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This paper presents the design and application of a multiple-input-multiple-output fractional order
proportional-integral (MIMO FOPI) controller to a grinding mill circuit. The MIMO FOPI controller pa-
rameters are tuned using an off-line optimization process based on Particle Swarm Optimization (PSO).
Its performance is compared to a single-input-single-output fractional order proportional-integral (SISO
FOPI) controller designed and tuned using the same procedure based on PSO. The results show that the
MIMO FOPI achieves better results compared to the SISO FOPI controller in most of the cases simulated,
even in the presence of hardness and composition variations in the processed ore, and also in the pres-
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1. Introduction

The coupling and interaction between process variables, to-
gether with nonlinearities, disturbances, time delays and unmod-
eled dynamics, make grinding mill circuits difficult processes to
control. For that reason, multivariate control techniques have been
proposed and successfully implemented for grinding processes, im-
proving their performance compared to the cases when decen-
tralized SISO controllers are used. We can mention for instance
the application of Model Predictive Control (MPC) to grinding cir-
cuits, with a large number of works reported in literature. See
for instance [3,4,6,25,29,36]. Besides MPC, other multivariate con-
trol techniques have been proposed for grinding circuits as well,
such as direct Nyquist array [9,10,12], extended horizon [9,10], pole
placement [9,10], multivariate model reference adaptive control
[9,10], sequential loop closing [9,10], and predictive multivariate
neural control [11].

Although these multivariate techniques can significantly im-
prove process performance compared to decentralized SISO con-
trollers [24,36], still a great percentage of mining industries use
proportional integral and derivative (PID) controllers (or only Pls)
in their milling circuits. This is mainly due to the difficulty of
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implementing and maintaining advanced process control like non-
linear MPC, and the lack of sufficient dynamic and fundamental
models for mineral processing circuits [8].

On the other hand, the use of fractional order operators [15] in
the design of controllers have gained considerable attention in the
last two decades. Several control techniques have been extended
to the fractional case, studied and applied to the control of sev-
eral process. We can mention, just to cite a few works, Fractional
Order Proportional Integral control (FOPI) [22], Fractional Order
Model Reference Adaptive Control (FOMRAC) [35], adaptive gain-
order fractional order control [33], among others. Although the
application of these fractional control techniques is found mainly
in SISO processes [1,32], some were proposed for MIMO pro-
cesses [17-19,31]. Due to the introduction of fractional operators in
these control strategies, important advantages have been reported,
such as improvements on system robustness in the presence of
disturbances, noisy environments, time-varying parameters, and
also in the management of the control energy as stated by
Aguila-Camacho and Duarte-Mermoud [1]. For that reason, in
Aguila-Camacho et al. [2] it is proposed the design and applica-
tion of a SISO FOPI controller and a SISO Model Reference Adap-
tive Controller to a grinding mill circuit, obtaining similar or better
results than a Lineal Model Predictive Controller (LMPC) when ex-
ternal disturbances and process noise were present in the circuit.
The work by Aguila-Camacho et al. [2], together with the work by
Olivier et al. [20], are the only two attempts (to the best of the
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Fig. 1. Single-stage closed run-of-mine ore milling circuit.

authors knowledge) using fractional operators in the control of
grinding mill circuits.

Despite integer order and fractional order controllers have been
successfully applied to the control of grinding mill circuits, no at-
tempt is made on them to control the throughput of the grind-
ing circuit, but only the product quality. The exception would be
the work by Le Roux et al. [28], where an independent control of
product quality and throughput is proposed, using non-linear MPC.
Since the main objective of the milling circuit is to grind mined
ore into a fine product in order to extract the most minerals of
it in the downstream process, and increasing the processed mate-
rial with the correct quality standards leads to an increase in pro-
ductivity, thus we should be looking at both, product quality and
throughput. However, as stated in [28], the finer product of the
comminution circuit comes at the cost of a reduced throughput,
thus controlling both quality and throughput is desirable.

Precisely, this paper proposes a MIMO FOPI controller for a
grinding mill circuit, where both product quality and throughput
of the circuit are controlled. The controller aims to preserve the
simplicity of the fractional PI and, at the same time, to manage
the variables couplings and interactions using a multivariate de-
sign, also with the advantages that the fractional operators can add
to the controller performance.

The paper is organized as follows: Section 2 describes the
grinding mill circuit and Section 3 the corresponding nonlinear
model used for simulation. Section 4 introduces the design of the
proposed MIMO FOPI controller and Section 5 the tuning of the
controller parameters. Section 6 presents the results obtained from
simulations and in Section 7 main conclusions are drawn.

