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Abstract

We study W' P-estimates of inhomogeneous second order elliptic operator of diver-
gence form with Robin boundary condition in C! domain. For any p > 2, we prove that a
weak reverse Holder inequality holds which in turn provides the W1P-estimates for solu-
tions with Robin boundary condition, independent of «. As a result, we are able to show
that uniform W1P-estimate holds for all p € (1,00). Moreover, this shows precisely that
the solution of Robin problem converges strongly to the solution of Dirichlet problem in
corresponding spaces when the parameter o tends to oo.

1 Introduction and statement of main result

This paper is concerned with the second order elliptic problem of divergence form with
Robin boundary condition

div(A(z)V)u =divf + F in Q,
ou (1.1)

—t+au=Ff-n+g on I’
on

in a bounded domain (open, connected set) Q in R with f € L?(Q),F € L"®(Q) and

1
g € W »P(I'). Here m is the outward unit normal vector on the boundary, A(z) = (ay(z))
denotes an n x n matrix with real-valued, measurable, bounded entries with uniform ellipticity
condition:

1
plé)? < ap(z)ér& < p|§|2 for all p,& € R™ and some p > 0.
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The conormal derivative g—;‘t is defined as

o
on M 0x; b

We want to study the well-posedness of the problem (1.1), precisely, the existence, uniqueness
of weak solution of (1.1) in W1P(Q) for any p € (1,00) and the bound on the solution,
uniform in «. Proving the existence of a unique solution is not that difficult, assuming o« > 0
a constant or a smooth function, using the standard Neumann regularity results. Also a < 0
corresponds to the Steklov eigen value problem (for a recent survey on this topic, see [5]
and the references therein). So our main interest is to obtain some precise estimate on the
solution, in particular some estimate uniform in c.

Note that, formally, & = oo corresponds to the Dirichlet boundary condition whereas
a = 0 gives the Neumann boundary condition. In both Dirichlet and Neumann cases, we
have the estimate of the solution. And so for the Robin problem as follows:

Julbwrsy < Cl) (@) + 1oy + Wllys- g )
But the continuity constant depends on « whereas the constant in Dirichlet estimate has no
«. So it is natural to expect at least for large «, we may obtain « independent bound of the
solution of problem (1.1). That is, if we let o tend to oo, we precisely get back the solution
corresponding to Dirichlet problem. The case when « goes to 0 is relatively easier to handle
(though not trivial) assuming the compatibility condition of Neumann problem.

The article [1] discusses the Robin boundary value problems for arbitrary domains which
gives some generalized result on well-posedness. Among the vast literature on Robin boundary
value problem and various related questions to study, we did not find any reference concerning
the question of precise dependence of the solution on the parameter « in the existing literature
so far, even for Laplacian. So here is the main result of our article.

Throughout this work, the following assumption on « will be considered which we do not
mention each time:

ae ™) and a>a, >0 onl (1.2)
where t(p) defined by
t(p) =2 if p=2
tp)=2+e if 3<p<3,p#2 (1.3)
t(p) = % max{p,p'} +¢ otherwise

where € > 0 is arbitrary, satisfies t(p) = t(p’).

Theorem 1.1. Let Q be a C' bounded domain in R3, p € (1,00), f € LP(Q), F € L"®P(Q)
1
and g € W™ »P(T) with

3 .

e if p>3
r(p) = § any arbitrary real number > 1 if p= %

1 if p< %



Then the solution u € WYP(Q) of (1.1) satisfies the following estimate:

lulbwrso < Cotsta) (Il + 1oy + ol 3oy) (1)

where the constant Cp(£2, o) > 0 is independent of a.

