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Resumen

Mejoramos las cotas inferiores de Odlyzko para conductores de Artin' Comen-

zamos adaptando los métodos de odlyzko al lenguaje de las formulas explícitas.

Esto da una primera mejora a los resultados de Odlyzko. Después introduci-

mos una técnica que aprovecha Ia contribución de los primos, mejorando aun

más 1as cotas inferiores. Estas mejoras se presentan independientemente dei

comportamiento de la representación en 1os diversos primos.
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Abstract

We improve on Odlyzko's lower bounds for the Artin conductor. We begin
by translating Odlyzko's methods to the language of explicit formulas. This
yields an initial improvement on Odlyzko's bound. Then we introduce a tech-
nique to take advantage of the contribution of the primes to further improve
the lower bounds. This improvement occurs regardless of the behavior of the
representation at the various primes.
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Introduction

Let K be an algebraic number field such that K/Q is Galois and 1et X be
a linear character of.9: Gal(K lQ). Wu denote by /x the Artin conductor
associated to X ([3], pp. 525). The purpose of this thesis is to improre the
known lower bounds for the Artin conductor due to Odlyzko by using Weil's
explicit formulas. Also we introduce a technique for taking advantage of the
cont¡ibution of the prime numbers in these formulas.

Our work, like Odlyzko's, is heavily influenced by the search for lower
bounds for the discriminant Dy of a number field K. Kronecker conjectured
that lD¡¡l ) 1. Later, Minkowski proved this a¡d found a iower bound
increasing exponentially with the degree of K by using geometry of numbers.
In 1976, Odlyzko greatly improved on this bound by using analytic methods
applied to the Dedekind zeta fu¡ction of K. J.P. Serre showed [7] that
Odlyzko's results could be obtained from Weil's explicit formulas. G. Poitou
and Odlyzko developed this method in [5] and [6], obtaining good results.

Odlyzko [4j also found lower bound for the Artin conductor "fx, applying
his original methods to the Artin -L-function of a character X ([3], pp. 5a0).
He obtained

/x > (3.70).,(2.38)ó,,

where a, and b* are integer numbers such that ay*b* : y(l), ar-br: Xbo),
with 96 € Q a complex conjugation. He also observed that the conductor

"fxx, where I is the character of the contragredient representation, divides

f2(x1)-7) . Using this, for irreducible characters he obtained

(", -0, )2 4¿,6r

Ítlxtt) > (7.75)--"\,Í- (4.71);nt + o(1), asX(t) _. co.

Odlyzko assumed the Artin conjecture for ¡ and iX.We also need to make
the same assumption.

This thesis has been divided in two chapters. In chapter 1, following
Mestre [1], we adapt Weil's explicit formulas to Artin L functions. More
precisely, consider a function -F: IR --+ lR which satisfies F'(0): i and some
conditions for insuring the convergence of series and integrals and suppose



that (s - 1)'L(s,y) is entire. Putting X(1) : n. rve get

!los"f, : log(:r) + 11¡ + \r, -!atn'nnn

ó@: l*,-rt ¡e!-L)'dx-

. i 
"p*,"É 

ffin"(x<r*l )F(rnlogp) +lotd,

where Ip, J¡ and lB¡ are integrals depending only on the function F, and

X(p^) is the character X evaluated on the m-th power of a Frobenius element
associated to a prime ideal B above p, acting on the subspace of V fixed by
the inertia group of Blp. Also, p runs over all the zeros of the Lfunction
and the transform /(s) is defined by

In order to obtain a lower bound for /r, we take F positive and such that
Re(@(s)) ) 0 when 0 < Re(s) < 1. If in addition, we suppose that Re(X)
is positive, we can dispose of the sum over the primes and the contribution
of zeros. Nevertheless, the bounds obtained like that are not valid for all
characters. To deal with this, following Odlyzko, we consider the character

i: X+X!)Xo which ahvays has positive real part and verifies /, : /¡. Thus,
with a suitable choice of a function F we can improve Odlyzko's bounds for
any character X of g . Il Theorem 1.3.2 we obtain

,fx > (4.90)'- (2.91)b-.

This is close to best possible as there are reducible representation with con-
ductor 5",3ó*, as is clear on taking direct sum of the l-dimensional represen-
tation with conductor 5 and 3 asociated to the quadratic fields Q(1/5) and
a(/=).

Another way to obtain lower bounds is to consider the character XX and
to use the relationship between f * and J6 found by Odlyzko. For irreducible
characters, in Theorem 1.4.1 we obtain

f )/" > +.211.a48¡!# 
"-{" "a 

/'¡' .

This bound hardly improves on Odlyko, as he obtained excellent ones for large
degrees. However, for small degrees we are able to improve substantially on
Odlyzko's lower bounds (see the table at the end of Chapter 1).

In chapter 2, we introduce a new idea into Odlyzko's method (rather than
just clean up his method using the explicit formulas, as we do in chapter 1).
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The main observation is that the first method (valid for all characters) does
not yield good lower bounds only because the primes may contribute negative
terms. When we pass to irreducible characters and consider Xf;, the primes

aI'ways contribute positively. However, without further information on the
primes, we have to just drop these terms, Thus we consider simultaneously
both inequalities and remark that we need not take the worst possible case
in both methods. If the primes hurt us (that is, amount to a negative term)
in the first method, then they exist and wiil help us in the second one. This
stragegy is carried out in chapter 2. It yields substantial improvements when
a, 10. ln particular, ¡¡ue obtain in Corollaries 2.0.2 ard 2.0.3,

11/¡'L > 9.4g2 e-10.35s/n ,

for a* : ¡¿, ¿¡¿
fl/n > 5.542 e-2t.537 /n

for a, : br. This improves on the lower bounds

fil" 'l'7gZ "-033a/n)2

and

¡t/n > 4.73 
"-1t:n/n)2 

,

respectively from chapter 1. A table for small degrees giving improved lower
bounds by this method is given at the end of chapter 2.