2. Process description

The single-stage closed run-of-mine (ROM) ore milling circuit
shown in Fig. 1 is considered in this study, and it consists of a
semiautogenous (SAG) mill with an end-discharge grate, a sump
and a hydrocyclone. The mill receives four streams as inputs:
mined ore (MFO), water (MIW) to assist with material transport,
steel balls (MFB) to assist with ore breakage, and underflow from
the hydrocyclone.

The fraction of the mill filled with charge is denoted by LOAD,
and it is assumed in this study that a variable speed drive is fitted
on the mill motor, which can be used to manipulate the mill speed,
specifically through the fraction of critical mill speed (@peeq)- The

Table 1

Manipulated and controlled variables.
Variable  Description Value Unit
Manipulated variables
CFF Cyclone feed flow-rate 374 [m3/h]
MFO Mill feed-rate of ore 65.2 [t/h]
SFwW Sump feed water flow-rate 140.5 [m3/h]
speed Fraction of critical mill speed 0.72 [Fraction]
MIW Mill inlet water flow-rate 4.64 [m3/h]
MFB Mill feed-rate of balls 5.68 [t/h]
Controlled variables
PSE Product particle size 67 [% <75pm]
LOAD Fraction of mill filled 33 [%]
svoL Slurry volume in the sump 11.8 [m3]
THP Volumetric throughput of solids 20375  [m?]

ground ore in the mill mixes with water to form a slurry, which is
discharged from the mill into the sump through an end-discharge
grate. The end-discharge grate limits the particle size of the dis-
charged slurry. The slurry in the sump is diluted with water (SFW)
and is pumped to the hydrocyclone for classification. The total vol-
ume of slurry in the sump is denoted by SVOL. It is assumed the
pump is fitted with a variable speed motor to manipulate the cy-
clone feed flow-rate (CFF). The cyclone feed density can be ad-
justed by the sump dilution water as long as the sump does not
overflow or run dry.

The hydrocyclone is responsible for the separation of the
in-specification and out-of-specification ore discharged from the
sump. The lighter, smaller and in-specification particles in the
slurry pass to the overflow of the hydrocyclone, while the heav-
ier, larger and out-of-specification particles pass to the underflow.
The underflow is passed to the mill for further grinding while the
overflow flows to a downstream process. The volumetric flow-rate
of solids in the overflow is the throughput of the circuit (THP) and
is equal to the volumetric feed rate of ore at steady-state operation
of the circuit. The quality of the circuit product is indicated by the
fraction of particles in the overflow smaller than specification size
(PSE). The controlled and manipulated variables mentioned in this
section are shown in Table 1, together with their values at the op-
erating point.

3. Model description

The continuous time dynamic phenomenological nonlinear pop-
ulation balance model validated by Le Roux et al. [27] is used in
this study to describe the circuit shown in Fig. 1. For the sake of
space, a detailed description of the model is not presented in this
paper, but the reader can found it in Le Roux et al. [27]. Also, in
Aguila-Camacho et al. [2] the model is clearly specified, even in
the same operating point used in this paper. Note that the pro-
cess description and the model description are very similar to that
founded in [2,28], since here it is used the same process and the
same model.

In general terms, each process unit in the circuit of Fig. 1 is
modelled separately. The model is suitable for control purposes as
it uses as few parameters and states as possible to produce reason-
ably accurate model responses.

The model divides the ore into three size classes: rocks, coarse
ore and fine ore. Rocks are classified as ore too large to pass
through the mill discharge grate. Coarse ore can pass through the
mill discharge grate but it is larger than the specification size. Fine
ore also passes through the mill discharge grate but it is within
specification size. The sum of coarse and fine ore is defined as
solids. Although only three size classes are used to describe the ore
in the circuit, they are sufficient for the model to produce qualita-
tively accurate responses [26].
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Table 2

Circuit parameter values. (Dimensionless parameters are shown without units.)

Parameter  Value Description

Mill parameters

Fractional power reduction per fractional reduction of critical mill speed

ay 0.055 Mass fraction of fines in the feed ore
o 0.465 Mass fraction of rocks in the feed ore
op 1

A speed 0.72 Fraction of critical mill speed

gy

0.01 Fractional change in kW/fines produced per change in fractional filling of mill

Xp 0 Cross-term for maximum power draw

Sps 17.46 Power-change parameter for fraction solids in the mill
Spy 17.46 Power-change parameter for volume of mill filled

do 88.0 Discharge rate [h~1]

Esy 0.6 Max fraction of solids by volume slurry at zero slurry flow
(7. 0.57 Rheology factor for maximum mill power draw

by 90 Steel abrasion factor [KWh/t]

[ors 29.5 Power needed per ton of fines produced [kWh/t]

b 6.72 Rock abrasion factor [kWh/t]

Prax 1670 Maximum mill power draw [kKW]

Ps 32 Density of ore [t/m?3]

0B 7.85 Density of balls [t/m?]

pow 1 Density of water [t/m3]

Vb 0.34 Fraction of mill volume filled for maximum power draw
Vpill 59.12 Mill volume [m?]

