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GREEN’S FUNCTION AND INFINITE-TIME BUBBLING IN THE
CRITICAL NONLINEAR HEAT EQUATION

CARMEN CORTAZAR, MANUEL DEL PINO, AND MONICA MUSSO

ABSTRACT. Let Q be a smooth bounded domain in R™, n > 5. We consider the semilinear
heat equation at the critical Sobolev exponent

ut:Au—Fu% in 2 x(0,00), u=0 ondQ x (0,00).

Let G(z,y) be the Dirichlet Green’s function of —A in  and H(z,y) its regular part. Let
q; €Q,j=1,...,k, be points such that the matrix

H(q,q1) —G(q1,42) —G(q1,qx)
—G(q1,02) H(qe,q2) —Gl(q2,q3)--- —Gl(q3,qx)
—G(q1,qx) =G(qr-1,qr)  H(qr, aqr)

is positive definite. For any k& > 1 such points indeed exist. We prove the existence of
a positive smooth solution u(x,t) which blows-up by bubbling in infinite time near those
points. More precisely, for large time t, u takes the approximate form

ZO‘"( +|a§t)—sg<>| >

Here &;(t) — ¢j and 0 < p;(t) — 0, as ¢ — oco. We find that p;(t) ~ £ as t +o0,
when n > 5.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Let Q be a bounded, smooth domain in R™, n > 3. This paper deals with the asymptotic
behavior of positive, classical and globally defined in time solutions w(z,t) of the critical
semilinear heat equation

w = Au+ui? in Q x (0,00), (1.1)
u=0 on 90 x (0,00)
u(-,0) =up in Q.
where ug is a positive, smooth initial datum.

The aim of this paper is to construct solutions which exhibit infinite time blow-up. Problem
(1.1) is a model of parabolic gradient flow for an energy that loses compactness in the form
of bubbling. The energy

1 -2 n
B(u) = 5/]Vu\2da; - %/yu\%dx (1.2)

is a Lyapunov functional for (1.1). In fact, for solution u(z,t) of (1.1) we have

d
th ot /|ut| dx


http://arxiv.org/abs/1604.07117v1

2 C. CORTAZAR, M. DEL PINO, AND M. MUSSO

and hence FE is strictly decreasing along trajectories of (1.1). Alternatively, (1.1) corresponds
to the formal negative L?-gradient flow for E in Hg ().

A special characteristic of the exponent Z—f% in the functional FE is the presence of an

asymptotically singular continuum of entire, energy invariant critical points: let us denote
n—2

Us(y) = an <T1]y‘2> C L an = (n(n —2)ie (1.3)
Uy is a positive solution of
AU+ U2 =0 inR"
In fact all positive entire solutions of this equation are given by the Talenti bubbles
n—2

_n-2 —¢ 2
Upe(z) =p~ 2 Ug (mT> = Qn (ﬁ) : (1.4)

which correspond to the extremals of Sobolev’s embedding [25]. This family is energy invari-
ant: for all y, &,

E(Uu,g) = E(U()) =:5,>0. (1.5)
These functions reflect exactly the loss of compactness of the critical Sobolev embedding and
thus of the functional E: in fact, a Palais-Smale sequence u,, € Hé(Q), namely one along
which F is bounded and VE goes to zero must asymptotically be, passing to a subsequence,
of the form
Un, :uoo—i-ZU%,& + o(1), (1.6)
el
for finite set I, a critical point ug € H(Q) of E, and uf, — 0, [22]. From Pohozaev’s
identity we must necessarily have 1o, = 0 if the domain is star-shaped. This type of behavior,
sometimes called bubbling is precisely the one expected along sequences t = t,, — +oco for
a solution u(x,t) of (1.1) globally defined in time, in particular for the so-called threshold
solutions which we describe next.
Let ¢ be a positive, smooth function defined in €2, and u,(z,t) the solution of Problem
(1.1) with initial datum u(z,0) = ap(x). For small o > 0, the effect of the nonlinearity is
negligible, and u, goes uniformly to zero as time goes to infinity. Letting

. = sup{a >0/ Jim a6l =0}

then 0 < a, < +oo. Ni, Sacks and Tavantzis, [20] found that uq, (z,t) is a well-defined L-
weak solution of (1.1). Since for large values of «, finite time blow-up is known to happen, u,,
is a type of solution which loosely speaking lies in the dynamic threshold between solutions
globally defined in time and those that blow-up in finite time. It is known, see Du [10] and
Suzuki [24] that along sequences t,, — 400, Uy = Uq, (T, t,) does have (up subsequences) a
bubble resolution of the type (1.6).

Galaktionov and Vazquez [15] found that in the case that @ = B(0,1) and the threshold
solution u, is radially symmetric, then no finite time singularities for uq.(r,t) occur and it
must become unbounded as t — 400, thus exhibiting infinite-time blow up. Galaktionov and
King discovered in [14] that this radial blow-up solution does have a bubbling asymptotic
profile as t — 400 of the form

o (1) ~ (%) T el (1.7)
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where for n > 5, u(t) ~ 771 — 0. For a > o blow-up in finite time of wu,, (r,t) occurs
while, it goes to zero when o < ai. Understanding this threshold phenomenon is central in
capturing the global dynamics of Problem (1.1). These solutions are unstable, while intuitively
codimension-one stable in the space of initial conditions containing ..

Nothing seems to be known however on existence of infinite-time bubbling solutions in the
nonradial case, or about their degree of stability. Our main goal in this paper is to build
solutions with single or multiple blow-up points as ¢ — +oo in problem (1.1) when Q is
arbitrary and n > 5, providing precise account of their asymptotic form and investigate their
stability.

Our construction unveils the interesting role played by the (elliptic) Green function of the
domain . In what follows we denote by G(z,y) Green’s function for the boundary value
problem

—AG(z,y) =cnd(z —y) nQ, G(,y)=0 ond,
where d(x) is the Dirac mass at the origin and ¢, is the number such that
Qp,

— A (x) =cpd(z), T(x)= Pk (1.8)

namely ¢, = (n—2)w,a;, with w,, the surface area of the unit sphere in R” and «,, the number
in (1.7). We let H(z,y) be the regular part of G(z,y) namely the solution of the problem

—AH(z,y)=0 inQ, H(,y)=I(—-y) inoQ. (1.9)
The diagonal H(z,z) is called the Robin function of €. It is well known that it satisfies
H(z,x) — +oo as dist (x,00) — 0. (1.10)
Let ¢ = (q1,-..,qr) be an array of k distinct points in Q.
H(q,q1) —G(q1,q2) —G(q1,qr)
Glg) = —G(q:l, a2)  H(q2,q2) _G(q?_’ q3) - _G(q'37 ar) (111)
—G(q1, a) —Glak-1.q8)  H(ak ar)

Our main result states that a global solution to (1.1) which blows-up at exactly k given
points g; exists if ¢ lies in the open region of QF where the matrix G(q) is positive definite.

Theorem 1. Assume n > 5. Let q1,- - ,qx be distinct points in ) such that the matriz G(q)
is positive definite. Then there exist an initial datum uy and smooth functions &;(t) — q; and
0 < pi(t) =0, ast— 400, j =1,...,k, such that the solution ug of Problem (1.1) has the
form

n—2

N G, N
w(w0) = D (e ()T Hw,q5) + ()T 0(x,1),  (1.12)

Jj=1

where 0(z,t) is bounded, and 0(x,t) — 0 as t — 400, uniformly away from the points q;. In
addition, for certain positive constants ; depending on q.

wi(t) = Bt 71 (14 0(1), &(t) —g; = O™ 71)  ast — +o0

Our construction of the solution uy(x,t) in Theorem 1 yields the codimension k-stability
of its bubbling phenomenon in the following sense.
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Corollary 1.1. Let uq, be the solution found in Theorem 1. There exists a codimension
k manifold in C*(Q) that contains uy(x,0) such that if ug lies in that manifold and it is
sufficiently close to ug(x,0), then the solution u(z,t) of problem (1.1) has exactly k bubbling
points ¢, j = 1,...,k which lie close to the q;. It has the form (1.12) with q replaced by q.

Positive definiteness of G(q) trivially holds if £ = 1. For k = 2 this condition holds if and

only if

H(q,q1)H (q2,32) — Gq1,42)* > 0,
in particular it does not hold if both points ¢; and g2 are too close to a given point in £2. Given
k > 1, using (1.10), we can always find k points where G(q) is positive definite: it suffices to
take points located at a uniformly positive distance one to each other, and then let them lie
sufficiently close to the boundary.

The role of the matrix G(g) in elliptic bubbling phenomena for perturbations of the sta-
tionary version of (1.1) has been known for a long time, after the works [1, 2]. In particular in
[2] A. Bahri, Y.-Y. Li and O. Rey analyze bubbling solutions for slightly subcritical perturba-
tions, and positivity of the matrix already appears there. To illustrate why in the parabolic
case such a condition is needed, we invoke a computation in [5], that shows that if

k -2
(@) =Y U, (x) = p; H(z, &)
j=1

with all 4;’s small and of comparable order, then

E(up) = kS, + « Z,u" 2H(&,6) ZG (&, &) 2 ,uZ )+ smaller terms.
J=1 i#]

Here E is the energy (1.2), S, is given by (1.5) and « is a positive constant. Since E is
decreasing along the solution of (1.1) then we may only end at the k-bubble energy kS, as
t — oo if E(ug) > kS,. If the matrix G(q) is positive definite that fact is guaranteed. A
formal consideration of balancing needed for the functions j;(t) that we carry out in §2 will
also lead us to the necessity of that condition to have a solution of the form (1.12).

The proof consists of building a first approximation to the solution, then solving for a small
remainder by means of linearization and fixed point arguments. In §2 we shall construct the
first approximation of the form (1.12). We shall compute the error and will see that in order to
improve the approximation we need solvability conditions for the elliptic linearized operator
around the bubble. These relations yield a system of ODEs for the scaling parameters, of
which we find a suitable solution. After this has been achieved, we solve the full problem as
a small perturbation by an inner-outer gluing scheme which is described in §3. This method
consists of decomposing the perturbation in the form 31 ¢;+1 where 7); is a smooth cut-off

function that vanishes away from the concentration point ¢;. The tuple ((JNS, 1) will satisfy a
coupled nonlinear system where the operator for v is just a small perturbation of the standard
heat operator, and the equation for the qz;j involves the parabolic linearized equation at the
scale of the bubble. We solve the outer problem for 1, for a given suitable decaying ¢ and
derive estimates for it in §4.

A delicate matter is the construction of an inverse of the operator at qz;j (provided that
certain solvability conditions for the errors hold) so that the solution has a sufficiently fast
decay. We do this in §7. The solvability conditions are achieved after adjusting lower order
terms of the parameters in §5. After this is achieved the coupling gets sufficiently weak so
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that contraction mapping principle applies to finally solve the problem. Arbitrary small initial
data for v can be imposed, while the inverse built for the linear operator at ¢; requires one
linear constraint in the initial condition. This is ultimately the reason for the codimension
k-stability of the bubbling solution found. We prove the main result in §6. The inner-outer
gluing technique has been a very useful tool in finding solutions for singular perturbation
elliptic problems with higher dimensional concentration set, as developed in [3, 7, 9]. We
believe it applies to the construction of bubbling solutions in various parabolic flows where
this critical loss of compactness arises, and in the construction of type II blow up in various
problems. The machinery employed is parabolic in nature, but we believe the inner-outer
gluing principle may be applicable to other evolution problems.

Before proceeding into the proof, we make some further bibliographic comments. Large
literature has been devoted to the more general equation with a power nonlinearity

up = Au+ |ulP

sometimes called the Fujita equation, after [13]. on asymptotic behavior and finite-time blow-
up. We refer the reader to the book by Quittner and Souplet [21] for a comprehensive survey
of results until 2007. In particular, the role of the Sobolev critical exponent p = Z—i’g in
existence and characteristics of blow-up phenomena has been broadly considered, see also
Matano and Merle [18] for a more recent classification of radial blow-up and supercritical
powers and Schweyer [23] for a construction of radial type-II blow-up in the critical case. In
most results available of construction of solutions radial symmetry is a central feature. Our
main result shares the flavor of that by Merle and Zaag [19], where multiple-point, finite time
type I blow-up and its stability was found in the subcritical case. We point out that the

corresponding energy-critical wave equation,
4
Ut = Au + ‘U’ n=2q,

and the role of the Talenti bubbles (1.4) in its dynamics, in particular bubbling blow-up has
been the subject of many studies. See for instance [11, 16, 17].

A natural question is whether or not there exist solutions with multiple bubbling, namely
with the form of a superposition of bubbles of different rates around a given point. From a
result by Schoen, this is not possible in the slightly subcritical stationary version of (1.1), see
[2]. We believe this is also the case in (1.1) as ¢ — +o00. On the other hand when t — —oc0,
ancient solutions with this pattern may exist. This is indeed the case for the conformally
invariant variation of (1.1), the Yamabe flow in R™,

n+2 n+2
(un—2); = Au+ur2 inR" x (—o0,0].

corresponding to the conformal evolution of metrics by scalar curvature. It has been proven
in [3] that there exist radially symmetric “ancient towers of bubbles”. In the elliptic case they
appear at slightly supercritical powers, see [4].

2. CONSTRUCTION OF THE APPROXIMATE SOLUTION AND ERROR COMPUTATIONS

We consider the Talenti bubbles (1.4) which we recall are given by
n—2

U =an (150) | an= (- 2)"F, (2.)

and

n—2

o =0 (55). wma cem
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Given k points ¢i,...,q € R, we want to find a solution u(z,t) of equation (1.1) with the

approximate form
k

u(z,t) ~ Z U,uj(t),ﬁj(t) () (2.2)
j=1
where &;(t) — ¢; and p;(t) — 0 as t — oo for each j = 1,...,k. The functions &; and p;
cannot of course be arbitrary. We make an ansatz for these parameters. To begin with, we
assume that the vanishing speed of all functions () is the same. More precisely, we assume
that for a certain fixed positive function po(¢) — 0 and positive constants by, ..., b; we have
that

15 (8) = byo(t) + O(3(1) as ¢ — oo,
At the same time we assume that

&) —qj = O(ud(t)) as t— oo

Since the right hand side of expression (2.2) does not satisfy the zero boundary condition,
we shall first identify a correction term which is consistent with this ansatz. Then we will
determine what the functions po(t) and the constants b; should be. Since, away from the
concentration points g; the functions U, ¢, are uniformly small, we see that u; should ap-

proximately satisfy
k

up ~ Au + Z Upj ()"
j=1
Besides, we see that

n—2

/ Upj#l(x)pdl' ~ N] 2 Apy Qp = / U(y)pdy7
Q n

and hence away from the points g; the equation should be well approximated by

n—2 k n—2

w ~ Au + Cn,uOT ZbT&].

i ;in Q% (0,00).

=1
n-2
where ¢, is the Dirac mass at the point ¢. Letting u = py* v we get

n—2 . n-2 .
o frov + anb]— ? 0, in 2 x (0,00).
j=1

vy &~ Av —

where {} = %. We assume, as it will be a priori satisfied that pg Y19 — 0, which is the case
for instance if g ~ t~*. Hence

k n—2
v~ Av —I—aanjTéqj in 2 x (0,00),
j=1
v=0 on dN x (0,00).
This tells us that away from the points g; we should have

k n—2
v(z,t) ~ ap Z b;> G(z,q5),

i=1
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in other words
n72
n—2

anfL; n-2
Z|x—q = —p;” Hiz,q).