Chapter 1-

Explicit Formulas and
Odlyzko's Method

1.1 Summary
In this chapter we improve on Odlyzko's lower bounds for Artin conductors

[4] using Weil's explicit formulas [9] as simplified by Mestre [1]. Our approach
here is entirely analogous to Poitou's [6] (and Odlyzko's) use of these same
formulas to improve on and simplify Odlyzko's original discriminant bounds.
Foliowing Odlyzko, we assume throughout the truth of Artin's conjecture.

We begin by explaining Mestre's explicit formula in §1.2 and then give
lorver bounds valid for arbitrary characters in §1-3. In §1.3.1 rve give a slight
improvement on these bounds using the ze¡oes of the Riemann zeta function.
In §1.4.1 we again fo1low Odlyzko's methods to give lower bounds for con-
ductors of irreducible characters. We tabulate our results and compare them
with Odlyzko's in § 1.4.1.

L.2 Mestre's Explicit Formulas

Let K be an algebraic number fie1d, i.e. a finite fie1d extension of Q. Suppose
that K/Q is Galois, X is a linear character of Q : G,^11y ¡Q) and /, is its
Artin conducto. ([3], p. 527), Let us define the completed Artin Lfunction
by

^(,, 
x) : (#)'". (;)"'r(' j 1)o*r,1,, 

x;, (1.2.1)

where Z(s, X) is the Artin Lfunction associated to X with base field Q, a,
and ó, are integers such that

ay*br: y(1), ax- bx: X(go),

4

(t.2.2)
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with 1 the identity element of I and 9o e I a complex conjugation ([S], pp
522,540). This function verifies the functional equation ([3], p. 5¿O)

A(1 - s, [) - W (y)tt(s, y), (1.2.3)

where W(X) € C is such that l[12(X)l : 1 and X is the character of the dual
(or contragredient) representation of ¡ ([a], p. tZ).

We will need Mestre's form ([1], pp. 212-213) of Weil's explicit formulas
for rather general Lfunctions. We assume our .L-functions .L¡ have Euler
products of the type

¿,(") : [f[ t, * on,op-")-',

L,(s) :II il (, - §,,0p-")-',
p i=l

where p runs over the prime numbers and a¡,p, B¡,p are complex numbers such
that

loo,ol,l0o,rl s p". (t.2.4)

M
For positive reai numbers A, B, a¡ and, ai 0 ! ,i < ,LI) such that ! a¿ :
M 

i=l

lai and complex numbers b¡ and b'u, with Re(á¿) ) 0 and Re(bi) > 0, we

consider meromorphic functions

M
A'(s) : ,4'r,(s) f[l(o¡s * b¡),

i=l
M

Az(s) : B" L2(s) lIr(als + ál),

verifying by assumption

A1(1 -s) : u.,Az(s),

fo¡some¿¿€Ct.
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Let F : IR --+ IR be a function such that:

*
(1.2.5)

(*) There exists ¿ ) 0 such that F (r) eG+"+'l' is integrable over 1R., with
c 2 0 satisfying (1.2.4).

(*r) There exists e ) 0 such that F(x)e(L+'+''t' is of bounded variation, the

value at each point being the average of the right- and left-hand limits.

OG): l**r{r7"G-i)'d,x, (-e < Re(s) < 1+ e). (1.2.6)

p p i=1 i=\

oó

: F(0) los(AB) - I » i {"&ot-. ep) + ti*el(-mt eil)tffi,
i:1 P Prime m=I

where p and ¡-l run respectively over all zeros and poles of A1 (counted accord-

ing to their multiplicity) in the vertical strip {s e Cl - c < Re(s) < 1+ c}.
We wiII apply Mestre's formula as follows. Let ¡ be any character of f-

lf. p: Q ------ GL(V) with I/ a C-vector space, is the representation associated

n/-\ F(o) 
is of bounded variation.(* * *) The funcLion Y..

We define the Mellin transform of F by

Define1

1(a,b) : 
" l"- €9{§! - 

r@)e-" 
¡ax

and
[* , F(-ax)e-(Z+t)' _ F(0)e-.. .J(a,b)=a¡ t r_"_. 1-)or.Jo

For a function F verifying the conditions (*), N{estre obtained the fol-
lowing explicit formula ([t], pp. 212-273):

MM

loOl -\oful +lr(a;'bo) + D r(a'i,b'i) (t.2.7)

1 There is a slight misprint in the definition of /(a,b) in ([1], p. 212), where /(oz)
appears insiead of .F,(ac)
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to y, B is any prime ideal of K.,ovel p and rpp is a corresponding Frobenius
A.l'.HiXI'#i J;#L*"t' 

t¡" a.ti"-i-i,i,.i'",'"* a prodrrct or Eurer

L(s,y) : f[ (aetlra _ p-"p(pd;v,o))-,,
p p¡lme

where,WB is the subspace of invariants in V under the irp. 518). If )1,p, . . . , \m_.n drmp!n:x(r) and " tt'" "igu"';rr", "r?rri J.T:[*y,i:#:l
ñ_

det(Id - p-"p(po);v,u) :fI! _ p
i=1

¡l*")i,p) : II (r -p-,,r,,,),
where we have put )¿,p : 0 if n ) i > m.p. Thus,

L(s,y) :tIú f, _p-"r,,,)-,

In Mestre,s formula take

(1.2.8)

t,(s): L(s,x), Lr(s): L(s,X),
Ar(s) : A(s,x) anci 

^r(s) 
: 

^(s,;, O.z.s)

fj::"l" f;.H'X,1"J:1#ti1^l-runction, in (r 2.1). Nore rhal r),,,r < r.

1l ?nl i"Ji il, ".*lx;,ili?Í¿r; im:,*:;;r_l#r,x:i;,":¡ evaluated on gff acting on V,u, i""íuu ' quu,u uJ

x@-) =f 
^r-,,

We also take

M,:M:n:ye):a**by,
bi:b,:0 forl liSax,

and

o= (h)"',

zRe(v(e*)) :L@tr + Bn). (1.2.10)
i=1

aln: a,:1/2 fcxTSi<n,
bi: b¿:l/2 for ar*t !i<.n,

u: (,*L)*
ActuaJly,

A=8,
(1.2.11)

-____-___-
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because f*: fx and X(1) : n:XG). He¡e is an analytic proof of fr: ¡r.
Take absolute values of both sides of the functional (1.2.3) for s : ] + zt and
t € lR such that tr(s, X) I 0, to get

_1

Here we r,sed Z(s, X) : L(s,X) and ll{z(X)l : 1. As the conductor is a
positive integer, we conclude that J* -- f7.

