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THE STABILITY FOR AN INVERSE PROBLEM OF BOTTOM RECOVERING IN
WATER-WAVES

R. LECAROS, J. LOPEZ-RIOS, J.H. ORTEGA, AND S. ZAMORANO

ABSTRACT. In this article we deal with a class of geometric inverse problem for bottom detection by one
single measurement on the free surface in water—waves. We found upper and lower bounds for the size
of the region enclosed between two different bottoms, in terms of Neumann and/or Dirichlet data on
the free surface. Starting from the general water-waves system in bounded domains with side walls, we
manage to formulate the problem in terms of the Dirichlet to Neumann operator and thus, as an elliptic
problem in a bounded domain with Neumann homogeneous condition on the rigid boundary. Then we
study the properties of the Dirichlet to Neumann map and analyze the called method of size estimation.

1. INTRODUCTION

1.1. Motivation. The study of waves in the ocean is a wide open area of interest, not only for its practical
applications, but also for the theoretical development it represents in oceanography and the mathematical
study of Partial Differential Equations (PDE’s). Among other applications of this knowledge, we can find
the modeling of tsunamis, the influence of the ocean floor and plate displacements on the occurrence of
certain waves, and the modeling of wave-breaking phenomena near the coast.

While there is no a unified approach to deal with this problem, from the mathematical point of view
there are some general considerations that are widely accepted ([19]). Let us consider that we have an
ideal, inviscid, incompressible fluid. Then, the general water—waves problem is the description of the
motion of a layer of fluid, delimited below by a solid bottom, and above by a free surface; influenced
by the force of gravity. It is modeled by means of conservation laws, together with suitable boundary
conditions.

More specifically, if we consider that the bottom and the wave surface are parameterized, respectively,
as b(x), ((t,z), and we define ; = {(z,y) € RN x R: b(x) < y < ((t,7)}, then the general water-waves
system is given by (see [19])

Am,y¢ =0, Qta
815( + VxC Vi = 8y¢7 Yy = Cv (1 1)
3¢+ 5 (Ve + (9y0)°) +9¢ =0, y=¢, '
Ond =0, y=>b,

where g is the gravity constant, and the velocity of the fluid, u, is such that u = V, ¢, with ¢ being the
velocity potential. We assume b(z) < ((¢,z) for any ¢t > 0 and 2 € RY, see Figure 1.
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FIGURE 1. Scheme of the water-waves model
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In this work the inverse problem of bottom size estimation from measurements on the free surface
(the waves) is addressed. Namely, let S C RY be an open, bounded set. Assume z € S and there are
two bottoms bg, b1 such that bo(z) < bi(z) for all z € S. Let (¢o,¢o), (¢1,¢1) be the two solutions of
([TI) associated to by and by, respectively. If the free—surface for both problems coincide in some ¢y > 0,
that is (o(to, ) = (1(to, ), we want to find two positive constants Cq, C such that the volume of region
D ={(z,y) € S xR :bp(x) <y < bi(z)} can be estimated, from above and below, by measurements of
¢o(to, ), d1(to, ) on the common free-surface. Specifically, let us consider the following numbers

Wi,j = / (bl(th)an(b](tOu)u Za] :071
y=¢(to,")

Our main results consist in estimating the volume of D in terms of these numbers, that is,
Cim(Whia — Wi, Wia—Woa) < |D| < Cong(Wy 1 — Wi, W11 —Wo 1), (1.2)

for some suitable functions 7,72 such that 7;(0,0) = 0.

Notice that measurements are made in a single time 3. This can be explained by the relation between
the velocity potential inside the domain and its trace on the free surface as we do next. We rewrite
system (L)) in a different way and the first step is to consider the two nonlinear boundary conditions on
the free surface, y = (, as an independent evolutionary system, which is related to the inner domain, €2,
through an elliptic problem. This is possible by considering the called Dirichlet to Neumann operator,
see [12, 21]. That is, if we assume that (¢, 2) = ¢(t, z, ((t,x)) is known, then the elliptic problem

Aw,y(b =0, Qta

o=1v, y=¢ (1.3)
O =0, y=b,

has a unique solution. Therefore, the following Dirichlet to Neumann operator, G, is well defined on

(0,00) x RN Let
G(C )Y = =1+ [Vl Ondly=c- (1.4)
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Moreover, by the chain rule
which implies
Vo) Vol + G = Vad Val + ¢y VaCl* + G = 6y (1 + V().
This last equation allows to relating the vertical velocity at the free boundary, and the operator G by
G+ V- V(¢
Gy = I
1+ |Va(|

Finally, from (I4) and (LA, the two boundary conditions on the free surface, in system (1), are
written as

(1.5)

9 ¢ — G(¢, b)Y =0,
20 +[VaCP?) 7

(1.6)

1
oY+ g¢ + §IVI¢|2 -

where (¢,z) € (0,00) x RV,

The above system is complemented with initial conditions (0, z) = {o(z), ¥(0,z) = o(z). It is worth
noting that problem (L6]) is an evolutionary system, involving a differential, nonlinear, nonlocal operator.
Moreover, the information of the bottom is implicit as a parameter through the Dirichlet to Neumann
operator G.

