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Abstract. We characterize the subdifferential of the supremum function of finitely and infinitely
indexed families of convex functions. The main contribution of this paper consists of providing
formulas for such a subdifferential under weak continuity assumptions. The resulting formulas are
given in terms of the exact subdifferential of the data functions at the reference point, and not at
nearby points as in [Valadier, C. R. Math. Acad. Sci. Paris, 268 (1969), pp. 39-42]. We also derive
new Fritz John- and KKT-type optimality conditions for semi-infinite convex optimization, omitting
the continuity/closedness assumptions in [Dinh et al., ESAIM Control Optim. Calc. Var., 13 (2007),
pp. 580-597]. When the family of functions is finite, we use continuity conditions concerning only
the active functions, and not all the data functions as in [Rockafellar, Proc. Lond. Math. Soc. (3),
39 (1979), pp. 331-355; Volle, Acta Math. Vietnam., 19 (1994), pp. 137-148].
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1. Introduction. Our aim is to characterize the subdifferential df(x) of the
supremum function

(1) f=sup fi,

teT

where f; : X - RU {400}, t € T, are proper convex functions defined in a locally
convex topological vector space X. We establish formulas involving only the exact
subdifferentials 0f;(x), for active indices at x, up to the normal cone to the effective
domain of f, Ngom f(z). Two cases are studied: either T is finite, or the set of e-active
indices T.(x) is compact in a Hausdorff topological space T' and the data functions
fi(2), z € dom f, are upper semicontinuous as functions of ¢ on the set T.(x).

Both the finite and the infinite-dimensional settings are considered. In the finite-
dimensional framework, we prove in Theorem 3 the following formula for the so-called
compact case:

df(x) = co U O(ft + Laom £)(2) 2,

teT (x)
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where Iqom 7 is the indicator function of dom f and T'(z) := {t € T | fi(z) = f(z)} is
the set of active indices at x. In addition, when the relative interior of the effective
domains of the active data functions overlap, that is,

ri(dom f;) Ndom f # @ for all t € T(z),

we prove that

df(x)=col |J 0fe(@) p + Naom f(@).
teT (x)
In the infinite-dimensional framework, when T is finite, we show in Theorem 9
that if all the active functions, except perhaps one of them, namely f;,, are continuous
at a common point in dom f, then

(2) Of(x) =co U 9@ U0k +Taom£)(@) § + Naom ¢ ().

keT(x)\{ko}

The last formula extends well-known results in [25] and [30]. More precisely, the
following result of [30] requires that all the functions fy, k € T, except perhaps one
of them (not only the active ones as in our formula (2)) are continuous at some point
in dom f:

df(z) = co U Ofe(x) p + Z Naom f, ().

keT(z) keT

This formula reduces to the Rockafellar characterization [25, Theorem 4]

Of(x) =co U Ofu(x) ¢,

keT (x)

valid when T'(x) = T and all the subdifferentials dfx(x), k € T, are nonempty. Ob-
serve that the equality Naom f(2) = D1 e Naom 1, (%) is a consequence of the current
continuity condition, due to the the sum subdifferential rule [23].

It is worth observing that formula (2) is also related to the following characteri-
zation given in [1], which uses approximate subdifferentials instead of the exact ones,
and requires the lower semicontinuity of all the functions fi, k € T, as well as the
condition T'(x) =T

(3) of(@) =g U oful@)
e>0 keT (x)

If, instead of being lower semicontinuous (Isc), the data functions f, k € T, are
required to satisfy the weaker closure condition

(1) o f = supel fi,
keT
then formula (3) also holds (see [12, Corollary 12]). This condition was introduced

in [12] as a common lower semicontinuity-like condition guaranteeing the fulfilment
of several subdifferential calculus rules in the recent literature. Moreover, a variant
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of (4) was shown in [16, Theorem 3.1] to be necessary for the validity of formula (2) in
the Banach setting. In contrast to some results in [6], a feature of the present paper
is that we succeed in removing this condition, increasing in this way the validity of
Theorems 1 and 4 in [6].

We apply these results to derive new Fritz John- and KKT-type optimality condi-
tions for semi-infinite convex optimization, omitting the standard continuity assump-
tions. More precisely, we deal with the problem

P inf ,
(P) ft(m)lsno, teTfO(x)
zeC

where C' C R™ is convex, T is a Hausdorff topological space, and f; : R” — RU {+o0},
for t € TU{0} (0 ¢ T), are proper and convex. Then, we prove in Corollary 6 that if
a point & € C C R™ is optimal for problem (P), then there exist a (possibly empty)
finite set T(z) C A(Z) := {t € T | fo(T) = 0} such that df,(z) # 0 for all ¢t € T(z),
and scalars \; > 0 for all ¢ € T(z) satisfying

(5) On € 0fo(z) + > MNOfu(2) +Ne(@) + Y Naom r, (),

teT(z) teT

provided that the Slater constraint qualification and some natural assumptions, in-
cluding the interiority condition (37), hold. Here 0, is the zero vector in R™ and
>0 = 10, }. It also turns out that (5) is equivalent to

On € 0fo(T) + D> MOfi(®)+Ne(@ + Y Naomp,(2),

teT(z) teT\T(z)

since for ¢ € T(Z) one has 0f;(Z) + Naom (@) = 0f(T).

It is worth mentioning that alternative KKT conditions exist in the literature,
obtained via many different approaches: approximate subdifferentials of the data
functions [3, 13], exact subdifferentials at close points [28], asymptotic KKT con-
ditions [19] for linear semi-infinite programming, Farkas—Minkowski-type closedness
criteria [8] in convex semi-infinite optimization, and strong CHIP-like qualifications
(where CHIP stands for conical hull intersection property) for convex optimization
with not necessarily convex Cl-constraints [2] (see also [9] for locally Lipschitz con-
straints), among others. We also refer the reader to [32] and references therein for
KKT conditions in the framework of subsmooth semi-infinite optimization, and to
[10] for analysis of the relationships among KKT rules and Lagrangian dualities.

We refer the reader to [12, Theorem 4] for a complete characterization of the
subdifferential of the supremum, involving the approximate subdifferential of the e-
active functions, which does not require any continuity assumption. The compactly
indexed case is treated in [5] using the same finite-dimensional reduction approach as
in [12]. In the framework of the last section, we succeeded in avoiding this reduction
tool when obtaining the desired extension of Rockafellar’s result (Theorem 9).

