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THE STABILITY FOR AN INVERSE PROBLEM OF BOTTOM RECOVERING IN

WATER-WAVES

R. LECAROS, J. LÓPEZ-RÍOS, J.H. ORTEGA, AND S. ZAMORANO

Abstract. In this article we deal with a class of geometric inverse problem for bottom detection by one
single measurement on the free surface in water–waves. We found upper and lower bounds for the size
of the region enclosed between two different bottoms, in terms of Neumann and/or Dirichlet data on
the free surface. Starting from the general water–waves system in bounded domains with side walls, we
manage to formulate the problem in terms of the Dirichlet to Neumann operator and thus, as an elliptic
problem in a bounded domain with Neumann homogeneous condition on the rigid boundary. Then we
study the properties of the Dirichlet to Neumann map and analyze the called method of size estimation.

1. Introduction

1.1. Motivation. The study of waves in the ocean is a wide open area of interest, not only for its practical
applications, but also for the theoretical development it represents in oceanography and the mathematical
study of Partial Differential Equations (PDE’s). Among other applications of this knowledge, we can find
the modeling of tsunamis, the influence of the ocean floor and plate displacements on the occurrence of
certain waves, and the modeling of wave–breaking phenomena near the coast.

While there is no a unified approach to deal with this problem, from the mathematical point of view
there are some general considerations that are widely accepted ([19]). Let us consider that we have an
ideal, inviscid, incompressible fluid. Then, the general water–waves problem is the description of the
motion of a layer of fluid, delimited below by a solid bottom, and above by a free surface; influenced
by the force of gravity. It is modeled by means of conservation laws, together with suitable boundary
conditions.

More specifically, if we consider that the bottom and the wave surface are parameterized, respectively,
as b(x), ζ(t, x), and we define Ωt = {(x, y) ∈ R

N ×R : b(x) < y < ζ(t, x)}, then the general water–waves
system is given by (see [19])






∆x,yφ = 0, Ωt,
∂tζ +∇xζ · ∇xφ = ∂yφ, y = ζ,

∂tφ+ 1
2

(
|∇xφ|2 + (∂yφ)

2
)
+ gζ = 0, y = ζ,
∂nφ = 0, y = b,

(1.1)

where g is the gravity constant, and the velocity of the fluid, u, is such that u = ∇x,yφ, with φ being the
velocity potential. We assume b(x) < ζ(t, x) for any t > 0 and x ∈ R

N , see Figure 1.
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Figure 1. Scheme of the water–waves model

In this work the inverse problem of bottom size estimation from measurements on the free surface
(the waves) is addressed. Namely, let S ⊂ R

N be an open, bounded set. Assume x ∈ S and there are
two bottoms b0, b1 such that b0(x) ≤ b1(x) for all x ∈ S. Let (φ0, ζ0), (φ1, ζ1) be the two solutions of
(1.1) associated to b0 and b1, respectively. If the free–surface for both problems coincide in some t0 > 0,
that is ζ0(t0, ·) = ζ1(t0, ·), we want to find two positive constants C1, C2 such that the volume of region
D = {(x, y) ∈ S × R : b0(x) ≤ y ≤ b1(x)} can be estimated, from above and below, by measurements of
φ0(t0, ·), φ1(t0, ·) on the common free–surface. Specifically, let us consider the following numbers

Wi,j =

∫

y=ζ(t0,·)

φi(t0, ·)∂nφj(t0, ·), i, j = 0, 1.

Our main results consist in estimating the volume of D in terms of these numbers, that is,

C1η1(W1,1 −W1,0,W1,1 −W0,1) ≤ |D| ≤ C2η2(W1,1 −W1,0,W1,1 −W0,1), (1.2)

for some suitable functions η1, η2 such that ηi(0, 0) = 0.
Notice that measurements are made in a single time t0. This can be explained by the relation between

the velocity potential inside the domain and its trace on the free surface as we do next. We rewrite
system (1.1) in a different way and the first step is to consider the two nonlinear boundary conditions on
the free surface, y = ζ, as an independent evolutionary system, which is related to the inner domain, Ωt,
through an elliptic problem. This is possible by considering the called Dirichlet to Neumann operator,
see [12, 21]. That is, if we assume that ψ(t, x) = φ(t, x, ζ(t, x)) is known, then the elliptic problem





∆x,yφ = 0, Ωt,
φ = ψ, y = ζ,

∂nφ = 0, y = b,
(1.3)

has a unique solution. Therefore, the following Dirichlet to Neumann operator, G, is well defined on
(0,∞)× R

N . Let

G(ζ, b)ψ := −
√
1 + |∇xζ|2∂nφ|y=ζ . (1.4)
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Moreover, by the chain rule

∇xψ = ∇xφ+ φy∇xζ,

which implies

∇xψ · ∇xζ +G = ∇xφ · ∇xζ + φy|∇xζ|
2 +G = φy(1 + |∇xζ|

2).

This last equation allows to relating the vertical velocity at the free boundary, and the operator G by

φy =
G+∇xψ · ∇xζ

1 + |∇xζ|2
. (1.5)

Finally, from (1.4) and (1.5), the two boundary conditions on the free surface, in system (1.1), are
written as 





∂tζ −G(ζ, b)ψ = 0,

∂tψ + gζ +
1

2
|∇xψ|

2 −
(G(ζ, b)ψ +∇xζ · ∇xψ)

2

2(1 + |∇xζ|2)
= 0,

(1.6)

where (t, x) ∈ (0,∞)× R
N .

The above system is complemented with initial conditions ζ(0, x) = ζ0(x), ψ(0, x) = ψ0(x). It is worth
noting that problem (1.6) is an evolutionary system, involving a differential, nonlinear, nonlocal operator.
Moreover, the information of the bottom is implicit as a parameter through the Dirichlet to Neumann
operator G.

In literature (see [19]), (1.6) it is commonly known as the general water–waves system, in replacement
of (1.1). This is so because, once (1.6) is solved, it is possible to find φ by means of system (1.3). The
fact that we only need a single measurement on the free–surface at time t0 is clear now. That is, whether
we know ∂tζ|t=t0 or ζ on an open interval of time, by the first equation in (1.6), the Neumann condition
on the free boundary is known, which allows us to establish the inverse problem of recovering b, as a
boundary detection by measures of ψ, ∂nφ on y = ζ, for the system (1.3).

The assumption of the existence of t0 > 0 and S ⊂ R
N to obtain the identifiability of the inverse

problem of bottom detection, is familiar in the context of water–waves. For instance, in [13], the authors
addressed the numerical problem of recovering the bottom from the water wave height and its first two
time derivatives at one time instant, assuming that the velocity potential is periodic and the profile height
is small. They also consider the cases of measuring the surface profile over an interval [0, T ] or the surface
profile at a discrete set of points. In all cases they attempt to eliminate the necessity of measuring the
velocity potential ψ, which, as they explain, is physically impractical. Another example is given in [18],
where the authors proved the unique continuation property for the Benjamin–Ono equation for a nonlocal
operator, under the assumption that the solution is zero on an open subset of [0, T ]× R.

