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A todos los que me ayudaron a sali,r ad,elante



Es mu¡.clificil escril¡ir tu biografí,r sirr t'aet etr el egocenttisuo. por qtte si

bierr es un¿r fomra clc ¿ruto evaltt¿ttse. también es rruv illrpoltallte clestac¿rr v
conurnicar clc cicltri fbrrrr¿r las clerrotas v Iogros livickrs. \o es fácil quedar
al clesnr-rclo clc Io <¡re rrnchas r.ects grtarclas pala ti lrisrrro. Pero ett i'st¡i
opoltuniclacl el orgulkr de 1o cine so1 l1er.'an a reflejar lár:ilruente rli vicl¿¡ etr

corto baio estas letr¿,ts.

\Ii r-icla comienz¿¡ un 20 rle Nlarzo clc 1978. en Santiago. Criárrrloine bt'rj o

cl relirgio rle 2 glandes nujcrcs, mi rrr¿rrLe Arr¿r \farí¿ l'mi \bva (rri abrrela)

Yoialda. Rr¡cie¿rclo de urucho auor tLtrc ula irrfanl'i¿r errtretettitl¿. col tlittchos
arnigos dc mi edad c'orr cltrietres tornpaltí ¡' exploré Io que este rlurrtlo rros

estaba eltleganclo, hacicnclo mrrr:h¿rs tlavestuas conto todo uiiro. A pcsar c'le

la ¿usenlia dt figula patclrr¿l. sierrto clue rr i vida ttanscurre ¡'sc clcsalrolia ir

ojos clc la sc¡c'ieclacl cle fbrrna nornral.

\Ii aclolescencia fue un poco rnas rlesolclelarla. arlallte clcl cqnipo cle

fiitboi Ciilo Colo". me sentía toclo urr garlelo v rne lorlee tle ani-stacles poccr

aceptables cle los qrre pteclci asegular quc si segnía sLr carnino. lio¡. rro estalía
escribiendo tsta.s línc.as. \fala.s Jurrtas es¿i es lln¿i forrna cle inter:pretar
1o que vir,í eli nii adolescelcia. Pero Ia vcrdad. no toclo fnc rralo porqrre
puclc |escatar clc csa ctapa o Vivcncia que no quería eso par¿r rni. sentíir qrte

r.o poclía ser rrr¿rs qLle eso si rle 1o proprinía. fue e1 dick en uii vida partr

descul¡rir qu.e el futtro tal vez me tenia prcparaclo algo mcjor.

Bueno el clestino efectir,amentc rnc iueg¿r una mala paszrcla r- nri r.irla
caml¡ia l¡r'uscam!.ntc con Ia mucrte de mi Yet'a. Siempre dijo que 1'o era
su razóri r1e ser ¡. r1e rma u otra forma ella tanbién Io fue para mi.. . "Sólo
tr'r sabes conro rDalcaste rri r.ida' . Luego de ese c¡rielrr-e \. r:oruo tr¡clo crt l¿t

vida clcbí continuar. 'l'crminé rni clscñanz¿r mcdia cn 1995 ¡'scltía que rrris
aptilrrdes esta.barr el el área nlatenrática.



Por eso decidí estudiar licenciatura en matemáticas en la Universidad de
Santiago de Chile, destacándome desde los inicios como uno de los mejores
alumnos de la facultad de ciencias de dicha escuela. Entre 1os años 1998 y
2001 participe en dive¡sos proyectos de investigación y docencia, destacando
mi participación en 1a elaboración del libro de cálculo de la Universidad de
Santiago.

En el año 2002 dicté mi primera cátedra en la Universidad de Santiago y
en ese mismo período fui aceptado en e1 programa de doctorado en ciencias
con mención en matemáticas de la Universidad de Chile. Pa¡a entonces
ya sentía que mi vida iba abriéndose paso velozmente y empecé a valorar
enormemente mis logros y Ia compañía de mi familia y amigos que han sido
pilar fundamental del cumplimiento de mis metas.

Ei 2003, obtuve la beca CONICYT, la que me permitió dedicarme com-
pletamente a mis estudios de doctorado.

Tai vez se pueda pensar que las oportunidades son solo para algunos,
pero yo me atrevo a decir que son para quien las sepa valorar y aprovecha,r.
Tengo un futuro y estoy dispuesto a aprovecharlo, tener una familia y darles
Io mejor de mi.

Leo.
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Resumen

En este trabajo se estudiarán ecuaciones .cuasilineales asociadas al plapla-
ciano con pesos singulares en el origen. Este estudio generará ¡esultados de
existencia y multiplicidad de soluciones. Pa¡a esto considera¡emos no lineal-
idades continuas con crecimiento subcrítico. Las técnicas principales usadas
son el Teorema del Paso de Ia Montaña, el principio variacional de Ekeland
y la inclusión compacta en espacios de Sobolev con pesos, donde la desigual-
dad de Caffarelli Kohn-Nirenberg es fundamental. Además, imponiendo una
dependencia de cierto parámetro en la no linealidad, se estudiará el compor-
tamiento asintótico de 1as soluciones, tanto cuando e1 parámetro tiende a cero,
como cuando tiende al infinito. Por último usando técnicas de truncación,
regularidad e iteración monótona, se probará la existencia de un problema
no variacional, donde la no linealidad depende del gradiente.



