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MEAN DIMENSION AND A NON-EMBEDDABLE EXAMPLE
FOR AMENABLE GROUP ACTIONS

LEI JIN, KYEWON KOH PARK, AND YIXIAO QIAO

ABSTRACT. For every infinite (countable discrete) amenable group G and every positive
integer d we construct a minimal G-action of mean dimension d/2 which cannot be
embedded in the full G-shift on ([0, 1]9)¢.

1. INTRODUCTION

Mean dimension, which was introduced by Gromov [Gro99] in 1999, is a numerical
topological invariant of dynamical systems. As an analogue of topological dimension,
its advantage has now been shown in the study of dynamical systems whose topological
entropy equals infinity and whose phase space has infinite topological dimension. In
particular, mean dimension is intimately involved in the embedding problem.

We say that a dynamical system can be embedded in another if the former is topolog-
ically conjugate to a subsystem of the latter (see Subsection 2.1 for a formal definition).

Let G be an infinite countable discrete amenable group and d a positive integer. The full
G-shift o on ([0,1])¢ (or the shift on ([0, 1]4)¢ for short) is defined by

o:Gx ([0,1]9% = (0,19, (g, (zn)hec) = (Thg)ne-

In general, the embedding problem is to decide if a G-action can be embedded in the full
G-shift on ([0, 1]%)¢.

For a (possibly) simpler picture, we may consider GG = Z tentatively. An easy observa-
tion is that if a Z-action can be embedded in the shift on [0, 1]% then it cannot possess too
many (in the sense of topological dimension) periodic points. The first successful attempt
on the embedding problem for Z-actions was made by Jaworski [Jaw74] in 1974, whose
result states that if a dynamical system (X,Z) has no periodic points and if the space
X is finite dimensional, then (X,Z) can be embedded in the shift on [0, 1]Z. However,
for the case that X is an infinite dimensional space, the situation becomes much more
complicated. In particular, embeddability of minimal dynamical systems in the shift on
[0, 1]% attracts extensive attention’. In 2000, Lindenstrauss and Weiss [LW00] developed
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INotice that a minimal Z-action must have no periodic points unless its phase space is a finite set.
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mean dimension theory in dynamical systems, and especially, in connection with the em-
bedding problem. They asserted that if a Z-action can be embedded in the shift on [0, 1]%
then its mean dimension must be at most 1; and meanwhile, they constructed a minimal
Z-action of mean dimension strictly greater than 1. It follows immediately that not every
minimal Z-action can be embedded in the shift on [0, 1]%.

In the theory of topological dimension, the celebrated Menger—Nobeling theorem asserts
that any compact metric space of topological dimension strictly less than n/2 can be
topologically embedded into [0, 1]", where n € N (see [HW41] for details). This theorem
is sharp, and naturally motivates a converse question for minimal dynamical systems. Let
us state it precisely in the context of general group actions:

Question 1.1. Let GG be an infinite countable discrete amenable group and d a positive
integer. Determine the optimal value of constants C' € [0, +o00] such that the following
assertion is true: If a minimal G-action has mean dimension strictly less than C', then it
can be embedded in the full G-shift on ([0, 1]9)¢.

Remark 1.2. As an analogue of the Menger—No6beling embedding theorem, the assump-
tion of amenability of G in Question 1.1 is to guarantee that mean dimension of any
G-action is situated in [0, +00] (see [Lil3]). The optimal value of such constants C' exists
in [0, +o00] as well, because C' = 0 is in fact a trivial constant that makes the assertion

true.

An amazing result in this direction was due to Lindenstrauss [Lin99] in 1999, who
showed that if a minimal Z-action has mean dimension strictly less than d/36 then it
can be embedded in the shift on ([0, 1]¢)2. In 2014, Lindenstrauss and Tsukamoto [LT14]
constructed a nice example of a minimal Z-action of mean dimension equal to d/2, which
cannot be embedded in the shift on ([0, 1]%)Z. This construction indicates that the answer
to Question 1.1 is not larger than d/2 in the setting of G = Z. In 2015, going through
harmonic and complex analysis, Gutman and Tsukamoto [GT20] proved a significant
result: If a minimal Z-action has mean dimension strictly less than d/2, then it can be
embedded in the shift on ([0,1]%)%2. Thus, the solution to Question 1.1 for Z-actions is
d/2.

However, if we proceed to a further stage G = Z* (k € N), then we encounter seri-
ous difficulties. We refer to [GLT16] and [GQT19] for detailed explanations, ideas and
techniques. Nevertheless, it turns out [GQT19] that d/2, as anticipated, is still the exact
solution to Question 1.1 for the case G = Z* (where k € N).?

In contrast to ZF-actions, there has been no essential progress with Question 1.1 in
general settings. Crucial problems will definitely arise due to geometric structures of
general groups different from Z*. However, it is reasonable to expect d/2 to be the

ZFor related results see [Gut15, GQS18, GT14].
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solution to Question 1.1 for amenable group actions. The main result of the present
paper is to confirm this assertion from above: The solution to Question 1.1 does not
exceed d/2.