For variants of [12, Theorem 4], see [16, Theorem 3.1] and [14]. In Banach spaces,
[20] gives a formula using the exact subdifferentials of the data functions but at points
close to the reference point. The locally convex version of this result is investigated
in [5]. We also cite here [27], which deals with the directional derivative of the supre-
mum function under certain conditions on the index set. The paper [22] approaches
the subdifferential of the supremum of (nonconvex) uniformly Lipschitz continuous
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functions. Applications of [12, Theorem 4] gave rise in [3, 4] to new calculus rules for
the subdifferential of the sum.

The paper is organized as follows. After section 2, which provides notation, we
establish in section 3 some general results on the subdifferential of the supremum
function. Section 4 focuses on the finite-dimensional case, where Theorem 3 is the
main result. In the same section, we derive Fritz John- and KKT-type conditions for
semi-infinite convex optimization in Theorem 5, and Corollaries 6 and 7, respectively.
In section 5 we deal with the case of finitely many convex functions in locally convex
spaces. Theorem 9 is the most relevant result in this final section.

2. Notation. In this paper X stands for a (real) separated locally convex space
(Ies), whose topological dual, denoted by X*, is endowed with the weak*-topology.
Hence, X and X* form a dual pair by means of the canonical bilinear form (x,z*) =
(x*,x) = z*(x), (x,2*) € X x X*. The zero vectors are denoted by ¢, and the convex,
closed, and balanced neighborhoods of 6 are called #-neighborhoods. The families of
such f-neighborhoods in X and in X* are denoted by Ny and Nx-, respectively.
Recall that 0,, is the zero vector in R™.

Given a nonempty set A in X (orin X*), by co A4, aff A, and span A, we denote the
convez hull, the affine hull, and the linear hull of A, respectively. Moreover, cl A and
A are indistinctly used for denoting the closure of A (the weak*-closure if A C X*).
Thus, c64 := cl(co A), aff A := cl(aff A), etc. We use ri A to denote the (topological)
relative interior of A (i.e., the interior of A in the topology relative to aff A when this
set is closed, and the empty set otherwise). The polar of A is the set

A°:={z" e X" | (2",x2) <1 forall z € A}.
The following standard conventions are adopted within the paper:
(6) 0+ A=0and cold = 0.

The indicator and the support functions of A C X are, respectively, defined as

La(2) 0 ifx € A,
x) =
4 +oo ifze X\ A,

(7) oa(z") :=sup{(z*,a) | a € A}, 2" € X*,

with the convention oy = —oo. We say that a convex function ¢ : X — RU {400} is
proper if its (effective) domain, dom ¢ := {x € X | p(x) < 400}, is nonempty. The
epigraph of ¢ is the set epip := {(z,\) € X x R| p(z) < A}. The Isc hull of ¢ is the
function cl ¢ such that epi(clp) = cl(epigp).
The subdifferential of ¢ at a point x where ¢(x) is finite is the weak*-closed convex
set
Op(x) :={z" € X* | p(y) — p(x) > (a™,y — ) for all y € X}.

If o(z) ¢ R, then we set dp(z) := 0. If p(z) = (
(8) dp(z) = O(clp) ().

In particular, this holds when Op(z) # 0. One can easily verify that, for every
z € dom ¢,

(9) 890(‘%) = m 8(50 + ILﬁdom Lp)(x)v
LeF(x)

cly)(z), then
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where
F(x) := {finite-dimensional linear subspaces L C X containing z}.
If Ais convex and = € X, we define the normal cone to A at x as
Na(z):={z" e X" | (", y—x) <Oforallyec A} if z € A,

and Ny(z):=0ifx € X \ A.
A family of convex sets {A4;, 7 € I'} such that N;erA; # () has the strong conical
hull intersection property (the strong CHIP) at x € N;erA; if

Nnjera, (:E) = ZNAz ({)3)

iel

= {Zaiv a; € Ny, (z), J being a finite subset of I} .
ieJ

This notion was introduced in [7] and extended to infinite families of convex sets in
[17] and [18].

3. First results on the subdifferential of the supremum function. We
devote this section to providing some general results on the subdifferential of the
supremum function, which is used later on in the present work. We consider a family
of proper convex functions f; : X — RU {+o0}, t € T, defined in a locally convex
topological vector space X, together with the supremum function

f=sup fi.

teT

The set of e-active indices at x € X is
Te(z) =t €T | folz) = f(z) —e}, e 20,

when f(z) € R, and T, (z) := () otherwise. We write T'(x) instead of Tp(z). In section
4 we apply the following result, which extends the validity of Theorem 1 in [6] since
the closedness condition (4) is omitted. Observe that if X is the Euclidean space R™
and f is proper, then ri(dom f) # () and f|ag(dom f) is continuous on this set (see [26,
Theorem 10.1]).

PROPOSITION 1. Suppose that the function flag(dom f) 95 continuous on ri(dom f),
which is assumed to be nonempty. Let x € dom f be such that for some gy > 0,
(i) the set T.,(x) is compact in the Hausdorff topological space T;
(ii) for each z € dom f, the function t — fi(2) is upper semicontinuous (usc, for
short) on T, (x).
Then

(10) of(@)=coq |J 0(fi +1aom s)()
teT (x)
Proof. We consider the proper convex functions

gt := ft + laomy, t €T, and g :=sup gy,
teT
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so that qg= SupteT(ft + Idomf) = f + Idornf = f, and
(11) dom g; = dom f; Ndom f = dom f for all t € T.

Hence, for each ¢t € T, since g < g = f and dom g; = dom f, so that aff(dom f) =
aff(dom g;), the current continuity assumptions on f imply that gja(dom f) is locally
uniformly upper bounded at each point in ri(dom f). So, g¢|att(dom f) IS continuous on
ri(dom f) [24], and we obtain that

(12) clgi(y) = g:(y) for all y € ri(dom f).
Observe that the g;’s satisfy conditions (i) and (ii), since

(13) {teT|g(z) = g(x) —eo} =1, (2),

and the functions

(14) t = gi(z) = fi(z), z € dom f,

are usc on T, (x).
Now, let us proceed by showing that

clg = sup(clgy).
teT

On the one hand, since

sup(clgt)(y) < supgi(y) = g(y) forall y € X,

teT teT
we deduce that
(15) sup(clgy) <clg
teT

as a consequence of the lower semicontinuity of the function on the left-hand side.
On the other hand, in order to prove the converse inequality, we fix y € X such that
supyer(clge)(y) < +oo. Now, due to the inequality cl(f;) +Ici(dom f) < fi +Ildom s and
the lower semicontinuity of the function cl(f:) +Ici(dom ), Wwe have cl(fi) +Iei(dom ) <
cl(ft + Tdom f), yielding

Sup(CI(ft) + Icl(dom f))(y) < Sup(CI(ft + IdOHlf))(y)
teT teT

= sup(clg¢)(y) < +o0,
teT

and this implies that y € cl(dom f).