Note that, with above estimate result, it is trivial to show that the solution of the Robin
boundary problem (1.1) converges strongly to the solution of Dirichlet boundary problem in
the corresponding spaces as « goes to oo. To prove the above theorem, we first obtain the
result for F' = 0, g = 0 for p > 2 and then for p < 2 using duality argument; And finally
for F' #£ 0, g # 0. The main tool in the proof for p > 2 is a weak reverse Holder inequality
(wRHI) satisfied by the solution of the homogeneous problem, which we show in Lemma
2.4. Note that for Lipschitz domain, the weak reverse Holder inequality is only true for
certain values of p, even for Dirichlet boundary condition. It was first proved by Giaquinta
[4, Proposition 1.1, Chapter V] in the case of Dirichlet condition, on smooth domain. wRHI
in the case of B(x,r) C  follows from the classical interior estimate for harmonic functions.
But in the case when x € I', some suitable boundary Holder estimate is required. In the case
of Neumann problem and for general second order elliptic operator, the proof of wRHI has
been done in [3, section 4] in Lipschitz domain; Whereas the sketch of the proof for Neumann
problem in smooth domain has been given in [7, pp 914].

We obtain the similar result for H*-bound (on Lipschitz domain) for s € (0, 3) in Theorem
2.10 and W?P-estimate (on Ch! domain) in Theorem 3.1.

2 Related results and Proof of Theorem 1.1

To prove Theorem 1.1, we start with studying the existence result. Note that, we consider
here only the case n = 3 for the sake of clarity but all the results are true for n = 2 as well
and the exact same proofs follow with the necessary modifications.

Theorem 2.1 (Existence result in WP (),p > 2). Let Q be a C' bounded domain in

R3 and p > 2. Then for any f € LP(Q), F € L"P(Q) and g € W_%’p(f‘), there ezists a
unique solution u € WHP(Q) of Problem (1.1).

Remark 2.2. Note that for p = 2, Q Lipschitz is sufficient to show the existence of solution
u € HY(Q).

Proof. It is trivial to see that u € W1P(Q) is a solution of (1.1) iff u € W1P(Q) satisfies the
following variational formulation:

Vo € Wl’p/(Q)7 /A(a:)Vu-Vgo—i—/au o= /f-ch—/Fcp + (9, ¢)p (2.1)
Q r Q Q

where (-,-)p denotes the duality between WP (") and WP ,(F). Note that the boundary
integral fr au @ is well defined. For p = 2, the bilinear form

Vou, o€ H(Q), a(u,p) :/A(x)Vu-ch—i-/augp
Q r

3



is clearly continuous. Also, due to the ellipticity hypothesis on A(z) and by Friedrich’s
inequality and the assumption a > a, > 0 on I', we may have

a(u,u) = /A(m)Vu-Vu—F/oAu\2 > C(ax) Hu”%ﬂ(ﬂ)
Q r

which shows that the bilinear form is coercive on H'(€2). And the right hand side of (2.1)
defines an element in the dual of H!(Q2). Thus, by Lax-Milgram lemma, there exists a unique
u € H(Q) satisfying (2.1). So we obtain the existence of a unique solution of (1.1) in H(€2).

Now for p > 2, since LP(Q) — L?*(Q),L"®)(Q) — lﬁ/SazyvV‘%JXIv < H~3(T') and
LYP)(T) < L2(T'), there exists a unique u € H'(Q) solving (1.1). It remains to show that
u € WhHP(Q).

(i) 2 < p < 3. Since u € H'(Q) < LYT) and a € L***(T'), we have au € L% (T") where
L— 14 2_41ra But using the Sobolev embedding L% (I") < W_ﬁ’pl (T') with py = 3¢1 (since

q1
. 1 2 1+ 1
le. —=-|-
P1 3\4 2+¢)’

@ > 3)
Neumann regularity result (cf. [8]) implies u € WhP1(Q) since Q is C!. If p; > p, we are
done. Otherwise, u € W1P1(Q). Hence, u € L1 (T") where

1
as p1 < p < 3. Then au € L%(I') where q% =14 ﬁ But, L®2(T') — W »2'"*(I") with

p2 = 542 i.e.
12 yF1 1+ 1\ 2/ 2 1+1
pr 3\4 24e 2 24¢) 3\2+4e 2 4

If po > p, then as before, we have v € WHP(Q). Otherwise, u € WHP2(Q). Proceeding
similarly, we get u € W1Pk+1(Q) with

1 2(ktl ko1
Pre1 3 \2+e 2 4)°

(where in each step, we assumed that p; < 3). Now choosing k = |1 — 1| + 1 such that

£
Pk+1 > 3 > p (where |a] stands for the greatest integer less than or equal to a), we obtain

u € WhHP(Q).

