
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Figure 3.8: Logarithm of frequency vs Figure 3.9: Logarithm of frequency vs
magnitude seisms in sector A without HF. magnitude seisms in sector A with HF.

3.1.4 Case with hydraulic fracturing

The magnitude of each event occurred is depicted in 3.10.
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Figure 3.14: log(k(t)) in sector A with HF.

Figure 3.11 shows the average expected magnitude given by (3.1) . The number
of seismic events normalized by the production is shown in Figure 3.12. There was a con-
siderably activity when mining started (2007-2008). After that the frequency normalized
by production stabilized. The production in sector A with preconditioning increased until

today (3.13).
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When sector A is preconditioned with HF we observed a abrupt fall in the induced
seismicity. Figure 3.14 shows a similar behaviour to the non preconditioning case when

mining is beginning. After 2015 a slight increase in the seismicity is observed.

Modelling of metal prices

One of the most traditional approaches for modelling asset prices is the Geometric Brownian
Motion. As we can observe in the Figure 3.15 copper prices present an erratic behaviour with
a trend to increase which can be modeled as a Geometric Brownian Motion with positive

drift.

3.1.5 Prices scenarios

In finance, the Black & Scholes model is widely used to model the continuous option pricing
and it is appropriate for metal prices. But for our stochastic model we need to provide a finite
number of scenarios for each period and to do that we construct a binomial scenario tree with
a time step of 1 year. In contrast to works [3, 18, 35] which use historical data to construct
scenarios for prices we prefer to use binomial trees to construct the price scenarios as these
are widely used in finance (see Section 2.5). Despite of the tractability of the recombining
scenario we have to use a non-recombining binomial tree because decisions are taken at one
stage can influence subsequent ones. To construct one for copper prices we have taken initial
price equal to Sy = 2.5, annual riskless interest rate r = 5% and annual volatility o = 20%

$US/Ib. We used the parameters u = e("*~7/2AH0V" and ( = (r*=0/DAl=oVr,
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Figure 3.15: Historical copper prices.
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3.2 Stochastic model with price and seismicity uncer-

tainty

We use the following notation for the sets in our multi-stage stochastic model:

T: set of periods in the time horizon.

S: set of sectors.

I(s): set of columns in sector s € S.

I = UgesI(s): set of all columns in the mine.

Vi: set of columns adjacent to column i € I. Note that if i € I(s) then V; C I(s), for

sesS.

N;: set of blocks belonging to column i € I(s) with s € S. The blocks of a column are

numbered in increasing order from the bottom to the top.
N(s) = Uier(s)Ni: set of blocks belonging to sector s € S.
N = UesN(s): set of all blocks in the mine.

Pred(s): the set that defines the extraction precedence relationship among columns,
that is (4,j) € Pred(s) if the extraction of column ¢ must begin before it takes place

at column j.

We also define the following deterministic parameters:

T: number of periods in the time horizon.
D,: duration of period t € T.

ton™: number of tons of rock that have been processed in sector s € S before the time

horizon considered.
ton,: tonnage of block n € N.
a,: height of block n € N.

An: ore grade of block n € N.
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e area;: basal area of column i € 1.
e A: maximum number of periods a drawpoint can remain open.

e ), maximum height differential allowed between two neighboring columns in sector

seSs.
® 1 min: minimum height that can be mined before abandoning a column 7 € I.
e P(C}: processing capacity of mine at time ¢t € T.

o ton! and ton! . : maximum and minimum number of tons that must be processed

s,max s,min"*

at period t € T in sector s € S respectively.

inc

e ton™¢ and ton?’: maximum increase and decrease of tons of rocks processed in sector

s from period ¢ — 1 to period t, respectively, for s € S, t € T — {1}.

e areal and areal . : maximum and minimum areas that must be incorporated at

s,max s,min"

period t € T in sector s € S respectively.
e ¢;: metallurgical recovery factor at time ¢t € T.

e C!: cost per ton unit of mining and processing in sector s € S at period t € T.

t

e a;: cost of column ¢ € I that starts production at period ¢ € T.

° c;t: cost per ton unit of production increase in sector s from period ¢ — 1 to period ¢,

for s € S, t € T —{1}. Note that in a mine there is no cost associated with decreasing

production.
o M,,.: maximum seismic moment that can be resisted by the mine.

® Ry (My4,): cost to construct a support structure in sector s € S to withstand induced

earthquakes whose seismic moment is equal to or less than M, ...

v: security factor.
To model uncertainty we introduce the following parameters and notation:

e (): set of scenarios.

e [w];: history of w € Q up to period t € T, ie., if w = (w1, -+ ,wy) then [w]; =

(wla e 7wt)-
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e ~;: equivalence relation over 2 defined by w ~; ' if only if [w]; = [w'];, for t € T.
e w“: probability of occurrence of scenario w € €.
e py: price in scenario w € Q at time t € T .

o 1, = (P Anen — CL)ton,: revenue factor for block n € N; in sector s € S at period

t € T and scenario w € ).

e k¥, constant to calculate seismic activity by relation (3.1) for sector s € S, scenario

w€ENattimeteT.