Observing that for x away from the point g;, we precisely have

n—-2
anlufj ?
qu,ﬁj (33‘) ~ ‘.’L’ — Qj‘”_2

we see that a better global approximation to a solution u(x,t) to our problem is given by the
corrected k-bubble

n—2

ug (1) Zuj (z,t), wuj(x,t) :=Uy ¢ (v) - ,ujTH(:E,qj). (2.3)

We have obtained this correction term out of a rough analysis to what is happening away
from the blow-up points. Let us now analyze the region near them. That will allow us to
identify the function p(t) and the constants b;. It is convenient to write

S(u) = —uy + Ayu + uP.

We consider the error of approximation S(ug). We have

k P k
S(upe) Z@tul <§; ul) — Z;Ufji’&.
1= 1=

We obtain the following estimate near a given concentration point g;, from where the formal
asymptotic derivation of the unknown parameters will be a rather direct consequence.

Lemma 2.1. Let us fir an index j and consider x with |xv — q;| < %mini# lgi — qi|- Then
setting x = & + pjy;, we have that for all t large, the error of approximation S(u,¢) can be

estimated as
n+2

Supe) = ;2 (ngEojlus fi5) + pi Byl &1 + Ry)
where
. —1 n—3 nsd a2 .
B, 5] = pU ()P~ = 102 H gy, q5) + D> 1?17 Glajo@)] + 1521 (y5),
i#]

. n—=2 n—=2 .
Byj[u, &) = pUy)P ' [ = w2 VaH (g505) + Y iy % 12 VaGlag,0)] -y + & VU (),
i
and

n—2-

Ko g po g

R; = +
Ty Tyl

(5 )+No+2f + MBL IZMJCZ + No Zgz fz (2-4)

where the functions f, f;, ﬁ are smooth, bounded functions of the tuple (y,,ugl,u,ﬁ,,ujyj), and
9,7 of (y,pg 11 €). Furthermore,

Znialy) = U ) + VU () -y
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Proof. We write

n—2 x—g-
uufxt Z,uz 2 yz /‘i2 H($7Qi)7 yi:—l-

i
and
S(uye) =51+ 52

where

k

o —5 ¢ —2 nxt
S1oi= > 2&G VU ) + g 2 13 Zoi (i) + TM f1iH (z, i), (2.5)

i=1

and

<Zm Ulys) — p; 2 H( qz> Zuz U(y:)P. (2.6)

We further write

So = So1 + S22
where
_nt2
So1 = p; * [(Ulyy) +6;)" —=U(y;)], So2:= ZMZ =+ U(y:)?,
i#]
with
_ 152 n—2
0; = —p PH(z, ) + > (mips ) 7 Ulys) — () T H(z, q:)- (2.7)
i#j

We observe that (0] < ,u6"2 uniformly in small §. Hence in particular we may assume
U(y;)~'|©;] < 3 in the considered region. We can therefore Taylor expand

n+42

1
So1=p; * [pU(yj)”‘l(%j +p(p — 1)/0 (1= s)(U(y;) + s0;)"ds ©F

We make some further expansion. We have, for i # j,

s € — & « n—2
Ulyi) =U (ij] ,éj @) = nh S iz
Hi (lrjy; +& — &lI* +pf) =
Oén:u? 2

= n 0 -
- |ijj _1_33] o xi|n_2 +1uz f(£7M7Njyj)

where f is smooth in its arguments and f(q,0,0) = 0. Then we can write

- n—2
O; = —uf PH(z; + 5, ¢5) + Y _(pirts) "= Gy + iy, @) + pi F(E, s 1y5)-
i#j
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Further expanding, we get

_ n—-2 n
0 = —u2H(q;, q5) + D (i) T Glaj.a) + i (& 11, 1jy5)
i#j
- n—2
+ {—M? VoH(g5,q5) + Y (i) 2 VxG(QjaQi)] (kY5 + & — qj)
i#]j

1
+ /0{—u?‘2D§H(qJ+S(£ a5 + 1Y), 45)

(i) "T DEG(gs + s — a5+ ws) ai) 16 — a5+ P — s)ds

i#£j
We conclude that
. n—2
O = — i H(gjq5) + Y _(my)® Glaj,a)
i#j
n n-2
+ [—u?‘leH(qj,qg') +> i’ va(qj,qi)] "Yj

i
g2 — qh) - F(E gy g ) + REE(E iy o ) [ys)

where f anf F' are smooth in its arguments, and bounded. On the other hand,

k n+2

_n+2 ol s nt2

Sog 1= — E 1y = E i L P s ? fi(gnunujyj)
vy lg; — il
1#£] i#]

so that

L+

Sag 1= Mo f(f,,uo /‘nujyj)
where f is smooth in its arguments and f;(q,0,0) = 0.

We also decompose S7 = S11 + S12 where
St =y 2&5 - VUY)) + 15 2 1 Zns1 (y)),
_n . _n k n — 2 n—4
Sro=> iy 28 - VU () + 5 2 ftiZns1(yi) + —5 i il (@, qi)

i£j i=1
We can write

n_q. qi — Cp,
S12 = Zoén,uf &i- [m + fz(f,,u ng)} + M ,ul [W + fi(&, 1 115y)
i#j

k n—4
+> e ? pulH (g, 0) + fi(igy, €))
i=1
where ﬁ are smooth in their arguments vanishing in the limit. In total we can write

n—4 k n—=2 uy -
Sro=po% Y fufiolpg 1 &mgy) + 1o® > &+ Firlpg 1 & iy)

i=1 i=1

for functions f;o, f:-l smooth in their arguments. This concludes the proof of the Lemma.

O
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On the other hand, in the region |z —¢;| > d for any i = 1,...,k, we can describe the error
function S(u,¢) as follows
n—4 k n—2 k n+2
S(upe) (@ t) = o> Y Nifi+m® Y & Fitu® f (2.8)
j=1 j=1

where f;, f;, f are smooth and bounded functions of (z, p1 1,u,§). This fact is a direct
consequence of (2.5) and (2.6).

The choice of the parameters at main order and improvement of the approxima-
tion. We are looking for a solution of our equation of the form

u(@,t) = e, 1) + o, 1)
where ¢ is globally small compared with Uy In terms of & the equation reads
0= S(uue+ ) = —0d+ Aad+pul '+ S(upe) + Npye(9)
where
- - -
Nue(9) = (upe + @) — Uig - pUZ’S .

It is reasonable to read locally around g; the function QNS(x, t) in terms of the same scaling as

that of u,¢. We write
7 —n (=&

j
In this terms the equation for ¢(y,t) becomes

0= 1,7 S(ite + ) = Ayd+pUW "6+ 1,7 S(uge) + Alg] (2.9)
where
Algp] = —p5oe+ ujﬂj[nT_Qqﬁ +y-Vydl + Vo & + pU(y) + 6,7 —pUy)*
+  (UW)+6;+¢)f —(Uly) +6;)°—pUy) +6;)" "o (2.10)

and ©; is the function in (2.7). It is reasonable to assume that ¢(y,t) decays in the y variable
and that for large ¢ the terms in A(¢) are comparatively small. Considering the largest term

n42
Ey in the expansion of the error p;* S (up,¢) in the previous lemma we find that ¢(y,t) should
equal at main order a solution ¢g;(y,t) of the elliptic equation

Aydoj +pUP"doj = —pojEojli i) in R, @o(y,t) =0 as |y| — oc. (2.11)
At this point we recall some standard facts on a linear equation of the form
Lo($) = Ay +pUP 1Y = hy) IR, ) >0 as |yl oo (212)
It is well known that all bounded solutions of the equation Ly(¢)) = 0 in R™ consist of linear
combinations of the functions 21, ..., Z,11 defined as
ou , n—2
Zi(y) = g(y), i=1,...,n, Zp1(y):= 5 Uy)+y-VU(y), (2.13)

and that problem (2.12) is solvable for a function h(y) = O(Jy|™™), m > 2, if and only if

/ h(y)Zi(y)dy = 0 forall i=1,...,n+ 1.
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Since n > 5, the necessary and sufficient condition for the existence of ¢g; solving (2.11) is

/n Eojlp, f15)(y,t) Zn+1(y) dy = 0. (2.14)

We compute
/ Eojlu, f13)(y, 1) Znt1(y) dy = &1 [u" H (g5, q5) Zu] uz qz,qj)] + 2 f1, (2.15)
! i#]

where ¢; and ¢y are the positive constants given by

_ n—2
€= —p/ U™ Zpy = 5 / UP, e :/ | Zpsa |- (2.16)
n n Rn

We observe that ¢y < 400 thanks to the assumed fact n > 5. Relations (2.14) for j = 1,...,k
define a nonlinear system of ODEs for which a solution can be found as follows: we write

pj(t) = bjpo(t)

and arrive at the relations

V2 H gy,q5) — Y (biby) "% Glai, ;) + cacy 02ud Min(t) =0 forall j=1,...,k,
i#j
so that ,ug_",ao(t) should equal a constant, which is necessarily negative since pg decays to

zero. This constant can be scaled out, hence it can be chosen arbitrarily to the expense of
changing accordingly the values b;. We impose

S 20162_1 n—3
flo =222 s (2.17)
which yields after a suitable translation of time,
_1 _ _ 1 1
Holt) = Wt T, = 27— ) (0 — 2)e ) (2.18)

and therefore the positive constants b; (in case they exist) must solve the nonlinear system
of equations

— n-2 n=2 2b; .
B H (q5,q5) — > b7 b7 Glaingy) = n_ﬂ2 forall j=1,..., k. (2.19)
i
We make the following claim: System (2.19) has a solution (which is unique) if and only if
the matrix

HG(thath) —HG(m,qz) . —g(ql,qk)
G(q) = - ((1:1,Q2) (2,q2) — (?2?3)”‘ - ((1:37%) (2.20)
—G(q1, qr) —G(qk-1,qr)  H(qr, ax)

is positive definite.
This system (2.19) is variational. Indeed, it is equivalent to VI (b) = 0 where

k n—2 n—2

k
10) = — | S B Hlgga) ~ 307 b7 Glaingy) X8

J=1 i#]
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n—-2
Writing A; = b;? the functional becomes

k koo,
(n—2)I(b) =I(A) = H(qj,q)A; = > Glai, q) Ay — Y A7
i=1 i#j i=1
Let us assume that the matrix G(g) is positive definite. Then the functional I(A) is strictly
convex. It clearly has a global minimizer with all components positive. This yields the
existence of a unique critical point b of I(b) with positive components. Reciprocally, let
us assume that I has a critical point A. Indeed, if v, is the least eigenvalue of G(q), with
eigenvector v = (v1,...,v;), then its variational characterization implies that it can be chosen

with all its components non-negative. Since ;I (A + tv)|;—p = 0, we obtain

L k
n—2 DA wi=my vl
i=1 1=1

and hence y; > 0, so that G(q) is positive definite.

Since the matrix D2?I(b) is positive definite, we denote by %@, j=1,...,k, its positive

eigenvalues and wq, ..., wy the corresponding eigenvectors. Thus, there exists ¢ > 0 so that
2

D?I(b) = — (PTdiag(5y,...,6,)P), with &; > 7, (2.21)

where P is the k x k matrix defined by P = [w;|...|wy]. This fact will be useful in the
sequel.

In what follows we fix the function j(¢) and the constants b; as in (2.18) and (2.19). We
also write

fio = (o1, - - - pox) = (b1po, - - -, brpo) (2.22)
where 19 = po(t) is defined in (2.17) and b; are the positive constants defined in (2.19). Let
®; be the unique solution of (2.11) for p = fig. Thus ®; solves

AD; + pU(y)P 1 ®; = —po; Eojlfio, froj],  ®;(y,t) =0 as y — oo. (2.23)
From the choice of the parameters pig, b; we have
110 Eojfio, fo5] = = 0(t)" > qo(y) (2.24)
where «; is a positive constant and
go(y) = pUP" (y)ez + 1 Zn11 (y),
so that fRn q0(Y) Zns1(y)dy = 0 .

Problem (2.23) has a radially symmetric solution which we can describe from the variation
of parameters formula as follows. Let Z,41(r) so that Lo(Z,+1) = 0 with

Znai(r) ~12™ as 1 =0, Zpai(r)~1 as r— oo,

and the radial solution pg = po(|y|) of Lo(po) = qo described as

po(r) = cZn4a(r) /OT Zn41(8)qo(s)s™ ™ ds — cZp41(r) /OT Zni1(5)qo(s)s™ L ds.

Observe that pg satisfies
po(lyl) = O(ly|™%) as |yl — oo (2.25)
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Then a solution ®;(y,t) to (2.23) is simply given by the function
®;(y,t) = vino(t)" po(y).
This leads us to the following corrected approximation,

M f(gj t) - ’meg(l‘, t) + i)($7 t)v (226)

where

A

The space decay of the functions ®; makes the size of P p3-times smaller than that of Uy e
when measured far away from the g;’s. Therefore its addition to u, ¢ does not modify the size
of the error there. A direct consequence of (2.8) and (2.25) is that, in the region |x — ¢;| > ¢

for any ¢ = 1,...,k, we can describe the error function S(u* uy, 5) as follows
n-a K n—2 .. nx2
Suye)(@,t) = pg? Z)‘jfj+ﬂoz ij'fjJrMoz f (2.27)
j=1 J=1

where f;, f;-, f are smooth and bounded functions of (z, ,ual,u, €).
Instead, near each of the points ¢;, the leading term ®;(y,t) of ® eliminates the term of size
comparable to ,u"_2 at the expense of creating new smaller order terms. Using the notation

Y = xﬂf’ the new error of approximation S(u* " 5)
k
_n+2
S(upe) = S(uug) Z * 1o Eojlfo, f1oj] (2.28)

oon—2 -
+Zﬂ] =2 {M]at (yj,t)—Mjuj[Tq)j(yj,t)+V<I>j(yj,t)-yj]+V<I>j(yj,t)-uj€j}

_ ) P2 .
+ (g + O =k —p> s T U(y)P @y, 1).
j=1

Using formula (2.9), we find that for a given fixed j and |z — ¢;| < 4, the error S(uy, ;) has
the form

n+2 n+2

i Slupe) = p;® Slupe) — pojEojlio, fo] + A;(y), (2.29)
and, after some computation we estimate for f and ¢ smooth and bounded,

2n—4
n — — xr — g
Ay = g (g 1 € mgy) + L 9(ug 1, & pjy), v = ——2. (2.30)
1+ ‘y]‘ 127

In what follows we set

u(t) = fo(t) + A(t),  with  A(t) = (Au(t), ..., Ak(t)), (2.31)
and fip defined in (2.22). In the notation of Lemma 2.1, we then get from (2.9) and (2.30),

n+2

S(ug ) = p; 2 {10j(Eojlu, f15] — Eojlfio, froj]) + NjEojlu, 5]
+ Bl &1 + Ry + A}
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Let us estimate Eo;{u, f1] — Eojlfio, froj]. Recall that

n—2

n—2
Eojlp, f1j] = fij Znsa(y) + pU(y)P~" _M?_gH(QﬁQj)—i_Z,uij wi? G(girq5)|-
i7j

We find
Eo;(fio + A\ bifio + N;) — Eo;(fio, bjfto)
k k
=\ Znsa(y) — py U (y)P~* { Z M\ + Z Fit(ug "N |-
=1 =1

for smooth functions f;;;, where the M;; are the positive constants

n— n—4 n—6 n-2
Mjj = (n—=3)b; " H(gj.q5) = —5— Y _b;> b > Glaig))
i#]
and for i # j
n_2 n—4 n—4

507 b7 Glaig5).

