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Abstract

In this article, we study the obstructions to the local-global principle for homo-
geneous spaces with connected or abelian stabilizers over finite extensions of the
field C((x, y)) of Laurent series in two variables over the complex numbers and over
function fields of curves over C((t)). We give examples that prove that the Brauer-
Manin obstruction with respect to the whole Brauer group is not enough to explain
the failure of the local-global principle, and we then construct a variant of this ob-
struction using torsors under quasi-trivial tori which turns out to work. In the end of
the article, we compare this new obstruction to the descent obstruction with respect
to torsors under tori. For that purpose, we use a result on towers of torsors, that is
of independent interest and therefore is proved in a separate appendix.
MSC codes: primary 14G12, 14G27, 14M17; secondary 11E72.
Keywords: Two-dimensional fields, homogeneous spaces, Galois cohomology, local-
global principle, Brauer-Manin obstruction.

1. Introduction

Consider a number field K. Recall that a class of K-varieties F is said to satisfy the
local-global principle if any variety Z ∈ F that has points in every completion of K has
in fact a rational point over K. The most classical example of such a class is given by
the class of quadrics over K (Hasse-Minkowski Theorem).

Some varieties fail to satisfy the local-global principle. In order to explain those
failures, given any K-variety Z, Manin introduced in 1970 a subset Z(AK)Br of the
set of adelic points Z(AK) that always contains the set of rational points Z(K). This
allowed him to define a weakening of the local-global principle, the so-called Brauer-
Manin obstruction: the Brauer-Manin obstruction is said to be the only obstruction to
the local-global principle for a given class of K-varieties F if any variety Z ∈ F for which
Z(AK)Br 6= ∅ has in fact a K-rational point.

Since Manin’s contribution, various classes have been proved to satisfy or to fail the
previous condition. One of the most important examples was given in 1981 by Sansuc
(cf. [San81]), who proved that the Brauer-Manin obstruction is the only obstruction to
the Hasse principle for principal homogeneous spaces under connected linear algebraic
groups. This result was then extended in 1996 to all homogeneous spaces under con-
nected linear algebraic groups with connected stabilizers by Borovoi (cf. [Bor96]).
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1 Introduction

Much more recently, there has been a considerable interest in the study of similar
questions for various two-dimensional fields naturally arising in geometry. Consider a
field K of one of the following two types:

(a) the function field of a smooth projective curve X over C((t));

(b) the fraction field of a local, normal, henselian, two-dimensional, excellent domain
A with algebraically closed residue field of characteristic 0 (for instance, K can be
any finite extension of the Laurent series field C((x, y)) in two variables over the
complex numbers). In this case, X will stand for Spec(A).

The field K then tends to have an arithmetic behaviour similar to that of the usual
global fields. In case (a), one can define a local-global principle for the field K by
considering its completions with respect to the valuations coming from the set X(1) of
closed points of the curve X. Colliot-Thélène/Harari (cf. [CTH15, §§8.2, 10.2]) then
defined a Brauer-Manin obstruction to this local-global principle and proved that it is
the only obstruction for principal homogeneous spaces under connected linear algebraic
groups.

In case (b), one can define a local-global principle for the field K by considering its
completions with respect to the valuations coming from the set X(1) of codimension 1
points of X. The first-named author (cf. [Izq19, §4.1]) then introduced a Brauer-Manin
obstruction to this local-global principle and proved that it is the only obstruction for
principal homogeneous spaces under connected linear algebraic groups.

Moreover, in [CTPS16, §2.3], Colliot-Thélène/Parimala/Suresh defined other reci-
procity obstructions for fields of types (a) and (b), which turn out to be stronger in
case (b) by [Izq19, Cor. 4.4]. In other words, every counter-example to the local-global
principle explained by the Brauer-Manin obstruction introduced in [Izq19] can also be
explained by the obstructions of [CTPS16].

The previous results show that principal homogeneous spaces over fields of types (a)
and (b) satisfy properties similar to those proved by Sansuc for principal homogeneous
spaces over number fields. The present article aims at investigating if these properties
extend to the case of homogeneous spaces with connected stabilizers, as it was proved by
Borovoi in the case of number fields. In particular, since we intend to use the Brauer-
Manin obstructions defined in [CTH15] and [Izq19], we will always consider adelic points
with respect to the set of places X(1).

As we will explain at the beginning of Section 4, one can easily find examples of
homogeneous spaces Z under SLn with toric stabilizers that have no rational points
but for which the Brauer-Manin set Z(AK)Br is non-empty (see Section 2 for precise
definitions). This follows from the failure of the local-global principle with respect to
X(1) for central simple algebras over fields of types (a) and (b) (cf. [CTH15, §2.3] and
[Izq19, §2]). So, in order to understand the obstructions to the local-global principle for
such homogeneous spaces, one needs to impose extra local conditions on X.

This is easy to do. Indeed, the Brauer-Manin obstruction we are using here only takes
into account some of the completions of the field K: in case (a), we are only considering
completions with respect to the valuations coming from the closed points of the curve
X, while in case (b), we are only considering completions with respect to the valuations
coming from prime ideals of height one in the domain A. However, the field K has
more valuations, and hence it is natural to ask whether a homogeneous space Z/K with
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1 Introduction

connected stabilizers for which the Brauer-Manin set Z(AK)Br is non-empty and that
has points in all completions of K always has a rational point. The first main theorem
of the present article gives a negative answer to this question:

Theorem 1.1 (Consequence of Theorem 4.1 and Remark 4.2). In each of the cases (a)
and (b), there exists a field K and a homogeneous space Z/K under SLn,K for some
n ≥ 1 with toric stabilizers for which the Brauer-Manin set Z(AK)Br is non-empty, that
has points in all completions of K, but that has no K-rational points.

For that reason, one should go beyond the Brauer-Manin obstruction in order to
understand the failure of the local-global principle for homogeneous spaces over fields
of types (a) and (b). A natural way to do so consists in combining the Brauer-Manin
obstruction with another very usual one, the descent obstruction. If it is known that, for
smooth and geometrically integral varieties over number fields, the descent obstruction
with respect to torsors under connected linear groups does not carry more information
than the Brauer-Manin obstruction with respect to the whole Brauer group (cf. [Har02]),
the situation turns out to be completely different over fields of types (a) and (b):

Theorem 1.2 (Consequence of Theorem 5.3 and Proposition 2.2). Let K be a field of
type (a) or (b) as above. Let Z be a homogeneous space under a connected linear group
G with connected geometric stabilizers. Assume that Z has points in every completion
of K with respect to a discrete valuation. Then there exists a torsor W → Z under a
quasi-trivial torus T such that the following statements are equivalent:

(i) the set Z(K) is non-empty;

(ii) the set W (AK)Br(W ) is non-empty.

The torsor W is obtained by using some results in [DLA19], but it can be explicitly
given using Galois descent. Moreover, while proving Theorem 1.2, we will see that
the assumption that Z has points in every completion of K with respect to a discrete
valuation can be replaced by the assumption that Z has points in an explicit finite number
of completions of K. We will also see that one needs to take into account not the whole
Brauer group of W in the condition W (AK)Br(W ) 6= ∅, but only a subquotient that turns
out to be finite. Hence, even if we do not know whether all the involved constructions
are algorithmically computable, Theorem 1.2 provides finitely many explicit conditions
to find out whether the homogeneous space Z has rational points.

