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Resumen

En la evaluación económica de recursos minerales, herramientas geoestadísticas y algoritmos
geométricos son aplicados a modelos geológicos y datos cuantitativos para estimar el volumen
y valor del mineral en un yacimiento. La presencia de fallas y pliegues en el modelo geológico,
tiene un impacto negativo en la estimación de minerales, ya que agregan errores a los modelos
estadísticos. Se utilizan técnicas de desenrollado (unfolding), basadas en algoritmos geométri-
cos y métricas de calidad, para mitigar los errores de los pliegues y obtener estimaciones más
precisas. Habitualmente, en la industria minera y restauración geológica, se utiliza un enfoque
de aplanamiento de superficie basado en una superficie referencial para obtener el volumen de-
senrollado. El presente trabajo de investigación desarrolla un nuevo algoritmo de desenrollado
(unfolding), basado en el aplanamiento de una malla de resortes de referencia y transforma-
ciones baricéntricas. El algoritmo diseñado permite obtener un objeto sólido sin pliegues que
es comparado en calidad y rendimiento con el resultado del software especializado U-Fo ” 1.
Los resultados obtenidos muestran que el nuevo algoritmo baricéntrico supera en métricas de
calidad a “ U-Fo ” en dos casos simulados, mientras que tiene un rendimiento ligeramente peor
en el caso real utilizado.

1Software creado por el laboratorio ALGES para desenrrollar modelos geológicos
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Abstract

In mineral “Resource Assessment” (RA), geo-statistics tools and geometrical algorithms are ap-
plied to geological models and quantitative data for ore 2 estimation. The presence of faults
and folded surfaces have a negative impact on mineral estimation as they add error to statistical
models. Unfolding techniques using geometrical algorithms and quality measurements of the
unfolded object are essential to obtain more accurate estimations. Historically, in the mining
industry and geological restoration, a surface flattening approach based on a referential surface
is being used to obtain an unfolded geometry. This Thesis presents a new unfolding algorithm
based in an energy conservation spring mesh surface flattening and barycentric transformations
to perform solid object unfolding. The algorithm is also compared in quality and performance
against “U-Fo” 3 software. Quality results show that the new barycentric algorithm outperforms
“U-Fo” in two simulation cases while performing slightly worse in one field case, without sub-
stantially increased execution time.

2An ore is an occurrence of rock or sediment that contains sufficient minerals with economically important
elements.

3Software created by ALGES laboratory for unfolding geology models.
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Chapter 1

Introduction

In the mining industry, resource assessment is directly related to the Return of Investments
(ROI) of mining projects. Nevertheless, resource assessment estimation is an uncertain process,
associated with complex geological features like faults and folds, hardening the extraction of
useful information from drill holes [8][26]. In recent years, geological restoration techniques
based on a priory geology information have been developed (Maerten L. & Maerten F. 2006
[16], Bennis et al. 2013 [2], Horna et al. 2010 [11], Tang et al. 2016 [25]). Another approach
to the restoration process is to use only the geometric information available in the solid body
obtained from the mining block model and to validate the result with statistical techniques. This
approach does not rely on any other data than the geometric topology of the ore body.

Restoration using geometrical information has been used as a novel approach by the “Advanced
Laboratory for Geostatistical Supercomputing”(ALGES) in the U-Fo project [20]. In their ap-
proach, a referential surface of the ore body is flattened using a spring energy conservation
model [19]. Then, all the points representing the ore body are rearranged based on the flat-
tened surface. The result is a restored body where the statistical distribution of some features, in
the initial surface, are preserved in the flattened surface. Preserving geometric statistics in the
restored body assures better spatial conservation, which directly relates to mineral estimation
[26].

This research presents a spring mesh energy conservation model for 3D solid body. The pro-
posed algorithm solves the unfolding problem preserving the 3D geometric topology between
the initial body and the restored one.

1.1 Problem Statement

Geological restoration manages to get an unfolded and unfaulted solid body from the geology
model constructed in mine planning and resource assessment workflow. The current state of
the art restoration techniques estimates physical properties of the ore body to improve their
restoration model [11] [25]. Those approaches obtain good results but are only useful when
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the dataset is rich enough to make assumptions and estimations. For automation purposes, a
restoration algorithm using only geometric properties of the dataset would be beneficial as a
recommendation guide to geological restoration experts.

We propose to obtain an unfolded (developable) 3D solid body from a point cloud dataset,
representing a folded object. The algorithm achieved should preserve some geometry features
information between the input and output body. Geometric statistics such as: volumes between
tetrahedrons, area between triangulation faces and length between connection edges can be used
to test quality in unfold distributions.

As related work, the ALGES group presented in their software U-Fo [20] a methodology to
unfold a 3D solid object represented by a mining block model. In their software, they used an
energy conservation model to unfold a known 2D surface and attach the centroids of all blocks to
their respective cell in the unfolded surface. We propose to enlarge this “2D developable surface
algorithm” to a 3D extension that should unfold the entire body, maintaining its most important
geometric features.

1.2 Investigation Questions

• Is the new geometric unfolding algorithm better suited to geological unfolding compared
with its 2D unfolding version like the one used in U-Fo? How are they compared in terms
of conserving geometrical statistics such as volumes between tetrahedrons, area between
triangulation faces and length between connection edges?

• What is the processing and memory cost of the new algorithm? How well does it perform
in comparison to the one used previously?

1.3 Hypothesis

A geometrical unfolding algorithm based on mesh energy conservation and barycentric transfor-
mations will preserve edge distances distribution of triangulated mesh between simulated and
unfolded objects.

2



1.4 Objectives

1.4.1 General Objective

Develop a new geometrical unfolding algorithm based on mesh energy conservation and barycen-
tric transformations preserving edge distances distribution of triangulated mesh between simu-
lated and unfolded objects.

1.4.2 Specific Objectives

1. Design, implement, and program a spring mesh energy conservation and barycentric de-
formation algorithm to perform unfolding on solid objects.

2. Create and apply quality estimators based on geometric features (like the distance between
vertices) to compare unfolding models. In particular, the unfolding algorithm developed
will be compared against U-Fo unfolding algorithm.

3. Measure complexity and CPU performance of the new algorithm.

1.5 Contributions

A summary of the contributions of this work would be:

1. Related to objective 1, we identify the following contributions: (1) Develop a new geomet-
ric based unfolding algorithm; (2) Surface extraction algorithm from point cloud dataset
based in ’Alpha-shape’ method; (3) Improve performance in energy release implementa-
tion.

2. Associated with objective 2 we: (4) Design an estimator and a methodology to measure
quality in unfolding algorithms; (5) Create data and distribution visualizations for point
cloud datasets and geometric meshes.

3. Concerning objective 3: (5) Measure complexity of the new unfolding algorithm; (6)
Compare mean performance against U-Fo in the comparable unfolding steps.

3



Chapter 2

Conceptual Framework

In this chapter, we will summarize fundamental and state of the art concepts needed to design,
implement and test the new unfolding algorithm.

2.1 Fundamental Concepts

2.1.1 Resource Assessment Estimation

Mineral resource estimation is defined as a technique to determine and define ore tonnage and
grade of a geological deposit. A resource estimation process usually involves the construction
of a geological block model, which is a discrete representation of the ore body to be estimated
[22].

ALGES investigators define their resource estimation pipeline as the union of the following steps
[8]:

1. Geological Modeling: In this step, a discrete representation of the ore body is created.
Usually, cubic blocks are used to create this model. A point cloud representation can be
created from the block model taking the centroid of each cube.

2. Unfolding: The objective of this step is to remove folds from the block model, maintaining
some geometrical properties.

3. Restore Displacement: Some discontinuities known as faults are removed from the model
in this step.

4. The Kriging Estimation, also know as “Gaussian Regression”, is used to interpolate values
and estimate the grade of mineral.

5. Finally a Backward Transformation is applied to maintain dimensions and scales against
initial measures (drill holes).

4



The algorithm used in steps 2 and 3 directly relates to the amount of mineral estimated [26].
As a result, preserve spatial continuity in the unfolding step will impact the accuracy of the
estimation.

FIGURE 2.1: Resource assessment pipeline for ore estimation, in which remove
folds and faults are depicted in steps 2 and 3 [8]. In order to test unfolding algo-
rithms. New steps can be added in parallel to use simulated models instead of field

cases.

2.1.2 Geometric Algorithms

Computational geometry emerged from the field of algorithm design and analysis. Over time
geometric algorithms (algorithms used to solve geometric problems) have grown to be a field
and a community with its own journals and researchers[5]. Some concepts from geometrical
computation and algorithms used in this Thesis will be described in the following sections.

Meshes

A mesh is a type of conforming triangulation over a closed bounded domain (Ω) in R2 or R3. A
triangulation T is a mesh of Ω if:

1. Ω =
⋃

K, with KεT being the elements in triangulation.

2. The interior if every element K in T is non empty.

3. The intersection for the interior of two elements is empty.

Most computational schemes using a mesh as a spatial support assume a conforming mesh in
which the triangulation T also comply:

1. The intersection of two elements in T is either: the empty set, a vertex, an edge or a face
(when d = 3)

5



Mesh elements are the basic components of a mesh. An element is defined by its geometric
nature (triangle, quadrilateral, etc) and a list of vertices.[6]

Delaunay Triangulation

A Delaunay Triangulation (DT) for a set of points P in a plane, is a triangulation such that no
point is inside the circumcircle of any triangle within the triangulation. Although the classical
definition of DT is made in a 2D basis, it is possible to extend this concept to 3D points and
tetrahedral meshes. Nevertheless, the 3D version of DT loses some properties compared to 2D
version.

Convex Hull

A Convex Hull of a set of points can be defined as the smallest convex set containing the points.
Convex Hulls can be defined for points in d-dimensions, but in particular, for 3-dimensional
space, they have various applications such as value interpolation or finite element calculation.
In 2D and 3D dimensions, the Delaunay Triangulation is also a Convex Hull over the data [5].

From the Convex Hull, exist some algorithms, like alpha-shapes, that extract a Concave Hull,
structure that is useful for surface extraction over a point cloud dataset.

FIGURE 2.2: Delaunay Triangulation over 2D random points in a square.
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2.1.3 Statistic Estimators

In statistic, a estimator is a procedure to calculate a quantity based in observed data. Some
estimators, for example the “Mean Squared Error” (MSE), are used to measure the quality of
errors between two statistic distributions [29]. Having two distributions, Yi and Ŷi, we can
calculate the MSE as:

MSE =
1
n

n∑
i=1

(Yi − Ŷi)2

A lower MSE is a symptom of lower overall error between the distributions and can be used to
determine which estimation seems better.

2.1.4 Heuristic Algorithms

In Computer Science a heuristic can be defined as an approximate solution for hard optimiza-
tion problems. Usually, heuristic algorithms rely on methods used in statistics or calculus as
instances of utilizing repeated instructions to produce a preferred candidate. For example, some
well-known procedures that are considered heuristics are: The “Monte Carlo” method or “Par-
ticle Swarm” optimization [17].

Some of the algorithms used in this Thesis, such as: The“Spring Mesh Energy Optimization”
for surface flattening; The “Alpha Shape algorithm” for surface extraction; Or the “Barycentric
Transformation” for volume deformation, are considered heuristics.

2.2 State of Art

2.2.1 Geological Restoration

Geological or section restoration is a technique to progressively deform a geological section. It
can be used to provide information on the early stages of geological development. A section
suitable to be un-deformed 1 to a reasonable geometry is known as a balanced region. Two basic
deformations that have to be restored are faults and folded regions.

Two main 2D deformation processes have been adapted to the 3D surface flattening problem:
(1) flexural slip for compressional domains and competent rocks and (2) shear along vertical or
inclined vectors extension. Those mechanisms have been applied by different authors to unfold
2D surfaces. Gratier et al. (1991) [10] using a flexural slip performed unfolding minimizing

1In Geometry and Mathematics a “Developable Surface” is defined in a formal way [14]
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changes in area and length of a triangulated surface. Williams et al. (1997) [28] modified
this approach using the sum of rigid translation, rotation and constant area as a quality measure.
Rouby (2000) [23] used Gratier approach to perform restoration of complexly folded and faulted
surfaces. All the techniques mentioned use geometrical or statistical (MSE) measures of quality
to assure proper surface unfolding.

For complex folded and faulted surfaces restoration, Rouby et al. (2000), added extra informa-
tion to the process by letting the user choose some guide vectors for homogeneous a heteroge-
neous inclined shear. Other methods of Geological restoration like Horna et al, 2010 [11]; and
Tang et al., 2017 [25] have proposed procedures based on the minimization of elastic tensors
and integration of dynamic equations related to the geological deformation force applied.

2.2.2 Tetrahedral Mesh

To maintain geometric properties in the dataset and generate a 3D connection graph from a cloud
point, a tetrahedral mesh can be used. Furthermore, Delaunay triangulation can be used to per-
form a triangle mesh assuring some geometric properties such as minimum between neighbors.
Delaunay triangulation in a 3D dataset losses some interesting properties in comparison with
the 2D version, although to create the nearest neighbor graph or the Voronoi diagram it is good
enough [13].

A tetrahedral mesh obtained by Delaunay triangulation defines a convex hull in the data. The
external faces of the simplices conforming the complex hull form a triangle surface that can be
used as a base surface for the solid body embedded in the data. The surface obtained in this way
can be improved to better match the curvature of the external surface if some information of the
point normals is known or can be estimated.

The Delaunay tetrahedral mesh is unique in cases where no more than four points lie on the same
surface of a sphere. Due to precision uncertainty, the algorithm used for Delaunay triangulation
should be robust when working with field data.
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FIGURE 2.3: At left a point cloud dataset of 6510 samples. At right the tetrahe-
dral mesh calculated with “Delaunay Triangulation” with a result of 38376 tetra-

hedrons.

2.2.3 Surface Extraction

It is possible to extract an external surface from a point cloud dataset representing a solid object.
Nevertheless, most of the algorithms do not provide theoretical guarantees and are susceptible
to noisy data or outliers. Four algorithms for surface reconstruction from a point cloud dataset
will be discussed: “Poisson surface reconstruction”, “scale-space surface reconstruction”, “ad-
vancing front surface reconstruction” and “3D alpha shapes”.

1. The Poisson surface reconstruction (PSR) [1] takes as input a point cloud with oriented
normals and outputs a triangulation surface matching external points using a Poisson dis-
tribution. The algorithm assumes no outliers and little noise in the dataset. Poisson sur-
face reconstruction solves an approximate indicator function of the inferred solid, whose
gradient matches the input normals. To use this algorithm, a previous phase of normals
estimation should be performed.

2. Scale-space surface reconstruction (SSR) [15] takes as input an unordered set of points,
sampled on the surface of the solid object, and outputs a surface mesh interpolating the
set. The algorithm gradually increases the scale of neighbor points to interpolate a surface
function that is smoother as the scale increases. Scale-space does not require oriented
normals as PSR does, however it requires surface sample points as an input and can fail in
the output if interior points are given.

3. Advancing Front Surface (AFS) [3] is a Delaunay based algorithm that outputs trian-
gulation surface from an unstructured set of points. The algorithm incrementally selects
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suitable triangles to add to the front. At each step, the most plausible triangle is selected,
such that all the triangles selected generate an orientable manifold triangulated surface.

4. 3D Alpha shapes [4] assumes that a set of 3D points in space form a “shape” that can be
reconstructed from the initial set. One can think that an alpha shape is like a huge mass of
ice-cream and the points in the set are chocolate pieces, the algorithm tries to reconstruct
the ice-cream shape from the chocolate using a configurable parameter (α) which give us
distances between points.

Selecting a surface reconstruction algorithm depends mostly on the dataset topology and infor-
mation given from each point. In the case of PSR, oriented normals are needed as an input and
are not estimated inside the algorithm; SSR is a perfect choice if the point cloud is sampled from
a surface like LIDAR 2 sampled point cloud; finally, Delaunay based algorithms such as AFS
are useful if no other information than the geometry is known.

FIGURE 2.4: Alpha-shape representation for 2D dataset. Image downloaded from
CGal user manual.

2.2.4 Surface Flattening

Surface flattening is a technique of dimensional reduction in which a 3D surface is flattened to a
2D plane keeping some geometric information in the output plane, but losing the third dimension
that defines the input surface. Wang et al. (2002) [27], presented an algorithm, which uses a

2 Stands for “Light Detection and Ranging”, is a method to sample points in space using laser technology
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spring mesh energy model to perform surface flattening, preserving the area of triangulated mesh
and length of edges. In another approach to the problem, Zigelman et al. (2002) [30] perform
multidimensional scaling (MDS) with a set of mathematical techniques that tries to encapsulate
the geometric structure, to solve surface flattening and the inverse problem of texture mapping.

Wang et al.[27] method will be used in this Thesis for surface flattening. Wang algorithm model
surface mesh as a spring mesh system with the following energy and force equations per vertex:

E(Pi) =

n∑
j=1

1
2

C(|PiP j| − d j)2

~f (Pi) =

n∑
j=1

C(|PiP j| − d j)~npi p j

where C is the spring constant, |PiP j| the distances between vertex Pi and P j in the output
plane, d j is the distance between Qi and Q j (vertices in input 3D surface), ~npi p j is the unit vector
pointing to Pi to P j and n is the number of nodes connected to Pi.

Adding all vertices energy and assuming a conservative system (Mq̈ + Kq = 0) allows us to
solve iteratively this system using physics dynamic equations

q̈i(t) =
fi(t)
mi

q̇i(t + ∆t) = q̇i(t) + ∆tq̈i(t)

qi(t + ∆t) = qi(t) + ∆tq̇i(t) +
∆t2

2
q̈i(t)

Finally, we can measure accuracy with the final relative area difference Es =
∑
|A−A′ |∑

A , where
A is the actual area of one patch on the surface before development and A′ is the area of its
corresponding patch after development.

11



FIGURE 2.5: Spring mesh energy system. Pi represents vertices in projected sur-
face into a plane

2.2.5 Barycentric Deformation

Let x1, . . . , xn be the vertices of a simplex in an affine space ”A”. If, for some point p in ”A”;

(a1 + · · · + an)p = a1 x1 + · · · + an xn (2.1)

Then we say that the coefficients (a1, . . . , an) are barycentric coordinates of p with respect to
x1, . . . , xn. If the coordinates are also bounded with the restriction Σai = 1 then barycentric
coordinates are also a type of homogeneous coordinates [7].

Barycentric coordinates are used to interpolate values inside of a geometry body. For exam-
ple, Huang et al [12] use a control mesh and barycentric coordinates to deform any volume by
changing the control mesh. Barycentric coordinates (a1 . . . an) that are defined with respect to a
polytope instead of a simplex are called Generalized Barycentric Coordinates[18]
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FIGURE 2.6: At left a cube of length one divided into tetrahedron. At right a
deformed cube with a vertex moved to coordinate (1.5, 1.5, 0). The points inside
the cube are translated with barycentric transformation using initial and final tetra-

hedral coordinates.

2.2.6 Quality Measures

In Ojeda’s Thesis, [21] a metric to measure the neighborhood of a point is proposed as a qual-
ity estimator for unfolding algorithms. The metric used in this Thesis is a variant of Ojeda’s
estimator and is defined as follows:

Having a point Xi, and his N nearest neighbors {pxi
1 , . . . , pxi

N} then the Neighbor Mean Distance
of the point will be:3

NMD(Xi) =

∑N
n=1 ||Xi − pXi

n ||

N
(2.2)

We expect that the overall neighbor distance of the dataset should be preserved after the unfold-
ing process, meaning that the relative location of unfolded points, in reference to his neighbors,
must be maintained after the deformation. An error distribution between two datasets X and Y
can be defined like:

ε(X,Y) = [εi(X,Y)] (2.3)

εi(X,Y) =
|NMD(Xi) − NMD(Yi)|

NMD(Xi)
(2.4)

3The mod || · || operator is defined as the euclidean module of a vector
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And the total quality error will be the sum of εi:∑
ε(X,Y) =

∑
i

εi(X,Y) (2.5)

FIGURE 2.7: NMD index depicted over a parallelepiped

2.3 Software Tools

2.3.1 CGal

Is a library in C++ developed via a collaborative effort of various scientists. CGal is used in var-
ious areas needing geometric computation, such as: geographic information systems, computer-
aided design, molecular biology, medical imaging, computer graphics and robotics.