A more satisfactory arithmetic proof of this same fact can be carried out
as follows. lf t/,t is any representation of I let J,1, = fl,pt,t'tl . If G¡ is the j-th

ramification group at p in the lower numberinr, *3Tur" fbr each prime p

to?t ) : * » lcjl?r(1) -.,h(G ).
Itr0l ñ

where ry'(Gi) : \rlO (see [3], pp. 528-530). Since /r(r/) is arealnumber,
9EU;

we have Ír(rti :EGñ : fr($) for each prime p.

Let us now assume that the function -F in tr{estre's formula (1.2.7) verifies
P(-") : F(r) and f (0) : 1. Thus 1(4, b) : J(a,b), since F is even, and

,1 ltn

I r(,n, b) +» J(ai,At) :2»I(at,bu) :2"x1(l,o) + 2bxl(l,t),
i=1 j=r i=r

where

l ra é_rl4 Ft _ tr\ ó_ar(i,o) : ;J, (#-?)0", (t.2.r2)

r(1,;): !L-€{#?_r)0,.

FinaJl¡ if (s - 1)'I(s, ¡) is entire, with r behg exactly the order of the pole
at s: 1, from (1.2.7) to (1.2.12), we obtain the explicit formula

rog /* : »ó(p) - .(d(0) + d(1)) + x(1)rog(7r)

* o*[^ €:y?-T)0.*o*lo (+:y2-T)0,
Jo !-e'

lf,l'/n lzG +,r,
tit : t------l/rl l¿ti+¡¿,x)

" ,,P*"É ffi*"1*ro"'))r(m1ogp), (1.2.13)
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where /(s) is like (1.2.6) and p runs over a1l the zeros of A(s, X) in the critical
strip 0 < Re(p) < r.2
Remark 1. We shall obtain lol\¡er bounds for conductors by controlling the
signs of various terms appearing in the explicit formula. For this we will
have to impose sign conditions on F and its Mellin transform. On the other
hand, since we only want an inequality, we may weaken slightly some of the
analytic conditions

Let F: lR. -'+ lR be a function such that:

(*)

(1.2.14)
(*) Ttrere exists 6 ) 0 such that F(r)e(i+"+')' is integrable over IR, with

c > 0 satisfying (1.2.4). If 6:0 assume in addition that

,r "i.*{r) 
e ('l*fr(P)) . *

(**) There exists e ) 0 such that F(r)e{4+'+')" is of bounded variation, the
value at each point being the average of the right- and left-hand limits.

n/-\ .F(0). 
^.(TT$) The function 

r \r / - r'¡ is of bounded varialion.Í
(**t*) F is even, r(0) :1, F(r) > 0 for all r € R, and Re(/(s)) )0for

0<Re(s) <1.

The purpose of the last condition is to ensure that the contributions from
the zeroes p are all non-negative. In * and ** we have weakened ;t by a1-

lowing e : 0. This can be achieved by a limiting argument, replacing -F (r) by
.P(r) exp(-elrl) and taking e -+ 0+ using Lebesgue dominated convergence
(cf. Proposition 5 in [6]).

2 -L(s,¡) has neither zeroes nor poles on the lines Re(s) : g or Re(s) : 1, except
possibly at s : 1, where there may only be a pole. Its order is exactly the multiplicity
of the t¡ivial representation in X (see [2], p. 6). This will be important when we conside¡
I(s,1f,) in the last chapter.
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Unde. (*) w'e have then3

(e -'_)a, (1.2.15)log,f, ) ¡(1)1og(r) -4, /. _Jo T

e-,/4 F@ l2)
l-e "

+ b, [* ,e:3:t4r@12) -t1a, - n, [* F@)cosh(rl2) dr.' "Jo ' 1-e' r' Jo

+ 2 » i#^.t*@-,¡)F(mlogp).
P Prime m:1 '

As Odlyzko pointed out (cf. [6]), the conditions of nonnegativity on F(u),
and on Re(d(s)) on the critical strip, are equivalent to the requirement that

(1.2. i6)

where /(r) > 0 and /(r) has a nonnegative Fourier transform. Indeed,
note that ó(s) : ó(t - s), because F is assumed even, and R"(d(s)) l. u

harmonic function on the strip 0 < Re(s) < 1. To show that Re(/(s)) > 0

in the criticai strip, the maximum principle for harmonic functions tells us

that we need only check that ne(d(s)) ) 0 on the boundary. But there we

have

Re(d(1+,¿)) : ne(d(zt)) : [* ¡g)cos(tx)dr.
J-a

If we assume the Riemann Hypothesis for .L(s, y) (i.e. L(p,y) : 0 for
0 < Re(p) < 1 implies R"(p) : ]) we have only to ensure ne(O(| + ¿¿)) > 0

for all real t. In this case we wili only need to assume that F(z) ) 0 and
that P has a nonnegative Fourier transform.

1.3 Bounds for arbitrary characters

A preliminary result is the following:

Theorem 1.3.L. Suppose that y is a character of Q suchthat Re(y(O)) 20
for all g q Q and. that for some'integer r, (s - 1)'L(s, X) is entire. Then

/x > (6.5735)"(3.9046)h(0.1134)'.

3 Use

d(o) + d(1) : a /- 11,¡ 
"o,t 

(a l2) d.r.

(1.3.17)
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Prool. Consider the family of functions (introduced by L. Tartar [6])

(1.3.18)

where

(1.3.1e)

and g ) 0 is a positive parameter. .Q satisfies (*) G". [O]). In ([O], p.