Hydrocyclone parameters

Uy 0.9154  Parameter related to fraction solids in underflow
&c 126.93  Parameter related to coarse split [m3/h]

G 0.6 Constant

G 0.7 Constant

C3 4 Constant

Cy 4 Constant

Cs 0.6 Constant

The model defines fives states to describe the mill charge volu-
metric hold-ups: water (Xmw), solids (Xms), fines (Xpy), rocks (Xmr),
and steel balls (X,,,). Because of the mill discharge grate, only three
states are necessary to describe the sump slurry volumetric hold-
ups: water (Xsw), solids (Xss), and fines (Xy). The parameter values
of the model used in this paper can be seen in Table 2.

The operating condition in Table 1 and the model parame-
ter values in Table 2 were taken from the controller comparison
study of Le Roux et al. [29] and were also used in Aguila-Camacho
et al. [2].

The manipulated variables specified in Table 1 have the follow-
ing limits:

Ugower = [00 0 0 100 0.7]"
Uypper = [80 100 10 400 450 0.85]T (1)

where the vector u is defined as u = [MIW MFO MFB SFW CFF
ozspeed]T, the ujoer represents the lower bound, and uypper repre-
sents the upper bound. Furthermore, the sump has a maximum
capacity of 16 m3.

4. Controller design

This section presents the design of a MIMO FOPI controller for
the grinding mill circuit. Some basic definitions of fractional calcu-
lus are introduced first in Section 4.1, since they are used in the
controllers design. Also, the technical specifications of the approx-
imation used to implement the fractional operators in simulations
are presented in Section 4.2. Finally, Section 4.3 presents the con-
troller design itself.

4.1. Basic concepts of fractional calculus
In fractional calculus, the traditional definitions of the integral

and derivative of a function are generalized from integer orders to
real orders. In the time domain, the fractional order derivative and

fractional order integral operators are defined by a convolution op-
eration.

According to Kilbas et al. [15], the Riemann-Liouville fractional
integral of order o € R, with « >0, is defined as:

1 f@)
() Jiy (t—r)““dr’

where I'(«) is the Gamma function [15].

Regarding the fractional derivative of order 8 >0, there exist
several definitions. In this work, the Caputo definition [15] pre-
sented in (3) will be used, since it is one commonly used in en-
gineering applications. The Caputo fractional derivative is defined
as

I2f(t) = t > to, (2)

1 ()
)= r B-n+1
(n_ﬂ) to (t—'L')
where fe AC"[tg, tl,n—1<B <n, neZ".If BeZ, thenn=}.
The Laplace transform of the Riemann-Liouville fractional inte-
gral (2) corresponds to

L{If(t)} =sF(s), (4)

while the Laplace transform of the Caputo fractional derivative (3),
according to Podlubny [23] is

Dlf dr, t>t, (3)

n-1
Do) = F© - Y5 ). (5)
k=0

where the initial conditions of the function and its integer order
derivatives appear.

4.2. Numerical approximation for implementing fractional integrals
and derivatives

Fractional integrals and derivatives are commonly implemented
in simulations and practical applications by means of numerical
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approximations of these operators. Using these approximations,
equivalent integer-order transfer functions are obtained, whose be-
havior approximate the fractional order Laplace operator and are
easily implemented. In this paper, the Oustaloup’s, method [21] is
used to approximate the Laplace transform of the fractional opera-
tor, that is

C(s) = ks* (6)

which is approximated using a recursive distribution of N poles
and N zeros of the form:

1 zn
Cis) =K ]‘[ . igzlm )

The gain k" is adjusted so that if k = 1 then |C(s)| = O dB at 1rad/s
and wzn, wpn represent respectively the zeros and poles of the ap-
proximation, which are placed inside a frequency interval [w), w}]
rad/s in which the approximation is valid.

The Oustaloup’s method is incorporated in the NID block of the
Ninteger Toolbox for Matlab/Simulink [34] specified as the Crone
approximation. In this block, if o <0 is set, then the NID simulates
a fractional integral, otherwise, if o >0 the NID simulates a frac-
tional derivative.

4.3. Design of MIMO FOPI controller

The transfer function of a SISO FOPID controller is represented
as:

Gc(s) =

where Kp is the proportional gain, K; is the integral gain, Kp is the
derivative gain, and «, 8 €(0, 2) are the order of the integral and
the order of the derivative, respectively, considered in this interval
for stability purposes [16]. When o = 8 =1, then (8) represents
the classic PID controller.