We claim that the £ x k symmetric matrix M = M;; is positive definite. In fact, by definition
M = D?Iy(b), where

Mij:_

k
1 e n—2 n-—2
o) = 1 | S0 H(gg0) ~ 30 b7 Glaingy)
j=1 i)
From the definition of the numbers b; in (2.19) we have
2 2
2 2 T 1 _ _
M = D?Iy(b) = D*I(b) + — slh=—— (P" diag(1 +41,...,146%) P) (2.32)

where we use the notation introduced in (2.21). Therefore, M is positive definite and there
exists & > 0 so that its eigenvalues

2
n_

eigenvalues of M > 5 (1+a), forall j=1,... k. (2.33)

Let us now estimate \; Eo;[u, ft;]. We have

. . — n— n— n—-2
N Bojlus f13) = Ay | froZnsr +pUP™ g™ | =072 Hgy, ) + Y _(bibs) 2 G(ai, q5)
i
k

AN Znga(y) — g~ pU (y)P ! Z Fiit(ug " A AN
il=1

for smooth functions f;j;.
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Total expansion of the error. We have the validity of the following expansion for the error
of approximation S(uj, ;).

Lemma 2.2. Let us fix an index j and consider x with |v — qj| < min;z|g; — q|. Let
p = fig + X\ defined as in (2.31) and assume that |\(t)| < po(t)'T7 for some 0 < 0 < &, with
o defined in (2. 33) Then setting x = & + p;y;, we have that for all t large, the error of
approzimation S(uy, ) can be estimated as

Zw
n—2

. n—2
+ & - VU () +pU ()P [ = 102 VaH (g5, 05) + > 152 1152 VaG(g5, i) ] -yj}
i3

nit2 \ n—4 —1 a
? {MOMJ' Zn+1(yj) — pojig pU(y;)" ZMij)\i
i—1

k
_nt2 _ n—2
+Zﬂj 2N b | 10241 +pUP g™ [ =002 H gy, q5) + Y (biby) 2 Glai,q;)

i#]
M[i At QL (& —aq) + 0 As
]:11+|ny2 — 1+ [y;[* T Tyt
k
+MO Z fzyl)\ )\l + Z %)‘z)\l
=1 i,5,0=1 y]’

k
R Z Nfi b Y& T
i=1 =1

where ﬁ, fir [y fiji are smooth, bounded functions of the argument (,ual,u,é’,:n), and g;,g;j of
(1o 115 €5 95)-

3. THE INNER-OUTER GLUING PROCEDURE
Let tg > 0, and consider the Problem
Ou = Au+uP  in Q x [tg, 00), u=0 on 9 X [tg, 00). (3.1)

Our purpose is to construct a global unbounded solution to (3.1), provided that ¢ is sufficiently
large. This produces a solution u(z,t) = u(x,t — ty) to Problem (1.1).
We solve Problem (3.1) with u of the form

w=u .+ ¢, (3.2)

where <;~S(x, t) is a smaller term.

We construct the function ¢ by means of what we call the inner-outer gluing procedure,
which has been applied in other contexts, but all related to elliptic problems. This time the
procedure is used to find solutions of a parabolic problem.

This procedure consists in writing

b(x,t) = (x,t) + ¢™(2,t) where ¢™(z,1) an r(z, 1) (x,1) (3.3)
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with B
B t) = g T 8 (‘Ot) pos (£) = bypol(2) (3.4)
¥
and ¢
) _ r—Sj
njr(@,t) =n < o, > : (3.5)

Here 7(s) is a smooth cut-off function with n(s) =1 for s < 1 and = 0 for s > 2. The number
R is a sufficiently large number, independent of ¢, that for convenience we take as

n—2

(3.6)

In terms of ¢, Problem (3.1) reads as
0id = Ad+p(u, )P o+ N(P)+S(uhe) in Qxftg,00), &= —ule ondx[ty,00), (3.7)

where

Noug(9) = (upe + 0 = (up o)’ = plup )P "0, S(uje) = —Opus, ¢ + Aup e + (up, ).

In the notation of Lemma 2.2 we decompose

k
. 2
S(uie) = Y Spey+ 50 (3.8)
j=1
where, for y; = m;—fj,
—nie ; n—4 -1 a
Speg =My * {MOj N Znsa(ys) — mg " pU ()P~ ) Mijhs (3.9)
=1

. _ n— n— n—2
+ Ajbj |10 Zn1 (yy) + pUP )y~ | =07 2 H gz, 05) + D (i)™= Glai,q))
i#£]

. n—-2 n—2
+ g &5 VU(yy) +pU )P [ = 2V H (g5, 05) + > w1 % VaGlas, )] - yj }
i
Let

n—2

k

k .
Vie=pY ((uh P = (p; 2 U(%))”‘l)mﬂ +p(1=Y mir)(ui )Pt (3.10)
j=1 Jj=1

A main observation we make is that ¢ solves Problem (3.7) if the tuple (1, ¢) where ¢ =
(¢1,...,¢r) solves the following system:

k
Db = AP+ Vet + > [2Vn; gV + 05 (Ay — 95)njr] + Nue(d) + S5 in Q x [to, 00),
j=1

Y= —u, on JQx [t,00), (3.11)

where

k
o0 2
e = 5,52 +> (1 =1r) S (3.12)
j=1



INFINITE-TIME BUBBLING IN THE CRITICAL NONLINEAR HEAT EQUATION 17

and for all j =1,... )k,
O = Ao, +pU]I')_1¢~5j +pr_1¢ + Spej 0 Bagp, (&) X [to, 00). (3.13)

Let us rewrite (3.13) in terms of ¢;(y,t), y € Bar(0), see (3.4). The equations become, for
j=1,... .k

nt2
1o;0id =Dy + pU ()P~ 65 + 1o Spe (&5 + oy, t) (3.14)
LT, 0
+ Pl 7 U (_y)l/}(f] + pojy, t) + Bjles] + B; 951
J ]
where )
. n — .
Bjl¢;] = MOjMOJ(T% +y - Vyd;) + po;Voj - & (3.15)
and
9
o) = p [0 (220) -0 ] oy +pLF -0 () o o)
J J J

We call (3.11) the outer problem and (3.14) the inner problem(s) .

We proceed as follows. For given parameters \, &, A, € and functions ¢; fixed in a suitable
range, we solve for ¢ Problem (3.11). Indeed, we can solve (3.11) for any small and smooth
initial condition vy (x), in the form of a (nonlocal) operator 1) = W(\, &, X, €, $). This is done
in full details in Section 4.

We then replace this ¢ in equations (3.14). Let us explain formally how we solve (3.14).

Recall that the ellitpic linear operator Lo(¢) := A¢ + pUP~1(y)¢ has an n + 1 dimensional
kernel generated by the bounded functions

ou . n—2
Zz(y) = 8y7 1= 17 sy 1, Zn+1(y) = 9

If we consider the model problem for (3.14), in which now we do not neglect the term corre-
sponding to time derivative, and we consider it on the whole R"

15;0:¢ = Lo(¢) + E(y, ), (3.17)

we observe that ,ugjatqﬁ = Lo(¢) when ¢ is any linear combination of the functions Z;(y),
i=1,...,n,n+ 1. This fact suggests that solvability of (3.17) depends on whether the right
hand side E(y,t) does have component in the directions spanned by the Z;(y)’s. In other

words, one expects solvability for (3.17) provided that some orthogonality conditions like

Uy) +VU(®y) - y.

/E(y,t)Zi(y)dyzo, i=1,...,n+1, Vt>t

are fullfilled. Since we have k of these conditions, for any j = 1,...,k in (3.14), they take the
form of a nonlinear, nonlocal system of (n + 1)k ODEs in the (n + 1)k parameter functions
M,y Ag and &p,...,&. It is at this point that we choose the parameters A and £ (as
functions of the given ¢) in such a way that these orthogonality (or solvability) conditions are
satisfied. This is done in Section 5.

Another well known fact about the ellitpic linear operator Ly(¢) is that Ly has a positive
radially symmetric bounded eigenfunction Z; associated to the only negative eigenvalue A
to the problem

Lo(¢) + Ap =0, ¢ € L=(R™). (3.18)
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Furthermore, A\ is simple and Z; decays like

21—

Zo(y) ~ Iy =7 e VI e Jy) oo,
Let e(t) := [pn &(y,t)Zo(y) dy, the projection of ¢(y,t) in the direction Zy(y). Then, inte-
grating equation (3.17) in R™, using that uo;(t)? = b?t_ﬁ we get

bt 80 < Naelt) = 1) = ([ 2P [ BenZadr. @19)

Hence, for some a > 0,
n-2 oo n-2
e(t) = exp(atn—1) (e(to) —I—/ sn=1f(s) exp(—asn*4)d8>.
to

The only way in which e(t) does not grow exponentially in time (and hence ¢(y,t) does not
growth exponentially in time) is for the specific value of initial condition

2 n—2

clto) = [ outo)Zo(w)dy =~ [~ 57 (s) expl(-asi)ds,
R tO

This formal argument suggests that the (small) initial condition required for ¢ should lie on
a certain manifold locally described as a translation of the hyperplane orthogonal to Zy(y).
Since we have k of these hyperplanes, for any j = 1,...,k in (3.14), these constraints define
a codimension k manifold of initial conditions which describes those for which the expected
asymptotic bubbling behavior is possible. We discuss this part in Sections 7 and 6.

In summary, the inner-outer gluing procedure allows us to show that: for any small and
smooth initial condition vy for Problem (3.11), we find a solution ¢ to (3.11), A, £ and ¢
solutions to (3.14), with initial condition ¢(y,tg) belonging to a k-codimensional space, so
that u, ¢ + ¢ defined in (3.2), (3.4), (3.5) is a solution to (3.1) with the expected asymptotic
bubbling behavior.

The rest of the paper is devoted to prove rigorously what we have described so far.

4. SOLVING THE OUTER PROBLEM

Our aim is to solve first the outer problem (3.11) for a given small function ¢ and the
considered range of parameters A, &, A, £, in the form of a nonlinear operator

¢(3§,t) = \Ij()Hg’ ).\757 qb) (‘/Evt)'

Thus we consider the initial-boundary value problem

k
Ot =D + Viyeb + Y [2V0; rV.0; + 6(Ay — 0y R)
j=1
+ N, <¢ + ¢Z’") +59, inQx [t 00), (4.1)
Y =— U;E on ) X [t07 OO)? w(t07 ) =1o in Q,
for an initial condition ¢ which is a small and smooth function whose size will be chosen

sufficiently small.
Fix o with

0<o<ao, where 6<5;, j=1,...,k (4.2)
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where &, G, are defined in (2.21) and (2.33). Given h(t) : [tg,00) — R¥ and § > 0, we
introduce the weighted L norm

I17lls == 1110(8)~° A Lo (10,00)- (4.3)
In what follows we assume that the parameters ), &, A, € satisfy the constraints

IA® -3+ + 1@ In-3+0 < ¢, (4.4)
and

[A@) 40 + 1€E) = alli+o < ¢, (4.5)

for some constant c. ~ ~
We recall that ¢ (x,t) = Z?Zl nj,r(z,t)p;(x,t), with ¢;(x,t) defined in (3.4). Let
[¢lln—2+00 = max [95lln—2+0,a- (4.6)
Jj=1,...k

=1,...,

where ||¢;|ln—2+0,q is the least number M for which

n—2+o

t
1+ DIT0s(0t) + oyt < 22T

for a given 0 < a < 1, and o fixed in (4.2). We assume that ¢ = (¢1,..., @) satisfies the
constraints

I j:]‘7“‘7k:7

H¢”n—2+a,a < Ct(;a (47)
for some ¢ > 0, small.

Next Proposition states the existence of a solution 1 to (4.1), for any initial condition g
small. Furthermore, it clarifies the dependence of W(\, &, A, &, ¢) in the parameters involved.
This is done by estimating, for instance,

05V (N €€ 03] = 0, (6 + 56,0, ]| _
as linear operator between Banach spaces. For notational convenience we denote the above
operator by 9, ¥[@]. Similarly we denote by 9\¥[A], d:¥[€], 85\\1’[5\] , 65-\11[5] the corresponding
linear operators.

We have the validity of the following

Proposition 4.1. Assume that the parameters X, &, X, € satisfy (4.4)-(4.5), and the function
¢ = (¢1,...,¢1) satisfies the constraint (4.7). Assume furthermore that 1o € C?(Q) and

1Yol Lo @) + VYol Lo () < 10 (4.8)

Assume that the radius R is given in (3.6). Then there exists to large so that Problem (4.1)
has a unique solution » = W(A\, &, N\, &, @), and, given o with 0 < o < a, there exist o satisfying

4.2), p in (3.6) and € > 0 small so that, for y; = m_s_j,
J Koy
£ g? )
(@, )] S ty° 0 + 7010y || oo ) (4.9)
ly;l* +1
j=1 '

and

RO
Veh(x,t)] < t° — 7 for i| < R. 4.10
| :BT;[)( )| ~ "0 ]2221 |yj|a+1+1 f |yJ| ( )

Here, and in what follows, we use the symbol < to say < C, for a positive constant C, whose

value may change from line to line, and which is independent of t and tg.
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To prove this result, we shall estimate, for given functions f(x,t), g(z,t), h(x) the unique
solution of the linear problem

Op =AY+ Ve + f(x,t) in Q x [tg, 00), (4.11)
w =g on 89 X [t(),OO), ¢(7t0) - h7
where the function V), ¢ is defined in (3.10). We assume that for a, 3 > 0 we have
k

-2, 8
it kgl
[l < MYy — Y ’ (4.12)

and denote by || f|« 3.2+q the least M for which (4.12) holds.
We have the following result.

Lemma 4.1. Assume that ||f||«p2+a < +00 for some B,a > 0, 0 < o < 1. Assume also
that ||h]| Lo () < +oo and |[sg(x, s)|| L @0x(tg,00)) < +00- Let ¢ = P[f,g,h] be the unique
solution of Problem (4.11). There exists § = 6(2) > 0 small so that, for all (x,t),

k
t=P (- _
W(az,t)\ S ”f”*,ﬁ,2+a ZW +e a(t to)”hHLoo(Q)—i—t ﬁHSﬁg”Lw(aQX(to,oo))a (4.13)
j=1 !
where y; = m;fj . Moreover, we have the following local estimate on the gradient
Vatp(z,t)] < ||f||*,6,2+az Wa for ly;l < R. (4.14)
i=1 i

Proof. We consider first the solution (g, h] to the heat equation

Oho = Athg  in Q x [tg,00), to=g on I x [ty,00), vo(-,to) = h. (4.15)
We let v(z) be the bounded solution of Av+1=01in  with v =1 on Q. Then v > 1 in
and the function

Blw,t) = (72070 hllow + 75| e o2 10,000 ) ()

is a supersolution of (4.15) provided that 6 = §(€2) > 0 is fixed sufficiently small. Then we
have |¢)g| < . The proof of (4.13) and (4.14) is thus reduced to the the case ¢ =0, h = 0.