Abstract

We study quasilinear equations with singular weights at the origin associated
to the p-Laplacian. The study generates results about existence and multi-
plicity of solutions. We consider continuous nonlinea¡itites rvith subcritical
gro*"th. The principal techniques used are the Mountain Pass Theorem, Eke-
land's variational principle, and compact embeddings in Sobolev spaces with
weights for which the Caffarelli-Kohn-Nirenberg inequality plays .a funda-
mental ro1e. Moreover, under some parameter dependence of the nonlinear-
ity, we study the asl,rnptotic behavior of the solutions when the parameter
tends to zero or infinity. Finally, using truncation and regularity techniques
as well as the method of moiotone iteration, we show the existence of so-
Iutions of a non-variational problem where the nonlinearity depends on the
gradient.
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Introduction

We consider weak solutions of the quasilinear elliptic problem with singular
weights

{-at 
q1r¡"o¡(lvzl)vu) :ltl-@+l)p+ci?x,u) ino, 

t0.1)
on áCll.":0

where f) C IRN is a bounded domain with C1 boundary, 1<p < ¡tr, 0 € O,

-oo < ¿ a Y , " > 0, and the functions,4, and / satisfy certain conditions.

In the case A(t) : 1, observe that equations such as (0.1) are stu-
died as models for several physical phenomena related to an equilibrium
of anisotropic media which may somewhere be perfect insulators or perfect
conductors (see [14, p.79]), and they may, in particular, describe standing
waves of an a,nisotropic Schródinger equation (see [6],135],[36],[42]). A1so,
it A(t) - 1, the Problem (0.1) is of certain interest in the f¡amework of
optimization and G-convergence. (See for example [20] and the references
therein.)

Degenerate elliptic problems with weights have been intensively studied
starting with the pioneering work of M. K. V. Murthy and G. Stampac-
chia [29]. (See for example [11],[18],[30],[37].) In the special case where
A(t) : tr-z for some p > 1, the differential operator becomes a weighted
p-Laplacian.

In the radial case, that is, when u : u(lrl), ordinary differential equa-
tions methods appIy, and many results about existence, non-existence and
asymptotic behavior of solutions are available (see for example [12],[13]). For
problems with weights other than powers of lzl, see 13],[21],[22].

In the non-radial case, some progress has also been made in the case

A(t) : ¿n-2, with 1 < p 1 N, in recent years. In 2001, the equation (0.1)
for p : 2, that is, the weighted Laplacian case, where the nonlinearity is
a power of u on IR.N, is studied by F. Catrina and Z. Wang in [9]. They
obtain existence of solutions within a prescribed slmmetry group. In 2003,



also in the weighted Laplacian case, the fact that the solutions of Problem
(0.1) are Hólder continuous in bounded domains O rvith smooth boundary,
provided that the nonlinearity has subcritical growth is proved by V. Fe11i

and M. Schneider in 119]. That same yea.r, existence of solutions, in the sense
of entropy, of Problem (0.1) wiih 1 < p < Iy', where the nonlinearity satisfies
various structural assumptions, is studied by A. Abdellaoui and I. Peral in
l1]. Blow-up fenomena of the solutions are also discussed.

P¡oblem (0.1) is atso studied u¡de¡ various aspects in the weighted
p-Laplacian case by B. Xuan. In 2003, using the Mountain Pass Theo-
rem and linking arguments, the existence of a solution of P¡oblem (0.1) for a
special type of nonlinea"rity / is proved in [44]. Subsequentl¡ existence and
muitiplicity of solutions for a¡ asymptotically linear / is shown in [45]. In
2004, the eigenvalue problem associated to Probiem (0.1), with 1 < p < lr'
and o ) 0, is studied in [44]. in particular, he shows that the first eigenvalue
is simple and that the first eigenfunctions do not change sign.

Finally, we mention that existence results fo¡ equations associated to a
weighted p-Laplacian operator with general singular weights have been re.
cently studied by M.-F. Bidaut-Veron and M. Ga¡cÍa-Huidobro in [3].

In this work we study Problem (0.1) in various situations. We will assume
that the functions A and f satisfy the following conditions:

(H1) á € C(R+,R.) and A(t)t is iocally integrable on IRf,.

(H2) There exist constants h,b2 > 0 satisfying

ór ( lim inf ¿2-pA( ¿ ) < lim sup f '-, A(t) < b, .
'- t__*

(H3) The n-rapprng t =, tA(t) is strictly increasing and ,lip ,4(f )f : 0.

(f1) /€C(axR,R).
(f2) There exist non-negative constants o1 ánd a2, and q € (1,r), where

r : min{Np/(¡/ - p),p(¡/ - (a+ t)p+ c)l@ - p(a+ 1))}, such that

l/(r, ¿)L < ar* a2lt)o-t.

Typical exarnples of the function .4 of the differential operator in equation
(u.1) are the follorving:

(i) ,,{(¿) : búp-2 +qt+dtq-2, where 1<q< p, h> 0 and c1,d)0.



(ii) 1(¿) :(r+$)E-1f-2, where 1<q<p.

(iii),4(¿) - (t +ltl)-1/21¿n(1+ l¿li-s), where 1 < s <p - 112.

/ 1 -) ¿o-'. where r ) 2.(iv) .a(t): [t* Ot tl,l,l
Our aim is to obtain solutions of Problem (0.1) as critical points of the

energy functional

I@) :! / ¡r¡-'o51¡yr¡o) - [ p1-r"*'t,+"F(r,z)
P Jn' ' Ja'

.lt /r\
where S(ü) :pli"''' A(s)sds and F(o,ú) : Iif @,t)¿s.

Note frrst that .well known techniques, like the Mountain Pass Theorem,
ensure both existence and multiplicity of positive nodal solutions of problems
of type (0.1) in the unweighted case, that is, when a - 0. (See for example

[2],f331, 1241,[23], 1161, [25], [40], [41].) 7f a 10, then we cannot apply class!
cal methods directly. In this case, the analysis of existence, multiplicity and
regularity of the solutions becomes a delicate matter due to the degenerate
character of the differential equation.

The following integral inequality due to Ca.ffa¡elli, Kohn and Nirenberg
plays a central role in our variational approach to equation (0.1).