At the end of the article, we compare the obstruction of Theorem 1.2, which combines
the Brauer-Manin obstruction and the descent obstruction with respect to torsors under
quasi-trivial tori, to the descent obstruction with respect to torsors under general tori
(see theorem 6.4). We deduce:

Theorem 1.3 (Consequence of Corollary 6.5 and Proposition 2.2). Let K be a field of
type (a) or (b) as above. Let Z be a homogeneous space under a connected linear group
G with connected geometric stabilizers. Assume that Z has points in every completion
of K with respect to a discrete valuation and that the subset of Z(AK) given by the
descent obstruction with respect to torsors under general tori (as defined in section 6) is
non-empty. Then Z has a K-rational point.

The proof of this result relies on a theorem of independent interest about towers of
torsors stating the following. If K is a field of characteristic 0, G is a connected linear
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K-group with trivial geometric Picard group, T is a K-torus and X is a geometrically
integral K-variety, then every T -torsor over a G-torsor over X admits a structure of a
torsor over X under a certain extension of G by T . This result will be proved in Appendix
A.
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2. Notations and preliminaries

In this section we fix the notations that will be used throughout this article.

Fields Let F be an algebraically closed field of characteristic 0, and let A be a lo-
cal, integral, normal, henselian, excellent domain with residue field F and fraction
field E. Set S := Spec(A) and let s be the closed point of S. Consider an inte-
gral, regular, 2-dimensional scheme X endowed with a projective surjective morphism
p : X → S. Let K be the function field of X , let X0 be the special fiber of p and set
X := X \X0 = p−1(S \ {s}).

Assumptions. In the sequel, we will assume that X0 is a strict normal crossings divisor
in X and that we are in one of the two following cases:

(a) (Semi-global case). The ring A is a discrete valuation ring, all fibers of p are
1-dimensional, and the generic fiber is smooth and geometrically integral.

(b) (Local case). The ring A is 2-dimensional and p is birational. In particular, X =
S \ {s}.

Throughout the article, we will say that the field K is a field of type (a) or (b)
respectively. Observe that these types of fields are stable under finite extensions. Indeed,
if L/K is a finite extension, then L is a semi-global field in the sense of (a) (resp. a local
field in the sense of (b)) if, and only if, K is a semi-global field in the sense of (a) (resp.
a local field in the sense of (b)).

Example 2.1. (i) In the semi-global case, one can take A = C[[t]], let X be a smooth
projective geometrically integral curve over E = C((t)) and X be a regular model
of X whose special fiber has strict normal crossings. The field K is then a finite
extension of E(x).

(ii) In the local case, one can let K be a finite extension of C((x, y)), let S be the
normalization of Spec(C[[x, y]]) in K and let X be a desingularization of X whose
special fiber has strict normal crossings.
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2 Notations and preliminaries

Local-global principle and Brauer-Manin obstruction A place of K is a discrete
valuation of rank 1 of K. Given a subset Ω of the set ΩK of all places of K, we say that
a K-variety Z satisfies the local-global principle with respect to Ω if

∏

v∈Ω
Z(Kv) 6= ∅ ⇒ Z(K) 6= ∅,

where Kv denotes the completion of K at the place v.
There are mainly three different natural choices for the set Ω in this context:

(a) the set ΩK of all places of K;

(b) the set X (1) of codimension 1 points of X ;

(c) the set X(1) of codimension 1 points of X.

Whatever the choice, one can find varieties that fail the local-global principle. That is
why one usually tries to introduce obstructions that explain such failures. Fix a K-variety
Z. Given a regular model Z of Z over an open subset U of X, define the set of its adelic
points as

Z(AK) =







(Pv) ∈
∏

v∈X(1)

Z(Kv) : Pv ∈ Z(Ov) for almost all v







.

Recall that this set does not depend on the choice of the model Z of Z. By [CTH15,
Prop. 2.1.(v)] (semi-global case) and [Izq19, Thm. 1.6] (local case), there is an exact
sequence

Br(K)→
⊕

v∈X(1)

Br(Kv)
θ−→ Q/Z→ 0.

Now, for v ∈ X(1), the residue field of the ring of integers Ov of Kv has cohomological
dimension 1, thus Br(Ov) = 0 for every v ∈ Ω. Hence one can define a Brauer-Manin
pairing

BM : Z(AK)× Br(Z)→ Q/Z

((Pv), α) 7→ θ(P ∗
v α)

with the following property: Z(K) is contained in the subset Z(AK)Br(Z) of Z(AK)
defined as the set of adelic points that are orthogonal to the cohomological Brauer group
Br(Z) := H2(Z,Gm). Define

Br0(Z) := Im (Br(K)→ Br(Z)) ,

Br1(Z) := ker (Br(Z)→ Br(ZK̄)) ,

Bral(Z) := Br1(Z)/Br0(Z),

and note that the pairing BM factors through Br(Z)/Br0(Z). Given a subgroup B of
Br(Z) or of Br(Z)/Br0(Z), we say that the Brauer-Manin obstruction with respect to B
is the only obstruction for Z if

Z(AK)B 6= ∅ ⇒ Z(K) 6= ∅.
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In the sequel, the group B will often be chosen to be:

B(Z) := ker



Bral(Z)→
∏

v∈X(1)

Bral(ZKv)



 .

This group has already been used in the articles [CTH15], [Izq17] and [Izq19], where it was
proved that the Brauer-Manin obstruction with respect to B(Z) is the only obstruction
to the local-global principle for principal homogeneous spaces under connected linear
groups over K.

Tate-Shafarevich groups As explained in the previous paragraph, the local-global
principle over the field K can be defined with respect to different sets of places. For that
reason, in the sequel, when we are given a Galois module M over K and an integer i ≥ 0,
we will make use of the following three Tate-Shafarevich groups:

X
i(K,M) := ker



H i(K,M)→
∏

v∈X(1)

H i(Kv ,M)



 ,

X
i
X (K,M) := ker



H i(K,M)→
∏

v∈X (1)

H i(Kv ,M)



 ,

X
i
tot(K,M) := ker



H i(K,M)→
∏

v∈ΩK

H i(Kv ,M)



 .

Algebraic groups and homogeneous spaces For a linear algebraic K-group G, we
use the following notations:

• D(G) is the derived subgroup of G;

• G◦ is the neutral connected compontent of G;

• Gf = G/G◦ is the group of connected components of G (it is a finite group);

• Gu is the unipotent radical of G◦ (it is a unipotent characteristic subgroup);

• Gred = G◦/Gu (it is a reductive group);

• Gss = D(Gred) (it is a semisimple group);

• Gtor = Gred/Gss (it is a torus);

• Gssu = ker[G◦
։ Gtor] (it is an extension of Gss by Gu);

• Gtorf = G/Gssu (it is an extension of Gf by Gtor);

• Ĝ the Galois module of the geometric characters of G.