Let us pick a point z¢ € ri(dom f) = ri(domg;) (by (11)) and consider xy :=
Ay+ (1 =Nz for A €]0,1[. By the accessibility lemma (see, e.g., [26]), for each t € T
we have that x € ri(dom f) = ri(dom ¢g;), and so (12) leads us to

clgi(zy) = gi(xy) for all A €]0,1].
Consequently,

g(zx) = sup g¢(wx)
teT

= sup(clg:)(xy)
teT

< Asup(clg:)(y) + (1 — A) sup(cl g¢) (7o)
teT teT

< )\igg(dm)(y) + (1 = A) f(z0),
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and, taking the lower limit as A 1 1, we get

(clg)(y) < liminf g(zy) < sup(clg:)(y),
A1 teT

yielding the converse inequality of (15).
Finally, the g;’s satisfy the assumption of [6, Theorem 1], which gives us

Of(z) = dg(z) = o U A9t + Laom ¢) ()

{teT|gi(z)=g(=)}

co U a(ft +Id0mf +Id0mg)($)
teT (x)

@ | O+ Taoms) (@) ¢ - a

teT (x)

The following proposition improves Theorem 4 in [6], and it also gets rid of con-
dition (4).

PROPOSITION 2. Let x € dom f be such that, for some g > 0,

(i) the set T.,(x) is compact,

(ii) for each z € dom f the function t — fi(z) is usc on T, (x).
Then

(16) of(@)= () @ U 9fi +Trndom ) ()

LeF(x) teT (x)

Proof. To prove (16) we recall that (see (9))

(17) of(x)= () Of + Lordom £) ().
LeF(z)

Fix L € F(x) and proceed by checking that the functions

ht == ft +Iradom £, t €T, and h :=sup h;
teT

satisfy the assumptions of Proposition 1. Firstly, since

h =sup(ft + Irndom f) = f + Ioadom f = f + 11,
teT

we have that domh = dom f N L (C L), and so ri(domh) # 0 and hjag(domn) is
continuous on ri(domh) (since L is finite-dimensional and dom f N L is nonempty as
it contains ). Secondly, due to the definition of the functions h; and h, we have that

hi(z) = fe(x) + Indom £ () = fi(x) and h(z) = (f +11)(z) = f(x), and so
{teT | hi(z) = hz) —eo} ={t €T | fu(x) = f(z) — eo} = Te, (2)

and
hi(z) = fi(z) for all z € domh = dom f N L C dom f,
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and, therefore, the functions he, ¢t € T, and h also satisfy conditions (i) and (ii) in
Proposition 1. Consequently, by applying this proposition we obtain that

O(f +Irndom f)(x) =0

=
g
S~—

U a(ht + Idomh)(x)

{teT|h¢(z)=h(z)}

T(x)

U O(ft + Irndom 5 + Ldom f)(2)
T(x)

= CO { U a(ft + ILﬁdomf + Idomh)(‘r)

= CO U 8(]‘} +ILﬁdomf)(x)

T(x)

Then the conclusion follows by (17), intersecting over L € F(z). O

4. Qualification conditions in finite dimensions. The first theorem in this
section yields a simple characterization in the finite-dimensional setting of the subd-
ifferential of the supremum function f = sup,cr f;, where the f; : R" — RU {400},
t € T, are proper and convex.

We use the following qualification condition:

(18) ri(dom f;) Ndom f # @ for all t € T'(x).
Due to the accessibility lemma, we can show that (18) is equivalent to
(19) ri(dom f;) Nri(dom f) # 0 for all t € T'(x).
THEOREM 3. Let x € R™ be such that, for some g9 > 0,
(i) the set T.,(x) is compact,

(ii) for each z € dom f the function t — fi(z) is usc on T, ().
Then

(20) of(@) =co |J Ofi +laoms)(2)
teT (x)
and, under condition (18),
(21) of(x)=col |J 0fe(®) p + Naom ().
teT (z)
Proof. To start, observe that the following inclusions always hold:

(22) oS |J 0fi@) p + Naoms(z) Ccod | O(fi +Taom)(@) p C Of ().

teT (z) teT (x)
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If dom f = (), then Of(z) = ) and (22) leads to (20) and (21). Even when dom f # ()

but df(x) = 0, these formulas also hold. Consequently, in the rest of the proof we

shall suppose that 9f(x) # 0, which leads to f(xz) = (clf)(z) € R (recall (8)). In

particular, the function f is proper, so dom f # () and, therefore, ri(dom f) # 0.
Then, according to Proposition 1, conditions (i) and (ii) imply that

(23) Of(z) = cl E, where E := co U O(ft + laom £)(2)
teT (x)

We are going to prove that the set E is closed. To this end, we take a sequence
(2;)i>1 C E that converges to some z € R™; hence, as E C 0f(x), we have z € 0f(x).
So, taking Charathéodory’s theorem into account, for each ¢ > 1 there are scalars
Aiy- -+ Aing1 = 0 and elements

21 € O(frr + ldom £)(®), ooy Zims1 € O(fryy + Ldom £)(2),
for indices ¢;1,...,tin+1 € T(z), such that A;1 +---+ X n41 = 1 and
(24) Zi = Ni1%ig o+ N 1% ng1-

We may assume, without loss of generality, that
Aig = >0, k=1,...,n4+1, and Ay +---+ XApy1 = 1.

Also, due to conditions (i) and (ii), we can find a common directed set D such that
the nets (t; x)iep converge, say

(25) ik —>DtkET($>, k=1,....,n+1.

At this step, we show that the nets (\; x2ix)ien, ¥ = 1,...,n + 1, converge. In-
deed, since ri(dom f) # () and x € dom f, thanks to the accessibility lemma and
the continuity of f on each one of the segments [z,v], v € ri(dom f) (recall that
f(z) = (cl f)(x)), we may choose ¢ € ri(dom f) close enough to x to guarantee that
flxo) — f(x) +1 > 0, and some r > 0 such that xg + (rB) N F' C dom f, where B is
the unit closed ball in R"™, F' := span(dom f — x¢), and

flro+y) < flxo) +1 foralye (rB)NF.