13) it is shown that / has a non-negative Fourier transform.a Since lve have
assumed R"(x(S)) ) 0 we may drop from inequality (1.2.15) the sum over
the primes. Putting ax + bx : X(1), ¡ : F, *d U : 12 in (1.2.15), yields
numerically

Iog "fx 
> 1.88305 a, + 1.36216 bx - 2.17656 r,

and this is equivalent to (1.3.17). !
In general Re(X) is not positive, so Theorem 1.3.1 does not app1y. Nev-

ertheless, following Odlyzko we can prove

Theorem 1.3.2. Let y be a character of Q such that its Artin L-functi,on
L(s,y) is entire. Then its cond.uctor f* sati,sfi,es

.f\ > (4.90)"'(2.9i)\,

where a, (resp.b*) 'is the number o/ f (i) (resp. f (#)) fo"tort in the com-
pleted Arti,n L-Junction.

Odlyzko (l4l, p. 382) obtained

/x > (3.70)"(2.38)á,.

Our bounds are nearly best possible for (possibly) reducible characters. In-
deed, the quadratic ñeld Q(rr6) has a character X5 with xr(1) : L, ar:
1, b, : 9 and /r. : 5, and Q(r/rB) has a character X3 with X3(1) : l, ax:
0, bx : 1 and /*. : 3. Thus, if a:: ay5 + bx3 (for arbitrary non-negative
integers a and b),

fx:5"3b'
witho:a*andb:b*.

a We note that there is an erro¡ in ([6], p. 13) concerning the normalization constant
required to ensure Fr(0) : 1. The¡e the 9 in (1.3.19) is wrongly replaced by 4fr2.

9(sin(z) - zcoslr))2
it¡l: xa
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Proof. Consider the characte¡

Í: x+ x$)xo,

where X6 is the one-dimensional identity character. Since .L(s, X) is assumed

entire, we see that (s - i¡xttl¿1r, ¡) is entire. Indeed,

L(s,Y * x(t)xo) = L(s,Y)L(s, x(1)xo)
: ¿(r, x)tr(s, xo)'(1)
: I(s, xX(s)x('),

where ((s) is the Riemann-zeta function. Since lX(g)l < X(1) for all g e 0,
we have

ne(i(o)) : x(1) + Re(x(o)) 2 o.

From the properties of the conductor ([3], p. 533),

f7: fx+xo)xo: fxfxl)xo -- fx' (1'3'20)

AIso (see (1.2.1)),

ai: dx+ x(1) : 2a*lby, br:bx, I<Q) :zY(t).

Applying Theorem 1.3.1 to the character I we obtain

/a > (6.5735)(,,,+b*)(3.9046)b-(0.1134)x(1)

: (6.5735¡(2',+r,)1s.oo+o¡ó,(0.r13+¡('"+o'¡

> (4.90)',(2.91)á,.

tr

1.3.1 Contribution of zeros

So far, we have not considered the positive contribution from the zeros in
the explicit formulas. In general, we know almost nothing about the location
of zeros of L(s.,y), but in the proof of Theo¡em 1.3.2 we introduced the
Riemann zeta function and dropped the contribution from its zeros. If we

restore the contribution from the lowest zeros po - L2 + i74.134725142 of lhe
Riemann zeta function we gain 2Re/r(p6), where @, is the Mellin transform
of Fr. In this way we obtain, with g/ : 10.35

f x > (4.947)ax (2.833)bx,

which is slightly better than Theorem 7.3.2 if a* is much larger than br.
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Another possibility is to take a :13.5 to obtain likewise,

,f\ > (4.832)'.(2.95)¡..

With g: 12 we obtain a (minor) improvement for all a, and br. Namely,

under the hlpotheses of Theorem 1.3.2,

/x > (4.905)',.(2.913)b,,.

1.4 Bounds for irreducible characters

We have seen that our results above are nearly optimal for arbitrary (i.e., pos-

sibly reducible) characters. In this section we again follow Odlyzko to obtain
bette¡ lower bounds for irreducible characters. We wili need the following
Iemma, valid for any character X.

Lemma L.4.1. (Od,lyzko) frl d iuid,es ¡z(¡(t)-r).

Proof. (Odlyzko) Since the conductor ,f* is a product of Iocal conductors
p/pk) ([3], p. 532), we need to prove that

f,QT) <z(x1) - t)/,(x). (t.4.2t)

For this, we will shov¿ that for every subgroup 1/ of §

l//lx(r)' - rx.@) s z(x(r) - 1)(l¡rlx(1) - x@)), (r.4.22)

where /(I{) : D fl¿l and lffl denotes the cardinality of }I. We decompose
heH

xln : róo*Drnón, (1.4.23)
i>-1

where /¡ is the trivial character of ff, the @¿ are distinct, irreducible, non-
trivial characters of I1, and r¿ ) 0, r > 0. We have that

x(H) :" ! Oo{n) * I"o \ O,@)
heu t¿1 heH

ana f,do(lr): lfll, and thatl¡.¡1ór(h) :0 (se" [8], p. 17). Hence
heH

x@): rlIIl. Also,

xrlu : 12 óo + r » riói + rlói2 + n\r;s1$n + rzlÓzl2 + rz\rrsz$n + . . .

i>-1

+ ,11óul' + rxlriS¡gu.
i+k

i+r
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Thus,

xx@) : r2lul + rlnL6,(ü * ,? I ló,(h)|'z + . . ,?Dlóo(t )l' ,

i>1 heH heH heu

and so xl(/{) : (,2 + Irí)lgt. Bú (1..4.22) is equivalent to
i>7

x(r)' -,' -»r? <2(x0) - t)(x(t) - r),
d>1

and to
-»,? I (x(i)- r)(79) -r -2).

i>_1

From (1'4'23), x(1) : r + !r¿@¡(l), so the last inequalitv is equiralent to
¿>1

*»,? < ( I,,d,(r)) ( lr¿g¡(t) - z).

fp|x) : Eil; (lc¡lx(r)' - xxQ)) (see [3],p. 530)

= *)---z(x(r) - r)(lc¡lx(r) - r(G¡))
It,ol ñ '1 

-: z(x(l)- 1); ) .(lc¡lx(t)- r(G¡))
rr,ot iÍó: z(x$) - t)/o(x).

(t.4.24)
i>1 ¿>1 i>1

The right side is negative only if !r¡l,(1) < 2, and this can happen only if
r>i

r¡ : Ó¡(l) : 1, for some j and r¡ : 0 \f i, I i. In this case we obtain equality
h (1.4.24), so (1.4.22) is true.