(ii) p > 3. From the previous case, we obtain u € W13(Q) which gives u € LI(T) for

1
all 1 < g <oo. But o € L%p+E(F) implies au € L%p(F) — W™ »P(T'). Therefore, using same
reasoning as before, from the Neumann regularity result, we get u € WHP(€Q) . [ |

Next we discuss the estimate of the solution of problem (1.1) for p > 2 with F' = 0 and
g = 0, independent of a.



Theorem 2.3 (W1P () estimate, p > 2 with RHS f). Let Q be a C' bounded domain
inR3, p>2 and f € LP(Q). Then the solution uw € WYP(Q) of (1.1) with F =0 and g = 0,
satisfies the following estimate:

[ullwe) < Cp(Q, ) | Fllze) (2.2)
where the constant Cy(§2, o) > 0 is independent of a.

The proof of the above theorem is very much similar to that of Neumann problem [3],
once we have the wRHI. Since Q is C!, there exists some o > 0 such that for any zy € T,
there exists a coordinate system (2, 23) which is isometric to the usual coordinate system
and a C' function v : R? — R so that,

B(zo,70) NQ = {(2',23) € B(wo,r0) : 23 > h(z') }
and
B(zg,m9)NT = {(w',xg) € B(xg,19) : x3 = w(a:’)} .
In some places, we may write B instead of B(x,r) where there is no ambiguity and

aB := B(x,ar) for a > 0. Before proving the above theorem, we need the following lemma.

Lemma 2.4. Let Q be a C' bounded domain in R® and p > 2. For any B(x,r) with the

property that 0 < r < @ and either B(x,2r) C Q or x € T', the following weak Reverse

Holder inequalities hold:
(i) if B(x,2r) C Q,

1/p 1/2

5[] osels [ ower (2.3)

r3
B(z,r) B(z,2r)

whenever v € HY(B(z,2r)) satisfying div(A(z)V)v = 0 in B(z,2r).
(ii) if v €T,

1/p 1/2

1 1
5[ WPeweprt| <clm [ (P eIvep) (2.4
B(z,r)N B(z,2r)NQ

whenever v € H'(B(x,2r) N Q) satisfying

div(AV)y =0 in B(z,2r)NnQ
g—fl—kav =0 on B(z,2r)nl.
The constants C > 0 in the above estimates are independent of .

Proof. The proof of the weak Reverse Holder inequality for Robin problem follows the similar
argument as for the Dirichlet problem, established in [1].



case(i) : 2B C Q.
Since v satisfies the equation div(A(z)V)v = 0 in 2B, we can have the following Caccioppoli

inequality,
_ 1
/'V”'2<—/'” ~ )
2B

for some constant C' > 0 independent of o. Now using the following Sobolev-Poincaré in-
equality, for any v € WHP(Q), p > 1,

<

_ ~ 1
0=l ) < Ol 7= 17 [ v
where p* is the Sobolev exponent, we obtain,

wol2< [ vof
7"2
B 2B

with ¢ = 6/5 (this value comes from the dimension n = 3). Upon normalizing both sides, we
can write,

2/q

1/2 1/q
1 1 _
= N el A
B 2B

Here note that in R3, |B| = ¢r3. Then setting g = |Vv|? and ¢ = 5/3 = 2/§, we have,

q

1 1

ﬁ/gng T—g/g
B 2B

Hence, [4, Proposition 1.1] with f = 0 and # = 0 implies

1/2+¢ 1/2
1 2+ 1 2
T—3/|W| c <c ﬁ/|W|
B 2B

for some € > 0. Applying [4, Proposition 1.1] a finite number of times, we obtain (2.3).