Hence, forally € (rB)NF,i€D,andk=1,...,n+1, 20+y € 2o+ (rB)NF C dom f
and

(ziksTo +y — ) < (fri + laom ) (o + ) — (fr. + Ldom £) (@)
= fti,k(‘/'ro + y) - ft7k(x)
< flwo +y) — f(x) < fzo) — f(2) + 1,

and this yields, multiplying by A; x,

(26) (Nigzig, o +y —x) < Xip(f(zo) — f(2) +1) < f(wo) — flz) + 1.
In particular, for y = 0,, we get

(MNigzig,vo—x) < f(zo) — flz)+1, k=1,...,n+1.
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Then, since (z;, 9 — ) —=p (2,29 — x), and due to (24), the last relations entail the
existence of some m > 0 such that

(MNigzig,xo—x) > —mforallieDand k=1,...,n+ 1.
Thus, (26) gives rise to, forally € (rB)NF, i €D, and k=1,...,n+ 1,
Nikziks YY) < (Nikzik, T —z0) + f(20) — f(2) + 1 <m+ f(x0) — f(2) +1,

that is, if
pi=m+ f(xg) — flx) +1,

we have

(Nikzik)i C pr_l(]B% NE)° = pr_IIB% + FL7

and so there exists (v; x); C F* such that (A gz + vix)i C pr~'B; hence, without
loss of generality, there must exist wi, ..., w,11 € R™ such that

(27) XNikZig +0ip > wg, E=1,...,n+1.

Moreover, writing (recall (24))

zi = (Nipzig i) + -+ Nin+1Zin+1 + Vint1) — Z Vi ks

and since z; — z, we conclude that (without loss of generality)
(28) Z Vig S U= 2 — Z W
In particular, observing that F' = span(dom f — xg) = span(dom f — ), we have for
all y € dom f,
Nikzig — W,y — ) = N k2ik + Vi — e,y —x) — 0.

Now, since (v; x); C F*, (28) leads us to
(29) u€ Ft = (dom f —2)*.

Let us analyze the following two possibilities: if Ay > 0, then A; ;, > 0 eventually,

and so (27) implies that z; , + )\;,ivi,k — )\lzlwk. Moreover, for all y € dom f we
have, eventually,

<sz + A G Viks Y — 33> = (zik, ¥ — @) < (fr, 0 + Laom £) (W) = (fti  + Ldom £)(7)
= ftlk(y) - ft7k(‘r)7

which at the limit gives us, by condition (ii), (25), and the fact that ¢;, € T'(z),

</\];1wk7y - l’> < liH_lESDUP Jtin W) = fo. (@) < fo,(y) = fe,. (),
that is,

(30) Ay wi € O(fr,, + Laom £)().
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Otherwise, if A, = 0, then for all y € dom f we have (eventually)

<)‘i,kzi,k + Uik, Y — {L‘> = <)‘i,kzi,k7y - $> < Alk(ftzk(y) _ft7k($)) < )‘Z’k(f(y) —f(l‘)),

which at the limit gives us
(wk,y — ) < lim sup Ai(f(y) — f(z)) = 0;
1€

that is, wy € Ngom ¢(z), and so

(31) > wk € Naom f().

k s.t. Ap=0

To summarize, using (24) together with (28), (30), (31), and (29),

. . 1
z = lim z; = lim E ik (zik + A Vi) + E (NikZik + Vig) — E Vi k
ieD €D :
A>0 Ar=0 k=1,..., n+1

Zwk—&—Zwk—u

Ae>0 Ar=0

Z /\ka(ftk + Idomf)(x) + Ndomf(m) + (domf - x)L
Ar>0

> Ak(O(fe, + Laom £)(#) + Natom £ (2))

A >0

C Z )\ka(ftk + Idomf + Idomf)(x)
A >0

= 3 Md(fiy + Liom f)(@) C E,

A >0

m

showing that F is closed, and (23) reads
(32) Of(x)=cdE=E=co [ 0(fi +Taoms) (@)
teT (x)

We finish the proof by using condition (19), which guarantees the exact subdif-
ferential sum rule [26]. This allows us to simplify (20) and write

Of (@) =cog | O(fi + laomf) ()

teT (x)

= Cco U (9ft(l') + Ndomf(w)

teT (x)

= Co U (9ft(33‘) + Ndomf(x)§

teT (x)

thus, (21) is proved. d
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In the following proposition we compare condition (18) with the usual Rockafellar
condition

(33) () ri(dom f;) # 0,
teT

guaranteeing the following standard sum rule [26] (when T is finite):

(34) d (Z ft> => 0fs

teT teT

PROPOSITION 4. Assume that T is finite. Then condition (33) and
(35) ri(dom f;) Ndom f # 0, forallteT,

are equivalent and under either of them we have, for all x € X,

Of(x) = co U Of(x) —i—ZNdomft(x).

teT (z) teT

Proof. On the one hand, condition (33) and Theorem 6.5 in [26] imply that, for
allt e T,

ri(dom f;) Nri(dom f) = ri(dom f;) Nri (n dom fi>
ieT
=ri(dom f;) N ﬂ ri(dom f;)
€T
= ﬂ ri(dom fl) 75 Q)a
ieT

and (35) follows. On the other hand, if condition (35) holds, then we choose z; €
ri(dom f;) N'dom f and define z := . Iil"ilxi’ where |T'| (> 1) is the cardinal of T'.
Then for each ig € T we have

1
——x; € dom f C dom f;,
PNy :
K3 10

and so, by the accessibility lemma,

_ 1 . |T| -1 1 | - |
v |T|xZO+< T ) Z mxz € ri(dom f;,).

i€T\{io}

In other words, Z € (o, ri(dom f;) and (33) holds.

Now, we fix z € X. From the paragraph above, (18) holds, and the last state-
ment of the proposition comes straightforwardly from Theorem 3 due to the relation
Naom 7(2) = X7 Ndom 1, (). The last equality is a consequence of (34) when applied
to the indicator functions of dom fy, ¢t € T'. ]

Now we consider the semi-infinite convex optimization problem

P inf ,
(P) ft(m)lsno, teTfO(x)
zeC
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where C C R™ is convex, T is a Hausdorff topological space, and the f; : R* —
R U {400}, for t € T U {0} (we assume, without loss of generality, that 0 ¢ T'), are
proper and convex. Let us define g := sup,cp ft,

D :=dom fy Ndom g,
and, for = being a feasible point of (P),
Alx):={teT| fi(z) =0}.