Returning to the proof of the lemma, let G¡ be the j-th ramiñcation
group in the lower numbering ([S], p. 5ZB) associated to a prime of K above
p. Then, from (1.4.21)a.nd (1.4.22) we obtains:

5 Noie that Neuki¡ch defines /(Il) slightly differently from us. He divides by lfll.
This explains an apparent difle¡ence between our fo¡mula for /* and his on the first line
displayed below.
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If we take ¡ an irreducible character and assume the Artin Conjecture for

the (reducible) character XX of 9, then (s - l)L(s'yf;) is entire' In fact, the

,ro*t", of times that the representation pxJ associated to Xi contains the

trivial representation with character ¡6 is

t-
< \{.\0, - áf rr(orl' - < \.\ >: 1.

tY I g€A

the iast step being preciseil' because X is irreducible (l8l, p t6)'
Lemma 1.4.1 imPlies

f ¿ f2(\(1) r)
J\I .: JI

and therefore
¡112\(t) ¿- |Jrr. -: J\'

(1..4.25)

(1.4.26)

(1.4.28)

(1.4.2e)

(1.4.30)

§611,, applyrng (1.2.15) to the character XX rvith r : 1,

los/xz > axx(Ir(ü+ 1og(zr)) + b*7Qp(?)+ log(r)) - aBr(a) O 4 27)

rr(a),: l"- rrpflZ-T)0,
Jery):: 

lo* 
("r'T"'1" -T) o,

Rr@),-- lr* ,rOrcosh(xlz) dr.

Observe that (1.4.27) is equivalent to

tog /.r > (a.1-ó,. ) ( /r(e)rlog( ;r¡ I +2b.¡ r!@tAy:ygt)) s n ol s ¡'

(i.4.31)

Hence, from (1.4.26) with n: XO),

rlilog/. 2 #lor/.-
\ lr.r- b,,t) r1r(y) *log(¡r),-2brrr/¡'(y) +Jr(vl l2log(zr))- 

'Rl'".- n, \ 2 )--l\ 4 ' tl

Using the definition (1.2.2) of ara and b¡x

ax\ - bxt : XXbo): X(90)'? : (a, - b*)2

and
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and
lI(t) - \X(90) _ r(1)' - x@o)2 o^ L

- 2 -.(,xu\t

, , 4arb, ,l e(a) + Jrfu) + 2log(zr).,
)-r n2 \ 4 )

(1.4.32)

we have

log "fx >
17-

bxx :

(o, - ár)' ,1¡(g) + Iog(a)

"r\22Rr(a)-------;-

From here, we obtain a lower bound that is useful for large n.

Theorem L.4.L. Let y be an i.rred,ucible character oJ degree n with conductor
fy such that L(s,y\) satisfies the Artin conjecture. Then

f )/ " > q.z z O.a4B¡#1 "- 
{'"''t / n¡' 

. (1.4.33)

Proof. Eval:uate (1.4.32) with U : 0.0045 to obtain

f)t" > 1z.zsz14 (4.73¡a# 
"-ot 

ea/^)',

which is equivalent to (1.4.$) since a, + bx: n and ffi > 1.648. tr

If we assume the Generalized Riemann Hypothesis (see the end of Remark
1), we can impror.e the lower bounds.

Theorem L.4.2. Let y be an itreducible character of degree n with con-
ductor f* such that L(t, XT) satisfi,es the Artin conjecture and, the Riemann
hypothesis. Then

fll " > A.Sg (Z jJj3)+ e- G3278 42 / n)2 . (1.4.34)

which vanishes forProoJ. Consider rhe even function6 F : Frrl : R - lR.

r ) g-t/2 and which for r e l},g-t/z'l is given by

Fut@): (r - r^/y)cos(trr,/ú +*+@ (1.4.35)

¡Setting gr:0.0004 and using (1.4.32) we obtain (1.4.34).

6 Introduced by Odlyzko, ct [6]. The crucial property of /, is that it ard its Fourier
transform are non-negative.
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Odlyzko ([+], p. 3Es) obt,ained

f)/" > +.tt6.a45)t# +ogln2), as n---+ co,

and, assuming the Riemann hypothesis,

f'/" >e.u\.t3)t3=# +oQln2), as ?z---+ oo.

Taking g : .001 in the above proof, we can get (still under the Riemann
hypothesis for I(s, ¡f,))

fi/ " > A.+1AQ.094)!:#' 
"-cz60 

8r/n12 
.

For large r¿ our bounds are only marginally better than Odlyzko's. In
the next subsection we shall substantially improve on his bounds for small
degrees.

1.4.L Tables for small degrees

In the previous section we used inequality (1.4.26), since we were interested
only in large r¿. In this section we are interested in small n, so we use the
stronger originai inequality (L.4.25). The net effect is to replace every n2 on
the right-hand side of (1.4.32) by n(n - 1). From (1.4.31) we therefore obtain

log"f^ - (or-b*)',lr(A)*log(r) , 4arb, ,Ip(y)+Jrfu)*2log(zr) .,

n ' rzln-¡t , r-n@-\\ 4 t

2Rr(a)
;6-]]-- (1.4.36)

As before, rve obtain bounds by evaiuating (1.4.36) with Tartar's F) as in
(1.3.18) and gr as given in the table beIow.

From (1.4.28) and (1.a.29) we find Jp(s) <Ir(s). Hence, from (1.4.36) we
have the lower bound, valid for any non-negative a*, b, with ay*br: n s l,

1os./x 2 n - .Ir(s) + Jr@) +2tos?) _ ?!{uL for n even (1.4.37)n -n-l 4 n("-l)'
and

Iog /x > n . .¿¡(g) + J¡(g) +2loe(r) _ 1

n - n-7 4 - n(nJ)
zRrfu)

- ; -'-:':. 1or n odd.
n\n - L)

Ir(a) - Jr(v)
4

(1.4.38)
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These bounds are given in the third column of the table below for 2 < n 1 20.
We also give lower bounds for the extreme cases in which ar:0 or óx:0,
this time using (1.4.36). Finall¡ for the bounds under GRH we use Odlyzko's
function (1.4.35) with g as shorvn.

