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RESU,[{EAT

Resumen:

En esta tesis se estudian tres tipos de coloraciones de aristas de grafos. En

el primer capítulo, la introducción, damos una breve historia de las coloraciones

de grafos. Luego hacemos una descripción de coloraciones de aristas en las que

dos colores cualesquiera de la misma forman un ciclo hamiltoniano, coloraciones

perfectas, o coloraciones acíclicas, donde dos colores forman un subgrafo acíclico.

También introducirnos un nuevo tipo de coloración, que hemos llamado colorac'ión

aritmétt ca d,e artstas. En cada caso se describen los resultados existentes y los que

se han obtcnido en esta tesis.

En el segundo capítulo nos concentramos en los resultados que obtuvimos en

coloraciones perfectas. Estos corresponden a un análisis de la cantidad de pares

perfectos, pares de colores que inducen un ciclo hamiltoniano, que puede tener

una coloración del grafo bipartito balanceado completo con 2n vórtices, dando el

valor exacto en el caso de que n sea pal y una cota inferior si n cs irnpar.

En el tercer capítulo utilizamos resultados del capítulo 2 para construir una

coloración acíclica del grafo bipartito completo balanceado con 2n vértices, usando

2n * 4 colores, para n un número primo impar,

En el último capítulo, se define la noción de coioración aritmética y se demues-

tran diferentes cotas superiores e inferiores para la cantidad mínima de colores

necesaria para obtenerla, en té¡minos de parámetros como el grado mríximo del

grafo y el número cromdtico inyectiuo, También se ptesentan resr¡ltados sobre la

complejidad computacional del cálculo de una coloración aritmética óptima, i.e.

el cálculo del tlndice orilmético.

En el apéndice damos algunas definiciones b¡ísicas de Teoría de Grafos.



ABSTRACT

Abstract:

In this thesis three types of edge colorings of graphs are studied. In the first chap-

ter, the introduction, we give a brief history of graph colorings. Then we make

a description of edgc colorings in which any two colors form a special subgraph.

An edge coloring is a perfect coloring when the subgraph that these colors deter-

mine is a Hamiltonian cycle, while it is an acyclic coloring when this subgraph is

acyclic. We also introduce a new type of edge coloring, which we call, arithmetic

colort'ng. In each case the previous results and those obtained iu this thesis are

described.

In the second chaptcr we focus on results we have obtained about perfect col-

orings in balanced complete bipartite graphs. These correspond to a quantitative

analysis of the mrmber of pairs of colors inducing a Hamiltonian cyc1e. When

the graph has 2n vertices, we determine the exact value if n is even, and a lower

bound if n is odd.

In the third chapter we use results of Chapter 2 to construct an acyclic coloring

of the corrplete bipartite balanced graph with 2n vertices, using 2n * 4 colors,

when n is an odd prime number.

In the last chapter, the notion of arithmetic coloring is defined. We obtain

upper and lower bounds for the minimum number of colors required to obtain an

optimal arithmetic coloring. These bounds are given in terms of the maximum

degree of the graph and the injective chromatic number. We also present some

results on the computational complexity of computing an optimal arithmetic

coloring.

In the appendix we give some basic definitions of Graph Theory.
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Capítulo 1

Introducción

Grafos y coloración: et hilo conductor de esta resis esrá dado por

las coloraciones de aristas en grafos. Un grafo, informalmente, es una colección

de puntos llamados aértzces, que pueden o no estar unidos por lÍneas, llamadas

ari,stas. Forma,lmente, un grafo es un conjunto /, cuyos elementos se llaman

vértices, juuto con una familia, -8, de subconjuntos de tamaño 2 de V, cuyos

elementos se llaman aristas. Cuando ¿ : {u,u} es una arista, se dice que u y

u soÍ uectnos o vértices adyacentes y que la arista e es incidente en u y en t-l,

También diremos en este caso que u y ?, son los extremos de e.

La teoría de grafos se remonta a la primera mitad del siglo XVIII, cuando

Leonhard Euler modela el problema conocido como "los puentes de Kónigsberg" ,

que pregunta si es posible da,r un paseo por la ciudad cruzando cada puente

exactamente una vez, 124]r.

Por su parte, los problcmas de coLoración en grafos tienen su origen a mediados

del siglo XIX. El primero puede rastrea.rse a una carta entre August De Morgan y

William Hamilton, donde De Morgan pregunta si es posible colorear las regiones

de un mapa con cuatro colores evitando que las regiones que compaxten frontera

tengan el mismo color.

Este problema puede formularse mediante grafos de Ia siguiente forma: Si cada



CAP|TULO 1, INTRODUCCIÓN

región es un vértice y tenemos aristas entrc los vértices cuando las regiones que

éstos representan son vecinas, 1o que estamos buscando es una coloración de los

vé¡tices del grafo con cuatro colores, es decir, una asignación de colores a cada

vértice tal que dos vértices que están unidos por una arista no reciban el mismo

color. Bn general, el problema de coloración consiste en saber cuál es la mínima

cantidad de colores con la que se puede conseguir una coloración como Ia descrita

para cada glafo.

Nuestro trabajo está centrado en coloraci,ones de art stas. Expresada direc-

tamente en el grafo, una colora¿ión de a¡istas es una función que a cada arista

del mismo le asigna un color, de forma que dos aristas que incidcn en un mismo

vértice reciben colores diferentes. AI igual que con las coloraciones de vértices, la

primera pregunta que surge es con cuántos colores como mínimo puede realizarse

una coloración de aristas. A este número mínimo se lo llama índ,i,ce cromáttco, v se

nota ¡'(G). Vizing demostró en 1964 que este número puede acotarse linealmente

con respecto al gratlo rndfiimo del grafo, A(G), que es el máximo número de a¡is-

tas que inciden en un vértice del grafo. La cota que demostró es X/(G) < A(G)+ 1

l56l

Cuando paxa un grafo G cada vértice o tiene exactamente A aristas incidentes,

es decir G es A,-regular, y tenemos que ¡'(G) : A(G), entonces cada color debe

ser usado en una arista incidente en u, para cada vértice ? . Cuando esto ocurra

diremos informalmente que el vértice u ¿e todos los colores o que todos los colores

apaTecen eD u .

Un conjunto de aristas M es un ernparejam'íento si para cada vórtice t, del

grafo, a lo sumo una arista de ,4,1 incide en a. Una manera equivalente de de-

finir una coloración de aristas es como una partición de las aristas del grafo en

emparejamientos; cada clase de Ia partición corresponde a las aristas clc un color

dado. Decimos que un emparejamiento Il,I es perJecto cuando todos los vérticcs

del grafo son el extremo de una arista de M.
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A pesar de que sabemos que A(G) < X'(G) I A(G) * 1y que es posible

determinar eficientemente el valor A(G), la determinación algorítmica del índice

c¡omático X'(G) es difíciI. lvlás precisamente, en [36] Hoyler demuestra que es

Iy'P-completo decidir cuándo tn grafo cúbi,co tiene índice cromático 3 o 4. Sin

embargo, para" grafos bipartitos, aquellos que tienen una coloración de vértices con

dos colores, se sabe que X'(G) : A(G) V que una coloración de aristas óptima

puede encontrase en tieurpo polinomial [38].

En este trabajo se estudian tres tipos de colo¡aciones de aristas diferentes. Co-

menzaremos por las coloraciones pertectas de aristas, lluego coloraciones acíclicas

de aristas y finalmcnte coLoraci,ones aritmétzcas de aristas. Estas tres variantes

agregan distintos tipos de restricciones a 1a coloración de aristas que hemos des-

crito. En la historia de las coloraciones de grafos pueden encontrarse distintos

tipos de coloraciones, tanto de aristas como de vértices, que agregan restricciones

a las originales, en muchos casos con el ob,jeto de modelar un problema particular.

Para mayor conocimiento del tema puede verse [38].

1.1 Preliminares

1.1.1 Coloración perfecta de aristas

Diremos que ura coloración de aristas es perfecta si el conjunto de aristas de cada

color es un emparejamiento perfecto y al tomar el subgrafo inducido por cualquier

par de colores obtenemos w ciclo hamiLtoniano, ciclo que cubre todos los vértices

del grafo. Por lo antes dicho, para que una coloración como esta sea posible en

un grafo G, necesitamos como mínimo que el grafo sea A regular, con cantidad

par de vértices y que tenga índice cromático y'(G) : A. Esto se debe a que,

para obtener un ciclo hamiltoniano con cualquier pa,r de colores, cada color debe

aparecer en cada vértice del grafo. Así esta coloración se relaciona natu¡almente

con los parámetros x'(G) y A(G)
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Con respecto a este tipo de coloración existe una conjetura para grafos com-

pletos con cantidad par de vértices. Diremos que G es tn grafo cornpleto, y lo

notaremos G : K" si el conjunto de vértices V tiene tamaño n y todos 1os pares

de vértices son adyaccltes.

Conjetura: 1 (Coloración perfecta [40]). E ste una coloración perfccta del graJo

completo con 2n uérti,ces, K2n.

Sobre la conjetura 1 Anderson demostró que el grafo completo K2o tiene una

coloración perfecta si p es un número primo impar [4]. El graJo completo 1(r..,.1, tie-

ne una coloración perfecta si p es un número primo impar 15] . Éstas son las dos úni-

ca^s farnilias infinitas para las que sc ha demostrado Ia conjeiura. Tarnbión se sabc

que si 2n € {16, 28,36,40, 50,726,170,244,344,730,7332,1370, 1850, 2193, 3126, 6860}

entonces K2, satisface Ia conjetura (ver l 7]).

Figura 1.1: Coloración perfecta de Ky,+t,p:5

La conjetura 1 es sobre coloraciones perfectas en grafos completos y de ella se

desprende una nueva conjetura sobre coloraciones perfectas de grafos biparti,tos

cornpleLos balancead,os. Un grafo G es bipartito completo balanceado si su conjunto

212/
L---rrr.-r/ 

\ /

?------e f i
33//

"/
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de r'értices 7 se particiona en dos conjuntos X e Y del mismo tamaño, v sus

aristas son todos los subconjuntos {r, u} con u e X,u € Y. Los coniuntos X e Y

se llaman las parles del grafo o sus conju,ntos i,nd,epentLi,entes. La notaciórr utilizada

para este grafo es 11,,,,, donde n es el tamaño de X y de Y. Láufer [41] demuestra

que si K,.,.1 admite un¿ colora.ción perfecta, ertonces 11,,,, tiene un¿ coloración

perfecta. Como hemos dicho, una coloración perfecta de Il, puede existir sólo si

7¿ es par. En cambio, para el grafo bipartito completo una coloración perfecta de

arist¿rs puede existir sólo si el grafo es ba]a.ncead<¡ y adcmás sus palte.s son dc

tamaño 2 o impar rnayor que dos [11]. Cabe dech que una colora.ción perfecta de

K.,,, no implica una de K,,..1, i.e. que el recíproco no es cierto.

De este resultado, y de los a¡les mencionados para 1(, se puede inferir que

Lanlo Kr.o como K2o-y,2r-l tienen coloraciones perfecttus, para p un primo impar.

En 2001, Briant, Maenhaut y Wanless demuestran que el grafo bipartito completo

K¿,¿ admite una coloración perfecta cuando p es un número primo impar 117].

V
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Figura 1.2: Coloraciólr perfecta dc Ko*,p : 5
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Usando el resultado de Lárfer la conjetura I tiene una versión en grafos bi-

partitos completos:

Conjetnra: 2 (Coloración pe-rfecta dcl grafo bipartito completo [60]), Todn grafo

Lti:parfito c:ompleto Kzn \z.n-t para n un entero pos,¿ti,,üo, ad,mi.te una rnloración

perJecta.

Htrsta aquí l<.¡s resultados quc hernos clescritcl se enfr.¡c¿tt solamcrttc en demos-

trar la conjetura 1 para grafos completos, o la conjetura 2 para grafos bipartitos

completos en ciertas subf¿milias cle los mismos. Un enfoque diferente a la conje-

tura fue dado por Wagner [57]. Éste corresponde a una \re¡sión cuarititativa de la

misma, referida a grafos completos. En csta tesis realizarnos un ¿¡.rrálisis sinilar

al hecho por Wagner para grafos completosl pero en grafos bipartitos completos.

EI detalle de los resultados obtenidos se dará en la sección 1.2.1.

1.1.2 Coloraciones acíclicas de aristas

EI segundo problema que abordamos, también sobre coloraciones de aristas, es

el de las coloraciones acíclicas. Una coloración acíclica del grafo G es una colora-

ción de vértices o aristas en Ia que al tomar el subgrafo inducido por dos colores

cualquiera- éstc es acíclico. Originalmente fueron definidas por Grünbaum como

coloraciones de vértices en [30]. Allí él demuestra q:ue tsn grafo planar siempre

es acíclicamente coloreable con 9 colores. Esta cota es mejorada en diversas oca-

siones, hasta que en 1979 Borodin de¡nuestra que estos grafos son acíclicamente

colorcables con 5 colores 114], este resultado es óptimo {39].

Algunos años más tarde aparece la noción de coloración acíclica de aristas. La

notación usada para designar el Índice acíclico es o/(G), i.e. la menor cantidad de

colores con la cual se puede obtener una coloración de las aristas de un grafo G tal

que no existan ci,cl,os bi,uom,áticos, i.c. ciclos que están coloreados con dos colores.

En la literatura puede también encontlarse como Xl, pero evitamos esta notaciór,
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pues la utilizaremos más adelante cuando definamos la coklración aritmética. Con

respecto al índice acíclico se han demostrado algunas cotas inferiores. Para grafos

A-regulales, se s¿be que a'(G) > A + 1. Esto se debe a que si coloreamos el grafo

con A colorcs, el subgrafb inducidc.¡ por dos colorcs es rt 2-fo,ctor, un subgrafo

con todos sus vértices rle grado 2, v es un resultarlo conocido que un 2-factor es

la unión disjunta de ciclos. Para glafos A-regulares con 2n vértices y A > n, se

ha demostrado que n'(G) > A + 2 110]. En el caso de grafos bipa,rtitos completos

balanceados, se ha demostrado que o'(K".") ) n 12 cu¿ndr¡ n es un rrúrrrero

entero impar 111].

En la Figura 1.3 puede verse un pequeño ejemplo de este tipo de coloración.

Figura 1.3: Izq.: Coloración de ¿ristas de 1(a, con 3 colores. Der.: Coloración
acíclica de aristas de 1l¿ con 5 colores.

Respecto del índice acíclico se conjetua que A(G) * 2 es una cota superior.

Esttl coljetura fue hecha independicrrtemente 127] por Fiarrróik y [1] por AIon, Mc

Diarmid y Reed. Pese a que existen trece años de diferencia entre estos trabajos,

los de Fiamóik no fueron traducidos del ruso hasta hace pocos años.