The library offers state of the art algorithms in the following fields: triangulations, Voronoi
diagrams, Boolean operations on polygons and polyhedra, point set processing, arrangements
of curves, surface and volume mesh generation, geometry processing, alpha shapes, convex hull
algorithms, shape reconstruction, AABB and KD trees
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(A) CGal test point cloud. (B) CGal test mesh using alpha-shapes.

2.3.2 UFo

Software created by ALGES group that aims to solve the problem of geological resource assess-
ment over a deposit affected by a complex geometry.

U-Fo software provides the following features: unfolding of geological bodies, anchorage of
geological bodies, basic exploratory data analysis, Kriging and inverse of distance, 3D visual-
ization and manipulation of models and drill-hole data.

U-Fo will be used to compare quality and performance between the new unfolding algorithm.

(A) U-Fo logo, downloaded from
http://www.alges.cl/.

(B) U-Fo Screen.
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Chapter 3

Proposed Solution

3.1 Novel Approach

A new methodology to unfold solid bodies was designed and implemented. The developed
algorithm takes as an input a set of points X = [Xi] of size N representing the discrete model
of a geological volume in a 3D coordinate space and outputs another set of points Y of the
same size but with different coordinates. We can describe the proposed algorithm as a function
F(X) = Y being X and Y matrices of (Nx3) which in each row have a (xi, yi, zi) coordinate vector.
The function described follows various transformation steps until converges to an unfold point
cloud. These steps are summarized as follows:

Algorithm Steps Summarized

1. Pre-process: This step is performed before the formal algorithm. A Xo matrix is con-
structed from a “comma-separated values” (CSV) file and scaled into [0 . . . 1] coordinate
values. Then, the values are rotated into their principal component directions to obtain the
X input matrix.

2. Surface Extraction: A concave hull is extracted from the dataset using an alpha shapes
algorithm [4]. Then, the surface is divided into a top and bottom surfaces.

3. Surface Flattening: The top and bottom surfaces are flattened into a plane using the energy
model algorithm proposed by Wang et al. [27].

4. Mesh Construction: Based on the original and flattened surfaces a uniform control tetra-
hedral mesh is constructed joining the top and bottom surfaces.

5. Barycentric Deformation: Using the tetrahedral mesh constructed in the previous step, a
barycentric transformation [12] is calculated and applied to the points inside each tetra-
hedron using as a referent the original and final meshes. After this step, the Y matrix is
obtained.

6. Quality Measures: Comparing initial and final point clouds, we can compute quality mea-
sures to evaluate the magnitude of the flattened model.
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F(·)X = [Xi] Y = [Yi]

Pre-process Surface
Extraction

Xo

Surface
Flattening

Mesh
Contruction

Barycentric
Deformation

Quality
Measures

Y = [Yi]

X = [Xi]

FIGURE 3.1: Algorithm input and output diagram flow. Both input and output
are matrices of shape (Nx3).

3.2 Algorithm Description

Detailed descriptions of each step, and variables involved, are provided in the following sections.

3.2.1 Pre-process

The algorithm expects as an input a point cloud representing the volume of a geological body.
The point cloud is parsed from a csv file with at least three columns named: centroid_x, cen-
troid_y and centroid_z. Each row of the file should have a point with 3 coordinates (x, y, z). We
then construct a Xo matrix from the raw input to process a X = [Xi] matrix from these values.

The Xo original matrix is then scaled to [0 . . . 1] values (to minimize precision problems [9]) and
rotated along its principal component vectors. This operation is performed to align the ẑ axis
with the natural up vector of the geological block model. With this step, some assumptions can
be made in the following steps about the up and down orientations of the data.

We can call x̂P and ŷP the two unit vectors obtained applying principal component analysis in the
scaled data Xs. After this, a new coordinate system (x̂p, ŷp, ẑp) can be obtained with ẑp = x̂p× ŷp.
To align the ẑp vector to ẑ a rotation θrot must be made along the nz direction, which represent
the normal of the plane that contains ẑp and ẑ vectors.

θrot = arcos(
ẑP · ẑ
|ẑP| · |ẑ|

)

nz = ẑp × ẑ
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Xo

PCA(·)Scale: [0..1]

Xs

Rotate

{x̂p, ŷp, ẑp}

X = [Xi]

FIGURE 3.2: Pre-process diagram

(A) Raw input point cloud.

(B) Scaled input point cloud.

FIGURE 3.3: Figure at top shows raw dataset as given from input file, and second
figure is the dataset scaled between [0 . . . 1] range.
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FIGURE 3.4: Point cloud rotated by its principal component vectors. In yellow
the original orientation is depicted, while the rotated dataset is shown in purple

color. The principal component vectors xp and yp are rendered at the centroid.

3.2.2 Surface Extraction

After the pre-processing, we extract a concave hull triangulation using an alpha-shapes[4] al-
gorithm with an α parameter calculated from X = [Xi] matrix. We use C-Gal library with
“Alpha_shape_3” class and “find_optimal_alpha” function among others to calculate the hull.
In particular the “find_optimal_alpha” function finds an α-value that at least satisfied that all
data points are either on the boundary or in the interior of the regularized version of the α-shape
[4].

The “Concave Hull” algorithm returns a triangulation with a subset of points on the surface of
the geological solid body. The surface obtained might not be a developable surface, for this
reason, an additional filter using the orientation of normal triangles is applied to obtain two
separate developable surfaces. We will call these two surfaces top and down triangulation and
unfold both surfaces separately.
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(A) Cloud point X = [Xi]. (B) Concave hull of data.

FIGURE 3.5: At left X matrix representing solid geological body. At right Con-
cave Hull extracted from X data.

FIGURE 3.6: Top and bottom surfaces

3.2.3 Surface Flattening

Both top and bottom surfaces are unfolded separately using Wang energy optimization algo-
rithm for developable surfaces described in Section 2.2.4. The algorithm tries to minimize the
differences between the initial and final triangles area.
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FIGURE 3.7: Flattened top and bottom surfaces
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FIGURE 3.8: At left surface unfolding energy algorithm evolution trough 12 iter-
ations; Left axis shows “Mean Square Error” between folded surface and unfolded
and right axis shows changes in total area. At right error between folded surface

and unfolded one is plotted in each triangle.

3.2.4 Mesh Construction

After the Surface Flattening step, we obtain unfolded versions of top and bottom folded surfaces.
We wish to transfer the deformation of both surfaces to the point cloud inside the concave hull.
One approach for this is to construct a tetrahedral mesh between the top and bottom surfaces
and then interpolate new points based on the deformation of such tetrahedral. The quality of
the interpolation obtained will depend on the uniformity of the mesh constructed. To obtain a
uniform mesh we follow the next procedure: Join top and bottom surfaces into one; Create
prisms between new surfaces; Divide each prism into three tetrahedrons.
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Join top and bottom: We wish to obtain new versions of both top and bottom surfaces with
added vertices and triangles. After this phase, both surfaces will have the same number of
vertexes and the same 2D triangulation but the slope will be maintained. In Algorithm 1 the
procedure to join top with bottom surfaces is explained, the same method can be used to join the
bottom with the top surface.

Algorithm 1 Pseudo code for join top with bottom surface
Ttop := (Vtop, Etop)→ Top triangulation formed of Vertices and Edges
Tbot := (Vbot, Ebot)→ Bottom triangulation formed of Vertices and Edges
T ′top = copy(Ttop)
for V in Vbot do

Vpr j = projection of V in T ′top
if Vpr j is not in T ′top then

T ′top.insertDel2D(Vpr j)
end if

end for

FIGURE 3.9: Projection of a vertex from bottom surface into top surface. The
point projected in top surface is then inserted Delaunay into the triangulation

Create Prism:After join top and bottom surfaces, the new surfaces created have the same 2D

triangulation and we can construct a set of prisms joining the aligned triangles. Let us call a
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pair of aligned triangles Tt and Tb and their vertices Tt = (V1,V2,V3) and Tb = (V4,V5,V6),

assuming that both triangles have the same orientation, a prism can be created such that P =

(V1,V2,V3,V4,V5,V6).

V1 V3

V6

V4

V5

V2

FIGURE 3.10: Prism created by joining top and bottom triangle.

Divide Prisms: Each prism obtained in previous step can be divided into three tetrahedrons.

Assuming a prism formed by six vertices P = (V1,V2,V3,V4,V5,V6) we can divide it in: T1 =

(V1,V2,V3,V5), T2 = (V4,V5,V6,V3) and T3 = (V4,V5,V1,V3). Applying this division to each

prism in the mesh results in a uniform tetrahedral mesh that includes all points between top and

bottom surfaces.
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V5

V4

V6

V3

FIGURE 3.11: Prism divided into three tetrahedrons. In purple T1, green T2 and
yellow T3

FIGURE 3.12: Tetrahedral mesh wire-frame view
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FIGURE 3.13: Tetrahedral mesh with opacity

3.2.5 Barycentric Deformation

Using the mesh constructed in section 3.2.4 and flattened surfaces obtained in section 3.2.3 we

can use a barycentric transformation to translate points inside the mesh into a new location.
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Assuming a tetrahedron with vertices {V1 . . .V4} and Vi = (xi, yi, zi), we call the parameters

(c1, · · · , c4) barycentric coordinates of some point p such that (c1 + . . . + c4) · p = c1V1 + . . . +

c4V4. Such coordinates are called homogeneous coordinates if
∑

ci = 1. The homogeneous

coordinates can be calculated using the next set of equations:


c1

c2

c3

 = M−1(p − V4) with →M =


x1 − x4 x2 − x4 x3 − x4

y1 − y4 y2 − y4 y3 − y4

z1 − z4 z2 − z4 z3 − z4


c4 = 1 − c1 − c2 − c3

Considering two tetrahedrons T = {V1, . . . ,V4} and T ′ = {V ′1, . . . ,V
′
4} a transformation function

D(·) it is called a deformation of tetrahedron T into T ′ if

T ′ = D(T )→


V ′1
...

V ′4

 = D


V1

...

V4


and we can interpolate any point p inside the tetrahedron T to a new location p′ inside tetrahe-

dron T ′ using barycentric coordinates

p′ =
c1V ′1 + c2V ′2 + c3V ′3 + c4V ′4∑

ci

applying this transformation to all points X = [Xi] will unfold the solid body in reference of the
flattened surfaces. The algorithm 2 explain the steps to obtain a flattened Y = [Yi] point cloud.
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Algorithm 2 Algorithm for unfold point cloud X into Y
X = [Xi]
Y = []
for i, Xi in X do

[V1, . . . ,V4], [V ′1, . . . ,V
′
4] = find_tetra_including(Xi)

[c1, . . . , c4] = calc_bary_coords(Xi,T )
Yi = c1V ′1 + c2V ′2 + c3V ′3 + c4V ′4
Y.append(Yi)

end for
return Y

3.2.6 Algorithm Complexity

Each step of the algorithm complexity is analyzed in this section and the total overall complexity

is estimated assuming an input matrix X of shape N × 3

Algorithm Steps Complexity

1. The Pre-process phase is divided in Scale, PCA calculation and Rotate steps. All these

steps are linear in the rows dimension, which leave us with a complexity O(N).

2. Surface Extraction phase is divided in α-Shape and Orientation Filter steps. The α-

shape algorithm complexity is related to a 3D Delaunay triangulation which is O(N2). Af-

ter this step a sub-set of external points of length Ne and a triangulation of approximately

Ne
2 triangles it is obtained. The orientation filter is applied linearly in the triangulation,

so has complexity O(Ne
2).

3. Surface Flattening is performed using Wang et al. algorithm explained in Section 2.2.4.

This algorithm solves dynamic equations per point (Ne) in the spring mesh. For each point,

a subset of adjacent points is used to calculate force and energy equations. The algorithm

can be considered O(Ne) once the spring mesh of the referential surface is created.

28



4. Mesh Construction phase is divided in Join Top and Bottom and Divide Prisms steps.

For the joining step, a search of O(log(Ne)) is performed approximately Ne times and a

point is added Delaunay each time (O(Ne
2)). ’Divide prisms’ is linear in Ne, which leave

us with a phase complexity of:

O(log(Ne)) · Ne + O(Ne
2) + O(Ne) ≈ O(Ne

2)

after this phase a tetrahedral mesh of length 3 · Ne
2 is obtained.

5. Finally Barycentric Deformation phase contemplates a search in tetrahedral space (O(log(Ne
2)))

for N points, which leave us with a complexity of O(N · Ne).

Adding the complexity for all phases gives us the overall complexity for the unfolding algorithm:

O(N) + O(N2) + O(Ne
2) + O(N · Ne) = O(N2)

In comparison, U-Fo algorithm uses a raytracing algorithm for block model flattening. This

algorithm traverses each coordinate in the point cloud (N) and associates it with a corresponding

triangle in the referential surface (Ne). The raytracing algorithm is estimated to be O(N · Ne) =

O(N2). Since both unfolding algorithms are O(N2), they are comparable in performance related

to the length of input samples.

3.2.7 Quality Measures

Once an unfolded point cloud has been calculated, we can define a measure to compare mean

distances between folded and unfolded datasets. We use Equation 2.2 to quantify the mean
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distance between a point Xi and his N nearest neighbors {pxi
1 , . . . , pxi

N}. Then, we construct an

error index with the “Neighbor Mean Distance” of both folded and unfolded distributions.

We expect that the overall neighbor distance of the dataset should be preserved after the unfold-

ing process, meaning that the relative location of unfolded points, in reference to his neighbors,

must be maintained after the deformation. We can use the NMD quality measure to define a

percentage error between points in the dataset using Equation 2.4. Figure 3.14 visualize the

overall error of the unfolding process.

FIGURE 3.14: Unfolded point cloud colored with neighbor distance error against
folded point cloud.
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(A) Original cloud point data X = [Xi]. (B) Unfolded cloud point data Y = [Yi].

FIGURE 3.15: X and Y point clouds, colored with their neighbor quality measure
(NMD(·))
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3.3 Implementation Details

The algorithm described was implemented using python 3.6 with the exception of the surface

extraction step, where CGAL was used. The main folder for the project is called “UnfoldPoint-

Cloud” and contains python files with the programmed functions. The main files are listed in

listing 3.1, while auxiliary folders are listed in listing 3.2. A brief description of each file will be

provided in this section, for a complete list of functions, the source code is provided in Appendix

A.

LISTING 3.1: python files

U n f o l d P o i n t C l o u d
|−− d a t a _ u t i l s . py
|−− energy_model . py
|−− g e o m e t r y _ a l g o r i t h m s . py
|−− g e o m e t r y _ u t i l s . py
|−− p l o t _ u t i l s . py
|−− u n f o l d _ p c . py

LISTING 3.2: auxiliary folders

U n f o l d P o i n t C l o u d
|−− c o n c a v e _ h u l l
|−− d a t a s e t s
|−− docs
|−− r e s u l t s
|−− sandbox
|−− u f o _ e n e r g y _ r e l e a s e

General Issues During Implementation and Limitations

During the implementation of the algorithm, some issues were discovered and solved in the final

design. These issues forced in some cases a change of perspective or a natural limitation of the
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solution. In this section, some of these issues will be mentioned and discussed per step in the

algorithm pipeline.

Algorithm Steps

1. Pre-process: Ore datasets usually have two preferred coordinates (Ex: ~X and ~Y) where

their dimension is bigger than the last coordinate (Ex: ~Z). In preferred directions, datasets

can have magnitudes of kilometers while having a few meters in the last direction. This

inequality produces various precision problems in geometry algorithms that can be min-

imized scaling the dataset in [0 . . . 1] range[9]. In addition to scaling, epsilon techniques

were implemented for precision problems, nevertheless, in limit cases, some precision

issues could raise.

2. Surface Extraction: For surface extraction, algorithms like ’Poisson Surface Reconstruc-

tion’ or ’Advance Front’ were reviewed, choosing ’Alpha Shape’ in the end. The ’Al-

pha Shape’ algorithm uses a free α parameter that is calculated and optimized from data.

Although for some datasets the optimization of α might not converge and produce non-

developable surfaces. In addition, an orientation filter is used after ’Alpha Shape’ to sepa-

rate top and bottom surfaces, the target angle in this filter can also produce errors in steep

slopes.

3. Surface Flattening: Wang [27] spring mesh algorithm has known issues with overlapped

triangles during energy release. This problem can be mitigated by imposing restrictions

on the release system. Nevertheless, In the datasets under testing, this error did not arise,

4. Mesh Construction: Precision problems can also be encountered during this phase. Ep-

silon techniques were used to mitigate them during the merge of top and bottom surface

meshes. Other algorithms for tetrahedral meshing were tested during the implementation
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(like 3D Delaunay or Tetgen library[24]) but they were discarded because quality issues

in the resulted mesh arise.

5. Barycentric Transformation: Barycentric coordinates calculation is performed per point

in a tetrahedron; this can cause errors when the tetrahedron is near to degenerate to a

triangle. In these cases is necessary to either move the point inside to nearest well form

tetrahedron or calculate barycentric coordinates for a triangle.
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Chapter 4

Results

The barycentric algorithm described in chapter 3 was executed in three datasets. In this chapter,

we provide the results in performance (execution time) and unfolding quality (using the NMD

index of equation 2.2). We used two kinds of geological volume models for these experiments:

computer simulated and field data. In Figure 4.2 and Table 4.1 we summarize the shape and

total number of points for each dataset.

Geological block models are expensive and complex to design, consequently, mining companies

usually do not openly publish them for the public. For this reason, other restoration investiga-

tions, such as Horna et al, 2010 [11]; and Tang et al., 2017 [25], use a couple of datasets for

comparison. Therefore, we assume that three models are good enough to make conclusions

about the quality and performance of the new algorithm.

To compare performance we can run both unfolding algorithms and measure the execution time

for each dataset. In contrast, for quality measurement, we can only directly compare the sim-

ulated models, as we know in advance the original geological model (W distribution) that we

want to restore. Defining W as the original block model distribution, X as the folded model,

and Y as the unfolded model, we can obtain two error distributions: ε(W,Y) and ε(X,Y) using
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Equation 2.4. Figure 4.1 shows the flow diagram of error calculation for simulated and field

datasets.

Simulated
Geological

Model
Folded
Model

Unfolded
Model

NMD(·)NMD(·) NMD(·)

X YW

ε(·, ·)

ε(·, ·)

ε(W,Y)

ε(X,Y)

(A) Computer simulated dataset.

Folded
Model

Unfolded
Model

NMD(·)NMD(·)

X Y

ε(·, ·)

ε(X,Y)

(B) Field dataset.

FIGURE 4.1: Computation flow for error quality index (Equation 2.4) in simu-
lated and field data. Defining W as the original block model distribution, X as the
folded model and Y as the unfolded model, we obtained two error distributions:
ε(W,Y) and ε(X,Y) for simulated data and just one error distribution: ε(X,Y) for

field data.

Datasets

geological models input points

sim_case_1 21600

sim_case_2 21600

field_case_1 6510

TABLE 4.1: Number of points per dataset.
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(A) sim_case_1, 21600 points, 957 points in surface

(B) sim_case_2, 21600 points, 946 points in surface

(C) field_case_1, 6510 points, 346 points in surface

FIGURE 4.2: Normalized point cloud datasets, two simulated (A and B) and one
field case (C). In each figure the color represents the value of NMD (Equation 2.2)

index per point.
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4.1 Performance Comparison

To compare performance between barycentric and UFo unfolding algorithms we have to break

them into smaller parts and measure time in each part separately. Both algorithm pipelines

have differences and we can only compare some parts directly. For example, UFo does not

extract surfaces from the 3D block models and unfolds based on only one reference surface, top

or bottom, while the barycentric approach uses both surfaces which add more time to surface

flattening step.