case(ii) : z €T.
The proof is very much similar to the above interior estimate. First we want to prove a
Caccioppoli type inequality for the problem (2.5) up to the boundary. For that, let n €
C2°(2B) be a cut-off function such that

0<n<1l, »n=1 onB and ]Vn\gg.
r

Now multiplying (2.5) by n?v and integrating by parts, we get,

/ AVv -V (n*v) + / an*v? =0
2BNQ 8(2BNN)



which yields,

i / n?|Vol? + / an*v? < /n2A(x)Vfu'Vv+ / an?v? = =2 / noVu -

2BNQ2 2BNI° 2BNQ 2BNI" 2BNQ

Using Cauchy’s inequality on the right hand side, we obtain,

1
/|Vv|2772+ / an?v? <2 1 / 772|VU|2—|-4 / v2|V77|2

2BNN 2BMT 2BNQ 2BNQ
Simplifying the above estimate gives
/ |Vo|?n? + / an*v?* < C / v?|Vnl?,
2BNQ 2BNT 2BNQ
which yields the Caccioppoli-type inequality, up to the boundary,
Vo2 2 Vol2n2 2,2 c 2
|Voul® + av® < [Vo|*n* + anvt < -5 v°.
BNQ BN 2BNQ 2BMT 2BNN

But we also have,

HUH%F(BFWQ)SC /|VU|2+/U2 < Clay) /|VU|2+/ow2

BNQ BAl BNQ BT
Hence, using (2.6), we obtain,
2/q
[erswepy < €52 [ up<CG [ [ gz oy
BNQ 2BNQ 2BNQ

with ¢ = 6/5 so that (§)* = 2. Thus,

2/q
1 C'(o 5
5 [ Gty <S5 [ ok 4wy
BN 2BNQ
2/q
1 N
—Cla) |5 [ (P o+ 7opy?
2BNQ

Now if we set,
) = (Jv]? + |Vv[?)7/2 if ye2BNN
=0 it ye2B\0

and ¢ = 2/4, we obtain,
1 1
g/gqé(?(a*) T—g/g
B

7

V.

(2.6)



Once again [4, Proposition 1.1] with f = 0 and € = 0 implies, for some ¢ > 0,

1/q+e 1/q
1 1
a+e q
T_g/g <C ﬁ/g
B 2B
1.€.
1/q+e /2
1 2 2\(g+e)i/2 1 2 2
5 [ (P +1Vel) <O\ ([ol” + [Vv]7)
BNQ 2BNQ
or equivalently, for some s > 2,
1/s 1/2
1 1
5 [ wPawery) <ol [ ok vep)
BNQ 2BNQ
Now repeating [4, Proposition 1.1] finite times, we get (2.4) which ends the proof. [ |

We also need the following lemma which is proved in [3, Theorem 2.2].

Lemma 2.5. Let Q be a bounded Lipschitz domain in R® and p > 2. Let G € L*(2) and
f e LYQ) for some 2 < q < p. Suppose that for each ball B with the property that |B| < (|9
and either 2B C Q or B centers on I', there exist two integrable functions Gp and Rp on
2B N such that |G| < |Gg|+ |Rp| on 2B N and

1/p
1
- - P
12BN Q] / |
2BNQ
1/2 1/2 (27)
1 2 1 2
< - -
<\ ramm J 167 )+ ey J
~¥BNQ B'NQ
and
1/2 1/2
1 1
— Gpl|? < C e — 2 2.8
,QBQQ‘QBAJ oF) <o ‘B’“Q’B/ZQ i 2
where C1,Co >0 and 0 < 5 <1 <. Then we have,
1/q 1/2 1/q

1 / 1 ) 1
o fler) <ol fier] (g [ (29)

1€ €2 1€

Q Q Q

where C' > 0 depends only on C1,Co,n,p,q, B, and ).