Conjetura: 3 (Coloración acíclica [27]). Para cad,a grafo G, a'(G) < A(G) + 2.

Con respecto a esta conjetura se sabe que los siguientes grafos la cumplen:

Los ¡g#os planares G, que no contienen ciclos de largo 5 como subgrafo, tienen

tudice ¿cíclic<¡ a'(G) < A(G) + 2 [52]. Si G es tal clue mad (G) < 4, rlonde mad es

el miíxirno sobre el prornedio del grado máximo de los subgrafos de G, se tiene
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Figura 1.4: Coloración acíclica dc K¡,-r,p r derivarla de coloración perfecta de
Kr,r,Yt:5

que a'(G) < A(G) +2 [59]. Para grafos planares exteriores, i.e. grafos que pueden

ser dibujados en el plano sin que sus aristas se crucen, y con todos sus vérices err

el borde de la cara exterior ¿'(G) < A(G)+1, e incluso se tiene que a'(G) - A(G)

si A(G) > 5 [37]. También los glafos 2-degenerados cumplen a/(G) < A(G) + I

[12]. Los grafos 4regulares tienen un¿ coloración acíclica con 5 colores [fa]. Los

grafos subcúbicos cumplen Ia conjetura, y si el grafo no es 3-regular se necesita

un color nrerxrs {9]. Ca.si todo grafo A-rcgular cumplc la conjetura [2]. En [46]

prueban ctrue si G es un glafo A-regular aleatorio, a'(G) < A(G) + 1.

Las mejores cotas superiores para un grafo general se deben a Molloy y Reed

[43] quienes demuestran mediante métodos probabilísticos que a'(G) < 164(G),

mejorando a'(G) < 6aA(G), previamente demostrado por Alon et al.: [1]. Con

las mismas herramientas se demuestra en 144] que a'(G) < 4,52L(G), si G tiene

cinlura (girfh en inglés) de ¿l menos 220. Adem¡ís. cn [2] se demuestra que existe

una constante k, tal que si la cintura cte G es al menos ÁrA(G) Iog A(G), entonces

G curnple la conjetura. Por otra parte, Ia mejor cota conslrut:t'i'ua para pirafos
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genéricos es ¿/(G) ! 5A(G)(log A(G) + 2), demostrada por Subramanian [b4].

1.1.3 Coloraciones acíclicas derivadas de coloraciones per-

fectas

Si bien las nociones de coloración perfecta y coloración aciclica de aristas parecen

opuestas, en va¡ios trabajos se ha explorado la posibilidad de construir coloracio-

nes acíclicas a partir de coloraciones perfectas. Además de los resultados antes

mencionados, se demostraron cotas superiores e inferiores para grafos completos

y bipartitos completos, explotando la relación existente con las coloraciones per-

fectas. Por una parte, una coloración perfecta con k colores de un grafo G induce

una coloración acíclica, con ei mismo número de colores, en cualquier subgrafo

inducido propio. Por ejemplo, para grafos completos se sabe que si una coloración

perfecta de K2,a2 existe, entonces el subgrafo inducido I{2n¡l tiene una coloración

acíclica con 2n + 1 colores, es decir con L(Kz.+t) * 1 colores. Esto es 1o mínimo

para colorear acíclicamente un grafo A-regular, como fue notado por AIon et. al.

f2], Esta construcción toma una coloració¡r perfecta de K2n42 y construye lo que

llamaremos una coloración casi-perJecta de K2n*1. La misma se obtiene retirando

un vértice de K2n*r. Así al mira¡ la colora¡ión en el subgrafo (Kr"+, \r) : Kzn+t

y tomar el subgrafo inducido por dos colores, Io que se obtiene es un camino

hamiltoniano, i.e. un camino que pasa por todos los vértices del grafo. A partir

de esta relación, AIon et al. demostraron [2] que son equivalentes:

r El grafo completo K2n¡2 tiene una coloración perfecta.

. El grafo completo K2n¡y liene una coloración casi-perfecta.

o EI índice acíc1ico de K2n+1 cumple a'(Kz"+t) : 2n, -f l.

Un resultado similar, para grafos bipartitos balanceados completos, es menciona-

do por Basavaraju y Chandran [10] donde aseveran que tomando una coloración



CAPÍTT]LO 1, INTRODLTCCIó¡\T

perfecta de Kn¡2,n¡2, y retirando un vértice de cad¿ conjunto de la bipartición se

obtiene una coloración de K,a1.,...1 como subgrafo inducido. De la misma forma

se puede obtener una coloración de Kn,,. En ambos casos la coloración indu-

cida es acíclica, lo que nos da una cota superior para estos grafos a/(K,,,,) (

a'(Kn+t,n+t) 1 nl2. Por otro 1ado, ya vimos que a'(Kn+t.n+t) > n+2, pues este

grafo es regular, y qne a'(Kn.n) > n+2 para n impar, [10]. Por lo tanto, cuando

Kn*2,n+2 tiene una coloración perfecta, se cumple qlue at(Kn,): at(Kn+t.n+t):

n * 2. Se conoce una coloración perfecta L1e Kn¡2,,,¡2 si n * 2 e {p,2p - t,p'}

14, 5, 17], donde los dos primeros se deben a una coloración perfecta de K,13.

Por io tanto, se tiene qle a'(K.,n) -- n + 2,n e {p - 2,2p - 3,p' - 2}, y que

a' (Kn+t.n+t) : n I 2, para n + 1 e {p - l,2p - 2, p2 - 1}, en los tres conjuntos

ant eriores p cs un rrúrnero primo impar.

Por otra parte, dada una colo¡ación perfecta de aristas, b¿sta cambiar el

color en una de ellas en cada uno de los ciclos hamiltonianos, para obtener una

coloración acíclica. El punto crítico es hacerlo con la menor cantidad de colores,

teniendo la precaución de no generar nuevos ciclos con los colores que agregamos.

Usando esta idea, se ha demostrado qtse a'(Kr,r) : p + 2 pata p un primo impar

[10].

1.L.4 Coloraciones aritméticas

En Ia tercera parte de esta tesis trabajamos un nuevo tipo de coloración de

aristas que llamamos coloración aritmética, este tipo de coloración fue definida

por Matamala y Zamora. Dado un gra.fo G : (V, E), consideraremos una función

g : V + N que asigna a cada vértice un número natural. Decimos que p es

rrL potencial para G si la función que asigna a cada arista Ia distancia entre los

números dados por g a sus extremos) es una coloración de aristas. Esta coloración

se llamará La coloración tnducid,a por g. Dl origen de este tipo de coloraciones

es la llamada conjetura de los á¡boles elegantes (the graceful tree conjeture) 148]1,

10
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donde se pregunta si todo árbol con n vértices, tiene un potencial g inyectivo, con

imagen en {1, . . , "}, 
de modo que su coloración inducida sea también inyectiva.

En nuestro estudio se relaja la condición de invectividad, tanto en cl potencial

como erl su coloración inducida, De este modo, decirnos que una coloración de las

aristas de un grafo es arttmétzca si es una coloración inducida por un potencial

del grafo.

Así, dado un grafo G, tiene sentido buscar el mcnor entero positivo É para el

cual existe un potencial g con imagen 3(e) q {t, 2,. . k}. A este número k lo

denotamos Xl(G). Es claro que, como la coloracion inducida usa a lo mas y'"(G)

colores en las alistas, se tiene que X'(G) I x'.(G).

Una uoción similar, estudiada en Ia literatura, es la llamada coloración in-

yectiva de vértices.l La misma pide que vértices con un vecino común tengan

colores distintos. El parámetro asociado se llama número cromático inyectiuo y

se denota X1(G) [3t]. Este número nos dice cuál es el menor número de colores

con que es posible una coloración inyectiva del grafo G. Claramente el potencial

de una coloración aritrnética define una coloración inyectiva de los vértices del

grafo y por encte A(G) < X,(G) a X'"(G).El recíproco es falso y puede verse un

ejemplo de colora¡ión inyectiva que no es aritmética en la figura 1.5, donde se

muestra que para obtener una coloración aritmética, los números que el potencial

rp asigna a dos vértices vecinos de otro dado, junto con el valor del vértice, no

pueden formar una progresión a¡itmética de largo 3.

Figura 1.5: Izq.: Coloración
Coloración aritmética de K¡
coloración aritmética.

11

inyectiva que no
: C.. Vértices:

es aritmética de Kr: C3. Der.:
imagen de1 potencial g. Aristas:

2

3

1

2

1 1

2

,1

I

3

1 2

1A pesar del nourbre, ésta rro es una coloración como ]as desc¡itas e[ esta tesis.



CAPÍTULO 1, INTRODUCCIÓN

7.2 Resultados

1.2.1 Coloración perfecta, resultados cuantitativos

Corrro brer.cmelte comcntamos en la sección 1. 1.1. \\¡agner realiza un análisis

cuautitalivo de las coloraciones perfectas dc /¡, [57]. Attí dcfine 1tr función c(n)

conro cl n¿ixitno nrinrerr¡ rle pares dc coiorcs pcrfectos. sr¡ble todas las coloracioncs

dc 1{.,. n Lrn nírnlero e litcl'o par. Urr p:rr pelfecto es un pal cle colorcs clrrc induce urr

cickr lianriltoniaro en el grafo. Así. si 1L,, ticnc rrna coloraciól perlecta, enlonces

c(n) torntr el uá,ximo valor posible, ("r'). S, trabajo se enfoca a buscar cotas

irrfi:r'iorcs para la flnción c(n),

Tambión extiende esta furrción para números cntcros impares, deflniendo en

este caso urr p:rr perfecto de colores como dos colorcs que ildur:eu un c¿rrlirro

hamiltoniano cl cl glafo. Corno r.irnos arrtes. K2,, tiene una coloración perlecla si

v sólo si 1(2,, 1 tiene Lrna coloración casi pcrfccta. por' 1o qrre inmediatamente se

tieue que c(2n 1) - c(2n.').

Eu 157] \\iagner demuest¡a que para dos mirrieros enteros, n. m ambos impares

v coprimos cntlc sí. r:(nri) ) 2c(n)c(m) . También demnestra quc r:(n) 2 iV(n.),

dondc .p(n) es l¿r funci(»r cle Eu1er.

Err cste trabajo h¿rcemos un a.nálisis sirnilal p:rr:l grafos bipartitos completos

1{,,,,,. Para un cntclo Jrositir.o n ciefinimos la función pf(n) corno cl máxirrio nirnrero

de pares pclfccrtos sobre todas las coloracioucs clc 11,.,.r. Se sabe, por los resultados

de \\¡arrk:ss en 161] que para n un entero par, pf(n) I jr' y r¡rc csta cota sc alcanza

cu¿:rd,, r,: l7r. ¡'¡r¡,¡ ¡ un rrúmero primo impar.

Nosotros dcmostramos que pf(n) > ]n2, para todo n l7l. Err el caso cle ¡¿

pal, cstc lcsultado implica que pf(n) - Jn2. Esto Io clc¡nostlarl<¡s darrdo urra

color'¿rcicin cxpiícitn de 1'(,,,,, con 1n2 pa.es perfectos.

Los otros resultados concenrientes ¿r esta frrricirin están errfoc¿rdos ¿r encontr¿u

cotas infcliorcs para pf(n) cuando 7¿ cs un núrnero cornpueslo. Para esto debemos

12
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extell(ler la nrir:iórr de color¿rción perfccta al caso de familas de enrpare.jarnicntos

perfectos, disjuntos dos a clos. de tamaño m ( n. Así se dcfrne pf(m, ri,) como el

m¿ixirno ntirlero do pares perfectos 
",r 

una familia de tamairo rn. dc ulo factores

de t¿rrttaño r¿r con /7¿ ( n. De est¿r fbma. l¿i familia cs perfecla si pf(nr., n) : (]).
Los resull,aclos que obtelcrrros en esta dirccciór son quc para torlo nirmero impal

y corrpuesto n. col p sierrdo su menor dir.isor pritrro, pfin.n) > pf(p, f )(i), f
que p¿ra clos nÍrmeros ctnteros imparcs n ), m.. talos que 3 ( m ( n, se cntlplc

qne pf(nr. rt) > )ni. En comparación a 1o hecho por \Vaglcr, nuestro trabajo

logra rnejorar Ia cota !f(n), (llre para cicrtas subsuccsiones infinitas dc enteros n

es o(n2), por la cota 1n22.

Err l:r figura 1.6 Jnede versc 1a consl rucción para i¿ - b. Pa.ra leer cl <u¿r-

clr¿rclo iatino dcbc:rrios t,en€rr on cuenta que l¿rs colunrnas pueden numelar.so con

los vr'r'tices de uno cle los conjuntos de la bipnrtición del grafo y los símbolos en

cacl¿r celcla corlo los vórtices del otro corrjunto de la bipartición. De esta forma

cada fila representa un uno-factor ctr el grafo, Dadas dos fllas, 1os urro-factores

representarlos forman tn par perfeclo sl cl ciclo que sc describe tiene largo 4p. v

no forrrr¿rrr rrn par pclfecto si el ciclo se cierra arrtcs. En la figura t:st¿in ntarcados

clc¡s ciclos eutle 1as fil¿is del cuadrado, las filas cle 1a prilner:r mitad dcl cuadrado

co]r respccto a la,s dc Ia segunda mit,ad {brruan parcs perfectos, mientras qrre la,s

fila.s de nna nrisrna mitad cier¡an sus ciclos antes de recorrcr arnbas filas. (En Ia

figura 1.7 la bivección utilizada entre el crradrado latino l. el grafo bipartito es la

misnra qrrc ¿rc¿rbarlos dr: rlescribir. \'¿l csto se le agrega quc el color de cada crlcla

repros rta el cc¡lor de ia arista qllc une a.l vérticc clrie da, norrrblc crr la columna

col el r'ór'ticc que reprcsorrt¿r el símbolo dc la celda).

2Los rcsrtltac'los cuantitativos sob¡e coloraciones perfcctas compren<1e¡ un ¿¡rtículo sor¡eticlo

áo' ,,uN
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Figura 1.6: Cuadra.do Latino de orden 2p,p - 5, donde se muestran los ciclos
Hamiltonianos y los de largo 2p.

1.2,2 Coloración acíclica

En la subsección anterior se mencionó que probamos qte pf(2n,2n) : 1Q")'.
Este rcsultado sc r.:btuvo mcdiarrte Ia construcciórr de una colc¡ración de K2n2n

con n2 pares perfectos. Cuando n es un número prirno, esta coloración tiene una

característica adicional: los pares de colores que no son perfectos inducen en el

grafo exactamente dos ciclos, cada uno de largo 2n. Esta propiedad nos permite

construir una coloraciórr acíclica dc I{2n,2,,, para n uD númcro pt imo! qrre mejc,r¿

los resultados conocidos. Pese a que esta cota no llega a ser Ia propuesta por

la conjetura 3, hasta alora no existía ninguna cota cerc¿na para la coloración

acíclic¿r, de este grafo.