A torus T is said to be quasi-trivial if T̂ is an induced Gal(K̄/K)-module.
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In the sequel, we will be often considering homogeneous spaces of a connected linear
group G with geometric stabilizer H̄ satisfying the following hypothesis:

Gss is simply connected and H̄torf is abelian. (2.1)

This is the same hypothesis used by Borovoi in [Bor96]. In particular, since for connected
H̄ we have that H̄torf = H̄tor is abelian, the following result follows immediately from
[Bor96, Lem. 5.2].

Proposition 2.2. Let Z be a homogeneous space of a connected linear group with con-
nected geometric stabilizers. Then Z is a homogeneous space of a connected linear K-
group G with geometric stabilizer H̄ satisfying (2.1).

Let Z be a homogeneous space under a linear connected K-group G with geometric
stabilizer H̄. Following [DLA19, §2], we associate to Z a gerbe MZ and an injective
morphism of gerbes MZ → TORS(G), where TORS(G) denotes the trivial gerbe of
G-torsors under G. The gerbe MZ is known as the Springer class of Z and can be
regarded as a class in a certain non-abelian 2-cohomology set associated to the geometric
stabilizer H̄. It corresponds to the obstruction for Z to being dominated by a principal
homogeneous space of G (i.e. the class is neutral if and only if such a dominating torsor
exists). See [DLA19] for more details.

Assume now that G and H̄ satisfy (2.1). Since the subgroup H̄ssu is characteristic in
H̄, we may also consider the induced gerbe Mtorf

Z which, since H̄torf is abelian, defines
a natural K-form Htorf of H̄torf (cf. for instance [Bor93, §1.7]) and Mtorf

Z can then be
regarded as a class ηtorf ∈ H2(K,Htorf ).

We will use in the sequel the following results on these particular base fields and their
corresponding nonabelian cohomology sets for semisimple groups.

Proposition 2.3. Let K be a field of type (a) or (b). Then K has cohomological di-
mension 2 and for each central simple algebra A over K, its index and its period are the
same. Moreover, every principal homogeneous space under a semisimple simply connected
K-group has a rational point.

Proof. For fields of type (a), the first two assertions are a direct consequence of [HHK09,
Thm. 5.5] and the last one then follows from [CTGP04, Thm. 1.2]. For fields of type (b),
all assertions are contained in [CTGP04, Thm. 1.4]. ⌣̈

Lemma 2.4. Let K be a field of type (a) or (b). Let L be a K-lien (or K-kernel) whose
underlying K̄-group Ḡ satisfies Ḡ = Ḡssu. Then every class in H2(K,L) is neutral.

Proof. By [Bor93, Prop. 4.1], we may assume that Ḡ is reductive, hence semisimple.
Then [Bor93, Prop. 3.1] tells us that there exists a neutral class in H2(K,L), so that
we can regard H2(K,L) as H2(K,G) for some K-form G of Ḡ. The lemma is then a
direct consequence of results by González-Avilés. Indeed, by Proposition 2.3 and [GA12,
Ex. 5.4(vi)], the field K is “of Douai type”. This allows us to apply [GA12, Thm. 5.8(ii)],
which tells us that a class in H2(K,L) is neutral if and only if its canonical image in
H2(K,Gtor) is trivial. But Gtor = 1 and the result follows. ⌣̈
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3 Local-global principle with Brauer-Manin obstruction

3. Local-global principle with Brauer-Manin obstruction

In this section we study a class of homogeneous spaces for which we can prove that
the Brauer-Manin obstruction is the only obstruction to the local-global principle. The
strategy is to use the validity of this assertion for principal homogeneous spaces and slice
our homogeneous space in order to reduce ourselves to this case.

We start with a case where there is no need for any obstruction (and not even a local-
global principle!). Recall that fields of type (a) and (b) were defined at the beginning of
Section 2.

Proposition 3.1. Let K be a field of type (a) or (b). Let Z be a homogeneous space
under a linear group G with geometric stabilizer H̄ satisfying (2.1). Assume moreover
that G = Gssu and H̄ = H̄ssu. Then Z has a rational point.

Proof. We prove first that we may assume G = Gss. Indeed, using [Bor96, Lem. 3.1],
we may consider the map Z → Z/Gu, where Z/Gu is a homogeneous space of Gss and
the fibers are homogeneous spaces of Gu. Now, the Springer class of such a fiber lies in
H2(K,U) for a certain unipotent K-lien (or K-kernel) U , which only contains neutral
classes by [Bor93, Cor. 4.2]. This implies that the fiber is dominated by a torsor under
Gu, which clearly has rational points since H1 is trivial for unipotent groups. Thus, if
Z/Gu has rational points, Z has rational points as well.

Assume then that G = Gss and let us start with the case of trivial stabilizers. By
Proposition 2.3, we know that principal homogeneous spaces of G = Gss always have
rational points when Gss is simply connected. The result for non-trivial stabilizers follows
from Lemma 2.4, since it implies that every such homogeneous space is dominated by a
G-torsor. ⌣̈

We allow now some tori to appear, with a technical hypothesis that ensures that the
Brauer-Manin obstruction controls the local-global principle.

Theorem 3.2. Let K be a field of type (a) or (b). Let Z be a homogeneous space under
a connected linear group G with geometric stabilizer H̄ satisfying (2.1). Assume that the
natural arrow H̄torf → Ḡtor is injective. Then

Z(AK)B(Z) 6= ∅ ⇒ Z(K) 6= ∅.

Proof. Since G acts on Z, we may consider the quotient variety Z ′ = Z/Gssu. Since
H̄torf → Ḡtor is injective, we know by [Bor96, Lem. 3.1] that Z ′ is a homogeneous space
of Gtor with geometric stabilizer H̄torf and the geometric fibers of the quotient morphism
Z → Z ′ are homogeneous spaces of Ḡssu with geometric stabilizers (isomorphic to) H̄ssu.
Consider then an adelic point (Pv) ∈ Z(AK)B(Z) and push it to Z ′. By the functoriality
of the Brauer pairing, its image lies in Z ′(AK)B(Z′). Since Z ′ is a homogeneous space of
a torus, it is also a principal homogeneous space of another torus (namely, of Gtor/Htorf ,
where Htorf is the K-form of H̄torf associated to Z) and hence, by [CTH15, Cor. 8.3]
(semi-global case) and [Izq19, Thm. 4.2] (local case), we know that there is a K-point
P0 ∈ Z ′(K). The fiber above P0 is a homogeneous space satisfying the hypotheses of
Proposition 3.1, hence it has a rational point, which implies that Z(K) 6= ∅. ⌣̈
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As we will see in the subsequent sections, this is as far as we can go with the Brauer-
Manin obstruction, in the sense that under more general hypotheses the Brauer-Manin
obstruction will not be enough to explain counterexamples to the local-global principle
for homogeneous spaces.

We conclude this section with a result that tells us that the Brauer-Manin obstruction
with respect to B(Z) factors through a finite quotient.