( l*- 4-'1,' ,h)' 
= "",0 |o*@l-"clrvlo 

¿¡ (0.2)

r¡,here N-n
-oo<@(-,p

,, Np
I - P lutu)- Ti-----l- r' 1\ -dp

for o ( b < a*1,

for d,:l*a*b.
(0 3)

(See l8l.)

Let us rlow introduce some weighted function spaces sqe will work with.
\Á/e let W01'P(O, ]zl-"r) denote the completion of Cfr(O) with respect to the
norm | . ll defined by

( lnl,r*F,P a'7"'ll"ll:



It foliows from the boundedness of 0 and a standard approúmation argu-
ment that, for any r € W'ot,p(Q, lrl-"r), inequality (0.2) hoIds, in the sense

thar,forl(r( 
^Ip: 

urra a<(1 +a)r+t/(1 -i) , we have
1\ -p

( lnbr"wr o,)''' 
= " lnlal-"er\ 

11f na (0.4)

o¡ in other words, the embedding W¡', @,lcl-,o) ,--+ I'(O, lol-") is contin-
uous, where L'(A, @l-") is the weighted .L'-space endowed with the norm

llrrl.," ,: lirll¿,rn,,, -"r : ( [^@f ,r,. ar)''' .\Ja

The Thesis is organized as foliows:

In Chapter 1, we study the differentiability of our functional 1. Flrther-
more, imposing an Ambrosetti-Rabinowitz type condition on the nonlinearity
/, we show that our functional has the Palais-Smale property.

Chapter 2 consists of four sections. In Section 2.1, we show the regula.rity
of solutions. In Section 2.2, we assume that the parameters a, c, r and q
satisfy one of the following three conditions:

(i) a>0, c>p(N-p(a+ t))/(N-p) and

o(a + 7\ - c

(ii) a < 0, c> p(N - (a+t)dl@ -p) and

1<q<p*:r.

(iii) a < 0, 0 < c <p(// - (a + t)fl1(N -p) and

,.n.p(t_ (q+t)l+c) _".- 1v -\a+ r)p

These conditions, together with some restrictions on the nonlinearity /, en-
sure the existence of an unbounded sequence of solutions of Problem (0.1).
Section 2.3 is devoted to the parameter dependent problem

( -at"11r¡", ¡¡lvul)vu) : )lrl-("+1)p+c/(u, u) in o,¿ '' ' '
lr:0 on 0Q.



We show the existence of positive solutions under certain conditions on the
functions A and f, and we study their multiplicity and behavior as ) tends
to 0. Section 2.4 treats the non-va¡iational problem

I -a¿ukl-'"vu) : lzl-zG+r)+" f (r,u,vu) in o,¿ '' '

l"=0 on áQ

where 0 < a < (¡¿-2)l2and c> 1. In other words, whenA:7 and p:2
in Problem (0.1). Since the nonlinearity / depends on Vu, we cannot deal

Problem (0.1) directly with va¡iational methods. Our approach is based on
an idea of De Figueiredo-Girardi Matzeu (see [16], and compare [2S]) for an

equation involving the Laplacian. The idea consists in analyzing a family
of associated elliptic equations without dependence on the gradient. More
precisely, given u-r e W;2@,lzl-'?"), we consider the problem

rvhe¡e u is a given Lipschitz continuous function. We then show that the
problem above has a solution u which is again Lipschitz continuous. Com-
bining truncation techniques, the Mountain Pass Theo¡ern and monotone

iteration, we obtain the existence of a non-triviai solution of the original
problem.

In Chapter 3, we study non-existence of solutions using a variant of Po-

hozaev's identity due to P. Pucci and J. Se¡rin. (See [32].)

The Thesis concludes with a¡r Appendix that contains the proofs of some

technical results used in Chapter 1.

f -aiu i ,¡-'vz) : ¡¡¡-zto+t¡+".[(r,u.Yu) in Q,

I":0 on áQ



Chapter 1

Preliminaries

1.1- Sobolev space with weights
We first establish some notation.

LetQ c R.N be a bounded domain with C1 boundary. if a e Randl ) 1,

we let l¿(f2, ]c]-") denote the weighted tr¿-space endowed with the norm

llrll¿,",: llzll¿,1e,¡,¡-.¡ : (lrlrf"Wf *)"'
In particular, in the space L2 (O, )rl-2") we will also q/ork with the weighted
scalar product

\f , s) ¿,¡s¡"y-,-¡ : lntrl* f {Os@) d'r-

lf. 7 < p ( N and -oo < ¿ < (N- p)/p, tben W¡'o(O,lrl-"e) will
denote the completion of Cf(O) with respect to the norm ll . ll, defined by

fult : ( [,¡',yvu1,¿,\"' .

\Jn /
Next, r,e next point out a Ca.ffarelli-Koh¡ Nirenberg type inequality

without proof. (See [8] for a proof.)
Assume that 1 ( I < p* :- Np/(N - p) and that a < (1 + ¿)¿ + N(l -

(l/p)). Then, for any u € Wol'p(O, lcl-or), the following inequality holds:

(l *l,r"wl 
o.)' " =, I 

"lxr-ar 
r\ ¡rc ¿a (1 1)

In other words, the embedding W;''(A,pla\ -, Lt(Q,lrl-") is continuous.
The following compactness theo¡em is due to B. Xuan (compare [44],

[+5]). For the sake of completeness, we will give its proof in the Appendix.



CHAPTER 1. PRELIMINARIES

Theorem 1.L (Compact embedding theorem). Suppose fñal O C Rtr
is an open bound,ed, domai,n u'ith Ct boundary and that 0 € fl, where ! < p <
ll , -oo < a < (¡r' -dlp, t!l < Npl@ -p) and a < (1 +o)¿+N(1 -
(tlfl). rhen the ernbeddi,ns tr4/o''(f¿, lrl-'r¡ .-- I¿(O, lrl-") is compact.