Tables 4.2 and 4.3 summarize the time needed for each step using three datasets (two simulated

and one field case). The results were obtained using a machine with Intel(R) Core(TM) i7-

8550U, 16 Gigas of RAM and Ubuntu 18.04 as operative system with a repetition n = 10 for

each dataset.

We can compare the surface flattening and 3D unfolding parts between algorithms (unfolding

part in barycentric algorithm correspond to mesh_construction plus bary_deformation steps). In

Figure 4.3 the comparison of both steps is made, surface flattening is faster in the barycentric

algorithm in spite of having more points in the surface, while UFo algorithm is faster in the

unfolding part because it does not have to build a mesh from a point cloud which simplifies this

step. Nevertheless, the performance of both algorithms is comparable in order of magnitude,

adding barycentric unfolding as an additional overhead produces, in the worst-case scenario, a

difference of approximately 15 seconds.
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Execution Times (seconds)

geological models points points in surface preprocess surf_extraction surf_flattening
3d_unfolding

total_time
mesh_construction bary_deformation

sim_case_1 21600 1969
mean 0.0492 13.2157 12.8987 20.6015 2.251 49.0162

stdev 0.016 0.3823 0.2367 0.2225 0.0556 0.4722

sim_case_2 21600 114
mean 0.0679 13.0883 13.4587 20.8853 2.236 49.7362

stdev 0.0493 1.929 1.3272 0.125 0.0956 3.1921

field_case_1 6510 854
mean 0.1784 3.7048 6.5493 6.3229 0.6780 17.4334

stdev 0.3091 0.2728 0.1587 0.1535 0.0369 0.6956

TABLE 4.2: Execution times for barycentric unfolding algorithm. Columns rep-
resents the algorithm steps, and for each, we calculate the mean time and standard

deviation of 10 executions.

Execution Times (seconds)

geological models points points in surface surf_flattening 3d_unfolding

sim_case_1 21600 957
mean 11.8733 10.7923

stdev 3.7323 1.0765

sim_case_2 21600 946
mean 16.8282 12.4462

stdev 1.5495 1.1507

field_case_1 6510 346
mean 7.3151 3.8131

stdev 0.6375 0.6833

TABLE 4.3: Execution times for UFo unfolding algorithm.Columns represents the
algorithm steps, and for each, we calculate the mean time and standard deviation
of 10 executions. The steps that can be compare with barycentric algotihm are “3d

unfolding” and “surface flattening”.
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FIGURE 4.3: Performance comparison of “surface flattening” and “3D unfolding”
steps for Barycentric and U-Fo unfolding algorithms. The height in the bar plot
represents the mean time in each step, and the standard deviation is visualized as

an error line above the mean value.

4.2 Quality Comparison

For quality comparison, we used 3 geological datasets. Two datasets are computer-simulated

ones, and the other is a field geological block model. For the simulated data, we know a priori

the original restoration and the folded model, while for the field data only the folded model

is known. A pipeline like the one depicted in Figure 4.1 was executed to calculate ε(X,Y)

(and ε(W,Y) for simulated data) 1 random variables with the Barycentric and UFo unfolding

algorithms, and we compare the distribution obtained of these variables for both algorithms. A

lower overall quality error(ε(X,Y) and ε(W,Y)) mean that the “Neighbor Mean Distances” of

1Errors between distribution were calculated using Equation 2.4
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dataset points have little change. We present the results, visualizations and analysis of each

dataset in the following sections.

4.2.1 Quality Results for simulation case 1

Simulation case 1 starts as a parallelepiped polyhedron that is folded using geological transfor-

mations. Figure 4.4 shows the point cloud models of simulation case 1 and the results after the

unfolding process using barycentric and UFo unfolding algorithms. The color visualized shows

the NMD(·) index (equation 2.2) for simulated, folded and unfolded model.

For simulated data we have the original model before geological transformations (Figure 4.4a).

We expect that a good unfolding algorithm will have little changes between the NMD index

before folding and after unfolding (i.e NMD(W) VS NMD(Y)). As fast inspection in Figure 4.4

we can noted just with color distribution that barycentric approach does a better job keeping the

NMD distributions (Figures 4.4a and 4.4c) than UFo (Figures 4.4a and 4.4d).

For a more in depth analysis of how unfolding algorithms change NMD index per point, we

have calculated and visualized errors distributions (Equation 2.4) in Figures 4.5, 4.6 and 4.7.

Comparing plots, is clear that barycentric algorithm have lower ε(W,Y) distribution with µ =

0.022 and σ = 0.015 versus µ = 13.64 and σ = 4.53 for UFo algorithm, if we compare ε(X,Y)

instead, barycentric approach still got lower values, but differences are less extreme.
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(A) Simulated model colored with NMD(W) per point. Color
bar ranges between 0.02 and 0.038 values.

(B) Folded model colored with NMD(X) per point. Color bar
ranges between 0.02 and 0.038 values.

(C) Unfolded model, using barycentric algo-
rithm, colored with NMD(Y) per point. Color

bar ranges between 0.02 and 0.038 values.

(D) Unfolded model, using UFo algorithm, colored
with NMD(Y) per point. Color bar ranges between

0.103 and 0.755 values.

FIGURE 4.4: Point clouds depicting NMD(·) index in each step of unfolding flow
for simulation case 1. Index is calculated using Equation 2.2. We define W as the
original block model distribution, X as the folded model and Y as the unfolded

model.
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(A) ε(X,Y) violin plot for barycentric and UFo algorithms.

(B) ε(W,Y) violin plot for barycentric and UFo algorithms

FIGURE 4.5: ε(X,Y) and ε(W,Y) distribution comparison between barycentric
and U-Fo unfolding algorithms, using violin plots for simulation case 1. Error
distributions are calculated using Equation 2.4. We define W as the original block
model distribution, X as the folded model and Y as the unfolded model, we ob-

tained two error distributions: ε(W,Y) and ε(X,Y) for simulated.
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(A) ε(X,Y) histogram for barycentric and UFo algorithms

(B) ε(W,Y) histogram for barycentric and UFo algorithms

FIGURE 4.6: ε(X,Y) and ε(W,Y) distribution comparison between barycentric
and U-Fo unfolding algorithms, using histogram plots for simulation case 1. Er-
ror distributions are calculated using Equation 2.4. We define W as the original
block model distribution, X as the folded model and Y as the unfolded model, we

obtained two error distributions: ε(W,Y) and ε(X,Y) for simulated data.
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(A) ε(X,Y) cumulative plot for barycentric and U-Fo algorithms

(B) ε(W,Y) cumulative plot for barycentric and U-Fo algorithms.

FIGURE 4.7: ε(X,Y) and ε(W,Y) distribution comparison between barycentric
and U-Fo unfolding algorithms, using histogram and cumulative plots for simula-
tion case 1. Error distributions are calculated using Equation 2.4. We define W as
the original block model distribution, X as the folded model and Y as the unfolded
model, we obtained two error distributions: ε(W,Y) and ε(X,Y) for simulated data.
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4.2.2 Quality Results for simulation case 2

Simulation case 2 has the same start polyhedron than case 1, but it differ in the geological

transformation used to obtain the folded model. Once again barycentric algorithm is a better

approach when we compare NMD color distributions (Figure 4.8) and error distributions (Fig-

ures 4.9, 4.10 and 4.11). The results are similar to simulation case 1 but with higher variations

between algorithms, for example, the distribution of ε(W,Y), we obtained µ = 0.032, σ = 0.029

for barycentric algorithm and µ = 13.68, σ = 3.78 for UFo.
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(A) Simulated model colored with NMD(W) per point. Color
bar ranges between 0.02 and 0.038 values.

(B) Folded model colored with NMD(X) per point. Color bar
ranges between 0.02 and 0.038 values.

(C) Unfolded model, using barycentric algo-
rithm, colored with NMD(Y) per point. Color

bar ranges between 0.02 and 0.038 values.

(D) Unfolded model, using UFo algorithm, colored
with NMD(Y) per point. Color bar ranges between

0.137 and 0.717 values.

FIGURE 4.8: Point clouds depicting NMD(·) index in each step of unfolding flow
for simulation case 2. Index is calculated using Equation 2.2. We define W as the
original block model distribution, X as the folded model and Y as the unfolded

model.
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(A) ε(X,Y) violin plot for barycentric and UFo algorithms.

(B) ε(W,Y) violin plot for barycentric and UFo algorithms

FIGURE 4.9: ε(X,Y) and ε(W,Y) distributions comparison, using violin plots
for simulation case 2. Error distributions are calculated using Equation 2.4. We
define W as the original block model distribution, X as the folded model and Y as
the unfolded model, we obtained two error distributions: ε(W,Y) and ε(X,Y) for

simulated data.
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(A) ε(X,Y) histogram for barycentric and UFo algorithms

(B) ε(W,Y) histogram for barycentric and UFo algorithms

FIGURE 4.10: ε(X,Y) and ε(W,Y) distributions comparison, using histogram
plots for simulation case 2. Error distributions are calculated using Equation 2.4.
We define W as the original block model distribution, X as the folded model and
Y as the unfolded model, we obtained two error distributions: ε(W,Y) and ε(X,Y)

for simulated data.
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(A) ε(X,Y) cumulative plot for barycentric and UFo algorithms

(B) ε(W,Y) cumulative plot for barycentric and UFo algorithms

FIGURE 4.11: ε(X,Y) and ε(W,Y) distributions comparison using cumulative
plots for simulation case 2. Error distributions are calculated using Equation 2.4.
We define W as the original block model distribution, X as the folded model and
Y as the unfolded model, we obtained two error distributions: ε(W,Y) and ε(X,Y)

for simulated data.
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4.2.3 Quality Results for field case 1

Since field data is obtained from real geological measures, we do not have an original point

cloud to compare with the unfolding model, and the comparison can only be made between

folded and unfolded models.

Figure 4.12 shows the distribution of NDM index in folded (NMD(X)) and unfolded (NMD(Y))

point clouds for both algorithms. In this case, we can not conclude whether the algorithm

does better by just comparing the color distribution because both are similar and differences

are small. By comparing error distribution in Figure 4.13 we got lower errors (ε(X,Y)) using

UFo approach with µ = 0.0021, σ = 0.0032 versus µ = 0.0115, σ = 0.0095 using barycentric

algorithm. Nevertheless, for field data, we can not be certain of which algorithm is doing better

because we can only compare NMD index in fold and unfold models, and by definition, if we

do not unfold at all the folded model, ε(X,Y) distribution will be zero.
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(A) Folded model colored with NMD(X) per point.Color bar
ranges between 2.4E-07 and 8.97E-07 values.

(B) Unfolded model, using barycentric algo-
rithm, colored with NMD(Y) per point. Color
bar ranges between 2.36E-07 and 9E-07 values.

(C) Unfolded model, using UFo algorithm, colored
with NMD(Y) per point. Color bar ranges between

2.4E-07 and 8.96E-07 values.

FIGURE 4.12: Point clouds depicting NMD(·) index in each step of unfolding
flow for field case 1. Index is calculated using Equation 2.2. We define W as the
original block model distribution, X as the folded model and Y as the unfolded

model.
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(A) ε(X,Y) violin plot for barycentric and UFo algorithms.

(B) ε(X,Y) histogram for barycentric and UFo algorithms.

(C) ε(X,Y) cumulative plot for barycentric and UFo algorithms.

FIGURE 4.13: ε(X,Y) distribution comparison between barycentric and UFo un-
folding algorithms, using violin, histogram and cumulative plots for field case 1.
Error distribution is calculated using Equation 2.4. We define W as the original
block model distribution, X as the folded model and Y as the unfolded model, we

obtained one error distribution: ε(X,Y) for field data.
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4.2.4 Quality Analysis

We show a summarize of the mean error per geological model in Table 4.4. Results show that

the barycentric unfolding algorithm has better quality than U-Fo in simulation cases. For the

field case, U-Fo has a lower µ(ε(X,Y)) indicating that folded and unfolded distributions are

more similar for U-Fo unfolding than for barycentric unfolding. Nevertheless, as explained in

previous sections, for field cases we do not have an original restoration model, therefore, we do

not have an objective distribution to follow.

A guess to explain why barycentric algorithm perform better in quality than U-Fo unfolding is

that the mathematical construct of barycentric transformations (Equation 2.1) conserves refer-

ence distances inside a geometrical mesh, therefore, a quality index that measure geometrical

properties will have better results in barycentric unfolding. If the previous guess is true, we

can expect an improvement if we change barycentric transformations with a more sophisticated

variant, like Wachpress coordinates [18].

Mean Error Comparison

geological models points
µ(ε(W,Y)) µ(ε(X,Y))

U-Fo Barycentric U-Fo Barycentric

sim_case_1 21600 13.6475 0.0227 0.0905 0.0257

sim_case_2 21600 13.5871 0.0329 0.1225 0.0595

field_case_1 6510 N/A N/A 0.0022 0.0115

TABLE 4.4: Mean error comparison for each geological model. We define W
as the original model distribution, X as the unfolded model and Y as the folded
model. The Error index distribution (ε(·, ·)) is calculated using Equation 2.4 and

the function µ(·) symbolize the statistical mean.
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Chapter 5

Conclusions

5.1 Conclusions

In geological restoration, unfolding a mineral solid body is a crucial and not resolved task for

ore estimation process. Currently working solutions involves expert knowledge and a priori

information of physics and rock properties.

U-Fo was created, in this context, with the objective of being a semi-automated algorithm that

aids geologist in the unfolding and unfualted pipeline, using geometry and geostatistics tools.

In this Thesis we designed, implemented and analyzed a new unfolding algorithm. The new

algorithm improves UFo approach in: 1) Automated extraction of top and bottom surfaces

from point cloud; 2) Surface flattened of top and bottom using energy release optimization

algorithm; 3) Barycentric deformation of solid body using two referential surfaces and

tetrahedral mesh. The algorithm complexity is O(N2) (where N is the number of input points)

and we compared the unfolding results in performance and quality (using NMD index) with UFo

program.

56



In performance, the barycentric approach seems to be slower than UFo approach mainly because

of the use of 2N points when using the top and bottom surfaces and the tetrahedral mesh creation

step, while in quality comparison barycentric algorithm had a lower error (ε(W,Y)) in simulated

dataset and similar results in the field block model. the contributions, of this Thesis, can be

summarized as follows:

1. Automatic surfaces extraction algorithm from point cloud based in alpha-shape algo-
rithm. In comparison, U-Fo unfolding expects a reference surface as an input, therefore,
this implementation is an enhancement and might be helpful as a guide to geologist ex-
perts.

2. Slightly improvement of performance in surface flattening algorithm. As shown in
section 4.1 and Figure 4.3, surface flattening step is faster (per point in surface) in barycen-
tric unfolding than U-Fo.

3. New barycentric based unfolding algorithm. Which according to results presented in
4.2 does a better job, than U-Fo, preserving geometrical features in simulated geological
models.

4. Methodology to measure quality in unfolding algorithms. Based on NMD index and
error distribution comparison.

5. Geometry visualization code based in pyVista.Written to visualize point cloud datasets
and results over the unfolding pipeline.

5.2 Future Work

As future work, several techniques/algorithms could be adapted in order to test if they improve

the proposed unfolding solution:

• Use 3D generalized barycentric coordinates (like Wachpress coordinates [18]) may im-
prove the deformation process and minimize pathological cases of points in surfaces.

• Design and test other mesh creation and refine algorithms, such as the ones used in popular
mesh libraries like Tetgen [24].
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• The design and implementation of parallel (GPU) versions of deformation and mesh cre-
ation algorithm should improve algorithm performance.

• Comparison of field dataset unfolding results with real ore extraction data to improve
quality testing.
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Appendix A

Source Code

A.1 Python Source Code

LISTING A.1: unfold_pc.py

from d a t a _ u t i l s import ∗
from p l o t _ u t i l s import ∗

from g e o m e t r y _ a l g o r i t h m s import d i v i d e _ v o l u m e _ s u r f a c e
from g e o m e t r y _ a l g o r i t h m s import u n f o l d _ s u r f a c e
from g e o m e t r y _ a l g o r i t h m s import j o i n _ s u r f a c e s
from g e o m e t r y _ a l g o r i t h m s import c r e a t e _ t e t r a _ m e s h
from g e o m e t r y _ a l g o r i t h m s import s e a r c h _ p o i n t s _ i n s i d e _ t e t r a _ m e s h
from g e o m e t r y _ a l g o r i t h m s import a p p l y _ b a r y c e n t r i c _ d e f o r m a t i o n
from g e o m e t r y _ a l g o r i t h m s import c a l c u l a t e _ q u a l i t y _ m e a s u r e s
from g e o m e t r y _ a l g o r i t h m s import g e n e r a t e _ c o n c a v e _ h u l l
from g e o m e t r y _ a l g o r i t h m s import r o t a t e _ p o i n t _ c l o u d

import m a t p l o t l i b . p y p l o t a s p l t
import numpy as np
import pandas as pd
import a r g p a r s e
import t ime
import m a t p l o t l i b
import r e

from p a t h l i b import Pa th

i f __name__ == ’ __main__ ’ :
m a t p l o t l i b . r cPa rams . u p d a t e ( { ’ f o n t . s i z e ’ : 22})
p a r s e r = a r g p a r s e . Argumen tPa r se r ( )
p a r s e r . add_argument ( ’−p ’ , ’−−p o i n t _ c l o u d ’ , d e f a u l t = ’ d a t a s e t s / f o l d e d _ c a s o 8 2 . csv ’ )
p a r s e r . add_argument ( ’−n ’ , ’−−n_sim ’ , d e f a u l t = ’ 1 ’ )
p a r s e r . add_argument ( ’−s ’ , ’−− r e f _ s u r f a c e ’ , d e f a u l t =None )
a r g s = p a r s e r . p a r s e _ a r g s ( )
s i m _ r e s u l t s = [ ]
n_sim = i n t ( a r g s . n_sim )
b m _ f i l e = a r g s . p o i n t _ c l o u d

l a s t _ v e r t s = None
l a s t _ f l t _ v e r t s = None

f o r i in range ( n_sim ) :
s t a r t _ t = t ime . t ime ( )
v e r t s _ s c = r e a d _ b l o c k _ m o d e l ( b m _ f i l e )
v e r t s _ s c = r o t a t e _ p o i n t _ c l o u d ( v e r t s _ s c )
p r e p r o c e s s _ t = t ime . t ime ( )