The variables to model rock extraction are:

1 if excavation of block n € N begins in period ¢t € T and scenario w € €2,

0 otherwise.

e y», € [0,1]: continuous variable representing the fraction of block n € N to be mined

in period ¢ and scenario w € (2.

e ton ton;ﬂs’t € [0,00): decrease and increase in the number of tons extracted in

w,s,t)

sector s € S at period t € T and scenario w € €, respectively.

Maximizing the NPV of whole mine

We want to maximize the NPV of whole mine, i.e.:

maxz Z w® Z{ Z Y — Z axy, , — Z c;tton;&t}— Z Ry(Mpaz)-  (3.3)
)

weQ teT s€S \neN; i€l(s neN; ses
The first term represents the profit due to selling the metal, the second one is the cost
associated with starting production in the columns, the third one is the cost to increase the
production and the last term is the cost to construct a resistant structure in the mine.

The problem is subject to the following constraints:

Each block can be extracted at most once during the time horizon:

Zx‘;tgl Vs e S, ne N(s), we . (3.4)
teT

Logical relations between binary and continuous variables have to be satisfied:

t t
dypu <Y ¥, VseS neN(s) teT we (3.5)

t'=1 t'=1
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The extraction of block n must finish before the extraction of block n 4+ 1 can start at each

drawpoint:

t t
Zx%Jrl,t’ < nyj’t, Vse S, nel(s),teT,weld (3.6)

t'=1 t'=1

The order in which the drawpoints can enter production is determined:

t t
fom/ < Zy‘fj,t, Vs €S, i,j € Pred(s), t €T, w € . (3.7)

t'=1 t'=1

We define the height of the column in each period:

Wy =hiy 4+ > onys, Vs€S i€l(s), teT,weq (3.8)

nenN;

Neighboring columns must have similar height so that the rock breaks smoothly:
by —h, <0, Vse€ S, i,jeVi, kel(s),teT,we (3.9)

The variation in the production is defined:

@ ton, —ton™  ift =1,
- D onen, Yt Vs e S, weQ,teT. (3.10)

ZneNs (yﬁ,t - yﬁ,t—l)wnn ift>1,

ton” ., — ton

w,s,t w,s,t

The minimum height must be removed if a column enters production:
Z Zy‘;:t > N min * int Vse S, iel(s),we . (3.11)
neN; teT teT
The processing capacity cannot be exceed:
Z Z Y iton, < PCy VE€ T, w e (L (3.12)
s€S neN(s)

Each drawpoint has a maximum duration:

T
xy o+ Z Yot <1 Vse S teT,i€l(s),n€N;,we. (3.13)
t=t+A

The area incorporated per period is bounded:
t w t
aredg i, < Z ry arear; < aredg ., Vs €S, te€T, we (3.14)
i€l(s)
The rock extracted per period is bounded:

ton!, . < Z Y tony, <tonj ..., Vse S, teT, well (3.15)

s,min —
neN(s)
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The increase and decrease of production are bounded:

0 <tonf,, <tonlf VseS teT,well, (3.16)
0 <ton,,, <tonlS VseS teT,well (3.17)

Strong earth tremors must be prevented:

kS, Z Yorton, <y Mpe, Vs€S,VEET,wel (3.18)

neN(s)

Non anticipative constraints must be satisfied:

i =i, (3.19)
Ura = Yo (3.20)
ton ., = tonf, (3.21)
tong o, =tong ., W~ W, (3.22)
The decision variables z7, , are binary:

vy, €{0,1} VseS, neN(s)teT,wel (3.23)

The decision variables y;., are continuous and bounded:
Yt €10,1] Vs€ S, neN(s),teT,wel (3.24)

The decision variables ton;t and tong, are non negative:
tonf ., >0 VseS teT, weQ, (3.25)
ton, ;>0 VseS teT,wel (3.26)
Remark 3.1 o As [3] the constraints related to increments and decrements on the pro-

duction are given by (3.10):

Yy ton, — ton™  ift=1
—tong, ,, = 2onen, Y forn ° o VseS,weQteT.