Let q(|z]) = and let p(|z|) be the radial positive solution of

_ 1
1+[z[2 e

oo P
Ap+4g=0 inR", givenby p(r)= 4/ pgﬁ—)l / q(S)pn_ldp.
r 0

Then p(z) ~ in R™. If § is sufficiently small we have

1
1|z

0
Ap + |2p—|—2q<0 in R".

1+ |z

It follows that p(x) := 2?21 P <m;f9 ) satisfies, for a possibly smaller 4,

k
- 3 : _ 1 =&
Aap + Z,u xsz p+ 5Q§0 in R",  where q::E _2q<—J>
j
Hj
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Observe now that
‘Vu 3 | < Z ,Uj

as a direct consequence of the definition of the function V), ¢ given in (3.10). From the above
estimates, we obtain that for a given number 8 > 0 we have that the function ) (x,t) = 2t°p
is a positive supersolution of

1+|y|

O > A+ V,eh + 177
for t > ty, where % is fixed large enough. By parabolic comparison we then get
k

_ 1
[p(z,t)] St ﬁHfH*ﬁQmZﬁ
= + ly;]

Hence, (4.13) has been established. To get the gradient estimate in (4.14) we scale around
each point §; letting

vlat) =0 (200

where 7(t) = p;(t)™7, namely 7(t) ~ tz_:i, as t — oo. We choose and fix ¢y so that 7(ty) > 2.
Then 1 satisfies for |z] < op ! with sufficiently small &,

Oh = A+ az,t) - Voib + bz, )0 + f(2,7)

-2

where .
fz,7) = N?f(f] + :ujzvt(T))v
and the uniformly small coefficients a(z,t) and b(z,t) are given by
a(z,t) = [ujfigz + Epgl,  b(z,t) = Ve (&G + p52) = O(R™H(1 + [2)) ™

Our assumption in f implies that in this region

Fz7) S t(T)_B”f”*’ﬂ

1+ |z|2+e

while we have already established that

I I vy
97| S )P

Let us now fix 0 < n < 1. By standard parabolic estimates we get that for 71 > 7(¢g) + 2,
V(71 )i + IV0 (71, Mz (o)) S 191 £ (B0 (0) ¢ (1~ 1,m0) F 11 £ (Bao(0) x (71 —1,m)
St = D7 fllep2ra S )Pl p2tar

provided that 7 > 2. Translating this estimate to the original variables (x,t) we find that for
any t > c,to, for a suitable constant ¢,,

(R/’Lj)l+n [wa(t7 ')]anIORAj (53) + Rlu]”vl‘w(t7 )HLOO (B10RAJ- (53)) S.z t_BHfH*,B,2+O£' (416)

The use of a similar parabolic estimate up to the initial condition 0 at ¢y for 1 yields the
validity of estimate (4.16) and hence of (4.14) for any ¢ > to. The proof is complete. O

We have now the elements to give the
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Proof of Proposition J.1. .  We prove the existence of ¢ and the validity of (4.9).

Lemma 4.1 defines a linear operator 7" that to any set of functions f(x,t), g(x,t), and h(x)
associates the solution ¥ = T'(f, g, h) to Problem (4.11).

Define ¢1(z,t) = T(0, —uy, ¢, o). Using (2.26), (2.3) and (2.25), we get that, for any x € 02

n+2

Juj, e (2, 8)] S pg” (1)
Thus Lemma 4.1 gives that

n—2 n o
20n—4) n—4

1 (@, )] < e 7100 ||| ooy + t P po(t0)2 7, B =

The function v + 9! is thus a solution to (4.1) if ¢ is a fixed point for the operator
A() == T(f(%),0,0), (4.17)

where T is again the operator defined by Lemma 4.1 and

f(@)

k

J

k
2V, rVadj + 6;(Ae — O)njr] + Npe (7/’ +i > ¢~5]> + 5S¢
1 =1

We shall show the existence of a fixed point 3 for A using the Contraction Mapping Theorem,
for functions 1 so that

n—2 n o
2(n—4) n-—4

|¥]l«8,0 is bounded, with f =

(see (4.12)). To do so, we establish first the following estimates: given a € (0, 1), there exists
€ > 0 so that

n—2
T+0-

ko, -2
_ winet (1)

SO c(x, )] Sto© - 4.18
‘ u,E( )| 0 ; (1+’yj’2+a) ( )

k - b ()
Z[QV??]'7RV:¢¢]' +¢j(Az = )Rl | S |’¢Hn—2+07az Jﬁv (4.19)

and

< 2 2 ) k u»’zu;_?_?“(t)
~ - _ ||¢Hn—2+o‘,a+||¢”* a Z':ljli-?M if 7’L:5,6

oo o) s on) Zhe e

Wi T .

(1818 2o + I 5 o) by e i 27T,
(4.20)

Proof of (4.18). We recall (see (3.12)) that

k
2
Z’g - S/Sé- + Z(l B ?7]7R)S/J‘7§7.77
j=1
where ng and Sy, ¢ ; are given by (3.8) and (3.9), while n; g is the cut-off function introduced
in (3.5).
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Using estimate (2.27) and the result in Lemma 2.2, we see that, in the region |z — ¢;| > ¢,
for some ¢ > 0 small, for all j, SZ,& can be estimated as follows

k —2 7+U
S° < anz 2 n—4] < min(n—4,2)—a—o ’u]
150 (@, 0)| S o? (16 + 15 "] S molto) > AL it |y (EES)
]:1
Let us now fix j € {1,...,k}, and consider the region |z — ¢;| < J, for some 6 > 0 small.
Consequence of Lemma 2.2 is that
e Nn k M—2NO—+U
S t‘ 2 0 < t 2—a—0 J )

j:l
Observe now that (1 —nj;r) # 0 if |z — &;| > poR. Thus, in |z — ¢;| < J, we see that

_2 —+0
M]

k
0 =i S0 S (== 4 7)Y Gy

J=1

where we use the bounds (4.4)-(4.5) on A and &. Collecting the above estimates, we get the
existence of € so that (4.18) is valid.

Proof of (4.18).  Let us fix j, and consider first Vi, g - Vd;. We recall that ¢;(z,t) :=
,u (b] (x S t) see (3.4). Since we are assuming (4.7), we have

f / Z‘—f' L72+0'
~ (‘2 J‘) —n=2 |V, ¢, 77(‘3 21) [T
Vi V5) (0,t)] § —pe g 7 L g P N 62,
K ’ ’  Rpg; ° Ho Ry (1 Jyyftte) T
i g7
S 6ln-2v00 Y 7T wwa
n a]z::l (1 + |y]|2+a)
where we have used that (1+ |y;|) ~ R, y; = g , in the region where 7/(| fmﬁj |) # 0. Since
we are assuming a > «, we get
k k —2 5P+
~ IO
Z <V77j,Rv¢j) (z,8)] S Plln—2+0.a Z Jizm
> SN EED
j= j=
Let us now consider the term @(Aw — O0¢)nj,r- A direct computation gives
. (Rt l)| a2
(3380 = 0mi) (@.0)| S || 7 1o (4.21)
Ho
T =& z— &l . —n2
+ |1 < fio— 1o "6 ) (o T 1651
) (o =456 ) |17 1o
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We start with the first term in the right hand side of (4.21). Using again the definition of (5]-
and the assumption (4.7), we get

ne1r=¢; 11 T=&; 2to
TR D] o 1) < (707, " Il
R |0 Tl R | (A [yl
—92 —-l—a

[
N H¢||n—2+oa ’ 2
~ 5 -+ ’
jzzl (1+ [;2)

where we have used that (1 + |y;|) ~ R, y; = 5 , in the region where 7 (]x 53 ]) # 0. The
second term in the right hand side in (4.21) can be estimated as follows

r—&;
s 7' (| 2 D
70t (St = ' o (i
Ry, Rp pgR
k-2 5 T0

Ky o
S Nblln-2t0a D 77 e

Collecting the above estimates, we get the validity of (4.19).

o 2 losl S (G 2R+ py > R?) gy = |51

Proof of (4.20). Since p —2 > 0 only for dimensions 5 and 6, we get

k * -2 [ 2 2 e 2] . .
N y Uy, ¢ )P + + if n=5,6
N (w +ahr+ ) 77]}R¢j> S { (W™ |91+ [9a” + 2 sy .
j=1 > 15, RrG1P + [P + [P if n>7.
Consider then n =5, 6. Thus, we have
n—2
n 2420 k ,uj_2,u0 5

240 2
O 2 2ion S o RIS 2 A
1+| yj[2e) nTERa 1O o “]Zl(lJrlyjIz*“)

+o
(w2 s)?| 5

and also

126 Lottt

(P70 S ey [l s 2ea S VIS PR,
| € ‘ (1+ [y;]2) B2 +a ,Bu; (1 + |y;2t)

Consider now n > 7.

("2 +o)p koo "22+a
L 2+( o Hj
. < 0 p— 2 : J
and also
— k —2,-8
t B [y t
WP S s 11 oy S P VP01 —
(1 + Jy;[P™) 0,2+ Ba Z (1 + [y;[2t9)

j=1
and an analogous estimation holds for ¢. We thus get the validity of (4.20).
Define
={ ¥l pa < Mtg"},

where 3 = 2&—__24) + -2, and «, ¢ are fixed above. Moreover, M is a positive large constant,
independent of ¢ and t.
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For any 1 € B, we have that A(y) € B, as follows directly from (4.18), (4.19) and (4.20),
provided M is chosen large enough. Furthermore, for any 1, 1o € B, we get

M@W) = AP g0 < Ol =P g,

where C' is a constant, whose definition depends on tg, and it is less than 1, if ¢y is chosen
large. Indeed, observe that

AWD) = AWD) = T (Mg + 11+ 6™) = Nug(® + 61 +6™),0,0)
see (4.17), where

Nue @V +11+6™) =Ny (0@+pr+6™) = (e + 0@ + v +6") = (e + 0@ + 41 + ¢’

_p(uz’g)p—l [w(l) _ w@)} .
Thus we get

o) G e [ — P if n=5,6

Nug @ + 91+ 6™) = Nug(@® + 91 +0™)| < { > 1o P ) — )] it n>7.

In dimensions n = 5,6, we get

Nue(@® + 41+ ¢™) — Ny e (0@ + gy + ¢™)

-2, 8

_ nt2 pyt

S N8lln-2t0a 19" — P[50 R polte) = T (1 +]| ey’
=1 Yi

while in dimensions n > 7 we have

N + 91+ ¢™) = Npe (0@ + 41+ 6™)| S o0 4100 10 — @ 5.0 x
st

x RE7A0=Y () - IUZ 1+ [y;]77®)
j

J=1
There exists a choice of R of the form (3.6) for which we get that

14 ®) = AP p0 < ClY = P50

where C' < 1, provided g is large enough. Using the above estimates, we readily see that if
to is fixed sufficiently large, then the operator A defines a contraction map in the set B. The
existence result of the Proposition 4.1 thus follows, as well as the validity of (4.9). Estimate
(4.10) follows directly from (4.14).

O

Remark 4.1. Proposition 4.1 defines the solution to Problem (4.1) as a function of the
initial condition g, in the form of a linear operator v = W[y, from a small neighborhood of
0 in the Banach space L>(Q) equipped with the C* norm ||¢|| pe () + [ Viboll o) into the
Banach space of functions 1 € L>(Q) equipped with the norm |||« g , defined in (4.12),
with 6 = %~ 2+2)U, and 0 < a < 1.

A closer look to the proof of Proposition 4.1, and the Implicit function Theorem give that
U[yo] is a diffeomorphism, and that

19 [v0] — U]l p.a < ¢ [0 — 3l oo() + V45 — Vil oo )]
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The function 1 = ¥(\,¢, A&, ¢) solution to Problem (4.1) depends also on the parameter
functions A, &, A, &, and . Next Proposition clarifies this dependence. This is done by
estimating, for instance,

8¢\II()\7£7/\7£7¢)[¢_5] = aS\I’[qb_‘_ 3557)\76] =0

as linear operator between Banach spaces.
We have the validity of the following

Proposition 4.2. Assume the validity of the hypothesis in Proposition 4.1, Then, ¥V depends

smoothly on X\, £, ) , €, ¢, and we have, for y; = ;;)]]’
WU ENE QN (D] S g™ (O IO 140 Z’y]’aJrl ; (4.22)
. . — k 7L74
00 (N 6 A6, 9)E) (@, )] S g™ () 1€ 140 Z = ; (4.23)
= ’y]’ +1
L. . T
VA EAE DN @] S 67O B Olloses | 50 (420
7j=1
L . LI
100 (N 60,6, 0)E] (2, )] S to° > () 1€ |n-3+0 EZ: el | (4.25)
and
. . — — 2 +Cr
05T (A0, )@@, 1) < 157 [Blln—2+0.0 Z |- (4.26)
’?JJ’ +1

We refer to (4.3), (4.4), (4.5), (4.6), (4.7) for the definitions of the norms.

Proof. For notational convenience we denote the operator 9y ¥ (A, &, M€, 0)[@] by 05¥[@)]. Sim-
ilarly we denote by 9\W¥[A], O ¥[E], 05 \I’[)\] 0 \I’[ﬁ] the other linear operators.

We divide the proof on three steps, for the proof of (4.22)-(4.23), for the proof of (4.24)=(4.25),
and finally for the proof of (4.26).

Step 1. Proof of estimate (4.22).

Let us fix j = 1. For any Ay satisfying (4.4), the function W[\;] is a solution to Problem
(4.1). Differentiating Problem (4.1) with respect to A; we get a non linear problem, and
the Implicit Function Theorems ensures that the solution is given by 9y, ¥[\](z,t). If we
decompose Oy, U[\i](x,t) = Z1+ Z, with Z; = T(0, —(ahu;,g)[ﬂl], 0), where T is the operator
defined in Lemma 4.1, then Z is the solution to

0 Z =NZ+VyeZ + (O, Vie) My + 0y, [ ug(zp v ¢m)} ]+ 0y, (S9¢) ] in Q x [to, 00),
=0 on IN X [tg,00), U(tg,:) =0 in . (4.27)

Observe that Z?:1[2V77j, rV:0; + ¢ (Ay — 8y)n; k] is independent of \i, as follows from its
very definition.
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Using (2.26), (2.3) and (2.25), we get that, for any = € 9Q

|0x e (2, 1) [M]] S g (D) A (B)]
Thus Lemma 4.1 gives that

n—4
|Z1 (2, 0)] S po(t) 7 F7 po(to)* 7 (M (). (4.28)
To treat Problem (4.27), we start with the observation that
O [N (v +6™)| ) = p ()¢ + 6™~ = (w71 (2 + 21)
+ [(up e + ™ = ()P = (0 = 1)(up )P 20™] O g e[ Aa.
Thus, Z is a fixed point for the operator
AL Z) =T(f +p[(u e+ &™) = (uh )P~ Z,0,0) (4.29)
where
F=0x (Spe) D]+ (03, Vi) M) +p [(u) ¢ + ™) = (u) )P 1] 21
+ [ e +0™P T = (ug )P = (0 = 1)(ug, )P 20™] O e[ha].
We claim that, there exists € > 0 so that
_g "o
k M] 2#0 2

1@ )] S (t° + 10lln-2+0a) 15770 [ Mllieo Y (

- - 4.30
T+ 0,7 (4:30)

J=1

We start with the estimate of 0y, <Sﬂ7§) [A1]. In order to estimate this term, we shall under-

stand 9y, S(uy, f)[5\1] A direct differentiation in Ay of S(uj, () given in (2.29), implies that in
the region |z — ¢;| > ¢ for any ¢ = 1,...,k, we can describe 8>\15(u;5) as follows

Sl )] (1) = pd iy 11, €) M (1) (4.31)

where f is a smooth and bounded function of (, ug* pt,€). This is consequence of (2.25) and
the assumptions on the parameters A, £ given in (4.4)-(4.5).