In literature (see [19]), (I6) it is commonly known as the general water—waves system, in replacement
of (). This is so because, once ([ILA) is solved, it is possible to find ¢ by means of system ([3]). The
fact that we only need a single measurement on the free-surface at time ¢ is clear now. That is, whether
we know 0¢(|i—¢, or ¢ on an open interval of time, by the first equation in (L)), the Neumann condition
on the free boundary is known, which allows us to establish the inverse problem of recovering b, as a
boundary detection by measures of ¢, 9,¢ on y = (, for the system (L3)).

The assumption of the existence of 5 > 0 and S C R¥ to obtain the identifiability of the inverse
problem of bottom detection, is familiar in the context of water—waves. For instance, in [I3], the authors
addressed the numerical problem of recovering the bottom from the water wave height and its first two
time derivatives at one time instant, assuming that the velocity potential is periodic and the profile height
is small. They also consider the cases of measuring the surface profile over an interval [0, T'] or the surface
profile at a discrete set of points. In all cases they attempt to eliminate the necessity of measuring the
velocity potential ¢, which, as they explain, is physically impractical. Another example is given in [18],
where the authors proved the unique continuation property for the Benjamin—Ono equation for a nonlocal
operator, under the assumption that the solution is zero on an open subset of [0, 7] x R.

Concerning the inverse problem of bottom detection through measures on the free surface, in [15], the
authors used the simple elliptic formulation (L4)—(T3]) of the water—waves system and a classical strategy
in geometric inverse problems to prove the identifiability of the bottom by measuring, simultaneously, the
profile and its time derivative at the free surface in a single time, and an open subset of RY. That is, for a
fixed tg > 0 and x € S C RY an open set, they proved the injectivity of the operator b+ ({1, 3¢() 1=ty
Ham?\}y, if Ci(to, ) = C(to, ), P1(to, x) = Ya(to, x), ACi(to, x) = Orla(to, ), then one has bi(z) = ba()
in R™.

Existence and uniqueness of solutions for system (L6, within a Sobolev class, have been widely
studied. We refer, for instance, to the literature review by Lannes [19] in the N-dimensional case. For
the well posedness of system (6] in one dimension, on bounded domains, see Alazard et. al. [I]. Well
posedness of the N—dimensional case on bounded domains is still an open problem, among other things,
due to the presence of solid walls and the underlying physics in the interaction between the wall and the
free surface [7) 16}, [14].



4 R. LECAROS, J. LOPEZ-RIOS, J.H. ORTEGA, AND S. ZAMORANO

1.2. Size estimate for the elliptic formulation. As we mentioned before, we are interested in the
inverse problem of estimating the volume of the region D from the single measurement of A, (b) :=
(¢, Blcs Ondlc)|i=t,- The study of this inverse geometric problem is motivated, firstly, by the well-know
result that stability of the elliptic problem ([3)) is a severe ill-posed problem. That is, given f, h,r, the
continuity of the solution of

Au=f,
u=h, o9, (1.7)
Onu =T, 09,

in terms of the data (f, h, ) is not, in general, of a Lipschitz type. That is, the Cauchy problem (7)) is ill-
posed in the Hadamard sense. Besides, as Hadamard pointed out in [I7], confirmed later in 8 @ 10} [T1L [6],
the modulus of continuity of the mapping (f, h,r) — u is of a logarithmic type and is the best possible
one to be expected.

Secondly, the three variables (¢, ¢|¢, 0 ¢|c) are not independent at all. The complete stability of the
functional Ay, () is a difficult problem to deal with; not only because the data are different, but, their
free surfaces do not necessarily intersect each other. For example, if we consider bg,b; : S € RV — R
two different bottoms, we have different measures A¢,(bg) # A¢, (b1), that is

(Co, @olcs Ondolc)lte 7 (Ciy b1y Ondrlc) o,

where these functions satisfy the corresponding systems:

A¢i = 07 Qioa
bi=vi,  Y=a, (1.8)
Ongi =0, y=b,
for e = 0,1, at t = tg.

Therefore, in relation with the bottom, it seems reasonable the study of a different quantity. Namely,
the volume enclosed by two bottoms. Following the approach introduced by Alessandrini et. al. in [2],
we establish a quantitative estimate of the size of the region bounded by the side walls and the bottoms
in terms of suitable measurements.

The following three cases enclose the main idea of this work. We are going to work in bounded
domains, so we assume that S C R¥ is a given open set. To ease notation and stress the dependence of
the operator in terms of the quantities on the upper boundary, we define

Q0,¢) ={(z,y) € S xR:b(x) <y < ((to,2)},
Tw(,¢) :={(z,y) € S xR :b(x) <y <((tg,z), v € DS},
') ={(z,y) € SxR:y="_(tg,x), x € S}.

Case I: single bottom cavity. Dirichlet and/or Neumann measurements on the whole free
surface. (p = (; and by > by or by < b.