Proposition 3.3. Let K be a field of type (a) or (b). Let Z be a homogeneous space under
a connected linear group G with geometric stabilizer H̄ and satisfying (2.1). Assume that
the natural arrow H̄torf → Ḡtor is injective. Then the Brauer pairing

Z(AK)×B(Z)→ Q/Z,

factors on the right through the quotient B(Z) of B(Z) by its maximal divisible subgroup.

Proof. Consider, as in the last proof, the quotient variety Z ′ = Z/Gssu, which is a
principal homogeneous space under the torus Gtor/Htorf . By [Izq17, Thm. 2.8] (semi-
global case) and [Izq19, Thm. 4.2] (local case), we know that the result holds for Z ′.
Since Gtor = (G/Gssu)tor, we see by [BvH12, Thm. 7.2] that

Bral(Z) ∼= H2(K, [Ĝtor → Ĥtorf ]) ∼= Bral(Z
′).

We get then an isomorphism B(Z ′)
∼−→ B(Z). The functoriality of the Brauer pairing

gives us then the result for Z. ⌣̈

The proof of this result tells us that in fact B(Z) is isomorphic to B(Z ′) with Z ′ a
torsor under a K-torus, and we know by Poitou-Tate duality (cf. [CTH15, Thm. 7.2] and
[Izq19, Thm. 4.8]) that this group is finite.

4. Counter-examples

As stated in the Introduction, one can easily produce examples of homogeneous spaces
Z over K that fail the local-global principle with respect to the small set of places X(1)

and such that Z(AK)Br(Z) is nonempty. Indeed, consider the quasi-trivial K-torus T =
RL/K(Gm) for some finite extension L/K such that X

2(L,Gm) 6= 0 (this can be done
by [CTH15, § 2.3] and [Izq19, § 1]). Take a non-zero class α ∈X

2(K,T ) = X
2(L,Gm).

By [DLA19, Prop. 2.1 & Cor. 3.3], there exists a positive integer n, a homogeneous space
Z/L under SLn,K and a geometric point z ∈ Z(K̄) such that the torus TK̄ is the stabi-
lizer of z and α is the Springer class of Z. Since α 6= 0 ∈ X

2(K,T ), the set Z(K) is
empty and the set Z(Kv) is non-empty for every discrete valuation v ∈ X(1). Moreover,
by [BvH12, Thm. 7.2], we have Bral(Z) ≃ H1(K, T̂ ) = H1(L,Z) = 0. Finally, since
Z̄ ∼= SLn,K̄/T̄ , the generically trivial T̄ -torsor SLn,K̄ → Z̄ induces an injection of Brauer
groups Br(Z̄) →֒ Br(SLn,K̄). But Br(SLn,K̄) = 0 by [Gil09, §0], and hence Br(Z̄) = 0.

We have then trivially Z(AK)Br(Z) = Z(AK) 6= ∅.

These examples suggest that, in order to get an obstruction that controls the local-
global principle for homogeneous spaces with connected stabilizers, one needs to take into
account local information coming from places outside X(1). However, as we prove here
below, after replacing K by a finite extension, one can construct homogeneous spaces
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4 Counter-examples

Z that fail the local-global principle with respect to the set ΩK of all places of K and
such that Z(AK)Br(Z) is nonempty. In further sections, we will develop more involved
obstructions using torsors under quasi-trivial tori, that explain all these failures of the
local-global principle.

The main result of this section is the following:

Theorem 4.1. Let K be a field of type (a) or (b). Assume that the special fiber X0

contains three smooth and integral divisors L1, L2, L3 such that, for each i 6= j, the
divisors Li and Lj intersect at a single point and the intersection is transversal. Then
there exists a homogeneous space Z/K under SLn,K and a geometric point z ∈ Z(K̄)
satisfying the following conditions:

(i) the (geometric) stabilizer of z is a torus;

(ii) for any discrete valuation v on K, the set Z(Kv) is non-empty;

(iii) the set Z(AK)Br(Z) is non-empty;

(iv) the set Z(K) is empty.

Remark 4.2. For any field K of type (a) or (b) one can construct a finite extension sat-
isfying the assumption in Theorem 4.1. The interested reader can find explicit examples
of such fields by looking at [CTPS16, Ex. 5.6. & 5.8].

The proof, which has 8 steps, goes as follows: In Step 1 we fix some notations
associated to the field K and the divisors Li. In Steps 2–4, we define a torus S and
a homogeneous space Z whose Springer class lies in X

2
tot(K,S), which ensures that

properties (i), (ii) and (iv) hold. In Step 5, we construct auxiliary varieties

W

��
✶✶
✶✶
✶✶

��✌✌
✌✌
✌✌

Ṽ

��✍✍
✍✍
✍✍

Z V

where all arrows are torsors under K-rational groups. This gives us isomorphisms of the
corresponding unramified Brauer groups. Moreover, both V and Ṽ are torsors under
suitable K-tori that come from constructions by Colliot-Thélène in [CT14], where their
unramified Brauer groups were explicitly given. This allows us to compute the unramified
Brauer group of Z in Step 6. Step 7 uses this information in order to compute explicitly
the (whole) Brauer group of Z. Finally, we use this in order to check (iii) in Step 8.

Proof. Step 1: Recalling the constructions from [CTPS16, §5.2]. Set:

m1 := L2 ∩ L3, m2 := L1 ∩ L3, m3 := L1 ∩ L2.

Since the Picard group of a semi-local ring is always trivial one can construct three
elements π1, π2, π3 ∈ K× in the following way:

(a) First, one chooses π1 ∈ K× so that the support of D1 := divX (π1) − L1 does not
contain any of the mi’s.

10
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(b) Secondly, one chooses a place v0 ∈ X (1) \X(0)
0 that is not contained in the support

of D1. One can then choose π2 ∈ K× so that:

(i) v0(π2) = 1,

(ii) the support of D2 := divX (π2)− L2 does not contain any of the mi’s, any of
the components of the support of D1 and any of the intersection points of one
of the Li’s with the support of D1.

(c) Finally, one chooses π3 ∈ K× so that:

(i) the classes of π1 and π3 in the quotient k(v0)
×/k(v0)

×2
are not equal,

(ii) the support of D3 := divX (π3)− L3 does not contain any of the mi’s, any of
the components of the support of D1, any of the components of the support
of D2, any of the intersection points of one of the Li’s with the support of D1,
any of the intersection points of one of the Li’s with the support of D2 and
any of the intersection points of the supports of D1 and D2.

Step 2: Defining the torus S as well as some other useful auxiliary tori. Set a := π2π3
and b := π3π1, introduce the field M := K(

√
a,
√
b), and consider the normic torus Q

and the multinormic torus Q̃ defined by the following exact exact sequences:

1→ Q→ RM/K(Gm)→ Gm → 1, (4.1)

1→ Q̃→ RK(
√
a)/K(Gm)×RK(

√
b)/K(Gm)×RK(

√
ab)/K(Gm)→ Gm → 1. (4.2)

Note that, by [CT14, Prop. 3.1(b)], we have an exact sequence:

1→ G2
m → Q̃→ Q→ 1. (4.3)

We can now introduce a torus S by writing down a resolution of Q

1→ S → R→ Q→ 1, (4.4)

with R is a quasi-trivial K-torus split by M . In particular, S is also split by M .