Concerning the inverse problem of bottom detection through measures on the free surface, in [15], the
authors used the simple elliptic formulation (1.4)–(1.3) of the water–waves system and a classical strategy
in geometric inverse problems to prove the identifiability of the bottom by measuring, simultaneously, the
profile and its time derivative at the free surface in a single time, and an open subset of RN . That is, for a
fixed t0 > 0 and x ∈ S ⊂ R

N an open set, they proved the injectivity of the operator b 7→ (ζ, ψ, ∂tζ)t=t0 ;
namely, if ζ1(t0, x) = ζ2(t0, x), ψ1(t0, x) = ψ2(t0, x), ∂tζ1(t0, x) = ∂tζ2(t0, x), then one has b1(x) = b2(x)
in R

N .
Existence and uniqueness of solutions for system (1.6), within a Sobolev class, have been widely

studied. We refer, for instance, to the literature review by Lannes [19] in the N–dimensional case. For
the well posedness of system (1.6) in one dimension, on bounded domains, see Alazard et. al. [1]. Well
posedness of the N–dimensional case on bounded domains is still an open problem, among other things,
due to the presence of solid walls and the underlying physics in the interaction between the wall and the
free surface [7, 16, 14].
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1.2. Size estimate for the elliptic formulation. As we mentioned before, we are interested in the
inverse problem of estimating the volume of the region D from the single measurement of Λt0(b) :=
(ζ, φ|ζ , ∂nφ|ζ)|t=t0 . The study of this inverse geometric problem is motivated, firstly, by the well–know
result that stability of the elliptic problem (1.3) is a severe ill–posed problem. That is, given f, h, r, the
continuity of the solution of 




∆u = f, Ω,
u = h, ∂Ω,

∂nu = r, ∂Ω,
(1.7)

in terms of the data (f, h, r) is not, in general, of a Lipschitz type. That is, the Cauchy problem (1.7) is ill–
posed in the Hadamard sense. Besides, as Hadamard pointed out in [17], confirmed later in [8, 9, 10, 11, 6],
the modulus of continuity of the mapping (f, h, r) 7→ u is of a logarithmic type and is the best possible
one to be expected.

Secondly, the three variables (ζ, φ|ζ , ∂nφ|ζ) are not independent at all. The complete stability of the
functional Λt0(b) is a difficult problem to deal with; not only because the data are different, but, their
free surfaces do not necessarily intersect each other. For example, if we consider b0, b1 : S ⊂ R

N → R

two different bottoms, we have different measures Λt0(b0) 6= Λt0(b1), that is

(ζ0, φ0|ζ , ∂nφ0|ζ)|t0 6= (ζ1, φ1|ζ , ∂nφ1|ζ)|t0 ,

where these functions satisfy the corresponding systems:





∆φi = 0, Ωi
t0 ,

φi = ψi, y = ζi,
∂nφi = 0, y = bi,

(1.8)

for i = 0, 1, at t = t0.
Therefore, in relation with the bottom, it seems reasonable the study of a different quantity. Namely,

the volume enclosed by two bottoms. Following the approach introduced by Alessandrini et. al. in [2],
we establish a quantitative estimate of the size of the region bounded by the side walls and the bottoms
in terms of suitable measurements.

The following three cases enclose the main idea of this work. We are going to work in bounded
domains, so we assume that S ⊂ R

N is a given open set. To ease notation and stress the dependence of
the operator in terms of the quantities on the upper boundary, we define

Ω(b, ζ) = {(x, y) ∈ S × R : b(x) < y < ζ(t0, x)},

Γw(b, ζ) := {(x, y) ∈ S × R : b(x) < y < ζ(t0, x), x ∈ ∂S},

Γ(ζ) = {(x, y) ∈ S × R : y = ζ(t0, x), x ∈ S}.

Case I: single bottom cavity. Dirichlet and/or Neumann measurements on the whole free
surface. ζ0 = ζ1 and b0 ≥ b1 or b0 ≤ b1.

Let Ω(b0, ζ0) be the domain such that ∂Ω(b0, ζ0) = Γ(ζ0)∪Γw(b0, ζ0)∪Γ(b0) and Ω(b1, ζ0) the domain
with boundary ∂Ω(b1, ζ0) = Γ(ζ0)∪ Γw(b1, ζ0) ∪ Γ(b1). Let us consider b1 ≥ b0. We consider φ0, φ be the
unique weak solutions of the following problems





∆φ0 = 0, Ω(b0, ζ0),
φ0 = ψ0, Γ(ζ0),
∂nφ0 = 0, Γ(b0) ∪ Γw(b0, ζ0),





∆φ = 0, Ω(b1, ζ0),
φ = ψ, Γ(ζ0),

∂nφ = 0, Γ(b1) ∪ Γw(b1, ζ0).
(1.9)

We will study the lower and upper estimate for the volume of D := Ω(b0, ζ0) \ Ω(b1, ζ0), when the
Dirichlet and Neumann measurements ψ0, ψ1 and ∂nφ0, ∂nφ, respectively, are performed in the same
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surface Γ(ζ0). Specifically, we want to obtain two positive constants C1, C2 > 0 such that

C1η1

(∫

Γ(ζ0)

ψ(∂nφ− ∂nφ0),

∫

Γ(ζ0)

∂nφ(ψ − ψ0)

)
≤ |D|

≤ C2η2

(∫

Γ(ζ0)

ψ(∂nφ− ∂nφ0),

∫

Γ(ζ0)

∂nφ(ψ − ψ0)

)
,

for some functions η1, η2 such that ηi(0, 0) = 0.

Case II: multiple cavities. Dirichlet and/or Neumann measurements on the whole free
surface. ζ0 = ζ1 and the set B = {x ∈ S : b0(x) = b1(x)} is finite.

In this case, we consider φ0, φ the solutions of problems (1.9) as in Case I. The volume estimate of D
will be studied when the Dirichlet and Neumann measurements are made on the same free surface Γ(ζ0),
and we allow bottoms intersections. That is, the subset D is given by D := Ω(b0, ζ0) △ Ω(b1, ζ0). Then,
in this case, we want to prove the existence of constants C3, C4 > 0, such that

C3η3

(∫

Γ(ζ0)

ψ(∂nφ− ∂nφ0),

∫

Γ(ζ0)

∂nφ(ψ − ψ0)

)
≤ |Ω(b0, ζ0) △ Ω(b1, ζ0)|

≤ C4η4

(∫

Γ(ζ0)

ψ(∂nφ− ∂nφ0),

∫

Γ(ζ0)

∂nφ(ψ − ψ0)

)
,

for some functions η3, η4 such that ηi(0, 0) = 0.