La colr¡raciórr acíclica que cr.¡ntl uirlos para K2o,2o liene 2p + 4 colores. Esto

implica que a'(Kzp,zp) < 2p + 4 [8]. Para demostrar este resultado nos apoyamos

14
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en algunas icle¡rs de la construcción propuesta en [10] para obtener una coloración

acíclica de Ko,r,con p un primo impar. A1lí toman una coloración perfecta de

Kr,o, con los colores 1, . . . ,p y un emparejamiento perfecto M con una arista de

cada color. Se recolorean las aristas de .4.{ con el color p} 1, con exccpción de tlos:

una de ellas mantiene su color original y la otra se pinta con un nuevo color p+2.

Nuestra construcción aplica estas ideas ¿ cuatro copias de Ko.o qtoe particionan

las aristas de l(,- '-.
Eu la figura 1.7, se pucde r-er la «.¡rrstlucción en un cuadr¿do l¿tinr.¡ de ordcn

2p, p'ata p un número primo impar, cuando p : 5, (ver explicación sobre la

biyección entre el cuadrado latino y el grafo dada en el último párrafo de 1.2.1).

-0

r!
ro,

e!

rl
r1o

rl
tl,

r!,

r\

Figura 1.7: Coloración acíclic¿ de K2r,2, vista en un cuadrado Latino de orden
2p,p:5.

1.2.3 Coloraciones aritméticas

Por las relaciones explicadas en 1.1.4. el índice aritmético Xi(I{") del grafo com-

pleto de tamaño n es el rnenc¡r número entero m tal qrre existe un conjunto de n

números naturales sin progresiones aritméticas de largo 3 con máxirno elemento

m. La dctcmriuaciótt dc este uúmcto correspondc a uu problena arrtiguo de la
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teoría de nírmeros que recibió mucha atención durante gran parte del siglo pasa-

do, formulado inicialmente por Erdds y Ttrrán 123]. Utilizando la relación entre

el número cromático inyectivo y el índice a¡itmético, demostramos que para un

grafo general G se cumple que ¡i(G) < X'"(KxJe).Se demuestra también una

cota súper lineal para un grafo general, en términos del núme¡o cromático inyec-

tivo y de las cotas conocidas para conjuntos de números enteros sin progresiones

aritméticas de largo tres. Esta cota es: ¡l(G) I X.G)ztñt"e1JG». Se puede ver

también que los grafos completos son extremales para esta cota súper lineal.

Para ciertas familias de grafos, los drboles y los grafos bipartitos probamos

una cota superior lineal para el valor de y'"(G) en términos del parámetro X¿(G).

Más precisamente, probamos que X;(G) < 2y¡(G)-1para grafos bipartitos. En la

figura 1.8 se ve la coloración aritmética de K7,7. Los grafos bipartitos balanceados

completos, son extremales para esta cota. Dado que en un árbolT,y¿(T): A(7),

este resultado implica que X'"(T) 12LQ) - 1, pues los árboles son bipartitos.

Para los árboles, conseguimos mejorar esta cota: demost¡amos que pa.ra un árbol

7 de grado máximo A, el índice aritmético cumple X',(7) < f5A/3] - 1.

Pa¡a el Índice inyectivo se sabe que en función del grado máximo existe una co-

ta superior cuadrática para todo grafo G, Xr(G) < 42-A+1 [31]. Si relacionamos

la cota obtenida en función del índice inyectivo para grafos generales con el grado

máximo del grafo, 1o que obtenemos en nuestro caso es una cota súper cuadrática.

Tlabajando en esta dirección, lo primero que demostramos es un resultado para

grafos bipartitos que son el grafo de incidencia dc un plano proyectivo de orden

A, P¡. En este caso probamos que Xi(P¡) : A2 - A + 1. (Un cjemplo puede

verse en 1.9.) Luego para un grafo genérico G demostramos una cota cuadrática

en función de A(G), probando que se cumple que ¡'"(G) < 2A(A - 1) + 1.

Un segundo aspecto de las coloraciones aritméticas desarrollado en esta te-

sis es el estudio de la complejidad computacional de problemas rclacionados al

cálculo de ¡i(G). En este aspecto demostramos que para encontrax la coloración

16
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7

Figura 1.8: Coloración a¡itmétict-r, de K,..n. n, : 7
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Figula 1.9: Color-¿rcirin alitrrrética del Plano pr.o\.ecti\1r p - 2. S - {0. 1,3}

aritilétic¡r riptirra clc fieltas f¿rmiliirs rle glafbs existcn algoritrnos eu tieup. poli-

nornial. ¡ror cjcrirplo eu la f¿i¡rilia dc lr,r¡ ¿irl¡oles. Pero ilclLLsci para grafo; regnlares

cle grailo 3 es un prolilelna NP-corl¡rleio rlecidir i rránclo 1l(G) I 4. pese ¿r csto.

Iar';r .rlgrrl1as fanrilias rk: gr iifos e" posihlo errc.lntr¿r 11rr rrlggritiro rl¡r api.crxi¡racióir
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en tiempo polinomial, por ejemplo grafos split. Sin embargo probarnos que esto

no es posible para Ia clase de grafos chordal3.

Adicionalmente hemos determinado el índice aritmético para productos ca.r-

tcsianos de ciclos y caminos. Para Ios casos trabajados se cumple que ¡! < 6,

pero su valor exacto depende de los largos de los caminos y ciclos considerados,

Io que se resume en la figura 1.10.

Figura 1,10: índice aritr¡ético de producto de ciclos por carninos.

Urr ejernpkr complcto de una r:olora.ción aritmótica se vc en la figurc 1.11.

Figura 1.11: Coloración aritmética de Ca^JPn.

3l-os resultados mencionados eu esta subsección coinciden con el a¡tículo sometido 16], y
fueron obte¡ridos en trabajo conjunto con Nl. Chapell, M. Ivlatamala, I. Todinca, J. Za¡tora.
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P2 .¡3 t) Ps P6 P7

C¡ 4 6 6 6 6 6

C¿ 4 5 5 5 5 5

Cs 4 5 5 í; 5 6

Ca 4 5 6 6 6 6

C7 4 5 6 6 6 6



Chapter 2

A quantitative approach to
perfect one-factorization of
complete bipartite graphsl

2.L Abstract

In this work we prove that pf(n) > jn2 for a\l n, ) 2, where pf(n.) is the maximum

over all one-factorizations .F ofthe complete bipartite graph K",,. ofthc number of

pairs of perfect matchings in F inducing a Hamiltonian cycle in K,.,. For r¿ even

tlris lou,cr bound is knorvn to be an uppcr bound which proves that pf(n) : ln2,

for even n. For odd r¿ we can improve this lower bould to pf(n) > ]n'?.

2.2 Perfect one-factorizations

A one-factorization of a graph G is a partition of its set of edges into perfect

matchings (see Wallis [58]). The union of two distinct perfect matchings (or

l-factors) A and B in any one-factorization of a graph G induces a spanning

subgraph G¡.¡ which is the vertex disjoint union of cycles. When this graph G ¡,8

is a Hamiltonian cycle the pair A, B is called a perfect pair. A one-factorization

F is perfect if the graph induced by any two distinct perfect matchings in .F is a

Hamiltonian cycle (see Seah [42]).
lThe results in this chapter are part of a joint wo¡k with Martín N'latamala, [7].
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^Ihe perfect one-factorizati,on conjecture states that for any positive integer n,

the complete graph K2n admits a perfect one-factorization. The conjecture seems

to be first explicitly mentioned in 121]. There are only two infinite families for

which it is known that K2, has a perfcct one factorization: z e {$,p}, for any

prime p [4, 40].

A quantitative version of this conjecture was pursued by Wagner [SZ]. f'or

even n, Wagner defined c(n) as the maximum over all one-factorization t of Kn

of the number of perfect pairs in F. For odd n, c(n) - c(n + 1). Then for

any evcn n such that K, has a perfect one-factorization, "("): (i'). Wagner

showed that c(nm) > 2c(n) . c(m) whenever m a:nd n are odd and coprimes and

c(n) > n$(n) 12, where n is odd and @ is the Euler totient function.

In this work we make a similar analysis for complete bipartite graphs. For a

positive integer n we define pf(n) as the maximum over all one-factorizations F
of K,,n of the number of perfect pairs in -F. As before, if the complete bipartite

graph K,., has a perfect one-factorization, then pf(n) : (;). It is known that if

K,, has a perfect one factorization then K,,-1,, t has a pcrfect one-factorization

(see Wanless and lhrig 162]). Hence, the perfect one-factorization conjecture leads

to the following version for complete bipartite gaphs first stated by Wanless in

[60].

Conjecture: !. For euery od,d. n ) 3, pflr") : ,b? : (;)

In contrast for each even n it is known that pf(n) 1714n2 and that this upper

bound is achieved for each n:2p, where p is an odd prime [61]. Our first result

given in Theorem 2.2.7, is a construction that shows that pf(n) :714n2 for each

even n.

Our presentation is easier to undcrstand in the language of Latin rectangles.

Given two positive intcgers rn and n with rn ! n, a" Lati.n rectangle L of size mxn

is a matrix with m rows and n columns filled with symbols in an alphabet X¿ of

size n, such that each row contains each symbol in D¿ once, and each column has
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each symbol in D¿ at most once. When r¿ : n a Latin rectangle is called a Latin

square of order n. Two rows z and j of a Latin rectangle L of size m x n form

a perfect pair if i I j and the permutation Z¿,¡ which assigns to the symbol r in
row i and column k the symbol g in row j and column k is a cyclic permutation.

We denote bv pf(n) the number of perfect pairs in a Latin rectangle .R and by

pf(m,n) the maximum of pf(A) ove¡ all Latin rectangles of size m x n. Then

pf(m,n) I (!). Wfren a Latin rectangle of size r¡r x n achieves this upper bound,

it is called a perfect or pan-Hamr.Ltoni,an La,tirr rectangle ([35],[60]) It is known

that there is a one-to-one correspondence between perfect Latin squares of order

n and perfect one-factorizations of Kn,n ([62]). Hence, pf(n, n) is in fact the same

as pf(n).

We label rows and colums of Latin rectangles with symbols from their alphabet

usually implicitely.

Theorem 2.2.1. For each euen n, pf(n) : f,n2.

Proof: We only need to prove that for each even n, there is a Latin square of

order n having jn2 perfect pairs.

In the rest of this proof a1l additions a¡e ma.de using arithmetic ir Z+. Let

á, B and C thc following Latin squaros of orders |. For each i, j €Zi,

. A(i,.j): j +i

. B(i,j): j+i+1.

. c(i,j): j_i.

Let D bc the Latin square of order n with Dp : Zt x {0, 1} and defined as

follows. For a,c €Zr. and b, d € {0, 1},

o D((a,,b),(c,d)) : (C(a,c),0) when b: d: 0,

o D((a,b),Q,Q) : (C(a,c),1) when b:1: t - d,
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o D((a, ú), (c, d)) : (A(a,c),l) when t - b: d: 1, and

o D((a,t),@,a)) : (B(a,c),0) when á: d: 1.

In the definition of D, rows and colu¡nns are indexed by symbols in E¡.

It is easy to see that for each pair (1,0) and (1, 1), the permutation D(¿,0),(¿,r)

satisfies Drt,o¡,1¿,,¡((-t,0)) : (-r + 1,0), for eanh i,l,t € zi. Therefore, the

permutation D1¿,0¡,p,r; is a cyclic permutation for each pair i,l e 2.. This finishes

the proof. tr

The Latin squares ,4, B and C given in the proof of Theorem 2.2.1 all have

order m : ?. I" the sequel, these Latin squares will be called Cgclic Latin squares

of ord,er m: They are obtained by cyclically rotating a fixed permutation of a set

of m symbols. It is clear that for rn prime, they are perfect Latin squares.

By using arithmetic in Z^, g\ven two rows a and a' of C the permutation

C,,a(r) is given by C",¿(c): r + a- at. Hence, if C'",",(r): z for some r, then

a: a' or I and rr¿ are not coprimes. We shall use this property in the proof of

the Theorem 2.2.2.

Let R be a Latin rectangle of size m x n a;nd let r be a row of fi which we use

as a reference. We denote by .Bo the permutation Ro,,, for each row a of ,R. With

this notation, for every two rows a arrd a'of ,B we have the following relations:

R;' : R;,, and r8",", : Rit " R".

In Theorem 2.2.2, we describe a way to construct a Latin square ,4 of ordcr

n bascd on a perfect Latin squares P of order p, where p divides n, a Cyclic

Latin square C of order ff and a Latin rectangle K of. size p x ; such that

pf(K) : pt(p,|). Roughly speaking we use the perfect Latin square P to glue

cycles of the row permutations of K into cycles of length n. This defines a Latin

rectangle K' of size p x n such that pf(K') - p(l(). The final Latin square á is

built by taking f copies of the Latin rectangle K' glued appropriately with the

hclp of the Cyclic Latin square C.
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an od.d corn,posite integer and let 7: be the smallestTheorem 2.2.2. Let n be

prime rlr,uzsor o.f n. Then,

pf(n,n) > pflp,?\t?)'.pt)

Proof: Let P, K be Latin rectangles of sizes p x p and, p x 3, respectively, such

that pf(P) : (!) and p(1() : pf(p,?. Let C be a Cyclic Latin square of order

f . We assume that the set of symbols of P, K and C satisfy »p g»c:»K.
Let D7 :: Dc x Dp and let ? be the Cartesian product of C and P given, for

each (a, ó), (c, d) e 17, by

r ((a,b), (", d)) : (C (a, c), P (b, d)).

Notice that we are implicitly labeling rows a¡rd columns of 7 with symbols in

D7. It is not hard to see that for every (a,b),(a',A) € 87, the permutation

T6,o¡,1o,.0,¡ is the Ca¡tesian product of the permutation C,,", and P¿,¿,. |¡s¡ss,

symbols appea.ring in rows (a, b) and (a', U) of T can be o¡dered (by permuting

columns if necessary) as

7((a,ó),.) : (r,s) (C",",("),Pt,u@D...(C:;)@,Pi,i'fuD..,

T((a',b'),.) , (C.,",("), Pt,u(s)) (C2,",(r), Pl,(a)). ..(CL",("),s).. .

Given a fixed symbol oo e Dp,let 7/ be the n x n matrix obtained from ? by

changing in each row (a,b) of T the synibol (x,or)by (KuloC!(r),or), for each

c <»c:»K.
In order to prove the result, it is enough to show that 7/is a Latin square

and that for each pair (á, ó') which is perfect in K and for every o and at in Es,
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tlre pormntation T(,,¡,A,,n,.¡ is a cyclic pcrmrltation.