Step 3: Computing the Tate-Shafarevich group X
2
tot(K,S). By Shapiro’s Lemma

and Hilbert’s Theorem 90, we have H1(K,R) = 0. Hence the short exact sequence (4.4)
induces an exact sequence:

0→X
1
tot(K,Q)→X

2
tot(K,S)→X

2
tot(K,R).

Moreover, by [CTPS16, Cor. 5.3 & 5.7], which apply to the torus Q from Step 2, the
group X

1
tot(K,Q) is non trivial. Hence X

2
tot(K,S) is non trivial.

Step 4: Defining the homogeneous space Z and proving statements (i), (ii) and (iv).
Take a non-zero class α ∈ X

2
tot(K,S). As before, by [DLA19, Prop. 2.1 & Cor. 3.3],

there exists a positive integer n, a homogeneous space Z/K under SLn,K and a geometric
point z ∈ Z(K̄) such that the torus SK̄ is the stabilizer of z and α is the Springer class
of Z. Since α 6= 0, the set Z(K) is empty. Since α ∈ X

2
tot(K,S), the set Z(Kv) is

non-empty for every discrete valuation v on K. We have therefore settled (i), (ii) and

11
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(iv). The remaining steps will be devoted to the proof of statement (iii).

Step 5: Constructing an auxiliary torsor Ṽ under Q̃ that is stably birational to
Z. By Proposition 5.1, which will be proved in next section, one can construct a K-
homogeneous space W under SLn,K × R together with a morphism of K-homogeneous
spaces p : W → Z which makes W into an R-torsor. Since R is quasi-trivial and
∏

v∈ΩK
Z(Kv) 6= ∅, Hilbert’s theorem 90 shows that

∏

v∈ΩK
W (Kv) 6= ∅.

Now consider the quotient V := W/SLn,K and the natural projection q : W → V . The
K-variety V is a Q-torsor such that

∏

v∈ΩK
V (Kv) 6= ∅. Its class in H1(K,Q) therefore

belongs to X
1
tot(K,Q). Moreover, the short exact sequence (4.3) and the triviality of

the group H1(K,Gm) induce an exact sequence of Tate-Shafarevich groups:

0→X
1
tot(K, Q̃)→X

1
tot(K,Q)→X

2
tot(K,Gm)2 = 0,

and hence an isomorphism X
1
tot(K, Q̃) ∼= X

1
tot(K,Q). The Q-torsor V therefore comes

from a Q̃-torsor Ṽ that has points in every completion of K. The natural morphism
r : Ṽ → V is a G2

m-torsor.

Step 6: Using the torsor Ṽ to compute the unramified Brauer group ofK(Z)/K. Since
the groups R, SLn,K and G2

m are all K-rational, we have the following isomorphisms of
unramified Brauer groups:

Brnr(K(Z)/K)
∼=−→
p∗

Brnr(K(W )/K)
∼=←−
q∗

Brnr(K(V )/K)
∼=−→
r∗

Brnr(K(Ṽ )/K).

But the Q̃-torsor Ṽ is given by an equation of the form:

(x21 − ax22)(y
2
1 − by22)(x3 − aby23) = c,

for some c ∈ K×, and then, by [CT14, Thm. 4.1], the quotient Brnr(K(Ṽ )/K)/Im(Br(K))
is a cyclic group of order 2 generated by the class of the quaternion algebra A :=
(x21 − ax22, b). Hence Brnr(K(Z)/K)/Im(Br(K)) is also a cyclic group of order 2 gen-
erated by γ := (p∗)−1q∗(r∗)−1([A]).

Step 7: Computing the Brauer group of Z. By Step 6, the algebraic Brauer group
Bral(Z) contains the non-zero class γ (note that A is algebraic). Let us prove that
Bral(Z) = {0, γ}. Since Bral(Z) ∼= H1(K, Ŝ) by [BvH12, Thm. 7.2], it suffices to check
that H1(K, Ŝ) has order at most 2. By inflation-restriction, we have an isomorphism:

H1(M/K, Ŝ) ∼= H1(K, Ŝ).

Moreover, by definition of the torus S, we have an exact sequence of Gal(M/K)-modules:

0→ Q̂→ R̂→ Ŝ → 0

that induces an exact sequence:

0 = H1(M/K, R̂)→ H1(M/K, Ŝ)→ H2(M/K, Q̂)→ H2(M/K, R̂).

Moreover, by dualizing the exact sequence (4.1), we get:

H2(M/K, Q̂) ∼= H3(M/K,Z) ∼= H3
(

(Z/2Z)2,Z
) ∼= Z/2Z,

12



5 An obstruction using torsors under quasi-trivial tori

and hence H1(K, Ŝ) has order at most 2, as wished.
Finally, using the same argument given at the beginning of this section, we see that

the geometric Brauer group of Z is trivial. We conclude then that

Br(Z)/Br0(Z) = Bral(Z) = {0, γ}.

Step 8: Checking that Z(AK)Br(Z) 6= ∅. Consider the map:

evA,v0 : Ṽ (Kv0)→ Br(Kv0).

Since the extension Kv0(
√
a,
√
b)/Kv0 has degree 4, v0(a) = 1 and v0(b) = 0, [CTPS16,

Prop. 4.3] shows that Im(evA,v0) = {0, (−a, b)} = Br(Kv0)[2]. We deduce that there
exists (P̃v) ∈ Ṽ (AK) such that BM((P̃v), [A]) = 0. Hence BM(r(P̃v), (r

∗)−1([A])) = 0.
Now recall that the projection q : W → V is an SLn,K-torsor. Since SLn,K-torsors

over a field are always trivial, we can find an adelic point (Pv) ∈ W (AK) that lifts
(r(P̃v)) ∈ V (AK). We then have BM((Pv), q

∗(r∗)−1([A])) = 0, and hence

BM(p(Pv), γ) = BM(p(Pv), (p
∗)−1q∗(r∗)−1([A])) = 0.

Since Br(Z)/Br0(Z) = {0, γ} according to Step 7, we deduce that:

p(Pv) ∈ Z(AK)Br(Z).

This finishes the proof of statement (iii) and hence the proof of the theorem. ⌣̈

Remark 4.3. It is highly likely that there are such counterexamples over every field K
of type (a) and (b). Indeed, consider a finite extension L/K such that L satisfies the
assumptions of Theorem 4.1. Consider then the Weil restriction RL/K(Z), where Z is
defined as in Theorem 4.1. This variety is a homogeneous space under RL/K(SLn,L). It
is evident that this variety satisfies conditions (ii) and (iv). Finally, for (iii), note that
RL/K(Z) is simply a self-product of Z̄ and hence Br(RL/K(Z)) = 0, so that

Br(RL/K(Z))/Br0(RL/K(Z)) = Bral(RL/K(Z)) = H1(K, IL/K(Ŝ))

∼= H1(L, Ŝ) ∼= Br(Z)/Br0(Z).