Let (b, (o) be the domain such that 9Q (b, (o) = T'(¢o) UT 4w (bo, o) UT'(bg) and (b1, (p) the domain
with boundary 9Q(b1, (o) = IT'(¢o) UTw (b1, (o) UT'(b1). Let us consider by > by. We consider ¢y, ¢ be the
unique weak solutions of the following problems

A¢0 = 07 Q(b07 Co)v A(b = Oa Q(bla CO))
$o = Yo, I'(¢o), ¢ =1, I'(¢o), (1.9)
Onto =0, I'(bo) U (bo, o), On =0, I'(b1) UL (b1, Co)-

We will study the lower and upper estimate for the volume of D := Q(bo, (o) \ 2(b1,p), when the
Dirichlet and Neumann measurements g, 41 and 0,¢g, On@, respectively, are performed in the same
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surface I'((p). Specifically, we want to obtain two positive constants Cy, Coy > 0 such that

Cim ( (Ong — an¢0)=/ (Y — %)) < |D|
I'(Co) T'(Go)

< C. an _an 9 871 - )
< Cang (/F(Co)iﬁ( o ¢0) /F(Co) d(Y ¢0)>

for some functions ny, 72 such that 7,;(0,0) = 0.

Case II: multiple cavities. Dirichlet and/or Neumann measurements on the whole free
surface. (o = (; and the set B = {x € S: bo(r) = bi(z)} is finite.

In this case, we consider ¢g, ¢ the solutions of problems (I.9) as in Case I. The volume estimate of D
will be studied when the Dirichlet and Neumann measurements are made on the same free surface I'({y),
and we allow bottoms intersections. That is, the subset D is given by D := Q(bg, (o) A Q(b1,(o). Then,
in this case, we want to prove the existence of constants Cs, Cy > 0, such that

Czns < P(Ono — 3n¢0)7/ On (¢ — ¢0)> < [Q(bo, Co) & Q(b1, (o)
I'(Co) T'(Co)

< C'4774 < 1/)(3n¢ - an¢0)v/

On () — 1/’0)) ;
I'(¢o)

I'(¢o)
for some functions ns, n4 such that 7,;(0,0) = 0.

Case III: partial measurements on the free surface.
In this final case, we analyze the previous two cases when the measurements are performed in a subset
I'* of the free surface I'((p). That is, we consider ¢g, ¢ being the solutions of:

A¢0 = 07 Q(b07 Co)v A(b = 07 Q(bla Co)a
(bo :1/}07 F*a ¢:1/)7 F*v (110)
Ondo =0,  T'(bo) UTw(bo, o), O =0,  T(b1) UTw(b1, o).

We want to establish again an estimate for the size of D in terms of the Dirichlet and/or Neumann
data on I'*. However, we were able to derive only the upper estimate:

|D| < Csms </F V(O0ng — 3n¢o),/r(< )am(w - U)o)) ;

for some function 75 such that 75(0,0) = 0.

Note, from the cases above, that functions 7; satisfy n;(0,0) = 0. In particular, if the Neumann and
Dirichlet measurements are equal on the free surface I'({p), then we have |D| = 0. Therefore, we obtain a
unique continuation property in the sense that if the measurements are equal, the bottoms are the same.

As was mentioned above, we will use some techniques developed in [2 [§]. These papers study the
size estimates of an obstacle for the conductivity problem and the stationary Stokes system, respectively.
That is, they considered an object completely immersed in the domain, which is different to our problem
though, where the object D is the difference of two different bottoms and is at the solid boundary
accordingly. Moreover, we are considering a homogeneous Neumann condition on the solid walls, which
is natural in this context of water waves, and we are including the Dirichlet and Neumann data cases
simultaneously on the free surface or, on an open subset of the free surface. It is worth to mention that
the estimation of inner cavities can be obtained as a particular case in our method.
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Finally, since interactions between the free surface and the solid walls at the contact line is not well
understood [16, [14], and for avoiding cusps in the domain, we assume the free—end boundary condition,
that the contact line can move vertically with a contact angle /2.

The paper is structured as follows. In section 2, we provide some notation and preliminary results to
be used along the sections that follow. In section 3 we deal with the main case of bottom detection, the
case I. We state theorems and corresponding to the lower and upper cavity estimates, in terms of
the Neumann and Dirichlet data, simultaneously. In section 4 we study the more general case of bottom
intersection. In this case we obtain a sort of logarithmic upper bound in terms of the data, which is
expected from the literature. In section 5, we deal with the problem of partial measurements on the free
surface for both cases I and II. In this case we obtain only an upper estimate. Finally, in section 6 we
present some discussions and open problems related.

2. PRELIMINARIES

In this section we introduce some definitions and previous results we will use throughout the paper.
Given z € RVN*! we denote by B,(x) the open ball in RV ! with center in z and radius r. Also, B.(0)
denotes the ball in RY. We set x = (z1,...,2x541) as z = (2/,2x41), where 2’ = (z1,...,2N).

Definition 2.1. [2, Definition 2.1] Let Q@ C RV T be a bounded domain. We shall say that O is of class
Ck with constants ro, My > 0, where k is a nonnegative integer and o € [0,1), if, for any xo € 99,
there exists a rigid transformation of coordinates, in which xo =0 and

QN B, (0) ={z € By, (0) : z, > p(a')},
where ¢ is a function of class C*%(B.(0)), such that

¢(0) =0,
Ve(0) =0, if k> 1,
lellere(ay, (0)) < Moro-

When k£ =0 and « = 1 we will say that 99 is of Lipschitz class with constants rq, M.