Let us now fix j, and consider the region |z — ¢;| < 0. Using again (2.29), and a direct
differentiation, we get that

O, S (upy ) M@, 1) = Ox, S(upe) M@, 1) (1+ pof (8, 115" 1, )

where f is a smooth and bounded function. Now, a direct and explicit differentiation with
respect to A1 in expressions (2.5) and (2.6) gives that,

n+42

2n—2n—4 -

_ n - . . n—9 .
3A15(Uu,5)[A1](wat)=—§u1 ’ [ulZn+1(y1)+€1VU(y1)—E 55 M 2 H(z,q1) | M(t)

n

i (1Y Zar (1) + DU (1)) - %w
1

ko a2 n—2 p _n=2 n—=2
+p (D p P U@) - ® H@g)|  Onlpy 2 Uln) —p?® Hz,q)h(t)
=1

n—2

_n=2 p-1 _
—p(ul 2 U(yn) Oy T U Aa(t).
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A carefull analysis of the above terms, and taking into account the restrictions (4.4)- (4.5) on
the parameters A\, £, give

k n—4

, . w5y
00 S Pal(w O] £ 16770 s 2 R

This fact, together with the previous arguments gives the validity of

n—4
k

- 12 g
|00, S0 ¢, ) M| S b () Mo Y ( .
j

_— 4.32
T+ TP (32

We shall next estimate the remaining terms in f. A direct computation gives that

O Vl(et) = o= D[ (w072 = G = TP ) 03, (1 Ul

—2

+ 1—Zw (P00 Gy 2 Ul)| Ma(@).

_ n—2

n—2 _n=2
Since [Dx, (11, = Uy)| S po 'y 2 Uy)l, we get that

_ ”_*44_0-
& ,U-zluo2 (t)

| Ox Vi) e, O] S 1l o 57 (1) [N 1o Y (J

2 (1t [y
using that g = ) +-Z;. Thus, we get the expected estimate. In a very analogous way, we
can treat the term [( Z + gimyp=1 (uzé)*”"1 —(p— 1)(uz7§)7’_2¢m} (On,uj, ¢) |A1(t)|, and
get

(g + 6™ = (UZ,g)”_l —(p = D" Ol

+
My Noz (t)

1
Stoup 7 (@) Mo Z RN

j=1
Similarly one can also treat the last term p [(UZE + ¢imyp=t — (uzé)p_l] 71, and (4.30) follows
from (4.28).

We now go back to the fixed point problem (4.29). Arguing as in the argument of Step 1,
we can show that Aj, defined in (4.29), has a fixed point for functions in the set |Z(z,t)| <
4

M ,u1+°( t) Z§=1 g‘j?yj??) , for some constant M large and fixed. Indeed, Ay is Lipschtz,

with Lipschitz constant less than 1, provided R is chosen properly in terms of 9. The validity
of (4.22) for 0y, ¥[A] thus follows. The estimate in (4.23) on J¢W[{] can be obtained arguing
as before, with some small modifications.

Step 2. Proof of estimate (4.22). .
Let us fix j = 1. For any Ay satisfying (4.4), the function W[A1] is a solution to Problem
(4.1). Differentiating Problem (4.1) with respect to A; we get a non linear problem, and
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the Implicit Function Theorems ensures that the solution is given by 85\1\11[);\1](:17,75). Let
Z(x,t) = 0x,¥[\1](x,t). Then Z is the solution to
02 =DZ + Ve Z + 05, [NM (zp + qsmﬂ ]+ 85, (So¢) ] in Qx [fg,00),  (4.33)
=0 on I X [tg,00), P(tg,:) =0 in Q.
Observe that
05, [N (v -+ 6™) | ) = p[(ufe + ™)1 = (s, P 7] Z(a,1)
Thus, Z is a fixed point for the operator
AL(Z) =T (05, (Spe) ] +p [(upe + 0™ = (u),£)" 1] Z,0,0), (4.34)

Ky

where T' is the linear operator defined by Lemma 4.1 that to any set of functions f(z,t),
g(x,t), and h(zx) associates the solution ¢» = T'(f, g, h) to Problem (4.11). Now, a direct and
explicit differentiation with respect to A1 in expressions (2.5), (2.6) and (2.28) gives that,

05, 5w, () = py ° [Zn-i-l(yl) + 72u1 *H(z,q1 } M (
1)+ V) T ()
Thus we get
Ho - n—3+0 (4)||\ - '“j_2
95,5 (u ug)P\l](fE IS Tn—ia Mo ()H)\lHn_HU;W'

We now go back to the fixed point problem (4.34). Arguing as in Step 2, we can show that
A1 has a fixed point in the set of functions
_n—4 k

o Ho 2 1
1Z(,t)] g ") < .
0 Rn—4—a 32::1 (1 + ‘yj’a)

This concludes the proof of the first estimate in (4.24). The estimate in (4.25) follows after
we observe that

B, S(ule[E)(@, 1) = iy * [VU(y1) + V1 (y1, )] - 1],

from which we readily get

0%, S(u 1) S s Do s
J=1

Step 3.  Proof of estimate (4.26). Let us define Z(z,t) = 9,¢[¢](z,t), for functions ¢
satisfying (4.7). Thus Z solves

k
07 =D+ VieZ + Y [2Vn5rVas + 05(As — ) 1l (4.35)
j=1
+pl(uje + 9+ ¢ = (uf )P in Q x [to, 00),
=0 on 9N X [tg,00), U(tg,:) =0 in Q.
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. _n=2 _ _
where ¢;(z,t) := toj © b (w_g?,t>.

Hoj
Arguing as in the proof of (4.22), we can show that
72
k k
. . Cen T My ,Uo (t)
> 2V0rVads + 05(As = 3)miR]| S to%10lea | Y 7T e i) )7

= a=1 (1+1y

and also that

E g (1)
. o . o i ,uo t
[+ 0+ 677 = 05,0710 S 6ol 10150 + 16718 ] | 3 s
]=1
A direct application of Lemma 4.1 gives (4.26).
This concludes the proof of Proposition 4.1. O

5. CHOICE OF THE PARAMETERS A AND & IN THE INNER PROBLEM

Let ¢ = U[g, \, £, A, €] be the function in Proposition 4.1. After substituting ¢ = ¥[p, \, &, A, €]
into the inner problem (3.14), the full problem gets reduced to solving the following system
of equations for any j =1,... k,

15,0005 = Dyoj +pU )P bj + Hylp, N &, N €] (y,t), y € Bar(0), >t (5.1)
for j =1,...,k, where

n+42

Hy[o, A& 0,80y, 1) = 117 Spe i (&5 + 1ojys t) (5.2)
2 g Hoy
o] LU By (e + pogy.t) + Bilog) + Blo)
/J/‘] lu]
with Bj[¢;] and B;-)[qu] defined respectively in (3.15) and (3.16).
We next describe precisely our strategy to solve (5.1). Consider the change of variable,

=), =),

that reduces (5.1) to
aTqb] = Ay¢j + pU(y)p_1¢J + HJ [qb) >\7 57 ).‘7 g](y7 t(T))7 RS B2R(0)7 T > 70 (53)

where 7 is such that ¢(79) = to. This is to say
n—2
n—4
We shall construct a solution ¢ = (¢1, ..., ¢x) of the system
0rdj = Dy +pU(y)"~ 05 + Hjld, M, &, A €]y, t(7)), vy € Bag(0), 7>
¢y, 10) = €0;Zo(y), vy € Bar(0), (5.5)

for some constant ep;, and all j =1,... k.

n=2
tn—4 =

T. (5.4)

We will prove that the system of equations (5.5) is solvable in the class of functions ¢;
that satisfy (4.7), provided that in addition the parameters { and A are chosen so that the
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functions H;[¢, A, &, X, €](y, (7)) satisfy the orthogonality conditions

Hjlp, N &N E(y, t(7) Ze(y)dy = 0, for all ¢ >ty (5.6)
Bagr

forall j=1,...,k, £=1,2,...,n+ 1.

We recall that Z,(y), for £ = 1,2,...,n + 1 are the only bounded elements in the kernel of
the linear elliptic operator Ly. A central point of the proof is to design a linear theory that
allows us to solve system (5.5) by means of a contraction mapping argument. Thus for a large
number R > 0 we shall construct a solution to an initial value problem of the form

¢r = Ap+pU(y)’ "¢+ h(y,7) in Bag x (79, 00) (5.7)

¢(y,70) = €0Zo(y) in Bag.
Let
v=1+ % so that  pld =277 (t) ~ 17, (5.8)
thanks to (5.4), and define
[12]|s,a == sup sup 77(1 4 [y[*) [A(y, T)|. (5.9)

T>To yEB2R

The following is a central step in the proof.

Proposition 5.1. Let v,a be given positive numbers with 0 < a < 1, v > 0. Then, for
all sufficiently large R > 0 and any h = h(y,T) with ||h|,24+e < +00 that satisfies for all
j=1,....n+1

/B My, 7)Z;(y)dy = 0 forall T € (19,00) (5.10)

there exist ¢ = ¢lh| and eq = eg|h| which solve Problem (5.7). They define linear operators of
h that satisfy the estimates

Rntl-a
[o(y, ) S T_Vif;fﬁﬂﬁii'”huu2+a' (5.11)
and
leolh]] S NIRllv.2+a- (5.12)

This result is a consequence of the key Proposition 7.1 whose proof we postpone to Section
7, so that not interrupting the main thread of the proof. In order to apply this result we need
the orthogonality conditions (5.6) satisfied. In what remains of this section we shall choose
A, € as functions of a given ¢ in such a way that (5.6) holds. This is a system of coupled,
nonlocal, nonlinear ordinary differential equations. Next we show that the system is solvable
and admits a solution \ = M¢|(t), & = £[#](t), which satisfy the restrictions (4.4)-(4.5), for
any given ¢ satisfying (4.7). We shall see that the solution £ = £[¢] is unique, while A = A[¢]
has k degrees of freedom in a small neighborhood of a specific solution. This degree of freedom
is due to the presence of elements in the kernel of a linear operator in A, that also satisfy the
decaying conditions (4.4) and (4.5). At last, we show the Lipschitz dependence of A = A[¢],
¢ = ¢£[¢] on ¢, which is a crucial property to ensure the existence of ¢, solution to (5.5), and
thus to complete our construction.
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We use the notations

A1 (t) A(t) &i(t) &1(t) O
AE) = Az'(t) ) = )\2.(15) €(t) = 52:('5) Et) = §2Ft) =
() () 0 10 o

Let us first describe (5.6) when £ =n + 1.

Lemma 5.1. There exists a positive constant € > 0 so that (5.6) with { =n+ 1 is equivalent
to

LB PA= g Al (513)

. 1
A+ ;PTdiag (

where P is the k x k invertible matriz defined in (2.21) and (2.32), and the numbers G; > 0
are defined in (2.21). Moreover,

A& A 0)(t) = ug 7 (O (1) + 5" OIN &g~ N 2 (€ — @) g *70)()  (5.14)

where f = f(t) is an explicit vector function, smooth and bounded fort € [ty,c0), and O --|(t)
is a smooth and bounded function of t € [tg,00), and it has Lipschtz dependence with respect
to its parameters, in the sense that, for any t > tg,

O] — Oal(®)] S 157 |A(t) = Aa(t) (5.15)
M)~ BE)0)] S 157 [&(t) — &) (5.16)
and also
Ol N)(1) — Ol Xal ()] S 15 [Ma () = Do t) (5.17)
Olu & — @l(t) - Ol (& — DS t5° [&a(t) - &2(0), (5.18)
and
Ol ™7611() — ©lug =7 6a)(8)|< 17 161 = Gl (5.19)

Proof. Let o be the positive number fixed in (4.2). Let ¢ satisfy (4.7). Fix j € {1,...,k}.
We want to compute

; Hj[p, N &N €] (y, (7)) Zns1 (y)dy,
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n+2

where H; is given by (5.2). We start with me ,quT S, (& 4 pojyst) Zni(y) dy. We write

n+2

n+2 . 2
to; Sugi(& + pojyt) = (%) (103 S1(2, ) + AjbjSa(z,t) + 11 S3(2, )] ¢ 40y

n+2

N
- <%> poj [S1(&5 + tojy,t) — S1(§5 + sy, t)]
T
Hoj \ 2
+ m Ajbj [S2(&5 + nojy, t) — S2(&5 + wyy, t)]
T
Hoj \ *
+ m 1 [S3(&5 + pojy, t) — S3(&5 + iy, t)]
j
where
k
g — 5.z Z_fj _ n—4Uz_£j p—1 M\
1(2) = Aj Znya( , ) — g P (— ) Z ij i
J H i=1
. z—&; 1,2=&\ pe . n—2
S2(2) = f10Zp+1( '§J)+PU‘” 1(—“5])#0 S b H (g5 q5) + > (0id) T Glaiqy)
j j i%j
and
. z— & z—&i . n-2 n-2 L&
S3(2) :5j'VU(TJ)+pU(TJ)p e Ve H (g50) + > 07 i ° VaGlgg,a) ] ——2
J j i#j !

A direct computation gives
/ S1(&5 + 139) Znsa (y) dy = c1(1+ O(R*™™)A; + ca(1+ O(R™2))ug ™ > My,
Bar i#]
with ¢; and ¢ defined in (2.16),

So(&5 + wjy) Zn+1(y) dy = O(R—2 4 R_4+”)u8‘3(t)

Baopr

since by construction [o, S2(&; + 11jy) Zns1(y) dy = 0, and

S3(&5 + pjy) Znv1(y)dy =0

Bar
by symmetry. Since ’L—Oj =(1+ :—gj)_l, we get, for any £ =1,2,3
AL AL
[Se(&5 + pojy, t) — Se(& + iy, )] Znia (y) dy = g(t, —)A; + g(t, —)¢
Bog Ho Ko

)\ n— n— a
+g(t,%)2uo N+ L)

i
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where g denotes a smooth and bounded function, such that g(-,s) ~ s as s — 0, and f is

smooth and bounded. Thus we conclude that
n+2

1 2—1/ 22 ' 1<T- 1+o¢ )
c| —* - > S, eil& + pojy.t) 2y dy= | i+ - | P diag (——) P\
<uo]-> oy [t Swes(€t posy D ZninW)dy = |4y + g(——>) j
—e )\ \ < n—4,—¢ )\
Ho Ho

where ¢ is an explicit positive number, for functions g which are smooth in its argumets,
bounded and g(-,s) ~ s, as s = 0.

n=2 ) .
Nest we consider pu,’ (1 + M/\—Ojj)_2 S8 Up_l(%y)w(@' + 100;Y,t) Zn+1(y) dy. The princi-
pal part to describe is I := fBzR UP=Hy) (&5 + 10y, t) Zn+1(y) dy. Recall now that ¢ =
YA€ A€, ¢l(y, 1), Thus, we write

T = 1[0,4,0,0,0](q;. 1 / U () Zusa () dy

Bar

+ /B Up_l(y)Zn—i-l(y) (¢[07 q, 07 07 0](5] + Ho5Y, t) - 1)[)[07 q, 07 07 0]((]] ) t)) dy

+/B Up_l(y)Zn—l-l(y) <¢[)‘7£7>\7£7¢] - ¢[07Q7 07070]> (gj + Mij7t) dy
= Il + 12 + 13.

n-2, .
Thanks to (4.9), Iy = p? * to° f(t), for some smooth and bounded f. Applying the mean
n—2

value theorem to Is and using (4.10), we get that I = ,uOTJrU ty© g(t, %,5 —q), where g is a
smooth function with g(-,s,-) ~ s, and g(+, -, s) ~ s, as s — 0. Again the mean value Theorem

gives that, for some s € (0, 1),
I3 = /Bm UP~(y) Zns1(y) [Wﬁ[&q, 0,0,0][sA](& + pojy,t)
+ 9g1[0,4,0,0,0][s(&; — ;)& + pojy, ) + 95000, 4,0,0,0][sA] (& + pojy, t)
+0:0(0,4,0,0,0][s€]((&; + pojy. t) + 9p[0,4,0,0,0][s@) (& + pojy. 1) | dy.