The following theorem provides different Fritz John-type necessary optimality
conditions for problem (P).

THEOREM 5. Let T € C be a feasible point of (P) such that A(T) # 0, and assume
that for some €y > 0,

(i) the set Ae,(Z) :={t € T'| fi(T) > —eo} is compact,

(ii) for each z € DNC the function t — fi(z) is usc on A, (T).

Then T is optimal for (P) if and only if one of the following conditions holds:

(a)

On € 0} d(fo+Ipnc)(@) U | 0(fi+1pnc)(T)
tEA(T)

0, € cog dfo(z) U U 0fe(z) p + Npne (),
te A(z)

provided that
(36) ri(dom f) Nri(DNC) £ 0 for allt € A(T)U{0}.
()

0, €cog dfo(®U |J 0fi(®) p +No(@) + D Naomy, (2),

teA(z) teTu{0}

provided that T is compact, for each z € ﬂteTU{O} dom f; N C the function
t — fi(z) is usc on T, and the family {C, dom f;, t € T U {0}} is strong
CHIP at Z. In particular, this happens when T is finite and

(37) ﬂ ri(dom f;) Nri(C) # 0.

teTu{0}

Proof. (a) It is well known that Z is optimal of (P) if and only if Z is an uncon-
strained minimum of the function f: R™ — R U {400}, defined as

f(@) == sup{fo(z) = fo(2), fi(2), fi(z), LT},

where
fl(l‘) = Ic(l’) — 2{:‘0
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(assuming that 1 ¢ T'), and this happens if and only if 0,, € df(Z). On the one hand,
since f(Z) = 0 and f1(Z) = —2g¢ < —go < 0, the set of e-active indices at T for the
supremum function f is

{0} U A, (2),

which is compact due to assumption (i) (we are considering here the Hausdorff topo-
logical space T:=TU {0, 1}, with 0 and 1 being isolated points). On the other hand,
using assumption (ii), for all z € dom f = DN C the mapping ¢t — f;(2) is usc on the
set {0} U A, (Z). Consequently, Theorem 3 applies and yields

9f(z) = co U I(ft +1pnc)(T)

te A(z)U{0}

Thus, the equivalence with condition (a) follows.

(b) This follows as in (a) but applying (21) instead of (20) in Theorem 3.

(c) The compactness of T and the upper semicontinuity of the functions t — f;(z),
z € ﬂtGTU{O} dom f; N C, imply that

DNC = ﬂtemo} dom f, N C.

Then (c) comes from (b) and the definition of the strong CHIP property. The second
statement is also straightforward, taking into account that (37) implies the strong
CHIP property when T is finite. 0

We derive next the KKT condition for problem (P) under the following Slater

qualification condition:

(38) sup fi(xg) < 0 for some xy € C N dom fj.
teT

COROLLARY 6. Ifin (c) of Theorem 5 we assume additionally that condition (38)
holds, then there exist a (possibly empty) finite set T(z) C A(Z) such that Ofi(T) # 0
fort € T(Z) and scalars Ay > 0 for t € T(Z) satisfying

(39) On S 6f0(§j) + Z )‘taft(j) + NC(‘f) + ZNdomft (jj)a

teT(z) teT

with the convention that ), = {0,}.

Proof. According to Theorem 5(c), we have
(40) Onecoq | 0@ ¢ +Ne@+ Y Naomp ().
te A(z)u{0} teTu{0}

and so, by (6),
U oh@ #0.

te A(z)U{0}
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If 0fp(Z) does not intervene in (40), i.e., defining g := maxser fi,

On € co U 8ft(-f) + Ndom fo( + NC’ + Z Ndom ft

teA(z) teT
(41) Cco U 0fe(%) ¢ + Naom o (%) + No () + Naom 4(2),
teA(x
then, since
(42) D#coq |J of(@) ¢ Cog@),
te A(z)

relation (41) gives rise to

On € 09(Z) + Naom £, (%) + Ne (%) + Naom 4(Z)
C 8(9 + Idomg + Idomfo + IC)( ) — 8(9 + ICﬂdomfo)((E)7

which contradicts the Slater condition, as
0=9(z) = (9 + Icndom £, ) (%) < (9 + Iendom o) (@0) = g(xo) < 0.

Otherwise, if (%) intervenes in (40) (hence, dfo(Z) # 0), then there would exist
scalars a > 0 and oy > 0, t € A(Z), with only finitely many of them being positive,
such that & + >, cp(zy o = 1,

On S aafO('j) + Z ataft( ) + NC Z Ndomf,

teA(T) teTu{0}
(43) = adfo(z) + Z a0 fi(T) + Neo(z) + ZNdomff 7)if a <1,
te A(Z) teT
and
On 68f0( )+NC Z Ndomft
1€TU{0}
(44) = 0fo(z) + Ne(z +2Nd0mft 7)if o =1,
€T

since adfo(Z) + Naom s, (T) = adfo(Z). Then (43) leads us to

On € 0fo(z)+ > a'oydfi(x) + Ne(z) + > Naom £, (2)

te A(z) teT

which combined with (44) yield the existence of a (possibly empty) finite set T'(z) C
A(Z) such that 8f,(z) # 0 for t € T(z), and scalars A, > 0 for ¢ € T(z) satisfying

On € 0fo(z) + > NOfu() +Ne(@) + Y Naom 7, (). 0

teT(z) terT
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Ezample 1. In (P) take n = 1, C = R, T = {1}, fo(x) = =z, and fi(z) =
—y/x if © > 0 and 400 if not. Then Z = 0 is the unique optimal point of (P),
ri(dom fp) Nri(dom f1) = Ry # 0, No(0) = {0}, and the Slater condition holds.
Since 0fy(0) = {1}, 0f1(0) = 0, and Ngom #, (0) = Ng, (0) = R_, we see that Corollary
6 is verified with 7'(0) = 0:

0e 8f0(0)+NR+(O) =1+R_.

It turns out that we cannot get rid of the term Naom £, (0).