Theorem 1.3. Let G be an infinite countable discrete amenable group and d a positive

integer. Then there is a minimal G-action (X, G) whose mean dimension is equal to d/2
such that (X, G) cannot be embedded in the full G-shift on ([0,1]4)C.

This paper is organized as follows. In Section 2, we gather basic notions in amenable
group actions and mean dimension; to prepare our proof we also collect fundamental tools
and necessary propositions, especially including tilings of amenable groups. In Section 3,
we provide a constructive proof of Theorem 1.3.
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2. PRELIMINARIES

2.1. Group actions. Throughout this paper, by a G-action we always understand a
triple (X, G, ®), where X is a compact metric space, GG is an infinite countable discrete
amenable’ group with the identity element e, and

O:GxX =X, (g,2)— P(g,2)
is a continuous mapping satisfying that
O(e, ) = x, ®(gh,x) = (g, P(h,x)), VrelX, Vg, heq.
Usually, (X, G, ®) and ®(g,x) are abbreviated to (X, G) and gz, respectively.
Let (X, G) be a G-action. For a subset F' of G and a point z € X, we set
Fr={gr:g€ F} CX.

We say that (X, G) is minimal if for every x € X, its orbit Gz is dense in X. A subset
S of G is called syndetic if there exists a finite subset F' of G such that G = F'S, where
FS ={fs: feFseS} Apoint x € X is said to be almost periodic if for each

3We would like to remind the reader that it is still unknown yet whether d/2 is the optimal.

4The terminology of amenability is planned to be presented in the next subsection.
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neighborhood U of z, there is a syndetic subset S of G such that Sz C U. We recall that
minimality can be equivalently characterized as follows.

Lemma 2.1 ([Aus88, Chapter 1]). A G-action (X, G) is minimal if and only if X is the
orbit closure of an almost periodic point.

Let K be a compact metric space and d a metric on K. We equip K¢ with the product
topology. A compatible metric p on K¢ is defined by

(2'1) ,0(:17, y) - Zagd(zga yg)> Vo = (Ig)geGa Yy = (yg)geG € KG>

geqG

where (ag)geq C (0, +00) satisfies

a, =1, Zag < +00.°

geG

The full G-shift ¢ on K¢ is the G-action (K9, o) defined by
0:Gx K= K (g,(@n)heq) = (Thg)nea-’

A subshift of (K%, o) means a subsystem of the full G-shift on K©.

For x = (2,),e¢ € K¢ and F C G we denote by

z|p = (T4)ger € K"
the restriction of x on F', and
WF:KG—>KF, T x|F
the canonical projection mapping. For p € K we set
z(F,p)={g€F :z,=p} CG.

Let (X,G) and (Y,G) be two G-actions. We say that (X,G) can be embedded in

(Y, G) if there is a continuous injective mapping’ f : X — Y such that f(gx) = gf(x)

for all g € G and all z € X. Such a mapping f is called an embedding of (X, &) into
(Y, G).

"Note that G is countable.
SNotice that the notation o may be kept in different full shifts if there is no ambiguity.

"Note that this mapping is indeed a homeomorphism of X into Y in our setting.
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2.2. Tilings of amenable groups. For a group G we denote by F(G) the collection of
all nonempty finite subsets of G. For T' € F(G) and € > 0 we say that a subset F' of G is
(T, ¢)-invariant if

|B(F,T)|
T T e,
||
where
B(F, T ={geG - TgNF #0,TgN(G\F) # 0}
and | - | denotes the cardinality of a set.

A countable group G is called amenable if there exists a sequence {F,}>°, C F(G)
such that for any g € G we have

_|FLAgE|
dm e =

We call such a sequence {F),}>°, a Fglner sequence of the group G.

An easy observation is that {F,}>°, is a Fglner sequence of G if and only if for any
T € F(G) and any € > 0, F,, is (T, ¢)-invariant for n sufficiently large if and only if for
any T' € F(G) and any € > 0, |F,,ATF,|/|F,| < € for n sufficiently large.

Now let G be an infinite countable discrete amenable group.

We say that 7 is a tiling of G if T C F(G), UperT = G and TNT" = () holds for
any two distinct 7, 7" € T. Every element in the tiling 7 is called a T-tile (or a tile). A
tiling 7 of G is said to be finite if there is a finite collection S7 C F(G) such that every
T-tile is a translation of some element in S7, i.e., for each T € T there exist S € Sy and
¢ € G such that Sc = T. Every element in S is called a shape of 7. For every shape
S € S§7 the center of S is defined by

C(S)={ceG:SceT}CQqG.
The translation of a tiling 7 by g € G is
Tg={Tg:TeT},
which is also a tiling of G. For F' € F(G) we set
Tlp={TNF:TeT}

A finite tiling T of G is called syndetic if for every shape S € Sy the center C(S) is
syndetic. A sequence {7;}72, of finite tilings of G is called primely congruent if for
every k > 1, Ty is a refinement of T,y (i.e. every Tpii-tile is a union of some Tj-tiles)
and each shape of Ty, is partitioned by shapes of 7; in a unique way (i.e. for any two
Ti+1-tiles Sc; and Scy of the same shape S € Sy, ., we have Ty|se, = (Tilses )3 M 1),

8This notation will be used in the sequel.
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We list some propositions of tilings as follows, which are going to be used in our main
proof. Some of these propositions may be found in [Doul7]. Here we reproduce their
proofs for completeness.