Why is a good idea considering FOPID in control systems is
a question that has its answer in many reported advantages of
this controllers above classic PID. For instance, in Shah and Agashe
[30] it is reported that using FOPIDs, five degrees of freedom are
available for the controller design, while only three degrees of free-
dom are available for the integer order PID controller design, which
implies that more design criteria can be satisfied using a FOPID
controller than using a classic PID controller.

Also, in Shah and Agashe [30] it has been reported that for
higher order systems, the performance of PID controller deterio-
rates, whereas FOPID controller can provide better results; and for
a system with long time delays, FOPID controllers can provide bet-
ter results than PID controllers. We can also find evidence of a
better robust stability for FOPID compared to PID controllers, as
well as a better performance for systems with nonlinearities and
for non-minimum phase systems.

Based on these facts, SISO FOPI controllers were proposed and
studied in the work by Aguila-Camacho et al. [2] for the grind-
ing mill circuit studied in this paper, obtaining a good behavior
compared to SISO Fractional Order Model Reference Adaptive Con-
trollers (SISO FOMRAC) as well as to a LMPC controller, which is a
MIMO control technique. However, in the work by Aguila-Camacho
et al. [2], no attempt is made to control THP, which implies that
the productivity of the circuit was determined by the amount of
material that the mill can handle, using a constant speed, and in-
fluenced by the desired size of the particles (PSE) at the circuit
output.

On the other hand, in this paper THP is also included as a con-
trolled variable, and the mill speed is introduced as an additional
manipulated variable. Also, the proposed controller is MIMO, ex-
pecting a lower effect of the coupling between variables in the
control scheme, compared to SISO FOPI controllers.

K
m+é+mﬁ, (8)

Thus, a MIMO FOPI controller is proposed in this work, with a
transfer matrix given by

ACFF GCn ) ch (s) GC13 (s) GC14 () Epse
AMFO — GC21 (S) Gsz (S) GC23 (5) GC24 (S) 1om
ASFW GCEH (S) GCsz (S) Gfss (S) Gfs4 (S) 5oL
Ao5speed GC41 (S ) GC42 (S ) GC43 (S ) GC44 (S ) €rup

9)
ki o .
where Ge,j (5) = kpij + @ Vi, j:1...4, with kpij, klu and o ac-

cordingly with the description made in (8). These controller pa-
rameters will be tuned and explained in Section 5.

The variable e, corresponds to the error between the desired
set point and the actual value of PSE, e, is the error between the
desired set point and the actual value of LOAD, e, is the error
between the desired set point of the sump volume SVOL and its
actual value, and e, is the error between the desired set point
and the actual value of THP. On the other hand, ACFF, AMFO,
ASFW and Adgpeeq correspond to the variation of CFF, MFO, SFW
and apeeq around the operating point, respectively.

In the case of the two additional manipulated variables of this
circuit, MFB and MIW, they are considered as in [2,29]:

- MFB is kept as a constant ratio of 16.7 of the mill filling LOAD.

« MIW is kept as a constant ratio of 7% of MFO. In that way, if
MFO increases, MIW also increases to help push the extra mate-
rial through the circuit and to ensure the density of the charge
inside the mill does not go too high.

Fig. 2 shows the general diagram of the controlled system. Note
that in Fig. 2, variables PSE_SP, LOAD_SP, SVOL_SP and THP_SP cor-
respond to the desired set point values for PSE, LOAD, SVOL and
THP, respectively.

5. Controller tuning

This section presents the tuning procedure used for the MIMO
FOPI controller parameters. Off-line Particle Swarm Optimization
(PSO) is used to select the controller parameters. Besides, a SISO
FOPI controller is also tuned, which will be used for comparison
purposes.

5.1. Particle swarm optimization basics

For tuning the controller parameters, an optimization procedure
is carried out. PSO is the optimization technique used in this paper,
which is an heuristic global optimization technique that belongs to
the category of swarm intelligence.

As an heuristic technique, PSO has the advantage of being able
to drive the most versatile fitness functions, and being able to
use non-differentiable, nonlinear and/or discontinuous functions.
Compared to techniques such as genetic algorithms and differ-
ential evolution, PSO is a good alternative to solve global opti-
mization problems with multiple maximum/minimum, discontinu-
ities and deterministic solutions in non-polynomial time, which
is reflected in the increase of successful applications based on
PSO [14].

