Contents

I Introductionl 1
(1__Introductionl 2
[LT Preliminaried . . . . . . . . . . . . . 2
(1.1.1  Notion of dispersion and decay| . . . . . .. . ... .. ... ..... 3

(1.2 Introducing Schrodinger Models| . . . . . . .. ... ... ... ... ..., )
[1.2.1  Nonlinear Schrodinger equation . . . . . . .. ... ... ... .... )

[1.2.2  Hartree equation| . . . . . . . . . . ... ... ... ... 7

[1.2.3  Zakharov and Klein-Gordon Zakharov system| . . . . . ... ... .. 7

[1.2.4  Zakharov-Rubenchik/Benney-Roskes system| . . . . . ... ... ... 10

[L25 The virialmethodl. . . . . . . . ... ... 12

(.3 Zakharov Water Waves . . . . . .. .. ... ... ... . 13
(1.3.1 Derivation of the modell . . . . . .. ... ... ... ... ...... 13

(4 Mainresults . . . . . . . . 16
(1.4.1 Asymptotic dynamics of small solutions for NLS and Hartree equations 17

[1.4.2  Zakharov systems| . . . . . . . . . . ... 19

[1.4.3 Zakharov-Rubenchik/Benney-Roskes| . . . . ... ... .. ... ... 21

[1.4.4  'The solitary wave for Zakharov water waves| . . . . . . .. . ... .. 23

Il  Two Schrodinger models| 32
2 Decay of small odd solutions for long range Schrodinger and Hartree equa- |
L tions in one dimension 33
2.1 Introduction| . . . . . . . . .. 34
[2.2  Schrodinger equation without potential . . . . . . . .. ... ... ... ... 40
2.2.1 A wvirtalidentity| . . . . . . ... ... 40

[2.2.2  Analysis of a bilinear form| . . . . . ... .00 00000 42

[2.2.3  Estimates of the terms on (2.20). . . . . .. ... ... ... ... 43

2.2.4  End of proof of Theorem 2.1} . . . . . . . ... ... ... ... .... 47

2.3 NLS with potential| . . . . . . .. ... ... .. ... 48
2.3.1 Virial Identity| . . . . . . . .. . ... oL 49

[2.3.2  Analysis of a modified bilinear form| . . . . . . ... ... .00 L. 49

[2.3.3  Estimates of the terms on (3.25). . . . . ... ... ... .. 52

234 Proofmainresultl . . . . ... ... 53

2.4 'The Hartree Ekquation. Proot of Theorem [2.4}. . . . . . ... ... ... ... 53
[2.4.1  Virial Identity| . . . . . . . . . .. 54

vil



[3 On the decay problem for the Zakharov and Klein-Gordon Zakharov sys- |

[__tems in one dimension 62
8.1 Introduction| . . . . . . . . . 63
[3.1.1  Main results for Zakharov system| . . . . . . . ... ... .. ... .. 66

[3.1.2  Main results for Klein-Gordon-Zakharov system| . . . . . . . ... .. 69

[3.2  Decay on compact intervals for Zakharov| . . . . . . . .. ... ... .. 71
[3.2.1  Virial argument| . . . . . . ... ... Lo L 72

3.2.2 Proof of Theorem 3. 16 . . . . . . . ... .. .. ... ... .. .. .. 76

[3.3  Decay in regions along curves for Zakharov{. . . . . . . .. .. .. ... ... 78
[3.3.1  First part of the proot of Theorem|3.2( . . . . . ... ... ... ... 79

[3.3.2  Second part ot the proot of Theorem|3.2] . . . . . .. ... ... ... 80

[3.4 Decay on compact intervals for Klein-Gordon-Zakharov| . . . . . . . . ... 83
[3.4.1 Virial argument| . . . . . . .. ... 84

[3.4.2  Conclusion of the proof|. . . . . . . .. ... ... ... ... ..., 85

[3.5 Decay in regions along curves for Klein-Gordon-Zakharov| . . . . . . . . . .. 86
3.5.1  Proof Theorem3.51 . . . . ... ... ... ... ... ... ...... 86

III The Zakharov-Rubenchik / Benney-Roskes model| 92
4 On long-time behavior of solutions of the Zakharov-Rubenchik/Benney- |
|  Roskes system| 93
4.1 Introduction and main resultsl . . . . . . . . ... 94
1.1 Themodell. . . . . .. . 94

M41.2 Main resultsl . . . . .. ..o 96

[4.2  Preliminary lemmas|. . . . . . . . ... ... 98
421 Virialidentitied . . . . . . . . . . ... 98

[4.2.2  Uniform boundedness of the energy norm|. . . . . . . . .. ... ... 102

4.3 Proof of Theorem M. 1l . . . . . . . . . . . ... . 104
4.3.1 Time integrability of [¢)[4. . . . . .. . ... o 104

[4.3.2  "Time Integrability of the full solution| . . . . . . . .. ... ... ... 105

[4.4  Decay in far field regions| . . . . . . . . .. ..o oL 109
4.4.1 Time integrability of the weighted L*-norm|. . . . . . . .. ... ... 112

4.4.2 Decay of the L*mnorm|. . . . . ... ... .. ... ... .. ...... 113

[4.4.3  "Time-integrability of the full solution| . . . . . . . .. ... ... ... 114

[4.4.4  Decay of the full solution|. . . . . . ... ... .. ... ... ... .. 117

IV The Zakharov Water Waves problem under variable bottom|122

[ Existence of solitary waves in the Water Waves Zakharov system with |

| slowly varying bottom| 123
b1 Introductionl . . . . . . . . . .. 124
[5.1.1  Setting and main result{. . . . . . . . .. ... ... oL 127

B2 Preliminaries . . . . . . . . ... 130
[5.2.1  Study of the Dirichlet-Neumann operator{. . . . . . . ... . ... .. 130

viil



[5.2.2  Shape derivatives tor the Dirichlet-Neumann operator| . . . . . . . . . 136

[5.2.3  Linearization around the solitary wave| . . . . . . . .. ... ... .. 137

(.3 Error produced by the solitary wave in a non-flat bottom system|. . . . . . . 141
[>.4  Construction of an approximate solution| . . . . . . .. ... ... ... ... 147
[5.4.1 'T'he homogeneous linear equation| . . . . . . . ... .. ... ... .. 149

b.4.2 [ower-order estimates . . . . ... ... ... ... ... ... ..., 151

b.4.3 Proof of Theorem .13l . . . . . . .. ... ... ... ... ... ... 162

b.4.4 Proof of Theoremb.13[ . . . . . . . . . .. ... .. ... ... ... 167

[b.5  Construction of the exact solutionl . . . . . . . . ... ... ... .00 168
V___Conclusion| 201
[6 Conclusions and Perspectives| 202
6.1 Conclusions| . . . . . . . . . 202
6.2 Future Workl. . . . . . . . . 203
[6.2.1  Decay for non-small odd solutions to semilinear Schrodinger equation| 203

[6.2.2  Decay result for focusing Hartree equation| . . . . . . . . . .. .. .. 204

[6.2.3  Behavior of solitons for Zakharov Water Waves models under changes |

[ n the bottom of the flmadl . . . . . . . . . .. ... ... 204
[7 Bibliography| 207

X