Proposition 2.2. Suppose that T is a finite tiling of G. Then for any € > 0 there exist
K € F(G) and 6 > 0 such that for each g € G and each (K, §)-invariant F' € F(G), the
union of those T g-tiles which are contained in F' has proportion larger than 1 — e, namely

| UTETg,TCF T|
||

Proof. We assume that St is a set of shapes of 7. Put

K=|Js

SeSr

>1—e.

For any F' € F(G) and g € G,
U T = U Scg.
TeTg,TCF SeST,SceT,SegCF
Set
€
b= —.
K|
We claim that for any (K, d)-invariant F' € F(G),
F\KB(F,K)c |J T
TeT g, TCF
In fact, if we take h € F'\ KB(F,K), then by the definition of B(F,K) we see that
KK='h Cc F. Since Ty is a tiling of G, we have h € Scg for some S € Sy and some
c € C(S). This implies cgh™ € S~ It follows that Scg = S(cgh ™ )h € SS~h C
KK='h C F. So we get h € Scg C F. Therefore h € UTeTg,TcF T. This proves our
claim. Thus, by this claim we deduce
U 7|2 IF\KB(EK)| 2 |F| - |K|-|B(F,K)| > (1= )| F|.
TeT g, TCF

O

Proposition 2.3. Suppose that T is a syndetic finite tiling of G and St is a set of shapes
of T. Then for any n € N there exist K € F(G) and € > 0 such that for every S € St
and every (K, €)-invariant F' € F(G), F contains at least n T -tiles of the shape S.

Proof. Without loss of generality, we assume that every shape S € S7 contains the identity
element e of G (replacing S by Ss™! for some s € S if necessary).

We claim that there exist K’ € F(G) and € > 0 such that every (K, ¢ )-invariant finite
subset of GG contains a 7 -tile of the shape S for each S € Sy. In fact, since St is a
finite set, there exists R € F(G) with e € R, which does not depend on S, such that
RC(S) = G, and therefore RSC(S) = G, for all S € S7. Set T'=Jg_ 5. Let 0 <€ <1
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and K’ = RTT 'R™!. Since e € K, for any (K’, ¢ )-invariant F' € F(G) there is g € F
with K'g C F. Thus, for any S € S7 we have g € RSc for some ¢ € C(S), and hence

ScCc RScec RSS™'R'gc K'g C F.

This shows the claim.

Now let us fix n € N. We take A € F(G) which is (K',€)-invariant and choose
91,92, ---,9n € G such that Agy, Ago, ..., Ag, are pairwise disjoint. Let K = U;;l Ag,
and 0 < ¢ < 1. We may assume that K contains the identity element of G. Then for
any (K, e)-invariant F' € F(G) there exists some g € F such that Kg C F, and hence
Agjg C F for all 1 < j < n. Since A is (K, €)-invariant, we have for every 1 < j <n
that Ag;g is (K’, €' )-invariant as well, and hence contains a 7-tile of the shape S for each
S € S87. Thus, F contains at least n T-tiles of the shape S for every S € Sr. O

2.3. Topological dimension and mean dimension. Let X be a compact metric space,
p a metric on X, and P a polyhedron. For ¢ > 0, a continuous mapping f : X — P
is called an e-embedding with respect to p if f(z) = f(y) implies p(x,y) < ¢, for all
xz,y € X. Let Widim.(X, p) be the minimum dimension of a polyhedron P such that
there is an e-embedding f : X — P. Recall that the topological dimension of X may
be recovered by

dim(X) = 11_{1(1] Widim, (X, p).
Let K be a compact metric space with a metric d. For every n € N we equip the space
K™ with the product topology and define a compatible metric dj~ on K™ by
(2.2) dio (1,22, @n), (Y1, Y2, -, Yn)) = fgfg;d(% Yi)-
We include here a practical theorem.
Theorem 2.4 ([LW00, Lemma 3.2]). For any 0 < e < 1 and any n € N we have
Widim, ([0, 1]", dj=) = n.

In particular, dim ([0, 1]") = n.

Let (X, G) be a G-action and d a metric on X. For F' € F(G) and x,y € X we set

The mean dimension of (X, G) is defined by

mdim(X, G) = lim lim Widim (X, dr, )

e—0n—oo |Fn| ’
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where {F,}>°, is a Folner sequence of G. It is well known that the limit in the above
definition always exists’, and the value mdim(X,G) is independent of the choice of a
Fglner sequence of G.