Case III: partial measurements on the free surface.
In this final case, we analyze the previous two cases when the measurements are performed in a subset

Γ∗ of the free surface Γ(ζ0). That is, we consider φ0, φ being the solutions of:





∆φ0 = 0, Ω(b0, ζ0),
φ0 = ψ0, Γ∗,
∂nφ0 = 0, Γ(b0) ∪ Γw(b0, ζ0),






∆φ = 0, Ω(b1, ζ0),
φ = ψ, Γ∗,

∂nφ = 0, Γ(b1) ∪ Γw(b1, ζ0).
(1.10)

We want to establish again an estimate for the size of D in terms of the Dirichlet and/or Neumann
data on Γ∗. However, we were able to derive only the upper estimate:

|D| ≤ C5η5

(∫

Γ∗

ψ(∂nφ− ∂nφ0),

∫

Γ(ζ0)

∂nφ(ψ − ψ0)

)
,

for some function η5 such that η5(0, 0) = 0.
Note, from the cases above, that functions ηi satisfy ηi(0, 0) = 0. In particular, if the Neumann and

Dirichlet measurements are equal on the free surface Γ(ζ0), then we have |D| = 0. Therefore, we obtain a
unique continuation property in the sense that if the measurements are equal, the bottoms are the same.

As was mentioned above, we will use some techniques developed in [2, 8]. These papers study the
size estimates of an obstacle for the conductivity problem and the stationary Stokes system, respectively.
That is, they considered an object completely immersed in the domain, which is different to our problem
though, where the object D is the difference of two different bottoms and is at the solid boundary
accordingly. Moreover, we are considering a homogeneous Neumann condition on the solid walls, which
is natural in this context of water waves, and we are including the Dirichlet and Neumann data cases
simultaneously on the free surface or, on an open subset of the free surface. It is worth to mention that
the estimation of inner cavities can be obtained as a particular case in our method.
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Finally, since interactions between the free surface and the solid walls at the contact line is not well
understood [16, 14], and for avoiding cusps in the domain, we assume the free–end boundary condition,
that the contact line can move vertically with a contact angle π/2.

The paper is structured as follows. In section 2, we provide some notation and preliminary results to
be used along the sections that follow. In section 3 we deal with the main case of bottom detection, the
case I. We state theorems 3.2 and 3.3 corresponding to the lower and upper cavity estimates, in terms of
the Neumann and Dirichlet data, simultaneously. In section 4 we study the more general case of bottom
intersection. In this case we obtain a sort of logarithmic upper bound in terms of the data, which is
expected from the literature. In section 5, we deal with the problem of partial measurements on the free
surface for both cases I and II. In this case we obtain only an upper estimate. Finally, in section 6 we
present some discussions and open problems related.

2. Preliminaries

In this section we introduce some definitions and previous results we will use throughout the paper.
Given x ∈ R

N+1, we denote by Br(x) the open ball in R
N+1, with center in x and radius r. Also, B′

r(0)
denotes the ball in R

N . We set x = (x1, . . . , xN+1) as x = (x′, xN+1), where x
′ = (x1, . . . , xN ).

Definition 2.1. [2, Definition 2.1] Let Ω ⊂ R
N+1 be a bounded domain. We shall say that ∂Ω is of class

Ck,α, with constants r0, M0 > 0, where k is a nonnegative integer and α ∈ [0, 1), if, for any x0 ∈ ∂Ω,
there exists a rigid transformation of coordinates, in which x0 = 0 and

Ω ∩Br0(0) = {x ∈ Br0(0) : xn > ϕ(x′)},

where ϕ is a function of class Ck,α(B′
r(0)), such that

ϕ(0) = 0,
∇ϕ(0) = 0, if k ≥ 1,
‖ϕ‖Ck,α(B′

r0
(0)) ≤M0r0.

When k = 0 and α = 1 we will say that ∂Ω is of Lipschitz class with constants r0,M0.

Remark 2.2. We normalize all norms in such a way that they are dimensionally equivalent to their
argument, and coincide with the usual norms when r0 = 1. In this setup, the norm taken in the previous
definition is intended as follows:

‖φ‖Ck,α(B′

r0
(0)) =

k∑

i=0

ri0‖D
iφ‖L∞(B′

r0
(0)) + rk+α

0 |Dkφ|α,B′

r0
(0),

where | · | represents the α–Hölder seminorm

|Dkφ|α,B′

r0
(0) = sup

x′,y′∈B′

r0
(0),x′ 6=y′

|Dkφ(x′)−Dkφ(y′)|

|x′ − y′|α
,

and Dkφ = {Dβφ}|β|=k is the set of derivatives of order k. Similarly we set the norms

‖u‖2L2(Ω) =
1

rN+1
0

∫

Ω

|u|2,

‖u‖2H1(Ω) =
1

rN+1
0

(∫

Ω

|u|2 + r20

∫

Ω

|∇u|2
)
.

Next, we shall give some a–priori information concerning the domain Ω and the subdomain D enclosed
by the bottoms.
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(H1) We consider Ω ⊂ R
N+1 a bounded domain with connected boundary ∂Ω ∈ C1,1 with constants

r0,M0. Further, there exists M1 > 0 such that

|Ω| ≤M1r
N+1
0 . (2.1)

(H2) We consider D ⊂ Ω such that Ω\D is connected and D has a connected boundary ∂D of Lipschitz
class with constants r, L.

(H3) D satisfies (H2) and the scale–invariant fatness condition with constant Q > 0, that is

diam(D) ≤ Qr. (2.2)

(H4) Finally, we will assume that there exists a constant h > 0, such that the fatness condition holds,
namely

|Dh| ≥
1

2
|D|, (2.3)

where we set for any A ⊂ R
N+1 and h > 0,

Ah = {x ∈ A : d(x, ∂A) > h}.

Let us mention some remarks about these hypotheses.

Remark 2.3. (a) Concerning (H2), as explained in [2, 8], the constant r already incorporates in-
formation about the size of D. In addition, they showed that if D has a Lipschitz boundary class
with constants r, L, then

|D| ≥ C(L)rN+1.

Besides, if condition (H3) holds, then

|D| ≤ C(Q)rN+1.

For that reason, as in [2, 8], it will be necessary to consider r as an unknown parameter.
(b) Assumption (H4) is classical in the context of size estimates (see for instance [2, 8, 20]). More-

over, if D has boundary of class C1,α, it was proven in [4] that there exists a constant h1 > 0
such that the condition (2.3) holds.

Additionallity, we shall consider the following Poincaré type inequality, which can be found in [2].

Proposition 2.4. [2, Proposition 3.2] Let D be a bounded domain in R
N+1 of Lipschitz class with

constants r, L and satisfying condition (2.2) with constant Q. For every u ∈ H1(D) we have
∫

∂D

|u− u∂D|2 ≤ C1r

∫

D

|∇u|2, (2.4)

∫

D

|u− uD|2 ≤ C2r
2

∫

D

|∇u|2, (2.5)

where

u∂D =
1

|∂D|

∫

∂D

u, uD =
1

|D|

∫

D

u,

and the constants C1, C2 > 0 depend only on L,Q.