Remark 2.2. We normalize all norms in such a way that they are dimensionally equivalent to their
argument, and coincide with the usual norms when ro = 1. In this setup, the norm taken in the previous
definition is intended as follows:

k
[@llcnea, @) = 261D llL~(s, ©)) + 761D la B, 0):
i=0
where | - | represents the a—Hélder seminorm
Dk / _Dk ’
|Dk¢|a,3/ 0 = sup | ¢($/) / a¢(y )|7
0 1',y/EB{nO(O),m/7éy’ |x -y |

and D*¢ = {Dﬁgb}w:k is the set of derivatives of order k. Similarly we set the norms

1
Il = v [l

To

1
Jull? ——( [kt [ |Vu|2).
(@) ro' ™ \Ja ° Ja

Next, we shall give some a—priori information concerning the domain 2 and the subdomain D enclosed
by the bottoms.
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(H1) We consider 2 C RN*1 a bounded domain with connected boundary 92 € C1'! with constants
ro, My. Further, there exists M; > 0 such that

Q| < Myrd (2.1)

(H2) We consider D C € such that 2\ D is connected and D has a connected boundary 9D of Lipschitz
class with constants r, L.
(H3) D satisfies (H2) and the scale-invariant fatness condition with constant @ > 0, that is

diam (D) < Qr. (2.2)

(H4) Finally, we will assume that there exists a constant h > 0, such that the fatness condition holds,
namely

il = D, (2.3)
where we set for any A ¢ RV*! and h > 0,
Ap={z € A: d(x,04) > h}.
Let us mention some remarks about these hypotheses.

Remark 2.3. (a) Concerning (H2), as explained in [2] 8], the constant r already incorporates in-
formation about the size of D. In addition, they showed that if D has a Lipschitz boundary class
with constants r, L, then

|D| > C(L)rN Tt
Besides, if condition (H3) holds, then
D] < C(@Q)r™.

For that reason, as in |2, (8], it will be necessary to consider r as an unknown parameter.

(b) Assumption (H4) is classical in the context of size estimates (see for instance |2, 8 20]). More-
over, if D has boundary of class C*®, it was proven in [4] that there exists a constant hy > 0
such that the condition (2.3) holds.

Additionallity, we shall consider the following Poincaré type inequality, which can be found in [2].

Proposition 2.4. [2 Proposition 3.2] Let D be a bounded domain in RNTY of Lipschitz class with
constants r, L and satisfying condition (Z.3) with constant Q. For every u € H*(D) we have

/é)D |u—u,9D|2 SaT/D|Vu|2, (2.4)
/D lu— upl? < @«2/]3 Vul, (2.5)

where
1 1 /
UdD = a7 u, up =157 | W
10D| Jop |D| Jp
and the constants C1,Co > 0 depend only on L, Q.

One important result when we are working in geometric inverse problems with one measurement is
the following proposition (see [3]), known as Lipschitz propagation of smallness.
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Proposition 2.5. [5, Lemma 2.2] Let Q be a bounded domain in RN*1 such that Q2 € CY with
constants ro, Mo. Let u € HY(Q) be the solution of the Neumann problem

—Au =0, Q,
{ Vu-n=g, onN. (2:6)
Then, for every p > 0 and x € Q4,, we have
/ |Vu|*de > Cp/ |Vul*de, (2.7)
B, (x) Q

||9||L2(ag)

where the constant C, > 0 depends only on |Q|, ro, Mo, Tall and p.

H—1/2(80) ’
Finally, we need the following stability estimate related to ill-posed Cauchy problems for the Laplace
equation in domains with C1! boundary.

Proposition 2.6. [9, Corollary 2.1] Let Q be a bounded and connected domain Q@ C RN with a C1!
boundary 0. If Ty is a nonempty open set of OQ, then for all k € (0,1), there exists C,dy > 0 such that
for every & € (0,60) and for any u € H?(Q) with Au=0 and

lullaz) < M, [lullarwy) + 1Onull L2,y <6,
with M a positive constant, we have

—k
M
u <CM log( )} ' *
[l 1o [ [l 210y + 100wl L2(rg) Y

3. Case I

Now, we will study our first case. Let Q(bo, (o) be the domain such that 99 = T'({o) UT'y, (bo, o) UT'(bg)
and Q(b1,p) the domain with boundary 9 (b1, (o) = I'(¢p) U Ty (b1, o) UT(b1). We will assume that
b1 > byg. Now, we consider ¢, ¢ be the unique weak solutions of the following problems

Ago =0, Q(bo, o), Ap =0, Q(b1, o),
$o = Yo, I'(¢o), ¢ =1, I' (o), (3.1)
Onto =0, I'(bo) UT(bo, o), Ono =0, I'(b1) UL (b1, Co)-

Since we are performing the measurements on the common free surface given by I'((p), for differentiate
it we denote by I'y, this surface. We observe that the two bottoms generate a subdomain D, given by
D = Q(bo, o) \ (b1, o). Therefore, denoting by Q := Q(bg, (o) we can rewrite systems in [B.I)) as (see
Figure 2)):

Ago =0,
¢0 = ¢07 I"u,pu (32)
Ondo =0,  T'(bo) ULu(bo, o),
A¢p =0, Q\ D,
¢ = 1/}5 Fupv
¢ =0,  T(b1) ULy (b1, o),

Now, we are in position to state and prove the following identity which plays a fundamental role in

the proof of our main results.