Using (4.22)—(4.26), we can describe the above function as sum of terms of the form

n—4

U . . n—d4 .o
:u(] ° toef(t)()\+f)F()\,f,)\,£, qb)(t)’ /L02 t(]ef(t) (/\+£)F(/\7£7)\7£7¢)(t)7
where f is smooth and bounded, while F' denotes a non local, non linear smooth operator in

its parameters, with F'(0,¢,0,0,0)(¢) bounded.

Let us consider now the terms Bj[¢;] and BJ[¢;] defined respectively by (3.15) and (3.16).
We have that

/B By [63)(5:) Zu () dy = 15 | 1= ()400] (1) + &¢16)(1)|

and
/ B3]y ) Zuvg (4) dy = 1= 12+ (£) g(2o) €16 (2)
Bar Ho
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where £[¢](t) is a smooth and bounded function in ¢, and is a linear, and non local smooth
operator in ¢, while g(s) is a smooth function with g(s) ~ s, as s — 0.
Collecting the above information, we get the validity of (5.13).
]

Next we shall compute, for any j =1,...,k,

/B (oM 6.0 €]y, (7)) Ze(y)dy,

this time for £ = 1,...,n. This is the content of next Lemma, whose proof we leave to the
interested reader, being similar to the one performed in Lemma 5.1.

Lemma 5.2. Let us now fix j = 1,..., k. There exists a positive constant € > 0, such that
the relation (5.6) for £ =1,...,n is equivalent to

o n-=2 n-2
Mo i 0 €A € g)() = g 2(1) e [0 >Vl (g5.05) — D b;7 b7 VoGlgj0)]  (5.22)
i#]
+ g £ + 15" OIN & ph TN (€ — @) g BI()
prn ur—t %yl dy
2
A C
fj = fi(t) is an explicit n dimensional vector function, it is smooth and bounded fort € [tg, 00).
Furthermore, © has the same properties as described in Lemma 5.1.

where ¢ = and b; are the (positive) numbers defined in (2.19). The function

In summary: given o the positive number fixed in Proposition 4.1 and ¢ satisfying (4.7),
we have proved so far that solving

/B 6,0 €3, €l (0, H07) Zely)dy = 0, for ¢ to

forall j =1,...,k,and £ = 1,...,n,n + 1, is equivalent to solve in A and ¢ the system of
ODEs

A+ 1PTdiag (H2) PA=T0IN € 4,€,6](1)
(5.23)
gj:HZ,j[)US?)‘aSu(b](t)u ]zluak
where II;, and Il ; are defined respectively in (5.14) and (5.22).

We next prove that Problem (5.23) is solvable for functions A and & satisfying (4.4) and
(4.5).

Proposition 5.2. Let ¢ be such that (4.7) is satisfied. Then there exists a solution A\ =
Ao|(t), € = &[@](t) to the nonlinear system of ODEs (5.23), which satisfies the bounds (4.4)-
(4.5). Furthermore, fort € (to,0),

5 @ NB11(0) — Algal(8)|S 157 161 = B2l (5.24)
and

Hg (8)[€l61](0) = €loa)(8)| S 157 01 = b2l (5.25)
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Proof. Let h be a vector function with h : [tg,00) — R* with ||A||,—340 bounded. See (4.3)
for the definition of the norm. We select the solution of the linear system of ODEs associated
to (5.13)

.1 1+ 5.
At - PTding <%"4ﬂ> P = h(t) (5.26)
explicitly given by
V1 (t) 145, t o145,
At) = PTu(t), wv(t) = : . vi(t) =t 1 [dj +/ sn=i (Ph);(s)ds|, (5.27)
v (t) N
where the constants d;, j = 1,...,k are arbitrary. Observe that
6']‘70'

lio —Z=c ; =i
|’tn74)‘(t)|’L°°(to,oo) 5 tO " 4d+ ”th—3+0 and H)\Hn—i’)-‘ra S t() ! d+ ”th—3+07
where 0 < d = max;—;,__j |d;|.
Let A(t) = A(t). Thus (5.27) defines a linear operator £1 : h — A, which associates to any
h with ||h||n—3+s -bounded the solutions (5.27) to (5.26), that now takes the form

1+o >P/t°oA(s)ds:h(t).

J
n—4
This operator £ is continuous between the Banach spaces (Loo(tooo))k equipped with the
|+ lln—3+o-topology.
For any h, this time h : [tg,00) — R™, with ||h||;,—3+, bounded, we now select the solution
of the linear system of ODEs associated to (5.21), for j € {1,...,k},

1
A+ ZPTdiag <

. n=2 n-=2
& =uy () [V PVaH (gj,q5) — Y 0,7 b7 VaGl(gj,q:) ] + h(t) (5.28)
i#£]
explicitly given by
&(t) = €9(t) + / h(s) ds, (5.29)
t

where

n-2 n-2 00
) =qj+c [V} VaH (g q5) — Y b7 b, VmG(qg',qz')]/ pi~(s) ds.
i#j t
Observe that
_ltc  _lto . i
6t — gl St 1+t 1 |hllp—sse and  [|& = Ello S [hlln-3t0-

Let Z(t) = £(t) — €°(t), which is a n k-dimensional vector function. Thus (5.29) defines a
linear operator Lo : h — Z, which associates to any n X k-dimensional vector function h
with ||h|ln—3+s-bounded the solutions (5.29) to (5.28). This operator is continuous in the
| - [ln—3+o-topology.

Having introduced the linear operators £;, i = 1,2, we observe that A, £ is a solution to
(5.13)-(5.21) if A =\, 2= £ — €Y is a fixed point for the operator

(A,E) = A(A,2) (5.30)

where

A(M,Z) = (L1104, Z, ), £2(1[A,Z, 6])) = (A1(A, D), A>(A, D)
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with
“ o0 [e.9] R [e.9] o0
mAZ0) =T([ Ag+ [ 2AZ6), Mz -] A+ [ =AZ0)
t t t t
and TIIj, Iy defined respectively in (5.14) and (5.22). Let

K = max{[|flln-s+0; [l f1lln-3+0, - | frlln-340}

where the functions f, fi,..., fx are the ones in (5.14) and (5.22). We show that A (5.30)
has a fixed point (A, Z) in the set

B ={(A,E) € L®(to,00) x L=(to,00) : [[Alln-3+0 + |Elln-3+0 < cK},
for some ¢ > 0. Indeed, we observe directly from (5.14) that

n—34o

PR A AE)] S 1T [@lheon + K 6 WA s+ 1 IE oo
and from (5.22)

n

‘t 1 Ay (A, E)

S 19lln-2+0.a + K + to°[[Alln-3+0 + to " [=Elln-3+0-

Thus, for d with to_ "1d < K, and choosing possibly ¢ large, we have that A (B) C B. Let us
now check the Lipschitz condition for A. For instance, we have

ﬁl(]ﬁ[l [Ala 57 ¢] - ]jl [A27 Eu ¢])

n—3+o n—3+o

t n—4 ‘AI(A:ME) — Al(A275)| —t n4

n—

340
Sttt [L£1(O2(A1, E) — O2(A2, =)

L ou( [ A2 - el [ Az,a»\
t t

<ty °lIAL — A2|ln—3+0,

n—34o
e

as consequence of (5.15) and (5.17). Arguing with the same logic, one gets a similar estimation
for A1(A1,Z) — A1(Ag, E). Making use of (5.15)—(5.18), we get

|AALL L) — A(A2, Z2)|[n—3+0 < to ||A1 — A2ln—3+0-

Since t,°, A is a contraction, and a direct application of Contraction Mapping Theorem, we
get the existence of a solution for System (5.23), in the class of functions A and £ satisfying
(4.4) and (4.5).

Let us now fix ¢; and ¢, in the class of functions satisfying (4.7). The functions A =
Alg1] — Alga], € = E[¢1] — &[p2] solve the system of ODEs

1+5'j

}\+%PTdiag< 4>mzn1<t>, € =Ta(t), i=1,....k

where

_ n—2

(Hl (t))j = CPH; ?

iy / P (% ) [pl1] — 1)) (€ + pogys 1) Znsr () dy
Bar Hj

re(£0) 7 gt [ B0 - Blon] Zut

+C<ﬂ_¢> " [ B0, - B@n] Zua(w)dy
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and
(a0, = o™ i [ 0771 B ) = 010n] (& + oy )5
ro(20) 7 g [ o] - Bilea) 5w
re(£) w8l Bl Seay

Thus, the validity of (5.24) and (5.25) follows from (5.19).
O

Remark 5.1. Recall that the function ¢ = W[ig] solution to Problem (4.1) depends smoothly
on the initial condition gy, provided 1y belongs to a small neighborhood of 0 in the Banach
space L>®°() equipped with the C' norm, as observed in Remark 4.1. This fact implies that
also X = Mabol, & = &[to] solutions to (5.23) depends smoothly on 1pg. A closer look at the

definitions of X = Abo], & = &[tbo] gives that
M) = Ao S 1060 = 0l

and

€l = €6 Mo S I = 6 o).
6. FINAL ARGUMENT: SOLVING (5.5)

Let 1 = W[\, &, A, &, ¢] be the solution to the outer Problem (4.1) (or equivalently (3.11))
as described in Propositions 4.1 and 4.2, and let A = A[¢], and £ = £[¢p] be the solution to
(5.23) whose existence and properties are established in Proposition 5.2. Then u, ¢ + <;~5, with
¢ as in (3.3)-(3.4), is the expected solution to (3.1), as described in Section 3, if there exists
¢; solution to Problem (5.5) in the class of functions with ||¢[|,.. (see (5.9)), or equivalently
|0]ln—2+0.a (see (4.6)), bounded.

Proposition 5.1 states the existence of a linear operator 7 which to any function h(y, ),
with ||h]|,,q-bounded, associate the solution to (5.7). Furthermore, it states that this operator
T is continuous between L spaces equipped with the topologies described by (7.3). Thus,
the existence and properties of ¢;, solution to (5.5) are reduced to find a fixed point for

6= (61, 1) = As(9) i= (TULINE AL 0], o TN €A €, 0)))

in a proper set of functions. We claim that A3 admits indeed a fixed point in the set of

functions ||¢|/p—2+40.a < cty . To prove this, we claim that, for each j =1,...,k,
L M8_2+U
HjNE N E 6, ‘57&‘57 6.1
[0 & 0l(e.9)| 1% P2 (6.1)

for some a € (0,1), and

”H [¢(1 ] — [ ]”n 2+0,24a = t0€”¢ (2)Hn—2+07a- (6.2)
Estimate (6.1) is consequence of Lemma 2.2, (4.9), (3.15) and (3.16).
To get (6.2) we observe that

42 iy (1)

Sy, (&1 + 109, 8) = Sps 60,5 (EGi2 + B0y, D] S tg T4 e 160 = 6@ ln-210.a

(6.3)
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as consequence of (3.9), (5.24) and (5.25), where we have use the notation

wi=po?), &=¢0Y], =406, i=12
Furthermore, we have

n+2

pig] uilUH(—;‘jj YW1 + pojy.t) — M?,zUp_l(—Z;Z V822 + pojy, 1)
n—2+o
—< Mo ®) ) @
<poe A 72 — o.a 6.4
~ ‘0 1_’_’y‘2+a H¢ ¢ H ) ( )

as consequence of (4.22)—(4.26), where we use the notation
Finally, directly from the definitions (3.15) and (3.16) respectively, we have

) @1 < <l B @) @
8161 = Blo®]| £ 157" 167 = 0Pz (6.5)
and
011 BOro@n] < —cH0 ) ) )
‘Bj [¢ ] - Bj [¢ ]‘ 5 tO 1 4 ‘y’2+a ”¢ - ¢ ”n—2+a,a- (66)

Estimates (6.3)—(6.6) give (6.2).

Now using (6.1) and (6.2), one gets that A3 has a fixed point ¢, with ||¢||n—2+0,a < cty©, for
some positive constant ¢, provided the number p in (3.6) is chosen small enough. Authomat-
ically, this defines eq = (eq1, ..., eor), where e ; are the constants in the initial conditions in
Problem (5.5). Each constant eg; is a linear functions of Hj, eg; = eo;[H;[p, A, &, A, €]]. One

has that |egj| < ¢,°. This concludes the proof of the existence of the solution to Problem
(1.1), as predicted by Theorem 1. The proof is concluded. O

Proof of Corollary 1.1. We begin by some comments that carry interest in their own sake
and that are needed for the proof.

Let us observe that the construction of ¢ = (¢1,...,dx), and eg = (ep1, . . ., €ok) solution to
(5.5) is possible for any initial condition 1) to the outer Problem (4.1). We have the validity of
Lipschitz dependence of ¢ = ¢[tg], and ey = eg[t)p] in the C1()-topology. Indeed, Remarks
4.1 and 5.1 give that

leolts§) = ottt 1l < e [ — i i) + V" = Vol

for some fixed constant c. Moreover, as a consequence of the Implicit Function Theorem
the maps ¢[¢g], and eg[1g] depends in C'l-sense on vy in the C'(Q)-topology, thanks to the
corresponding dependence for ¢, A and &.

A second observation we make is that a slight change in the above proof allows to find an
interesting variation of our main result: There is a manifold of initial conditions indexed by
initial values of the parameters ;o and by the centers &;(tg), 7 = 1,...,k. In the proof we
can prescribe their initial values as the corresponding g;’s, letting freedom in the final points
&j(400) which in any case is close to the g;. We can achieve this by simply replacing the
operator (5.29) by the formula
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5() gj+c [bn 2V H qjvq] Zb
i

The consequence of this observation is the following. If we consider the initial datum in (1.1)
of the form

(q;,qz)]/t po2(s)ds.+ [ h(s)ds. (6.7)

to

k
ul-0) = uZy(-,0) + o — > eojtho] Zo;
j=1
where u, ((2,t) is the first approximation given by (2.26) with fixed £(0) = ¢ and p(0) = &

n—2
Zoj(x) = 5 TR <
in the form (1.12). )

Let us consider the following map defined in a small neighborhood of 0 in X = C1(().