Finally, we study the eigenvalue probiem

! Lu:: -diu(lrl-"Vr) : )irl-2'u in Q, (r.2\
1

[":0 on áO

together with the (its) associated bilinear form
B : w¡'2 (a, @l-'"), w¡'' (o, lrl-'") - 

IR. given by

Blu,ul: [^@Í"vuv,..JO

Theorem L.2, ('i) The operator L has a real d,i.screte spectrum. Repeat-

ing each ergenualue accord,i.ng to its (f.nite) multi'plicity, we haue

0<)r<)2()3(...,

and, A¡ -- oo ¿s k ---, m.

(i.i,) For .b e N, lñere etists an orthonorrnal basi's {9¡} ¡;,1 of L2 (Q,lrl-2")
so that

{tro: ^oro 
," 1: (r 3)

fp*:O on0Q

where g¡ € W|2 (A,lrl-2") i's an ei,genfunction corresponding to the

ezgenuaLue \¡.

The proofs of Theorems 1.1 and 1.2 will be given in the Appendix.

L.2 Differentiable functionals

In this section we recall definitiorts and notation from difierentiability, and

we prove two prelimlnary results.

Let X be a Banach space, and 1et X' denote its dual. If / e X' and

u e X, we let (/, z) denote the value of / in z.



CHAPTER 1. PRELIMINAHIES

Definition l.l. Let I : U ---+ R be a functional where U zs an open subset

of a Banach space X . We will say that the functronaL g has a Gateaux
derivative f e X' at u € U i,f , for euery h € X, we haue

1

liml[Ptu-rf h)- 71u] - (/.¿,h)] - 0.
¿_o f ,, .

The G ateau¡ dertaati.ae at u ts denoted by p'(r)
We will sag that the functi,onal g has a lYéchet derivative f e X' at

u e U i,f
_. 1
lim 

- 
l,p(u + h) - e(u) - (/, /¿)l : 0.

r,-o llhl 
,,

The functr,onal g belongs ¿o C1(U, R) i,f the Fréchet deriuattue of g em,sts
and 'is cont'i'nuous on U .

Remark 1.1. o The Gateaut d.eri,uattue is oiuen by

(p'(u),h),: iiq ][,p(, + th) - e@)).
I+U ¿

o Any Fréchet dertuat'iue 'ts a G ateaur deriuat'iue.

It follows easily from the mean value theorem that:

Proposition L.l. IJ g has a cont'inuous Gateaux deriuati,ue on U, then

P € c1(u,R.).

\\'e next consider the functional ú:W¡'p(A,lrl-"p) --+ R given by

,.,r, : [ ¡,-.o+t'p-, Ft¡. utd¡
JA

where F(r, f) : Íi ¡f",s) ds, the domain Q is bounded in lRN, for Iy' ) 3,

oo < a < (N - p)lp, I < 72 <lV and c> 0.

Proposition 1.2, Suppose that f satisfi.es assumpti.ons (fl) and, (f2). fhen
the functtonal t r,s of class C|(W:'e(O,lu ]-"e), R), and i,ts d,eriaati.ue i.n u e
ttÍ"(O, r-"P) i,s giuenby

(,,,'(r), h) - / 1.¡-''*''o*' f (t, u)h rlt
Jn

for any h € lYol'e(Q, ]r]-"e).



CHAPTER 1. PRELIMINARIES

Prool. Existence of the Gateaux derivative. Let u,h € W.1'P(Q, lrl-"e).
Given u e O and 0 < l¿l < 1, according to the mean value theorem, there
exists .\ < (0, 1) so that

)F(r,u(r) + th(r)) - r(a,u(r))l
lúl

: lf(c,u(r) + )th(c))h(r)l

< c(1 + (lu (z)l + lñ(c)l)q-1)lh(o)l
< C(1 + 2q-1(lu(r)le-l+ lh(z)lq-1))l/¿(z)1.

HóIde¡'s inequality then implies

(1 + 2q-'(lz(z)1,-'+ lh(u )lo-1))lñ(z)l e tr1(O, ¡e¡-("+tlr+"¡.

It follows from Lebesgue's dominated convergence theorem that ry' is Gateaux
diffe¡entiable and that

('b' lu),h) : I P1-'-"-' f (x,u)h d't'
JQ

Continuity of the Gateaux derivative. Assume that z,, ---+ ¿ i¡
W;''(O,lol-"r). According to the compact embedding theorem, u¡ + ü in
Lc (Q,lfil-("+1)P+"). Then, for a subsequence again denoted by u,, we have
that un ---+ u a. e. and, fo¡ some g e Ls (Q,lcl-("+th+";, we have

lu(c)1,lu"(c)l < s(z).

Therefore,

If @,u^)- f (",u)l'' .2o'ga'(L+lslc/s')q'€ ¿1(O, lzl-(o+t)r+"¡.

According to Lebesgue's dominated convergence theorem, f (r,r") '--+ f (r,u)
in trq'(0, lrl-("+t)r+"¡ where q' : Slk - 1). By Hólder's inequaiity, we have

1\rl,'("") - ,lt'("), h)l < cllf (x,u") - .f (¿, u)ll¿¿ro,lrl-G+rp+é) . llhll¿,(o,t,t-,"*,,o*9
< c ll i @, u") - f (a, u)ll t,' o,1"¡-r"+,»+"¡' || áll,

and hence

ll,/''("") - rl,'(")ll 3 Cllf (r,u") - f (x,u)llu o.6-("+r)p+.) ;; 0.