Table 1. Low'er bounds for irreducible characters.T

7 The columns labeled Odt show the Iower bounds obtained by Odlyzko ([a], p.  0 ).
Cases not covered by Odlyzko's tables have a - in the Odl column. All bounds are ¡ounded
down so that the inequality is rigorous. We assume 1 is irreducible and thai tr(s, Xi) is
analytic for s I 1. The last four columns on the right apply when we also assume GRH,
i.e. that all zeroes p of I(s, 1f,) satisly R"(p) : i. The first lowe¡ bound in each case
(Columns labeled Any aa, ü¡) apply for any value of a* or b, with ax * bx: n. The
Iowe¡ bounds in the columns labeled a*b. :0 only apply when a* : n or b, : ¡¿.

We note that for large n our non-GRH bounds will drop toward 4.78 because the term

- 3#+i t. (1.4.37) becomes irrelevant (it approaches 0) and the dec¡ease in the factor
-i- takes ove¡.

Assuming Artin's Conjecture Artin's Conjecturc and G.R.H.
Any ar, b,. axbx--0 Any ar, b, axbx:0

n v fi/'> odr u f;/" > odr !)
.7/n -I\' a v J\ '_

2

4

5

6

7

8
o

10

11

12

74

15

16

17

18
10

20

4.7L

1.5

0.8
0.48
0.4

0.25
0.2

0.19
0.18
0.120
0.11

0.1

0.116
0.08
0.09

0.067
0.06

0.05
0.036

ó.ZJJ
4.103
4.245
4.528
4.553
4.681
4.684
4.748
4.738
4.782
4.776
4.799
4.776
4.808
4.798
4.812
4.806
4.813
4.809

2.83

3.74

qiz

4.30

4.39

4.47

4.55

4.6t

2.65

0.84
0.460
0.300
0.220
0.169
0.140
0.11
0.096
0.084
0.074
0.065
0.059
0.064
0.049
0.045
0.042
0.039
0.036

5. 7

6.370
7.059

7.649
7.782
7.867
7.922
7.960
7.984
8.002
8.013
8.020
8.025
8.027
8.028
8.028
8.026
8.025

06 4.21

5.86

6.47

6.47

6.88

7.06

7.38

7.69

7.77

0.2353

0.052

0.0269

0.0192

0.0153

0.0129

0.0113

0.0101

0.00925

0.00855

3.266

4.347

4.785

5.0227

5.175

5.283

5.365

5.431

5.484

5.529

0.1"4

0.053
0.033
0.024
0.019
0.016
0.014
0.013
0.012
0.011
0.01

0.0094
0.0091
0.0085
0.0081
0.0077
0.0074

0.0071
0.0069

5.L27
6.615
7.544
8.169
8.619
8.962
9.235
9.460
9.647
9.810
9.952
10.076
10.185
i0.287
t0.377
10.46

10.536

10.606
10.671



Chapter 2

Beyond Odlyzko's Method

In the previous chapter we obtained lower bounds for the conductor /, of
the irreducible character X by two different methods. In the first one (where

irreducibility was irrelevant) we had to compensate for the possible negativity
of Re(X). Inthe second method the primes entered positively, but rve dropped
them. In this section we improve on these bounds by noting that if the
first method requires primes to be compensated for, then they must make
a substantial contribution to the second method. If primes do not require
compensation, then the first method can be substantially improved. Thus we

are able to obtain an improvement regardless of the behavior of the primes.
We shall need a lemma which will allow us to balance gains against losses

in the two methods.

Lemma 2.O.2. Let j run oaer a fi,nite set of indices and let r, 6¡ and. B¡ be

real numbers, wi.th r > 0 and 6i > 0 for all j. If

(2.0.1)

then

D'36,>f,, (2.0.2)

Proof. Sírrce the á7 are assumed positive, there is a minimum va]ue rr¿ of
the positive quadratic f.orm l, xl6¡ as the z¡ range over the region defined
by I, r¡0¡ ( -r. First we show that rn can only be a assumed on the
boundary. Indeed, suppose that there exist lr. such that D¡7¡ §¡ < -r
and rn is assumed at I : (ñ,¡). Then 7 is a critical point of the quadratic
form. Taking partial derivatives we find 2lj6j :0 for al1 j. Hence 7: 0,

contradicting l¡l¡0i < -r, since ¡ is assumed positive.

\'¡o¡ i=-",

o2

tnh.e,re f :\-t.?Ó¡

19
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Thus rve seek the to minimize the expression (2.0.2) using the condi-
tion (2.0.1) with ecluality. We rvill use Lagrange multipliers. Note that the
minimum is known to exist, and hence will be given as a critical point of
the auxiliary function F(x, ,\) used with Lagrange multipliers. We shall see

that there is a unique critical point, and hence this yields the minimum n¿.

Consider the function

20

rvhere

F(x, )) : e(x) - )ñ(x),

s(x):\116¡
j

h(x): r +fx¡r1
j

Norv, we will find critical point for.F. This is ecluivalent to solving the system

and

which is equivalent to

Thus,

and so

Hence, r¡: -&

Therefore,

5:0, T:0,drj O^

AF
drt
AF
__:_1-

¿)^

:2x¡6¡-\§¡:o

: r +lc¡l¡ --0.
j

_2 a2 -2i \-"\ Pj tF?6-I'
2n2

\--?¡.:' \-'j¡:1,*J"J r.2/) x2 "J
]J

, pi
¿J _ /rñ§ ,

ZUJ

,D2
--\--o -\5'ÉÍ-'\r' _¿rlrpJ-2L6,- 

2.
J1

Moreover,

»
j

T-
> r'

tras claimed in the lemma.