As 7' is obtainerl try modrfi.ing only svmbols of the fbrnr (2, r.r, ) u,.e gel tllat

ro\\rs (o. ó) and (a'. b') n T' arc given by:

24

T' ((a, b). .)

7'' ((a.' ,b'). .)

(t;;1 " C¡1r\,or¡ (C" ",(r),Ii.u(.op)) (C,,,"(r), Pr,tb))..

(C 
",, 

(,), P¡,u @)) (ci.,,, (r). pi., @o)) . . . ( K i, o c!, (C! . (i). op) . .

Flom tho deflnition ol Co rvc gct that

c:,(c:,",(ü) - (c"," c",";)e(:r) : cilk).

If z denotcs l{ut o C!(r), then we have that

K ¡1 " c:, (c::.,,, (r)) : I< it QX(,) ) : 1i;' o t{ 6( :) : K 0., (,)

Thereforc, afterp rtcratiorrs of 7'thc symbol (.z,or) is transformed in (1(6y(.2).or).

fbr ear:h a and a.' irr I¿,. Hencc. if (b, ó') is a pcrfect pair in K. tlxrn the permu-

tation {",6;,1,,r,,, is cyclic, for cr.ery a and a' irr X6.

Il rcm¿rins to shorv that 7' rs a Latiu squa.re. It is clcar that the Cartcsiarr

product 7 is a, LaLin square. By thc ricfirrition of 7.' u,'c oniy need to r:hock that

tlre urodificatiorr (2. or) + (1{t' oCtl,Q),or) induces a permutntion of X7 in car:h

rorv and e¿rch column. By definition Kut o C! is an rr¡ective functiorr. Hence,

thc first componcnts of the symbols in each rorv of ?" fr¡rms a permut:rtiorr of D7.

Therefbrc, e¿rch row of 7' is a permutation of X7. Let us ¿tssLlme that for sorne

ror.vs (a, b), (o,'.b') arrd some columrr (c. d) ol 7' rve have that

Ko1 o C!,(C(a,")) - Ki' o C'Pr(C(a',c))
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and P(¿r, d) : or: P(b',d). Since P is a Latin square we have that ó : ó' which

implies that

C!(C (a' c)) : CP., (C (a', c)).

From its definition C;c o Ce, : CX,,o a¡d C(a',c) - C",¿(C(a,c)). Therefore,

C(o.,c) : Ceo,,o C.,",(C(a,c»: Ce;:(C(a,c)).

Since C is a Cyclic Latin square of order i and p- 1 does not divides I we get

that a: ¿/. Hence each column of 7' is a permutation of 17. Therefore 7' is a

Latin square. This finishes the proof.

ü

When proving Theorem 2.2.4, we use induction on the size of Latin rectangles.

The induction hypothesis will give us a Latin rectangle K of size p x ff such that

pf(K) > ip' . By plugging this into Theorem 2.2.2 we obtain the result fo¡ Latin

square: pf(n, z) > f,n2 . l, order to get the result for Latin rectangle, we have to

choose some rows of the Latin square so as the resulting Latin rectangle has the

desired number of pcrf'cct pairs. This last step can be achieved by using Lemma

2.2.3 which provcs that a Latin square of order n with more than ]n2 perfect

pairs has m. rows such that the subrectangles induced by these rows has more

than ]m2 perfect pairs. In fact, the property is slightly more general since it

corresponds f,o a" densrty property of subgraph of a d,ense graph. For a graph

G : (V, E) we de¡rote by e(G) the ca.rdinality of the set of edges E and by o(G)

the cardinality of the set of vertices V.

Lemma 2.2.3. Let G be a graph on n uerti.ces ltauing e(G) > f,nz. Then,, for

euery 3 .1 m. I n, tfrere is a subgraph fI oJ G with a(H) :7¡¡ and e(H) > lni.

Proof: The case 3 : r¿ : n being obvious we can assume that n) 4. We proceed

by induction on n. By deleting edges we can assume that !nn2 < 
"(G) 

< f,n2 + t.
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We know that the minimum degree á(G) of G satisfies 6(G)n < 2e(G). Hence,

6(c) S B + 1. Let o6 be a vertex with d6(?s) : á(G). Tlien, e(G - uq) :
e(G) - ó(G). For even n, we have that

^ p2 n 2 (n-112 3 2,i(J-¿'o) ? q.tL-, ;-'/--,-¡-;

For n ) 4 rve havc that f -| > O whlctr implies e(G - ro) > 0?I. For orld

n ) 5, we have that f < |, Hence, á(G) < + and the following inequalities

hold.

n2 n-1 (n -1,\2 I (n -7\2((G-do) > 4- 2 
:--4-+Ar--¿=.

Therefore, the subgraph G - a6 has n - 1 vertices and more than ](n - 1)2 edges.

By the induction hypothesis, for each m,3 1m 1n - 7 there is a subgraph 11

of G * un such that u(H) : m, and 4e(H) > m2. As II is also a subgraph of G,

we get the conclusion.

tr

The result is tight in the sense that we can not replace the strict inequality in

the hyphotesis by inequality even if we relax the conclusion in the same manner.

In fact, the complete bipartite graph 1(,,,, has n2 edges and 2n vertices but any

subgraph with 2n - 1 vertices has n(n - 1) edges.

Theorem 2,2.4. For each odd i,nteger n and each m, with 3 ( r¡¿ ( n, we haue

that pflm,n) > f,m2.

Proof: We proceed by induction on n. The basis case, n - 3, is obvious. If n is

a prime number, thcn we know that a Cyclic Latin square C of order r¿ satisfies

pf(C) : (!). Given m, with 3 1 m 1 7?, v/e can choose any Latin rectangle B

f¡om C of size m xn and we have pf(rt) : (!). Ttren pf (m,n) : (T) , i*',
when m ) 3.
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If n is a composite number, then let p be the smallest prime divisor of n,

Ffom Theorem 2.2.2 we know that pf(n, n) > pf (p,?G)'. As f, is odd, less than

n and at least p, we can apply the induction hypothesis to get that pf(p,|) > ip,
which shows pf(n,n) > jnz.

Let /y' be a Latin square oforde¡ n such that pf(¡/) > lnz, L"t G be the graph

on »N such that ab is an edge of G if a¡d only if A{n.6 is a cyclic permutation.

Then e(G) > |n2. From Lemma 2.2.3 we know that for each m, with 3 ( ¡n ( n,

there is a subgraph 11 with e(I1) > |rn2 and u(H) : m. Therefore, the Latin

rectangle ly''obtained from Iy' by choosing rows whose label is in the set of vertices

of 11 satisfies pf(N') > |rn2. This shows that pt(m,n) > lm2.

2.3 Conclusion

In this work we have considered an approximative version of Conjecture I focusing

into uniform lower bounds fo¡ the function rp(n) :: pf(n) ln2: we have proved

that rp(n) > ], for each odd n.

Proof of Theorem 2.2.4 suggests the following weakening of Conjecture 1.

Conjecture: 2. For euerg two odd integers n) p) 3, rp(n) / rp(p).

If true, then our lower bound ] might be replaced by j which is best possible

since rp(3) :]. Flom the proof of Theorem 2.2.2 we can prove that rp(n) :

pf (n,n) ln2 > pf (p,"lp)lp'when p is a prime that divides n and n ) p2. Hence,

for p a prime divisor of z such that f < nwe have rp(n) > rp(p) if the following

is true.

Conjecture: 3, For e'uer1,1 two odd tnte.gers p and,n wrthp < n, it hold,s p\p,n):
pf,p,p): pf(p).

We have confirmed Conjecture 3 when p and n are odd, p < n atd p < 25.
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Chapter 3

Acyclic edge coloring of the
complete bipartite graph K2p,2pl

3.1 Abstract

In this work we prove that there is an acyclic edge coloring of the bipartite graph

K 2.p,20 wilh 2p I 4 colors, for p prime. For this purpose we use a partition -F of the

sct of edges of K2r,2o into 2p perfect matchings with p2 pairs of perfect matching

in -F inducing a Hamiltonian cycle \n K2r,2r.

3.2 Introduction.

An acycli.c edge coLoring of a graph is a proper coloring of its edges in which

the subgraph induced by any two colors has no cycles. The acyclic chromati.c

tndet of a graph G is the smallest irrteger k such that there is an acyclic edge

coloring of G using k colors: it is denoted by a'(G). It has been conjectured that

a'(G) < A + 2, for any G [1, 27]. This conjecture is still open even for balanced

complete bipartite graphs. It is known that for an even number n a'(K",.) > n*7,

and for an odd n, a'(Kr,n) ) n I 2 111]. Moreover, it is known that if K,,,, has

a perfect factorization, then n is odd, and a'(K. z,n-z) 1a'(Kn-t,n-t) < rz [tO].

Aditionally, if Kn11 has a perfect factorization then K,,,,, also does [41].

lThe results in this chapter are part of a joint v¡ork s¡ith Martfn Matamala, I8l.
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The only values of r¿ fbr which it is known lhat a'(Kn,n) 1 n * 2 is when

n€ {p.p-7,p 2,2p-2,2p-7,p'-Z,p'-1}, for aprimep [t0, 1].

AII these results are obtained from perfect factorizations of auxiliary graphs

but, with two different techniques. On the one hand, all but the first one a¡e

obtained from perfect factorizations of Kp¡t, K2p a,\d Krz,rz with p,2p - 7 and

p2 colors -one for each one-factor-, respectively, by removing one or two vertices.

Clearly, any perfect factorization of a graph G defines in any proper induced

subgraph an acyclic coloring. On the other hand, the first one is obtained from

a pcrfect factorization {Mr,. . . , Mo} of Kr,, and a perfect matching M tbat

intcrsects M; it exartly one edge, for each ¿ € {1, . . . ,p}. The acyclic coloring is

defined as follows. Each edge in MnM, with 7 < i < p is colored with color

p * 1,the edge in M ñ M1 gets color p* 2 and each remaining edge get color z if

it belongs to M¡\ M, for each , € {1, . . . ,p - I} and all edges \n M, get color p

[10].

In this lvork we improve on the best known constructive upper bound a'(K,,,,) <

5n(log rz * 2) proved in [54], when n - 2p and p is prime. We prove that

a'(Kzp,zp) < 2p + 4. The const¡uction used to color the graph is based on

a one-factorization of the K2p,7p with p2 pairs of perfect matchings inducing a

Hamiltoniarr cycle, similar to that done in [10].

3.3 Some special matchings and perfect match-

ings of Kzp,zp.

Let K2o,2o: (X UY, E) be a balanced bipa.rtite graph with independent sets X

and Y cach of s\ze 2p. Our construction is easier to describe by using arithmetic

in Zr. Hence, from now on all the arithmetic operations will be carried otfi in Zr.

Let us assume that X : {t) : i € {0, 1}, j € Z} and V : {si, i € {0, \}, j e Z,e}.

The following sets of edges will be the fundamental paxts of our construction.
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For b € Z,p, we deflne

Pb : {rratj+blj € ze}, So - {*}al_p*rt j € zp} ,

a' : {"}a}li ez,\ ard H - {ro,y}li ezp}.

For a generator a of Zi, we also define

Qo: {rls', "oU 
e zr}, Ro - {rlyt**"ol¡ e zo},

y - {r)a'"¡,3 ezo} and s' : {ro¡yl¡ ,lj e%1.

One can see that for each b, ó' e V,e nhe following seLs are perfect matchings

oÍ K2o,2n: PoU Q¡,, Rt t-) St,, and also P'U Qt arild,9'U ¡?'. Nloreover, the set

F - {Pbt lQb, RbU 56 b e Zo} is a partition of the set of edges of the graph K2o,2o

into perfect matchings, i-e. .l' is a one-factorization of K2o.2o (see Figure 3.1),

Figure 3.1: Structure of the graph

Among the sets Pb, Qb, Rb, Sb, P' , Q' , S' and, R' there are only a few non-empty

intersections. In fact, the only non-empty intersections are F6 ñ I,, for I' e

{P,Q,11,5}.It follows that FnF¿: {efl}. where a - (a - 1)-1,

30
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ef : ro ¡¡a¡tUl--1r+a¡r, and ef - xr-'aoa9-.O+a)t-t.

All the sets described above use a function o",p(z) - oz * p, with a, B e Zo

and a 10. In the sequel we shall use the following properties of oo,B

For each B e Zn, o..,p is a bijective function whose inverse is a;|(. ) : SO

o',,¡(z) : ai z + frfff, for a f t and, o\,"(z) : z i ib.

For a f t, o'",8Q): z if and only if ¿i - 7, or z

generator of the multiplicative group, the smallest

i:p-1.

For 13 l\,oi,uQ) : z if ancl onlv if i is a multiple of p.

_b
l-o

i such

. When a is a

thatat:1is

3.4 Cycle structure induced by two matchings.

\ ¡e start by considering the cycles that can appear when we take the union of

two of our initial sets.

Lemma 3.4,1. For each b,b' e Zp and, any F e {P,Q,R,S},wehauethatF6UF|

i,s a cycle of length 2p.

Proof: We use the scheme given in Figure 3.2 to describe the graph induced

b¡, edges in P¡ U 4,. By starting at ::! we continue to y,0*u by an edge in Pó and

then we go to r!*o o, by using an edge of P¿,.

"0'i+(b-b )
,u Pu ^o Pa
Ji -........-........_ yt+b 

-,!*10.o,t L ú*rro o, L rl+z(o-0,) " a?+ub-(r..rb,) 
lL 

r!¡at-a,t

Figure 3.2: Scheme c¡f the graph induced by Pt, and Pt,.
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Since ó I y, ihis path continue until we get r! again. This happens only after

2p steps. The a.nalysis of the other cases is similar and it is depicted in Figure

. Qo Qa' aL
t) 

- 

ll¡ ." 

- 

¡i ,¿ o I Uát-attt tt-t¡t,', 

- 

¡i t¡o-a,
R¡ R¡, RL

"'! 
- 

?tl¡*,a 

- 
f,Y+rr,-¿,) !i¡+ot,¡ tt r)6,) 

- 

r:+¡(ü-b,)

, s¡ -o 5o' -r ^.0 $' -,¡; .................._ A, \btt) 

- 

r t-tt,-L' 9¡-üb r t, l)á/) 

- 

J,tr\ó-ü"

Figure 3.3: Schemc fo¡ the c"vcles inchrced by Q¡l Q¡', rQ¡ U 1iy and ,9a U Sy.

Lemma 3.4.2, The followi,ng sets i.nd,uce Ham'iltonian cycles.

o For each b,A e Zo, the set P6l Q6ú Ry U Sy.

o For each b + -a, the sets 56J R6U Pt U Qt and, P6U QbU S' ¿ Ri.

c The set P'UQ'U S'U R'.