Lemma 3.1. Let ¢y € H*(Q) and ¢ € H*(Q\D) be the solutions of problems (32) and [3.3), respectively.
Then, we have the following identities:

— 2 2: — —
/Q\Dw G0l + /D Vébol /Fupamw o) + / (Oubo — D)o, (3.4)

up

(3.3)
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- L'(b1) \\‘\\
\_D/\\\
I'(bo)

FIGURE 2. The two domains to compare the bottom and the Dirichlet and Neumann
data on the free surface.

and
) / Ondot = [ (Bnd — Brcho) (o + ) + / (9 + Brbo) (Yo — ). (3.5)
'(b1) Cup Tup

Proof. By multiplying the first equation of (8:3) by ¢ and ¢, integrating in 2\ D and using the boundary
conditions accordingly, we obtain

| vo-Son= [ anoun, (3.6)
Q\D Tup
and
/ Vo[ = / D), (3.7)
Q\D Cup
respectively.

Moreover, integrating again by parts in (B.6):

/Fup Ondotp + /ml) Do = /Fup B dibo,

/F(bl) Ondod = /Fup Ondtpo — /Fup o).

From this last equality we can get the following equivalent identities,

/ Do = / (9 — Do) + / Do — 1), (3.8)
F(bl) Fup Fup

or

and

/ b0t = | (0nd— Oudo)+ | Budlo — ). (3.9)
T'(by) Tup

Tup

In a similar way, multiplying the first equation of (8:2)) by ¢ and integrating in Q \ D

/Q\D Vo - Vo = /Fu ot + /ml) On 0.
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If we multiply by ¢¢ instead, we obtain

/|V¢0|2:/ Indovo. (3.10)
) Tup

€

Moreover, from [B.6), (31), and (BI0) we get
/Q\D V=00 + [ 1900 = fop V6 =2 o Vo Vo + Jo [V

= fl"up 67l¢¢ -2 fpup an(bdjo + fpup an¢o¢o
= Jp,, Ond(¥ — o) + Jr, (Ondo — Bnd)tbo.
Notice that, from equations ([B.8]) and ([B.9]), one obtains the identity

2 / Dud0d = | (Bud — Budo) (o + ) + / (9 + Dndbo) (W0 — ).
F(bl) I‘up N

up

O

Next, we state and prove our main results concerning the determination of the total variation of the
bottom.

The next theorem proves the lower bound for the size of cavity D. It is similar to that obtained in [2]
for the electrostatic potential. However, we have considered the Neumann and Dirichlet measurements
simultaneously and the presence of a cavity at the boundary.

Theorem 3.2. Let ¢g € H*(Q) and ¢ € H?*(Q\ D) be the solutions of problems (3.3) and (33),
respectively. In addition, assume that Q satisfies (H1) and the subdomain D satisfies (H3). Then, there
exists a positive constant C1 > 0 depending only on Q, L, Q such that

2
(Jr, (00 = Bud0) = Ji, Oud® = v) )
fpup ¢03n¢0 fFup ¢6n¢
Proof. Note first that integrating the first equation of (32) on Q and applying the divergence theorem,

we obtain
0:/ Ono.
Tup

Thus, if we denote by ¢ = fl‘(bl) ¢, from identity (39) and Holder’s inequality we get

I
1/2 1/2
- /F(bl) Ondolp=9) < </F(b1)(an¢0)2> <~/F(b1)(¢ B (25)2) ' (3.12)

First, from the Poincaré type inequality (2.4)), there exists a constant C' > 0 such that the second term
in the right hand side of (812 can be estimated as

_ 32 2 _
/F MG /Q\D Ve = C /F vt (3.13)

Second, we need an estimate that allows for control the normal derivative of ¢q, by the gradient of the
function. Namely,

<D (3.11)

(On — Brdo)t) — /F Dt — ) = /F . o

bl)

| @onr <cipl [ v (3.14)
T'(b1) Tup



INVERSE PROBLEM IN WATER-WAVES 11

To prove [B.14), let g € H%(). Since D is piecewise C!, by the trace theorem
[ @02 = [ (@ulon—0)) < CIV G~ 60l (3.15)
I'(b1) T'(b1)

Now, since ¢g satisfy Agdg =0 in Q and D is bounded we obtain
IV (¢0 = do)ll3: (py < C|D] sup V(0 — ¢o)I*. (3.16)

To end the proof, we need to use some classical elliptic estimates as well as some interior estimates
as in [2]. Since 9D N IN # O, the way to transform D an inner set is the following: first, extend Q
downward, by symmetry. Then the new domain can be extended, one time, rightward and leftward by
a harmonic function. This can be done thanks to the zero Neumann boundary condition satisfied by ¢¢
in 2. To avoid cusps at the top of the boundary, I',,, we assume the free-end boundary condition for
inviscid fluids in contact with solid walls, that the contact line can move vertically with a contact angle
/2 [T, [16].

Therefore, we obtain a new larger domain Q such that D CC ?2, as in Figure Bl

In this case, we have that there exists a positive constant dy > 0 such that

d(D,09) > dy > 0. (3.17)
Let Q4, be an intermediate domain. Recalling that d(D,d) > dy, we have d(D,aﬁdO/z) > %. In
2 ~ ~
addition, we extend the solution ¢g of (B2)) by ¢g to the new domain Q, to obtain:
Ago = 05 Q \ Da
¢Q: /(Z)Ov Eup U F@O)v (3]‘8)
an(bo = 07 F(bO) U Fw(b07 CO)a

with fup, f‘(bo), and fw(bo, o) being the corresponding extensions of I'y,, I'(bo), and 'y, (bo, (o), respec-
tively.