Proof of Theorem 2.3. Given any ball B with either 2B C € or B centers on I, let
p € C°(8B) is a cut-off function such that 0 < ¢ <1 and

B 1 ond4B
L 0 outside 8B



and we decompose u = v + w where v, w satisfy

div(A(z)V)v = div(pf) in

2.10
@ +av=pf -n on I’ ( )
on
and
div(A(z)V)w =div (1 — ) f) in Q
2.11
g—:+aw:(l—cp)f-n on I 211)
Multiplying (2.10) by v and integrating by parts, we get,
/A(:E)Vv . Vv+/a|v|2 = /gof -V
Q T Q
which gives
1
Vvl p2) < ;H‘P.fHLQ(Q)- (2.12)
and since a > a, > 0 on I,
ol @y < O ) [ IVolizegey + [ alol | < €@ lofla Vel
r
This yields the complete L?-estimate
ol ) < O o) llofllz2o)- (2.13)

(i) First we consider the case 4B C ). We want to apply Lemma 2.5 with G = |Vul|,Gp =
|Vu| and Rp = |Vw|. It is easy to see that

|G| < |G|+ |RB|

Now we verify (2.7) and (2.8). For that, using (2.12) we get,

Qa
2 2 * 2
ysz/’ sl = \23\/’ \2Bmm/’v’ —\2Bmm/‘ 7|

C(92, aw) 9
|SBmQ| / ]

8BNQ

where in the last inequality, we used that [8B N Q| < |Q|. This gives the estimate (2.8).
Next, from (2.11), we observe that div(A(z)V)w = 0 in 4B. Hence, by the estimate (2.3)

(using 2B instead of B), we have
< [ 1vuP
=\ Bl
4B

1
([ o
2B

1/p 1/2



which implies together with (2.12),

1/p 1/2
1 1
ag [ 1Rsl | = \43\/ Ve
2B 4B
1/2 1/2
1 2 1 2
< N -
<c |43|/|W| + |4B|/|W|
L 4B 4B
1/2 1/2
1 9 1 2
<C|— Ol —
<c Mm/rer .0 | g5eg / 7]
4B 8BNS

This gives (2.7). So from Lemma 2.5, it follows that

1/q

1/2
1 1 1
o / v <@ || g / Vil )+ | e
Q

for any 2 < ¢ < p where C,(2) > 0 does not depend on «.

Because of the self-improving property of the weak Reverse Holder condition (2.3), the
above estimate holds for any ¢ € (2,p) for some p > p also and in particular, for ¢ = p, which
clearly implies (2.2).

(ii) Next consider B centers on I'. We apply Lemma 2.5 now with G = |u| + |Vu|,Gp =
|v| + |Vu| and Rp = |w| + |Vw|. Obviously, |G| < |Gp|+ |Rp| and again by (2.13),

1 1 1
- G 2 ~ 2
’2309‘2349 Gl” < ‘2BQQ’2B49 (Jv[* + |VU| ) < ‘QBHQ’ ||U||H1(Q
C(Q, aw) 9
|2BmQ| /’ U

C(Q, aw) 9
|8BmQ| / £

8BNQ
which yields (2.8). Also w satisfies the problem

Aw =0 in4B N

8_w+aw: on4BNT.
on
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So by estimate (2.4) and (2.12), we can write,

1/p
1
- - p
12BN Q) / |
2BNQ2
1/p
1
< | gprg [ (ul+ VD)
2BNQ
1/2
1 2 2
< [
¢\ rgrg [ (k9w
4BNQ
1/2 1/2
1 1
<C 2 2 / 2 2
<c||ggrg [ WP+ | gmg [ ()
41BN 41BN
1/2 1/2
<o L / | +o@an [ —L— / £
- 14BN Q| T I’8BN Q|
4BNQ 8BNS
which yields (2.7). Thus we have,
1/q 1/2 1/q
o [+ v | <c@an | [ [l aver) g [
o) =G oy o)

for any 2 < ¢ < p where Cp(£, oy) > 0 does not depend on a. This completes the proof
together with the previous case. |

The next proposition will be used to study the complete estimate of the Robin problem
(1.1). The result is not optimal and will be improved in Proposition 2.8.