Proof:

We again describe the situation by using a diagram given in Figure 3.4.

h, ^ St,, Qt , Rt'
.ty 

- 

lti-t 
- 

/l-1t-a'+rl - !);..tr.t, 
- 

¡i+l

^P'^R"a"S',ri 

- 

gZ¡ 

- 

r',t* 
- 

P;t.l 

- 

rir j

^P'^S¿A',R¿n

n Po n R, ", Qo ^., S, -or'; 

- 

U,tr, 

- 

";+.1t - 9itótt ¿)tt - ri+ht ¿)tt

n

Figure 3.4: Sets rleflning Hnmiltonian cycles.
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In the flrst two cases, after following 4 edges of the cycle we go from r! to

r!*, or r0_,. If we go on 4p edges the verrex will he r!*, and rro*e. which is r!
since P:0. In the other two cases, asb+awe havethat ó(1-a) +110. Then,

the cycle will have 4p edges.

3.5 Non-acyclic colorrngs.

If we color the edges of the set P¿ U Q¿ with color ó a.rrd the edges of the set

r?¿ U,S¿ with color p f ó, for each b € Zo, then we obtain a (proper) edge coloring

of K2o,2o with 2p colors. Let us call this coloring C1.

From previous results, given any two colors c and c' of C1, the subgraph

induced by the edges colored with these two colors is a 2-regular graph which

consists of one cycle when 01c <p< C <2p, and two cycles when 0 ! c,C < p

orp !c,c' < 2p. Inthe first case, thc cycles is inducedbyasct P,UQ¡UR"'-eUSu.

In the second case, if c, y' < p, then one cycle is induced by the set P"U P", ar,d

the other by the set Q.UQr, while when c,ct > p, one cycle is induced by the

set ,9"-, U S",-, and the other by the set R" ,U R¿ p.

The role that the sets P/, Q/,,9/,.r¿?/ will play is to determine a set of edges

that will change its colors. Since, for each ó €Zo and for each F, € {P,Q,E,S},

F6 n F' has exactly one edge efl, by recoloring these edges with colors greater

than 2p - 1, bi-chromatic cycles of C1 using colors sma.ller than 2p clisappear.

Let us try the following recoloring of C1. We assigl colors 2p,2p1-1,2p+2 and,

2p-13 No edges in P', Q', R,' ar,d S', respectively. Let us call this new coloring C2.

Clearly if is an edge coloring. Since the set P'OQ'US'UH induces a Hamiltonian

cycle, it is clear that no two colors of C2 larger lharL 2p - I can induce a cycle.

We know that if b + a, then PouQ at-) R'oS' and ,9áU-RbUP/U,9' are Hamiltonian

cycles. Hence, in C2, 1f C is such lhe:t 2p + 2 < C, then the subgraph induced

by rxrlors b and c' is acyclic. Nloreover,lf 2p < ct { 2p * 1, then the subgraph
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induced by colors D + p and c' is also acyclic.

In the next lemma we show that P/ U P¿ is the vertex disjoint union of an

edge, ef,, and a cycle of length 2(p - 1). Hence C2 is not an acyclic coloring: it

has several bi-chromatic cycles of length 2(p - l).

Lemma 3.5.1. For each b eZ, and each F e {P,Q,R,S}, the subgraph ind,uced,

by th,e set F6U F' h,as two cor¿necterl components, an ed,qe a,nd, a cycle of lenolh

2(p 1) .

Proof: lt is clear that for each á e Z,o and each tr' € {P, Q, }¿, S}, the graph

induced by the set F¿ U ?'' has maximum degree at most two. Hence, each

connected component is either a cycle or a path. In the scheme given in Figure

3.5 we show the structure of this subgraph.

¡;-
o^

R,
-0-

a2¡

^,0

-.1

".0

P, DtL 
"2¡ o --!- yf;"r- 

^¡ 
............ .

a' _o Qo 
".0nh 

- 
s dz t - lt¿ h+db) "

R! ^R¡

- 

ri¡t^¡ 
- 

Ai,¡¡o,¡,¡o¡, .......
s6 ^t s' 

^.0

- 

ro;1b 

- 

9¿2t+ab_t "

^0
¿¡ I _bll=r.l

-0
o r ¡ _¿t,Ig:ir.r

¡o

tt

Figure 3.5: Structure of the subgraph induced by F,¿ U F/

Hence. starting at d ancl taking alternately edges from F¿ and from ,F' we

reach the verlex io,ua^,u1o, -1) after 21, steps, where 1 e {b,ab}. In order to have

ati I1d(at - 1) : i, there are two possibilities. The first one is that t : p - 7,

because this is the order of a; and the second one is that i -- +1d. In the first

case we obtain a cycle of length 2(p - 1) while in the second case we obtain the

edge ef. Hence, the subgraph induced by the set F'¿ U.F' is the vertex disjoint

union of an edge and a cycle of length 2(p 1). tr

In order to elirrrinate the bi-chromatic cycles of C2, we are forced to assign at

least two of the new colors lo each set P', Q', rB and S'. In the next lemma we
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show that we still have ¿nother dimcultv to consider.

The graphs G' and G" induced by the sets PuUQ¿US'Ufl' a¡rd RóUS"UP'UQ|.

respectively, have a lot of cycles!

Lemma 3,5.2. The subgraphs G' and, G" def.n.ed aboue o,re the t¡erter di,s.ioint

union of p cycles of length 4.

Proof: In Figure 3.6, we consider the cycles that can appear in the considered

subgraphs.

^ P' n S¿ -r Q' ., R" 
"o

nP¡ n 5',r Q, I R'.0/y 
- 

9i a 
- 

'' :j - Jirorr ot+r 

- 
f,;r¿{r-o)+l

Figure 3.6: Structure of the subgraphs G' attd, G".

It is eas¡, to see that a(l -o)+ r: #(t -a)+1:0. That is to say, that

after going over 4 edges the cycle is closed. Hence, G' a¡d G" a¡e the vertex

disjoint union of p cycles of length four. tr

Notice that in the subgraph G' the two edges el1 a.nd efl a.re in the same cycle.

The same holds for e{ and el . Similarly, in the subgraph G" the two edges e{1

and ef are in the same cycle; the same holds for ef and ef.

3.6 The acyclic coloring of K2p,2,p.

In order to obtain an acyclic coloring of K2r,2o we modify coloring C2 by giving

to edges ef and eI, the color 2p i- 1, to egdes efl and el the color 2p, to el,e1,

the color 2p i 2 and to edges efl, ef the color 2p * 3. Therefore the final coloriug

C : E ---+ {0,7, . . .2p + 3} is given as follows.
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C(e) : b,if e € (Pbu Qb) \ (P'u Q')

C(e) : 6 ¡ r,1¡ " € (R¡ u,9ó) \ (R' u,5').

C(e) - 2p,if e e (P'\ {ef, ef,}¡ u 1ef, ef1.

c(e)-2p+ 1,if ee (Q'\ {"3,"?Du{ef,ei,}.
C(e) - 2p + 2,ir e < (R' \ {"f, "l}) u {ef, el,}.

c(e) :2p +J,ir e e (s'\ {"f, "f}) u {ef, efl}.

It is clear that C is an edge cokrring. \tre now show ihat C is an acyclic

coloring.

Theorem 3.6.L. The coloring C is an acyclic coloring of K2o,2o.

ProoJ: We only need to prove that after the last recoloring there is no further

bi-chromatic cycles.

As we recolor two edges from each of the sets p,,e,,R,,S,,wehavethateach

cycle of length 2(p- 1) appearing in F/uF¿, for F e \p,e, R. S) has three colors:

the colors b,2p,2p + 1 if -F, € {P,Q} or colors b+p,2p+2,2p+3 if f € {,A,S}
(see figures 3.7 and 3.8). The remaining case is when ce {d,a+p} arld C > 2p.

More precisely, c: a and ct e {2p+2,2p+3}, and c : alp and ct e {2p,2p+l}.
From Lemma 3.5.2, we k¡row that the subgraphs G, and. G,,are the vertex

disjoint union of p cycles of length four. In figures 3.9 and 3.10. ¡ve consider the

colors that C assigns to G' and G',, respectively.

We first consider thc case c : a. Let ú be one cycle of length four in G/. Then

C contains exactly one edge of each of the sets Pa,Qa,R,and S,. Let esj,eRt,ep

and eg be these edges and let us assume that they belong to the sets S, , R, , 
p

and Q, respectively. Hence. C has three colors unless C(eru) - C(ee). In this

36
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Pigrrre 3.7: Pb t-) Qt ¿ P' ¿ Q'

Q' ¡Qt

s'nsá
2l +2ot2p + 3

.fltr:lPl lo,ol la,
? ' D'|¿

Flgure 3.8: E¿ U S¡, U n' U S"

"1tr-ln,l lQuil
ef

-s'.
o,l lrr,11

p r:vc1cs C1

Figure 3.9: S' t-) R.' t-) Pt l_)Qt, Íor b : ñ.

case. C(e¿,) -'21¡+2 ancl r:.q, 6 {e¡rs.el,} or C(e5,) - 2lt=:3 ancl e¡¡ belorrgs to

{.f "1t} tsut cf aucl r:f rrrc in the sanre o,clc of G' as u.ell ¿rs e1L ancl ef . Hence.

\¡:

(-: (.en.') I C(e5,). A sinrilar argumcnt cal f¡e rla.cle lor the r:vcles in the snbgraph
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Figrrre 3.10: P' I Q' | 5i, u -ts¿. for á : a.
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Chapter 4

Injective colorings with
arithmetic constraintsl

4.t Abstract

An injective coloring of a graph is a vertex labeling such that two vertices sharing

a common neighbor get different labels. In this work we introduce and study what

we call anthmetic colortngs. These are injective colorings using positive integers

such that for every pa.ir of different vertices, the average of the colors assigned to

ther¡ is not the color assigned to any of their common neighbors. The smallest

integer & such that an injective (resp. arithmetic ) coloring of a given graph

G exists with A colors (resp. colors in {f,...,k}) is called the injectiae (resp.

u.rithmetic ) chromatic number (resp. ind,er). "lhey are denoted by X¡(G) and

X¿, (G), respectively.

in the first part of this work, we present several upper bounds for the arith-

metic ch¡omatic index. On the one ha¡d, we prove a super linear upper bound

in terms of the injective chromatic numbe¡ for arbitrary graphs, as well as a lin-

ear upper bound for bipartite graphs and trees. Complete graphs are extremal

graphs for the super linear bound, while complete balanced bipa.rtite graphs a.re

extremal graphs for the linea¡ bound. On the other hand, we prove a quadratic

lThe results in this chapter are part of a joint work with M. Chapelle,M. Matamala, L
Todinca, J. Zamora [8].
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upper bound in terms of the maximum degree.

In the second pafi, we study the computational complexity of computing

X',(G). We prove that it can be computed in polynomial time for trees. We also

prove that for bounded treewidth graphs, to decide whether X'"(G) S A, for a

fixed k, can be done in polynomial time. On the othe¡ hand, we show that for

cubic graphs it is NP-complete to decide whether X'.(G) S 4. We also prove

that for every € > 0 there is a polynomial time approximation algorithm with

approximation f.aciot nt/3+'for ¡i(G), when restricted to split graphs. However,

unless P : NP, for every € > 0 there is no polynomial time approximation

algorithm with approximation factor nr/3 ' for X'o(G), even when restricted to

split graphs.

4.2 Introduction

An injectiue colonng of a graph G is an assignment of colors to the vertices of G

such that two vertices sharing a common neighbor get different colors. Injective

colorings were introduced in [31]. The smallest integer k such that an injective

coloring with lí colors exists is called the injective chromatic number of G and it

is denoted by X,(G).

In this work, we introduce another concept which we call ari,thmetic coloring,

An arithmetic coloring c of a graph G : (V,-E) is a function assigning positive

integers to its r,.ertices such that by assigning to each edge uu the value lc(z)-c(z)1,

we obtain a proper edge coloring é of G. In order to ease the presentation we set

[ft] :: {1,.. . , k}.

The smallest integer k such that an arithmetic colorings exists with colors

in the sct [k] is called the arithmetic chromatic inder of G. We denote it by

y'"(G). lf an arithmetic coloring c uses colors in the set [k], then the associated

,10
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proper edge coloring ñ uses colors in the set [k 1] U {0}. Hence, we have that

X'(G) < Xi(G), whcre X'(G) is the chromatic index of G.

Notice that c is an arithmetic coloring if and only if for every three distinct

vertices lr, g, z with rg,yz e -8, the following two properties hold c(r) I c(z),

and c(r)+c(z) 12"(a). Hence, arithmctic colorings are injective colorings. Then,

A(G) I X¿(G) S ¡'"(G), as any arithmetic coloring using colors in the set [&] is

an injective coloring with at most ,t colors. We shall see throughout this work

that these two parameters are closely related and that the additive structure of

integcrs is closely related with the existence of arithmetic colorings.

4.3 Upper bounds

We start by showing a general upper bound of y'"(G) in terrns of y¡(G).

Proposition l. . Let G be a graph. Then

x'"(G) S x'"(Kx,c),

uhere K* denotes the complete g,raph on m aertices.

Proof: Let m: xo(G). We assume that the set of vertices of the complete graph

K- is the set [m]. Let c be an arithmetic coloring of K- with maximum value l.

Then, given any three distinct vertices i,j,k \n [rn], colors c(i),c(j) and c(&) are

distinct, and c(i) + c(j) I zc(k).

Let c/ be an injective coloring of G with m, colors. Then, given any three

distinct vertices u,u,w in G, with u and w neighbors of o, we have that c'(u) I
c(r).

If c'(u) e {c'(u),C(w)}, then c(C(u)) + c(C(w)) I 2c(c'(u)). Otherwise,

c'(u),c'(u), c'(a;) are distinct and c(c'(u)) + c(c'(u)) I Zc(C(u)). Hence, bv defin-

ing c" (u,) :: c(c'(u)) for every vertex u, we obtain an arithmetic coloring of G

4t



tn nt. m xl, ( r<,1) NL m
1 1 2 2 3 4 5 5 9
6 11 7 13 8 ).4 I 20 10 24

11 26 12 30 13 32 14 .ro 15 40
16 41 17 51 18 54 19 58 20 o.1

77 ú) t) t4 23 82 o/ 84 25 92
26 o< 27 100 28 104 qo

111 30 tl4
31 t21 32 122 33 137 3lt 1,15 35 150
JA 157 37 163 38 165 39 169 40 1.74

ARl'IH \.1 E'I- IC COI,ORING

Table 4,1: y'o(K^) for m < 40, l2B).

with maximum vaiue L

Obviously, this upper bound is tight for complete graphs as X¡(K*): m. We

remark that a set of integers defines an arithmetic coloring of Kn 'tf and only if
it does not contain arithmetic progressions of length three. Hence, in order to

effectively apply the upper bound given in Proposition 1, we need some informa-

tion about the smallest integer I such that there is a set of m integers without

a¡ithmetic progression of length three and contained in [l]. The determination of

this value, in our terms X:"@^), has been the focus of research for more than 70

years, initiated in [23] where the first upper of m in terms of I was given, which

was later improved in [a9, 50], 155], and [33], Currently, the best upper bound

appears in [15]. On the other hand, the first lower bound was proved in 113] and

it was later improved in [22]. These best bounds can be stated as follows: there

aJe constants c1 ar,d c2 such that

,tn

(4 1)

In [28] tlre exact value of y'o(K-) 2, for m ( 41, was computed, and lower and

upper bounds, tor m 1100, were given (see Table 1).