FIGURE 3. The larger domain by reflection to make D an inner set.
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Following the ideas in [5, Page 61] we have

sup V(g0 — do)|* < C'sup |60 — ol < Clldo — 950”%2(5)- (3.19)
Qd

Thus, by Poincaré’s inequality (2.35]), we have
60 -uP <€ [ [VanP =C [ wndun. (3.20)
Q Q Tup

Then, from BI8) and B20), we get (314). Putting together (B12) and [B.I4]) we obtain the estimate

(Jo, 0n6 = a0}t — Jo 006 — i)’
fFup 1/10871(250 fFup 1/13n¢
and the proof finishes. g

< C|DJ,

Our second main result of this section is the following upper bound of the total variation of the bottom.
As before, this estimate is proved for cavities at the boundary and includes both, Dirichlet and Neumann
measurements, at the free surface.

Theorem 3.3. Let ¢9 € H%(Q) and ¢ € H*(Q\ D) be the solutions of problems (32) and (3.3),
respectively. Assume that Q satisfies (H1) and the subdomain D satisfies (H2) and (H4). Then, there
exists a constant Cy > 0 such that

frup Ond (Y — o) + frup (Onoo — On@)tho

> Cs|D|. 3.21
Jr., Y0Ondo = (3-21)
The constant Cy depends only on ||, ro, M NOndolluziwy)
2 D Y » 10 0, Han(ﬁoHH,l/g(Fup)
Proof. We observe that, by (8.4]), we have
[ ol < [ ousw—vo)+ [ @uso-u000 (3.22)
D Tup Tup

Based on Alessandrini [5], we proceed as follows. Let D, CC D such that |Dy| > 4|D| and consider
Q. a uniform mesh of boxes ¢ of side ¢ for Dy, such that D, C |JQq C D. Then,

Loz S [wapzlamtl ooy (329
D |90l 9 ’

4D #0 4N D #0 a0l

min/lwoF:/ |V ol
4 Jq 9

Since ¢ is the unique weak solution of [B.2]), we obtain that the previous minimum is strictly positive.
Let x be the center of go. Using the estimate (27) in Proposition 25 with 2 = x and r = §, we have
that

where gy C Q,, is such that

[ 9ol = il [ [vonP .21
90
Therefore, replacing (3:24) in (B:23]) and using the fatness condition (23], we obtain

/|V¢ |2_2| |(J0|/ $o0no-
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Then, from ([B:22) we deduce the desired result

Jr., 00 —0) + [i (Ondo = Ond)o
Jr.., Yodndo

> Clqo])|D].

Let us make the following comments about the results obtained so far.

Remark 3.4. (a) Estimates in Theorems[3.2 and[3.3 are, in some sense, more general to those from
the literature. For instance, if the Neumann measurements of ¢ and ¢o are equal in I'yy,, then

(Z11) and (3Z11) become

2
(fr, 0n — o)) o 06— )
Ch Jr,, Y0Ondo [r, 10n¢ <D< 0 SR (3.25)

which corresponds to those in [3, Bl §].
(b) In the more general case when the bottoms by, by are such that by(x) > bo(x) for any x € S, and
D = Ul D; is such that Q\ D is connected, estimates in Theorems[3.2 and[3.3 also holds.

4. Caske 11

If we consider now the possibility of finite intersections between the bottoms, estimates above are still
true and something similar is obtained. Let us change notation slightly and consider ¢; and ¢o defined
on O := Q(b1, (o) and Qy := Q(be, (o), respectively. In this case we assume that, near to the bottom,
Q1 N Qs # ) and we are still measuring on the free common surface region Iy, := I'((p). Without loss of
generality, we will assume that the bottom intersections are at least one and at most three. Then, if we
define I'(by) =: T} UT?, T'(be) =: T, UT? as in Figure @ we consider the following two problems

Agy =0, Qq, Agy =0, Qy,

¢1 - wl; Fupu ¢2 = 1/127 Fupa (41)
Onp1 =0, I'(b1) UT (b1, o), Onp2 =0, ['(b2) ULy (b2, Co)-

Lup
Ly Ly
1
r; 2
=% d
N,
\\
N\,
\\\\_—/ 7
2
I} Ly

FIGURE 4. The two domains when bottoms are intersected and the measurements are
performed on a common free surface I'y,,.
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We start with the lower bound of the set 2; A Q9. In this case, we will use some arguments from
the previous sections. The first main result is a restatement of Theorem above, where we present the

lower bound arising from the new geometric assumptions.

Theorem 4.1. Assume that Q1,8 satisfy (H1) with constants L1,Q1 and Lo, Qa, respectively, and

Q1 A Qy satisfies (H3). Then, there exists a constant C3 > 0 such that
2
(Jr., Buda(ér = 62) + (Dude - 0u1)s2])

2 2
(fr, @10001) + (Jr,, 620002
The constant Cs depends only on Q, Ly, Q1, L2, Q.