3. A CONSTRUCTIVE PROOF OF THEOREM 1.3

The proof of Theorem 1.3 consists of four parts. Part 1 is dedicated to the construction,
while Parts 2,3,4 are devoted to the argument that the G-action we constructed satisfies
all the required conditions. The title of each part indicates the precise aim of the part.

Let us start with necessary settings. We denote by Ds the discrete space consisting of
three points and by P the cone of D3, namely,

P =([0,1] x D3)/ ~,

where (0,a) ~ (0,b) for all a,b € D3. Obviously, dim(P) = 1. Throughout this section,
we let d be the graph distance on P with all three edges having length one and d;~ the
metric on P" defined by (2.2) for n € N. We include a topological embedding result as
follows.

Theorem 3.1 ([LT14, Proposition 2.5]). For every e € (0,1), there does not exist an
e-embedding of (P", dj) into R**~* for any n € N.

We make use of a recent result on tilings of amenable groups.

Theorem 3.2 ([DHZ19, Theorem 5.2],[Doul7, Theorem 3.6]). Let G be an infinite count-
able amenable group with the identity element e, {T}}32, C F(G) an increasing sequence
with \Jy—, Tk = G, and {ex}32, a decreasing sequence of positive numbers converging to
zero. Then there exists a primely congruent sequence {Tp}32, of syndetic'’ finite tilings
of G satisfying the following conditions:

(1) e € 811 C Sy C-- C Sy Coo CUpsy Skp =G

(2) for every k € N and every 1 <i < my, Sk, is (Tk, €x)-invariant;

where for each k € N, {Sy; : 1 <i < my} is the set of all shapes of Tg.

Let G = {gx : k € N} be an infinite countable discrete amenable group whose iden-
tity element is denoted by e. Take a decreasing sequence {7,}>°, of positive numbers
converging to zero and an increasing sequence {A,}22, C F(G) with |J;~, A, = G. By

9The existence of the inner limit is due to the Ornstein-Weiss theorem (see [LW00, Theorem 6.1]).
The outer limit exists because Widim,(X, dp, ) is monotone with respect to e.

10The term “syndetic” here corresponds to the term “irreducible” in [Doul7].
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Theorem 3.2, there exists a primely congruent sequence {7,}5°; of syndetic finite tilings
of G with the sets of shapes Sz, = {S,; : 1 <i <m,} satisfying that

€511 CSh1C o CSuC-ClSu=G eecC(Su),
n=1

and that S, ; is (A, n,)-invariant for every n € N and every 1 < i < m,,.

Without loss of generality, we may assume d = 1 in the statement of Theorem 1.3
(otherwise, we replace P by P? in our argument). We are going to construct a required
G-action, which is a subshift of the full G-shift on P%. We denote it by (X, o).

Let p and p' be the metrics on PY and [0,1]¢, respectively, defined by (2.1). Let
{6,}5°, be a strictly decreasing sequence of positive numbers converging to zero. Take
an increasing sequence {P,}> , of finite subsets of P such that for each n € N, P, is
dn-dense in P. Let {F,}°°, C F(G) be an increasing sequence with (J°7, F,, = G."' We
take a symbol * ¢ P and set P = P U {x}.

Part 1: Construction of (X,0). The construction of (X, o) will be completed by
induction.

Step 1. We choose n; € N sufficiently large so that for every 1 < ¢ < m,, there is
Ty,; € psnl’i with
+ 01 _ w1, *)|§ o .
2 ‘Sn17i| 2 |Sn1,i‘

Let
By = {2 = (2g)ges,,; € P71 1y = (£14)g, Y9 € Snyi \ 014(Snyin %) } -
We define z; € PY by

:E1|5n1,ic =21, V1<i<m,, Yce C(Sy,.,).

We set

X, = {:B e PY .z Sy ic € By, V1<i<m,,, Vce C(thi)} .

Step 2. Applying Proposition 2.3, we choose [; € N sufficiently large such that we can
find a finite subset Ry C C(S,, 1) and hy € C(Sy, 1) satisfying
e€ R, h ¢ R, Spi 11U Sp, 1hh C S, |Ry| = |P1||m1'1(s"1’1’*)|-
We select w; € P11 such that Conditions (A.2.1), (A.2.2), (A.2.3) are satisfied:

(A2.1) wils,, 1m\eni(Suya0r = L1180 \o11(Suya)s VT € R

UNote that {F,}52, will play a role in the proof different from {A4,,}°%, although {F,}22, could be,

of course, the same as {A,}22 ;.
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[£1,1(Sny,1,%)]

w € Py (r € Ry) are pairwise distinct, i.e.'