One should check then that the Brauer pairing is compatible with these isomorphisms
and the bijection between M -points of K and M ⊗K L-points of Z for M/K. This seems
to be a tedious straightforward computation.

5. An obstruction using torsors under quasi-trivial tori

Let Z be a homogeneous space under a linear connected K-group G with geometric
stabilizer H̄ satisfying (2.1). In the previous section, we have seen that the usual Brauer-
Manin obstruction is not enough to explain the failure of the local-global principle when
Z does not satisfy the technical hypothesis from Theorem 3.2, that is, the injectivity of
the natural arrow H̄torf → Ḡtor. This is why, in this section, we aim at constructing a
stronger obstruction by taking into account more places of K than those in X(1) and
applying the Brauer-Manin obstruction to torsors under quasi-trivial tori over Z.

For that purpose, we start by defining a new set ΩZ of places of K as follows. Con-
sider the canonical K-form Htorf of H̄torf associated to Z. We introduce the following
notations:

13



5 An obstruction using torsors under quasi-trivial tori

• L/K is the minimal extension splitting the group of multiplicative type Htorf ;

• B is the normalization of A in L;

• Y is an integral regular 2-dimensional scheme with function field K endowed with
a projective surjective morphism q : Y → Spec (B) such that its special fiber Y0 is
a strict normal crossings divisor;

• Y is the generic fiber of q;

• ΩZ is the set of places v of K that are induced by a place w ∈ Y(1);

• Ω0,Z is the set of places v of K that are induced by a place w ∈ Y(1) and that are
not in X(1).

Note that Ω0,Z may contain places that are not in X
(0)
0 = X (1) rX(1) and that both ΩZ

and Ω0,Z depend on the choice of Y.
Finally, we fix an inclusion Htorf →֒ T into a torus T isomorphic to (RL/KGm)

n for
some n ≥ 0. Note that such an inclusion always exists.

We start with an application of [DLA19] that allows us to construct a torsor over Z
under T .

Proposition 5.1. With notation as above, assume that Z(Kv) 6= ∅ for every v ∈ ΩZ.
Then there exists a K-homogeneous space WZ,G,H under G× T with geometric stabilizer

H̄torf with the following extra properties:

• the natural homomorphism H̄torf → (Ḡ × T̄ )tor = Ḡtor × T̄ is injective;

• there is a morphism of K-homogeneous spaces p : WZ,G,H → Z which makes
WZ,G,H into a T -torsor.

Proof. We use the notation of Section 2. Consider the class ηtorf ∈ H2(K,Htorf) nat-
urally associated to Z (see the text after Proposition 2.2) and denote by ξ its image
in H2(K,T ) ≃ H2(L,Gm)

n. For v ∈ ΩZ , the hypothesis Z(Kv) 6= ∅ implies that ηtorf

is trivial in H2(Kv ,H
torf). Hence ξ lies in X

2
Y(L,Gm)

n, which is trivial by [CTPS16,
Rem. 2.3]. In particular, ξ represents the trivial gerbe TORS(T ). Thus, the fact that
ξ is the image of ηtorf can be interpreted as a morphism of gerbes Mtorf

Z → TORS(T ).
By [DLA19, Thm. 3.4], we get all the data in the statement of the theorem (using the
notations in [DLA19], take N := Gssu, G′ := T and M′ :=Mtorf

Z ). ⌣̈

Remark 5.2. This kind of construction was already used by Borovoi in [Bor96] in order
to reduce the study of the Brauer-Manin obstruction to the Hasse principle and weak
approximation for homogeneous spaces over number fields to simpler cases in which this
study had already been done.

We now prove that the Brauer-Manin obstruction for this T -torsor WZ,G,H → Z is
enough to explain the eventual failure of the local-global principle for Z.

Theorem 5.3. Let K be a field of type (a) or (b). Let Z be a homogeneous space under
a connected linear group G with geometric stabilizer H̄ satisfying (2.1). We keep the no-
tations given at the beginning of this section. In particular, T is a quasi-trivial torus split

14



5 An obstruction using torsors under quasi-trivial tori

by L. Assume that Z(Kv) 6= ∅ for every v ∈ ΩZ , and consider the T -torsor WZ,G,H → Z

constructed in Proposition 5.1. Assume moreover that WZ,G,H(AK)B(W
Z,G,H

) 6= ∅. Then
Z(K) 6= ∅.

In particular, by Proposition 2.2, we obtain the result for homogeneous spaces with
connected stabilizers stated in Theorem 1.2.

Proof. Proposition 5.1 gives us the T -torsor WZ,G,H → Z, to which we apply Theorem
3.2. We conclude that

WZ,G,H(AK)B(W
Z,G,H

) 6= ∅ ⇒ WZ,G,H(K) 6= ∅ ⇒ Z(K) 6= ∅,

where the second implication is obvious. ⌣̈

Remark 5.4. Another way to define this obstruction is as follows. Assuming Z(Kv) 6= ∅
for every v ∈ ΩZ , we obtain a T -torsor WZ,G,H → Z. Since T is quasi-trivial, every adelic
point (Pv) ∈ Z(AK) lifts to an adelic point (Qv) ∈ WZ,G,H(AK). Evaluation at (Qv)
defines then a homomorphism φZ : B(WZ,G,H) → Q/Z which is independent of the
choice of (Pv) and (Qv). By definition, this means that, for any (Qv) ∈ WZ,G,H(AK)
and any α ∈ B(WZ,G,H), the Brauer-Manin pairing can be computed by the formula

BM((Qv), α) = φZ(α). Hence the condition WZ,G,H(AK)B(W
Z,G,H

) 6= ∅ is equivalent to
φZ being the trivial morphism.

In order to get a more conceptual result, we introduce the following obstruction to
the local-global principle.

Definition 5.5. For an arbitrary K-variety Z, we define

Z(AK)qt,B :=
⋂

f :W
T−→Z

Tquasi−trivial

f(W (AK)B(W )).

It is easy to see that Z(K) ⊆ Z(AK)qt,B ⊆ Z(AK).

Corollary 5.6 (of Theorem 5.3). Let K be a field of type (a) or (b). Let Z be a ho-
mogeneous space under a connected linear group G with geometric stabilizer H̄ satisfying
(2.1). Then

[

Z(AK)qt,B 6= ∅ and Z(Kv) 6= ∅, ∀ v ∈ Ω0,Z

]

⇒ Z(K) 6= ∅.