ZneNs (yrujt - yz,tfl)tOnn if t > 1,

zfonMs#t

Clearly, the production cannot increase and decrease in the same period, therefore for
any s € S, w € Q,t € T we should have ton),, = 0 or ton,,,, = 0, i.e., ton, -

tong, ., = 0. In general, this condition is not true, and it is necessary to linearize the

nonlinear condition tonzy&t-ton;s’t = 0 by introducing binary auxiliary variables which



would add more numerical complications to our problem. Fortunately, for our problem
it 15 mot necessary, because the condition ton;s’t -tong, o, = 0 is implied from (5.10).
Indeed, if (x%,, Y%, ton,, ton;,) denote a solution for problem (3.3)-(3.26), suppose
by contradiction that ton] ., > 0 and ton; ., > 0. Then, we can write ton,, =
A+ B where A,B > 0. Thus, ton, — A and Ton, ., = B satisfied

w,s,t = t0n+ w,s,t
(3.10) and the objective function (3.3) would increase for these values. Therefore,

w,s,t

(% 1y, ton . tong, ;) would not be optimal.

e The constraint (3.12) connects the production in all sectors of the mine which requires
calculating the NPV using all blocks but it will present computational problems due the
problem size. To avoid the curse of dimensionality we present a strategy in the next

Section.

e Note that the constraints (3.10) and (3.12)-(3.18) limit the extraction speed. In other
works such as [2] and [3] these constraints are considered except the constraint (3.18)

which limits the extraction speed for safety reasons.

3.3 Solution method based on Lagrangian Relaxation

3.3.1 Lagrangian Relaxation (LR)

In order to simplify the notation we consider only one sector which allows us to drop the
index s referring to the sectors. The approach presented in this section for a mine with more
than one sector follows trivially.

As in Carvallo (2009) we apply LR to relax the non anticipative constraints (Carge
& Schultz, 1999 [16]). This will allow us to divide the problem (3.3)-(3.26) into |©2] sub-
problems.

Now we introduce some notation to rewrite the non anticipative constraints NAC.
Let € be the equivalence class determined by ~; and let [w]; = {w}, -+ ,w!,, } be an element
of Q, where wj < --- <w}, .t € T. This can be represented through a scenario tree where
each node at level t represents an equivalence class [w]; (called scenario group) and a child
of node [w]; € Q is a element [w]i11 € Q441 such that (w41 C [w]s. Note that if any node

has the same number of children as the cardinality of any equivalence class determined by
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~y is the same for t = 1...7. Then, the constraints (3.19) can be rewritten as:

w w + - w4+l | w+l
(xn,m yn,t’ tonw,ﬁ tonw,t) - (xn bt yn R tonw—i-l to tonw—i-l t) 07

Vne N, we [w —{u,}, [w €U teT.
We proceed to define the Lagrangian associated with the problem (3.3)-(3.26) where the non

anticipative constraints (3.19) are relaxed. Define the Lagrangian

o w w + — w w w W
L= L('rn,t’ Yn,ps LOT 4 TOMY, 4, )‘n,w ot Pt ,07)

L= Z{Z w* [Z Py Antonnyy , — Z axy, ;= Z ¢/ ton},

teT \we neN el neN

Z [Z ATy — xWH )+ Z Hot(Yr s — y:ftrl) + pf(ton;t - tO"IH,t)

weN—{|Q|} LneN nenN

+ 61(;) (tO?’Lw tonw—f—l t)] }

where Ay = (N2, 4, Y, 0F) are the Lagrange multipliers and Ay, = pe, = pf =07 =0
if w = w},,. If we are using a scenario tree where each node has d children, the equality
w = w!, is equivalent to saying that w is a multiple of """V, ie., w = kd"~*"V for
k=1,...,d7 %

Reordering terms the Lagrangian can be written in the form L = >_ _, L, where L, depends

weN

on i,y ton  tong X e p, 0 and it is defined by:

n,tr w,t? w,t)
_ w w w w 1
L, = E {w [E T tYnt — E a; Ty — g ¢ ton] | + E (A = A g,
teT neN i€l(s) neN neN

+ Z :unt :unt ynt + (p;} - pyil)ton:;,t + (9;‘,d - efl)tOth},
neN

for w # 1 and w # |€2|. For w =1 we have

— 1 1 1 ) 1 _ + +
L, = g {w [E ToitYnt — g Ty, 4 g ¢, tong,

teT neN i€l(s) neN

+ Z /\letac1

nenN

C g+ pltont + e;ton;t},
neN
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and for w = || we have:

Q Q| |0 Q
Lig) = Z{wl [ Hth‘ Z azmll ‘t Z tonIQI t]
neN

teT i€I(s) neN
Q-1_| Q-1 | Q-1 Q-1
_z[» o+ 3 I ot g t]}
neN neN
We are interested in solving
z = min O(A, n¢) (3.27)

w,n,t

where O is the dual function defined by

O(Aunyt) = max{L : (zy, ys , tons  tong,) satifies (3.4) — (3.18), (3.23) — (3.26)}. (3.28)

w,t?

The following weak duality result is well known and can be found in Nemhauser & Wolsey

(1988).