CHAPTER 1. PRELIMINAHIES

1.3 The (S)a Condition
Let J : W;'p(0,lrl-"n¡ --+ IR be the functional defined by

¡Al:I ln),t*tto,,f) (1 4)

,l | /a\
where S(ú) : p Ii' " 

' A(u)u d.u. Under the conditions (.F{2) and (¡13) it
follows that there eúst positive constants at, dz, 0t and B2 such that for
everyf>0wehavethat

Note that if conditions (H1) through (H3) are satisfied, then J is a C1-func-
tional.

Now'we slightly generalize a result of F. Browder la],[5] in the theory of
mappings of class (S)a of elliptic operators in generalized divergence form.

Lemma L.L. Let h : IR ---+ R be d.efi,ned, bg h(t) : S(ltlp). Suppose that h
i,s strictlg conuer and that S sati.sf,es i,nequali,ti,es (1.5) and, (1.6). Then
J' ,belongs to the class (S)¡. In other word,s, for all sequences {r"} c
W;o @,lrl-at) such that.

[""-"
Ilimsup,--."1J'(un).u^ - u) <0

(1 7)

ue haue Ln + ¡J.

Proof. Ou proof follows 140]. Using (H3), it is not difficult to verify that
Vu,.,(r) + Vu a. e.. \Ve then observe that

(J'(u,,),u^ - ") 
: I lrl-"pA(]vu,l)vu,. (vu, *vu).

Ja

Setting 1"(r) :: lrl- anl ¿.(r) .(VlJ"(z) - Vu(z)), rve have

Ir
J'r,t,,.yn - u\ - I Ar Vu, tr,(¡)\q^tt\ - | Ar Vu,l11,(rlyq.(r).

Ja Ja

rvhere Q, : {z € fl I lvu"(z)l < M} and -&1 is a positive constant. Ou¡ aim
ls to show that

A(t)t<qta2tP-1 and

s(t)> Aú- P2.

(15)
(16)

/ A qlV i," ,;1^ 1r)r o" (z) 

-- 
0.

J a ' n-+oo
(1.8)
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Defining

n^@) : AQv u"l)y(r)yq "(r),
lv-e have

n"(r) '0 in O, and

la(")l I A(M)M(M + lvu(z)l).

Hence, using Lebesgue's dominated convergence theorem, we obtain (1.8).

Thus, for any M > 0, we have

Iirnsup(J'(u,),2 
^ - u) :tiro.'rp / A(lVz"l)7,(r)¡q¡(z). (1.9)

n-+oo JQ

Setting

rj:{ceo
r;:{reo

we have by (H3) and (1.6),

.v- lz) ) 0) and

'y"(c) < ol,

A(t)f >q(') > L,' - 9z'
ppp

Hence, for M sufficiently la.rge, it follows that

rtr
J n.t¡1v " "11 

1 "yo.^ 
: 

J nel1v 
u 

"l )ry.xer xr* + 
J nA(lV 

u"l)t"xo.^x r;

, ( 
+ - a) t,lv".l*,.y^Xe¡Xr* 

+\1 r ^* (azl- 6z) 
JnlV 

u"le-'t.XesXr;

where 0 < 6, < |rlp and ó2 ) 0. Thus

|ne11v,.11.,**"r. (+ - u,) 
l,tyunto-21nxe¡

* (",* ,-?*d,) lntv,,r'1.xe¡Xr,.
Next we claim r

Iim / lvu"lP-2't^xq"^xr; :0. (1.i1)
,.-+o" J a

(1.10)
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Dofining
T, - 'Vu, P-2-r, \e" \..".

it is not difficult to verifu that ]Vu"(r)] I lvu(¿)l if r e l;. Hence

iT"(r) I 2lrl-"eiY u(r))p, for any z € Q.

However, T,,(r) ;_;0 a. e. in Q. Thus (1.11) follows by Lebesgue

dorninated convergence theorem. Using (1.9) and (1.10), we obtain

l¿ -A) tt,,sup / )vr*),-'^t^xq"^< Iimsup(J'(u,),u.-u) <0.
\ p '1 "---l ln' 4-+oo

Conscquentiy, since

lim I vr, o-'1"¡r, : g.
,__"" Jo

,,ve have I
lirn sup i l.L-", Vr, p-2Yun. (Vu" - Vz) < 0.
n_.+cc 

"/O

This means that
Iimsup(Jjt u,) ¿rn - d) < 0

rvhere Jr(z) : {n rl-aolVule. Using the monotonicity property of the p-
Laplacian, it is then not difficult to r.erify ihat Ji belongs to the class (S),..

tr

1.4 The (PS) Condition
Thrs section discusses the issue of variational integrals of the type

Itut:: Jltt) - [ ,¡*-''o*'Flr' u)'
JA

Definition 1.2. Let E be a Banach space. Giuen C € lR, tue w'ill say that
1 € C1(.E, R) sat'tsfi,es úáe (PS)6 condition 'tf any sequence {u"} c E
such that I(2") --+ C and I'(u^) -+ 0 as n --.l +co po.es¿ss es a conuergent
subsequence. #1€ C1(E,R) satisf,es the (PS)s concli,tt on for euery C €F.,
ue wiLl say that I sati,sfi,es the (P S) condition.
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Proposition L.3. Suppose that f satisf,es assumptions (J1) and (J2), and
that F(c,t) : Íl ¡tr,s)d,s. Suppose furthermore that J sati,sf,es the hgpothe-
ses of _Lemma 1.1. Then I satisfi,es the (PS) cond,iti.on if euery sequence {un}
in W¡'P(Q,lrl-"r) such that

It(u")l !C and, It(un) -+ Q, (1.12)

where C i,s a constant, is bounded.