# P l o t w i t h PCA a x i s
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# z _ s c a l a r s = [ p [ 2 ] f o r p i n v e r t s _ s c ]
# arrow_pos = np . mean ( v e r t s _ s c , 0 )
# arrow_pos [ 2 ] = np . max ( z _ s c a l a r s )
# p l o t _ s c a t t e r ( v e r t s _ s c , s c a l a r s =z _ s c a l a r s , o p a c i t y =0 .5 , arrows =( arrow_pos , np . a r r a y ( [ 0 , 0 , 1 ] )∗ 0 . 0 9 ) )
# p l o t _ s c a t t e r ( v e r t s _ s c , s c a l a r s =z _ s c a l a r s , o p a c i t y =0 .5 )

i f a r g s . r e f _ s u r f a c e i s None :

c h u l l _ p o i n t s , c h u l l _ f a c e s = g e n e r a t e _ c o n c a v e _ h u l l ( v e r t s _ s c , b m _ f i l e )
# p l o t _ s u r f a c e ( c h u l l _ p o i n t s , c h u l l _ f a c e s )
( t o p _ p o i n t s , t o p _ f a c e s ) , ( b o t _ p o i n t s , b o t _ f a c e s ) = d i v i d e _ v o l u m e _ s u r f a c e ( c h u l l _ p o i n t s , c h u l l _ f a c e s )
c o n c a v e _ t = t ime . t ime ( )
p l o t _ t w o _ s u r f a c e s ( t o p _ p o i n t s , t o p _ f a c e s , b o t _ p o i n t s , b o t _ f a c e s )
# p l o t _ t w o _ s u r f a c e s ( t o p _ p o i n t s , t o p _ f a c e s , b o t _ p o i n t s , b o t _ f a c e s , a l l _ p o i n t s = v e r t s _ s c )

e l s e :
t o p _ p o i n t s , t o p _ f a c e s = r e a d _ s u r f a c e ( a r g s . r e f _ s u r f a c e + ’ _ top . csv ’ )
b o t _ p o i n t s , b o t _ f a c e s = r e a d _ s u r f a c e ( a r g s . r e f _ s u r f a c e + ’ _bo t . c sv ’ )
# T r a n s l a t e i n z
t o p _ p o i n t s [ : , 2 ] = t o p _ p o i n t s [ : , 2 ] + ( v e r t s _ s c [ : , 2 ] . max ( ) − t o p _ p o i n t s [ : , 2 ] . min ( ) )
b o t _ p o i n t s [ : , 2 ] = b o t _ p o i n t s [ : , 2 ] + ( v e r t s _ s c [ : , 2 ] . min ( ) − b o t _ p o i n t s [ : , 2 ] . max ( ) )

# T r a n s l a t e c e n t r o i d
t r a n s _ v e c = v e r t s _ s c [ : , 0 : 2 ] . mean ( a x i s =0) − t o p _ p o i n t s [ : , 0 : 2 ] . mean ( a x i s =0)
t o p _ p o i n t s [ : , 0 : 2 ] = t o p _ p o i n t s [ : , 0 : 2 ] + t r a n s _ v e c

t r a n s _ v e c = v e r t s _ s c [ : , 0 : 2 ] . mean ( a x i s =0) − b o t _ p o i n t s [ : , 0 : 2 ] . mean ( a x i s =0)
b o t _ p o i n t s [ : , 0 : 2 ] = b o t _ p o i n t s [ : , 0 : 2 ] + t r a n s _ v e c
c o n c a v e _ t = t ime . t ime ( )

# p l o t _ t w o _ s u r f a c e s ( t o p _ p o i n t s , t o p _ f a c e s , b o t _ p o i n t s , b o t _ f a c e s , a l l _ p o i n t s = v e r t s _ s c )

d e l t a _ t = 0 . 0 1
t o p _ f l t , mse_top , a r e a s _ t o p = u n f o l d _ s u r f a c e ( t o p _ p o i n t s , t o p _ f a c e s , s t e p = d e l t a _ t , i t e r a t i o n s =−1 , u s e _ u f o = F a l s e )
b o t _ f l t , mse_bot , a r e a s _ b o t = u n f o l d _ s u r f a c e ( b o t _ p o i n t s , b o t _ f a c e s , s t e p = d e l t a _ t , i t e r a t i o n s =−1 , u s e _ u f o = F a l s e )

# p l o t _ m s e ( mse_top , a r e a s _ t o p / c a l c u l a t e _ t o t a l _ a r e a ( t o p _ p o i n t s , t o p _ f a c e s ) , t i t l e =’ Error Trough I t e r a t i o n s For Top S u r f a c e ’ )
# d i f f _ a r e a = u n f o l d _ d i f f _ a r e a s ( t o p _ p o i n t s [ : , : 2 ] , t o p _ f a c e s , t o p _ f l t , t o p _ f a c e s )
# p l o t _ t r i a n g u l a t i o n ( t o p _ p o i n t s , t o p _ f a c e s , s c a l a r s =d i f f _ a r e a , t i t l e =’ Area Comparison For Top S u r f a c e ’ )
# p l o t _ s u r f a c e ( t o p _ f l t , t o p _ f a c e s )

# p l o t _ m s e ( mse_bot , a r e a s _ b o t / c a l c u l a t e _ t o t a l _ a r e a ( b o t _ p o i n t s , b o t _ f a c e s ) , t i t l e =’ Error Trough I t e r a t i o n s For Bot tom S u r f a c e ’ )
# d i f f _ a r e a = u n f o l d _ d i f f _ a r e a s ( b o t _ p o i n t s [ : , : 2 ] , b o t _ f a c e s , b o t _ f l t , b o t _ f a c e s )
# p l o t _ t r i a n g u l a t i o n ( b o t _ p o i n t s , b o t _ f a c e s , s c a l a r s =d i f f _ a r e a , t i t l e =’ Area Comparison For Bot tom S u r f a c e ’ )
# p l o t _ s u r f a c e ( b o t _ f l t , b o t _ f a c e s )
u n f o l d _ t = t ime . t ime ( )

u p _ p o i n t s , up_ face s , u p _ f l t = j o i n _ s u r f a c e s ( t o p _ p o i n t s , t o p _ f a c e s , b o t _ p o i n t s , b o t _ f a c e s , t o p _ f l t )
# p l o t _ t w o _ s u r f a c e s ( u p _ p o i n t s , up_ faces , b o t _ p o i n t s , b o t _ f a c e s , a l l _ p o i n t s = v e r t s _ s c )

t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , t e t r a _ p o i n t s _ f l t = c r e a t e _ t e t r a _ m e s h ( u p _ p o i n t s , up_ faces , b o t _ p o i n t s , b o t _ f a c e s , u p _ f l t , b o t _ f l t )
p l o t _ t e t r a s ( t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s )
# p l o t _ t e t r a s ( t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , e x p o r t _ f i l e =’ t e t r a _ m e s h . v t k ’ )
t e t r a _ i n d i c e s , i n s i d e _ t e t r a s = s e a r c h _ p o i n t s _ i n s i d e _ t e t r a _ m e s h ( v e r t s _ s c , t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , u p _ p o i n t s , u p _ f a c e s )
mesh_t = t ime . t ime ( )

v e r t s _ s c _ f l t = a p p l y _ b a r y c e n t r i c _ d e f o r m a t i o n ( v e r t s _ s c , t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , t e t r a _ p o i n t s _ f l t , t e t r a _ i n d i c e s )
b a r y _ t = t ime . t ime ( )
e n d _ t = t ime . t ime ( )

i n i t i a l _ i n d e x , f i n a l _ i n d e x , d i f f _ i n d e x = c a l c u l a t e _ q u a l i t y _ m e a s u r e s ( v e r t s _ s c , v e r t s _ s c _ f l t )

a l l _ i n d e x = np . a r r a y ( [ i n i t i a l _ i n d e x , f i n a l _ i n d e x ] )
min_in , max_in = a l l _ i n d e x . min ( ) , a l l _ i n d e x . max ( )
# p l o t _ s c a t t e r ( v e r t s _ s c _ f l t , np . a r r a y ( i n s i d e _ t e t r a s , d t y p e =’ i n t ’ ) )
# p l o t _ s c a t t e r ( v e r t s _ s c _ f l t , i n i t i a l _ i n d e x )
p l o t _ s c a t t e r ( v e r t s _ s c _ f l t , d i f f _ i n d e x )
# p l o t _ h i s t ( d i f f _ i n d e x )
# p l o t _ c u m u l a t i v e ( d i f f _ i n d e x )
t i m e s = [ p r e p r o c e s s _ t − s t a r t _ t ,

c o n c a v e _ t − p r e p r o c e s s _ t ,
u n f o l d _ t − concave_ t ,
mesh_t − u n f o l d _ t ,
b a r y _ t − mesh_t ,
e n d _ t − s t a r t _ t ]

s i m _ r e s u l t s . append ( t i m e s )
l a s t _ v e r t s = v e r t s _ s c
l a s t _ f l t _ v e r t s = v e r t s _ s c _ f l t

columns = [ ’ p r e p r o c e s s _ t i m e ’ ,
’ s u r _ e x t _ t i m e ’ ,
’ s u r _ f l a t _ t i m e ’ ,
’ mesh_cons_t ime ’ ,
’ b a r y _ d e f o r m a t i o n _ t i m e ’ ,
’ t o t a l _ t i m e ’ ]
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s i m _ r e s u l t s = np . a r r a y ( s i m _ r e s u l t s )
name = r e . s e a r c h ( ’ / ( . ∗ ) . c sv ’ , b m _ f i l e ) [ 1 ]
s i m _ t i m e s _ d f = pd . DataFrame ( s i m _ r e s u l t s , columns=columns )
out_name = ’ r e s u l t s / ’ + name + ’ _ t i m e s . csv ’

c s v _ f i l e = Pa th ( out_name )
i f c s v _ f i l e . i s _ f i l e ( ) :

w i th open ( out_name , ’ a ’ ) a s f :
s i m _ t i m e s _ d f . t o _ c s v ( f , h e a d e r = F a l s e )

e l s e :
s i m _ t i m e s _ d f . t o _ c s v ( out_name )

columns = [ ’ x ’ , ’ y ’ , ’ z ’ ]
v e r t s _ n a m e = ’ r e s u l t s / ’ + name + ’ _ f o l d e d . csv ’
v e r t s _ f l t _ n a m e = ’ r e s u l t s / ’ + name + ’ _ u n f o l d e d . csv ’
v e r t s _ d f = pd . DataFrame ( l a s t _ v e r t s , columns=columns )
v e r t s _ f l t _ d f = pd . DataFrame ( l a s t _ f l t _ v e r t s , columns=columns )
v e r t s _ d f . t o _ c s v ( v e r t s _ n a m e )
v e r t s _ f l t _ d f . t o _ c s v ( v e r t s _ f l t _ n a m e )

LISTING A.2: data_utils.py

import numpy as np
import pandas as pd
from s k l e a r n . p r e p r o c e s s i n g import MinMaxScaler
from s k l e a r n . n e i g h b o r s import k n e i g h b o r s _ g r a p h

def mse ( vec1 , vec2 ) :
re turn ( np . s q u a r e ( vec1 − vec2 ) ) . mean ( )

def n e i g h b o r _ m e a s u r e ( p o i n t s ) :
g raph = k n e i g h b o r s _ g r a p h ( p o i n t s , 26 , mode= ’ c o n n e c t i v i t y ’ , i n c l u d e _ s e l f = F a l s e )
n e i g h _ l i s t = [ ]
f o r p_index , row in enumerate ( g raph ) :

n e i _ i n d e x e s = np . where ( row . T . t o d e n s e ( ) == 1 . 0 ) [ 0 ]
# p r i n t ( p o i n t s [ n e i _ i n d e x e s ] . shape )
# p r i n t ( p o i n t s [ p _ i n d e x ] . shape )
# p r i n t ( ( p o i n t s [ n e i _ i n d e x e s ] − p o i n t s [ p _ i n d e x ] ) . shape )

neigh_prom = np . l i n a l g . norm ( p o i n t s [ n e i _ i n d e x e s ] − p o i n t s [ p_ index ] , a x i s = 1 ) . sum ( ) / 2 6 . 0
# p r i n t ( neigh_prom )

n e i g h _ l i s t . append ( neigh_prom )
re turn np . a r r a y ( n e i g h _ l i s t )

def c r e a t e _ s u b _ s t r u c t u r e s ( p o i n t s , t r i a n g l e s ) :
a l l _ p o i n t s = p o i n t s . copy ( )
a l l _ t r i a n g l e s = t r i a n g l e s . copy ( )

f l a t _ t r i a n g l e s = np . u n i que ( a l l _ t r i a n g l e s . f l a t t e n ( ) ) . t o l i s t ( )

s u b _ p o i n t s = np . empty ( ( l e n ( f l a t _ t r i a n g l e s ) , a l l _ p o i n t s . shape [ 1 ] ) )

po in t s_map = {}
f o r i , v a l in enumerate ( f l a t _ t r i a n g l e s ) :

s u b _ p o i n t s [ i ] = a l l _ p o i n t s [ f l a t _ t r i a n g l e s [ i ] ]
po in t s_map . u p d a t e ( { f l a t _ t r i a n g l e s [ i ] : i } )

s u b _ t r i a n g l e s = np . empty ( a l l _ t r i a n g l e s . shape )
f o r i , t r in enumerate ( a l l _ t r i a n g l e s ) :

s u b _ t r i a n g l e s [ i ] = np . a r r a y ( [ po in t s_map [ v a l ] f o r v a l in t r ] )

re turn s u b _ p o i n t s , s u b _ t r i a n g l e s . a s t y p e ( i n t ) , po in t s_map

def r e a d _ o f f ( f i l e _ n a m e ) :
f = open ( f i l e _ n a m e , ’ r ’ )
# F i r s t l i n e i s j u s t a OFF s t r i n g
f . r e a d l i n e ( )
# Second l i n e has p o i n t s and f a c e s
n _ p o i n t s , n _ f a c e s , dummy= [ i n t ( v ) f o r v in f . r e a d l i n e ( ) . s p l i t ( " " ) ]
# p r i n t ( n _ p o i n t s , n _ f a c e s )
# Parse p o i n t s i n s u r f a c e
p o i n t s = [ ]
f o r i in range ( n _ p o i n t s ) :

p o i n t s . append ( [ f l o a t ( v ) f o r v in f . r e a d l i n e ( ) . s p l i t ( " " ) ] )
# Parse f a c e s i n s u r f a c e
f a c e s = [ ]
f o r j in range ( n _ f a c e s ) :

f a c e s . append ( [ i n t ( v ) f o r v in f . r e a d l i n e ( ) . s p l i t ( " " ) ] [ 1 : 4 ] )
f . c l o s e ( )
re turn np . a r r a y ( p o i n t s ) , np . a r r a y ( f a c e s )
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def r e a d _ b l o c k _ m o d e l ( f i l e _ n a m e , s c a l e =True ) :
bm_df = pd . r e a d _ c s v ( f i l e _ n a m e )
i f bm_df . columns . c o n t a i n s ( ’ c e n t r o i d _ x ’ ) :

bm_ver t s = bm_df [ [ " c e n t r o i d _ x " , " c e n t r o i d _ y " , " c e n t r o i d _ z " ] ] . v a l u e s
e l s e :

bm_ver t s = bm_df [ [ " x " , " y " , " z " ] ] . v a l u e s

i f ( s c a l e ) :
s c a l e r = MinMaxScaler ( f e a t u r e _ r a n g e =( 0 , 1 ) )
b m _ v e r t s _ s c = s c a l e r . f i t _ t r a n s f o r m ( bm_ver t s . r e s h a p e ( bm_ver t s . s i z e , 1 ) ) . r e s h a p e ( bm_ver t s . shape )

e l s e :
b m _ v e r t s _ s c = bm_ver t s

re turn b m _ v e r t s _ s c

def r e a d _ s u r f a c e ( f i l e _ n a m e , s c a l e =True ) :
s u r f _ d f = pd . r e a d _ c s v ( f i l e _ n a m e )
r s _ v e r t s = s u r f _ d f [ [ " x " , " y " , " z " ] ] . d ropna ( ) . v a l u e s
r s _ f a c e s = s u r f _ d f [ [ ’ v1 ’ , ’ v2 ’ , ’ v3 ’ ] ] . d ropna ( ) . v a l u e s
s c a l e r = MinMaxScaler ( f e a t u r e _ r a n g e =( 0 , 1 ) )
i f s c a l e :

r s _ v e r t s = s c a l e r . f i t _ t r a n s f o r m ( r s _ v e r t s . r e s h a p e ( r s _ v e r t s . s i z e , 1 ) ) . r e s h a p e ( r s _ v e r t s . shape )

re turn r s _ v e r t s , r s _ f a c e s

def w r i t e _ o f f ( v e r t s , f i l e _ n a m e ) :
# e x p o r t p o i n t s
f = open ( f i l e _ n a m e , "w" )

n _ p o i n t s = v e r t s . shape [ 0 ]
f i r s t _ l i n e = "%d \ n " % ( n _ p o i n t s )
f . w r i t e ( f i r s t _ l i n e )

f o r i in range ( n _ p o i n t s ) :
l i n e = " %.20 f %.20 f %.20 f \ n " % ( v e r t s [ i ] [ 0 ] , v e r t s [ i ] [ 1 ] , v e r t s [ i ] [ 2 ] )
f . w r i t e ( l i n e )

f . c l o s e ( )

def s c a l e ( d a t a _ v e c t o r ) :
s c a l e r = MinMaxScaler ( f e a t u r e _ r a n g e =( 0 , 1 ) )
re turn s c a l e r . f i t _ t r a n s f o r m ( d a t a _ v e c t o r . r e s h a p e ( ( −1 , 1 ) ) )

LISTING A.3: energy_model.py

import numpy as np
from d a t a _ u t i l s import mse
from g e o m e t r y _ u t i l s import ∗
# i m p o r t warn ings

def p lo t_mesh ( v e r t s , f a c e s ) :
x = v e r t s [ : , 0 ] . t o l i s t ( )
y = v e r t s [ : , 1 ] . t o l i s t ( )
i f v e r t s . shape [ 1 ] > 2 :

z = v e r t s [ : , 2 ] . t o l i s t ( )
e l s e :

z = np . z e r o s ( v e r t s . shape [ 0 ] ) . t o l i s t ( )

xe = np . a r r a y ( [ [ v e r t s [ p t ] [ 0 ] . t o l i s t ( ) f o r p t in t r ] f o r t r in f a c e s ] ) . t o l i s t ( )
# x _ t e s t = np . a r r a y ( [ [ p t f o r p t i n t r ] f o r t r i n f a c e s ] ) . f l a t t e n ( ) . t o l i s t ( )

ye = np . a r r a y ( [ [ v e r t s [ p t ] [ 1 ] . t o l i s t ( ) f o r p t in t r ] f o r t r in f a c e s ] ) . t o l i s t ( )

i f v e r t s . shape [ 1 ] > 2 :
ze = np . a r r a y ( [ [ v e r t s [ p t ] [ 2 ] . t o l i s t ( ) f o r p t in t r ] f o r t r in f a c e s ] ) . t o l i s t ( )

e l s e :
ze = np . a r r a y ( [ [ 0 . 0 f o r p t in t r ] f o r t r in f a c e s ] ) . t o l i s t ( )

re turn

def v e r t e x _ m a s s ( v_index , g r a p h _ t r , f a c e s , v e r t s ) :
sum_area = 0 . 0
f o r f _ i n d in g r a p h _ t r [ v_ index ] :

a = np . t r a n s p o s e ( np . a r r a y ( [ v e r t s [ v_ ind ] f o r v_ ind in f a c e s [ f _ i n d ] ] ) )
i f a . shape [ 0 ] == 2 :

a = np . c o n c a t e n a t e ( ( a , np . a r r a y ( [ [ 1 , 1 , 1 ] ] ) ) , a x i s =0)
# sum_area += abs ( np . l i n a l g . d e t ( a ) ) / 2
# Area o f t r i a n g l e = | AB x AC | / 2
sum_area += a r e a ( a )
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re turn sum_area

def n e i g h b o r s _ f o r c e ( v_index , graph_con , v e r t s _ 2 d , v e r t s _ 3 d ) :
t o t a l _ n e i g h b o r s _ f o r c e = np . a r r a y ( [ 0 . 0 , 0 . 0 ] )
t o t a l _ n e i g h b o r s _ e n e r g y = 0
f o r n e i g h _ i n d e x in graph_con [ v_ index ] :