< C3|Ql A le

Proof. As it was done in the proof of Theorem , we have

/ Vér - Vs = / 6100 — / 62001,
Q1NN 8((21(‘102) 8(910522)

which, by the boundary conditions, is equivalent to

/r (010n¢2 — $20n¢1) = /rl $20n¢1 — /r2 $10n 92,

[Ond2(d1 — ¢2) + (Ond2 — On1)d2] = /rl G20n¢1 — /r? 010,02.

up

or

J

Thus, if we consider the energy E defined by

E= V(61— d2)? + / Vo /Q 5l

Q1NQ, 1\

up

proceeding as we did in Section Bl and using (#3]), we obtain
E= / [0n.01(1 — P2) + (Ond2 — Ond1)da] — 2/ 20091
Tup ry

Notice that, in the last identity one can replace frl ¢20n,¢1 by fr2 ¢10,¢2 instead.
d d
Moreover, using the boundary conditions we can write identity above as

E= [Ond1(P1 — d2) + (Ond2 — Onb1) 2] — 2/ $2(0n 1 — Onh2).
Tup s
Now, from (€3)), and following the arguments presented in Section [3]

/r (3n¢1)2> h (/1‘1(¢2 - (52)2>1/2

[Ong2(P1 — ¢2) + (Onp2 — Onp1) 2] < (/Fl

up d

(4.2)

(4.4)

1/2 1/2
2 N2
+ </F3(8n¢2) ) </F3(¢1 — ¢1) > - (4.5)

As before, for i = 1,2, using the Poincaré type inequality (2.4), we obtain

i —¢i)? < C Vei|* < C Vei|* =C iOn @i
JRCEEE Veif? < /m"i" /qs 6

fi Q1N

(4.6)



INVERSE PROBLEM IN WATER-WAVES 15

Moreover, for i = 1,2, if ¢; € H?(£);) and since Q; A s is piecewise C!, by the trace theorem, we
have

@002 = [ @u6:= 607 < CIV G = 0l @nra - (@7)

d d

Repeating the arguments from Section B} specifically the extension of the domain in such a way that
the set 21 A Q9 becomes an inner subset of a larger domain €2, we obtain the following

IV (6 = 9) 7 (0\05_) < CIIV (B = 90 lI72(0\05_ 1)
< CIU\ Q3| sup V(g — di)]?

K 3—i

<O\ Q3| sup |¢i — il

i\Q3—;

< O\ Q3] |pi — &4)?
Qi\ Q34

<O\ Q3 Vil®
Q:\Qs_s

§C|Qi\93—i|/ |V |?
Q;

:CMAQ&AA $iOnbi. (4.8)

Putting together ({L5)—-([L3]), we obtain

g

which implies

2

2 2
[On2(P1 — ¢2) + (Ontp2 — 3n¢1)¢2]> <Ol \ Qf (/ ¢13n¢1> + C1Q2 \ Q] </ ¢23n¢2> )
LWy Tup

up

(frup [Ond2(d1 — ¢2) + (Ondd2 — 3n¢1)¢2])2
(fp"p ¢18n¢1>2 + (frup ¢23n¢2)2

< C|Ql A QQ|

|
We complement the theorem above with the following upper bound for the variation of the bottom.

Theorem 4.2. Assume that Qq, Qs satisfy (H1) with constants L1, Q1 and Lo, Q2, respectively, Q1 A Qg
satisfies (H2), and Q1 \ Q2, Q2 \ Q1 satisfy (H4), with constants r1, My and ra, Mo, respectively. Then,
for all k € (0,1) and i = 1,2, there exist Cy, 00 > 0 such that for every ¢ € (0,80) and

Pill 2 (002N (@1 892)) < My @illarr,,) + 10n@illL2r,,) <9,
where M > 0, we obtain

2 Jr [0nd1(d1 — d2) 4 (Ond2 — Onr)d2] + A
QA <C v ,
|1 2| < 4; frup 510n

(4.9)

where A is given by

T )
1 — b2l (r,,) + 10n(P1 — d2)llL2(r.,) ’

A= léall i [log (
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[10ndill 12
and the constant Cy depends only on |Q;], ri, M;, W.
nPill p=1/2(r,,)

Proof. We observe that from (4] we have
[ovel+ [ 1VePs [ 006160 — 62+ Oute— o)
Q1\Q2 Q2\

up

+2/ $2|0nd1 — Oncbal- (4.10)
rg

Now, since ¢; € H%(€;) and the boundaries 9€2; are of class C*!, from the trace Theorem, the last
term in the right hand side of ([@.I0]) can be estimated as follows:

[ alowin—ononl = (o, 3) " (Jiy0un - 0,6207)

d

1/2
< @2l m () (f((szlusb)\(ﬂmm)) V(61 — ¢2)* + [d1 — ¢2|2> : (4.11)

From the above estimate and by Proposition 2.6] applied to the second term in the right hand side of
E.IT), we get
T )|
= ¢2llmr(r,) + 110n(P1 — d2) [l L2(r.,) '

Finally, since Q3 \ Q2,0 \ © satisfy (H4), following the same arguments in (3:23)), for ¢ = 1,2 we
have

[ 610061 ~ 90l < Ol [1og ( (4.12)
T} 1

[ vaP =0 [ 9ol =cln\ e [ sou (113)
Qi\ Qs Q Tup
Then, from (£I0)-@I3]), we obtain the desired result and the proof is finished. O

Remark 4.3. Notice that estimates (£.3) and (£.9), are different to (3.11) and (3.21) respectively. This
is mostly due to the overlapping between the bottoms. That is, if we consider two bottoms by, b1 such that
bi(x) —bo(x), © € S, switch between positive and negative a finite number of times, then identities ({.3)
and ([{-4]) possess more terms when integrating by parts.