Proposition 3.1 The optimal value of the Lagrangian dual (3.27) is an upper bound of
the optimal value of (3.8)-(3.26). If for some choice (X, s, o2, 0F) of Lagrangian mul-
tipliers the corresponding solution (x“,j’t,yit,ton:;’t,tonw,t) withn € N, t € T, w € Q, of
the Lagrangian relazation (3.28), then (x%,,y%,, ton, tong,) is an optimal solution of the

problem (5.3)-(3.26) and (Xg.,, pi ;, pf, 0F) is an optimal solution of (3.27).

The Lagrangian dual (3.27) is a convex non-smooth program which can be solved
by subgradient methods. A major advantage is that it splits into separate subproblems for

each scenario,

wnt E @ wnt

weN

where

Ou(Aun) = max{L, : (x4, ton, ton, ) satifies (3.4) — (3.18), (3.23) — (3.26)}.
(3.29)

3.3.2 The volume algorithm and obtaining feasible solutions

To solve the minimization problem (3.27) we need to update the Lagrangian multipliers A, ;
in an efficient way (the index for blocks is omitted in this section). For this, we use the
volume algorithm, an extension of the subgradient algorithm, which can be seen as a fast

way to approximate the Dantzig-Wolfe decomposition (Barahona & Anbil, 2000).
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The update of A, ; is given by:

Zul),t - ((va }/tw) - (qu+17 Y;Jw—i_l))J (330)
Zoy = (X2 Y) = (XP V) + (L =)z, Vi1 (3.31)
A, =argmin{L(AL,) : k=1,...,i— 1}, Vi>1 (3.32)
O, =Aus (3.33)
4 A i LA, < LA ),
(I)i,,t _ fu,t ( w,t) ( w,t) (334)
<I>z;t1 in other case, Vi > 1
FS' = max FS) (3.35)
0<k<i
. L(A.,) — FSi
ot = PTvo w( o) oH T o2 (3.36)
[(XE,Y) = (X, V)|
Af:,rtl = ‘Dfu,t + @i,tZZJ,ta (3-37)

where X} and Y represent the binary and continuous solution for maximization problem
(3.28) respectively, n, p € R*, F'Sy is the feasible solution of (3.3)-(3.26) obtained at iteration
k. Note that Z , is the value of violation of the NAC constraints at iteration 4, L(Kivt) is the
best Lagrangian solution at the iteration ¢ and FS? is the best feasible solution of problem
(3.3)-(3.26) at the iteration .

Next we use the wait and see with worst scenario approach (Carvallo, 2009) to obtain
feasible solutions F'Sy from solutions of the relaxed subproblems (3.29). The worst scenario
corresponds to the highest seismic activity and the lowest metal price. Let &y o(t, w) be the
worst case scenario passing on node (¢, w).

The main difficulty to solve (3.3)-(3.26) arises from the binary variables z’s. So
we proceed to fix them using a wait and see with worst scenario approach: Firstly, we fix
the variables z , = x%,C(w’T) = xif‘{,c for ' =1,---T — 1 and for period ¢ = T solve the
lagrangian subproblems with the variables just fixed. Let f::;_l be the feasible solution
obtained.

For the period ¢t € T — {T'} and scenario w € €2 we fix the variables x}, ,, = 7y, for

t' # t and solve the lagrangian subproblems with these fixed variables to obtained a solution

Ewe (w7tl) it

xn,t’

. If the problem is infeasible, the feasible solution is {:f:;_ l}t/,w,n, otherwise, let

—w,t . . —wit _ —wit—1 / —wit  Eweol(wt)t
, 'y be the current feasible solution where 7,7, =z, for every ' # ¢ and ), = 27} .
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Algorithm 3 to obtain a feasible solution at iteration i
Initialization

t = T. Solve the subproblem for scenario &y and put X& = XEWC for every w € 2 and
teT —{t}.
Step 1 Solve the Lagrangian Relazation Subproblems (3.29) for scenarios {&we(w,t) :
w € Q} with the additional constraints X4 = X% for allt' € T — {t}.
ift > 1 and the subproblems are feasible and the solution’s are XEWC(w’t) for every &we(w, t)
for allw € Q) then

Put X¢ = )_(f(w’t) and X% := X8 for everyw € Q, t' € T.

if OBJ(X:“"D) > BF then

do BF = OBJ(Xf(w’t)) andt =t —1 and repeat the Step 1.

end if
else

Stop. The feasible solution is X
end if

The feasible solution is X¥.
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Algorithm 4 based on Volume Algorithm
Initialization