Proof. Since Z(AK)qt,B 6= ∅, the set Z(Kv) is non-empty for each v ∈ X(1) = ΩZ \Ω0,Z .
We deduce that Z(Kv) 6= ∅ for each v ∈ ΩZ . In particular, we can construct the T -
torsor WZ,G,H → Z of Proposition 5.1. The assumption Z(AK)qt,B 6= ∅ implies that

WZ,G,H(AK)B(W
Z,G,H

) 6= ∅ and hence, by Theorem 5.3, we get Z(K) 6= ∅. ⌣̈

Remark 5.7. The obstruction in Corollary 5.6 is clearly not computable. As for the
obstruction of Theorem 5.3:

1. one can explicitly obtain a model Y of the field L by taking the normalization of
X in L and desingularizing;
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2. the set Ω0,Z of extra places is finite and hence the condition Z(Kv) 6= ∅ for v ∈ Ω0,Z

is explicitly computable;

3. the morphism Htorf → T is explicitly computable;

4. the corresponding T -torsor WZ,G,H → Z is explicitly computable over any extension
M/K such that Z(M) 6= ∅ and can be obtained over K by (finite) Galois descent;

5. the homogeneous space WZ,G,H satisfies the hypotheses of Proposition 3.3, hence

the group B(WZ,G,H) is finite;

6. given an element α ∈ Br(WZ,G,H) that lifts an element of B(WZ,G,H), the value of
the Brauer-Manin pairing BM((Pv), α) does not depend on the adelic point (Pv)
and can be explicitly computed.

The only constructions for which we do not know whether they are algorithmically com-
putable are the Galois descent datum for the T -torsor WZ,G,H , the computation of the

group B(WZ,G,H) and the lifts of its elements to Br(WZ,G,H).

6. Comparing our new obstruction with descent

obstructions

It is well-known that, in the context of number fields, the Brauer-Manin obstruction
with respect to the whole Brauer group is equivalent to the descent obstruction with
respect to connected groups (cf. [Sko01, Prop. 5.3.4] and [Har02, Thm. 2]). Furthermore,
for proper varieties, the Brauer-Manin obstruction with respect to the algebraic Brauer
group is well-known to be equivalent to the descent obstruction with respect to tori
(cf. [Sko01, Thm. 6.1.1] and [Har02, Thm. 2]). Now, we have just seen that in this new
context the Brauer-Manin obstruction fails to explain some failures of the local-global
principle, but that the extra input of torsors under quasi-trivial tori seems to be enough
to explain everything. It is natural then to compare this new obstruction with the descent
obstruction with respect to tori.

In this section we prove that, up to considering the new set of places ΩZ , which seems
to be unavoidable, the descent obstruction with respect to tori is not weaker than the
obstruction introduced in Definition 5.5 and hence it also explains the failures of the
local-global principle for homogeneous spaces satisfying (2.1).

Let us recall the classical definitions associated to descent obstructions (cf. [Sko01,
§5.3]).

Definition 6.1. Given a torsor f : W → Z under a K-group G, we define

Z(AK)f :=
⋃

[a]∈H1(K,G)

(af)(aW (AK)).

For an arbitrary K-variety Z, we define

Z(AK)tor :=
⋂

f :W
T−→Z

T torus

Z(AK)f .
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We give now a generalization of Definition 5.5, which we will compare with descent
obstructions here below.

Definition 6.2. For B ∈ {B,Br1,Br}, define

Z(AK)qt,B :=
⋂

f :W
T−→Z

T quasi−trivial

⋂

α∈B(W )

f(W (AK)α).

Remark 6.3. Recall that quasi-trivial tori have trivial H1 by Hilbert’s Theorem 90 and
hence there is no need to consider Galois twists in the last definition. In particular, for
B = B we recover Definition 5.5 since W (AK)α is either empty or the whole set W (AK)
and thus

⋂

α∈B(W )

f(W (AK)α) = f(W (AK)B(W )).

Note, however, that for B = Br1 or B = Br this definition does not coincide a priori
with the “more natural” set

⋂

f :W
T−→Z

Tquasi−trivial

f(W (AK)B(W )).

We can state now the main result of this section.

Theorem 6.4. Let K be a field of type (a) or (b). Let Z be a smooth geometrically
integral K-variety. We have Z(AK)tor ⊆ Z(AK)qt,Br1.

We then deduce that the descent obstruction with respect to tori, and the existence
of local points at the places in Ω0,Z , are enough to explain the lack of Hasse principle for
the homogeneous spaces considered in this article:

Corollary 6.5. Let K be a field of type (a) or (b). Let Z be a homogeneous space under
a connected linear group G with geometric stabilizer H̄ satisfying (2.1). Then

[

Z(AK)tor 6= ∅ and Z(Kv) 6= ∅, ∀ v ∈ Ω0,Z

]

⇒ Z(K) 6= ∅.

Proof. If Z(AK)tor 6= ∅, then by Theorem 6.4 the sets Z(AK)qt,Br1 ⊂ Z(AK)qt,B are
non-empty, and we conclude by Corollary 5.6. ⌣̈

Proof of Theorem 6.4. Consider an adelic point (Pv) ∈ Z(AK)tor. We must prove that,
for every quasi-trivial torus T , for every T -torsor W → Z and every class α ∈ Br1(W ),
we can find a lift of (Pv) to W (AK) that is orthogonal to α. Since the Brauer group
coincides with the Azumaya Brauer group, we may follow the proof of [Sko01, Prop. 5.3.4],
adapting it to our context. Note that this proof uses the bijectivity of the map

H1(L,PGLn)
dn−→ Br(L)[n],

for all the involved local and global fields, and this holds for a given field L if and only if
it has the “period = index” property. Since this is well-known for the fields L considered
here (cf. Proposition 2.3) we conclude that, whenever we are given a class α ∈ Br1(W )
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and a PGLn-torsor f : V →W representing α, we have W (AK)α = W (AK)f . Note that
the torsor is trivialized over K̄ since α ∈ Br1(W ).

Fix then such a tower V → W → Z. Let L/K be an extension such that α|L =
0 ∈ Br(WL). Set S := RL/KGm and consider the natural inclusion i : Gm → S. The
injective morphism:

Gm 7→ S ×GLn

t 7→ (i(t), t−1Idn)

allows one to regard Gm as a central subgroup of S ×GLn. One then easily checks that
the quotient G := (S×GLn)/Gm fits into the following commutative diagram with exact
rows:

1 // Gm
//

i
��

GLn

��

// PGLn
// 1

1 // S // G // PGLn
// 1.

This diagram gives rise to the following diagram with exact rows in non-abelian coho-
mology:

H1(W,GLn) //

��

H1(W,PGLn)
∆

// H2(W,Gm)

��

H1(W,G) // H1(W,PGLn)
∆

// H2(W,S).

Note that the top ∆-arrow sends the class of [V → W ] to α and that the right-hand
vertical arrow corresponds to the restriction map Br(W )→ Br(WL), hence the image of
α in H2(W,S) is trivial. This implies that the class [V →W ] comes from H1(W,G). In
other words, there exists a G-torsor U →W dominating V →W .

Note now that SLn is normal in G since S is central and they both generate G. In
particular, G/SLn is a torus R. Having said this, we get the following diagram of torsors:

U
S
}}⑤⑤
⑤⑤

G

��

SLn

!!❇
❇❇

❇

V

PGLn
!!❇

❇❇
❇ Y

R
}}⑤⑤
⑤⑤

W
T ��

Z.