One important result when we are working in geometric inverse problems with one measurement is
the following proposition (see [3]), known as Lipschitz propagation of smallness.
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Proposition 2.5. [5, Lemma 2.2] Let Ω be a bounded domain in R
N+1, such that ∂Ω ∈ C1,1 with

constants r0,M0. Let u ∈ H1(Ω) be the solution of the Neumann problem
{

−∆u = 0, Ω,
∇u · n = g, ∂Ω.

(2.6)

Then, for every ρ > 0 and x ∈ Ω4ρ, we have
∫

Bρ(x)

|∇u|2dx ≥ Cρ

∫

Ω

|∇u|2dx, (2.7)

where the constant Cρ > 0 depends only on |Ω|, r0, M0,
‖g‖L2(∂Ω)

‖g‖
H−1/2(∂Ω)

, and ρ.

Finally, we need the following stability estimate related to ill–posed Cauchy problems for the Laplace
equation in domains with C1,1 boundary.

Proposition 2.6. [9, Corollary 2.1] Let Ω be a bounded and connected domain Ω ⊂ R
N+1 with a C1,1

boundary ∂Ω. If Γ0 is a nonempty open set of ∂Ω, then for all k ∈ (0, 1), there exists C, δ0 > 0 such that
for every δ ∈ (0, δ0) and for any u ∈ H2(Ω) with ∆u = 0 and

‖u‖H2(Ω) ≤M, ‖u‖H1(Γ0) + ‖∂nu‖L2(Γ0) ≤ δ,

with M a positive constant, we have

‖u‖H1(Ω) ≤ CM

[
log

(
M

‖u‖H1(Γ0) + ‖∂nu‖L2(Γ0)

)]−k

. (2.8)

3. Case I

Now, we will study our first case. Let Ω(b0, ζ0) be the domain such that ∂Ω = Γ(ζ0)∪Γw(b0, ζ0)∪Γ(b0)
and Ω(b1, ζ0) the domain with boundary ∂Ω(b1, ζ0) = Γ(ζ0) ∪ Γw(b1, ζ0) ∪ Γ(b1). We will assume that
b1 ≥ b0. Now, we consider φ0, φ be the unique weak solutions of the following problems






∆φ0 = 0, Ω(b0, ζ0),
φ0 = ψ0, Γ(ζ0),
∂nφ0 = 0, Γ(b0) ∪ Γw(b0, ζ0),






∆φ = 0, Ω(b1, ζ0),
φ = ψ, Γ(ζ0),

∂nφ = 0, Γ(b1) ∪ Γw(b1, ζ0).
(3.1)

Since we are performing the measurements on the common free surface given by Γ(ζ0), for differentiate
it we denote by Γup this surface. We observe that the two bottoms generate a subdomain D, given by
D = Ω(b0, ζ0) \ Ω(b1, ζ0). Therefore, denoting by Ω := Ω(b0, ζ0) we can rewrite systems in (3.1) as (see
Figure 2): 




∆φ0 = 0, Ω,
φ0 = ψ0, Γup,
∂nφ0 = 0, Γ(b0) ∪ Γw(b0, ζ0),

(3.2)






∆φ = 0, Ω \D,
φ = ψ, Γup,

∂nφ = 0, Γ(b1) ∪ Γw(b1, ζ0),
(3.3)

Now, we are in position to state and prove the following identity which plays a fundamental role in
the proof of our main results.

Lemma 3.1. Let φ0 ∈ H2(Ω) and φ ∈ H2(Ω\D) be the solutions of problems (3.2) and (3.3), respectively.
Then, we have the following identities:

∫

Ω\D

|∇(φ − φ0)|
2 +

∫

D

|∇φ0|
2 =

∫

Γup

∂nφ(ψ − ψ0) +

∫

Γup

(∂nφ0 − ∂nφ)ψ0, (3.4)
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Γup

Γw Γw

Γ(b0)

Γ(b1)

D

Figure 2. The two domains to compare the bottom and the Dirichlet and Neumann
data on the free surface.

and

2

∫

Γ(b1)

∂nφ0φ =

∫

Γup

(∂nφ− ∂nφ0)(ψ0 + ψ) +

∫

Γup

(∂nφ+ ∂nφ0)(ψ0 − ψ). (3.5)

Proof. By multiplying the first equation of (3.3) by φ0 and φ, integrating in Ω\D and using the boundary
conditions accordingly, we obtain

∫

Ω\D

∇φ · ∇φ0 =

∫

Γup

∂nφψ0, (3.6)

and ∫

Ω\D

|∇φ|2 =

∫

Γup

∂nφψ, (3.7)

respectively.
Moreover, integrating again by parts in (3.6):

∫

Γup

∂nφ0ψ +

∫

Γ(b1)

∂nφ0φ =

∫

Γup

∂nφψ0,

or ∫

Γ(b1)

∂nφ0φ =

∫

Γup

∂nφψ0 −

∫

Γup

∂nφ0ψ.

From this last equality we can get the following equivalent identities,
∫

Γ(b1)

∂nφ0φ =

∫

Γup

(∂nφ− ∂nφ0)ψ0 +

∫

Γup

∂nφ0(ψ0 − ψ), (3.8)

and ∫

Γ(b1)

∂nφ0φ =

∫

Γup

(∂nφ− ∂nφ0)ψ +

∫

Γup

∂nφ(ψ0 − ψ). (3.9)

In a similar way, multiplying the first equation of (3.2) by φ and integrating in Ω \D
∫

Ω\D

∇φ0 · ∇φ =

∫

Γup

∂nφ0ψ +

∫

Γ(b1)

∂nφ0φ.
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If we multiply by φ0 instead, we obtain∫

Ω

|∇φ0|
2 =

∫

Γup

∂nφ0ψ0. (3.10)

Moreover, from (3.6), (3.7), and (3.10) we get
∫

Ω\D

|∇(φ− φ0)|
2 +

∫

D

|∇φ0|
2 =

∫
Ω\D

|∇φ|2 − 2
∫
Ω\D

∇φ0 · ∇φ+
∫
Ω
|∇φ0|2

=
∫
Γup

∂nφψ − 2
∫
Γup

∂nφψ0 +
∫
Γup

∂nφ0ψ0

=
∫
Γup

∂nφ(ψ − ψ0) +
∫
Γup

(∂nφ0 − ∂nφ)ψ0.

Notice that, from equations (3.8) and (3.9), one obtains the identity

2

∫

Γ(b1)

∂nφ0φ =

∫

Γup

(∂nφ− ∂nφ0)(ψ0 + ψ) +

∫

Γup

(∂nφ+ ∂nφ0)(ψ0 − ψ).

�

Next, we state and prove our main results concerning the determination of the total variation of the
bottom.

The next theorem proves the lower bound for the size of cavity D. It is similar to that obtained in [2]
for the electrostatic potential. However, we have considered the Neumann and Dirichlet measurements
simultaneously and the presence of a cavity at the boundary.