Zfeasivie := 0 initial value of the feasible solution.
7 = Zpp the value of linear relazation is the initial value for the upper bound.
A := 0 initial values of the Lagrangian multipliers.
Step 1
Split the relazed problem for the multipliers A in |Q| sub problems and solve each one
separately. Obtain the solution of the Lagrangian Relaxation problem, Zpgr, summing the
values of the subproblems.
Step 2
Obtain a feasible solution from Zpg from the Algorithm 1.
Step 3
if Zreuristic < Zfeasivie then
Z feasible = Z Heuristic
end if
Step 4
if Z;,r < Z then
7 = Zp update the best upper bound.
end if
Step 5
if @Ze&“e x 100 < tolerance then
stop.
else Update the Lagrangian multipliers A using (3.30) and go to step 1.
end if

3.3.3 Solving the subproblems

The resolution of the problem (3.3)-(3.26) using the heuristic presented before implies the
resolution of many subproblems as many scenarios we consider at each iteration. We consider
two sources of uncertainty (prices and seismicity) which in numerical experiments means 256
scenarios. Therefore, we need an heuristic to solve quickly the subproblems which consider
binary variables.

To solve the subproblems associated to scenarios quickly we used a simple but effec-
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tive heuristic presented on [2]. It consists in solving the linear relaxation of each subproblem.

3.4 Numerical results

In the numerical experiments we used Lagrangian Decomposition on the NAC constraints
and Volume Algorithm to update the Lagrangian multipliers. To find feasible solutions we
used two approaches: one based one the static worst case approach and the other one based
on the dynamic worst case approach.

The strategy based on the static worst case approach consists in obtaining a feasible
solution fixing the variables to the solutions under the worst case up to stage t (in our
experiments t = 4) and in solving a new problem with the fixed variables up to stage ¢. It
presents marginal improvements on the feasible solutions obtained, which implies that the
best feasible solution found is similar to the initial one. It suggests that this methodology is
inflexible and inefficient because the worst case is so conservative.

On other hand, the strategy on the dynamic worst case scenario implies firstly, that
we fix all variables to the solution of the worst case and regressively we re-fix the variables
from the last stage by the dynamic worst case scenario approach. This strategy gives better
results than the static case.

We test our model with real data from El Teniente the largest underground copper
mine located in O’Higgins Region, Chile. The time horizon for our experiment is 5 years
and two of the nine sectors of El Teniente are considered active.

Note that the size of our optimization problem grows dramatically if we consider
several sectors because parameters kY, in equation (3.18) depend on the sectors. Thus,
if two sectors and two scenarios are considered at each stage for parameter £y, we have
25 x 2% x 25 = 32768 scenarios. It makes our problem too big and too hard to solve. To
avoid this difficulty we solve the problem just for price uncertainty, (Pyc.), and replace the

production constraints (3.12) by the condition,

> ton! . < PCyy Vs€SteET, (3.38)

seS
where PC, is the rock extracted in sector s at time ¢ for the problem (P,..). Since
constraints (3.12) are the only constraints that link the sectors, their substitution by (3.38)
allows us to split our problem involving all sectors into smaller subproblems considering just

one sector. These problems can be solved independently of each other, and this considerably
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reduces the size of the problems that we have to solve. It is reasonable because firstly we
fix the amount of rock to be extracted in each sector and at each period considering just
price uncertainty and limits on capacity process and after that we applied a ’correction’
considering seismic uncertainty:.

Thus each subproblem involves 2% x 24 = 512 scenarios representing price and seismic
risk uncertainty. To determine seismic risk scenarios we use historical data corresponding to
the period 1992 to 2011. Our time horizon corresponds to the period 2012-2017.

As was mentioned, the binomial non-recombining price tree is constructed with
volatility equal to 20% and initial price equal to 2.5 $US/Ib.

In sector A, for our time horizon we consider 900 columns. The numerical results
for NPV corresponding to sector A taking into account seismic risk are summarized in the

Table (3.4).

NPV (millions of dollars) 1759.01
Binary Variables 144,000
Continuous Variables 144,160
Constraints 3,025,312
GAP(%) 1.10
Time(seconds) 7,690.56

Table 3.2: NPV of the sector A with finance & seismic risk.

Table (3.4) gives the expected, the maximum (best case) and the minimum (worst

case) NPV for the proposed stochastic model and its standard deviation.

Expected value | 1759.01

Maximum 2601.97
Minimum 1202.76
Deviation 842.296

Table 3.3: NPV values of the stochastic model with finance in millions of dollars & seismic

risk.

We note that the stochastic optimization provides considerably better results than

the worst case, which justifies the benefits of using stochastic models in mine planning instead
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of using very conservative approaches such as the worst case scenario methodology. But the

results are still conservative and reliable.

Figure 3.16: Evolution over time of the production in sector A with HF along the time

planning horizon of five years.