The algorithm defines a population where every possible solu-
tion of the optimization problem is represented by a particle. These
particles move in the search space iteratively according to certain
rules, influenced by the particle that had found the best global
position, with respect to a predefined objective function (fitness
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Fig. 2. General diagram of the MIMO FOPI controller configuration.

function). The evolution of the particles is given by:
vitk +1) = w v (k) + 11 (k)ca[pi(k) — X (k)]
+ 12 (k)ca (g (k) — x;.4(k))
xi(k+1) =x;(k) +vi(k+ 1),
o = [Pide=1) if fpi(k—1) < fox(k))
P xi(k) if  f(pik—1)) > f@xi(k))
g(k) = argmin{f(p1(k))..... f(ps(k))}

where v;(k) and x;(k) represent the speed and the position of the
ith particle at the kth iteration, respectively, and w <0, 1] is the
inertia weight, which serves to limit the particle velocity and con-
sequently to achieve convergence to an equilibrium point. ¢; and
¢, are the social and cognitive acceleration coefficients, (k) and
ro(k) are a pair of random numbers uniformly distributed in the
interval [0, 1] and represents the stochastic element of any swarm,
X;4(k) is the best global position founded at the kth iteration, f is
the fitness function to be optimized, and s is the number of parti-
cles in the swarm [13].

(10)

5.2. Tuning of MIMO FOPI controller parameters using PSO

As the reader may check from Section 4.3, according to the pro-
posed structure of the MIMO FOPI controller, 48 parameters need
to be tuned in this optimization stage. Nevertheless, it must be
noted that, although the optimization process involves 48 tuning
parameters, it can result that optimal values for some of these
parameters are zero, leading to a MIMO controller not contain-
ing FOPI controllers for every position of the transfer matrix (9),
but proportional controllers, pure fractional integral controllers, or
even no controller at all.

The cost function used in the optimization process was selected
including the control errors and the control energy, as:

_ /T wieZ (t) +wae2 (t) +wse2 () +wae? (t)+ it
o | +Ws ACFF2(t) + Wg AMFO2 (t) + w7 ASFW? (t) + Ws A0, (1)

(11)

where T is the simulation time and w;, i=1,...,8 are weighting
factors to give more or less importance to every term in the cost
function.

The weighting factors were selected based on some of the cri-
teria used in Le Roux et al. [28]. The weighting factors wy, wy, w3

and w4 were determined such that a 0.5% deviation from the THP
set-point will produce an error in the cost function equal to a 1%
deviation from PSE set-point, equal to a 5% change from LOAD set-
point and equal to a 20% change from SVOL set point. Thus

w1 (1%PSE_SP)? = w5 (5%LOAD_SP)? = w3 (20%SVOL_SP)?
= w4 (0.5%THP_SP)?. (12)

If we choose w, =1, based on the operating condition shown
in Table 1 and using (12), the controlled variable weighting factors
result i.e.

w; =6.0648 w, =1 w;=0488 wy=261.77 (13)

On the other hand, the weighting factors for the manipulated
variables were determined such that a 1% change of the half ranges
of CFF and SFW will produce the same error as a 2% change of
the half range of MFO and as a 15% change of the half range
of &gppeq, in the cost function. Also, the corresponding weighting
factors were scaled to produce 1% of the error compared to the
weighting factors of the corresponding controlled variables i.e.

[ 2
100 w«%) = Wy (5%LOADsp)>
and
s ( 1%CFzFrange>2 _ W6<2%Ml;orange)2 —w, <1%5F;Vrange)2

o 2
( 15%0tspeedinge >
=Ws\l—— |-

Therefore, the manipulated variable weighting factors are:

ws = 8.8898 x 1077 wg = 2.7225 x 1076
w, = 6.8063 x 1077 wg = 0.0215 (14)

For the optimization process, the range of search for those
parameters corresponding to controller gains was set as [0, 108],
which guarantees a wide searching space for the optimization
process.

According to Matignon [16], stability cannot be guaranteed for
any linear time invariant system if the fractional order is equal
or higher than 2. Although the grinding mill circuit is a nonlin-
ear time varying system, the range of search for those parameters
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Fig. 3. Parameter variations introduced in the milling circuit in the second and third simulation scenarios.

corresponding to fractional orders was limited to (0,2), as a conser-
vative bound. Nevertheless, stability issues due to combinations of
gains and orders are taken into consideration in the optimization
process by the cost function. If a combination of fractional orders
and gains lead to instability of the circuit during the optimization
process, the cost function returns a high value to guide the opti-
mization process away from these solutions.

As the reader may note, given the lower and upper limits used
for the fractional orders, the resulting controllers could be classic
PI controllers if the optimal fractional orders found are 1.

With all the parameters previously defined, the optimization
process was carried out using the Constrained Particle Swarm

For every generation, the milling circuit is simulated in a time
window of 6 h under ideal conditions for every particle, that is,
no disturbances or noise are present in the scheme. Step ref-
erences are applied to the four inputs at t =1 h, specifically
PSE_SP = 72 %, LOAD_SP =34 %, SVOL_SP = 13.8 m3 and THP_SP =
22.375 m3. From the simulation results, cost function (11) is calcu-
lated for every particle, and based on the corresponding results the
algorithm generates the population to be used in the next genera-
tion. The process continues until 500 generations are reached and
the optimal controller parameters are found.