Proof. Let C e IR, a¡rd let {2,} C W¡'P (Q,lcl-ar) be a sequence such that

I t@^) -" c and

\r'1,,¡ "- s.
(1.13)

It suffices to prove that {u"} contains a subsequence which converges in
the norm of I4l01'e(O, lzl-ar). Since {u,} is bounded, there is a subsequence

{2,, } converging weakly in wol'e(o, lrl-'r) to some u.
On the other hand, the second assertion of (1.13) means that, for all

1) e W¡'P(A,lcl-"n), we have

| [ ̂Wf 
* o Uo 

" 
n,l)y u n,v u - f nlrl- 

r* r, *' f (x, u, ) ul
tJo

< e 
^, lla ll s ¿ " ¡e,1,¡ *¡,

where er, ---+ 0. Choosing 1) : 'un¡ - u and taking.limits over subsequences,
we obtain t

I lxl-"eA(lYu",!)Vu^,(Yu^, - Vz)---' 0,
Jo

or in other words

,!Y-(J' 
(u"'1' un¡ - u) : g'

This means, according to Lemma 1.1, that u,, ---+ u strongly in W]'P (A,p1-"c¡.
tr

In order to guarantee that the functional l satisfy the (PS) condition, we
assume on the nonlinearity / the following fir¡ther Ambrosetti-Rabinowitz
type condition:

1f3) There exisr 0 € (+,:) ,"a io ) 0 so that, for lúl ) f6, we have
\r,P/

1tf (x,t) > F(2,ú) > 0

where F(r,ú) : [i f@,das.
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Proposition L.4. Suppose that the functi,ons A and f sati.sfy, respectiuelg,

condi.ti.ons (H1), (H2), (HS) and assumptions (f1), (f2), (f3). Suppose also
that the numbers b1 and, b2 of con d,i,tion (H2) satisfg bz? < hlp.
Then the functional I satisfi,es the (PS) condition.

Proof. Let {2.} be a sequence satisfying (1.12). According to Proposition
1.3 it suffices to verifu that {2"} is bounded.

It follows from (1.12) that

1lr
i / lri-"'s(lv,"Y) - 0 

J n,rl-"p 
AQyu^)1v u,l2

r* / lrl-t'*'r'+'@f lr,u")u"- F(r,u^)) <c +e"0llu"llwo1,e¡o,¡,-"r¡,
Ja

where e, - 0.

Using (H2) and the hypothesis lhat bz? < illp , we find constants €r, €r >
0, co > 0 and 16 ) 0 such that

ls(r) > €útL - co, for all ú e lR+,

) t? l6rtr¡ < qrur, for alt r ) ú6, and

| ,,0,, . -u' '(p
Hence, it follows from relation (f3) that there exists a constant c1 such that

(* - €;b,0) l,lr)-"plyu^lc 
< ct + e^aw.lw¡o¡a¡4-"r7

which means ihat {u"} is bounded. tr



Chapter 2

Existence Results

2.L A regularity result
In this section we henceforth assume the slightly stronger condition (ff2')
below instead of condition (fl2).

(I{2') There exist positive constants h and b,¿ satisfying U < A(t)*-P < b2,

for all ú)0.
Thus we propose to prove both boundedness and Hólder regularity of the
solutions of our Problem (0.1). We will make use of the following two lem-
mata. The first, Lemma 2.1, is proved in the special case of the p-Lapiacian
operator with right hand side f + rn(t + lulo-zr¡ where /, rn ¿ ¡.,N/o (D) (see

126]), although the proof carries over without difficulties to the general case.
The second lemma, Lemma 2.2 in the case of the p-Laplacian operator.

Lemma 2.L. Let D be a bound,ed, domai,n in F.v, wi,th 7 < p < N. Let
I : D x IR. -* lR áe a Carathéodory function so that, for some functi.on g €
LNh(D) , ue haue

l¿(y, ¿)l < ,p(s)(l + l¿le-1), for aLL (y,t) e D x R ,

let a¡ : D x RN -* lR üe sucñ. that a; : ai(y,O is measurable tn g
contin'uous 'in f , uitlt i : 1, . . . , N and such that. for alL (y , O e D x IRN

some posit'iue ntt"mbers k1 and, k2, the following tuo znequali,ties hoLd.

(2.1)

€¡a¿(a,€) > kri€' and (2.2)

(2 3)

and
and

< k l€lo-' , for alt (y, {) e D x lR.N .Do?(a,€)

10
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Furthermore, tet u e W¡,e (D) satisf1

a
- hi"n(Y'Yu) = tlY'u, in D'

Then u €. L,(D) , for euery r > t.

i?ü:1?i ,:;;r' and' a¡, for i * 1,. ,N, be as in Lemma 2.1. Let

-*."ur,vu): r(v) ¿n D

uhere f € Lp (D) for some , ,^!lo. Then u e L* (D) o Coñ@), for somea e (0, 1]. Moreouer, i.f AD e Co,t, then 
" , e,i(i).' 

'

The main result of this section is the following.
Theorem 2.7. Let c>0, p.:p(a+7)_c, and

p-t<q<min {:a-t;p-t+ = 
c

[tr_p - ¡,,_p1ol!
)

(2.6)

Let g : e x lR, __r lR be a Carathéod,ory function soOxR and some cl >0, we haue

lg@,t)l S cl(1+ ltlq) .