Proposition 2.6 (W1P(Q) estimate, p > 2 with RHS F). Let Q be a C' bounded
domain in R3, p > 2, and F € LP(Q). Then the unique solution v € WP(Q) of (1.1) with
f =0 and g =0, satisfies the following estimate:

[ullwir) < Cp(€, o) [|F ] Lr (e (2.14)
where the constant Cp(£2, o) > 0 is independent of a.

Proof. The result follows using the same argument as in Theorem 2.3 and hence we do not
repeat it. |

Proposition 2.7 (W1P(Q) estimate with RHS f). Let Q be a C* bounded domain in
R, p € (1,00) and f € LP(QY). Then there erists a unique solution u € WLP(Q) of (1.1)
with F'=0 and g = 0, satisfying the following estimate:

[ullwrr@) < Cp(Qs 0u) [[fllLr @) (2.15)

where the constant Cp(£2, o) > 0 is independent of a.

11



Proof. The existence of a unique solution and the corresponding estimate for p > 2 is done
in Theorem 2.1 and Theorem 2.3 respectively. Now suppose that 1 < p < 2. We first discuss
the estimate and then the existence of a solution.

(i) Estimate I: Let g € C$°(Q2) and v € W' (Q) be the solution of div(A(z)V)v = div g
in Q and g—fl +av=0onTI. Since p’ > 2, from Theorem 2.3, we have

ol < Col€an)llgl -

Also if u € WHP(Q) is a solution of (1.1) with F' = 0,g = 0, using the weak formulation of
the problems satisfied by v and v, we have

!f-Vv:/g~Vu

Q
which gives,

| / g-Vul < Ifllo@ V0l 0y < 1F Lm0l o
Q

and hence,

| Jo Vu-g|
[Vullr@) =  sup fﬂi

H H < CP(Q7O‘*)HfHLP(Q)
0£geL¥ (@) 191lLr' (@)

(ii) Estimate IT: Next we prove that

lull e () < Cp(2, )l FllLe(o)- (2.16)

For that, from Proposition 2.6, we get for any ¢ € LPI(Q), the unique solution w € Wl’p'(Q)
of the problem
div(A(x)V)w = ¢ in

0
—w+ozw:0 onTI
on

satisfies
ol ) < Col ) 1l -

Therefore using the weak formulation of the problems satisfied by v and w, we obtain,
/ugpz/udiv(A(:n)V)w:—/A(az)Vu-Vw—l—/ug—Z :—/f-Vw
Q Q Q T Q

which implies

| Jou ¢l
oo = s 92 < 0,00 10
o£peLr (@) 1PN Ly ()

This completes proof of the estimate (2.15).

(iii) Existence and uniqueness: The uniqueness of solution of (1.1) follows from (2.15).
For the existence, we will use a limit argument. Let {f} € C5°(2) such that

fr— f inLP(Q)

12



and uy, € W' (Q) be the unique solution of

div(A(z)V)ug = div fi in Q

o (2.17)
il + aur =0 onT
on

Note that uj, € W1P(Q) since p’ > 2. Also from (i) we have,

[urllwre) < Cp(, au) || frllLe @)
and
lue — wllwrr@) < Cp(Q, o) [k — fillLe (o)
Thus it follows ug —u; — 0 in WHP(Q) as k,1 — oo i.e. {uy} is a Cauchy sequence in W1P((Q).
Then as W1P(Q) is a Banach space, there exists u € W1P(Q) such that

up — u in WHP(Q)

satisfying
[ullwrrie) < Cp(€, ) [ Fllpeo)-
Clearly u also solves the system (1.1). |

Proposition 2.8 (W1P(Q) estimate with RHS F). Let Q be a C' bounded domain in
1
R3, p e (1,00), F € I'P(Q) and g € W »P(I"). Then the solution u € W'P(Q) of the

problem
div(A(z)V)u = F in Q

ou (2.18)
— tau=g on T’
on
satisfies the following estimate:
lulbwrsoy < Cotst) (IF sy + ol 3o, ) (219)

where the constant Cy(£2, o) > 0 is independent of a.