Theorem 3.2. Let φ0 ∈ H2(Ω) and φ ∈ H2(Ω \ D) be the solutions of problems (3.2) and (3.3),
respectively. In addition, assume that Ω satisfies (H1) and the subdomain D satisfies (H3). Then, there
exists a positive constant C1 > 0 depending only on Ω, L,Q such that

(∫
Γup

(∂nφ− ∂nφ0)ψ −
∫
Γup

∂nφ(ψ − ψ0)
)2

∫
Γup

ψ0∂nφ0
∫
Γup

ψ∂nφ
≤ C1|D|. (3.11)

Proof. Note first that integrating the first equation of (3.2) on Ω and applying the divergence theorem,
we obtain

0 =

∫

Γup

∂nφ0.

Thus, if we denote by φ̄ =
∫
Γ(b1)

φ, from identity (3.9) and Hölder’s inequality we get
∫

Γup

(∂nφ− ∂nφ0)ψ −

∫

Γup

∂nφ(ψ − ψ0) =

∫

Γ(b1)

∂nφ0φ

=

∫

Γ(b1)

∂nφ0(φ− φ̄) ≤

(∫

Γ(b1)

(∂nφ0)
2

)1/2(∫

Γ(b1)

(φ− φ̄)2

)1/2

. (3.12)

First, from the Poincaré type inequality (2.4), there exists a constant C > 0 such that the second term
in the right hand side of (3.12) can be estimated as

∫

Γ(b1)

(φ − φ̄)2 ≤ C

∫

Ω\D

|∇φ|2 = C

∫

Γup

ψ∂nφ. (3.13)

Second, we need an estimate that allows for control the normal derivative of φ0, by the gradient of the
function. Namely, ∫

Γ(b1)

(∂nφ0)
2 ≤ C|D|

∫

Γup

ψ0∂nφ0. (3.14)
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To prove (3.14), let φ0 ∈ H2(Ω). Since D is piecewise C1, by the trace theorem
∫

Γ(b1)

(∂nφ0)
2 =

∫

Γ(b1)

(∂n(φ0 − φ̄0))
2 ≤ C‖∇(φ0 − φ̄0)‖

2
H1(D). (3.15)

Now, since φ0 satisfy ∆φ0 = 0 in Ω and D is bounded we obtain

‖∇(φ0 − φ̄0)‖
2
H1(D) ≤ C|D| sup

D
|∇(φ0 − φ̄0)|

2. (3.16)

To end the proof, we need to use some classical elliptic estimates as well as some interior estimates
as in [2]. Since ∂D ∩ ∂Ω 6= ∅, the way to transform D an inner set is the following: first, extend Ω
downward, by symmetry. Then the new domain can be extended, one time, rightward and leftward by
a harmonic function. This can be done thanks to the zero Neumann boundary condition satisfied by φ0
in Ω. To avoid cusps at the top of the boundary, Γup, we assume the free-end boundary condition for
inviscid fluids in contact with solid walls, that the contact line can move vertically with a contact angle
π/2 [7, 16].

Therefore, we obtain a new larger domain Ω̃ such that D ⊂⊂ Ω̃, as in Figure 3.
In this case, we have that there exists a positive constant d0 > 0 such that

d(D, ∂Ω̃) ≥ d0 > 0. (3.17)

Let Ω̃ d0
2

be an intermediate domain. Recalling that d(D, ∂Ω̃) ≥ d0, we have d(D, ∂Ω̃d0/2) ≥ d0

2 . In

addition, we extend the solution φ0 of (3.2) by φ̃0 to the new domain Ω̃, to obtain:




∆φ̃0 = 0, Ω̃ \D,

φ̃0 = ψ̃0, Γ̃up ∪ Γ̃(b0),

∂nφ̃0 = 0, Γ̃(b0) ∪ Γ̃w(b0, ζ0),

(3.18)

with Γ̃up, Γ̃(b0), and Γ̃w(b0, ζ0) being the corresponding extensions of Γup, Γ(b0), and Γw(b0, ζ0), respec-
tively.

D

Figure 3. The larger domain by reflection to make D an inner set.
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Following the ideas in [5, Page 61] we have

sup
D

|∇(φ̃0 − φ̄0)|
2 ≤ C sup

Ω̃ d0
2

|φ̃0 − φ̄0|
2 ≤ C‖φ̃0 − φ̄0‖

2
L2(Ω̃)

. (3.19)

Thus, by Poincaré’s inequality (2.5), we have
∫

Ω̃

|φ̃0 − φ̄0|
2 ≤ C

∫

Ω̃

|∇φ̃0|
2 = C

∫

Γup

ψ0∂nφ0. (3.20)

Then, from (3.15) and (3.20), we get (3.14). Putting together (3.12) and (3.14) we obtain the estimate
(∫

Γup
(∂nφ− ∂nφ0)ψ −

∫
Γup

∂nφ(ψ − ψ0)
)2

∫
Γup

ψ0∂nφ0
∫
Γup

ψ∂nφ
≤ C|D|,

and the proof finishes. �

Our second main result of this section is the following upper bound of the total variation of the bottom.
As before, this estimate is proved for cavities at the boundary and includes both, Dirichlet and Neumann
measurements, at the free surface.

Theorem 3.3. Let φ0 ∈ H2(Ω) and φ1 ∈ H2(Ω \ D) be the solutions of problems (3.2) and (3.3),
respectively. Assume that Ω satisfies (H1) and the subdomain D satisfies (H2) and (H4). Then, there
exists a constant C2 > 0 such that

∫
Γup

∂nφ(ψ − ψ0) +
∫
Γup

(∂nφ0 − ∂nφ)ψ0∫
Γup

ψ0∂nφ0
≥ C2|D|. (3.21)

The constant C2 depends only on |Ω|, r0, M0,
‖∂nφ0‖L2(Γup)

‖∂nφ0‖H−1/2(Γup)

.

Proof. We observe that, by (3.4), we have
∫

D

|∇φ0|
2 ≤

∫

Γup

∂nφ(ψ − ψ0) +

∫

Γup

(∂nφ0 − ∂nφ)ψ0. (3.22)

Based on Alessandrini [5], we proceed as follows. Let Dh ⊂⊂ D such that |Dh| ≥
1
2 |D| and consider

Qα a uniform mesh of boxes q of side ε for Dh, such that Dh ⊂
⋃
Qα ⊂ D. Then,

∫

D

|∇φ0|
2 ≥

∑

q∩Dh 6=∅

∫

q

|∇φ0|
2 ≥

∫
q0
|∇φ0|

2

|q0|

∑

q∩Dh 6=∅

|q| =
|Dh|

|q0|

∫

q0

|∇φ0|
2, (3.23)

where q0 ⊂ Qα is such that

min
q

∫

q

|∇φ0|
2 =

∫

q0

|∇φ0|
2.