Let u e W¡,e(e,lrl-"n) satis/y weakly

- di.u(lrl-"o ¿¡¡yul)Vu) : ltl-p s(r,u) i.n e. (2.8)

?* " :::l!) n cifr@) , for some a e (0,11 M,oreouer, i.f 0Q e Co,t ,

' LOC
then u, € r'lu'alo\\" "'/'

11

r),

for

c

o(a 1

that,

(2.4)

(2.5)

all (r,t) €

(2.7)

Proof. We introduce new coord.inates given by

,: lylk-ra, for o € RN, where &: 

"+ÉTwe set D :: {y: x e o}. o(s) ,: r(:).t!@,t),: s(t,t), (x€ e,ú € lR).Then it is nor difficult to see thar , e'Winiá¡',ura irlrt , sarisfies weakly
a

U¡ai\u,vu): kPlyl-1h(y,u) in D (2.e)
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where 7 : p - c(N - p) l(N -p(a+ 1)), and where, for y e D and. € € R',
we have

/ lul\-k) \ //17/l(r-k) \2-p
a¡(a,€) : a(ft-atu,()) (t-e@,€)) x

*n_]-''{o'e)*' (*'*'* t' - r'ffi)
and

B(y,{) :: 
{r',*, 

* (r - k\ff{\'/' .

Note that k > 0 and that, for i, : 1,. ..,.1ú, ihe functions a;, satisfy the
conditions (2.2) and (2.3), with /cr:ár.min{l,,h} and ,b2:br.max{l,&}.
We will write

oot,:WWff, ror v€D.

Now it follows f¡om the Sobolev embedding theorem that a e LNp/(N-p) (Q) .

Since
q<p_r-ñ=fo-i) ,

Hólder's inequality yields

I vü s a I wr +(,* l,t.5-)
DD

. p2 -(¡¡ - (c-p- t¡/ - _\ -----=r- / t f ,, r g=¿4Fd\

= .,(/ ryr-;-o:»{ft+¡ ) (",. (/ tuÉ+)- 
)\D

< *co

where c2 is some positive constant. That is, o satisfies the conditions of
Lemma 2.1. Hence ¿r e L'(D), for every r > 1, that is, lyl-tg(y,u(y)) e
LP(D) , for some p > N/p. The theorem now follows from Lemma 2.2. fl

Let us mention that it seems rather difficuit to prove Co-regularity of
solutio¡¡s under the weaker condition (H2). On the othe¡ hand, if ou¡ dif-
ferential operator satisfies assumption (I12'), Theorem 2.1 shows that the
solutions of Problem (0.1) which we obtain in subsequent sections are Ioca11y

Hólder continuous.
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2.2 Problem 1

In this section we study the elliptic problem with singular weights

I -at"¡1"¡"o a¡lvzl)Vu) : l¿l-(o+1)p+c/(u) in o,¿ " ' ''
l":0 on 0Q

(2.10)

where O c IRN is a bounded domain with Cl boundary, 2 <p < N, 0 e O,

-co<¿<?,
__*,^l Np p(N -(a+l)p+c)l/ - rrnlr 

lN - e-' --ñ= eG+T- J'
a¡rd c ) 0. Note that results similar to ours, but without weights, have been
obtained in [41].

Main Theorem
Let ,b € N. Denote by I/6 the finite dimensional space spanned by the
first & eigenfunctions, which correspond to the eigenvalues )r, . . .,,\¡, of the
singular elliptic equation

| -at"¡1r1-'"vz) : )lzl-2'u in Q ,

I"-O on 0Q.

Note that since p ) 2, we conclude that Wo1'p(Q, lzl-ar) is a subset of
w;''(o,lrl-2"). Let W¡ be a. subspace ot w]'p10,p1-or) such thar

w|'(a,ful-"o): Ht@wx'

It follows from the definitions of ¡Y¡ and W¡ that

ll"ll'r¡,1n,1,¡^¡ > )¡,.1llull],,1¡¡,¡,¡--¡, for all ue W¡

and
\¡llull2¡,¡s,1,¡,9 > llrllfro',,1e,¡,¡--¡ , for all u e 11¡.

In what follows, we will assume that the parameters a, c, r and q satisfy
one of the following th¡ee conditions:

(i) o>0, c>p(N-p(a+t))/(N-p) and

n(a1l\-c
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(ii) o<0, c>p(N-(¿+1)p)/(N-p) and

l<q<p*--r.

(iii) o < 0, 0 < c <p(¡/- (a+ t)p)/(N-p) and

,.^ -o(N -(a+1)P+c) -.s < --N:G + l)p :'.

The proof of our main result will depend on the following three lemmata.

Lemma 2.3, For each fi,nite dimensional subspai,ce E c Wl'e11,p1-"c¡,
there ec'tsts a number R: R(E) so that 110 on E\B¡¡, where

Ba-- {u eW¡'e(o,l"l-"P)l ll?ll < E}.

Prool. According to assumption (/3), there exist ,b1 > 0 and k2 € IR so that,
for all ú e JR, we have

rQ)>fultll/e+k2.
By condition (.F12), there exist constants h,tlz > 0 and C > 0 such that

-C +r¡1t < S(¿) < nzt+C., fo¡ all ú ) 0. (2.11)

Consequently, for some Ó > 0, fo, every u € W¡'o@,lrl-'n) we have

tfu) - [ {¡,¡-",s(lv'l') - lzl-{"+rra+"o,,,}Jn[' p '*' 'r-,)

<!2 []zl-,elvup +e - Kt / lrl ," l\ptclul/e.
- P Ja' ' 'Ja'

Since p < 110 and ll . llwo,"1o;1,¡-.,¡, ll ' llr,r,ro 1n,1"1-(a+1),+c) are equivalent

norms in E, we conclude that there exists an.B > 0 so that

1(0onE\Ba.

Lemma 2.4, For eaery u e W¡'e (Q,lrl-"t) , we haue

llrll,rn,t, (.+r)p+") I Cllull!,1e,1,1--¡ ll"llfn 
o,1,in,1,¡ *¡

uhere a € (0, 1).

tr
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Prool. Without loss of generality we may assume that 2 < q < r ( p*. Since
q < r < p*, we conclude that

llull¿,1e,¡"¡-r"*o,*.¡<llullÍ,1o,¡.¡--¡ll"ll|rÍ1o,¡,¡-» (2.12)

by Hólder's inequality, where

" P- ((a+l)P-c-soa\
"-?\ 1_o /

and

o --2\Y! - \t\!=: d!). .
q(Np-2(N -p))

The result now follows f¡om conditions (i) through (iii) and inequalities (2.12)

and (1.1).