By doing some standa¡d calculus manipulations, ftom Proposition I and In-
2In fact, they studied the depeudency of m in te¡ms of t, which they called the Szemerédi

number sz(l).

t, =- t., /los;¡ /loglog/crtUorta<*<",t1fioc.

4
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equality '1.1 u,e get the following super linear upper bound for y'"(G). This bound

will be applied later to obtain sorne (in)approximability results for the computa-

tion of thc arithmetic chrornatic index.

Theorem 2. . Let G be a graph. Then,

x',(G) < xtG)sAlG)),

uhere g@) :2'/»"8@.

One can see that the injective chromatic number of a graph G is the chromatic

rrumber of the graph 6l(z), 6btained from G by adding edges bctween vertices at

distance two and by removing all the original edges. When G is a bipartite graph

with independent sets U and W, the graph Q(2) is the disjoint union of the graphs

Gu : G2lUl and Gw : G'ÍWl induced by the independent sets U and W of G

1o ¿;(2), respectively. Then, for bipartite graphs we have the folowing ([31]).

x¿(G) : max{x(Gu), xG*)} (4.2)

A similar result holds for the arithmetic chromatic index which allow us to

get a lincar upper bound for ¡'.(G) in terms of ¡¿(G), for bipartite graphs. In

the sequcl, 1r'6(u) dcnotes the set of neighbors of a vertex z in a graph G.

Theorem 3. . Lr:t G be a brpartite gra¡-tL Then,

xl"(G) <2y¡(G) -1.

Proof: Let G be a bipartite graph with independent sets U atd W. Let Gu

a¡rd Gtv dcfined as above. Let ky :: y(Gu ) and k1a :-- X(Gw). Let c and C

be proper vertex colorings of G¿l and Gw, respectively such that c(z) e [Ay], lbr

each u € Gu, and c'(w) e lk14), for each u e Gw. We define g:Uu W +N
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as follows. For each u e U,9@): c(u) and p(u): c'(u) + ku 1, for each

a € trU. Then maxp: ku *kw -1<2y¡(G) - l and it iseasytoseethat <p is

an injective coloring. Hence, in order to prove that p is an arithmetic coloring

we provc thal 9@,) + p@) l2p@) for every ulu ju and .¿¿, € .af6(a) n,V6(r.,),

When u, r, € [/, as c is a proper coloring of Gu, p(u) I 9(a) añ q(u),9(u) < ky.

Moreover, p(u) > ky. Therefore, tp(u) + ,p(a) I 2p(u). We now consider the

situation for vertices u,u e W. As c' is a proper coloring of Gw, 9(u) I 9(u)

and,p(u),q@) ) ky. Moreovet, p(u) < ku. Therefore, tp(u) + (p(u) # 2p(w).

In the next result we prove that the previous upper bound is tight.

Proposition 4, Let rL be od,d, with n ) 9, Then, X',.(K,,,) : 2n 1.

Proof: Lct U ard W be the two independent sets of Kn,, each of size n. It
is clear that both (K",")u and (Kr,r)w are complete graphs of size n. Hence,

x¡(K".") : n.

By coloring U with colors in the set [n] and W with colors in the set [2n -
t] \ I" - 1], we get an arithmetic coloring of Kn,n. Then, Xi(K",") 12n - 1,.

We now prove the lower bound X'o(Kn,n) > 2n - 7. Let 9 be an arithmetic

coloring of Kn.n, and Iet .4 - 9(U) and B : q(W) Since evcry vertex in U is

a.djacent to every vertex in 1{/, the function g must be injective when restricted

to Lr. Similarly, it must be injective when restricted to tr4l. Hence, lAl: lel: n.

In this situation, 9 is an arithmetic coloring if and only if aa(A) a B :

aa(B) n,4 : 0, where au(C) :: {* e X : r,,s e C,x I a} . Therefore,

max{latr(A)1, lau(B)l} * n < y',(Kn,n).

For the sake of contradiction let us assume that yto(Kn,n) I 2n - 2. Then,

lau(A)l < n-2 and latr(A)l I n-2. We first show that in this situation,

aa(B): {a,a * 1,...,a * (n - 3)}, for some integer ¿. To this purpose we need
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the follon'ing propert)..

Claim 4.3.1. Let D be. a set uith all its elent ents wi,th the sa.nte ¡tarity.

then o.r(.D)| > 21D 3. L[orcoucr, for Dl / 5, lau(D)l - 2)D - s

tÍ D tc u or,lhntt ltt prAqtl SSto .

45

rf Dl>2,

iJ rLn,d onlg

Proof: \\¡ithout loss of generalitl¡ we can assuúle that all elemelts of D ¿rre even

integers'ThecaselD:2isdirect'Le1:'D_{o,<n,<'.'<
eiements of D and let us assrrrnc that k > 3. Lct ó¡,; :: o,; * or. Then, thc

follorving 2,4 - 3 uitegers arc all distinct and even,

ó1,2 ( bi,3 1b23 1. .. < ¿,k z,t. 1b¡, t.*.

This sliol.s that al(D)l > 2 D - 3. N,loreover. for each i > 4 the lbllor,virrg tu,o

sequences har,'c 2l - 3 integers. all distinct and even.

ór,..¿ (...(ót.¿ r 1b,.,, 1br¡(...(1r,,,,

¿rrrtl

bt¿<... (á1,¡ I (ó2,¿ 1(b:.i(...(b¿ r,i.

Sincc r,c can extelcl c¿rch of the abor.c tu.o sequenccs with 2,h - 3 (22 3) distirrct

tcrrns, \\,e gct that if lau(D)] -'2lD - 3 then ói.¡ : ó2,¿ 1 for cach i ) ,1. From

this equality rve get a1 *a,: n., +ai..i altd thcl ¡12 al - ai- a¡ 1. for i >.1. It

is easy to see that lhe cqu:r1it1' a2 + as: a3 * oa holds, when A ) 5. 'Ihc:refore.

D is an arilhllctic progression.

\\'c norv prove that aL(B): {o..o.ll,...,a+(n-3)}. As B - nisodrl, it iras

¿r subset D r.ith all ils eletlerrts with the same parity, and such that 2lDl ) r¿* 1.

lion'r the claim it follorvs that at(D) > 2lDl - 3. Since ao(D) C a.r- (B) and

larr(B)j < ¡¿ 2 wc colclude that ¿rr(D) : au(B) and ]at,(D) : 2]Dl 3: n-2.

Sirrcc rr ) 9. \\.e get that D > 5 rvhich again from the claim implies that D is an
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arithmetic progression. It is clear that in this case az,(D), and then au(B), are

arithmetic progressions as well.

Let a,b ) 1 integers such that aa(B): {a,aib,...,a*b(rt - 3)}. Then,

a> 2andatb(n 3) <2n-3. Since n ) gweobrainthat ó< 2+ll@_Z) <3
which implies b < 2. lf b : 2, then elements in ar,,(B) have the same parity. As

wc are assuming that au(B)nA:A and that ACl2n - 2], A must contain a

sct D' of size at least )au(B)l + 7 : n - I whose elements have the same parity.

Again we apply the claim and we get that au(A) > 2(n_ 1) -B:2n-5 > n-2
which, for z ) 9, contradicts y!"(K,,^) 1 2n - 2. Therefore, we conclude that

ó:1. That is, au(B) - {a,a*7,...,a+ (n-3)}. Then

A : {1,...,a - 1} u {a -l n _ 2,...,n + n _ 2}.

Hence, the set au(A) contains the sets {2, ...,a_2}, {a+n- 1,...,2n-3}, and

Nn{45]l!: i:0,...,"-B}.Therefore, ar.,(A) has ar least n-4+ l(n-Z)lZl
elements which is larger than n - 2, for n ) 9 which is a contradiction with

X'o(Kn,) <2n-2.

tr

We can still improve our previous upper bounds when we consider trees. It

is easy to see that for trees the injective ch¡omatic number equals the maximum

degree. So Theorem 3 applied to a tree ? implies that y,(T) < 2L(T) - 1. It is

also clea¡ that this upper bound reduces to X¡(D : A(T) : ¡i(?), when T has

radius 1. Similarly, when the radius of ? is two, we have that X,"(T) < lJlz\l-1.
More generally we have the following.

Proposition 5. Let T be a tree of mattmum degree L. If T has rad,,ius at least

three, then

x',(T)<f5A/3]-1.

Proof: By induction we prove something slightly stronger. ? has an a¡ithmetic
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coloring using colors in the set

o :: {1,...,4+ l2\l3l -u \ {f2Ll31 + 1,...,4 - 1}.

Let d be the radius of 7 and let r.16 be a vertex such that the distance of each

leaf of 7 to o0 is at most d. If rve remove all leaves of 7 at distance d of t-rs, we

get a tree ?/ with radius d - 1. Notice that each vertex in 7/ having a neighbor

itt T - Tt must be a Ieaf of 7'. By induction hypothesis there is an arithmetic

coloring of 7' with maximum value at most A + l2§l31 - 1 and not using colors

in {fzAl31 + 1,. .. A - 1}.

Let u be a leaf of 7' with color i, When i < l2§l3), we color its neighbors in

? - 7/ with colors in {1,...,¿} u {4,..., A + [24l3'l - 1),lf 2i > f2Al31, and

with colors in {i,... , f2A/3]}u{4,. .. , A+f2A/3] -1}, otherwise. When i > A,

we color its neighbors inT -T'with colors in {A,...,i} U {1,..., [24/3-|], if

2(i - A) > l2L I 3), and with colo¡s in {¿, . . ., A+ f2Al31 - 1} u {1, . . ., f2Ll31 },

otherwise. It is clear in this way we can obtain an arithmetic coloring of ? which

uses colors in 0. tr

Previous result leads us to seek an upper bound for XL(G) in terms of the

maximum degree in arbitrary graph. In [3t] lt was shown that X¡(G) 142-A+1
and that this upper bound is attained by the incidence graph of the projective

plane of order A (P6). We prove a similar result for the arithmetic chromatic

index. We first prove that the incidence graph of Pa has arithmetic chromatic

index A(A-1)-l-1. To this purpose we shall use as set of colors a perfect difference

set S. It is a set of A integers, sr, . . . , sa, having the property that their A(A- 1)

differences, s¡ - s¡,i I j;i,j :1,... A, are congruent modulo A(A - 1) + 1, to

the integers 1,2,.. . A(A - 1), in some order. In [53] it was shown that for each

A - 1 which is a power of a prime number, there is a perfect difference set of size

A.
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Notice that if S is a perfect difference set so is the set,S': {s - m: s e S},

where rn is the minimum element in ,9. Hence, we shail assume in the sequel that

0 e ,S. Under this assumption it follows that for every two elements s, s' € ,S we

have s+s/f 0 mod r¿, where n: A(A - 1) +1. Otherwise, the two differences

0 - s/ and s - 0 coincide modulo n.

For each perfect difference set S, with 0 e ,9, and having A elements, we define

the following representation of the incidence graph of Pa. Let n : A(A - 1)+ 1

and let G(S) : (U UW,E(S)) be a bipartire graph where U and W are copies of

[n- 1] u{0} and E(S): {rslreU,Ae W;1s€ S:t*s:s modn}.

Lemma 6. The graph G(S) conesponds to the inc,idence graph of P6. Moreouer,

xi(G(s)): a(a - 1) + 1.

Proof:

By its definition, the set of neighbors of a vertex r in U (resp. W) is {r +
s mod n: s €,S) (resp. {r-s mod n: s € S}), where z: A(A-1)+1. Hence

G(S) is a A-regular graph.

By a counting argument one can see that two vertices x and. r'in U have

exactlv one common neighbor in W, if they have at least one.

As,S is a perfect difference set, for each z: r z' mod n € U, there always

exist s and s/ such that I tr': s/-smodn. Hence, g::r1.9:Í/+sis
a common neighbor of r and ¿'. A simila¡ argument can be applied to prove

that two vertices in W have exactly one common neighbor in U. Therefore, G(S)

corresponds to the incidence graph of Pa.

Moreover, previous analysis shows that n: X(Gu ) S xl,(G(S)).

We prove that ¿(G(S)): r¿, by showing that the coloring obtained by as-

signing to each vertex 'i € U I W the vahre i, is an arithmetic coloring. It is

clear that this coloring is an injective coloring as, + s : z * s/ mod n implies

s: s/ mod n. By the choice of S this implies that s : s/. On the othe¡ hand, if
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there arc t.t' e U, s, .s' € ,9 such that r+s: r,+st:: g mod n and t+! -2,y.
then we obtain the contradiction s * s'- 0 mod n, tr

Our previous construction shorvs that the follorving upper bound is tight rip

to a constant factor.

Theorem 7. Let G be a, graph o.f mañ,m,u,m degree L. Then

y;(G) < 2a(a - 1)+ 1

Proof: Orrr fir'st proof of this upper bound u,as rather elaborated and oltly gives

the resull, asr.rrrptoticalll.. \Vc prr:sent here a sirnpler proof given by B. Reed 3,

Lel ir1. . . . , t,, bc an orrlering of thc vc¡tices. \\'e construct an arithmetic cokrrirrg

greedily bl'follorving this ordering. \\,'herl colorrng a vertox u, u,e have alreadv

colorcd at most A(A - 1) r,ertices at distance trvo of r¿. E.rch such vertex forbids

tn'o colors to be usccl at vertex ¡. Hcrrcc. u.ith 2A(A - 1) + 1 colors lhis grccclv

stratcgv procluces an arithrnetic coloring of Gwithmaximurrralue2A(A-1)*1.

4.4 Lower bounds

\\¡e norr shorv sonte lron-trivial lo',ver bourxls for the arithrnetic chromatic irrdex

in t,errrrs of the ntinilrurn degree.

Theorem 8. Lat C : (V, t ) be n graph wi,th mirLi¡r¡.un, d,egree 6, Then ¡1,,(G) >

5(d - r)/3

Proof: Let o:- /,(G). l-: [(a -ü12) + 1, andc::a 6 2(l - 1). We shall

prove that 2(1, '1) + c > (2d 5)/3, and hence that a ) S(ii - t)/3.