Since φ0 is the unique weak solution of (3.2), we obtain that the previous minimum is strictly positive.
Let x0 be the center of q0. Using the estimate (2.7) in Proposition 2.5 with x = x0 and r = ε

2 , we have
that ∫

q0

|∇φ0|
2 ≥ C(|q0|)

∫

Ω

|∇φ0|
2. (3.24)

Therefore, replacing (3.24) in (3.23) and using the fatness condition (2.3), we obtain
∫

D

|∇φ0|
2 ≥

|D|

2|q0|
C(|q0|)

∫

Γup

ψ0∂nφ0.
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Then, from (3.22) we deduce the desired result
∫
Γup

∂nφ(ψ − ψ0) +
∫
Γup

(∂nφ0 − ∂nφ)ψ0∫
Γup

ψ0∂nφ0
≥ C(|q0|)|D|.

�

Let us make the following comments about the results obtained so far.

Remark 3.4. (a) Estimates in Theorems 3.2 and 3.3 are, in some sense, more general to those from
the literature. For instance, if the Neumann measurements of φ and φ0 are equal in Γup, then
(3.11) and (3.21) become

C1

(∫
Γup

∂nφ(ψ − ψ0)
)2

∫
Γup

ψ0∂nφ0
∫
Γup

ψ∂nφ
≤ |D| ≤ C2

∫
Γup

∂nφ(ψ − ψ0)∫
Γup

ψ0∂nφ0
, (3.25)

which corresponds to those in [3, 5, 8].
(b) In the more general case when the bottoms b0, b1 are such that b1(x) ≥ b0(x) for any x ∈ S, and

D = ∪n
i=1Di is such that Ω \D is connected, estimates in Theorems 3.2 and 3.3 also holds.

4. Case II

If we consider now the possibility of finite intersections between the bottoms, estimates above are still
true and something similar is obtained. Let us change notation slightly and consider φ1 and φ2 defined
on Ω1 := Ω(b1, ζ0) and Ω2 := Ω(b2, ζ0), respectively. In this case we assume that, near to the bottom,
Ω1 ∩Ω2 6= ∅ and we are still measuring on the free common surface region Γup := Γ(ζ0). Without loss of
generality, we will assume that the bottom intersections are at least one and at most three. Then, if we
define Γ(b1) =: Γ1

b ∪ Γ2
d, Γ(b2) =: Γ1

d ∪ Γ2
b as in Figure 4, we consider the following two problems





∆φ1 = 0, Ω1,
φ1 = ψ1, Γup,
∂nφ1 = 0, Γ(b1) ∪ Γw(b1, ζ0),





∆φ2 = 0, Ω2,
φ2 = ψ2, Γup,
∂nφ2 = 0, Γ(b2) ∪ Γw(b2, ζ0).

(4.1)

Γup

Γw Γw

Γ1
d

Γ1
b

Γ2
d

Γ2
b

Figure 4. The two domains when bottoms are intersected and the measurements are
performed on a common free surface Γup.
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We start with the lower bound of the set Ω1 △ Ω2. In this case, we will use some arguments from
the previous sections. The first main result is a restatement of Theorem 3.2 above, where we present the
lower bound arising from the new geometric assumptions.

Theorem 4.1. Assume that Ω1,Ω2 satisfy (H1) with constants L1, Q1 and L2, Q2, respectively, and
Ω1 △ Ω2 satisfies (H3). Then, there exists a constant C3 > 0 such that

(∫
Γup

[∂nφ2(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2]
)2

(∫
Γup

φ1∂nφ1

)2
+
(∫

Γup
φ2∂nφ2

)2 ≤ C3|Ω1 △ Ω2|. (4.2)

The constant C3 depends only on Ω, L1, Q1, L2, Q2.

Proof. As it was done in the proof of Theorem 3.2 , we have
∫

Ω1∩Ω2

∇φ1 · ∇φ2 =

∫

∂(Ω1∩Ω2)

φ1∂nφ2 =

∫

∂(Ω1∩Ω2)

φ2∂nφ1,

which, by the boundary conditions, is equivalent to
∫

Γup

(φ1∂nφ2 − φ2∂nφ1) =

∫

Γ1
d

φ2∂nφ1 −

∫

Γ2
d

φ1∂nφ2,

or ∫

Γup

[∂nφ2(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2] =

∫

Γ1
d

φ2∂nφ1 −

∫

Γ2
d

φ1∂nφ2. (4.3)

Thus, if we consider the energy E defined by

E =

∫

Ω1∩Ω2

|∇(φ1 − φ2)|
2 +

∫

Ω1\Ω2

|∇φ1|
2 +

∫

Ω2\Ω1

|∇φ2|
2,

proceeding as we did in Section 3, and using (4.3), we obtain

E =

∫

Γup

[∂nφ1(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2]− 2

∫

Γ1
d

φ2∂nφ1.

Notice that, in the last identity one can replace
∫
Γ1
d
φ2∂nφ1 by

∫
Γ2
d
φ1∂nφ2 instead.

Moreover, using the boundary conditions we can write identity above as

E =

∫

Γup

[∂nφ1(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2]− 2

∫

Γ1
d

φ2(∂nφ1 − ∂nφ2). (4.4)

Now, from (4.3), and following the arguments presented in Section 3,

∫

Γup

[∂nφ2(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2] ≤

(∫

Γ1
d

(∂nφ1)
2

)1/2(∫

Γ1
d

(φ2 − φ̄2)
2

)1/2

+

(∫

Γ2
d

(∂nφ2)
2

)1/2(∫

Γ2
d

(φ1 − φ̄1)
2

)1/2

. (4.5)

As before, for i = 1, 2, using the Poincaré type inequality (2.4), we obtain
∫

Γi
d

(φi − φ̄i)
2 ≤ C

∫

Ω1∩Ω2

|∇φi|
2 ≤ C

∫

Ωi

|∇φi|
2 = C

∫

Γup

φi∂nφi. (4.6)
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Moreover, for i = 1, 2, if φi ∈ H2(Ωi) and since Ω1 △ Ω2 is piecewise C1, by the trace theorem, we
have ∫

Γi
d

(∂nφi)
2 =

∫

Γi
d

(∂n(φi − φ̄i))
2 ≤ C‖∇(φi − φ̄i)‖

2
H1(Ωi\Ω3−i)

. (4.7)

Repeating the arguments from Section 3; specifically the extension of the domain in such a way that

the set Ω1 △ Ω2 becomes an inner subset of a larger domain Ω̃, we obtain the following

‖∇(φi − φ̄i)‖
2
H1(Ωi\Ω3−i)

≤ C‖∇(φi − φ̄i)‖
2
L2(Ωi\Ω3−i)

≤ C|Ωi \ Ω3−i| sup
Ωi\Ω3−i

|∇(φi − φ̄i)|
2

≤ C|Ωi \ Ω3−i| sup
Ωi\Ω3−i

|φi − φ̄i|
2

≤ C|Ωi \ Ω3−i|

∫

Ωi\Ω3−i

|φi − φ̄i|
2

≤ C|Ωi \ Ω3−i|

∫

Ωi\Ω3−i

|∇φi|
2

≤ C|Ωi \ Ω3−i|

∫

Ωi

|∇φi|
2

= C|Ωi \ Ω3−i|

∫

Γup

φi∂nφi. (4.8)

Putting together (4.5)–(4.8), we obtain
(∫

Γup

[∂nφ2(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2]

)2

≤ C|Ω1 \ Ω2|

(∫

Γup

φ1∂nφ1

)2

+ C|Ω2 \ Ω1|

(∫

Γup

φ2∂nφ2

)2

,

which implies

(∫
Γup

[∂nφ2(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2]
)2

(∫
Γup

φ1∂nφ1

)2
+
(∫

Γup
φ2∂nφ2

)2 ≤ C|Ω1 △ Ω2|.