3.4.1 Sensitivity Analysis

Sensitivity analysis was performed for prices and seismicity scenarios. As expected, the model

is highly sensitive to the copper prices because the operational income depends directly on
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that. Additionally, a high sensitivity is observed on seismic activity because the rates of
extraction depend strongly on that.
Supposing that the NPV depends just on the price and the seismic activity and both

are independent, using multiple linear regression we obtain:

S
NPVh:CLPO—.—ZbJKé

Jj=1

S
NPV =aPy+ Y bK}

Jj=1

where F, is the price at time ¢t = 0 and Kg is the value for the parameter K of sector j in

(3.18) at period t = 0.

Price ($ US per pound) | NPV (millions of dollars) | Rate extraction (tons per day)

24 1459.11 92959
2.5 1759.01 92959
2.6 2058.91 92959

Table 3.4: Sensitivity on prices

3.4.2 Model with price uncertainty vs model with price and seis-

mic uncertainty

As expected, the model with uncertainty on price and seismicity gives a lower NPV than
the model with just price uncertainty. At the same time, the model with more uncertainty

is more reliable than model with less because of the value of standard deviation.

3.4.3 Comparison between models with and without HF

Clearly, the use of HF improves the block caving performance by diminishing the occurrence
of induced micro tremors during the mining. The mining operations become safer, allowing
more efficient rates of rock extraction. However, the disadvantage of HF is the high cost

that it implies.
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with HF | without HF

Expected value (millions of dollars) 1759.01

Average extraction rate (tons per day) | 92958.90

Table 3.5: Comparison between case with HF and case without HF



Chapter 4

Conclusions and future work

4.1 Conclusions and future work

As more and more open-pit mines are moving underground, it is becoming increasingly
important to develop methods for optimizing mining schedules subject to the specific access
and security constraints involved. The removal of large volumes of ore during underground
mining causes tension in the remaining rock mass. The faster material is removed, the more
support is required to avoid rock falls and injury and loss of life and this support is costly.

This thesis addresses the question of finding the optimal mining sequence subject to
two sources of uncertainty: firstly the uncertainty due to the seismicity induced by the mining
itself and secondly that caused by the commodity price. We used multistage stochastic
programming as a function of the copper price taking account of the impact of the speed of
the mining on the micro-seismicity. One of the key difficulties was that the uncertainty is
endogenous. The level of stress induced in the rock (a state variable) depends on the rate
at which mining advances, which is a decision variable. To get around this difficulty we
modelled the average moment k; per tremor per time period (where the number of tremors
is a Poisson process).

Nowadays the rock mass is " preconditioned” by blasting or by hydraulic fracturing to
reduce the in-situ stress. Intensive preconditioning consists of either drilling from above the
zone to be mined and blasting, or drilling from below and fracturing the rock hydraulically.
It has been used successfully in Australia and Chile to reduce the stress in the rock mass,
thereby preventing rock-bursts. we have also incorporated this into our model.

As this research project is being sponsored by the state mining company Codelco, the

62
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method was tested using data from two of the nine sectors at the El Teniente underground
copper mine in the O’Higgins Region, Chile. we succeeded in optimizing the production for

up to 5 years. In the future this should be extended to longer time horizons.



Bibliography

1]

Abdel, S. and Dimitrakopoulos, R., (2010). Mine Design under Geologic and Market
Uncertainties. MININ 2010 Proceeding of the 4th International Conference on Mining
Innovation. June 23 to 25, 2010. Santiago de Chile. pp 534.

Aguayo, A., Cancino, R., Caro, F., Catalan, J., Epstein, R., Gaete, S., Goic, M.,
Santibanez, P., Urrutia, R., & Weintraub, A., 2012. Optimizing Long Term Production

Plans in Underground and Open Pit Copper Mines, Operations Research 60, 4-17.

Alonso-Aluyo, A., Carvallo, F., Laureano, F., Guignard, M., Pi, J., Puranmalka, R., &
Weintraub, A., 2014. Medium range optimization of copper extraction planning under

uncertainty future copper prices, European Journal of Operational Research 233, 711-

726.

Amaya, J., Espinoza, D., Moreno, E. & Lagos, G., 2011. Robust Planning for an Open-
Pit Mining Problem under Ore-grade uncertainty, Electronic Notes in Discrete Mathe-

matics, vol 37, pp. 15-20.

Armstrong, M., & Galli, A., 2011. A new Approach to Flexible Open Pit Optimisation
and Scheduling, 35th Symposium Wollongong, NSW.

Armstrong, M., Galli, A., & Razanatsimba, R., 2012. Using multistage stochastic opti-

misation to manage major production incidents, Mining Technology vol 121 no 3.

Asad, M., 2005. Cutoff grade optimization algorithm with stockpiling option for open pit
mining operations of two economic minerals. International Journal of Surface Mining,

Reclamation and Environment, 19(3), pp. 176-187.

Back, K. (2006). A course in derivative securities: Introduction to theory and compu-

tation. Springer Science & Business Media.