Other KKT optimality conditions were established in [8] for problem (P) when
C' is a closed convex set in an infinite-dimensional space, and the convex functions
fo, ft, t € T, are proper and lsc. In [8] the authors appealed to some conditions
related to the so-called locally Farkas—Minkowski property and the basic constraint
qualification. Previously, in [11, Chapter 7] KKT conditions for convex semi-infinite
optimization were derived for finite-valued functions using a closedness condition that
is implied by some version of Slater’s qualification, first considered in [21].

The following KKT conditions for an ordinary (T finite) convex optimization
problem are obtained from Theorem 5, where the strong CHIP property used in The-
orem 5(c) is replaced by appropriate continuity conditions on the constraint functions.
For simplicity, we shall assume that

C C dom fo.

(Otherwise, we shall consider the abstract constraint © € CNdom fy instead of x € C.)

COROLLARY 7. Let T be finite and let T € C be optimal for (P) such that A(Z) #
(0. If condition (38) holds and the functions f;, t € T, are continuous at some common
interior point in C (C dom fy), then there exist a (possibly empty) set T(%) C A(%)
such that Ofy(z) £ 0 fort e f(a’:) and scalars Ay > 0 for t € f(f) satisfying

(45) On € 0fo(Z) + > NOfe(®) + Ne(@) + Neyp dom 1, (),
teT(z)

with the convention that )y = {0,}. Consequently, if T is the mentioned common
continuity point, then

On € 0fo(T) + > MOfi(Z) + Ne ().

teT(z)

Proof. By Theorem 5(a) we have that (as T is finite)

0, € co{ fo+Ipnc)@ U | a(fi +1pne)(@) ¢,
tEA(T)

that is, there exist scalars o > 0 and oy > 0, t € A(Z), such that o + EteA(i) o =1
and

On € ad(fo+1Ipnc)(@) + > d(fi +Ipnc)(@).

te A(x)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/30/19 to 193.145.230.254. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1122 R. CORREA, A. HANTOUTE, AND M. A. LOPEZ

As in the proof of Corollary 6, due to the Slater condition the last relation entails the
existence of a (possibly empty) set T'(z) C A(z) such that 9(f; + Ipnc)(Z) # 0 for
t € T(z) and scalars Ay > 0 for ¢t € T'(Z) satistying

(46) 0 € A(fo+1pnc)(@) + Y Md(fi +1pno)(@).

teT(z)
Now, due to the Moreau—Rockafellar sum rule, the continuity assumption on the
functions f;, t € T, ensures that (recall that g = max;er f;)

I(fo +1Ipnc)(@) = 9(fo + Ic + laom¢)(Z) = 0 fo(Z) + Naom ¢(Z),
and, for all t € T(z),

(fr + Ipnc)(®) = 0(fi + 1o + Liom o) (%)
= 3(fi +10)(Z) + Naom 4(Z)
= 0f1(Z) + No(Z) + Naom ¢(7);

hence, 0f;(Z) # 0. In other words, using (46) and the fact that dom g = Nyer dom fy,

On S afo(.f) + Z /\taft(i‘) + Nc(i‘) + NmteT dom f; (i‘) o
teT(z)

Remark 1. Many results in convex analysis and optimization do not require the
lower semicontinuity of the involved functions (or the closedness of the constraint
sets). This is the case of the Moreau-Rockafellar sum rule for the subdifferential of
the sum of convex not-necessarily Isc functions (see, also, the different results gathered
in [31, Theorem 2.8.7]).

Let us illustrate the issue raised by the lack of closedness conditions. Consider
the optimization problem (P), inf, ,yec f(z,y), where

x2 if z <0,
flr,y) =< 1 ifz=0 C:={(z,y) eR’:2>0}U{(0,0)}.
+oo if x>0,

Observe that (0,0) is an optimal solution of (P), and it is also optimal for the regu-
larized problem (P,), inf(, yyea c(cl f)(2,y), although the optimal set of (P,) is much
larger. The KKT optimality conditions for (P,) are

(0,0) € 9(cl £)(0,0) + N ¢(0,0) =R x {0},
but 9f(0,0) = @, and this precludes the existence of KKT optimality conditions for
problem (P) involving only the original data, f and C.
We close this section by making a short discussion to relate problem (P) to its

regularization

X inf 1 .
(Pr) (el f0)(2)<0, teT(C fo)(@)
zecl

This discussion aims to clarify the role played by the closedness assumption, and to
compare the optimality conditions for (P) and (P,).
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In the above example of Remark 1, (P,) admits KKT necessary optimality con-
ditions, whereas (P) does not. This is due to the failure of assumption (36) as

ri(dom fo) Nri(dom fo N C) = 0.

Nevertheless, under such a condition (36), the lower semicontinuity of fy and the
closedness of dom fy N C' are implicitly evoked. To see this, consider for simplicity
that only the abstract constraint « € C' is present, and (P) and (P,.) are equivalently
written as follows:

inf
wedolrfll fonC fol@),

(Pr) inf (cl fo) ().

z€cl(dom foNC)

(47)

The relation between (P) and (P,.) under (36) is analyzed in the following corollary,
where the optimality conditions for both problems turn out to be equivalent.

COROLLARY 8. Let T be optimal for (P) in (47). If condition (36) holds, i.e.,
(48) ri(dom fy) Nri(dom fo N C) # 0,

then
(i)  is also optimal for (P,) in (47);
(i) the optimality conditions for (P,) hold at Z, i.e.,

0, € 9(cl fo)(z) + NW(@?

(iii) (P) and (P,) have the same optimal value, i.e., v(P) = v(Py);
(iv) (P) and (P,) satisfy the same associated optimality conditions, i.e.,

(49) On S (9f0(§3) + NdomfoﬂC('f) — On S a(CI fO)(j) + NW(E)

Proof. First, it is known that a function and its closure have the same infimum;
hence,

v(P) = lg)f((fo + Ldom fonc)(x) = xlg)f( cl(fo + Tdom fonc) (),

€T

and (48) yields (using [26, Theorem 9.3])
o(P) = int ((cLf0)@) + gz yrc(@) ) = v(Py),

that is, (iii) follows.
(i) This holds because z € dom fy N C C dom fy N C and, for all z € dom fo N C,

(1 fo)(@) < fo(@) = v(P) = v(P,)
(50) = inf ((cl f0) (@) + I e (@) ) < (cfo)(@).

zeX
(ii) Since
ri(dom(cl fo)) Nri((dom fo) N C) = ri(dom fo) Nri((dom fo) N C) # 0,

condition (48) holds for (P,), so (ii) follows by Theorem 5(b).
(iv) This assertion follows because (cl fo)(Z) = fo(Z), which comes from (50),
since in this case d(cl fo)(z) = 0fo(z) (recall (8)) and Naom f,nc(Z) = Nggmore(@) 0
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5. Infinite-dimensional qualification conditions for the max function.
This section deals with the maximum function

= max
f keT:={1,...,p} fk,

where p > 2, of a finite family of proper convex functions, fr : X — R U {+o0},
k € T, defined on an lcs X. This model constitutes a relevant particular case of the
compactly indexed setting studied in [6]. We give here the main characterization of
df, which holds under much weaker conditions than the continuity of the supremum
function f, which is frequently used.