Let .p be an arilhuretic coloring of G. u,ith ,p : V -+ [a]. Let tr bc a r.ertex

such that p(u) < d. Then. at most one color betrveen A(.u') - o,and p(z) + a
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can be used to color neighbors of z, for each ¿ : 0, . . . , p(u) - 1. Hence, at least

á - p(") colors in {Zp("),...,o} arc needed to color neighbors of u. This gives

p(u) < a - ó + 1. Given the definition of c and l, we have that the set of colors

that can be used to color neighbors of z is contained in

{1, ..,2t - 1+ c} u {ó,... ,5 +2(t - 1) + c}.

We define four parameters 0-.0+, p-, p+ as follows.

:: min{l +c- 9@): p@) < L+c},

:: min{,p(z) - I - c : I + c < 9(u) < 2l - 1 + c},

:: min{á- 1+¿+ c-p@):6 <,.p(u) < á- 1+¿+c},

:= min{p(u) -l- c- á+ 1;d - 1+l+ c< tp('u) < 6 7+2¿-7+c}.

Let z be a vertex such that p(u): l* c- 0-. Then, the neighbors ofz can

use at most l+c-e- colors in {1,...,2(I+c- á-) - l}, at most 2á- -c colors in

{2(l + c- 0- ), . . ., 2l + c- 1}, and at most 2l + c- (p- + p+) in {á, . . ., 6 +2(l -1.) + c}.

Hence, at most

3l+c+0- - p- - p*

in tot¿rl.

By considering a vertex ¿ such that p("): ¿* c* 0+, we deduce that there

axe at most

3li2c*0+ - p- - p* (4 4)

colors available to color neighbors of u.

Similarly'. for a vertex z with 9(z) :ó- 1+ L+c- p-, there are at most

(4 3)

3l+c+ p- -0+ -0 (4 5)
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colors that can be used to colo¡ neighbors of zz.

Finally, for a vertex with rp(u) :d-1+l+"+p+,therearenomorethan

3l *2c-l p+ -e+ *0- -2

colors for coloring neighbors of z.

By adding Equations (4.3), (4.4), (4.5), and (4.6), we get

(4 6)

l2l+6c-0- -0+ - p- - p+ -2> 46,

which implies

2(L-t)+c> (23-5)13.

tr

When we apply previous bound to A-regula.r graphs we get the following

¡esult.

Corollary 9. Let G : (V, E) be a A,-regular graph. Then X',(G) > 5(A - 1)/3.

4,5 Computational complexity of computing X'"(G)

We havc seen so far that arithmetic colorings are injective colorings with ad-

ditional constraint on the color allowed in the neighborhood of each vertex. A

simila¡ restriction applies to I(p, q)-labeling, a related concept introduced in [29].

A vertex coloring c of a graph G with colors in [fr] U {0} such that lc(u) - c(u)l > p

when z and a are adjacent and lc(u) - c(t,)l > q when they are at distance two

in G is called a Z(p, q)-labeling of G. Let )(p, q)(C) be the smallest integer fr

such that there is a Z(p, q)-labeling with colors in [k - 1] U {0}. F}om the com-

putational complexity point of view it is known that for each p ) q, such that

q does not divicle p, the problem of computing lo,r(G) is NP-hard, even when
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restrictc.l to trees [26]. On the ot,hcr hand, in [19], it is shor.vn that,\2,1(G) can

be courputed in poll'rromial timc on trees. N{orc recenlly, a linear time algorithrn

for computing )z,r(G) for trees was provcd in 132]. The mcthod presented in [19]

can be extencled to computc )p,r(C) in polynomial time .

Hcre rve shol, horv a simrlar i<ica can be used to compute the arithmetic

clrromatic iuclcx of trees. lbr a t¡ee of maximum degrcc A. rve can reduce

the conrputtrtion of its arithmetic chromatic index to the problenr of clcciding

r,ltcther it has ¿ll ¿rrithntet.ic coloring rvith maximurn talue l. for e¿rch r.alue

i e {A.. .54/3}. We prcsert the result il a slightl1. rlore gereral lramcrvork

rvhich iuchides previous rrotions.

Lct us consiclcl rrrjectrve colorings rvith colors in a given set C. \\¡e associate

to each color a. € C a graph ,{" : (C", R"), rvhere Co is ¿r subset c:f C. Let

T- (V,E) beatrccandc:V + C an rnjcctive coloring. \\¡e s¿rr, that cis JeasibLc

(for (11,),,n¿) if lbr oach vertex .u e l./. the set c(,Vr(u)) is contained in C"1.,,; and

it is au indcperrdent set in thc graph 1/"1,,1.

Lel C : lAN, fbr some positivc irrteger A and for cach a e [k]. Iet 11. : (lA],0)

In this situatior.r, a feasiblc injcctive coioring is just an injective coloring using

colors in [A]. On the other hand, gir.en positivc integers p,q, p > q, if for each

a€[A] u{0} the graph 11o has vertex set (lAl u {o})\ { o p*7,. . .a*p-1} ancl

edge set {ij : ¡,j € [k] U {0}. i,+ .j. ,i, - S1 < q}, then a fc¿rsible rnjective coloririg

is. in fhct, a I(2. q)-labclirrg. Firally. rf lbr cach a e [A], t,he r.er,tex sct of 11, is

f,L] and its cclger set is {i.j : ¡ + I - 2a}, then lve have that a fcasible inject,ive

colorirg is an aritllrictic coloring, \!'c rxrtice that each farlily (11,)..¿ previously

associated to injective colorings, a¡ithmctic colorings or l,(p. 1)-labelings satisfies

the fbllorving property: for each a € C, each connectcd cornponent of //, is a

completc graph. In fact, in these sitrrations each connecterl cornponent is either

an isolatcd vortex or cousists of trvo adiacclrt vertices.

In order to dete¡minc thc existence of féasible injcctir.e coloring l,e use the
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natural extension of the dynamic programming algorithm given in [19] to our

framework.

Given a leaf r of T and a vertex u f r, we denote by 7" the subtree of 7

which contains the neighbor of z in the path in 7 between r and z, which we call

the father of u in T , and every vertex u such that the path in 7 between o and

r contains LL. By instance if u is the neighbor of r in 7, then r is the fathe¡ of

u and Tu : T. Let .n/.i (z) denote the set /ú7(z) \ {/(")} which is the set of all

neighbors of u in the tree 7 excluding its father.

For each vertex u and each color a € C we say color b e Co is compati,bLe

with a a¡d a, if ?" has a feasible injective coloring c such that c(/(u)) : a and

c(u) - 6. Let C(u,a) denote the set of colo¡s which are compatible with u and

a. It is clear that if there are colors o and ó such that b e C(u,a), where z is the

(unique) neighbor of r in 7, theu 7" :7 has a feasible injective coloring.

The following dvnamic programming algorithm computes the compatible sets.

Compatible Sets

Input: A tree 7: (V,E) and r a leaf of 7; a set of color C and a family of

graphs (11" : (Co, R"))".c, where Co C ú, for each a € C,

Output: For each vertex LL, u f r, and each color o € C, the set of compatible

colors C(2, a).

1. For each leaf 'u, u, I r , for each color a, set C (u, a) : C"; ma¡k vertex u as

proccssed.

2. Iteratively, take a vertex u in T, u f r' , r,ot yet processed and such that for

every vertex in ,Vi(u) all compatible sets have been determined. For each

color a, compute C(u,a) using the following equivalence: b e C(u,a) if and

only if for each o € l/i(z) there exists a color d, e C(u,b), such that the
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set {do : u e lvi(a)} U {o} is an independent set of FIó. At the end, mark

vertex u as processed and continue with unprocessed vertices.

This strategy can be implemented in t\me O(nlCl2 K ), where K is the time

needed to determine whether b e C(u,a), for a given vertex u, and given colors

¿ and ó.

When for each a € C, earh connected component of the graph /1, is a complete

graph, a feasible injective coloring c of 7 must assign to each vertex u e N¡(u) a

color in a, differcnt connected component of H4u¡. In this situation, given colors

o, and ó and a vertex z, the problem of determining whether b e C(u,a) carr

be formulated as a maximum matching problem in the auxilia.ry bipartite graph

C : (Nr(u) U B, E), where B is the set of connected components of I/6 which do

not contain color o and us € E whenever u e Ni(u),s € B and V (s)nC (u, Q I A,

where l/(s) is the sct o[ colors in s,

We have that T" admits a feasible injective coloring c with c(z) : b and

c(/(")) : ¿ if and only if G has a matching M such that lfi (z) is contained

in the set V(M) :: {u : -e e M,u e e}. In fact, if G has a matching M with

Ni@) S V(nz[), then for each u e Ni@) there is a connected component s of

H¡ such that C(o, b) nV (s) 10. Hence, for each u e N7(u), the subtree 7' has

a feasible injective coloring such that c,(u) e V(s) and c,(u) : b. These feasible

injective colorings can be extended to an injective coloring c of T" by defrning

c(w): c"(u) foreachw €T" andc(f(u))- ¿. As each c(r,) belongs to a different

connected component of //¡, the set {c(o) : u e Ni@)} U {a} is an independent

set of //¿. Therefore, c is a feasible injective coloring of 7". Conversely,, if. T"

has a feasible injective coloring c, then c must assign to each vertex in Ni(u) a

color in a different connected component of 116, As 
"(/(u)) 

: a, no color in the

connected component of I/¿ containing a can be used to color vertices in l/i(z).

I\'Ioreover, for every two distinct vertices a and w in lfi(u), c(r,) a.nd c(u) belong

to different connected components in 116. Then, ¡4 7 {us: c('u) e V(s) e B} is
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a matching of G such that ,Vi(u) is contained inV(M).

The time needed to compute a maximum matching in a bipartite graph whose

independent sets are of size lN(z)l - 1 < A and lC"l I lCl is O(A'1 slCl).

Theorem lO. In time O(Ll5n Cl3) we can decide whether a tree uxth n uerti,ces

and, of rn anmum degree L ad.mits a feasible injecttue coloring for (H"),.¿, uhen

for each a e C, each connected, cornponent of Ho is a complete graph.

Ftom Theorem 10 applied to the family (11o)o6¿ associated to arithmetic

colorings we get that in time O(A15nl3) we can decide whether a tree ? with n

vertices and of maximurn degree A admits an arithmetic coloring with colors in

ll]. From Proposition 5 we gct the following corollary.

Corollary LL. The arithrnet'tc chromatic i,nder can be computed tn time O(La hnlog L)

i,n a tree with n uertices and of maúmum degree L.

We now consider the computation of the arithmetic chromatic index in larger

classes of graphs. A natural class to conside¡ is the class of bounded treewidth

graphs. For this ciass it is known that any decision problem admitting a Monadic

Second Order Logic formula has a polynomial time algorithm 120]. Let k-ARtrnn¿rrtc

Col,oRINc denote the problem of deciding whether a graph G has arithmetic

chromatic index at most Á. For each fixed k, we have the following.

Lemma 12. The probLem ,t-AR¡tuuprtc ColoRrNc can be et;pressed by a

Monadic Second Order Logic formula of size onlg depending on k.

Proof:

In the following formula, the sets Xt,, . . . , Xr will correspond to the color sets,

and the three vertices r)y,z to any path of length 2. Part (4.8) of the formula

states that vertices t,y, z receive colors in [&], part (4.9) states that vertices z and

z receive different colors, and part (4.10) states that the colors given to vertices

r,g, z do not form an arithmetic progression.
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1X,,...,xk cv(G) s.t. vr,s, z € V(G), ({r,y} € E(c) A {a,"} <E(c)) S.7)

f{V,.0,, e x,) n(V¿errte € x,) 
^ 

(Vre¡r1z e x,¡]

-[V,.P1 (rcX¡A'e x))

-fVr,;.rrl (xe X¿Age x¡+inze X¡*r))
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(4 8)

(4 e)

(4.10)

tr

Flom the result in [20] we immediately get the following.

Theorem 13. The problem ,k-ARItsl,tpuc Cor,oRrNc, for ang fited, k, has a

poLyno'mi,al tr.me algorithm when restricted to classes of graphs of bounded treewidth.

We clo not know whether the problem remains polynomially solvable when

k is part of the input, even for serie-parallel graphs, i.e. graphs of treewidth at

most two. On the other hand, we prove that the problem is ha¡d for ft:4, even

when restricted to 3-regular graphs. To this end we show that 4-ARITHMETIC

Co¡,oRINc reduces the problem of deciding whether a graph has a proper 3-edge

coloring. This latter problem was proved to be NP-complete in [36], even when

restrictccl to 3-regular graphs.

Theorem 14. The probLem k-ARIr¡¡uuuc Cot,oRtNc, for k : 4, is NP-

complete, euen when restricted to 9-regular graphs.

Proof: To see that k-ARIruuorlc ColoRlNc belongs to NP, we notice that the

arithmetic chromatic index is monotone undcr subgraphs. Hence an upper bound

fbr its value on the complete graph Kn is an upper bound for its value in any

graph on n vertices. As the right hand sicle of Equation 4.l is O(n2), an arithmetic

coloring for a graph on n vertices has a description of length polynomial in n.

This shows that the problem belongs to NP.
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In ordcr to prove the statement, for each 3-regular graph G ue build a 3-

regular graph G/ such that G is 3-edgc-colorable if and only if G/ has an arithmetic

coloring with colors in {1, a, 4}, with a : 2 or o : 3.

The graph G' is obtained from G by replacing each vertex tr of G by a copy

of the complete graph K3, n,hich r.re denote,4(c). and we replace each edge

e uI) e G by an edge a"á" in G', where ae e Au, b" e A, and so as each

vertex ir 4,, finish.es with degroe 3 in G', The vertices o" and ó" in the above

construction are called the vertices of. Gt associ,afed to the cdge e in G. It is

clear that the constmction of G' can be done in polynomial tirne and that G/ is

3-regular.

A»y proper edge coloring of G with three colors can be transformed in an

arithmetic coloring of G' which uses colors in the set {1,2,4} as follows. In G'

we assign color i to the two vertices a" and b" associated to an edge e of G with

color i, for i : 1,2, and rve assign color 4 to those vertices of G/ associated with

edgcs of G with color 3.

Conversely. an arithmetic coloring rvith colors in { 1, 2, 3, 4} uses either colors

1,2,4 or 1,3,4 itt c¿rch set Au. Thercfore, colors 1 and 4 are used in each sct

/,. Moreover, if a is the neighbor of a vertex b e ,4, not in ,4,, then it has the

same color as ¿¡. This allows us to color each edge e with color 1 (resp. 3), when

its associated vertices ae and ü. are colored with color 1 (resp. 4) in G'. The

remaining edges axe colored with color 2. D

In view of previous results it is interesting to consider whether we can approxi-

mate thc arithmetic chromatic numbcr in polynomial tünc. We can use Theorem

2 to obtain (in)approximability results fbr the arithmetic chrornatic index based

on previous results obtained for the injective chromatic number. In [34], it was

proved that there is a polynomial time approximation algorithm for X¿(G) with

an approximation factor n,1/3 when restricted to split graphs. Moreover, they

proved that this result is tight in the following sense. They showed that unless
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ZPP - NP. for c¿rch e ) 0 thrlc is no polynomial tirrre approxirnatior.r algorithm

for 1,(G) wrth a factor,r1l3-', cvcn for the class of split graphs. 'I'his result las

based on an in approxirnability rcsult for the chromatic number obtained in 1251.