—9;

), and 1 is sufficiently small, then w(x,t) blows-up at k points g;

k

F(o) =10 — Y _(eo;[tho] — €o;[0]) Zo,
j=1
so that F[0] = 0, F is differentiable and
k
Dlﬁo =h-— Z Dwoeoj Z(]j, h e X.
j=1
We have a k-bubble blow-up as t — +oo provided that
k
u(-,0) = u (-, Z ej[0]Zo; + g (6.8)
7j=1

where g = F[1y] for any small ). )
Let us assume that the vector space of the functionals in X D, eo;[0] has dimension k£ < k.
We write W = ﬂ?zl Ker (Dy,e0;]0]), so that Z is a space with codimension k. Indeed, we can

find k linearly independent functions ej such that
X=Wa< {61,...,615} > .
We consider the operator in a neighborhood of 0 in X given by

Glw+Y aje;) = > ajej+Fw), o eR, weW.

Then G is of class C'! near the origin, G(0) = 0 and D, G(0)[h] = h. By the local inverse
theorem, G defines a local C' diffeormorphism onto a neighborhood of the origin. For all
small g we can find smooth functions a(g), w(g) with

Zag Jej + F(w(g)) = g.

Thus the set M of functions F' [w], w € W can be described in a neighborhood of 0 exactly
as those g € X such that

a;(g) =0 for all j=1,...,k,
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in other words the space of g’s that satisfy k C'-constraints which in addition have linearly
independent derivatives at 0. This says precisely that M is locally a codimension k C-

manifold, such that if g in (6.8) is selected there, then the desired phenomenon takes place.
Selecting a k-codimensional submanifold of M, the result of the corollary follows. The proof
is concluded. O

7. LINEAR THEORY FOR THE INNER PROBLEM

The key linear ingredient in the proof above is the presence of the linear operator in
Proposition 5.1. This section will be devoted to prove that result, in its more precise form of
Proposition 7.1 below.

Given a sufficiently large number R > 0 we shall construct a solution to an initial value
problem of the form

¢r = A +pU(y)’ "¢+ h(y,7) in Bag x (70, 00) (7.1)

¢(y,m0) = eoZo(y) in Bag
which defines a linear operator of h, where ey = eg[h] is a constant that defines a linear
functional of h. No boundary conditions are specified, while suitable time-space decay rates
and orthogonality conditions are imposed on h. Let v > 0 be such that

g2 (1)

and a the positive number, less than 1, which was introduced in (4.7). The solution we build
has R-dependent uniform bounds in L*°-weighted norms of the type

1Bl := sup sup (1 + |y|*) [A(y,T)|-

T>To yEBap

= TV7

Also, for a function p = p(7) we denote

Iplly == sup 77|p(7)|.

T>T0

As we shall see, our construction involves solving the equation in different spherical har-
monic modes. Let us consider an orthonormal basis ©,,, m = 0,1,..., of L?(S"~!) made up
of spherical harmonics, namely eigenfunctions of the problem

Agn-10,, + Ap©,, =0 in S™71

so that
0:)\0<)\1:...:)\n:(n—1)<)\n+1§...

We have Oy(y) = ag and ©;(y) = a1y;, j = 1,...,n, for constant numbers oy and ;. In
general, all eigenvalues ), are of the form ¢(n — 2 + ¢) for a nonnegative integer /.
Let h € L?(Bag). We decompose it into the form

=S by 10w/, =1yl i) = / h(r6,7)0,(8) de.
Sn—1

7=0

In addition, we write h = h® + h' + h+ where

hO = ho(r,7), Zh r,m)0;, ht= > hi(r,m)O

j=n+1
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Consider also the analogous decomposition for ¢ into ¢ = ¢ + ¢! + ¢-. It clearly suffices
to build the solution ¢ of Problem (7.1) by doing so separately for the pairs (¢°, %), (¢!, h')
and (¢*, ht).

Our main result in this section is the following proposition.

Proposition 7.1. Let v, a be given positive numbers with 0 < a < 1. Then, for all sufficiently
large R > 0 and any h = h(y, ) with ||h||,2+q < +00 that satisfies for all j=1,...,n+1

/B h(y,7) Zj(y)dy = 0 forall T € (19,00) (7.2)

there exist ¢ = ¢lh| and eq = eg|h| which solve Problem (7.1). They define linear operators of
h that satisfy the estimates

R n+1l—a
’ S _V[ hou a+7 hlu a+7hu a]a 73
|¢(y 7—)| ~ T 1+ |y|n H || 2+ 1+ |y|n+1 || || 2+ 1+ |y|aH || 2+ ( )
and
leo[P]] S [|7]|v,2+a- (7.4)

Proposition 7.1 is a direct consequence of Proposition 7.2 below, to whose proof we will
devote most of this section. It refers to the following problem:

¢ =A¢p+pU(y)P o+ h(y,7) —c(1)Zy in Bag x (10,0) (7.5)
#(y,0) =0 in Bap

Proposition 7.2. Let v, a be given positive numbers with 0 < a < 1. Then, for all sufficiently
large R > 0 and any h with ||h||,24+q < +00 and satisfying the orthogonality conditions (7.2),
there exist ¢ = ¢lh] and ¢ = c[h] which solve Problem (7.5), and define linear operators of h.
The function ¢[h] satisfies estimate (7.3), and for some v > 0

C(T) - / hZO h — ZO / hZO
Bor Baopr

Proof of Proposition 7.1. Let us derive Proposition 7.1 from Proposition 7.2. Let us write

oy, 7) = ¢1(y, 7) +e(7) Zo(y) (7.7)

where ¢; is the solution of Problem (7.5) predicted by Proposition 7.2. Assuming that e €
C* ([9,0)) we find

0rp = Ap +pUP~ )+ h(y,7) + [/ (1) = Noe(T) — () | Zo(y).

At this point we make the natural choice of e(7) as the unique bounded solution of the
equation

ST R + e R Rl 20 - (7.6)

v,2+a

e(t) — Xoe(r) = (1), 7€ (79,00)
which is explicitly given by
e(r) = / exp(v/Ao(7 — 5)) e(s) ds.
The function e depends linearly on h. Besides, we clearly have from (7.6),

el < llelly S 777 lRllv2+a-
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and thus, from the fact that ¢; satisfies estimate (7.3), so does ¢ given by (7.7). Thus ¢ satisfies
Problem (7.1) with initial condition ¢(y,79) = e(70)Zo(y). The proof is concluded. O

We devote the rest of the Section to prove Proposition 7.2 which is at the core of the proof
of our main results.

7.1. The slow-decay solution. As an intermediate result to establish Proposition 7.2, we
shall consider Problem (7.5) in which the decay in space variable is relaxed to any positive
power and no orthogonality assumptions on h are made. Instead we shall impose a zero
Dirichlet boundary condition. For h = h(y, ) we consider the initial-boundary value problem

¢r = D¢+ pU(y)P "¢+ h(y,7) — e(T) Zo(y) in Bar X (10,00) (7.8)
qb =0 on 8B2R X (7—0700)7 ¢('77—0) =0 in B2R-

Our principal result in this subsection is the following

Lemma 7.1. Let v > 0 and 0 < a < 3. Then, for all sufficiently large R > 0 and any h with
|h]ly,q < 400 there exists ¢ and ¢ which solve Problem (7.8) which define linear operators of
h and satisfy the estimates

[o(y,7)| S
—v Rn_ze%uho”ma R”%th\\u,a H%Hhuu,a 17 ]]va ] (7.9)
L+ [y|n—2 e N O 3 7]
where
1 ifa>2 1 ifa>1
0% ={logR ifa=2, Oh={logR ifa=1 (7.10)
R?>=® ifa <2, R'=% ifa <1,
and for some v > 0
c(T)—/ hZo| < 177 [9% h—ZO/ hZo |+ e "hllval- (7.11)
Bar Bar v,a

The proof requires technical ingredients which we will establish in Lemmas 7.2 and 7.3
below. We will make use of the following basic, key lemma regarding the quadratic form
associated to the linear operator Ly = A + pUP~1,

Q6,9) = / V61 — pUPYf2] (7.12)

The next result provides an estimate of the associated second L2-eigenvalue in a ball Bog
with large radius under zero boundary conditions.

Lemma 7.2. There exists a constant v > 0 such that for all sufficiently large R and all
radially symmetric function ¢ € H(Bag) with fBZR ¢Zy = 0 we have

RZ_Q/B 6> < Q¢,9). (7.13)

Proof. Let Hg be the linear space of all radial functions ¢ € H&(B2 r) that satisfy the orthog-
onality condition | Bon ¢Zy =0, and

we=int{ Q6.0) ) oc He [l =1},
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A standard compactness argument yields that A\ is achieved by a radial function ¢r(x) =
Yr(r) € Hp with [ Ban ¢% = 1, which satisfies the equation

Lolér] + Ardr = crZy in Bag, ¢r=0 on OBapg, (7.14)

for a suitable Lagrange multiplier cg. We have that Az > 0. Indeed, the radial eigenvalue
problem in R"

Lo[y] + X =0, ¢'(0) =1(+o0) =0 (7.15)
where

Lol =+ TR 4 pU Py

has just one negative eigenvalue, as it follows from maximum principle, using the fact that
Lo]Z] = 0 with Z = Z,, 41, and the fact that this function changes sign just once. It follows
that the associated quadratic form must be positive in H'(R")-radial, subject to the L*-
orthogonality condition with respect to Zy. This implies A\g > 0. Thus, to establish (7.13),
we assume by contradiction that

Agp =0o(R*™) as R — +oo. (7.16)
Let x be a smooth cut-off function with
x(s) =1for s <1and x(s) =0 for s > 2. (7.17)

Testing (7.14) against Zo(y)ng(|y|) where nr(s) = x(s — &), we get

CR/ Zing = Or[ZoAng + 2VnrY Zy).
Bar Bar

Since [|¢rl[12(B,,) = 1, it follows that, for some o > 0, cgp = O(e=?f). On the other hand,

again using that ||¢r| r2(p,,) = 1, standard elliptic estimates yield that |[¢r||re(B,s) < 1-

Let us represent ¢r(z) = ¥g(r) using the variation of parameters formula. The function
YR satisfies the ODE

Lolr] = hr(r), r€(0,R), ¥xr(0)=vr(R)=0 (7.18)
where hr(r) = —ArYr(r) + crZp(r). Furthermore, it is uniformly bounded in R.

For Z = Z,, 41, we consider a second, linearly independent solution Z (r) of this problem,
namely £y[Z] = 0, normalized in such a way that their Wronskian satisfies

1

rn—l'

Z'Z(r)—Z27Z'(r) =

Since Z(r) ~ 1 near r = 0 and Z(r) ~ r>~" as r — oo, we see that Z(r) ~ r>~" near r = 0 and
Z(r) ~ 1 as r — oco. The formula of variation of parameters then yields the representation

T 2R
Vr(r) = Z(r) /0 ha(s) Z(s)s" s+ Z(r) | ha(s) Z(s)s"Lds — AgZ(r)  (7.19)

T

where Ap is such that ¢r(2R) = 0, namely
2R

Ar = Z(2R)"'Z(2R) hr(s) Z(s)s" ! ds.
0
We observe that [|hgl[z2(p,,) S Ar + e~“%. Then we estimate

< NZl2mom 1he 22 (Bon) S Ak + €72 L2 (Byp)

/T hr(s) Z(s)s"Lds
0
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and
2R

hr(s) Z(s)s" Vds| < RZ(Ag+ e 7F).

T
Hence we have for instance,

JARZ | 12(Byr) S R °Ar+ € TN ZN 12(Byr)-
and estimating the other two terms we obtain at last, thanks to (7.16),
I9Rll2(Bym) < B*Ar+ ¢~ 7)1 Z|| L2(8y5) - (7.20)

At this point we notice || Z|[ f2(gn) < +o0c. This, the fact that Ap = o(R?>~™) and relation (7.20)
yield that |[¢r||z2(p,,) — 0. This is a contradiction and estimate (7.13) is thus proven. [

Baopr

We let x(s) be a smooth cut-off function as in (7.17). We consider a large but fixed number
M which we will fix later independently of R and define x/(y) = x(Jy| — M). Let us consider
the auxiliary problem, for a general h(y, T),

¢r = A¢+pU(r)P" (1 = xar)d + h(y,7)  in Bag x (19,00) (7.21)
(25 =0 on aBgR X (TQ,OO), ¢(,O) =0 in BQR,
By standard parabolic theory this problem has a unique solution, which defines a linear

operator of h.

Lemma 7.3. Let ¢.[h] denote the unique solution of Problem (7.21). If M is fized sufficiently
large, then the following estimate holds, provided that 19 was chosen fized and sufficiently large,

1+7r)* ifa>2
(o[PS 777|Rllve {  log R ifa=2 (7.22)
R?a if a < 2.

Proof. Let us consider the problem

Lm[g] + =0, ¢(0)=0=g(R), (7.23)

where

w, o n—1, -1

Lulgl = 9"+ ——¢ +pU"" (L = xum)g-

We observe that the function g (r) = Z,11(r) ~ r>~™ is an exact solution of £(g;) = 0 for
r > M +2. Let us assume that M is chosen so large that ¢} (M +2) < 0, g1 (M +2) > 0. Since,
for r < M + 2 ¢, must extend as a linear combination of a constant and the fundamental
solution of the Laplacian, we conclude that also gy (r) ~ 72~" as r — 0. The second linearly
independent solution g with g2(0) = 1 is constant up to M and then continues, converging
to a positive constant as r — 0o. So go(r) ~ 1 for all r. The variation of parameters formula
expresses then the unique solution of Problem (7.23) as

R dp P ga(s)s"tds
= . 7.24
o) =) [ 00 [T (7.24)

Then letting

o(r,7) = 2||h|[vam"g(r)
and choosing 7y sufficiently large in terms of R, we see that ¢ is a positive supersolution of
Problem (7.21). By parabolic comparison we then have |¢.[h]| < ¢. Finally, directly checking
the asymptotic behavior of formula (7.24), estimate (7.22) readily follows. O



46 C. CORTAZAR, M. DEL PINO, AND M. MUSSO

The Proof of Lemma 7.1.