5. CASE III

In this section, using the computations of the previous cases, we bound the volume of D when the
measurements of the Dirichlet and Neumann data are performed on an open subset of the free—surface.

Let us start with the Case I. Following the notation introduced in Section [3] we consider ¢y and ¢ the
weak solutions of problems:

A(bo = 07 Qu
(bo = ¢07 P*u (51)
an(bo = 07 F(bO) U Fw(b07 CO)a

Ap=0, Q\D,

op=v, I (5.2)
an¢ = 07 F(bl) U 1—‘w (blu CO)u

where I'* is an open subset of I'y,,.
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Theorem 5.1. Let ¢g € H?(Q) and ¢ € H*(2\ D) be the solutions of problems (5.1) and ([52),
respectively. Assume that 0 satisfies (H1) and the subdomain D satisfies (H2) and (H4). Then, for all
k € (0,1) there exist Cy,00 > 0 such that for every 6 € (0,dp), and

[doll (@) < M, ldollar(ru,) + [10ndollL2(r,,) <6,

9l z2 0y < M, Sl r,,) + 10ndll2r,,) <6
where M > 0, we have

M )"“

% = ol 2 (rey + 10n (¢ — do)lL2(r-) '

||a"¢0”1,2(1‘up)

|D| < C5 (V9| a1 o\py + ol z1(0)) log (

The constant Cs depends only on ||, ro, My, M, ([ prvr—
Proof. Observe that, from Theorem [B.3] the following estimate holds:
D <C Jro, On9( = b0) + [, (Oudbo — Dnd)do

- T P0Bndu '

From (B.I0), we have that

0< b0 do.
Tup

Using Holder’s inequality and trace theorem, we obtain that

1/2
D] < Cy Vol a1\ D) </r | — ¢0|2> + g0z (o) </F |On o — 3n¢|2>

Finally, applying Proposition 2.6, we obtain the desired result and the proof ends. O

Therefore, we get

up

1/2

For the Case II, we consider ¢; and ¢2 be the solutions of problem (4.1]) with Dirichlet boundary data
in I'*. That is,

Agy =0, Q, Agy =0, o,
¢1 :1/}15 F*v ¢2:1/)27 F*a
Ont1 =0, Iy ULy (b1, o), Ontp2 =0, Lq Uy (b2, Co)-

Following the same arguments that in the previous theorem, we obtain the next result about the size
estimate of D, when the measurements are performed on an open subset of I'y,,.

Theorem 5.2. Assume that Q1, Qg satisfy (H1) with constants L1, Q1 and Lo, Q2, respectively. Assume
also that Q1 A Qo satisfies (H2), and Q1 \ Qa, Q2 \ Q1 satisfy (H4), with constants r1, My and rq, Mo,
respectively. Then, for all k € (0,1), and i = 1,2, there exist Cg,00 > 0 such that for every 6 € (0,0)
and

Pill 2 (@ 002\ (@1 892)) < M, @illarr,,) + 10n@illL2r,,) <9,
where M is a positive constant, we have

T )|
191 — Yol g1 (rey + |00 (D1 — d2)l L2+ ’

1 & Qo] < Cs ([|2]lm1(00) + Vo1 H1(01)) [log (
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1On il 2
and the constant Cg depends only on |Q;], r;, M;, M, W.
nPillg=1/2(r,,)

6. FURTHER COMMENTS AND FUTURE WORK

We have developed a method to estimate the size of a cavity along the rigid boundary through measure-
ments on the free surface on a potential and perfect fluid. We have used the context of the water—waves
theory to explain some particular issues arising in our approach. That is, the outcome of a rigid, imper-
meable boundary, together with a free surface where measurements are performed. We have generalized
the works in [5 [2, [§], by considering the Neumann and Dirichlet measurements simultaneously. Moreover
if we allow changes of sign for the bottom difference, constants in the size estimate are different.

Concerning the general water—waves system and the present framework of the paper we have the
following comments.

First, well-posedness of the general water-waves system in RY, on bounded domains, is an open
question. Among others, because of the physical phenomena arising in the contact line between the free
surface and the rigid solid walls [16], [T4].

Second, the water—waves system and asymptotic related systems are studied, classically, on unbounded
domains (a strip). In [I5], the authors proved the identifiability inverse problem of bottom detection by
free surface measurements in that context. It would be interesting to state the results of this paper,
as well as those in [5] [2| [§], in the unbounded domain case, but some difficulties arise. The Lipschitz
propagation of smallness and the stability estimates for ill-posed Cauchy problems are unknown in the
strip-domain context.

Third, an interesting problem will be the study of the size estimate as in Case I, but from measurements
on different free surfaces; that is, ¢pg = 1 on I'({y) and ¢ = 1 on T'(().
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