�

We complement the theorem above with the following upper bound for the variation of the bottom.

Theorem 4.2. Assume that Ω1,Ω2 satisfy (H1) with constants L1, Q1 and L2, Q2, respectively, Ω1 △ Ω2

satisfies (H2), and Ω1 \ Ω2,Ω2 \ Ω1 satisfy (H4), with constants r1,M1 and r2,M2, respectively. Then,
for all k ∈ (0, 1) and i = 1, 2, there exist C4, δ0 > 0 such that for every δ ∈ (0, δ0) and

‖φi‖H2((Ω1∪Ω2)\(Ω1△Ω2)) ≤M, ‖φi‖H1(Γup) + ‖∂nφi‖L2(Γup) ≤ δ,

where M > 0, we obtain

|Ω1 △ Ω2| ≤ C4

2∑

i=1

∫
Γup

[∂nφ1(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2] +A
∫
Γup

φi∂nφi
, (4.9)

where A is given by

A := ‖φ2‖H1(Ω2)

[
log

(
M

‖φ1 − φ2‖H1(Γup) + ‖∂n(φ1 − φ2)‖L2(Γup)

)]−k

,
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and the constant C4 depends only on |Ωi|, ri, Mi,
‖∂nφi‖L2(Γup)

‖∂nφi‖H−1/2(Γup)

.

Proof. We observe that from (4.4) we have
∫

Ω1\Ω2

|∇φ1|
2 +

∫

Ω2\Ω1

|∇φ2|
2 ≤

∫

Γup

[∂nφ1(φ1 − φ2) + (∂nφ2 − ∂nφ1)φ2]

+2

∫

Γ1
d

φ2|∂nφ1 − ∂nφ2|. (4.10)

Now, since φi ∈ H2(Ωi) and the boundaries ∂Ωi are of class C1,1, from the trace Theorem, the last
term in the right hand side of (4.10) can be estimated as follows:

∫

Γ1
d

φ2|∂nφ1 − ∂nφ2| ≤
(∫

Γ1
d
φ22

)1/2 (∫
Γ1
d
(∂nφ1 − ∂nφ2)

2
)1/2

≤ ‖φ2‖H1(Ω2)

(∫
((Ω1∪Ω2)\(Ω1△Ω2))

|∇(φ1 − φ2)|2 + |φ1 − φ2|2
)1/2

. (4.11)

From the above estimate and by Proposition 2.6 applied to the second term in the right hand side of
(4.11), we get

∫

Γ1
d

φ2|∂nφ1 − ∂nφ2| ≤ C‖φ2‖H1(Ω2)

[
log

(
M

‖φ1 − φ2‖H1(Γup) + ‖∂n(φ1 − φ2)‖L2(Γup)

)]−k

. (4.12)

Finally, since Ω1 \ Ω2,Ω2 \ Ω1 satisfy (H4), following the same arguments in (3.23), for i = 1, 2 we
have ∫

Ωi\Ω3−i

|∇φi|
2 ≥ C|Ωi \ Ω3−i|

∫

Ωi

|∇φi|
2 = C|Ωi \ Ω3−i|

∫

Γup

φi∂nφi. (4.13)

Then, from (4.10)–(4.13), we obtain the desired result and the proof is finished. �

Remark 4.3. Notice that estimates (4.2) and (4.9), are different to (3.11) and (3.21) respectively. This
is mostly due to the overlapping between the bottoms. That is, if we consider two bottoms b0, b1 such that
b1(x) − b0(x), x ∈ S, switch between positive and negative a finite number of times, then identities (4.3)
and (4.4) possess more terms when integrating by parts.

5. Case III

In this section, using the computations of the previous cases, we bound the volume of D when the
measurements of the Dirichlet and Neumann data are performed on an open subset of the free–surface.

Let us start with the Case I. Following the notation introduced in Section 3, we consider φ0 and φ the
weak solutions of problems: 





∆φ0 = 0, Ω,
φ0 = ψ0, Γ∗,
∂nφ0 = 0, Γ(b0) ∪ Γw(b0, ζ0),

(5.1)





∆φ = 0, Ω \D,
φ = ψ, Γ∗,

∂nφ = 0, Γ(b1) ∪ Γw(b1, ζ0),
(5.2)

where Γ∗ is an open subset of Γup.
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Theorem 5.1. Let φ0 ∈ H2(Ω) and φ ∈ H2(Ω \ D) be the solutions of problems (5.1) and (5.2),
respectively. Assume that Ω satisfies (H1) and the subdomain D satisfies (H2) and (H4). Then, for all
k ∈ (0, 1) there exist C5, δ0 > 0 such that for every δ ∈ (0, δ0), and

‖φ0‖H2(Ω) ≤M, ‖φ0‖H1(Γup) + ‖∂nφ0‖L2(Γup) ≤ δ,

‖φ‖H2(Ω\D) ≤M, ‖φ‖H1(Γup) + ‖∂nφ‖L2(Γup) ≤ δ,

where M > 0, we have

|D| ≤ C5

(
‖∇φ‖H1(Ω\D) + ‖φ0‖H1(Ω)

)
log

(
M

‖ψ − ψ0‖H1(Γ∗) + ‖∂n(φ− φ0)‖L2(Γ∗)

)−k

.

The constant C5 depends only on |Ω|, r0, M0, M ,
‖∂nφ0‖L2(Γup)

‖∂nφ0‖H−1/2(Γup)

.

Proof. Observe that, from Theorem 3.3, the following estimate holds:

|D| ≤ C2

∫
Γup

∂nφ(φ− φ0) +
∫
Γup

(∂nφ0 − ∂nφ)φ0∫
Γup

φ0∂nφ0
.

From (3.10), we have that

0 <

∫

Γup

φ0∂nφ0.

Therefore, we get

|D| ≤ C̃2

(∫

Γup

∂nφ(φ− φ0) +

∫

Γup

(∂nφ0 − ∂nφ)φ0

)
.

Using Hölder’s inequality and trace theorem, we obtain that

|D| ≤ C̃2


‖∇φ‖H1(Ω\D)

(∫

Γup

|φ− φ0|
2

)1/2

+ ‖φ0‖H1(Ω)

(∫

Γup

|∂nφ0 − ∂nφ|
2

)1/2

 .

Finally, applying Proposition 2.6, we obtain the desired result and the proof ends. �

For the Case II, we consider φ1 and φ2 be the solutions of problem (4.1) with Dirichlet boundary data
in Γ∗. That is,






∆φ1 = 0, Ω1,
φ1 = ψ1, Γ∗,
∂nφ1 = 0, Γb ∪ Γw(b1, ζ0),






∆φ2 = 0, Ω2,
φ2 = ψ2, Γ∗,
∂nφ2 = 0, Γd ∪ Γw(b2, ζ0).