# c a l c u l a t e f o r c e i n d i r e c t i o n i j
v i = np . a r r a y ( v e r t s _ 2 d [ v_ index ] )
v j = np . a r r a y ( v e r t s _ 2 d [ n e i g h _ i n d e x ] )
s p r i n g _ k = 0 . 5

v3d i = np . a r r a y ( v e r t s _ 3 d [ v_ index ] )
v3d j = np . a r r a y ( v e r t s _ 3 d [ n e i g h _ i n d e x ] )

d i r e c t i o n _ v e c t o r = v j − v i
d i s t a n c e _ i j = np . l i n a l g . norm ( d i r e c t i o n _ v e c t o r )
d i r e c t i o n _ v e c t o r = d i r e c t i o n _ v e c t o r / np . l i n a l g . norm ( d i r e c t i o n _ v e c t o r )
d i s t a n c e _ i j _ 3 d = np . l i n a l g . norm ( v3d j − v3d i )
t r y :

f o r c e _ i j = s p r i n g _ k ∗( d i s t a n c e _ i j − d i s t a n c e _ i j _ 3 d ) ∗ d i r e c t i o n _ v e c t o r
e xc ep t F l o a t i n g P o i n t E r r o r :

p r i n t ( " e r r o r " )
r a i s e F l o a t i n g P o i n t E r r o r

t o t a l _ n e i g h b o r s _ f o r c e += f o r c e _ i j
t o t a l _ n e i g h b o r s _ e n e r g y += s p r i n g _ k∗pow ( d i s t a n c e _ i j − d i s t a n c e _ i j _ 3 d , 2 )

re turn t o t a l _ n e i g h b o r s _ f o r c e , t o t a l _ n e i g h b o r s _ e n e r g y

def pe r fo rm_ene rgy_mode l ( v e r t s , f a c e s , m a x _ i t e r a t i o n =1000 , l a b e l = ’ energy_model ’ , s t e p = 0 . 0 1 ) :

x = np . a r r a y ( [ [ v e r t s [ f a c e [ 0 ] ] [ 0 ] , v e r t s [ f a c e [ 1 ] ] [ 0 ] , v e r t s [ f a c e [ 2 ] ] [ 0 ] ] f o r f a c e in f a c e s ] )
y = np . a r r a y ( [ [ v e r t s [ f a c e [ 0 ] ] [ 1 ] , v e r t s [ f a c e [ 1 ] ] [ 1 ] , v e r t s [ f a c e [ 2 ] ] [ 1 ] ] f o r f a c e in f a c e s ] )
z = np . a r r a y ( [ [ v e r t s [ f a c e [ 0 ] ] [ 2 ] , v e r t s [ f a c e [ 1 ] ] [ 2 ] , v e r t s [ f a c e [ 2 ] ] [ 2 ] ] f o r f a c e in f a c e s ] )

s u r f a c e _ a r e a = c a l c u l a t e _ t o t a l _ a r e a ( v e r t s , f a c e s )
p r i n t ( " i n i t i a l s u r f a c e a r e a : " + s t r ( s u r f a c e _ a r e a ) )
# p r i n t ( ’ i n i t area : ’ + s t r ( s u r f a c e _ a r e a ) )

# C re a t e c o n e c t i v i t y graph
graph_con = d i c t ( )
g r a p h _ t r = d i c t ( )
f o r f _ i n d , f a c e in enumerate ( f a c e s ) :

f o r i n d e x in f a c e :
c u t _ f a c e = f a c e . copy ( )
c u t _ f a c e . remove ( i n d e x )
i f not i n d e x in graph_con :

g raph_con . u p d a t e ( { i n d e x : s e t ( c u t _ f a c e ) } )
g r a p h _ t r . u p d a t e ( { i n d e x : s e t ( [ f _ i n d ] ) } )

e l s e :
n e i g h b o r s = graph_con [ i n d e x ]
[ n e i g h b o r s . add ( v a l ) f o r v a l in c u t _ f a c e ]
g r a p h _ t r [ i n d e x ] . add ( f _ i n d )

# I n i t i a l i z e p o i n t s i n 2d s u r f a c e
v e r t s _ 2 d = [ v [ 0 : 2 ] f o r v in v e r t s ]
i n i t i a l _ a r e a s = c a l c u l a t e _ a r e a s ( v e r t s , f a c e s )
p r i n t ( " F i r s t mse : " + s t r ( mse ( i n i t i a l _ a r e a s , c a l c u l a t e _ a r e a s ( v e r t s _ 2 d , f a c e s ) ) ) )

p r i n t ( g r a p h _ t r )
# Energy model a l g o r i t h m

# C a l c u l a t e mass
mass = d i c t ( )
f o r v_ ind in graph_con . keys ( ) :

# C a l c u l a t e mass o f p o i n t n o t s c a l e d
m_i = v e r t e x _ m a s s ( v_ind , g r a p h _ t r , f a c e s , v e r t s )
mass . u p d a t e ( { v_ ind : m_i } )

f o r v_ ind in graph_con . keys ( ) :
mass [ v_ ind ] = mass [ v_ ind ] / ( s u r f a c e _ a r e a / 3 )

# I t e r a t e
t i m e _ s t e p = s t e p

t i m e s = [ ]
a r e a s = [ ]
e r r o r = [ ]
m s e _ l i s t = [ ]
# q _ v e l = np . a r r a y ( [ 0 . 0 , 0 . 0 ] )
q _ v e l s = np . z e r o s ( ( l e n ( g raph_con . keys ( ) ) , 2 ) )
# p i o r _ e n e r g y = 0
i t = 0
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whi le True :
i f m a x _ i t e r a t i o n != −1 and i t >= m a x _ i t e r a t i o n :

break
t o t a l _ e n e r g y = 0
t = i t ∗ t i m e _ s t e p
t i m e s . append ( t )
ve r t s_2d_new = v e r t s _ 2 d . copy ( )
f o r v_ ind in graph_con . keys ( ) :

# Compute t e n s i l f o r c e
n _ f o r c e , n_ene rgy = n e i g h b o r s _ f o r c e ( v_ind , graph_con , v e r t s _ 2 d , v e r t s )
q _ a c e l = n _ f o r c e / mass [ v_ ind ]
t o t a l _ e n e r g y += n_ene rgy
ve r t s_2d_new [ v_ ind ] = v e r t s _ 2 d [ v_ ind ] + q _ v e l s [ v_ ind ] ∗ t i m e _ s t e p + q _ a c e l ∗ pow ( t i m e _ s t e p , 2 ) / 2
q _ v e l s [ v_ ind ] = q _ v e l s [ v_ ind ] + t i m e _ s t e p ∗ q _ a c e l

v e r t s _ 2 d _ o l d = v e r t s _ 2 d . copy ( )
v e r t s _ 2 d = ve r t s_2d_new . copy ( )
a r e a s _ 2 d = c a l c u l a t e _ a r e a s ( v e r t s _ 2 d , f a c e s )
a r e a s . append ( a r e a s _ 2 d . sum ( ) )
e r r o r . append ( abs ( ( s u r f a c e _ a r e a − a r e a s [ l e n ( a r e a s ) − 1 ] ) ) / s u r f a c e _ a r e a )
m s e _ l i s t . append ( mse ( i n i t i a l _ a r e a s , a r e a s _ 2 d ) )
p r i n t ( " C u r r e n t mse : " + s t r ( m s e _ l i s t [ −1 ] ) )
p r i n t ( " C u r r e n t a r e a " + s t r ( a r e a s _ 2 d . sum ( ) ) )
i f l e n ( m s e _ l i s t ) > 1 :

i f m s e _ l i s t [ −2] − m s e _ l i s t [ −1] < 0 :
re turn v e r t s _ 2 d _ o l d , m s e _ l i s t , a r e a s

i t += 1

# p i o r _ e n e r g y = t o t a l _ e n e r g y
# p r i n t ( " C u r r e n t d e l t a en er g y " + s t r ( d e l t a _ e n e r g i e s [ −1 ] ) )
# i f e r r o r [−1] <= 1E−5:
# break

# ax2 = f i g . a d d _ s u b p l o t ( 2 1 1 )
# l i n e , = ax . s e m i l o g y ( t i m e s , m s e _ l i s t , l a b e l = l a b e l )
p r i n t ( ’ min mse : ’ + s t r ( min ( m s e _ l i s t ) ) )
re turn v e r t s _ 2 d , m s e _ l i s t , a r e a s
# ax2 . p l o t ( t i m e s , a r e a s )

# i f __name__ == " __main__ " :
# # p l o t e r r o r
# f i g = p l t . f i g u r e ( )
# ax1 = f i g . a d d _ s u b p l o t ( 1 1 1 )
# per fo rm_energy_mode l ( ax=ax1 )
# p l t . show ( )

LISTING A.4: geometry_algorithms.py
from s c i p y . s p a t i a l import Delaunay
from s c i p y . s p a t i a l import KDTree
from s c i p y . s p a t i a l . t r a n s f o r m import R o t a t i o n
from s k l e a r n . d e c o m p o s i t i o n import PCA

from d a t a _ u t i l s import c r e a t e _ s u b _ s t r u c t u r e s
from d a t a _ u t i l s import s c a l e
from d a t a _ u t i l s import w r i t e _ o f f
from d a t a _ u t i l s import r e a d _ o f f

from g e o m e t r y _ u t i l s import n _ o r i e n t a t i o n
from g e o m e t r y _ u t i l s import a n g l e _ w i t h _ z
from g e o m e t r y _ u t i l s import f i l t e r _ b y _ h e i g h t
from g e o m e t r y _ u t i l s import x y _ t o _ b a r
from g e o m e t r y _ u t i l s import x y z _ t o _ b a r
from g e o m e t r y _ u t i l s import p l a n e _ p a r a m e t e r s
from g e o m e t r y _ u t i l s import z _ p r o j
from g e o m e t r y _ u t i l s import t e t r a _ i s _ i n o r d e r
from g e o m e t r y _ u t i l s import f i n d _ t e t r a
from g e o m e t r y _ u t i l s import p o i n t _ i n s i d e _ s q u a r e
from g e o m e t r y _ u t i l s import t r i a n g l e _ q u a l i t y _ m e a s u r e
from g e o m e t r y _ u t i l s import n e i g h b o r s _ q u a l i t y _ m e a s u r e
from g e o m e t r y _ u t i l s import a n g l e
from g e o m e t r y _ u t i l s import c h e c k _ t e t r a _ d e g

from energy_model import pe r fo rm_ene rgy_mode l
from u f o _ e n e r g y _ r e l e a s e . u f o _ e n e r g y _ r e l e a s e import p e r f o r m _ u f o _ e n e r g y _ r e l e a s e
from p l o t _ u t i l s import ∗

import s u b p r o c e s s
import r e
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def s u b _ s a m p l e _ s u r f a c e ( p o i n t s , f a c e s , h _ v a l =None , t o p _ s u r f a c e =True ) :
# h _ v a l = ( p o i n t s [ : , 2 ] . max ( ) + p o i n t s [ : , 2 ] . min ( ) ) / 2
# p r i n t ( h _ v a l )
f i l _ a n g l e = [ a n g l e _ w i t h _ z (∗ p o i n t s [ t r _ i n ] , min_z =( not t o p _ s u r f a c e ) ) < 1 . 0 f o r t r _ i n in f a c e s ]
i f h _ v a l i s not None :

f i l _ h = [ f i l t e r _ b y _ h e i g h t (∗ p o i n t s [ t r _ i n ] , h_va l , t o p _ s u r f a c e ) f o r t r _ i n in f a c e s ]
e l s e :

f i l _ h = [ True ] ∗ f a c e s . shape [ 0 ]

mask = [ t u p [ 0 ] and t u p [ 1 ] f o r t u p in z i p ( f i l _ a n g l e , f i l _ h ) ]

f i l _ p o i n t s , f i l _ f a c e s , h u l l _ t o _ m a p = c r e a t e _ s u b _ s t r u c t u r e s ( p o i n t s , f a c e s [ mask ] )
p o i n t s _ 2 d = f i l _ p o i n t s [ : , 0 : 2 ]

t r e e = KDTree ( p o i n t s _ 2 d )
d i s t a n c e _ v e c t o r = ( t r e e . que ry ( p o i n t s _ 2 d , k = 2 ) [ 0 ] ) [ : , 1 ]
g r i d _ s t e p = d i s t a n c e _ v e c t o r . mean ( )∗2
min_x , min_y = p o i n t s _ 2 d . min ( a x i s =0)
max_x , max_y = p o i n t s _ 2 d . max ( a x i s =0)

x _ g r i d = np . append ( np . a r a n g e ( s t a r t =min_x −( g r i d _ s t e p / 1 0 ) , s t o p =max_x , s t e p = g r i d _ s t e p ) ,
np . a r r a y ( [ max_x +( g r i d _ s t e p / 1 0 ) ] ) )

y _ g r i d = np . append ( np . a r a n g e ( s t a r t =min_y −( g r i d _ s t e p / 1 0 ) , s t o p =max_y , s t e p = g r i d _ s t e p ) ,
np . a r r a y ( [ max_y +( g r i d _ s t e p / 1 0 ) ] ) )

n_x = x _ g r i d . shape [0] −1
n_y = y _ g r i d . shape [0] −1

g r i d _ i n d e x = ( np . ones ( ( n_x , n_y ) )∗ −1 ) . a s t y p e ( ’ i n t ’ )

f o r x in range ( n_x ) :
squ_x_min , squ_x_max = x _ g r i d [ x ] , x _ g r i d [ x + 1]
f o r y in range ( n_y ) :

squ_y_min , squ_y_max = y _ g r i d [ y ] , y _ g r i d [ y + 1]
cen_x , cen_y = ( squ_x_min + squ_x_max ) / 2 , ( squ_y_min + squ_y_max ) / 2
f o u n d _ p t s _ i n = t r e e . q u e r y _ b a l l _ p o i n t ( [ cen_x , cen_y ] , r =1 .5 ∗ g r i d _ s t e p )
i f l e n ( f o u n d _ p t s _ i n ) != 0 :

f o r i , p t in enumerate ( f i l _ p o i n t s [ f o u n d _ p t s _ i n ] ) :
i f p o i n t _ i n s i d e _ s q u a r e ( pt , ( squ_x_min , squ_x_max ) , ( squ_y_min , squ_y_max ) ) :

i f g r i d _ i n d e x [ x , y ] == −1:
g r i d _ i n d e x [ x , y ] = f o u n d _ p t s _ i n [ i ]

e l s e :
i f p t [ 2 ] > f i l _ p o i n t s [ g r i d _ i n d e x [ x , y ] ] [ 2 ] i f t o p _ s u r f a c e e l s e p t [ 2 ] < f i l _ p o i n t s [ g r i d _ i n d e x [ x , y ] ] [ 2 ] :

g r i d _ i n d e x [ x , y ] = f o u n d _ p t s _ i n [ i ]

s a m p l e _ p o i n t s = f i l _ p o i n t s [ g r i d _ i n d e x . f l a t t e n ( ) [ g r i d _ i n d e x . f l a t t e n ( ) != −1]]
t r i = Delaunay ( s a m p l e _ p o i n t s [ : , 0 : 2 ] , q h u l l _ o p t i o n s = ’ Qj ’ )
s a m p l e _ f a c e s = t r i . s i m p l i c e s

t r _ q u a l i t i e s = np . a r r a y ( [ t r i a n g l e _ q u a l i t y _ m e a s u r e ( s a m p l e _ p o i n t s [ s i m p l e x ] ) f o r s i m p l e x in s a m p l e _ f a c e s ] )
t r _ q u a l i t i e s = s c a l e ( t r _ q u a l i t i e s )

# p l o t _ t r i a n g u l a t i o n ( s a m p l e _ p o i n t s , s a m p l e _ f a c e s )
f i l _ q u a l = [ t r _ q > 0 . 1 f o r t r _ q in t r _ q u a l i t i e s . f l a t t e n ( ) ]
s a m p l e _ p o i n t s , s a m p l e _ f a c e s , h u l l _ t o _ m a p = c r e a t e _ s u b _ s t r u c t u r e s ( s a m p l e _ p o i n t s , s a m p l e _ f a c e s [ f i l _ q u a l ] )
# p l o t _ s u r f a c e ( s a m p l e _ p o i n t s , s a m p l e _ f a c e s [ f i l _ q u a l ] )

re turn s a m p l e _ p o i n t s , s a m p l e _ f a c e s

def d i v i d e _ v o l u m e _ s u r f a c e ( p o i n t s , f a c e s , o n l y _ t o p = F a l s e , o n l y _ b o t = F a l s e ) :
# h _ v a l = p o i n t s [ : , 2 ] . min ( ) + ( p o i n t s [ : , 2 ] . max ( ) − p o i n t s [ : , 2 ] . min ( ) ) / 1 0
t o p _ t r _ i n d i c e s = np . a r r a y ( [ n _ o r i e n t a t i o n ( p o i n t s [ f [ 0 ] ] , p o i n t s [ f [ 1 ] ] , p o i n t s [ f [ 2 ] ] ) f o r f in f a c e s ] )
t o p _ p o i n t s , t o p _ t r i a n g l e s , h u l l _ t o _ t o p _ m a p = c r e a t e _ s u b _ s t r u c t u r e s ( p o i n t s , f a c e s [ t o p _ t r _ i n d i c e s ] )
t o p _ p o i n t s , t o p _ t r i a n g l e s = s u b _ s a m p l e _ s u r f a c e ( t o p _ p o i n t s , t o p _ t r i a n g l e s )

# h _ v a l = p o i n t s [ : , 2 ] . max ( ) − ( p o i n t s [ : , 2 ] . max ( ) − p o i n t s [ : , 2 ] . min ( ) ) / 10
b o t _ t r _ i n d i c e s = np . a r r a y ( [ not n _ o r i e n t a t i o n ( p o i n t s [ f [ 0 ] ] , p o i n t s [ f [ 1 ] ] , p o i n t s [ f [ 2 ] ] ) f o r f in f a c e s ] )
b o t _ p o i n t s , b o t _ t r i a n g l e s , h u l l _ t o _ b o t _ m a p = c r e a t e _ s u b _ s t r u c t u r e s ( p o i n t s , f a c e s [ b o t _ t r _ i n d i c e s ] )
b o t _ p o i n t s , b o t _ t r i a n g l e s = s u b _ s a m p l e _ s u r f a c e ( b o t _ p o i n t s , b o t _ t r i a n g l e s , t o p _ s u r f a c e = F a l s e )

i f o n l y _ t o p == F a l s e and o n l y _ b o t == F a l s e :
re turn ( t o p _ p o i n t s , t o p _ t r i a n g l e s ) , ( b o t _ p o i n t s , b o t _ t r i a n g l e s )

e l i f o n l y _ t o p :
re turn t o p _ p o i n t s , t o p _ t r i a n g l e s

e l s e :
re turn b o t _ p o i n t s , b o t _ t r i a n g l e s

def u n f o l d _ s u r f a c e ( p o i n t s , f a c e s , s t e p = 0 . 0 1 , u s e _ u f o = F a l s e , i t e r a t i o n s = 1 5 ) :
i f u s e _ u f o :

f l t _ p o i n t s , mse , a r e a s = p e r f o r m _ u f o _ e n e r g y _ r e l e a s e ( d a t a =( p o i n t s , f a c e s ) , s t e p = s t e p , m a x _ i t e r a t i o n =−1)
e l s e :

p o i n t s _ l i s t , f a c e s _ l i s t = p o i n t s . t o l i s t ( ) , f a c e s . t o l i s t ( )
f l t _ p o i n t s , mse , a r e a s = pe r fo rm_ene rgy_mode l ( p o i n t s _ l i s t , f a c e s _ l i s t , s t e p = s t e p , m a x _ i t e r a t i o n = i t e r a t i o n s )
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n _ p o i n t s = p o i n t s . shape [ 0 ]
h e i g h t _ i n d e x = 2

h = p o i n t s [ : , h e i g h t _ i n d e x ] . mean ( )
h_vec = ( np . ones ( n _ p o i n t s ) ∗ h ) . r e s h a p e ( ( n _ p o i n t s , 1 ) )
p r o j _ p o i n t s = np . append ( np . a r r a y ( f l t _ p o i n t s ) [ : , 0 : 2 ] , h_vec , a x i s =1)
re turn p r o j _ p o i n t s , np . a r r a y ( mse ) , np . a r r a y ( a r e a s )

def j o i n _ s u r f a c e s ( t o p _ p o i n t s , t o p _ t r i a n g l e s , b o t _ p o i n t s , b o t _ t r i a n g l e s , t o p _ p r o j _ p o i n t s =None ) :
d a t a _ t r e e = KDTree ( t o p _ p o i n t s [ : , 0 : 2 ] )
d i s , n e i g h _ b o t 2 t o p = d a t a _ t r e e . que ry ( b o t _ p o i n t s [ : , 0 : 2 ] )

p o i n t _ f a c e _ c o n v = [ [ ] f o r i in range ( t o p _ p o i n t s . shape [ 0 ] ) ]

f o r f _ i n d , f a c e in enumerate ( t o p _ t r i a n g l e s ) :
f o r p_ ind in f a c e :

p o i n t _ f a c e _ c o n v [ p_ ind ] . append ( f _ i n d )

ne w_n e ig h_ t op2 bo t = [ np .NAN] ∗ t o p _ p o i n t s . shape [ 0 ]
ne w_n e ig h_b o t2 top = n e i g h _ b o t 2 t o p
new_top = t o p _ p o i n t s . copy ( )
n e w _ t o p _ f l t = t o p _ p r o j _ p o i n t s . copy ( ) i f t o p _ p r o j _ p o i n t s i s not None e l s e None
top_h = t o p _ p r o j _ p o i n t s [ 0 ] [ 2 ] i f t o p _ p r o j _ p o i n t s i s not None e l s e None

f o r i , p in enumerate ( b o t _ p o i n t s ) :
n e a r _ t o p = t o p _ p o i n t s [ n e i g h _ b o t 2 t o p [ i ] ]
i f ( p [ 0 : 2 ] − n e a r _ t o p [ 0 : 2 ] ) . sum ( ) == 0 . 0 :

ne w_n e ig h_ t op2 bo t [ n e i g h _ b o t 2 t o p [ i ] ] = i
e l s e :