For a better understanding of the similarity of our conditions to those used in the
literature for the sum rule of the subdifferential, observe that for any pair of convex
functions f; and fo, f := max{fi, fo}, we have that

" € 0f(v) & (2%, —1) € Nepi £(z, f(x))
= Nepi f1nepi f2 (z, f(x)) = a(IePi f1Nepi f2)(x’ f(@))
= a(Iepifl + Iepi fz)(xa f(I))

Thus, qualification conditions ensuring the possibility of decomposing the subdiffer-
ential of the sum O(Lepi f, + Lepi £,) would lead to a characterization of Jf in terms of
Of1 and O f,. This idea can obviously be applied to finitely many functions fi,..., f,
via a continuity condition affecting all of them (except perhaps one); see [25, 30, 31].
In contrast, we introduce here a new approach allowing us to relax the continuity as-
sumption in the mentioned references, confining it to the active functions fy, k € T'(z)
(except perhaps one of them).

THEOREM 9. Given a fized x € X, we assume that each one of the functions fy,
k € T(x), except perhaps one of them, say fr,, is continuous at some point in dom f.
Then

(51)  8f(x) =co U 9@ Jo(fr + Taom 1) (@) ¢ + Naom £(2).
KET (@)\{ko}

Proof. The inclusion “D” is straightforward. To prove the inclusion “C” we may
assume that 9f(z) # 0; hence, f(z) = (clf)(x) € R. Thus, we may suppose that
x =0 and f(6) = (cl f)(#) = 0. For the sake of simplicity, we write

T0)={1,2,...,m,m+ 1},
with p > m+1, and kg = m + 1. By the current assumption, for each k € {1,...,m}
we take xj € dom f such that fj is continuous at zy, all of which we may suppose are
equal, say xy = 2 for k = 1,...,m; indeed, due to the accessibility lemma the point
T = % Y k1. m Tk € dom f also satisfies the continuity condition of the theorem.
Now, we take M > 0 and a f-neighborhood W C X such that, for all w € W,
(52) fe(@+w) <M, k=1,2,...,m.

We introduce the family of finite-dimensional linear subspaces

F(0) := {span{L,&} | L € F(6)},
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together with

Nx+:={V € Nx« | oy (2) < 1},
and endow the Cartesian product .7-'(0) x Nx» with the partial order “>” defined as
follows: ag = ay, with oy := (L1, V1) € F(0) x Nx=, as := (L2, Vo) € F(0) x Nx», if
and only if
Ly C Ly, Vo C Vi

in this way, (F(6) x N'x«, =) becomes a directed set.
Take 2* € 9f(). By the Moreau—Rockafellar theorem, and according to Propo-
sition 2 (applied with the discrete topology on T'), we have that

Tt e ﬂ cOo U a(fk +1Lﬁd0mf)(9)

LeF(0) keT ()

C ﬂ co U 8(fk+ILﬂdomf)(6)

LeF(0) keT(6)

N ®© U (00 + Neadom s (0) | O(Foms1 + Iuadom £)(0)

LeF(0) ke{l,...,m}

N (CO {Uke{l,...7m} (0£1(0) + Nrndom £(9))

(L,V)EF(6) x Nx=

Jo(Fms1 + Tondom £)(0) + V}) :
Hence, for each o := (L, V) € ]?(0) x Nx«, there exist (Moar -+ Amt1,0) € Ay (the
canonical simplex), yi , € 0fk(0) and uj , € Nradomf(0), k = 1,...,m, yj 1y, €
O(fm+1 + Irndom £)(9), and 2}, € V such that
(53) rt = Al,a(yia + ui(y) +eeet )‘m,a(y:n,a + u:(no/) + )‘m+1,ay:n+1,oz + Z:n
or, equivalently,
(54) Tt = hén()‘l,a(yia + uia) +oeeet )\mya(y;kn,a + u;kn,oz) + )‘m+1704y;1+1,a)'
We may suppose, without loss of generality, that

Mmoo Amtra) = (Ao Amgr) € A

Let us first verify that the nets ()\k’ay,j’a)a, k=1,...,m, weak*-converge in X*.
Indeed, given k € {1,...,m}, relation (52) yields, for all w € W and «,

(55) Wk ®+w) < fr(@+w) — fu(0) = fr(@ 4+ w) < M;
in particular, for w = € it holds that

(Yoo @) < fr(@) = fr(0) < f(2) < max{0, f(2)},
while, a5 4%, 1.0 € O fms1 + Ldom £)(0),

<y;kn+1,(ui> < fm—&-l(‘%) - fm+1(9) < f(:i) < maX{O, f(‘i)}a
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that is,
(Me,a¥i.or ) < max{0, f(2)} for all @ and k € {1,...,m+ 1}.