As a result of this optimization process, the resulting MIMO
FOPI controller detailed in (9) is:

738.18 + 355(;% 0 0.011 0.010

ACFF 5 e

0 131 x 105 4 242 x 107 0.18 0.39 s
AMFO _ 31.9 eLOAD (‘15)
ASFW 0.009 0 3453 4 14119 3.96 Eavor
Aaspeed 50.178 82076 eTH,,

0.015 0 1.76 499 x 10° + S22
L Sy -

Optimization toolbox for Matlab [7]. Most of the PSO parameters
were used at their default values, except:

- Population size: 500.
« Number of generations: 500.

It can be seen from (15) that the resulting MIMO FOPI controller
has FOPI controllers on its main diagonal, and the rest of the con-
troller parameters are zero, except for the resulting proportional
controllers in the positions Ge,, Gey,. Geyss Geyyr Gegps Gegys Gy
and Gc,,. This is already a big difference with the FOPI controllers
tunned in [2], where the controllers were SISO and consequently
the coupling between variables were not taken into account. Re-



128 N. Aguila-Camacho, M.A. Duarte-Mermoud and M.E. Orchard / European Journal of Control 51 (2020) 122-134
T T T T I I
751 | —— FOPI MIMO FOPI SISO — — — Set point |-
2
w 70— —
&
65 —
| | | | | |
0 1 2 3 4 5 6 7
time [h]
T T T T T T
— 36 —
2
o 34 -
5
et 32 =
30 | | | | | 1
0 1 2 3 4 5 6 7
time [h]
T T T T T T
& 14— e
E
=12 |
o
> 10 -
[9p]
8 | | | | | 1
0 1 2 3 4 5 6 7
time [h]
26 T T T T T T
= 24 f
.§. 22 - - = i —
T .
T 20F - g
18 | | | | | 1
0 1 2 3 4 5 6 7

time [h]

Fig. 4. Controlled variables for first simulation scenario.

garding the order of the FOPI controllers, it can be seen that it is
fractional for all cases, and far from the integer order case where
oa=1.

ments outside the main diagonal being zero. This implies that only
12 parameters need to be tuned for the SISO FOPI controller. The
optimization process was carried out under the same conditions
used for the MIMO FOPI controller, resulting in the following SISO
FOPI controller:

100.86 + i?T'sz 0 0 0
ACFF 3.63 x 10° Crse
AMEO 0 1.157 x 105 + —te 0 0 €0 (16)
ASFW 24.49 €
Adspent 0 0 206.7 + gy 0 woo00 | e
0 0 0 3.9 x10° +
- S -

5.3. Tunning of a SISO FOPI controller for comparison purposes

For comparison purposes, an equivalent SISO FOPI controller
was also tuned in this work. In this case, the selection of the
controlled-manipulated variable pairing to be used is of great im-
portance, since the process presents important interactions be-
tween variables. The pairings CFF — PSE, MFO — LOAD and SFW —
SVOL are the most appropriate for this circuit, according to [5], as
they can improve the robustness to feed disturbances compared to
other pairings. Also, the pairing o,..s — THP is selected, since ac-
cording to Le Roux et al. [28], manipulation of a,.q allows further
control over THP.

Thus, the structure of the SISO FOPI controller can be seen as
an special case of the transfer matrix (9), considering all the ele-

6. Simulations and results

This section presents the simulation results obtained using the
proposed controllers in Sections 4 and 5 for the milling circuit, un-
der disturbances and noise conditions.

6.1. Simulation environment

The parameter values and the operating point can be seen in
Tables 1 and 2, respectively. The grinding mill circuit was simu-
lated considering a simulation time of 7 h and a sampling rate of
10 s. The following scenarios were simulated:

1. The first simulation scenario corresponds to step changes
in the set points of the two most important controlled
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Fig. 5. Manipulated variables for first simulation scenario.

variables in the circuit, that is PSE and THP. The set point for
PSE is increased in 0.05% from 67%, at t = 0.5 h. Later, it is
decreased in 0.025 % at t = 2.5 h and finally it is returned to
67% at t = 4.5 h. In the case of THP, its set point is increased
in 2m3/h from 20.375m3, at t = 0.5 h. Later, it is decreased
in 2.5m3/h at t =4.5 h.