# p r o j e c t b o t _ p o i n t i n t o t o p s u r f a c e and add
# f i n d t r i a n g l e s i n which b o t p r o j e c t i o n w i l l be i n s i d e
f o r t r in p o i n t _ f a c e _ c o n v [ n ew_ ne igh _bo t2 t op [ i ] ] :

# p r i n t ( t o p _ p o i n t s [ t o p _ t r i a n g l e s [ t r ] ] )
c _ b a r = x y _ t o _ b a r ( t o p _ p o i n t s [ t o p _ t r i a n g l e s [ t r ] ] [ : , 0 : 2 ] , p [ 0 : 2 ] )
p _ i n s i d e = [ c _ b a r [ i ] >= 0 . 0 and c _ b a r [ i ] <= 1 . 0 f o r i in range ( 3 ) ]
i f p _ i n s i d e [ 0 ] and p _ i n s i d e [ 1 ] and p _ i n s i d e [ 2 ] :

a , b , c , d = p l a n e _ p a r a m e t e r s (∗ ( t o p _ p o i n t s [ t o p _ t r i a n g l e s [ t r ] ] ) )
new_poin t = np . a r r a y ( [ p [ 0 ] , p [ 1 ] , z _ p r o j (∗ ( p [ 0 : 2 ] ) , a , b , c , d ) ] )
new_top = np . append ( new_top , new_poin t . r e s h a p e ( ( 1 , 3 ) ) , a x i s =0)

i f t o p _ p r o j _ p o i n t s i s not None :
t r _ f l t _ v e r t s = t o p _ p r o j _ p o i n t s [ t o p _ t r i a n g l e s [ t r ] ] [ : , 0 : 2 ]
n e w _ p t _ f l t = np . a r r a y ( [ c _ b a r [ j ] ∗ t r _ f l t _ v e r t s [ j ] f o r j in range ( 0 , c _ b a r . shape [ 0 ] ) ] ) . sum (

a x i s =0) / c _ b a r . sum ( )
n e w _ p t _ f l t = np . append ( n e w _ p t _ f l t , t op_h )
n e w _ t o p _ f l t = np . append ( n e w _ t o p _ f l t , n e w _ p t _ f l t . r e s h a p e ( ( 1 , 3 ) ) , a x i s =0)

ne w_n e ig h_ t op2 bo t . append ( i )
ne w_n e ig h_b o t2 top [ i ] = new_top . shape [ 0 ] − 1
break

u p _ p o i n t s = b o t _ p o i n t s . copy ( )
u p _ t r i a n g l e s = b o t _ t r i a n g l e s . copy ( )
u p _ p r o j _ p o i n t s = b o t _ p o i n t s . copy ( )

f o r i , p in enumerate ( b o t _ p o i n t s ) :
u p _ p o i n t s [ i ] = new_top [ ne w_n e ig h_b o t2 top [ i ] ]
u p _ p r o j _ p o i n t s [ i ] = n e w _ t o p _ f l t [ n ew_ ne i gh_ bo t 2 to p [ i ] ] i f t o p _ p r o j _ p o i n t s i s not None e l s e None

re turn u p _ p o i n t s , u p _ t r i a n g l e s , u p _ p r o j _ p o i n t s

def c r e a t e _ t e t r a _ m e s h ( u p _ p o i n t s , u p _ t r i a n g l e s , b o t _ p o i n t s , b o t _ t r i a n g l e s , u p _ p r o j _ p o i n t s =None , b o t _ p r o j _ p o i n t s =None ) :
t e t r a _ p o i n t s = np . append ( u p _ p o i n t s , b o t _ p o i n t s , a x i s =0)
n _ f a c e s = u p _ t r i a n g l e s . shape [ 0 ]
n _ p o i n t s = u p _ p o i n t s . shape [ 0 ]
t e t r a _ s i m p l i c e s = [ ]
f o r f a c e _ i n d e x in range ( 0 , n _ f a c e s ) :

f a c e 1 = u p _ t r i a n g l e s [ f a c e _ i n d e x ]
f a c e 2 = b o t _ t r i a n g l e s [ f a c e _ i n d e x ] + n _ p o i n t s

t e t r a 1 = np . append ( face1 , f a c e 2 [ 0 ] ) . t o l i s t ( )
t e t r a 2 = np . append ( face2 , f a c e 1 [ 1 ] ) . t o l i s t ( )
t e t r a 3 = [ f a c e 1 [ 1 ] , f a c e 1 [ 2 ] , f a c e 2 [ 0 ] , f a c e 2 [ 2 ] ]

i f not t e t r a _ i s _ i n o r d e r ( t e t r a _ p o i n t s [ t e t r a 1 ] ) :
t e t r a 1 [ 0 ] , t e t r a 1 [ 1 ] = t e t r a 1 [ 1 ] , t e t r a 1 [ 0 ]

i f not t e t r a _ i s _ i n o r d e r ( t e t r a _ p o i n t s [ t e t r a 2 ] ) :
t e t r a 2 [ 0 ] , t e t r a 2 [ 1 ] = t e t r a 2 [ 1 ] , t e t r a 2 [ 0 ]

i f not t e t r a _ i s _ i n o r d e r ( t e t r a _ p o i n t s [ t e t r a 3 ] ) :
t e t r a 3 [ 0 ] , t e t r a 3 [ 1 ] = t e t r a 3 [ 1 ] , t e t r a 3 [ 0 ]

# p r i n t ( t e t r a _ i s _ i n o r d e r ( t e t r a _ p o i n t s [ t e t r a 1 ] ) )
# p r i n t ( t e t r a _ i s _ i n o r d e r ( t e t r a _ p o i n t s [ t e t r a 2 ] ) )
# p r i n t ( t e t r a _ i s _ i n o r d e r ( t e t r a _ p o i n t s [ t e t r a 3 ] ) )
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# i f n o t c h e c k _ t e t r a _ d e g ( t e t r a _ p o i n t s [ t e t r a 1 ] ) :
t e t r a _ s i m p l i c e s . append ( t e t r a 1 )
# i f n o t c h e c k _ t e t r a _ d e g ( t e t r a _ p o i n t s [ t e t r a 2 ] ) :
t e t r a _ s i m p l i c e s . append ( t e t r a 2 )
# i f n o t c h e c k _ t e t r a _ d e g ( t e t r a _ p o i n t s [ t e t r a 3 ] ) :
t e t r a _ s i m p l i c e s . append ( t e t r a 3 )

t e t r a _ s i m p l i c e s = np . a r r a y ( t e t r a _ s i m p l i c e s )

t e t r a _ p o i n t s _ f l t = np . append ( u p _ p r o j _ p o i n t s , b o t _ p r o j _ p o i n t s , a x i s =0)
p r i n t ( t e t r a _ p o i n t s _ f l t . shape )
p r i n t ( t e t r a _ p o i n t s . shape )

re turn t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , t e t r a _ p o i n t s _ f l t

def s e a r c h _ p o i n t s _ i n s i d e _ t e t r a _ m e s h ( p o i n t s , t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , r e f _ p o i n t s , r e f _ f a c e s ) :
# A s s i g n a t e t r a h e d r o n f o r each p o i n t i n b l o c k model
d a t a _ t r e e = KDTree ( r e f _ p o i n t s [ : , 0 : 2 ] )
d i s , n e i g h b o r s = d a t a _ t r e e . que ry ( p o i n t s [ : , 0 : 2 ] )
p r i n t ( n e i g h b o r s )
p r i n t ( n e i g h b o r s . shape )
p r i n t ( np . un iq ue ( n e i g h b o r s ) . shape )

p o i n t _ f a c e _ c o n v = [ [ ] f o r i in range ( r e f _ p o i n t s . shape [ 0 ] ) ]

f o r f _ i n d , f a c e in enumerate ( r e f _ f a c e s ) :
f o r p_ ind in f a c e :

p o i n t _ f a c e _ c o n v [ p_ ind ] . append ( f _ i n d )

t e t r a _ i n d e x e s e s = [ None ] ∗ p o i n t s . shape [ 0 ]
i n s i d e _ t e t r a s = [ None ] ∗ p o i n t s . shape [ 0 ]
f o r i , p in enumerate ( p o i n t s ) :

i f i %100000:
p r i n t

# p o t e n t i a l c a n d i d a t e s
p o t e n t i a l _ p r i s m s = p o i n t _ f a c e _ c o n v [ n e i g h b o r s [ i ] ]
# p r i n t ( p o t e n t i a l _ p r i s m s )
p o t e n t i a l _ t e t r a = [ v ∗ 3 + j f o r v in p o t e n t i a l _ p r i s m s f o r j in range ( 3 ) ]
# p r i n t ( p o t e n t i a l _ t e t r a )
t e t _ i n d , i n s i d e _ t e t = f i n d _ t e t r a ( p , t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s [ p o t e n t i a l _ t e t r a ] )
i n s i d e _ t e t r a s [ i ] = i n s i d e _ t e t
t e t r a _ i n d e x e s e s [ i ] = p o t e n t i a l _ t e t r a [ t e t _ i n d ]

re turn t e t r a _ i n d e x e s e s , i n s i d e _ t e t r a s

def a p p l y _ b a r y c e n t r i c _ d e f o r m a t i o n ( p o i n t s , t e t r a _ p o i n t s , t e t r a _ s i m p l i c e s , t e t r a _ p o i n t s _ f l t , t e t r a _ i n d e x e s e s ) :
# Apply b a r y c e n t r i c t r a n s f o r m a t i o n
p o i n t s _ d e f o r m e d = p o i n t s . copy ( )

f o r i , p in enumerate ( p o i n t s ) :
t e t r a _ i n d e x = t e t r a _ i n d e x e s e s [ i ]
i f t e t r a _ i n d e x == −1:

c o n t i nu e

t e t r a = t e t r a _ s i m p l i c e s [ t e t r a _ i n d e x ]
c = x y z _ t o _ b a r ( t e t r a _ p o i n t s [ t e t r a ] , p )
new_poin t = np . a r r a y ( [ c [ j ] ∗ t e t r a _ p o i n t s _ f l t [ t e t r a [ j ] ] f o r j in range ( 0 , c . shape [ 0 ] ) ] ) . sum ( a x i s =0) / c . sum ( )
p o i n t s _ d e f o r m e d [ i ] = new_poin t

# n o t _ i n s i d e = [ ( n o t bo ) f o r bo i n i n s i d e _ t e t r a s ]
# n e a r _ t e t r a s = np . un i qu e ( ( np . a r r a y ( t e t r a _ i n d e x e s e s ) ) [ n o t _ i n s i d e ] )
# n e a r _ p t s = p o i n t s [ n o t _ i n s i d e ]

re turn p o i n t s _ d e f o r m e d

def c a l c u l a t e _ q u a l i t y _ m e a s u r e s ( p o i n t s , d e f o r m e d _ p o i n t s ) :
i n i t i a l _ i n d e x , n e i = n e i g h b o r s _ q u a l i t y _ m e a s u r e ( p o i n t s )
f i n a l _ i n d e x , n e i = n e i g h b o r s _ q u a l i t y _ m e a s u r e ( d e f o r m e d _ p o i n t s , n e i g h b o r s = n e i )

# r e t u r n i n i t i a l _ i n d e x , f i n a l _ i n d e x , np . abs ( i n i t i a l _ i n d e x − f i n a l _ i n d e x ) / ( i n i t i a l _ i n d e x . max () − i n i t i a l _ i n d e x . min ( ) )
re turn i n i t i a l _ i n d e x , f i n a l _ i n d e x , np . abs ( i n i t i a l _ i n d e x − f i n a l _ i n d e x ) / i n i t i a l _ i n d e x

def g e n e r a t e _ c o n c a v e _ h u l l ( p o i n t s , o r i g i n a l _ n a m e ) :
name = r e . s e a r c h ( ’ / ( . ∗ ) . c sv ’ , o r i g i n a l _ n a m e ) [ 1 ]
w r i t e _ o f f ( p o i n t s , name )
ou tpu t_name = " d a t a s e t s / " + name + " _concave "
r e t = s u b p r o c e s s . run ( [ " . / c o n c a v e _ h u l l / c o n c a v e _ h u l l _ a l p h a _ s h a p e s " , name , ou tpu t_name ] , s t d o u t = s u b p r o c e s s . PIPE )
p r i n t ( ’ {} ’ . format ( r e t . s t d o u t . decode ( " u t f −8" ) ) )
c h u l l _ p o i n t s , c h u l l _ f a c e s = r e a d _ o f f ( ou tpu t_name + ’ . o f f ’ )
s u b p r o c e s s . run ( [ ’ rm ’ , name ] )
re turn c h u l l _ p o i n t s , c h u l l _ f a c e s
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def r o t a t e _ p o i n t _ c l o u d ( p o i n t s ) :
# p o i n t s = r e a d _ b l o c k _ m o d e l ( " d a t a s e t s / magenta . c s v " )
# t r a n s l a t e p o i n t s t o c e n t e r
c e n t r o i d = p o i n t s . sum ( a x i s =0) / p o i n t s . shape [ 0 ]

pca = PCA( n_components =2 , wh i t e n =True )
pca . f i t ( p o i n t s )
p c a _ v e c t o r s = np . a r r a y ( pca . components_ )

z _ v e c t o r = np . a r r a y ( [ 0 , 0 , 1 ] )
p c a _ z _ v e c t o r = np . c r o s s ( p c a _ v e c t o r s [ 0 , : ] , p c a _ v e c t o r s [ 1 , : ] )
p c a _ v e c t o r s = np . append ( p c a _ v e c t o r s , p c a _ z _ v e c t o r . r e s h a p e ( ( 1 , 3 ) ) , a x i s =0)

# a n g l e _ z = a n g l e ( z _ v e c t o r , p c a _ z _ v e c t o r )
t h e t a _ p 1 = a n g l e ( z _ v e c t o r , p c a _ z _ v e c t o r )
# t h e t a _ p 1 = np . p i / 2 − t h e t a _ p 1
p r i n t ( " t h e t a _ p 1 : {} " . format ( np . r ad2deg ( t h e t a _ p 1 ) ) )

t h e t a = t h e t a _ p 1
d i r e c t i o n = np . c r o s s ( p c a _ z _ v e c t o r , z _ v e c t o r )
p r i n t ( " R o t a t i o n a x i s : {} " . format ( d i r e c t i o n ) )

# R = r o t a t i o n _ m a t r i x ( t h e t a , d i r e c t i o n )
# R = R [ 0 : 3 , 0 : 3 ] # Trans form back from u n i f o r m c o o r d i n a t e s

r o t = R o t a t i o n . f r o m _ r o t v e c ( t h e t a∗ d i r e c t i o n )
R = r o t . as_dcm ( )

# R o t a t e p o i n t s around b lock −model c e n t e r
# p l o t _ s c a t t e r ( p o i n t s − c e n t r o i d )
r o t a t e d _ p o i n t s = np . d o t (R , ( p o i n t s − c e n t r o i d ) . T )
r o t a t e d _ p o i n t s = r o t a t e d _ p o i n t s . T + c e n t r o i d

# a r r o w s _ s c a l e = 0 .00001
# p l o t _ s c a t t e r ( np . append ( p o i n t s , r o t a t e d _ p o i n t s , a x i s =0) , s c a l a r s =np . a r r a y ( [ [ 1 ]∗ p o i n t s . shape [ 0 ] , [ 2 ]∗ p o i n t s . shape [ 0 ] ] ) , arrows =( np . a r r a y ( [ c e n t r o i d ]∗2 ) , np . a r r a y ( [ z _ v e c t o r , p c a _ z _ v e c t o r ] )∗ a r r o w s _ s c a l e ) )
# p l o t _ s c a t t e r ( r o t a t e d _ p o i n t s , s c a l a r s =np . a r r a y ( [1]∗ p o i n t s . shape [ 0 ] ) , arrows =( np . a r r a y ( [ c e n t r o i d ]∗2 ) , np . a r r a y ( [ z _ v e c t o r , p c a _ z _ v e c t o r ] )∗ a r r o w s _ s c a l e ) )

# p l o t _ s c a t t e r ( p o i n t s )

re turn r o t a t e d _ p o i n t s

LISTING A.5: geometry_utils.py

import math
from s k l e a r n . n e i g h b o r s import k n e i g h b o r s _ g r a p h
import numpy as np
from numpy . l i n a l g import i n v
from p l o t _ u t i l s import ∗
from s c i p y . s p a t i a l import KDTree

def f i x _ o r i e n t a t i o n ( f ace , p o i n t s ) :
v1 = p o i n t s [ f a c e [ 0 ] ]
v2 = p o i n t s [ f a c e [ 1 ] ]
v3 = p o i n t s [ f a c e [ 2 ] ]
n = t r i a n g l e _ n o r m a l ( v1 , v2 , v3 )
face_mid = ( v1 + v2 + v3 ) / 3

c e n t r o i d = p o i n t s . sum ( a x i s =0) / p o i n t s . shape [ 0 ]
new_face = f a c e . copy ( )
change = F a l s e
i f ( np . d o t ( f ace_mid − c e n t r o i d , n ) < 0 ) :

aux = new_face [ 0 ]
new_face [ 0 ] = new_face [ 1 ]
new_face [ 1 ] = aux
change = True

re turn new_face , change

def p l a n e _ p a r a m e t e r s ( p1 , p2 , p3 , d = 1 . 0 ) :
M = np . c o n c a t e n a t e ( [ p1 . r e s h a p e ( ( 3 , 1 ) ) , p2 . r e s h a p e ( ( 3 , 1 ) ) , p3 . r e s h a p e ( ( 3 , 1 ) ) ] , a x i s = 1 ) . T
D = np . l i n a l g . d e t (M)