"tr6¡
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To describe our main inequality we need some notation. Fix non-negative

integers a and ó, and set n : ¿*b. For F : lR -r lR an even function satisfying
condition * (1.2.14), set

2l

tp :: [* ('/4F(!12) -"r)or,' Jo ' 1-e-x

rp :: [* c-"i'29-!" -.) 0,,
Jo r-e -

f@
R , ,: 

Jo 
F(r) cosh(r/2) dr,

G¡ :: iog(zr) +9b+*¡",

(2.0.3)

(2.0.4)

(2.0.5)

(2.0.6)

Ir * Jp + 2log(zr).,

-4 

)

(2.0.7)

(2.0.8)

u .- @- b)2 ,IP + log(zr)', ,. -4ob . (nr t: ,t(n_ 1) \ 2 'n(n-r)'

- -: ^RF,n\n - t)

-F(r¿ loeb)) log(p)
aFp,m l:

f"12

We note If¡ is exactly the right-hand side of inequality (1.a.36) for j log /.
for irreducible characters, while G¡ would also be a lowe¡ bound for ] log /^
(cf. (1.2.t5) with r : 0) if the primes had not forced us to replace yby y to
ensure Re(Í(p-)) 2 0. Terms like a4o,* had not appeared in our inequalities
as we had arranged to drop all terms coming from the primes in the explicit
formulas.

Theorem 2.O.3. Let y be an irred'ucible character of Q of d'imension n ) 2

and, assunre the Artin conjecture for L(s,y) and L(s,yy). Suppose further
that F and, F satisfg condition * (1.2.14) and. Gr ) H¡, with F compactlv

supported and. F > 0 on the support oJ F. Then

1 ('r - r )f ( l. . r, d;=it \:'

i,o*r, > HF-r+ 
[./r* ;i 

"' ¡"u - ,), (2.0.e)

- 
^2-where I : ) - "t'p'-, 

the sum rangtng ouer all primes p and positiue 'integers
/---t ¡y-
P"n r''P rtl

m such that mlogp i,s contained i,n the support of F .

The way to interpret the messy expression (2.0.9) is to think of .I/¡ as the
lorver bound we had from the previous chapter, with the rest of the expression
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as the gain from the primes. In calculating (2.0.6) and (2.0.7) u,e take a,:
ay, b-b, andn: a*b.
Proof. From the basic inequaiity (1.2.15) with r:0, we obtain

22

1 2 ----.
: log /r ) C¡ * -- ) .ap,o.a ' cp.mtn- rvhere co,- '- Re (r (r' l).

P'ttt 
(2.0.10)

Consider now the cha¡acter X¡, for which we have proved in Lemma 1.4.1

11.n1I l^r f > tóq ,. . : 

-- 

log /xt.n_"orx _ 2n(n _ 1)."oJr, (n_ l)2n2

We now apply (1.2.15) to XX- (which corresponds to a representation of di-
mension n2) the basic inequality (1.2.15) with r:1 and tr': F to obtain

11
llos/, > H +=--Iou,r,-' lx(p*)l'n - n\n- r) p,_

1> H +;= Do¡.r.^.4.*-) p,^
(2.0.11)

In the last sum over p and m we may (and do) drop all p and m for rvhich
f (nz 1og(p)) : 0.1 Dropping these terms ensures that sums over p ar'.d m arc
finite, which will be required when we apply lemma 2.0.2 below. From the
hypotheses in the theorem we have the strict inequality oF,r,^) 0 for terms
p arrd m remaining in the sum.2

Let

r :: H ¡* (n - 1)r . ( . l,l-t- 3l=; - ,\' (2.012)-'r 
" \Vrtr.L' f /

We claim,
Gp>T> H¡.

Indeed, the second inequaiity is trivial and the first one is equivalent to (on

Ietting l' : (";)")

1 This is permissible since the last condition in $ ensures oi,o,*)- 0.
2 In (1.4.36) previously we had simply dropped all of the sum over the primes using

xx@*) > 0. We wish to exploit in ihe explicit formula for xX- the finitely many primes
appearing in the explicit fo¡mula fo¡ X with non-zero coefñcients.

- ,)'G"-íF>f'(
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which, on expanding the square, is ecluivalent to

23

t::G¡-7>0.

t+?n»%,^.ap,p,-) o,

!u,g¡*¿T,

(2.0.13)

(2.0.14)

(2.0.15)iror,*>- H¡* *én: Hr+@f,;5:r,
where at the end we used definition (2.0.12) and some algebraic manipula-
tions.3 Our last inequality proves the Theorem. tr

3 Here are the details. Let us abbreviate f' : (n - \)l ln, H : H¡, G = G¡. Then
¡ve have f¡om the deflniiion of ?

1+ f,-1(c _ H),-":f'( - r)'

Gr - HF> Gp - H¡*2t'(r - ¿;ry¡
which is clearly true since G¡ - 11¡ ) 0 by assumption. Let us rvrite (2.0.10)

as

1 _ 2.-
:logJ.r > I +l*;; ) .cp,m.aF.p,^,n'

P'tn

where

If we had

proving the theorem in this case. Hence, we may suppose that (2.0.14) is

false, i.e.

\- nt
/--cp,^'ar,p,^ I -T'
p,m

As consequence of lemma 2.0.2, w\th j indexed by p and m as in the lemma,

0¡ : cp,mt 0j : dtn,p,*, 6i : a1,r,*, r : ntl2 we have

\-^ t2 ^

z2cí,^aF,p,^'- +ln" '

P¡m

Therefore, in (2.0.11) using (2.0.13),

(2,0.16)

we would have
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(2.0.20)

In (2.0.20) we will take F to be Bernardette Perrin-Riou's function, in-

troduced in [6], p. 13,6

(2.0.22)

where

(2.0.23)

and the trivial equation

G-H:2r'(/1 +r,-I(c-11) -1) +r'(1 +f'-1(G- E)+r-2 1 + r,-1(G - r1)) .

(2.0.17)

Subtracting (2.0.16) from (2.0.17) we obtain

G -T -2t'(\f t +r''1(c- rr) - 1),

24

We now apply the above theorem to obtain improved lo'w'er bounds for

large degrees.a In this case, we can replace every occurrence of n - 1 in (2'0 7)

and (2.0.9) by n.5 Then (2.0.9) simplifies to

- 
')'

,,.r .- f'l"/Yc)- \*/ cosh(r/2) '

where 96 is a positive parameter to be specified later, /r(z) is even, vanishes

for r > 2r a"nd for o e [0, 2r] is given by

,-,-, - 1 (,,- 
- --, 3sin(z) + r'cos(z) - (r - ¡)cos(c)\ O.o.2t\r, \¿/ - 3r \.,, 2 )

Since now -P in Theorem 2.0-3 depends on an extra parameter, we add it
everywhere to the notation, writing for example G¡(g6) for G¡ in (2'0'6)'

For F in (2.0.20) we v¡ill take Tartar's function

;,-, _ f @uEn)
' \"/ - cosh(r/2) 

,

9(sin(r) - rcos(r))2
l\): --- *6 

-

whence

(2.0.18)

(2.0.1e)g;f: r,1u{ +r-,ic - a¡- r¡',
which is equivalent to (2.0.15), in view of (2.0.16).