(A.2.2) wila (s

ny,1,%

. |21,1(Sny,1,%)]
{wl|x1,1(3n1,17*)7“ re Rl} = Pl ! )

(A.2.3) if Sy, ¢ C Sipa \ Sy 1Ry for some 1 < i < m,, and some ¢ € C(S,, ;) then
w1|sn1,ic = T1,-
Clearly,
wils, 1w =211, Wils, , € Biy C pont,
We pick ny € N sufficiently large such that Conditions (B.2.1), (B.2.2), (B.2.3), (B.2.4)

are satisfied:

(B.2.1) g1hy € Spy1;

(B.2.2) |F1Sp,a| < (14 02) - [Snanls

(B.2.3) for every 1 < i < my,, there is ¢;; € C(S5;,1) such that S;, 1¢1; C Sy, and
IMOreover, ¢y = €;

(B.2.4) for every 1 <i < my,, |5, 1| is negligible compared with |S,, ;|, more precisely,

|21 (Snyi \ SiyaC1, %) 1+6;
> )
‘Sn27i| 2

V1 <0 < my,.

For every 1 < i < m,, we choose zy; € P52+ such that Conditions (C.2.1), (C.2.2),
(C.2.3) are satisfied:

(C.Q.l) x2,i|511,101,i = Wq;
(C.2.2) if Sy, je C Spyi \ Sy for some 1 < j < m,, and some c € C(S,, ;) then

(T2)ge = (T15)g, Vg € Spy i \ T1,5(Sny s %);

(C.2.3) on the rest of coordinates in S, ; \ Sy, 1¢1, there are appropriately many *’s such

that
1 + (52 ‘1’2’2‘(5”271', *)| < 1 + (52 1

< < -+ .
2 ‘Sn27i| 2 |Sn2,i‘

Let
Bli = {I = (zg)gesnz,i € Psnzyi F g = (x2,i)g’ vQ € Snz,i \ x2,i(5n2,ia *)} :

We define 2, € PY by
x2‘Sn27ic = T2, V1 S { S Mpy, Ve € C(Snz,z>

We set

X, = {:B e Pz Spyic € B2y, V1 <1< my,,Vc € C’(Snm)} .

2precisely speaking, here (as well as in (A.k.2)) when we compare two “vectors”, say, w1|11,1(5711,17*)
and w1|11,1(Sn1,1,*)ra we agree that their “coordinates” correspond synchronously under the right-
multiplication with r taken within Ry, i.e. w1|zl’1(5n1,17*) = w1|x1,1(5n1’17*)7¢ if and only if (w1), =

(w1)gr € Py for all g € x1,1(Sp,.1,%).
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To proceed, we assume that x;_1;, By_1; (1 <i < m,, ), xx—1 and X;_; have been
already generated in Step (k — 1). Now we generate zy;, By (1 <i <m,, ), x and X}
in Step k (k > 2).

Step k. By Proposition 2.3, we take [;_; € N large enough such that we can find a
finite subset Ry C C(S,, ,1) and hy_1 € C(S,, 1) satisfying

e€ Ry_1, hip1 € Ri—1, Snp1Re1USh, b1 €Sy,
|Ri_1| = ‘Pk_l||-’Ek71,1(snk71,17*)‘.

We select w,_; € P11 such that Conditions (Ak.1), (Ak.2), (Ak.3) are satisfied:

(Akl) wk—l‘Snk71,17‘\$k71,1(5nk71,1:*)71 = Th—1,1180, | 1\Tk—1,1(Sny_;,1,%) Vr € Ry

Tp_ Sn Sk . . .. .
(Ak2) wr_1ley_, (s w € P,i_kl 11 (S, (r € Ry_1) are pairwise distinct, i.e.

”kfl’l’* r

|~’0k71,1(5nk71,17*)|
{wk—l|-'Ek71,1(snk,1,17*)7" ‘re Rk—l} = Pk—l )

(Ak3) it S, ,.cCS, 1\ Sn_ 1Rk for some 1 <i <m,, , and some c € C(S,,_, )
then
wk—1|Snk71,ic = Tr—1,4-
Obviously,

J— S’r ,1
We-1l8,, by = Th-11, Wi-1ls,, ;€ Br-11 C P7e-vl,

We pick nj € N sufficiently large such that Conditions (B.k.1), (B.k.2), (B.k.3), (B.k.4)
are satisfied:
(Bkl) gk_lhlhg <. hk—l € Snkvl;
(Bk2) \Fk_lSnk,ﬂ < (1 + 5k> . |Snk,1‘§
(B.k.3) for every 1 < i < m,,, there is cx_1; € C(S),_,1) such that S, 1ck—1; C Sn, s
and moreover, c;_1 ;1 = €;
(B.k.4) for every 1 <i <m,,, |S,_, 1| is negligible compared with |S,, ;|, more precisely,
|Tk—1(Snyi \ Sty 1Ck—1,is%)] 140y
> )
For every 1 < i < m,, we choose x; € PSwi such that Conditions (C.k.1), (C.k.2),
(C.k.3) are satisfied:
(Ck.1) xk,i|5’zk71,1ck71,i = Wk—1;
(Ck.2) if S,, ,jc C Snpi \ S, 1¢k—1, for some 1 < j < m,, , and some ¢ € C(S,,_,,)
then

V1 <i<my,.