# p r i n t ( p1 , p2 , p3 )
i f D != 0 . 0 :

one_vec = np . ones ( ( 3 , 1 ) )
a = −d ∗ np . l i n a l g . d e t ( np . c o n c a t e n a t e ( [ one_vec , M[ : , 1 ] . r e s h a p e ( ( 3 , 1 ) ) , M[ : , 2 ] . r e s h a p e ( ( 3 , 1 ) ) ] , a x i s = 1 ) ) / D
b = −d ∗ np . l i n a l g . d e t ( np . c o n c a t e n a t e ( [M[ : , 0 ] . r e s h a p e ( ( 3 , 1 ) ) , one_vec , M[ : , 2 ] . r e s h a p e ( ( 3 , 1 ) ) ] , a x i s = 1 ) ) / D
c = −d ∗np . l i n a l g . d e t ( np . c o n c a t e n a t e ( [M[ : , 0 ] . r e s h a p e ( ( 3 , 1 ) ) , M[ : , 1 ] . r e s h a p e ( ( 3 , 1 ) ) , one_vec ] , a x i s = 1 ) ) / D
re turn a , b , c , d

e l s e :
d = 0 . 0
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a , b , c = np . c r o s s ( p2−p1 , p3−p2 )
re turn a , b , c , d

def t r i a n g l e _ n o r m a l ( v0 , v1 , v2 ) :
u = v1 − v0
v = v2 − v1
n = np . c r o s s ( u , v )
re turn n / np . l i n a l g . norm ( n )

def a r e a ( f a c e _ m a t ) :
t r y :

# A = pow ( np . l i n a l g . d e t ( np . v s t a c k ( ( f a c e _ m a t [ 0 : 2 ] , np . ones ( 3 ) ) ) ) , 2 )
# B = pow ( np . l i n a l g . d e t ( np . v s t a c k ( ( f a c e _ m a t [ 1 : 3 ] , np . ones ( 3 ) ) ) ) , 2 )
# C = pow ( np . l i n a l g . d e t ( np . v s t a c k ( ( f a c e _ m a t [ 2 , : ] , f a c e _ m a t [ 0 , : ] , np . ones ( 3 ) ) ) ) , 2 )
# r e t u r n np . s q r t ( A+B+C) / 2

# Area o f t r i a n g l e = | AB x AC | / 2
re turn np . l i n a l g . norm ( np . c r o s s ( f a c e _ m a t [ : , 1 ] − f a c e _ m a t [ : , 0 ] , f a c e _ m a t [ : , 2 ] − f a c e _ m a t [ : , 0 ] ) ) / 2 . 0

e xc ep t F l o a t i n g P o i n t E r r o r :
p r i n t ( " Warning r a i s e d " )
re turn np . l i n a l g . norm ( np . c r o s s ( f a c e _ m a t [ : , 1 ] − f a c e _ m a t [ : , 0 ] , f a c e _ m a t [ : , 2 ] − f a c e _ m a t [ : , 0 ] ) ) / 2 . 0

def c a l c u l a t e _ t o t a l _ a r e a ( v e r t s , f a c e s ) :
t o t a l _ a r e a = 0
f o r f in f a c e s :

M = np . t r a n s p o s e ( np . a r r a y ( [ v e r t s [ i n d ] f o r i n d in f ] ) )
i f M. shape [ 0 ] < 3 :

M = np . v s t a c k ( (M, np . z e r o s ( 3 ) ) )
t o t a l _ a r e a += a r e a (M)

re turn t o t a l _ a r e a

def c a l c u l a t e _ a r e a s ( v e r t s , f a c e s ) :
a r e a s = [ ]
f o r f in f a c e s :

M = np . t r a n s p o s e ( np . a r r a y ( [ v e r t s [ i n d ] f o r i n d in f ] ) )
i f M. shape [ 0 ] < 3 :

M = np . v s t a c k ( (M, np . z e r o s ( 3 ) ) )
a r e a s . append ( a r e a (M) )

re turn np . a r r a y ( a r e a s )

def u n f o l d _ d i f f _ a r e a s ( v e r t s 0 , f a c e s 0 , v e r t s 1 , f a c e s 1 ) :
a r e a s 0 , a r e a s 1 = c a l c u l a t e _ a r e a s ( v e r t s 0 , f a c e s 0 ) , c a l c u l a t e _ a r e a s ( v e r t s 1 , f a c e s 1 )
re turn np . a r r a y ( [ ( a1−a0 ) / a0 f o r a0 , a1 in z i p ( a r e a s 0 , a r e a s 1 ) ] )

def n _ o r i e n t a t i o n ( v0 , v1 , v2 ) :
n = t r i a n g l e _ n o r m a l ( v0 , v1 , v2 )
re turn n [ 2 ] > 0

def t e t r a _ i s _ i n o r d e r ( p o i n t s ) :
re turn r i g h t _ o f _ p l a n e ( p o i n t s [ 0 ] , p o i n t s [ 1 ] , p o i n t s [ 2 ] , p o i n t s [ 3 ] )

def r i g h t _ o f _ p l a n e ( p0 , p1 , p2 , p ) :
v1 = p1 − p0
v2 = p2 − p0
v3 = p − p0
norm12 = np . c r o s s ( v1 , v2 )
d e t e r m i n a n t = np . d o t ( norm12 , v3 )
# p r i n t ( d e t e r m i n a n t )
# i f d e t e r m i n a n t == 0:
# p r i n t ( " p o i n t i s i n p l a n e " )
re turn d e t e r m i n a n t >= 0

def i s _ p o i n t _ i n _ t e t r a ( p0 , p1 , p2 , p3 , p ) :
cond1 = r i g h t _ o f _ p l a n e ( p0 , p1 , p2 , p )
cond2 = r i g h t _ o f _ p l a n e ( p2 , p1 , p3 , p )
cond3 = r i g h t _ o f _ p l a n e ( p0 , p2 , p3 , p )
cond4 = r i g h t _ o f _ p l a n e ( p0 , p3 , p1 , p )
# p r i n t ( cond1 , cond2 , cond3 , cond4 )
re turn cond1 and cond2 and cond3 and cond4

def f i n d _ t e t r a ( p o i n t , v e r t i c e s , t e t r a s ) :
c l o s e s t _ d i s t a n c e = np . I n f
c l o s e s t _ i n d e x = −1
f o r t e t _ i n d , t e t in enumerate ( t e t r a s ) :

t e t _ v e r t s = v e r t i c e s [ t e t ]
c = x y z _ t o _ b a r ( t e t _ v e r t s , p o i n t )

73



i f c i s None :
c o n t i nu e

p o i n t _ i n s i d e = True
b a r _ d i s t = 0
f o r c _ i n d in range ( 4 ) :

b o o l _ c h e c k = ( c [ c _ i n d ] >= 0 and c [ c _ i n d ] <= 1 . 0 )
i f not b o o l _ c h e c k :

b a r _ d i s t = b a r _ d i s t + min ( abs ( c [ c _ i n d ] − 0 ) , abs ( c [ c _ i n d ] − 1 . 0 ) )
p o i n t _ i n s i d e = p o i n t _ i n s i d e and b o o l _ c h e c k

i f b a r _ d i s t < c l o s e s t _ d i s t a n c e :
c l o s e s t _ d i s t a n c e = b a r _ d i s t
c l o s e s t _ i n d e x = t e t _ i n d

i f p o i n t _ i n s i d e :
re turn t e t _ i n d , True

re turn c l o s e s t _ i n d e x , F a l s e

def x y z _ t o _ b a r ( v e r t i c e s , r ) :
# check d e g e n e r a t i o n
i f c h e c k _ t e t r a _ d e g ( v e r t i c e s ) :

re turn None
t r y :

T = np . a r r a y ( [ v e r t i c e s [ 0 : 3 , i ] − v e r t i c e s [ 3 , i ] f o r i in range ( 0 , 3 ) ] )
c = np . matmul ( i n v ( T ) , ( r − v e r t i c e s [ 3 ] ) )
c = np . append ( c , 1 − c [ 0 ] − c [ 1 ] −c [ 2 ] )

e xc ep t np . l i n a l g . L i n A l g E r r o r :
p r i n t ( " l i n a l g . L i n A l g E r r o r i n v e r t i n g m a t r i x " )
re turn None

re turn c

def c h e c k _ t e t r a _ d e g ( v e r t i c e s ) :
Q, R = np . l i n a l g . q r ( v e r t i c e s . T )
f o r i in range ( 0 , 3 ) :

i f abs (R[ i , i ] ) < 1e −10:
re turn True

re turn F a l s e

def x y _ t o _ b a r ( v e r t i c e s , r ) :
# p r i n t ( v e r t i c e s , r )
T = np . a r r a y ( [ v e r t i c e s [ 0 : 2 , i ] − v e r t i c e s [ 2 , i ] f o r i in range ( 0 , 2 ) ] )
c = np . matmul ( i n v ( T ) , ( r − v e r t i c e s [ 2 ] ) )
c = np . append ( c , 1 − c [ 0 ] − c [ 1 ] )
re turn c

def a n g l e _ w i t h _ z ( p0 , p1 , p2 , min_z= F a l s e ) :
normal = np . c r o s s ( p1 − p0 , p2 − p1 )
z_vec = np . z e r o s ( 3 )
z_vec [ 2 ] = 1 . 0 i f not min_z e l s e −1.0

a n g l e = np . a r c c o s ( np . d o t ( normal , z_vec ) / ( np . l i n a l g . norm ( normal ) ∗ np . l i n a l g . norm ( z_vec ) ) )
# p r i n t ( a n g l e )
re turn a n g l e

def f i l t e r _ b y _ h e i g h t ( p0 , p1 , p2 , h , above=True ) :
re turn ( p0 [ 2 ] > h and p1 [ 2 ] > h and p2 [ 2 ] > h ) i f above e l s e ( p0 [ 2 ] < h and p1 [ 2 ] < h and p2 [ 2 ] < h )

def z _ p r o j ( x , y , a , b , c , d = 1 . 0 ) :
re turn −(d + a∗x + b∗y ) / c

def p o i n t _ i n s i d e _ s q u a r e ( pt , margins_x , marg ins_y ) :
re turn ( p t [ 0 ] > marg ins_x [ 0 ] and p t [ 0 ] <= marg ins_x [ 1 ] and p t [ 1 ] > marg ins_y [ 0 ] and p t [ 1 ] <= marg ins_y [ 1 ] )

def d o t p r o d u c t ( v1 , v2 ) :
re turn sum ( ( a∗b ) f o r a , b in z i p ( v1 , v2 ) )

def l e n g t h ( v ) :
re turn np . l i n a l g . norm ( v )

def a n g l e ( v1 , v2 ) :
v a l = ( v1∗v2 ) . sum ( ) / ( l e n g t h ( v1 ) ∗ l e n g t h ( v2 ) )
# p r i n t ( v a l )
i f v a l > 1 . 0 :

v a l = 1 . 0
e l i f v a l < −1 .0 :

v a l = −1.0
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v a l = v a l i f v a l < 1 . 0 e l s e 1 . 0
re turn abs ( math . acos ( v a l ) )

def n e i g h b o r s _ q u a l i t y _ m e a s u r e _ o l d ( p o i n t s , n_ne igh = 2 6 ) :
g raph = k n e i g h b o r s _ g r a p h ( p o i n t s , n_neigh , mode= ’ c o n n e c t i v i t y ’ , i n c l u d e _ s e l f = F a l s e )
n e i g h _ l i s t = [ ]
i = 0
p r i n t ( g raph . shape )
f o r p_index , row in enumerate ( g raph ) :

i = i +1
i f ( i %10000 = = 0 ) :

p r i n t ( i )
n e i _ i n d e x e s = np . where ( row . T . t o d e n s e ( ) == 1 . 0 ) [ 0 ]
neigh_prom = np . l i n a l g . norm ( p o i n t s [ n e i _ i n d e x e s ] − p o i n t s [ p_ index ] , a x i s = 1 ) . sum ( ) / n_ne igh
n e i g h _ l i s t . append ( neigh_prom )

re turn np . a r r a y ( n e i g h _ l i s t )

def n e i g h b o r s _ q u a l i t y _ m e a s u r e ( p o i n t s , n_ne igh =27 , n e i g h b o r s =None ) :
i f n e i g h b o r s i s None :

t r e e = KDTree ( p o i n t s )
d i s t a n c e s , n e i g h b o r s = t r e e . que ry ( p o i n t s , k= n_ne igh )

e l s e :
p r i n t ( ’ s k i p i n g n e i g h b o r s c o n s t r u c t i o n ’ )

n e i g h _ l i s t = [ ]
# p r i n t ( graph . shape )
f o r p_index , row in enumerate ( n e i g h b o r s ) :

i f ( p_ index %10000 = = 0 ) :
p r i n t ( p_ index )

n e i _ i n d e x e s = row
neigh_prom = np . l i n a l g . norm ( p o i n t s [ n e i _ i n d e x e s ] − p o i n t s [ p_ index ] , a x i s = 1 ) . sum ( ) / n_ne igh
n e i g h _ l i s t . append ( neigh_prom )

re turn np . a r r a y ( n e i g h _ l i s t ) , n e i g h b o r s

def t r i a n g l e _ q u a l i t y _ m e a s u r e ( p t s ) :
p t s _ 2 d = p t s [ : , 0 : 2 ]
p0 = p t s _ 2 d [ 0 ]
p1 = p t s _ 2 d [ 1 ]
p2 = p t s _ 2 d [ 2 ]

a = np . l i n a l g . norm ( p0 − p1 )
b = np . l i n a l g . norm ( p1 − p2 )
c = np . l i n a l g . norm ( p2 − p0 )

# p r i n t ( n _ o r i e n t a t i o n ( p0 , p1 , p2 ) )
# a2 = l e n g t h ( p t s _ 2 d [ 0 ] − p t s _ 2 d [ 1 ] )
# b2 = l e n g t h ( p t s _ 2 d [ 1 ] − p t s _ 2 d [ 2 ] )
# c2 = l e n g t h ( p t s _ 2 d [ 2 ] − p t s _ 2 d [ 0 ] )

a l p h a = a n g l e ( p0 − p1 , p2 − p1 )
b e t a = a n g l e ( p1 − p2 , p0 − p2 )
gamma = a n g l e ( p1 − p0 , p2 − p0 )
# p r i n t ( a lpha+b e t a+gamma )

# a_vec = a n g l e ( p t s _ 2 d [ 1 ] − p t s _ 2 d [ 0 ] , p t s _ 2 d [ 0 ] − p t s _ 2 d [ 2 ] )

# a lpha = np . a r c c o s ( ( b∗∗2 + c∗∗2 −a∗∗2) / (2∗ b∗c ) )
# b e t a = np . a r c c o s ( ( a∗∗2 + c∗∗2 −b∗∗2) / (2∗ a∗c ) )
# gamma = np . a r c c o s ( ( a∗∗2 + b∗∗2 − c∗∗2)∗(2∗a∗b ) )

s = ( a + b + c ) / 2 # p e r i m e t e r
# c a l c u l a t e t h e area
# A = ( s ∗ ( s − a ) ∗ ( s − b ) ∗ ( s − c ) ) ∗∗ 0 . 5

re turn np . min ( [ a lpha , be t a , gamma ] ) / ( s∗2)

LISTING A.6: plot_utils.py

import p y v i s t a a s pv
import numpy as np
import m a t p l o t l i b . p y p l o t a s p l t
from m a t p l o t l i b . t r i import T r i a n g u l a t i o n
import v t k

def c r e a t e _ p o l y d a t a ( p o i n t s , f a c e s ) :
# mesh p o i n t s
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v e r t i c e s = p o i n t s

# mesh f a c e s
n _ f a c e s = f a c e s . shape [ 0 ]
f a c e _ t y p e s = ( np . ones ( f a c e s . shape [ 0 ] ) ∗ 3 ) . r e s h a p e ( ( n _ f a c e s , 1 ) ) . a s t y p e ( i n t )
f a c e s = np . append ( f a c e _ t y p e s , f a c e s , a x i s =1)

s u r f = pv . Po lyDa ta ( v e r t i c e s , f a c e s )
re turn s u r f

def p l o t _ s u r f a c e ( p o i n t s , f a c e s , s c a l a r s =None , show_normals= F a l s e , normals_mag = 5 . 0 , e x p o r t _ f i l e =None ) :
n _ f a c e s = f a c e s . shape [ 0 ]
i f s c a l a r s i s None :

s c a l a r s = np . a r a n g e ( n _ f a c e s )

s u r f = c r e a t e _ p o l y d a t a ( p o i n t s , f a c e s )
p l o t t e r = pv . P l o t t e r ( )
p l o t t e r . add_mesh ( s u r f , s c a l a r s = s c a l a r s , show_edges=True , s t i t l e = ’ C o l o r s ’ , o p a c i t y = 0 . 9 )
# p l o t t e r . a d d _ p o i n t s ( p o i n t s , p o i n t _ s i z e =5 .0 )

i f show_normals :
no rma l s = [ ]
c e n t r o i d s = [ ]
f o r f in f a c e s :

v0 , v1 , v2 = p o i n t s [ f [ 0 ] ] , p o i n t s [ f [ 1 ] ] , p o i n t s [ f [ 2 ] ]
c e n t r o i d s . append ( ( v0 + v1 + v2 ) / 3 . 0 )
normal = np . c r o s s ( v1 − v0 , v2 − v1 )
normal = normal / np . l i n a l g . norm ( normal )
no rma l s . append ( normal )

no rma l s = np . a r r a y ( no rma l s )
c e n t r o i d s = np . a r r a y ( c e n t r o i d s )
p l o t t e r . add_a r rows ( c e n t r o i d s , normals , mag=normals_mag )

p l o t t e r . show_gr id ( )
p l o t t e r . show ( ) i f not e x p o r t _ f i l e e l s e p l o t t e r . mesh . s ave ( e x p o r t _ f i l e )

def p l o t _ t e t r a s ( p o i n t s , s i m p l i c e s , a l l _ p o i n t s =None , s c a l a r s =None , o p a c i t y = 0 . 3 , p o i n t _ s i z e = 1 . 0 , e x p o r t _ f i l e =None ) :
# mesh p o i n t s
v e r t i c e s = p o i n t s . copy ( )

# mesh f a c e s
f a c e s = s i m p l i c e s . copy ( )

# c o n v e r t t o v t k i u n s t r u c t e r e d g r i d
n v e r t i c e s = v e r t i c e s . shape [ 0 ]
n f a c e s = f a c e s . shape [ 0 ]
# o f f s e t a r r a y . I d e n t i f i e s t h e s t a r t o f each c e l l i n t h e c e l l s a r r a y
o f f s e t = np . a r r a y ( [ i ∗ 5 f o r i in range ( 0 , n f a c e s ) ] )

# composing t h e c e l l
f a c e _ t y p e s = ( np . ones ( f a c e s . shape [ 0 ] ) ∗ 4 ) . r e s h a p e ( ( n f a c e s , 1 ) ) . a s t y p e ( i n t )
c e l l s = np . h s t a c k ( np . append ( f a c e _ t y p e s , f a c e s , a x i s = 1 ) )

c e l l _ t y p e = np . a r r a y ( [ v t k . VTK_TETRA] ∗ n f a c e s )

# c r e a t e t h e u n s t r u c t u r e d g r i d d i r e c t l y from t h e numpy a r r a y s
g r i d = pv . U n s t r u c t u r e d G r i d ( o f f s e t , c e l l s , c e l l _ t y p e , v e r t i c e s )

p l o t t e r = pv . P l o t t e r ( )
p l o t t e r . add_mesh ( g r i d ,

s c a l a r s =np . a r a n g e ( n f a c e s ) ,
s t i t l e = ’ C o l o r s ’ ,
show_edges=True ,
o p a c i t y = o p a c i t y )

i f a l l _ p o i n t s i s not None :
p l o t t e r . a d d _ p o i n t s ( a l l _ p o i n t s , s c a l a r s = s c a l a r s , p o i n t _ s i z e = p o i n t _ s i z e )
p l o t t e r . a d d _ s c a l a r _ b a r ( )

p l o t t e r . show_gr id ( )
p l o t t e r . show ( ) i f not e x p o r t _ f i l e e l s e p l o t t e r . mesh . s ave ( e x p o r t _ f i l e )

def p l o t _ s c a t t e r ( p o i n t s , s c a l a r s =None , o p a c i t y = 1 . 0 , rng =None , cmap=None , a r r ow s =None , arrows_mag =1 , e x p o r t _ f i l e =None ) :
v e r t i c e s = p o i n t s . copy ( )

p l o t t e r = pv . P l o t t e r ( )
p l o t t e r . a d d _ p o i n t s ( v e r t i c e s ,

p o i n t _ s i z e = 1 0 . 0 ,
s c a l a r s = s c a l a r s ,
o p a c i t y = o p a c i t y ,
cmap=cmap , rng = rng )

i f s c a l a r s i s not None :
p l o t t e r . a d d _ s c a l a r _ b a r ( )
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i f a r r ow s i s not None :
cen , d i r e c t i o n = a r r o ws
p l o t t e r . add_a r rows ( cen , d i r e c t i o n , mag=arrows_mag )