4 In the uext section we will tabulate such bounds for small degrees'
s To see this, note that the n-1 comes f¡om inequality (1.4.36), which becomes strictly

v¿eaker if we replace every ocurrence of n - 1 by n.
6 There the function is desc¡ibed as a convolution squale, but not explicitly calcu-

lated. The formula we give in (2.0.21) is the result of ca.rrying out the calculation of this

convolution square.
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and y¡7 > 0 is another positive parameter to be specified belorv. Since Tar-
tar's (non-negative function) function is positive for 0 ( ¿ < 4.491r/gH, one

finds that -F is positive on the support of Perrin-Riou's F if yH < gc12.
We have the following numerical corollaries of the Theorem 2.0.3.7

Corolary 2.O.1. Let y be an imeilucible character of I and, assum.e the Artin
conjecture for L(s,y) and. L(s, yy). Then

I (o - b\2 4.743

;lo9ir > 1.378 + ----;L0.374 - - 
"r-,tr "p ¡2+ 0.609(V1.1 +:t.677 - #0.¡74+ -:; - t)

Proof. "la"ke !¡t : 0.632 a.nd g.:2.968, which satisfy g¡¡ < 96f2. Also
we must verify G¡(E6) > H¡(Uu) for all o, ü. In fact, we can consider
C r(Ac)-H¡(Au) as a function of a letting b : n-a, then with G¡(gc) : S@)
and H¡(y¡¡): ñ(¿) we have (replacing n by n - 1)

s(a) - h(a) : toe(7r) + Jr(sc) -l¡@u) +i$r(ua) - Jr(ac))

+ Wf!(Trtuñ - irtuo)).'!#r), e.024)

where 1¡(s), J¡(s) and R¡(s) were defined in (2.0.3), (2.0.4) and (2.0.5)
respectively (but we have now put the dependence on gr into the notation),
and

;, . I¡(s) +log(n)tF\At: 2 ,

io(ú: Ir(a) + Je(s) + 2log(r')

Since /¡(g)-J¡(g) > 0, the expression (2.0.24) is quadratic in a rvith negative
leading coefficient, its minimal value in any interval is attained at one of the
interval extremes. One thus checks that on the interval [0, n] ttre minimum
is attained at a : 0. This implies

.(\,[lry-,)'-.(6ry-,¡"
: 0.0615, then G¡(96) > H¡(a*) for all a.

(2.0,20).

7 The case ¿ : 0 is not treated belo¡¡ as Theorem 2.0,3 gives no significant improvernent
in this case.

We have that 9(0) - á(0)
this one simply evaluates

After
tr



CHAPTER 2, BEYOND ODLYZKO'S T\,TETHOD

Corolary 2.O.2. Let y be an irreduci,ble character of I ui,th a

assume the Arti,n conjectnre Jor L(s,y) and, L(s,yf;). Then,

l/n > 9.482 e-1035q/n.

This improves on the lower bound fi/" > 7 .7g7 e (13 3al¿)' frorr
I.4. I in the previous chapter.

Proof. Eva\latirLg 2.0.20 with 96 : 1.2 and 9a : 0.033, we obtain

26

-- n and

(2.0.25)

Theorem

1

5.8933 - Z.SIS,l LSSSA,+ 
16'0556

-V 
n2

10.359,2.24t)4 _ _.
n'

where in the last step we used /Ta B < y4+ t/E fo, A a¡d B positive. tr

Corolary 2.O.3, Let y be an i,rred,ucible character of I wi.th a : b : nl2
and. assume the Arti.n conjecture for L(s,y) and, L(s,y¿). Then,

f 1./n > 5.542 e t6.85elr, (2.0.26)

This improves on the lower bound /*1i" > 4.73 e-O3.34/ñ)' from the previous
chapter.

Proof. We evaluate 2.0.20 with Ac : 2.069 and yr¡ :0.05 and use the same
procedure as in the previous corollary. tr

1.ee34+'ufrttu - r)'



CHAPTER 2. BEYOND ODLYZKO'S METHOD

2.1 Small degrees

In this section we use Theorem 2.0.3 to improve on the louer bounds in the
previous chapter for smal1 degrees. We use the same functions (Tartar's and
Perrin-Rious's) as in the previous section, with different ralues of96 andg¡1,
as given in the table below. Unlike in the previous section, u'e keep the n- 1

in Theorem 2.0.3 as this improves lower bounds for small n.
In the following tables, we tabulate the lower bound for 2 < n 120. We

have omitted the case ¿ : 0 as the gains over the Chapter 2 are minor in
this case.

Table 1 Lower bounds for irreducible characters

ax: D ax:bx
?7 Ac gH f)t"> gc gH ¡:,">
2

3

4
5

6

7

8

9

10

11

72

l4
1<

16

77

18

19

20

1.890
1.517
1.35

1..263

t.2t
1.016
1.153
1.115
1..t02

1.1

1.1

t.t42
1.138
1.136
1.160

1.1

1.13
t.2

1.651
0.675
0.378
0.265
0.190
0.153
0.121
0.105
0.088
0.079
0.069
0.059
0.052
0.047
0.043
0.041
0.038
0.035
0.033

7.469
8.636
9.207
9.509
9.68

9.781
9.834
9.882
9.906
9.920
9.929
9.934
9.935
9.935
9.933
9.930
9.928
o or^
9.917

5.997

2.968

2.433

z.isz

2.t69

z.tl+

2.099

2.085

2.081

z.ias

2.696

0.632

o.ior

0.197

0.135

0.116

o¡a

o.072

0.060

0.050

4. 599

5.336

5.559

5.645

s.áe¿

5.t

s.zt

5.715

5.7t4
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