Proof. 1t suffices to prove the estimate since the existence and uniqueness of u follows from
the same argument as in Proposition 2.7.

(i) Estimate I: Let f € C5°(Q) and v € W' (Q) be the weak solution of div(A(z)V)v =
div f in © and g—z 4+ av =0 on I'. By Proposition 2.7, we then have

||U||W1,p’(g) < Cp(QQ*)HfHLp’(Q)-

Also, if u € WHP(Q) is a solution of (2.18), from the weak formulation of the problems
satisfied by u and v, we get

Q/f-Vu:Q/A(a;)Vu-Vv—l-F/auv:—Q/Fv—|—<g,v>r.

13



This implies

[ £ 9ul < 1P Moo @ + 190,y ol

< @) (IF ey + ||guW%,pm> .

since ﬁ = 1% —1= G ( yy for p > 3 and WP (Q) < L®(Q) when p < 3. Thus,
[Jo Vu- £|
IVullr) = sup < Cp(, ) | IF | prar oy + 9l 3 -
e 0£FELP' () ”fHLP’(Q) 8 e woP(D)

(ii) Estimate II: Next we prove the following bound as done in (2.16):
lullzsioy < Gyt (IFlsrioay + ol 3, ) (2:20

except that we do not need to assume p < 2 here as in (2.16). For any ¢ € L (Q), there
exists a unique w € W% (Q) solving the problem
div(A(z)V)w = ¢ in

a—w—i-aw:O onI'
on

and satisfying
ol < Col@ )l -

(For p < 2 the above estimate can be proved by the exact same argument as in Proposition
(2.7)). Finally we can write,

/ugp /qu—/Auw w + gw:/Fw—<g,w>F
Q

r

which yields as before

lullzsioy < Cotst ) (1Pl + ol 3, )
and thus we obtain (2.20). [ |

Proof of Theorem 1.1. Let u; € WHP(2) be the weak solution of

div(A(z)V)u; =divf in Q
% +auy=f-n onl
on
given by Proposition 2.7 and us € WHP(Q) be the weak solution of
div(A(z)V)ug = F in Q
al +auy=¢g onl

on

given by Proposition 2.8. Then w = wu; + u9 is the solution of the problem 1.1 which also
satisfies the estimate (1.4). [ |

14



Next we prove uniform H* bound for s € (0, 3).

Proposition 2.9. Let Q be a Lipschitz bounded domain in R3, g € L?(T") and « is a constant.

Then the problem
div(A(z)V)u =0 in €
ou (2.21)
— tau=g on T’
on

has a solution u € H%(Q) which also satisfies the estimate

]3¢ < CEO gz (222

Proof. A solution u € H'(2) of the problem (2.21) satisfies the variational formulation:

Yo € HY(Q), /A(x)Vu-ch—i-/aucp:/gcp.
Q r r

Multiplying the above relation by a and substituting ¢ = u, we get

a / A(@)Vu - Vu+ oul2 g = a / gu < N9l 2oy ol 2y
Q N

and thus
laull 2y < llgll2 -

Now from the regularity result for Neumann problem [6, Theorem 2], we obtain

lull 3 o) < CEDlg — aull 2y < CED gl

which gives the required estimate. |

Theorem 2.10 (H*(2) estimate). Let ) be a Lipschitz bounded domain in R?, s € (0, 1)

and « is a constant. Then for g € Hs_%(l“), the problem (2.21) has a solution v € H'T5(Q)
which also satisfies the estimate

lull sy < CO gl -y )

Proof. We obtain the result by interpolation between H'(2) and H 2 () regularity results in
Theorem 2.1 and Proposition 2.9 respectively. |
3 Estimate for strong solution

Theorem 3.1 (W?2P () estimate). Let Q be a CH' bounded domain in R3, p € (1,00) and
1
a be a constant. Then for F € LP(Q) and g € Wl_i’p(f‘), the solution u of the problem

Au=F i €,

ou (3.1)
— tau=g on T’
on

15



belongs to WP(Q) and satisfies the following estimate:

lulhweso) < Gyl (1P +lalys 3 32)

where the constant Cpy(£2, o) > 0 is independent of a.