. In the second simulation scenario, a disturbance in the mill

feed size distribution is simulated by increasing «; from
0.465 to 0.495 at t = 1.5 h, decreased to 0.455 at t = 2.5 h,
and increased back to 0.465 at t = 4.5 h. Also, a disturbance
in the energy required to produce fine ore, which is similar
to a change in the hardness of the ore, is simulated by in-
creasing ¢y from 29.5 to 32.5kWh/t at t = 2 h, decreased to
275 at t = 3 h, and back to 29.5 kWh/t at t = 4 h. Besides, a
disturbance in the energy required to break rocks into solids
is simulated by decreasing ¢, from 6.72 to 5.72kWh/t at t =
2.5 h, increased to 7.55 at t = 3.5 h, and back to 6.72 kWh/t
at t = 4.5 h. The parameter variations can be seen in Fig. 3.
In order to evaluate the noise rejection capabilities of the
controllers, in the third scenario, disturbances as specified
above in scenario 2 are applied, and process noise is added
to the model states [27], which correspond to: mill wa-
ter hold up (Xmw), mill solids hold up (Xms), mill fines
hold up (Xpr), mill rocks hold up (Xp), mill balls hold up
(Xmp), sump water hold up (Xsw), sump solids hold up (Xss)
and sump fines hold up (Xy). The process noise follows
a uniform random distribution, with maximum and mini-
mum values given by +0.01xy, where x; is the nominal

value of the corresponding state (1% of the state’s nominal
value).

6.2. Results and discussion

This section presents the results of the simulations for the
three scenarios detailed above, and the corresponding discussion
of these results.

6.2.1. Performance functions to evaluate the grinding mill circuit
behavior

The behavior of the grinding mill circuit is evaluated through
the following three performance functions.

1. The first performance function proposed is the Normalized
Root Mean Square Error (NRMSE), which is calculated for
each controlled variable as:

ZN v _ySP)Z
NRMSE— Y N

(17)
Ymax — Ymin

where y is the controlled variable at instant of time ¢, ysp
is the corresponding set point, N is the number of sample
data, and ymax and Y, are the maximum and minimum
values of y over the observation interval, respectively. This
performance index checks how far the controlled variables
are from their set points over the observation interval, thus
checking how well the controller is working.
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Fig. 6. Controlled variables for second simulation scenario.

2. The second proposed performance index is the Normalized

Root Mean Square Input (NRMSI), which in this work is cal-
culated for each manipulated variable as:

3N )
NRMSI = 71\’, (18)

Umax — Umin

where u is the manipulated variable at instant of time ¢, N is
the number of sample data in the observation interval, and
Umax and Up;, are the maximum and minimum values of u
over the observation interval, respectively. This performance
index is somehow aimed to check how much energy is being
spent in the control.

. Finally, the third performance index corresponds to the vari-
ance of PSE given by

N
oo _ LIPSE - pif?
PSE = N )

(19)
where N is the number of sample data in the observation
interval, PSE is the value of this variable at the time instant
t and p is the mean value of PSE. This performance index
is of great relevance, given the importance of reducing small
variations in PSE in the circuit. Thus, this performance index
can be seen as a measure of the quality of the final product
in the grinding stage.

Table 3
Values of performance functions for the first simulation scenario.
MIMO FOPI SISO FOPI
NRMSE PSE 0.0247 0.1312
LOAD 0.0882 0.1047
svoL 0.1496 0.2281
THP 0.1975 0.1310
O psg 0.0194 0.4929
NRMSI CFF 10.0720 10.0319
MFO 1.5696 1.5672
SFW 3.4830 3.4567
Uspeed 5.2268 5.2013

6.2.2. Simulation scenario 1

Figs. 4 and 5 show the controlled and manipulated variables,
respectively, for the first simulation scenario. It can be seen from
Fig. 4 that the PSE behaves better for the case of the MIMO FOPI
controller, since it remains closer to the set point value than with
the SISO FOPI controller. Also, it has less oscillations, which is a
desirable feature in the grinding mill circuit. This behavior is in
agreement with the NRMSE value for PSE and the opge shown in
Table 3.

Regarding the THP, it can be seen that both controllers achieve
the control goal after the first step reference in t =0.5 h. At t =
2.5 h, when the set point for PSE is decreased, it can be seen that
THP presents some oscillatory performance, with less oscillations
for the MIMO FOPI controller but with less amplitude in the case
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Fig. 7. Manipulated variables for second simulation scenario.

of the SISO FOPI controller. It is natural that the performance of
the circuit deteriorates a little in this time frame, since the circuit
needs to produce the same amount of grind material but with a
smaller size, so it is a stressful situation for the control. After t =
4.5 h, where the set point for THP is decreased, both controllers
are capable to achieve the control goal, with similar stabilization
times, although the control error is a little smaller for the MIMO
FOPI controller. LOAD and SVOL, on the other hand, remain in their
operating values as it is expected. The performance indexes for all
the controlled variables are presented in Table 3.

As far as the manipulated variables is concerned, it can be seen
from Fig. 5 that they remain within their bounds, except for the
case of aspeeq, Which reaches its upper bound during a part of the
simulation. Nevertheless, it can be noticed that it remains at its
upper bound longer for the case of the MIMO FOPI controller, gen-
erating less speed fluctuations to the mill. The rest of the manipu-
lated variables have similar values for NRMSI, as in the case of the
SISO FOP], as seen from Table 3.