Frr¡rn a rcsrrlt, obtaincd in 163], rve nor.v kno'"v that the con.lition ZPP: NP can

be strengthcned io P - NP.

Let us assume that there are É > 0 and a poll.nomial timc approximatiorr

algoritlrrrr rvhicir on input G colnputes an approximation a for the arithtnctic

chromatic index lar.irrg I¡etrvecn 1'" (C) ald ,¡/3 'y'"(.G)

l-rorr Thcorcm 2 rve havo tha,t ¡i(G) < 1,i(G)9(Xr(C), rvherc a(.r) : Z''/,t.*,=)

is ¿r norr nc!!¿ltiye. non rlocreasing fulrction, and g(n) < n,/2. for n iarge crrorigh.

Theu, u.'c hin,e

fr(G) < d < r|/3-'Xi(G)g(n) < n,tl3'l'f,(G),

lor cach graph C'"vith n r..crtices, and n large enoug]r. This implies the following

rcsrrlt.

Theorem I5. For each, e > 0, unless P : NP, there is rLo polynomzal l:irne appror-

tmat'Lon alqoritltn¡, unth approrirnation .factor ,,t/'s-' for the arith,mettc chrom.atic

'indet, cuen 'u,hen ,restri,r:ted to splil, qntph,s.

Orr the other h¿rncl. if for a graph C on n r.crtir:es rve can conrplltc iri po1¡,nomir,ll

tirne a r.¿rluc t, snch t,hat X,(C) < u < 1,(G)n1l3, tlLen we can Llse ¿lq(f) to

get an approxirnated value foL ¡i(G). In facl. rve krrow from Thcorcm 2 that

xl,(G) < .x,(G)g(x¿(G)) Hence 1!(G) < 
"9(ü), 

as z9(;r) is a non dccrcasirrg

function,

Apptying thc function 19(z) to Xi(,.G)n.l/3 rve get 11(G)n1l39(1, (G)n1l3). But,

.a(x;(G¡ntl'r; < g(.n'/3) and for e¿ich value e ) 0. g(n,11:\) is smaller than n,', for n

large enough. Therefbre. lbr n l:rrge enough l.e ha.u'e
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x'.(G) <us(D) < x'o(G¡nt/t+'.

As we previously mentioned, in [34], it was proved that there is a polynomial

time approximation algorithm for X¿(G) with an approximation factor n1l3 when

restricted to split graphs. Hence, our previous analysis immediately implies the

following result.

Theorem 1,6, For each e > 0, there ts a polgnomial tzme approttmation aLgo-

rithm uith approrimation factor n1/3+' Jor the arithmetic chromatic indeq uhen

restncted to spli,t graphs.

It is clear that based upon Theorem 3 we can obtain similar approximation

results bctween the arithmetic chromatic index and the injective chromatic num-

ber for bipartite graphs. This linear relation between these two parameters makes

interesting the following result.

Theorem L7. For each fired k > 3, the problem oJ d,eciding whether an input

graph has injectzue chromatic number at most k, zs NP-complete, e'uen restricted

to bipartite graphs of maaimum degree k.

Proof: Let G : (V,E) be a k-regular graph and let 1(G) be the inct dent graph

of G defincd as the bipartite graph with independent sets V and .E such that

ze is an cdgc of 1(G), whenever e is incident with ¿' in G. Notice that if G has

maximum degree fr, then so has 1(G).

It is not hard to see that for the irrcidence graph 1(G), it holds that (1(G))'

is the original graph G and that (1(G))" is the line graph of G. Therefore, from

Equation 4.2 we get

x,U @)) : max{¡(G), x'(c) }.

Flom Brooks' Theorem ([t6]) we get that Xn(I (G)) : X'(G), unless G is a com-

plete graph. Therefore, computing the injective chromatic number of 1(G), a
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bipartitc graph of rraxiururrr dcgree A. is as hald :rs computing the chromatic in-

dcx of C, a li:-rcgular graph. As it is knorvn that cotnputing the chrorrratic index

of ,(' rcgulal graphs is NP hard \\,c obtaln thc statement of the theorerl. tr

4.6 Conclusion

\Ve have seerr that coülputing thc arithmet,ic clrlorlatic number on corrrplete

gr':rphs as r,c11 as in balanced coliplote bipartitc gr:rphs depends on non-trivial

aritluretic proporties of integers. \!'c think lhat it is rvorth to consirler the

problcnr in others classes of u,ell structurecl graphs as products of pat,hs and/or

cvclcs. balanced complete 3 partitc graphs, and morc gcnerally, balanced com-

pletc A:-paltite graphs. Wc think that this stucly may require molc sophisticated

arithmctic combina,l,orics tools in orcler to obtairr lor,.e¡ bounds.
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Appendix A

Basic concepts in graphs

4.1 Basics

Definition A.1.1. / gr:rph. zs o, yni.r' G : (V. E) of sets u:here E i.s a subset oJ

tht: set oJ unorderer pairs o.l V . Wc co.Ll V : V (G) thr: set oJ uertices of G and
E : E(G) th.r: set of edges olG.

,,1n edge of E will be denoted indistinctly by e - uu - {", r} In this case, ue
soly th,a,t e is in,cident irt u anrl u, or th,at these two uertices are the endpoints oJ

e.

In 1.his thcsis wc assunro th¿rt thc sct V(G) is Jinite. There are no loops in the
graph. That mcans lhat thcrc is no clcmcnt rg e E(G) such th¿rt 7 : g. \\¡e also
asrunc that there is at uost one edge betr.een tr.o vcrticcs. 'I']rcsc tu''o rcstlictions
define a sun,pk: grl,ph,. \\,i: say that trvo vcrtices are neighbors or adjacent one
to the other rvhen there is an edge bctwccn thcn. 'lhe set of neighbors of a vertex
'¿., is denoted .\'6(r) or N (u).

Definition A,.1.2. Gil,en a qraph G - (V, 1:,'; .uc sa.y that fl¿r: orrlcr of thr: grnph
is n. 'iJ the cat drnaLity o.f V is rt.. Tl¡,c n,oto.tion. is lV - n. The stze of th.e gro,ph,

d,en.oted bu m(G) ts the size of the edge set, lE(G) .

Definition A.1.3. Th.e d,egree o.f a uetl,er u , denoted by d(u) zs t,he number oJ

a|,ges tncident Ío that uertet. We use 6(.G)andA(G) fo refer to the minimln. and
marim,urn deqraa ouar all uertzces zn V (G) .

Definition A.1.4. lu-h,en d(G) - A(G), ue say that, G is a regular graph, or a,

L reguLar qruph. T'he 3-r'eguLar qruphs ure caLk:d ctLbic graphs.

Definition A.1.5. / graph H : (V, E) is sai,d to üe a subgraph of G - (.V, tr)
'if und onLy if V (H) S V'(G) and E(II) e E@)

Thcrc is a special kind of subgraph that u,i11 appear throughout this ¡¡,ork. A
suirgraplr 11 of G is said to be an induced subgraph, of G if each edge of G has its
ernrlpoirrts in V(,T) is arr crige of -ÉI.
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In this corrtext u,c use the notation G,r to refer to tho rrrduced graph by ,4
rvith A ! l,/(G) \\¡e sa"r, that Gt - (\.'t. E') ts a spannzng subgra,ph of G : (1/. E)
if Gr,, irirluces G. i.c. V' : V .

Definition A.1.6. The girth o/ a qrap¡L ,¡s the m,i.ni,n¡,urn lenqth a aple containerl
o,s a s'ubgro.ph. r,n G .

4.2 Graph families
hl this thcsis wc have rvorked rvit,h sorne special fa,urilies of graphs.

Definition 4.2.1. A srmple graph, is said to be a cotnplete graph'if eueru'pu'i'r'
o.f 'ur:r'ti.r:es in. C are adjacent. It is de'noted K,, where n. is f.h,e order of the gro.ph.

Definition A.2.2. A bipartite graph. is o. graph i.n uhich zts set oJ uer\ices
can tte '¡to,rl.i,ti.ott,t¡J t,r¡.tr¡ tuo non empttl subsets, A and B sttch Lhal, all. lhc edges

i,n, E(C'¡ haue one endpoznt in A and l.he. othl:t irt B. The bipartite- graph C
'uLtlL bipa,rtrtzon (A, B) zs denoted G(A, B). We sa'u that G(A. B) is u bipartite
cornplete graph tf euery t;erter i.n A z.s ad.lacent Lo errerll ¡Lerter in B. IÍ lA - n
an.d lB - m. u,e derLote th.e compLete bipartzte graph G(A. B) : K,,,," IJ the tuo
sets o.f ur:'rtirrs hatc th,e some size, ue caLL this qraph balanced.

Definition A.2.3. A path P is a nonempty graph, P - (V, E) wtth uerter sel.

1.,' - {r¡.tr1. ...1',,} unr}, cd,gr: srt fl : {r¡rr1,tl112,., ,u,-ru,} uith r1i + ü j Jor
i I j. The le'n,gtlt, o.f a, ¡n,tlt. is th,e nulnbr:r of edges in tt, and the path ol lenglh rt
is denotetl Pn.

Definition A.2.4. A cycle zs a qraph obtained.from adding an edge bet'ueen Lhe

end'poin,ts of a, path. The Length of a cycle 'is aqa'in the number oJ edQes on it,
'uh'ich'is tft,r: st,me of the number of 'uertices, ue denote C, the cycLe oJ length n,

Definition 4.2.6. A tree T zs a no'nempt'.t/ qra'ph. T : (V, E) u:ith no cycl.es

contai'ncd. a,s o, stLhgruph.

Definition .4.2.6 (Crrrtosi:rn prorluct). Ciuen, tu¡o graphs G - (V, E) and H :
(U. F) Th,e Cartesian product of G and H. denoted bu GaH, is the graph on the
uerl.el sct V x H, an,d edge sef [(r. r). (r. g)] e E(GaH) iJ either a - y and

{u, u} e E, ori.f u : u, ar¡,d, {t:, g} e F.

,A..3 Special subgraphs
Definition 4.3.1. ,,1 subgruph H of a graph G zs satd fo óe induced tf, Jor a,ny

yta'ir oJ u:rti,rr:s t' and 'u: of H , uw is an edge of H 'if and onLy zf uw ts an edge

o.f G In othe'r uords, H ts an zrLtl,uced subg'raph oJ G i,f it ft,rLs et:ru:tl¡1 th,e edges

tha,t a:ppear i,n G ot¡er the same uerter sel,. If th,e uerter sel of H zs the subset ,9
of V(G), then II can be u¡rztten as CIS) a,n,rl ts sai,d, to be i,nd,ttrcd by S,

Deflnition A.3.2. á matching llI tn a qraph G : (V, E) 'is u subseL of th,e ed,gcs

o.f C such, Lhat e'uery uerter of G i.s a,t most on onc cdge i,'n, lul .
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Dcfinition A.3.3. / factor o.f a groph G ,is a, .s1tannirLq subqraplt of G. /. k-
Jactor o.f G is a Jo,ctor of G th,o,l, is k-regnlar. A one-fuctor oJ G ,is a m.atching
l,I which incl'udes all the uertices of G. We also call thzs s,pc:cial factor perfect
rnatching.

Definition A,3.4. A H¿miltoniatr cycle ir¿ G is a, cycLe thaL conl,ains e,t,et"!J uerteL:
of V(G) eractlu once. ItG lrus a Harniltonzan cucle utr: sa'y th,at C ts Harnzltonzan.

Definitiorr A.3.5. .,{ factorization of o. (traph G ts a set o.f .fo,ctors oJ G uhiclt
are puirui.sr: ed(te dis.loint, a.r¡,d u,hose unton is all C. A one-factorization of a

¡1r'aph, ts n rLecornposit'ion. o! the set of edqes znto o,n.e.-t'uctors, or perfc.ct m,atr:ltings.

Definition 4.3.6. á one-fa,ctorizatior:. o.f a ¡traph,G,7: {Fa,\.... F,} is soid
to be perfect r,J F,l l-, for"m a Hamiltonian cycLe in G for eaery i f j.

4.4 Edge coloring
Definition A.4.7. A propr:r edge coloring of a (traph G : (V, E) is a rnap
o : E(C) + C, uilh C a sct of colors, u:ith t,h,e rcstri,ct,ion that two edges

sh,a.r"ing an end po t.nt nlust recetue difJerent coLors. The sm.allest integer n such
t,LLat a proper r:oktritLg of G 'is possible by u,si,n.g r¡. coLors i,s call the chrornatic
inder ol G , den.oted by a'(G'¡ .

Another wal to scc thc drromatic inclex of a graph, r,vhich r,r.ill bc uscfitl in
this tlrcsis. is to think of the coloring as a partitiorr of the edges of the graph.
Then cach i:olor cl¡rss defines a matching in G. ¿rnd the chromatic index. 1'(G), is
thc suallest nnrnber of rrratchings into which the sct of cdges can be partitioned.

Deflnition 4.4.2. A perfect cdgc coloring is an edqe coloring oJ t,he gro.ph G ,

t,n. uhich, el¡er.ll paiT o.f r:oktrs z'nd'uces a H amiltonran cycLt:.

Definition 4.4.3. An acvclic edge coloring ts an edge r:oLoring of th,r:. gnt¡ú, G,
'tn uhir:lt, euer"y pair of coLors induces an acycLic subgro,plt,. t.e. a, set of trees, cuLLed

Jorest.

Definition 4.1.4. An arithmetic edge colorirrg c of a graph G - (V, E) is a

function ass'ignirLg positiue integers to its uertices sur:]¡ that by assigning to each
edge ut thc ua.l,u,e lc(u) c('t') , 'u,e obtni'n a proqter ed,ge, colorr,ng. The- srnallest
inteqer k su,ch th.o.t o.n, ori.thm,etic colori,ngs etists 'uith colors in thc sct lk) is

caLLed th,e arilhmc¡ic chrornatic index of C. We denote it by a'"(G) .

Dcfinition 4.4.5. An. injective coloring o.f a gruph ts u rertet La,bclí,n.g such th.o,t

tuo ue'rLices shuti,nq o cornlrlorl n,eighbor get differenL LabeLs. The s'm.alLcst i,n.teqer

k sur:h. tl¡o,t a,n injectue colortng ettsl.s utth, u¡l,ors i.n the set fk) t,s called, the
injectivc chrouratic nrunbel o/ C. We denote rt by y¡(G). This coloring is noL a
proper colortng ol Lh,: u:rl,n o.[ G.
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