(xk,i)gc = (Ik—17j>97 v«q < S”kflvj \ xk_l,j(S”k717j7 *);
k.3) on the rest of coordinates in S, ; \ S;. . 1¢k_14, there are appropriately many *’s
C.k.3) on the rest of coordinates in S, \ Si, . 1¢k_14, th iatel :

such that
1 —+ (Sk |xk,i(Snk,i7 *)| < 1 —+ 5k 1

< < + .
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Let
Bii= {2 = (t,)ges,,.. € P10y = (0ki)gs V9 € Sy \ TeilSuis 9 | -
We define z; € P% by

Trls,, o = This V1 <@ <my,, Ve € C(Sn.i)-

We set
Xk = {SL’ c PG . LL"S%’Z.C c Bk,i; V1 <1< mnk,VC - C(Snk’z)} .

So far we have already generated zy;, Br; (1 < i < m,, ), 2x and Xy in Step k for
all k& € N. It follows from our construction that {Xj};°, is a decreasing sequence of
nonempty subsets of P, and

xk+1‘5nk,1 = SL’m‘Snk,l, Vk e N, Vm > k+ 1.

Now by the fact |J;—, Sn,1 = G we observe that if a point z belongs to the intersection
Mre; Xi then the value z, € P (g € G) for all its coordinates must be determined
eventually according to our construction. Thus, the intersection (), X contains in fact
only one point. We set

() X = {z}.
k=1
Finally, we let X C P be the orbit closure of z, i.e.
X =Gz={g2:9€G}.

Since X is a closed subset of P¢ and is invariant under the G-shift, (X, o) becomes a
subshift of (P o). This eventually finishes the construction of (X, o). Now we check
that (X, o) satisfies all the required properties.

Part 2: Minimality of (X, o). To show that (X, o) is minimal, it suffices to prove that
the point z € X is almost periodic, i.e. for any € > 0 there exists a syndetic subset S = S,
of G with

p(z,cz) <e, VeeS.

To see the latter statement, we fix € > 0 arbitrarily. Since S ; is increasing over k € N
and eventually covers the group G, there exists m € N such that

zlg, ,=a'|s, ., implies p(z,2') <e.

Since the tiling 7,,,., is syndetic, C(S,,.,, 1) is syndetic. By the definition of z in the

construction, we have

=z Snm,107 VC E C(Sn7rl+171)

< S .1

l.e.

< Snm,l = (CZ)‘SnmJ’ VC E C(Sn7rL+171)'
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It follows that
p(z,cz) <€, Vee C(Sn, 1)
Thus, we end this part with taking S = C(S,

m+171)’
Part 3: Mean dimension of (X, o). The aim of this part is to prove

1
mdim(X, o) = 5

The following well-known proposition is a useful tool for an upper bound of mean
dimension of subshifts. We reproduce its proof for completeness.

Proposition 3.3. Let K be a finite dimensional compact metric space and (X, 0) a sub-
shift of (KY, o). Then
di X
mdim(X, o) < liminf dim(mr, (X))
n—00 |Fn|

for any Folner sequence {F,}5°, of G.

Proof. Let p be the metric on K¢ defined by (2.1). Fix a Fglner sequence {F,}*, of G
and take €, > 0. We choose A € F((G) containing the identity element of G such that if
two points z,y € K¢ satisfy x| = y|a then p(z,y) < e. It follows that for any z,y € K¢
and n € N, if z|ap, = ylar, (i.e. map, () = 7ap,(y)) then pg, (z,y) < e. Thus, for any
n €N,

(mar,)|x : X = map, (X)
is an e-embedding with respect to the metric pg, , and therefore
Widim, (X, pr,) < dim(7ap, (X)).
By noting that
Tar, (X) C 7, (X) x KA
we have
Widim, (X, pp,) < dim(7ap, (X)) < dim(7g, (X)) + |AF, \ F,| - dim(K)
for all n € N.
Take a sufficiently large N € N such that

ARAR] o
|F| dim(K) + 1’

for all n > N. Then

lim Widime (X, pr,) < liminf dim(mr, (X)) + lim sup AP B dim(K)
n—00 |Fn| n—00 |Fn| NS00 |Fn|
< lim inf w + 0.

n—o00 ‘Fn‘
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Since > 0 is arbitrary,

lim Widim, (X, pr,) < liminf dim(7g, (X))
n—00 | F | n—o00 |F |
Letting ¢ — 0, we end the proof. O

To estimate mdim (X, o) from above, we fix £ € N and € > 0 arbitrarily. We denote by
X, the subshift of P¢ generated by X, namely,

geG
Take a Fglner sequence {E,,}°2 , of G. By Proposition 2.2, there exists Ny € N sufficiently
large such that for any n > Nj, the union of 7, g-tiles which are contained in £, has
proportion larger than 1 — € for all g € G, i.e.