6.2.3. Simulation scenario 2

Figs. 6 and 7 show the controlled and manipulated variables,
respectively, for the second simulation scenario. During this time
window, the external disturbances described in Section 6.1 and
showed in Fig. 3 are present in the grinding mill circuit. As seen
from Fig. 6, PSE behaves better for the case with MIMO FOPI con-
troller, keeping the variable around its set point with less oscilla-
tions. It can also be seen that MIMO FOPI controller tends more

Table 4
Values of performance functions for the second simulation scenario.
MIMO FOPI SISO FOPI
NRMSE PSE 0.0243 0.2042
LOAD 0.2158 0.1498
SvoL 0.1498 0.1744
THP 0.2140 0.1439
O psg 0.0056 0.3954
NRMSI CFF 10.5679 10.5565
MFO 4.8941 49133
SFW 6.7312 6.7129
Qspeed 4.8678 4.8901

quickly to return to the set point of PSE after external disturbances
appears, while SISO FOPI has a slower response.

In the case of LOAD and SVOL, no significant differences are
observed between the two control strategies. However, it can be
corroborated from their corresponding NRMSE values showed in
Table 4 that the MIMO FOPI controller behaves better than the
SISO FOPI controller for these two controlled variables. Neverthe-
less, the two controlled variables remain very close to their set
points values, even in the presence of the disturbances, which is
a very good result for the control.

In the case of THP, no big differences are appreciated between
the two control strategies in Fig. 6. However, looking at the NRMSE
value for THP in Table 4, it can be seen that it is smaller for the
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Fig. 8. Controlled variables for third simulation scenario.

SISO FOPI controller. This is because THP has less oscillations for
the MIMO FOPI controller, but these oscillations are longer in time
and amplitude than for the SISO FOPI controller.

Regarding the manipulated variables, Fig. 7 shows their evolu-
tion for this simulation scenario. As seen from Fig. 7, the two con-
trol strategies keep the manipulated variables within their limits,
except for the ag,.q in the MIMO FOPI controller, which reaches its
upper bound in a few instants of time. The ogpeeq Shows, however,
a more oscillatory behavior for the SISO FOPI controller, contrary
to the MIMO FOPI controller, where the speed control is smoother.
The NRMSI values for the four manipulated variables are similar
for the two control strategies, as can be seen from Table 4.

In the case of the variance of PSE, it is higher for the SISO FOPI
controller. Since PSE is the most important variable in the circuit,
the difference between the two controllers can be seen as an im-
provement of the MIMO FOPI in the grinding mill circuit operation
in the presence of disturbances.

6.2.4. Simulation scenario 3

The results obtained for the third simulation scenario can be
seen in Figs. 8 and 9. Table 5 shows the corresponding values of
the performance indexes.

From Fig. 8 it is seen that all the controlled variables are af-
fected by the process noise described in Section 6.1, for both
control strategies, although they remain close to their set points,
which is an indication of satisfactory operation. The overall behav-

Table 5
Values of performance functions for the third simulation scenario.
MIMO FOPI SISO FOPI
NRMSE PSE 0.0391 0.1964
LOAD 0.1672 0.1473
svoL 0.1463 0.1547
THP 0.1840 0.1406
O psg 0.0159 0.4002
NRMSI CFF 10.9435 10.9294
MFO 1.9669 1.9721
SFW 5.6390 5.6222
Qspeed 4.8726 4.8891

ior is similar to that of the case with external disturbances in the
second simulation scenario, but with noise affecting the variables,
and it is more visible in the cases of PSE and THP.

The results are supported by the NRMSE performance function
and o ps in Table 5. This agrees with other results that have been
cited in the literature, where the capability of fractional controllers
to handle the noise is one of their advantages.

Regarding the manipulated variables, it is observed from
Fig. 9 that they are also affected by the process noise, more vis-
ible in the case of MFO and SFW. The NRMSI values are similar for
the two controllers.
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7. Conclusions

The design and application of a MIMO FOPI controller to a
grinding mill circuit has been presented in this paper. Its per-
formance was evaluated under different scenarios and compared
with the performance of a SISO FOPI controller, both designed and
tunned using the same optimal PSO procedure. Simulations were
conducted when external disturbances and process noise were
present in the circuit and different performance indexes were cal-
culated to quantify the effects of disturbances on the milling circuit
for both controllers.

Results indicate that the MIMO FOPI controller achieves inde-
pendent control of product quality and throughput. Also, results
indicates that MIMO FOPI controller achieves better results com-
pared to the SISO FOPI controller in the presence of parametric
disturbances and process noise, according to the performance func-
tions computed.
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