Remark 3.2. We can in fact show the existence of u € W27p(Q) for more general «, not

1
necessarily constant; in particular for o € wha (T') with g > 2 1f p<3 5 and g = p otherwise.

Proof. For the given data, there exists a unique solution u of (3.1) in WP(2), by Theorem
1.1. Then it can be shown that in fact u belongs to W?2P?(Q2) by Neumann regularity result
using bootstrap argument. But concerning the estimate, we do not obtain a « independent
bound on u, using the estimate for Neumann problem. So we consider the following argument.

As T is compact and of class C1!, there exists an open cover U; i.e. I' C UleUi and
bijective maps H; : (Q — U; such that

H; e CY\(Q), J':= H ' e CVY(Th), Hi(Qy) =QNU; and Hy(Qo) =TNU;
where we denote
Q = {z = (2/,x3);]2’| <1 and |z3| < 1}
Qs+ =QNR3
Qo = {x = (2/,0);]2'] < 1}.
Then we consider the partition of unity 6; corresponding to U; with supp 6; C U;. So we can

write u = Zf:o O;u where 0y € C°(Q). It is easy to see that v; = 6;u € W2P(QNU;) and

satisfies:
Av; = 0;F +2V0;Vu+ulb; =: f; in QNU;
8’UZ' 892 .
8—n+avi —g—l—a—nu =:h; on JQNU).

Precisely, we have, for all o € W7 (QNU;),

[ vuvera [we=- [ sot [ he (3.3)

QNU; rnuU; QNU; rnuU;

where f; € LP(2) and h; € Wl_%’p(F). Now to transfer v;|ony, to Q4+, set w;(y) = v;(H;(y))
for y € Q1. Then,

ov; ow; OJZ

ox; Zk: Oy, Oz

Also let ¢ € HY(Q4) and set p(z) = w(JZ(x)) for x € QN U;. Then ¢ € H(QNU;) and
Z o 8.J}

ax] dy; 0z’

Thus, putting these in (3.3), we obtain under this change of variable, for all 1 € H*(Q.),

[ auta >§;§;ﬁ o fww=— [ [h (3.4)

Q+ Qo Q+ Qo
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with ag(z) = Zj %%] det Jac H;|, fi = fioJ  and h; = h; o J%. Here det Jac H; denotes
the determinant of the Jacobian matrix of H;. Note that ay € O @Q7), fi € LP(Q4) and
hi € WYP'P(Qq). Also (3.4) is a Robin problem of the form (1.1) for w; on Q. , since w;
vanishes in a neighbourhood of 9Q 1 ~\ Q.

For notational convenience, in this last part, we omit the index i i.e. we simply write w

instead of w;. Now denoting 0; = a%j, we see that z; := O;w,7 = 1,2 solves the following
problem B
div(A(x)V)z; = div(fe;) — div(9;A(x)V)w in Q4
822' ~ ~ (3.5)
a—n +az; = fe;-n — (&A(x)V)w -n + 0;h on Qo

where e; is the unit vector with 1 in i** position Thus, we can apply Theorem 1.1 for the
above system and may conclude

lailwrs@un < Co(@) (1) +10A@) Tulisign + 1031, 40y, )

which yields, for all 4,5 =1,2,3 except i = j = 3,

108wl < Co@) (W@ + Hollwiony + 1Ay, ). G0
WP (Qo)
Now to show the estimate for 92;w, we can write from the equation (3.4) (omitting the index
i),
2 1 re 2 .
833’[0 = — (f — aij 8Z-jw — aiaij ajw> m Q+.
ass

But since J is an one-one map, ass # 0 and thus together with (3.6), we obtain the same

estimate (3.6) for 92;w. Therefore, we can conclude, for all i = 1, ..., k,

lethvastaniy < o) (1P + lll g, + Hilroie

and consequently (3.2), using W P-estimate result. |
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