BIBLIOGRAPHY 65

[9]

[10]

[16]

[17]

[18]

Barahona, F., Anbil, R., 2000. The volume algorithm: producing primal solution with
a subgradient method. Mathematical Programming 87, 385-399.

Ben Nowman, K., & Wang, H. (2001). Modelling commodity prices using continuous
time models. Applied Economics Letters, 8(5), 341-345.

Ben-Tal, A., El Ghaoui, L., & Nemirovski, A. (2009). Robust optimization (Vol. 28).

Princeton University Press.

Birge, J.R., F. Louveaux. 1997. Introduction to stochastic programming. Springer Ver-

lag.

Boland, N., Dumitrescu, I., & Froyland, G., 2008. A Multistage Stochastic Programming
Approach to Open Pit Mine Production Scheduling with Uncertain Geology, Optimiza-

tion Online.

Caccetta, L., & Hill, S.; 2003. An application of branch and cut to open pit mine
scheduling, Journal of Global Optimization 27, 349-365.

Campuzano, C., Franco-Sepulveda, G., 2017. NPV risk simulation of an open pit gold
mine project under the O’Hara cost model by using GAs, International Journal of

Mining Science and Technology 27, 557-565.

Carge, C. C., & Schultz, R. (1999). Dual decomposition in stochastic integer program-
ming. Operations Research Letters, 24(1-2), 37-45.

Carpentier, S., Gamache, M., & Dimitrakopoulos, R., 2015. Underground long-term
mine production scheduling with integrated geological risk management, Mining Tech-

nology.

Carvallo, L.F., 2009. Desarrollo de un modelo estoastico de planificacion minera uti-
lizando escenarios probabilisticos del precio del cobre, Tesis para optar al grado magister

en gestion de operaciones y Memoria para optar al titulo de Ingeniero Civil Industrial,

Universidad de Chile.

Catalan A., Chitombo, G., Onedarre, 1., 2017. Evaluation of intensive preconditioning
in block and panel caving Part I, quantifying the effect on intact rock Transactions of

the Institution of Mining and Metallurgy, Section A: Mining Technology 126(4), 1-12.



BIBLIOGRAPHY 66

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

28]

Catalan A., Chitombo, G., Onedarre, 1. (2017). Evaluation of intensive preconditioning
in block and panel caving-part II, quantifying the effect on seismicity and draw rates,
Transactions of the Institution of Mining and Metallurgy, Section A: Mining Technology
126(4), 1-19.

Chatterjee, P. et Sridhar, C., (1986). Computer-aided mine design and planning for
underground mines. CIM Bulletin 79, 55-60.

Conejo, A. J., Desrosiers, J., Escudero, L. F., Frangioni, A., Lucena, A., & Guignard,
M. (2003). Lagrangean Relaxation.

Cox, J. C., Ross, S. A., &, Rubinstein, R. (1979). Option pricing: A simplified approach,

Journal of Financial Economics 7 , 229-263.

Cullenbine, C., Newman, A., & Wood, K. (2011). A Sliding Time Window Heuristic for
Open Pit Mine Block Sequencing, Optimization Letters 5, 365-377.

Dimitrakopoulos, R., (2010). Stochastic mine planning - Methods, examples and value

in a uncertain world, Australasian Institute of mining and metallurgy, Perth.

Dimitrakopoulos, R., & Lamghari, A. (2016) Progressive hedging applied as a meta-
heuristic to schedule production in open-pit mines accouting for reserve uncertainty,

European Journal of Operational Research 253, 843-855.

Dimitrakopoulos, R., & Lamghari, A. (2012) A diversified Tabu search approach for the
open-pit mine production scheduling problem with metal uncertainty, European Journal

of Operational Research 222, 642-652.

Dimitrakopoulos, R., Martinez, L. & Ramazan, S. (2007). A maximum upside / mini-
mum downside approach to the traditional optimization of open pit mine design. Journal

of Mining Science, 43(1), pp. 73-82.

Fisher, M. L. (1981). The Lagrangian relaxation method for solving integer program-

ming problems. Management science, 27(1), 1-18.

Flores, C. (2015). Planificacién Minera Incorporando la Componente de Riesgo Sismico,
Tesis para optar al grado de Magister de Operaciones y Memoria para optar al titulo

de Inegeniero Civil Matematico, Universidad de Chile.



BIBLIOGRAPHY 67

[31]

32]

[33]

[34]

[35]

[40]

[41]

[42]

[43]

Gangawat, J., 2014. Optimization of Production Planning in Underground Mine. Thesis
for the degree of Bachelor Technology in Mining Engineering, National Institute of
Tecnology Rourkela.

Garstka, S. J., Wets, R. J-B, 1974. On decision rules in stochastic programming. Math.
Programming 17(1) 117-143.

Geoffrion, A. M. (1974). Lagrangean relaxation for integer programming. In Approaches

to integer programming (pp. 82-114). Springer, Berlin, Heidelberg.
Gibowicz, S. J., & Kijko, A. (1994). An Introduction to Mining Seismology.