[UR—
B,

For any n > Ny we divide G into L,y classes Q1,Q2, ..., Qr,, such that if g,h € Q; for
some 1 < i < L, then

>1—€, V’TLZN(],VQGG

T 95, = Toy bl E,,

where T, g|g, = {T9gNE,:T €T, }. Since E, is finite, L, is a finite number. For each
1 <i< Ly we take ¢; € ;. For every n > Ny and every 1 <14 < Ly, there is j,,; € N
such that

Tnetil B, = {Snk,pn,lcn,lqia SripnaCn2lis - g, Cngn,i s An,z‘}

for some 1 < p,; < my,, cuy € C(Snp,,) (1 <1 < jny) and some A,; C E, with
| Al /| En| < €. By the construction of Xj,

_ "
T5.(Xe) € | Brpws X Brpun X -+ X Bip,,  x P4 ¥n > Ny,

1<i< Lok
Thus, we have
dim(7g, (X)) SR dim(Byp,, X Brpos X+ X Bip,,, . % PAni)
|E,| = 1<i<Lo | E|
< max Zlglgjm dim(Bk,pn,z) + [An il
T 1<i<Lo g | Ey |
< max Zlglgj,“- ((1 + 5/'6)/2 + 1/|Snk7pn,l‘) ! |Snk7pn,l‘ Le
T 1<i<Lng |E|
1+ o 1

2 min{[Sn ol 1<j<mn)  ©
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for all n > Ny. By Proposition 3.3, we obtain
14 o 1
- - + €.
2 min{[S,, ;| : 1 <j <m,,}

Since k € N and € > (0 are arbitrary, and since

mdim(Xy, o) <

mdim(X, o) < mdim(X;, o)

for all k£ € N, it follows that

. ) 1+ 0 1 L
dim(X.,0) < 1 )
mdim( ,0>—k5&< 2 +min{|sn,€,j|:1§j§w@nk}) 2

In order to show ]
mdim(X, o) > 3
we need more preparations. Set

T1 - Sn1,17 Tk - Snk,lh];_ll et hl_l, Vk Z 2

Since {5y, 1}, is a Folner sequence of G, so is the sequence {7}}72,. According to the
choice of [, we have

Sppa C Syahyt C Snk+1,1h,;1, Vk € N.
It follows that
Ty = Speahyty - bt C Snyp il thily oo hit = Tipr, Vk €N

By (B.k.1),
gr € Snk+171h,;1"'h1_1 :Tk+1> Vk € N.

Therefore {7},}72, is an increasing Fglner sequence of G with

e
k=1

Set
Ji={9 € Spy1t (w11)g = *},
Je={9€ Su1:(xh1)g=*th ' - h', VE>2.
It follows from (A.k.3), (B.k.3), (C.k.1) that

{g c Snk,l : (xk,l)g = *} h, C {g € Snk+1,1 : (xk—l—l,l)g = *}, Vk € N.

Thus,
Ji, C Jk—l—la Vk € N.

Let -
J=J
k=1
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Lemma 3.4. For any u,v € P’ we can find x,y € X such that
rly=u, yly=v, o =ylew
Proof. Take u = (uy)g4es € P’. For every k € N we define w, € By, C P! by

(k1)g, g€ Sppn \ Jihi - hi_,

(ﬂk)g -
Ugp=1 g€ Jihy---hy_1.

For each m € N we take u™ = (u}")ges € P? such that

lim u* =u,, " Vg€

m—0o0 9

For every k € N and every m € N we define u® € By C P! by

(_m) (xk,l)m g € Snk,l \ Jk‘hl e h’k‘—la
'U/k g ==
u™ _ _ € Jphy--hi_1.
ghil kD) g k1 k—1
Clearly,
lim w;' =w,, VkeNlN.
m—00
Since
Tp1 = Ik+1,1|snk,1hk = Ik+2,1|snk,1hkhk+1 == xm71|snk,1hkhk+1“‘hm71’ VYm >k > 1,
we have

1 (Snp 1 %) Phisr - b1 C i1 (Snyu1, %), Vm >k > 1
It follows that
x Snp 1%
Pkk,l( 1) C {xm-}-l,l|xk,1(5nk,1y*)hkhk+1"'hmfﬂ“ re Rm} , Ym >k > 1.
Thus, for every m > k > 1 there is some 7y ,, € R,, such that
y 9

—m
uk) - xm"‘lvl|Snk,1hk“'hm717"k,m

Z|Snk,1hk"'hm71rk,m

= (hk s hm—lrk,mz) Snj,1*

Notice that for any k£ € N, the limit of the sequence {hy - - hm_17km2}oo_; exists. We

assume
7711—1’>Ic1>o hi - hm1Tkmz = 2, Vk €N,
Clearly,
2, € X, U =2ls, ., VkeN
Note that

(hl T hk—lz;g)‘(]k - Z;Q‘th1"'hk71 = ﬂk|th1"'hk71 = u‘JIN Vk e N.