# p l o t t e r . add_mesh ( gr id ,
# s t y l e =’ p o i n t s ’ ,
# p o i n t _ s i z e =10 .0 )
p l o t t e r . show_gr id ( )

p l o t t e r . show ( ) i f not e x p o r t _ f i l e e l s e p l o t t e r . mesh . s ave ( e x p o r t _ f i l e )

def p l o t _ s u r f a c e _ a n d _ p o i n t s ( p o i n t s , f a c e s , a l l _ p o i n t s , s c a l a r s =None ) :
n _ f a c e s = f a c e s . shape [ 0 ]
i f ( s c a l a r s i s None ) :

s c a l a r s = np . a r a n g e ( n _ f a c e s )

s u r f = c r e a t e _ p o l y d a t a ( p o i n t s , f a c e s )
p l o t t e r = pv . P l o t t e r ( )
p l o t t e r . add_mesh ( s u r f , s c a l a r s = s c a l a r s , show_edges=True , s t i t l e = ’ C o l o r s ’ , o p a c i t y = 0 . 4 )
p l o t t e r . a d d _ p o i n t s ( a l l _ p o i n t s , p o i n t _ s i z e = 3 . 0 )
p l o t t e r . show_gr id ( )
p l o t t e r . show ( )

def p l o t _ t w o _ s u r f a c e s ( p o i n t s 1 , f a c e s 1 , p o i n t s 2 , f a c e s 2 , a l l _ p o i n t s =None , s c a l a r s =None , o p a c i t y = 0 . 5 ) :
n _ f a c e s 1 = f a c e s 1 . shape [ 0 ]
s c a l a r s 1 = np . a r a n g e ( n _ f a c e s 1 )

n _ f a c e s 2 = f a c e s 2 . shape [ 0 ]
s c a l a r s 2 = np . a r a n g e ( n _ f a c e s 2 )

s u r f 1 = c r e a t e _ p o l y d a t a ( p o i n t s 1 , f a c e s 1 )
s u r f 2 = c r e a t e _ p o l y d a t a ( p o i n t s 2 , f a c e s 2 )
p l o t t e r = pv . P l o t t e r ( )
p l o t t e r . add_mesh ( s u r f 1 , s c a l a r s = s c a l a r s 1 , o p a c i t y = o p a c i t y , show_edges=True , s t i t l e = ’ C o l o r s ’ )
# p l o t t e r . a d d _ p o i n t s ( p o i n t s 1 , p o i n t _ s i z e =5 .0 , s c a l a r s = s c a l a r s )

p l o t t e r . add_mesh ( s u r f 2 , s c a l a r s = s c a l a r s 2 , o p a c i t y = o p a c i t y , show_edges=True , s t i t l e = ’ C o l o r s ’ )
# p l o t t e r . a d d _ p o i n t s ( p o i n t s 2 , p o i n t _ s i z e =5 .0 , s c a l a r s = s c a l a r s )

i f a l l _ p o i n t s i s not None :
p l o t t e r . a d d _ p o i n t s ( a l l _ p o i n t s )

p l o t t e r . show_gr id ( )
p l o t t e r . show ( )

def p l o t _ t r i a n g u l a t i o n ( p o i n t s , t r i a n g l e s , s c a l a r s =None , t i t l e = ’ ’ ) :
p l t . t r i p c o l o r ( p o i n t s [ : , 0 ] , p o i n t s [ : , 1 ] , t r i a n g l e s , s c a l a r s )
p l t . c o l o r b a r ( )
p l t . t i t l e ( t i t l e )
p l t . show ( )

def p l o t_ m s e ( mse , a r e a s =None , t i t l e = ’ ’ ) :
f i g , ax1 = p l t . s u b p l o t s ( )
i t s = np . a r r a y ( [ i +1 f o r i in range ( mse . shape [ 0 ] ) ] )
# c o l o r = ’ t a b : darkGreen ’
ax1 . p l o t ( i t s , mse , c o l o r = ’C2 ’ )
ax1 . s e t _ x l a b e l ( ’ I t e r a t i o n s ’ )
ax1 . s e t _ y l a b e l ( ’Mean Square E r r o r ’ , c o l o r = ’C2 ’ )
ax1 . t i c k _ p a r a m s ( a x i s = ’ y ’ , l a b e l c o l o r = ’C2 ’ )

i f a r e a s i s not None :
ax2 = ax1 . twinx ( )
ax2 . s e t _ y l a b e l ( ’ F l a t Area / S u r f a c e Area ’ , c o l o r = ’C0 ’ )
ax2 . p l o t ( i t s , a r e a s , c o l o r = ’C0 ’ )
ax2 . t i c k _ p a r a m s ( a x i s = ’ y ’ , l a b e l c o l o r = ’C0 ’ )

f i g . t i g h t _ l a y o u t ( )
p l t . t i t l e ( t i t l e )
# p l t . g r i d ( True )
p l t . show ( )

def p l o t _ t r i a n g l e s _ d i f f ( o r i g _ v e r t s , f l a t _ v e r t s , t r i a n g l e s ) :
o n e _ t r i a n g l e = t r i a n g l e s [ 0 ]

o n e _ t r i a n g l e _ p t s _ f l t = np . a r r a y ( [ f l a t _ v e r t s [ ind , : ] f o r i n d in o n e _ t r i a n g l e ] )
x _ f l t = o n e _ t r i a n g l e _ p t s _ f l t [ : , 0 ]
y _ f l t = o n e _ t r i a n g l e _ p t s _ f l t [ : , 1 ]
t r i a n g _ f l t = T r i a n g u l a t i o n ( x _ f l t , y _ f l t , t r i a n g l e s = [ [ 0 , 1 , 2 ] ] )

o r i g i n a l _ v e r t s = np . a r r a y ( o r i g _ v e r t s )
o n e _ t r i a n g l e _ p t s = np . a r r a y ( [ o r i g i n a l _ v e r t s [ ind , : ] f o r i n d in o n e _ t r i a n g l e ] )
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x = o n e _ t r i a n g l e _ p t s [ : , 0 ]
y = o n e _ t r i a n g l e _ p t s [ : , 1 ]
t r i a n g = T r i a n g u l a t i o n ( x , y , t r i a n g l e s = [ [ 0 , 1 , 2 ] ] )

p l t . f i g u r e ( )
p l t . gca ( ) . s e t _ a s p e c t ( ’ e q u a l ’ )
l i n e 2 = p l t . t r i p l o t ( t r i a n g , ’ bo− ’ , lw =1)
l i n e = p l t . t r i p l o t ( t r i a n g _ f l t , ’ rx−− ’ , lw =1)
p l t . t i t l e ( ’One T r i a n g l e ’ )
p r i n t ( l i n e )
p l t . l e g e n d ( l i n e + l i n e 2 , [ ’ f l a t _ t r i a n g l e ’ , ’ f l a t _ p o i n t s ’ , ’ o r i g i n a l _ t r i a n g l e ’ , ’ o r i g i n a l _ p o i n t s ’ ] )
p l t . show ( )

def p l o t _ h i s t ( v a l u e s , c o o r d s = ( . 1 , 2 0 0 0 ) , b i n s = 1 0 0 ) :
p l t . h i s t ( v a l u e s , b i n s = b i n s )
p l t . x l a b e l ( ’ E r r o r Va lues ’ )
p l t . y l a b e l ( ’ F requency ’ )
p l t . t i t l e ( ’ F requency E r r o r ’ )
p l t . g r i d ( True )
p l t . t e x t ( c o o r d s [ 0 ] , c o o r d s [ 1 ] , r ’ $ \ mu={0:6 f } , \ \ s igma ={0:6 f }$ ’ . format ( np . mean ( v a l u e s ) , np . s t d ( v a l u e s ) ) )
p l t . show ( )

def p l o t _ c u m u l a t i v e ( v a l u e s , b i n s = 1 0 0 ) :
p l t . h i s t ( v a l u e s , b i n s = b ins , c u m u l a t i v e =True , h i s t t y p e = ’ s t e p ’ )
p l t . x l a b e l ( ’ E r r o r Va lues ’ )
p l t . y l a b e l ( ’ T o t a l Samples ’ )
p l t . t i t l e ( ’ Cumula t ive E r r o r D i s t r i b u t i o n ’ )
p l t . g r i d ( True )
p l t . show ( )

A.2 C++ Source Code for CGAL

LISTING A.7: concave_hull_alpha_shapes.cpp
# i n c l u d e <CGAL/ E x a c t _ p r e d i c a t e s _ i n e x a c t _ c o n s t r u c t i o n s _ k e r n e l . h>
# i n c l u d e <CGAL/ D e l a u n a y _ t r i a n g u l a t i o n _ 3 . h>
# i n c l u d e <CGAL/ Alpha_shape_3 . h>
# i n c l u d e <CGAL/ IO / Writer_OFF . h>

# i n c l u d e < s t r i n g >
# i n c l u d e < f s t r e a m >
# i n c l u d e < l i s t >
# i n c l u d e < c a s s e r t >
# i n c l u d e < i o s t r e a m >
# i n c l u d e < s e t >
# i n c l u d e <map>

t y p e d e f CGAL : : E x a c t _ p r e d i c a t e s _ i n e x a c t _ c o n s t r u c t i o n s _ k e r n e l Gt ;

t y p e d e f CGAL : : A l p h a _ s h a p e _ v e r t e x _ b a s e _ 3 <Gt> Vb ;
t y p e d e f CGAL : : A l p h a _ s h a p e _ c e l l _ b a s e _ 3 <Gt> Fb ;
t y p e d e f CGAL : : T r i a n g u l a t i o n _ d a t a _ s t r u c t u r e _ 3 <Vb , Fb> Tds ;
t y p e d e f CGAL : : D e l a u n a y _ t r i a n g u l a t i o n _ 3 <Gt , Tds > T r i a n g u l a t i o n _ 3 ;
t y p e d e f CGAL : : Alpha_shape_3 < T r i a n g u l a t i o n _ 3 > Alpha_shape_3 ;

t y p e d e f Alpha_shape_3 : : C e l l _ h a n d l e C e l l _ h a n d l e ;
t y p e d e f Alpha_shape_3 : : V e r t e x _ h a n d l e V e r t e x _ h a n d l e ;

t y p e d e f Alpha_shape_3 : : F a c e t F a c e t ;
t y p e d e f Alpha_shape_3 : : Edge Edges ;
t y p e d e f Alpha_shape_3 : : Ve r t e x V er t e x ;

t y p e d e f Gt : : P o i n t _ 3 P o i n t ;
t y p e d e f Alpha_shape_3 : : A l p h a _ i t e r a t o r A l p h a _ i t e r a t o r ;

i n t main ( i n t argc , c o n s t char∗ c o n s t a rgv [ ] )
{

i f ( a r g c != 3)
{

s t d : : c e r r << " \ n There have t o be two p a r a m e t e r s ( name of program , f i l e w i th c o o r d i n a t e s , o u t p u t f i l e ) " << s t d : : e n d l ;
e x i t ( 1 ) ;

}

s t d : : l i s t < P o i n t > l p ;

/ / read i n p u t
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s t d : : i f s t r e a m i s ( a rgv [ 1 ] ) ;
i s . p r e c i s i o n ( 2 0 ) ;
s t d : : c o u t . p r e c i s i o n ( 2 0 ) ;
i n t n ;
i s >> n ;
s t d : : c o u t << " Reading " << n << " p o i n t s " << s t d : : e n d l ;
P o i n t p ;
f o r ( ; n>0 ; n−−) {

i s >> p ;
i f ( n ==1) {

s t d : : c o u t << p [ 0 ] << s t d : : e n d l ;
}

l p . push_back ( p ) ;
}

/ / compute a lpha shape
Alpha_shape_3 as ( l p . b e g i n ( ) , l p . end ( ) ) ;
s t d : : c o u t << " Alpha shape computed i n REGULARIZED mode by d e f a u l t "

<< s t d : : e n d l ;

/ / f i n d o p t i m a l a lpha v a l u e
A l p h a _ i t e r a t o r o p t = as . f i n d _ o p t i m a l _ a l p h a ( 1 ) ;
Alpha_shape_3 : : NT a l p h a _ s o l i d = as . f i n d _ a l p h a _ s o l i d ( ) ;
s t d : : c o u t << " Opt imal a l p h a v a l u e t o g e t one c o n n e c t e d component i s "

<< ∗o p t << s t d : : e n d l ;

s t d : : c o u t << " S m a l l e s t a l p h a v a l u e t o g e t a s o l i d t h r o u g h d a t a p o i n t s i s "
<< a l p h a _ s o l i d << s t d : : e n d l ;

a s . s e t _ a l p h a (∗ o p t ) ;
a s s e r t ( a s . n u m b e r _ o f _ s o l i d _ c o m p o n e n t s ( ) == 1 ) ;

/ / c o l l e c t a l l r e g u l a r f a c e t s
s t d : : v e c t o r < Face t > F a c e t s ;
a s . g e t _ a l p h a _ s h a p e _ f a c e t s ( s t d : : b a c k _ i n s e r t e r ( F a c e t s ) , Alpha_shape_3 : : REGULAR ) ;

/ /
s t d : : s t r i n g s t r e a m p t s ;
p t s . p r e c i s i o n ( 2 0 ) ;
s t d : : s t r i n g s t r e a m i n d ;

s t d : : map< V e r t e x _ h a n d l e , i n t > ver tex_map ;
s t d : : v e c t o r < V e r t e x _ h a n d l e > v e r t e x _ v e c t o r ;
s t d : : v e c t o r < s t d : : v e c t o r < i n t > > t r i a n g l e s _ v e c t o r ;
i n t v e r t e x _ i n d e x = 0 ;

s t d : : p a i r < s t d : : map< V e r t e x _ h a n d l e , i n t > : : i t e r a t o r , bool > r e t ;

s t d : : c o u t << " Number o f F a c e t s : " << F a c e t s . s i z e ( ) << s t d : : e n d l ;

f o r ( s i z e _ t i = 0 ; i < F a c e t s . s i z e ( ) ; i ++)
{

/ / To have a c o n s i s t e n t o r i e n t a t i o n o f t h e f a c e t , a lways c o n s i d e r an e x t e r i o r c e l l
i f ( a s . c l a s s i f y ( F a c e t s [ i ] . f i r s t ) != Alpha_shape_3 : : EXTERIOR)
{

F a c e t s [ i ] = as . m i r r o r _ f a c e t ( F a c e t s [ i ] ) ;
}

CGAL_asser t ion ( a s . c l a s s i f y ( F a c e t s [ i ] . f i r s t ) == Alpha_shape_3 : : EXTERIOR ) ;

i n t i n d i c e s [ 3 ] = { ( F a c e t s [ i ] . second + 1) % 4 , ( F a c e t s [ i ] . s econd + 2) % 4 , ( F a c e t s [ i ] . s econd + 3) % 4 } ;
/ / p r i n t f ( " i n d i c e s are : %d %d %d \ n " , i n d i c e s [ 0 ] , i n d i c e s [ 1 ] , i n d i c e s [ 1 ] ) ;

i f ( F a c e t s [ i ] . s econd % 2 == 0)
{

s t d : : swap ( i n d i c e s [ 0 ] , i n d i c e s [ 1 ] ) ;
}

/ / p t s << F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [0])−> p o i n t ( ) << " \ n " <<
/ / F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [1])−> p o i n t ( ) << " \ n " <<
/ / F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [2])−> p o i n t ( ) << " \ n " ;

i n d << 3 ;

/ / r e t = ver t ex_map . i n s e r t ( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 0 ] ) , v e r t e x _ i n d e x ) ;
/ / V e r t e x _ h a n d l e v1 = F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 0 ] ) ;

r e t = ver tex_map . i n s e r t ( s t d : : p a i r < V e r t e x _ h a n d l e , i n t > ( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 0 ] ) , v e r t e x _ i n d e x ) ) ;
i f ( r e t . s econd == t r u e ) {

i n d << " " << v e r t e x _ i n d e x ;
v e r t e x _ i n d e x ++;
v e r t e x _ v e c t o r . push_back ( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 0 ] ) ) ;

} e l s e {
i n d << " " << r e t . f i r s t −>second ;

/ / s t d : : c o u t << " I n d e x found : " << r e t . f i r s t −>second << s t d : : e n d l ;

}

79



r e t = ver tex_map . i n s e r t ( s t d : : p a i r < V e r t e x _ h a n d l e , i n t >( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 1 ] ) , v e r t e x _ i n d e x ) ) ;
i f ( r e t . s econd == t r u e ) {

i n d << " " << v e r t e x _ i n d e x ;
v e r t e x _ i n d e x ++;
v e r t e x _ v e c t o r . push_back ( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 1 ] ) ) ;

} e l s e {
i n d << " " << r e t . f i r s t −>second ;

/ / s t d : : c o u t << " I n d e x found : " << r e t . f i r s t −>second << s t d : : e n d l ;
}

r e t = ver tex_map . i n s e r t ( s t d : : p a i r < V e r t e x _ h a n d l e , i n t >( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 2 ] ) , v e r t e x _ i n d e x ) ) ;
i f ( r e t . s econd == t r u e ) {

i n d << " " << v e r t e x _ i n d e x ;
v e r t e x _ i n d e x ++;
v e r t e x _ v e c t o r . push_back ( F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 2 ] ) ) ;

} e l s e {
i n d << " " << r e t . f i r s t −>second ;

/ / s t d : : c o u t << " I n d e x found : " << r e t . f i r s t −>second << s t d : : e n d l ;
}
i n d << s t d : : e n d l ;

/ / s t d : : c o u t << F a c e t s [ i ] . f i r s t −> v e r t e x ( i n d i c e s [ 0 ] ) << s t d : : e n d l ;
}

f o r ( i n t i =0 ; i < v e r t e x _ v e c t o r . s i z e ( ) ; ++ i ) {
p t s << v e r t e x _ v e c t o r [ i ]−> p o i n t ( ) << " \ n " ;

}

s t d : : c o u t << " Number o f v e t i c e s i n map : " << ver tex_map . s i z e ( ) << s t d : : e n d l ;
s t d : : c o u t << " Number o f v e r t i c e s : " << v e r t e x _ v e c t o r . s i z e ( ) << s t d : : e n d l ;
s t d : : c o u t << " V e r t ex i n d e x : " << v e r t e x _ i n d e x << s t d : : e n d l ;

/ /
s t d : : o f s t r e a m o f f _ f i l e ;
o f f _ f i l e . p r e c i s i o n ( 2 0 ) ;

s t d : : s t r i n g s t r e a m s s ;
s s << a rgv [ 2 ] << " . o f f " ;
o f f _ f i l e . open ( s s . s t r ( ) , s t d : : i o s : : o u t ) ;
o f f _ f i l e << "OFF " << " \ n " << v e r t e x _ v e c t o r . s i z e ( ) << " " << F a c e t s . s i z e ( ) << " 0 \ n " ;
o f f _ f i l e << p t s . s t r ( ) ;
o f f _ f i l e << i n d . s t r ( ) ;

re turn 0 ;
}
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