(6.1)

By Theorem A.1 in the appendix, we know that there exists a K-torus Q fitting into an
extension

1→ R→ Q→ T → 1,

such that the arrow Y → Z has the structure of a Q-torsor. Since (Pv) ∈ Z(Ak)
tor, we

know that there exists a Galois twist aY of Y for [a] ∈ H1(K,Q) such that (Pv) lifts to an
adelic point in aY . Now, since T is quasi-trivial, we immediately see that [a] comes from
a class in H1(K,R), abusively still denoted by [a]. Now, consider the exact sequence

1→ SLn → G→ R→ 1,

and the corresponding exact sequence in non-abelian cohomology (cf. [Gir71, Rem. IV.4.2.10]):

H1(K,G) → H1(K,R)
∆−→ H2(K,SLn).
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Since H2(K,SLn) is only composed of neutral classes by Lemma 2.4, the class [a] ∈
H1(K,R) comes from a class [b] ∈ H1(K,G), whose image in H1(K,PGLn) we denote
by [c]. We may then twist the whole diagram (6.1) by the cocycle b in order to get the
following diagram of torsors:

bU
S
}}④④
④④

bG

��

SL(A)

!!❈
❈❈

❈

cV

PGL(A) !!❉
❉❉

❉ aY

R||③③
③③

W
T ��

Z,

where A denotes some central simple algebra over K (here SL(A) and PGL(A) are inner
twists of SLn and PGLn). We know then that (Pv) lifts to an adelic point (P ′

v) ∈ aY (AK).
Each P ′

v lifts in turn to a Kv-point of bU since H1(Kv,SL(A)) = 1 for these fields (cf.
[Sus85]). It is easy to see that these lifts define an adelic point in bU , which we may push
down to an adelic point P ′′ in cV lifting (Pv). Since cV is a Galois twist of V , the image
of P ′′ in W belongs to W (AK)f and lifts (Pv). This concludes the proof. ⌣̈

A. A result on towers of torsors

The goal of this appendix is to prove the following result, which is needed in the proof of
Theorem 6.4 above. We are greatly indebted to Mathieu Florence for his help with the
proof.

Theorem A.1. Let K be a field of characteristic 0. Let G be a connected linear K-group
and T an algebraic K-torus. Let Y → X be a G-torsor and let Z → Y be a T -torsor.
Assume that Pic (Ḡ) = 0 (which holds, for instance, if G is a torus) and that X is
geometrically integral. Then there exists a canonical extension

1→ T → E → G→ 1,

such that the composite Z → X is an E-torsor. Moreover, if G is a torus, then E is a
torus as well.

Remark A.2. One can find similar results in [BDLM20, App. A] and [BD13, Lem. 2.13],
but none of these seems to be general enough for our purposes. We hope to generalize
this result even further in the future.

Proof. For a K-scheme W/K, we denote by XW , YW , ZW , TW , GW the W -(group-)schemes
obtained by base change from X,Y,Z, T,G respectively. Consider the group AutTW

XW
(ZW )

of XW -automorphisms ϕ of ZW that are compatible with the action of TW in the sense
that the following diagram commutes:

ZW × TW
aW

//

ϕ×id
��

ZW

ϕ

��

ZW × TW
aW

// ZW ,

where a denotes the morphism defining the action of T on Z and aW the corresponding
morphism after base change. The functor W/K 7→ AutTW

XW
(ZW ) defines a group presheaf
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over the big étale site over K. Denote by AutTX(Z) the corresponding sheaf and consider
the subsheaf AutTY (Z) defined by taking the subgroup AutTW

YW
(ZW ) of AutTW

XW
(ZW ) for

each W/K. We have
AutTW

YW
(ZW ) = T (YW ).

Indeed, it is well-known that the functor W/Y 7→ AutTW

W (Z×Y W ) over the big étale site
of Y is represented, as a Y -scheme, by TY (cf. for instance [Gir71, III.§1.5]). Moreover,
a direct application of Rosenlicht’s Lemma gives us, for geometrically irreducible W ,

T (YW ) = T (W )×M(W ),

where M is a free and finitely generated abelian constant sheaf. We deduce then that
the quotient sheaf M associated to the presheaf

W 7→ T (YW )/T (W ),

is a locally free, locally constant sheaf that is finitely generated and abelian. In other
words, we have an exact sequence of abelian sheaves

1→ T → AutTY (Z)→M → 1.

In particular, since M is locally constant, it is representable. And since T is affine, we get
by [DG70, III.4, Prop. 1.9] that AutTY (Z) is represented by an abelian K-group scheme
A. We abusively denote by A the sheaf AutTY (Z) as well.

Since every element in AutTW

XW
(ZW ) induces an XW -automorphism of YW , we have

an exact sequence of sheaves

1→ A→ AutTX(Z)
π−→ AutX(Y ),

where AutX(Y ) denotes the sheaf of X-automorphisms of Y .
We claim that π is surjective. In order to prove this, we can replace K by a finite

extension. We may assume then that both T and G are split over K. Since G is split and
connected and Pic (Ḡ) = 0, we have that Pic (G) = 0 (cf. [San81, Lem. 6.9]). By [San81,
Prop. 6.10], we get then that the map Pic (X) → Pic (Y ) is surjective. Since T is split,
we deduce then that the torsor Z → Y comes by pullback from a T -torsor Z ′ → X. In
other words, Z = Y ×X Z ′. The surjectivity is then evident.

Note now that G is clearly a subgroup of AutX(Y ). Define then E ′ ⊂ AutTX(Z) to be
the group sheaf corresponding to the preimage of G via π. We get an exact sequence

1→ A→ E ′ → G→ 1.

Since A is abelian, the extension E ′ induces an action of the sheaf G on the sheaf A.
By Yoneda’s Lemma, this action is actually an action of the K-group G on the K-group
A. Note that T corresponds to the neutral connected component of A and thus it is
preserved by the G-action since G is connected. In particular, we may quotient by T in
order to get an exact sequence

1→M → F → G→ 1.

Then, if one forgets its group structure, F corresponds to an M -torsor over the scheme
G. By [SGA7, Exp. 8, Prop. 5.1], we know that H1(G,Z) = 0 and hence, since M is
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locally free and finitely generated, H1(G,M) = 0 up to taking a finite extension of K.
Since representability can be checked over a finite extension (once again by Yoneda’s
Lemma), this tells us that F is represented by a K-scheme F (which is a K-form of
M ×G). Thus we have an exact sequence of K-group-schemes

1→M → F → G→ 1,

from where we get a new exact sequence of group sheaves

1→ T → E ′ → F → 1.

Once again, since T is an affine group-scheme, [DG70, III.4, Prop. 1.9] tells us that E ′
is in fact a scheme E′ and hence a K-group. But now, since M is discrete, it suffices to
define E as the identity component of E′, which clearly fits into an exact sequence

1→ T → E → G→ 1.

Since E ⊂ E′ is a subgroup of AutTX(Z), it is immediate then to check that E acts on Z
and that Z → X is an E-torsor.

Note finally that the whole construction is clearly canonical. Indeed, the extension E ′
is obtained by pullback from the canonical extension of sheaves of automorphism groups.
Then we get E′ as the K-group scheme representing E ′ and finally we take the identity
component, which is a characteristic subgroup. Also, the last assertion when G is a torus
follows from [DG70, IV.1, Prop. 4.5]. ⌣̈
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