Hence, since we have that £ € L Ndom f for L € }"(9), and uj , € Nindom £(8), the
inequalities
(uf.or®) <O forall @ and k € {1,...,m}

imply that the nets
(MeaWia+uia)d) s ke{l,...om}, ((Amtta¥mita2)),

are bounded from above. In addition, due to the definition of N x+, we have that
(z2,2) <1 for all o, and so the net ((z%, 1)), is also bounded from above. Conse-
quently, thanks to the following inequalities derived from (53),

(@*,2) = MaWla+ula) @)+ + QmaUma + Uhna) &)
+ (Amt1,0¥mi1, a733> + (25, &)
< </\1 al¥i, e >+ < may;kn,aa§3>
+ <)‘m+1 aym+1 avj:> + (20, 2) s

we infer that the nets ((Ak,aykya,x))a, ke{l,...,m+ 1}, are bounded.
Now, for each k € {1,...,m}, by (55),

</\k7ayz’a,§: + w> <Ak oM < M for all w € W and a,

and taking the boundedness of the net ({(Ar,a¥j 4, %))a into account, we deduce that
(Ak,a¥f.o)a CTWe for some r > 0. Consequently, by the Alaoglu-Bourbaki theorem
we may suppose, without loss of generality, that (Ag,a ¥} ,)a Weak*-converges to some
07 € X*. Due to (54), we deduce that the net (v},)q, defined as

(56) U; =M\ Oé’u;lkoz_‘_”' +Am Oéu’rna_'_/\’m-i-l aym+1 a

also weak*-converges to some £, , € X*. More specifically, if £ € {1,...,m} is such
that A\ > 0, then

(57) t. € M0 fi(0),

while for the other case, when A\p = 0, by taking the limit on « in the inequality
</\k7ayz7a, z> < Aafi(z) < Apaf(z), z € dom f,

we observe that

(58) 05, € Naom £(0).

Let us analyze the behavior of the net (v}), defined in (56), which has already
been proved to converge to £y, ;. Take z € dom f, Lo := span{z,z} (€ F(0)), and

ag = (Lo, X*), so that z € LNdom f for all « = (L,V) = ap. Fix o »= «p. Since,
by definition, u}; , € Nrndom £(0), K =1,...,m, and y5, 11 o € O(fim+1 + Lrndom £)(0),
we obtain that
<’U:;7 Z> = <>‘1,au>1k,oc +eee Am,au:n,a + )‘erl,Oly;knJrl}a? Z>
< Amtla <y:n+17a7 Z>

< )\m+1,a(fm+1(z) - ferl(e))
= )\m+1,afm+1(z)a
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which, by taking limits, gives

(lrng152) < Amg1fme(2);

that is, as z is an arbitrary point in dom f and f,,+1(z) < f(2) < +o0,

% Ndomf(é) when )\m+1 = 0,
(59) €m+1 < { )\7n+16(fm+1 + Idomf)(a) when )‘m-‘rl > 0.

We proceed by defining T (0) := {k =1,...,m | Ay > 0}. Then in virtue of (54) we
get

¥ =lim E A aVho + V5
o )
k=1,....m

= lim > k¥ o + lim > Mol o + limoy,
KET.(6) KE{1,....mP\T4(6)

(60) C Y Me0fw() + Naom £(0) + Ly
keT, (0)

At this step, and in order to specify the nature of £, ;, we distinguish two cases.
(a) If Apug1 > 0, then by (59) we have 45, 1 € Ay 10(fins1 + ldom £) (), so that
(60) gives us

S Z A0 f(0) + Naom £(0) + Am410(frmt1 + Laom £)(0)
kET, (0)

ceod (U 0f@|JO(fmsr + Laom £)(0) p + Naom £ (6).
k=1,....m

(b) Otherwise, if A, 41 = 0, then by (59) we have £, | € Ngom f(6), so that (60)
yields

€ > MOfe(0) + Naom £ (0) + £ 44
kETL(0)

ccod |J 0f(0) ¢ + Naom (6)
k=1

ceoq U 0@ JO(fmi1 + Taom £)(0) p + Naom £ (6).

The proof is finished. 0

Remark 2. If in Theorem 9 each one of the functions fi, k € T'(z), is continuous
at some point of dom f, then

I(fro + Ldom 1) (z) = Ofky () + Naom ¢ (),

and so, due to the Moreau—Rockafellar sum rule for the subdifferentials,

Naom f(z) = Z Naom 5, () + NmkeT\T(m) dom . (¥)-
keT (x)
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Thus, Theorem 9 gives

df(z) =co U Ofe(z) ¢ + Z Naom s, () + NﬁkeT\T(z) dom f ().

keT (x) keT (x)

As a consequence of the previous theorem we obtain the following result given
in [30].

COROLLARY 10. Assume that all the functions fi, k € {1,...,p}, except perhaps
one of them, fi,, are continuous at some point in dom f. Then for all x € X,

(61) of(x)=co |J 0fc(@) p + D Naomp, (@).

keT(x) keT

Proof. Fix x € X. First, we observe that the proper functions ljomf,, kK €
T\ {ko}, are continuous at z9 € dom f C dom f, = dom(ldom f,,)- So, by the
Moreau—Rockafellar subdifferential sum rule we have that

(62) Naom £(#) = > Naom £, ().
keT

First, if kg ¢ T'(x), (51) and (62) yield (61). If kg € T'(x), we write

Oy + Liom 1) (x) = 6(fk0 £ Liom fk) (2)

keT

(63) :a(m + ) Tiom fk>(x)

kET\ko

= 0, (¥) + Z Naom £, ().

kET\ ko

Therefore, ( fr, +laom ) (z) = 0 if Oy, (x) = 0, and again (51) and (62) provide (61).
Finally, we analyze the case in which dfg,(z) # 0. The fact that dfy,(z) =
Ofko() + Ndom 1, (), together with (63), gives rise to

O(fro + Taom £)(x) = 0fie(x) + > Naom s, (¥)

keT\ko

= 0fio(2) + Y Naom ;. ()

keT
= Ofo () + Naom f ().
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Next, by Theorem 9 we obtain that

Of(z) = co U 0@ J0r + Laom ) (@) p + Natom £ ()

keT(z)\{ko}

= co U 9f@) [ 0k (@) + Naom £(2)) p + Naom f ()

keT(z)\{ko}

Cco U (0fu(@) +Naowm 1 (2)) | (9frq (%) + Natom 5 (2)) p +Naom s ()
keT(z)\{ko}

=co U (Ofx(x) + Ndom £(2)) ¢ + Naom f()
keT (z)

= co U 8fk(9c) + Ndomf(x)'

keT(z)

Since the reverse of the last inclusion always holds, we deduce that

of (@) =co{ | J 0fu(x) p + Naom r(2),

keT(x)

and, finally, the conclusion of the corollary follows due to (62). 0

The previous corollary leads to the following formula given in [25, Theorem 4],
when T'(z) =T and Ofy(x) # 0 for all k € T

of(x) =cod |J ofel@)

keT (x)

Remark 3. The continuity condition of Corollary 10 implies (4), as established
in [12, Corollary 9(iii)]. Thus, removing (4) within the subdifferential calculus of
section 3 allowed us to obtain Theorem 8 without requiring any lower semicontinuity-
like assumption on the functions.
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