Gimeno Polo, 1. (2016). Modelizacin estocstica para realizar predicciones del subya-
cente BKIA. MC (Bankia) del IBEX 35. Realizacin de una pgina web para mostrar las

predicciones diariamente (dissertation).

Guta, B. 2003. Subgradient optimization methods in integer programming with an

application to a radiation therapy problem.

Gutenberg, B., & Richter, C. F. (1944). Frequency of earthquakes in California. Bulletin
of the Seismological Society of America, 34(4), 185-188.

Guttorp, P., & Hopkins, D. (1986). On estimating varying b values. Bulletin of the
Seismological Society of America, 76(3), 889-895.

Heitsch, H., Romisch, W., 2003. Scenario reduction algorithms in stochastic program-

ming, Comput Optim Appl 24, 187-206.

Held, M., Wolfe, P. and Crowder, H.P.: Validation of subgradient optimization. Math-
ematical Programming 6, 1974, pp. 62-88.

Jélvez, E., Morales, N., Nancel-Penarda, P., Peypouquet, J., & Reyes, P., 2016. Ag-
gregation heuristic for the open-pit block scheduling problem, European Journal of

Operational Research 249, 1169-1177.

Karatzas, 1., & Shreve, S. E. (1998). Brownian Motion and Stochastic Calculus.
Springer, New York, NY.

Kall, P., Wallace, S. W., & Kall, P. (2011). Stochastic programming (p. 366). Chichester:
Wiley.



BIBLIOGRAPHY 68

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[55]

[56]

Kellerer, H., Pferschy, U., Pisinger, D., 2004. Knapsack Problems. Springer-Verlag.
Meagher, C.J.; 2010. On the direct cut polyhedral and open pit mining. Ph.D thesis,
McGill University, Canada.

Lamberton, D.; & Lapeyre, B. (2011). Introduction to stochastic calculus applied to
finance. Chapman and Hall/CRC.

Lane, K. F., 1964. Choosing the optimum Cut-Off grade, Colorado of School Mines
Quaterly 59, 811-829.

Lerchs, H., I. Grossmann. 1965. Optimum design of open-pit mines. Canadian Mining

Metallurgical Bull. LXVIIT 1724.

Lizotte, Y., Elbrond, J, 1985. Optimal layout of underground mining levels, CIM Buletin
78(873), 41-48.

Lane, K. F., 1988. The Economic Definition of Ore, Mining Journal Books Ltda.

McGarr, A. (1976). Seismic moments and volume changes. Journal of geophysical re-

search, 81(8), 1487-1494.

Mordukhovich, B. S., & Pennanen, T. (2007). Epi-convergent discretization of the gen-
eralized Bolza problem in dynamic optimization. Optimization Letters, 1(4), 379-390.

Nieto, A. & Bascetin, A., 2006. Mining cutoff grade strategy to optimise NPV based on
multiyear GRG iterative factor. Mining Technology, 115(2), pp. 59-64.

Pereira, M., Schultz, X., & Weintraub, A., 2008. A Priori and A Posteriori Aggregation
Procedures to Reduce Model Size in MIP Mine Planning Models, Electronic Notes in
Discrete Mathematics 30 297-302.

Pourrahimian, Y., Askari-Nasab, H., & Tannat, D.,2013. A multi-step approach for
block-cave production scheduling optimization [J]. International Journal of Mining Sci-

ence and Technology, 23(5) 739-750.

Rendu, J. M., 2014. An Introduction to Cut-Off Grade Estimation. Second ed. Colorado:
Society for Mining, Metallurgy & Exploration (SME).

Rockafellar, R. T. & Wets, R. J-B, 1991. Scenarios and Policy Aggregation in Opti-
mization Under Uncertainty, Mathematics of Operations Research 16, 119-147.



BIBLIOGRAPHY 69

[57] Scholz, C. H. (2019). The mechanics of earthquakes and faulting. Cambridge university

press.

[58] Schultz, X., 2007. Agragacién de un modelo de planificacién minera utilizando anélisis de

cluster a priori, Memoria para optar al titulo de Inegeniero Civil Industrial, Universidad

de Chile.

[59] Sahpiro, A., Dentcheva, D., Ruszczynski, A.. 2009. Lectures on Stochastic Program-
ming. Modelling and Theory. STAM.

[60] Tulcanaza, E., 1999. Evaluacién de recursos y negocios mineros, Impresos Universitaria,

Santiago.

[61] Wright, G., & Goodwin, P. (2009). Decision analysis for management judgment. John
Wiley & Sons.

[62] You, B., Yamada, T., 2007. A pegging approach to the precedence-constrained knapsack
problem. Furopean Journal of Operational Research 183, 618632.