Following the same arguments that in the previous theorem, we obtain the next result about the size
estimate of D, when the measurements are performed on an open subset of Γup.

Theorem 5.2. Assume that Ω1,Ω2 satisfy (H1) with constants L1, Q1 and L2, Q2, respectively. Assume
also that Ω1 △ Ω2 satisfies (H2), and Ω1 \ Ω2, Ω2 \ Ω1 satisfy (H4), with constants r1,M1 and r2,M2,
respectively. Then, for all k ∈ (0, 1), and i = 1, 2, there exist C6, δ0 > 0 such that for every δ ∈ (0, δ0)
and

‖φi‖H2((Ω1∪Ω2)\(Ω1△Ω2)) ≤M, ‖φi‖H1(Γup) + ‖∂nφi‖L2(Γup) ≤ δ,

where M is a positive constant, we have

|Ω1 △ Ω2| ≤ C6

(
‖φ2‖H1(Ω2) + ‖∇φ1‖H1(Ω1)

) [
log

(
M

‖ψ1 − ψ2‖H1(Γ∗) + ‖∂n(φ1 − φ2)‖L2(Γ∗)

)]−k

,
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and the constant C6 depends only on |Ωi|, ri, Mi, M ,
‖∂nφi‖L2(Γup)

‖∂nφi‖H−1/2(Γup)

.

6. Further comments and future work

We have developed a method to estimate the size of a cavity along the rigid boundary through measure-
ments on the free surface on a potential and perfect fluid. We have used the context of the water–waves
theory to explain some particular issues arising in our approach. That is, the outcome of a rigid, imper-
meable boundary, together with a free surface where measurements are performed. We have generalized
the works in [5, 2, 8], by considering the Neumann and Dirichlet measurements simultaneously. Moreover
if we allow changes of sign for the bottom difference, constants in the size estimate are different.

Concerning the general water–waves system and the present framework of the paper we have the
following comments.

First, well-posedness of the general water–waves system in R
N , on bounded domains, is an open

question. Among others, because of the physical phenomena arising in the contact line between the free
surface and the rigid solid walls [16, 14].

Second, the water–waves system and asymptotic related systems are studied, classically, on unbounded
domains (a strip). In [15], the authors proved the identifiability inverse problem of bottom detection by
free surface measurements in that context. It would be interesting to state the results of this paper,
as well as those in [5, 2, 8], in the unbounded domain case, but some difficulties arise. The Lipschitz
propagation of smallness and the stability estimates for ill-posed Cauchy problems are unknown in the
strip-domain context.

Third, an interesting problem will be the study of the size estimate as in Case I, but from measurements
on different free surfaces; that is, φ0 = ψ0 on Γ(ζ0) and φ = ψ on Γ(ζ).

Acknowledgments:

The authors thank M. Choulli for suggesting references [11, 6] and value comments on the stability of
ill-posed Cauchy problems.

References

[1] T. Alazard, N. Burq, and C. Zuily. Cauchy theory for the gravity water waves system with non-localized initial data.
In Annales de l’Institut Henri Poincare (C) Non Linear Analysis, volume 33, pages 337–395. Elsevier, 2016.

[2] G. Alessandrini, A. Morassi, and E. Rosset. Detecting cavities by electrostatic boundary measurements. Inverse Prob-
lems, 18(5):1333, 2002.

[3] G. Alessandrini, A. Morassi, and E. Rosset. Size estimates. Contemporary Mathematics, 333:1–34, 2003.
[4] G. Alessandrini and E. Rosset. The inverse conductivity problem with one measurement: bounds on the size of the

unknown object. SIAM Journal on Applied Mathematics, 58(4):1060–1071, 1998.
[5] G. Alessandrini, E. Rosset, and J. Seo. Optimal size estimates for the inverse conductivity problem with one measure-

ment. Proceedings of the American Mathematical Society, 128(1):53–64, 2000.
[6] M. Bellassoued and M. Choulli. Global logarithmic stability results on the cauchy problem for anisotropic wave equa-

tions. arXiv preprint arXiv:1908.11707, 2019.
[7] T. B. Benjamin and J. C. Scott. Gravity-capillary waves with edge constraints. Journal of Fluid Mechanics, 92(2):241–

267, 1979.
[8] E. Beretta, C. Cavaterra, J. H. Ortega, and S. Zamorano. Size estimates of an obstacle in a stationary stokes fluid.

Inverse Problems, 33(2):025008, 2017.
[9] L. Bourgeois. About stability and regularization of ill-posed elliptic cauchy problems: the case of c 1, 1 domains.

ESAIM: Mathematical Modelling and Numerical Analysis, 44(4):715–735, 2010.
[10] M. Choulli. Applications of elliptic Carleman inequalities to Cauchy and inverse problems. Springer, 2016.
[11] M. Choulli. New global logarithmic stability of the cauchy problem for elliptic equations. To appear Bull. Aust. Math.

Soc., 2019.
[12] W. Craig and C. Sulem. Numerical simulation of gravity waves. Journal of Computational Physics, 108(1):73–83, 1993.



INVERSE PROBLEM IN WATER-WAVES 19

[13] B. Deconinck and V. Vasan. The inverse water wave problem of bathymetry detection. Journal of Fluid Mechanics,
714:562–590, 2013.

[14] M. A. Fontelos, H. J. Kim, and H. J. Hwang. Capillary oscillations at the exit of a nozzle. IMA Journal of Applied
Mathematics, 80(4):931–962, 2015.

[15] M. A. Fontelos, R. Lecaros, J. López-Ŕıos, and J. H. Ortega. Bottom detection through surface measurements on water
waves. SIAM Journal on Control and Optimization, 55(6):3890–3907, 2017.

[16] J. Graham-Eagle. A new method for calculating eigenvalues with applications to gravity-capillary waves with edge
constraints. In Mathematical Proceedings of the Cambridge Philosophical Society, volume 94, pages 553–564. Cambridge
University Press, 1983.

[17] J. Hadamard. Lectures on Cauchy’s Problem in Linear Partial Differential Equations, volume 37. Yale University
Press, 1923.

[18] C. E. Kenig, G. Ponce, and L. Vega. Uniqueness properties of solutions to the benjamin-ono equation and related
models. Journal of Functional Analysis, 278(5):108396, 2020.

[19] D. Lannes. The water waves problem: mathematical analysis and asymptotics, volume 188. American Mathematical
Soc., 2013.

[20] A. Morassi, E. Rosset, and S. Vessella. Size estimates for inclusions in an elastic plate by boundary measurements.
Indiana University Mathematics Journal, pages 2325–2384, 2007.

[21] V. E. Zakharov. Stability of periodic waves of finite amplitude on the surface of a deep fluid. Journal of Applied
Mechanics and Technical Physics, 9(2):190–194, 1968.
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