BWe mean lim,,_ d(u?, ug) = 0.
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Let
r=lim hy---hy_q2;, € X.

k—00

We have

x|y =u.
For the moment let us take an arbitrary g € G\ J. We recall here that S, 1h; ", ---hi' =
T; and J are increasing over £ € N, and eventually cover GG and J, respectively. So there
is some [(g) € N satisfying

9 € Sneahily - b\ e, VE > 1(g).
Since for every k > [(g) it holds that

(hy - 'hk—lzfc)‘Snk,lh;jlmh;l\Jk = Zl/c|5nk,1\(=]kh1"'hk71)
= U] 5,0, 1\ (Jxhr-hi_1)
= Th1] 8, 1\ (Tehrhi_r)
= Z|Snk,1\(t]kh1"'hk71)’

by letting k£ — oo we get
Lg = Zghy-hyg)—1-

Since g € G\ J is arbitrary,
x|G\J - (Zghl'“hl(g)fl)gEG\J-

Now we take v € P’. Following the same procedure, we find y € X such that y|; = v
and

Ylavs = (zghy-hyyy 1 )gears = Tlavs-

This completes the proof. O

Lemma 3.5. For every k € N there is a continuous mapping
fi o (P, di) — (X, pr.)

such that

di= (u, v) < pr, (fi(w), fe(v)), Vu,v € P
Proof. We fix k € N. We take a point p € P. For every u = (ugy)4es, € P’r we define
uw € P’ by
Uy, g € Jg,
D, g€ J\ Jp.
Applying Lemma 3.4 to «/ € P7, there exists z(u') € X such that

(u/)g =

x(u)]; =1
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We define a mapping as follows:
fe: P = X, wesa(d).
Notice that for any u,v € P’*,
Te(w)lavs = fr(v)|enss fe()]s, =u,  fe(v)]s, =,

fe(w)ng, = | ng =g = fe(0) -

Thus, f; is continuous. Moreover,
pr. (Ju(w), fi(v)) = maxp (hfi(u), hfi(v))

— max Z agd (fk (u)gh7 fk (U)gh)

heTy
> glﬂei;fd (fe(w)n, fu(v)n) (since a, = 1)
> maxd (fr.(u)p, fe(v)n) (since Jy, C T})
heJy
= maxd (up, vp)
heJy

= dj (u,v).
0J

We are now able to deal with mdim(X, o) from below. By Lemma 3.5, we know that
for any € > 0 and any k € N,

Widim, (X, pr,,) > Widim, (P”*, dj=) .

By Theorem 2.4 and the fact that [0,1] € P, we have
Widim, (X, pr, )

mdim(X, o) = lim lim

e—0 k—o0 |Tk|
, Widim, (P, dy)
> lim lim
e—0 k—o0 |Tk|
.. Widim, ([0, 1]7, dj=)
> lim lim
e—0 k—o0 |Tk|
o 1
=T

It follows from (C.k.3) that

L0 _ o (Suen®)| _ 1Bl 146 1
2 S Tl =2 Tl

MStrictly speaking, [0, 1] is topologically embedded in P.
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Since k € N is arbitrary, we obtain

1
lim @—

Thus, mdim(X, o) > 1/2.

So we finally conclude

1
mdim(X, o) = 5

Part 4: (X,0) cannot be embedded in the full G-shift on [0, 1]%. We shall denote
by ([0,1]¢, ¢") the full G-shift on [0, 1]. To complete the whole proof, it remains to show
that (X, o) cannot be embedded in ([0, 1], o").

Recall that p and p’ are the metrics on PY and [0, 1]¢, respectively. We assume that
there is an embedding

f:(X,0) = (]0,1]%, ).

The paper will end with a contradiction.

As f7': f(X) — X is a homeomorphism, we fix € > 0 such that

/ L 1
p(f(z), f(y)) <e implies p(z,y) <3, Vr,yeX.
Since f oo =o' o f, we deduce that

Vk e N, Vx,y € X.

i (), £(9)) < ¢ implies pr, (2,4) < 3,

We take N € N sufficiently large such that
r|py = ylp, implies p/(z,9) <€, Va,y € [0,1]°.
It follows that
T ey, = Y|y, implies pf, (z,y) <€, Vk €N, Va,y € |0, 1]€.

For any k € N we let
Ty, ¢ [0,1]9 = [0, 1)~k
be the canonical projection mapping. Consider the mapping

TFNT, © f . (X, ka) — [O, 1]FNTk.

Clearly, mp 7.0 f @ (X, pr,) — [0,1]"¥T* is a (1/3)-embedding for every k € N. By Lemma
3.5, we deduce that

TENT, © f © .fk : (PJkadloo) — [Oa ]-]FNTk
becomes a (1/3)-embedding for every k € N. It follows from Theorem 3.1 that

|EnTi| > 2[Ji|,  VE €N
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However, by (B.k.2) and (C.k.3) we have
(14 6r) - [Sneal < 2[Jk] < |FNTL| = [FnSna| < | Fr1Sn 1] < (1+0k) - [Shy il

for all £ > N, a contradiction. Thus, we conclude.
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