Construction in the radial case. We shall first solve Problem (7.8) in the radial case,
h = ho(r), where ||hol|y,o < +00. Let us consider the function

ho = ho — co(T)Zo, co(T) = hZy

Bar
and let ¢, [l_zo]~ be the solution of (7.21) as in Lemma 7.3, which is of course radial. Setting
¢ = d«ho] + ¢ and c(1) = co(7) + &(7), Problem (7.8) gets reduced to solving

br = Db +pU(r)P~'¢ + ho(r,7) — &(7)Zy  in Bag x (70,0) (7.25)
(520 on 8B2RX (T(),OO), (Z;(-,TQ):O in BQR.
where .
ho = pUP™ X a1 [ho].
The most important feature of ho is that it is radial, compactly supported with size controlled
by that of hg. In particular we have that for any m > 0,

1hollm, < 116 [Rolllo, (7.26)
We shall next solve Problem (7.25) under the additional orthogonality constraint

G(.7)Zy = 0 forall 7€ (r9,00). (7.27)

Bar
Problem (7.25)-(7.27) is equivalent to solving just (7.25) for ¢ given by the explicit linear
functional ¢ := ¢[¢, hy] determined by the relation

c 2= ho(-, T 5(-,7)Zp. .
&(r) /Bm 7 _/BQR ol )Zo+/aBQR8,¢(, VZo (7.28)

Since Zo(R) = O(e~"!) for some v > 0, the dependence in ¢ of this functional is small
for instance in an L>®-Cl+o 5" setting. This implies that standard linear parabolic theory
together with a contraction argument apply to yield existence of a unique solution to (7.25)-
(7.27) defined at all times. Next we shall elaborate further on explicit estimates on ¢. Crucial
in this endeavor is the mild coercivity estimate for the quadratic form ) in Lemma 7.2. To
get the estimates, smoothness of the data can be assumed so that integrations by parts and
differentiations can be carried over, and then arguing by approximations. Testing (7.25)-(7.27)
against ¢ and integrating in space, we obtain the relation
0. #+Q@a=[ g g=h-cln)z
Bar Bar
Using the estimate in Lemma 7.2 we get that for some v > 0,

~ ’Y ~ n—
- »* + Tn3 / <R 2/ J°. (7.29)
Bog Bsog Bop
We observe that from (7.28) and (7.26) for m = 0 we get that
GO <77 (164 ho)lloy + e Vb0 |

Besides, using again estimate (7.26) for a sufficiently large m, we get

_ ~ 2
[ 5 [16uGolo + e R19,0l0.]
2R
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Using that (5(, 70) = 0 and Gronwall’s inequality, we readily get from (7.29) the L?-estimate
16C, D2y S 7RTIK, K= |[llow + e Vyblloy | (7.30)

for all 7 > 79. Now, using standard parabolic estimates in the equation satisfied by (5 we
obtain then that on any large fixed radius M > 0,

16C, Ty S 7 VRVEK forall 7> .

~

Since the data in the equation has arbitrarily fast space decay, we can dominate the solution
outside Bys by a barrier of the order 77¥|y|> ™. As a conclusion, also using local parabolic
estimates for the gradient, we find that

Vyd(y, ) + oy 7| S TVRPK [y
thus from the definition of K we finally get

~ - _, Rv2 -
IVyo(y, )l + 1oy, T)| S 7 WII@ [holllo,- (7.31)
It clearly follows from this estimate, inequality (7.26) and Lemma 7.3 that the function
$°1h") = & + ¢ulho (7.32)
solves Problem (7.8) for h = hy and satisfies
Rn—2 0 0
S 70l v
|¢0(y77)| ~ T 1_’_’y‘n_2 RH || )

with 0% given in (7.10). Finally, from (7.28) we see that we have that
o(r) = / hZy + / pUP xaidulho] Zo + O(e )[R,
Bar Bar
From here and applying again Lemma 7.3 we find the validity of estimate

r — Z, hoZo

Baopr

c(T) — ho Zo

S| o
Bar

+ e hollv,al-

v,a

Hence estimates (7.9) and (7.11) hold. The construction of the solution at mode 0 is concluded.

Construction at modes 1 to n. Here we consider the case h = h' where
n
h(y,7) = Z hj(r,7)0;.
j=1

The function "
¢ 1] =" ¢i(r,7)6;. (7.33)
j=1

solves the initial-boundary value problem
¢r = Ad+pU(y)’ "¢ +hi(y,m) in Bag x (7o, 00) (7.34)
¢»=0 on dBsR X (19,00), ¢(,70) =0 in Bapg.

We shall estimate this solution. The functions ¢;(r,7) solve

6T¢j = El[qb]] + hj(rvT) in (07 2R) X (To, OO) (735)
0r9i(0,7) =0=¢;(R,7) forall 7€ (r9,00), ¢;(r,70)=0 forall re(0,R),
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where
 — . 8T¢j (bj p—1 ..
ﬁl[(]%] = rr¢] + (Tl — 1)T — (Tl — 1)7‘_2 —|—pU(7‘) Qb]. (736)
Let us assume that [|h;||q,, < +00, so that
()] < 7R aw (14 7) 7
Let us consider the solution of the stationary problem
Lifg]+ (1 +7)""=0

given by the variation of parameters formula

B 2R 1 p L
QSr:Zr/ 7/ 1+s)7%Z(s)s" "ds
(r) = Z(r) = 0( )2 (s)
where Z(r) = w,(r). Since w,(r) ~ r1=" for large r, we find the estimate
- R"0}
< R
B0 S T,

where 9}3 is precisely the number deﬁned_in (7.10). Then, provided that 79 was chosen
sufficiently large, the function 2||h;l|,, 7" ¢(r) is a positive supersolution of Problem (7.35)
and thus we find

_, R}
657 S T TR
Hence ¢'[h!] given by (7.33) satisfies
R"6}
1171 R 1
h*1(y, S ———2—||hlaw-
S S

so that estimate (7.11) is satisfied by this function

The case of higher modes. We consider now the case

h=ht= " h;(r)e;
Jj=n+1
and the problem
¢r =A¢+pU(y)’ '¢+h™ in Bap x (79,00) (7.37)
qb =0 on 8B2R X (7—07 OO), ¢('77—0) =0 in B2R7
whose solution has the form
ot = > ¢j(r,7)e,
j=n+1

Our first claim is that for ¢ € H}(Bag) we have the coercivity estimate for the quadratic
form (7.12)

r

’(bl’z < 1 1
5 S Q0. 97) (7.38)
Bar
Indeed, we can decompose

Qe 0T =c > Qj(¢5,¢))

j=n+1
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where
2R 2 1.2 w2 1
/ J— p—
Q0) = | [|¢| i Yy ] Py
0

and pj = £(n — 2+ () for some ¢ > 2. It follows that

2R
Q)(63:61) 2 Quor. ) + (1) [ % -ty (7.30)

7‘2

But we have, Q1(¢;,¢;) > 0. In fact, writing ¢; = w,1); we get the identity

2R
Q1(d5:;) = /0 W2 w2y > 0

Hence, after addition of the terms in (7.39) we get

g, |2 _ |2
Qo*,¢t) > Z/ = _C/BQR 5

j=n+1

and thus estimate (7.38) holds. Let ¢.[h'] be the solution in Lemma 7.3. Then Px [h*] only
has components in spherical harmonics ©; with j > 2. By writing ¢ = ¢.[h] + ¢, Problem
(7.37) reduces to solving

(57- = A<5+pU(y)p_1<z~5 + il in BQR X (T(),OO) (740)
(52 0 on 8B2R X (T(),OO), (Z;(-,TQ) =0 in BQR,

where
h=pU(y)"~ xada ],
for a sufficiently large M. Arguing as in (7.29) we now get

~ 2 ~
o [ dvef s e (7.41)
Bop Bor ‘y’ Baor

Similarly to (7.30), using the estimates for in Lemma 7.3 we get

o™ oG 2 (Bory S 7 ORIl (7.42)
where 0% is defined in (7.10). From elliptic estimates we then get that

HQ;('?T)HL‘X’(BQR) S T_VH%HhJ_Ha,y- for all 7> 9,

~

so that with the aid of a barrier we obtain

6y, 7)< T ORINA (1 + y))*™
It follows that the function
¢t (h) = & + ¢u[h] (7.43)

satisfies

ot )y, )l S T [OR (L DT (L gD ] 1A oy in Bag.
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Conclusion. We simply let
$[n] == " [n%] + ¢'[A'] + ¢* [h]
for the functions defined in (7.32), (7.33), (7.43). By construction, ¢[h] solves Equation (7.8).

It defines a linear operator of h and satisfies the conclusions of Lemma 7.1. The proof is
concluded. 0

Proof of Proposition 7.2. As in the proof of Lemma 7.1 we decompose h in modes,
h=h?+h' + ht,

WO =ho(r,7), h'=> hi(r,1)0;, ht= > h(r,7)6;
j=1 j=n+1
and define separately associated solutions of (7.5) in a decomposition ¢ = ¢° 4 ¢! + ¢+.

For a bounded radial h = h(|y|) defined in Bygr with fBZR hZy+1 = 0 the equation
AH +pUP™'H + ho(ly]) =0 inR", H(y) =0 as |yl — oo

where h designates the extension of hg as zero outside Bag, has a solution H =: Ly L[n]
represented by the variation of parameters formula

H(r) = Z(r) / h(s) Z(s)s" tds+ Z(r) / h(s) Z(s)s" tds (7.44)
where Z = Zni1(r), and Z(r) is a suitable second linearly independent radial solution of
Lo[Z] = 0.

If we consider a function hg = ho(|y|,7) defined in Bar with ||holl2te, < 400 and

fBzR hoZn+1 = 0 for all 7, then Hy = Lgl[ho(-, 7)] satisfies the estimate
[Holla,w < [170]l24a,0-
Let us consider the boundary value problem in Bsp
O, = A® +pU(y)P'® + Ho(lyl,7) — co(T)Zo in Bag x (70,0) (7.45)
® =0 on dB3g X (19,00), @(-,79) =0 in Bsg.

Invoking Lemma 7.1 we find a radial solution ®[hg] to this problem, which defines a linear
operator of hg and satisfies the estimates

T—VRn—2 5
) < —————R“7Y|H, 7.46
oy S 17 = [[Hollv,a (7.46)
where for some v > 0
co(T) — HoZo| < 777 [RQ_Q Hy— Zy HoZy + €_VR||h0Hu,2+a]- (7.47)
Bar Bir v,a

At this point we observe that since Lg[Zy] = A\oZp then

N | HoZo= | HoLo[Zo) = /

Bar Bar Bar

LO[HO] Zo + / (Z()@VHQ — HQ@VZO),
0B32r

and hence

HyZy = )\51 / ho Zo + O(G_VR)T_VHhOHZJra,u-

Bsog Bar
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Also, from the definition of the operator L ! we see that Zy = AoLg 1[Z0]. Thus

Ho—Zo | HoZo| = ‘ Ly! [ho ~ NZo HOZO]
Bar v,a Bar v,a
S |[ho — Zo hoZo + e holly2va-
Bar v,2+a
Let us fix now a vector e with |e] = 1, a large number p > 0 with p < 2R and a number

71 > 79. Consider the change of variables
D,(2,t) == B(pe+pz, 11 +p°t), Hy(z,t) = p*[Ho(pe+pz, 11+ pt) —co(m1+ p*t) Zo(pe+pz) .
Then ®,(z,t) satisfies an equation of the form
0P, =A, 0,4+ B,(2,t)®, + Hy(2,t) in B1(0) x (0,2).

where B, = O(p~?2) uniformly in B2(0) x (0,00). Standard parabolic estimates yield that for
any 0 < a <1

”vzq)pHLw(B%(O)x(lQ)) S @l zoe(B10)x(0,2)) + 1Hpll Lo (B, (0)x (0,2)) -
Moreover

IHpll oo (Bro)x0.2) S 22T I Hollaws 1 ®pll o (51 0)x(02)) S 71K (p)

where
Rn_2 2—a||1,0
K(p) = pn_QR 177 |lv,a (7.48)

This yields in particular that
pIVy@(pe,m 4+ p%)| = [V(0,1)] S 7K (p).
Hence if we choose 19 > R?, we get that for any 7 > 275 and |y| < 3R
L+ 1y IVy@(y. 7)| S 7 "K(|yl) (7.49)

We obtain that these bounds are as well valid for 7 < 279 by the use of similar parabolic
estimates up to the initial time (with condition 0).

Now, we observe that the function Hy is of class C! in the variable y and ||VyHol|144,0 <
|h%]|24a,- It follows that we have the estimate

L+ lyP) |Dyey, 7 < 77K (|y)

for all 7 > 79, |y| < 2R. where K is the function in (7.48). The proof follows simply
by differentiating the equation satisfied by @, rescaling in the same way we did to get the
gradient estimate, and apply the bound already proven for V,®.

1+ [yP)D*®(y,7)| + (1 + [y)|Ve(y,7)| + |®(y,7)]

0 RTL—[I
N ——— in Bsp.
~ T H ”2+a,u1 T ‘y’n_g mn D2Rr
This yields in particular
0 Rn—a
Lo[®](-,7)| < 77Y||h ——— inB
[Lo[®](,7)| S 77 ||2+w1+|y|n 2R

We define
¢°[ho] = Lo[®]

Bar
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Then ¢°[hg] solves Problem (7.5) with

e(1) == Aoco(T). (7.50)
#°[ho] satisfies the estimate
Rn
0 —v —a
h < h wy———— Bsop. 5l
197 Thol(y, T)I S 7" Roll2+4, 1+‘y’nR in Bag (7.51)
and from (7.47), estimate (7.6) holds too.
The construction for modes 1 to n. We consider now
Wy, ) =Y hi(r,7)0,
j=1
with ||h!]|,.24a < +oc that satisfies for all i = 1,...,n
/ h'Z;=0 forall 7€ (r,00). (7.52)
Baogr

We will show that there is a solution
- y
o' [n'] = _0i(r,me;(-)
j=1

to Problem (7.5) for h = h!, which define a linear operator of h' and satisfies the estimate

Rn+1 .
6" (v, 7)| S WR IAllv,24a- (7.53)

The construction is similar to that of ¢°. Let us fix 1 < j < n. For a function h = h;(r)©;(%)
defined in Bag, we let H = Ly '[h] := H;(r)0;(£) be the solution of the equation
AH +pUPT'H 4+ h;0;, =0 inR", H(y) =0 as |yl — oo

where l~1j designates the extension of h; as zero outside Bap, represented by the variation of
parameters formula

2R
Hi(r) =w.(r /
i(r) (r) 3
If we consider a function h/ = h;(r,7)©; defined in By with [/ |[244, < +ocand [ hZ; =
0 for all 7, then H; = Ly [h/(-,7)] satisfies the estimate
[Hjllaw < hll2+a-
Let us consider the boundary value problem in Bsp
O, = AP+ pU(y)P'® + H;(r)0;(y) in Bsg x (10,00) (7.54)
®=0 on 833}{ X (T(),OO), (I)(-,TQ) =0 in BgR.

Invoking Lemma 7.1 we find a solution ®;[h] to this problem, which defines a linear operator
of h; and satisfies the estimates

1

n—lwr

BE /OO hj(s) wy(s)s" ' ds
p

T—I/Rn

|2 e Ml (7.55)

‘(I)j (y7 T)
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Arguing by scaling and parabolic estimates, we find as in the construction for mode 0,

Rn-i-l—a
LI S 7 Iblasns e i Bon
We define
¢jlhy] = L[] -
Then ¢;[h] solves the equation (7.5) and satisfies
R+l

|¢j[hj](ya7')| S T_V‘|hj||2+a,uWR_a in Bog.

We then define

n

&' [h'] =" ¢;[h;]0;. (7.56)

j=1
This function solves (7.5) for h = h!' and satisfies
Rn+1

0. S T Il e T B i Ban (7.57)

Higher modes. Now, for
h=nt= )" hi(r)e,
j=n+1

we let ¢ [h*] be just the unique solution of the problem
¢r = Ad+pU(y)" "¢+ h"  in Bag x (19,0) (7.58)

¢:O on 8B2RX (T(),OO), (25(-,7'0):0 in BQR,
which is estimated, according to Lemma 7.1 as

It law
L+ [yl

6 [y, ) S 7 n Bap. (7.59)

Conclusion. We just let
$[h] == " [h%] + ¢'[A'] + ¢* [n]

be the functions constructed above. According to estimates (7.51), (7.57) and (7.59) we find
that this function solves Problem (7.5) for ¢(7) given by (7.28), with bounds (7.3) and (7.6)
as required. The proof is concluded. ]
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