Lemma 2.6. There esist constants p, B > O and, k e N sucá úñaü Ilur,n u2
p.

Proof. According to assumption (/2) and (2.11), we have

tf") >* lnl,l-*Fuf - ", lrlÍl-(a+t)e+cluls - cs.

Let ,k € N. It follows from Lemma 2.4 and the definition of l4le that, for all
u e W¡nw;'o(Q,]r -ar) , we have

llull ¿01e,,¡-r"*,,, -,, < $Wl*¿,p(o,lrt-ap)
^*+l

where Ca is some positive constant. If. u e 0Bo it follows that

r(u)>d(+-An-,) -o
\t ^k+1 /

where C5 and C6 are positive constants. Without loss of generalit¡ we may
supposeq>p.

Choosing p: p¡ so that

* _ Cs 
^o-r- €t

'- $uo - n'
we find 

I(u) > trd- c6.
q
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Observe that p¡ ---+ *oo as ,b ---+ +co. Hence, there \s a B > 0 so that, for ,b

sufficiently large, we have

É.

\fr-Cu > 0, for allu eABp¡Wk-
q

u
We are now in a position to prove our main ¡esult.

Theorem 2.2. Suppose that functi,ons A and. f satisfg, respectiuely, cond.i-
ti.ons (H1), (H2), (HS) and, assumptior* (Í1), (f2), (!3). Assume that one

further cond,i,tion is s ati,sfi,ed,:

ffl The function F is euen.

Suppose also that p ) 2 and that the nu¡nbers b1 and, b2 of condition (H2)
sati,sfy b20 < fuf p. Fi.nallg, suppose that the parameters a, c, r and q satisfy
one of the conditi,ons (i) through (iii).

Then Problem (2.10) possesses an unbounded sequence of weak soluttons.

Remark. Conditions (ff1) through (f/3) are satisfred for the p-Laplacian,
that is, ,4(ú) -- lt¡n-z a¡rd a : 0. A model case for assumptions (/1) through
(/3) is given by /(¿) : a1(1 + l¿ls-1).

Proof of Theorem 2.2. According to Proposition 1.4, the functional .I satis-
fies the (PS) condition. By Lemmata 2.3 and 2.5, we can apply Theorem
9.12 of [3a]. Therefore, f possesses an unbounded sequence of c¡itical values
cx: I(ux), where'u¿ is a weak solution of (2.10).
We claim that {z¡} is an unbounded sequence of W¡,P(O,lzl-.n) . In fact,
since I'(u¡)u¿ : 0, we have

(2.13)

16

lnlrl-* o{lr r¡ 
I ) I v,,¡ l' : ln@f 

r*',,*' f (u¡)tu ¡ .

Now c¡ : 1(u¡) implies

I lrtrf*ttlorrl\ - lrlrl-@+t)c+'rr,*) 
: c¡ -- a66. (2.t4)

Ivlultiplying by Llp irL (2.13) and subtracting from (2.14) yields

" 
:; 

Í,lzl-'e(s(lvz¡lP) - .a(lvu¡l) lvz¡1'z)

+ fnl,la*'to*" ey- r,(u¡))
(2.15)
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According to condition (H3), we have

l1t1* >- S(!') , for au ú > 0. (2.16)
p

Combining (2.15) wiih (2.16), we obtain

(, - 1) [ @l-",ol,ou^l) Vz¡l2,- [ p1-*-,t,*. ( f(uiux- F(z¡)) > cr\ p/Ja -' Ja' \ p -')-'
(2.17)

which implies that {u¡} is unbounded. tr

2.3 Problem 2

In this section, we consider the elliptic problem with singula.r weights

rp), [-au11"1-"o¡(lvul)Vu) 
: 

^lrl-p,"+1)+cf 
(r,u) in o,

lr:0 on áO

where Q C RN, with Iú > 3, is an open bounded domain with Cl boundary,

0€f), 1<p<N, -oo<o aN-P, and c>0.
p

We consider the functional associated with the Problem (P)¡

I¡(u) :1 / s(,o,l,l - r / ¡r¡-t"-'rP+"F(r,u)
P Jn Ja'

where

I
ftP fLS(t):p| .t1s¡sas and F(a,t): I f@,s)ds.Jo Jo

Observe that if conditions (I/1), (H2), (H3), (/1) and (f2) are satisfied,
then .Ir is a C1-functional on the space L4z'01,p (f), lzl-,r) . F\rrthermore, the
same conditions imply the following three properties:

(1) The function t -+ ^9(ltle) is strictly convex.

(/1) There are positive constants c1 , and c2 satisfying

S(t)<clt+c2, fo¡l)0.
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(111) There are positive constants b¡ and ó1 such that

l.F(z, t)l < bol¿l¿ + ór , for all c € O

where I < r : min {,/,ve . e(ry, (.il)?Ic) }.""" I N-P' N-P(a+l) )'
We will further assume the following condition

(H4) There is a positive constant c6 such that

aú < S(r) , fort)0.

We mention that (H4) is, for instance, satisfied if

A(laDa - lal'-'s nea¡ 0

forsomeL<q<p..

In addition, in the superlinear case, we will assume one further Ambrosetti-
Rabinowitz type condition:
There exist 0 e (l/r,l/p) añ ús ) 0 so that, for all z € Q, we have

(AR), 0f (x,t)t > F(x,t) > 0, fo¡ 0 < ¿o < l¿l .

Under conditions (f/t), (H2), (1{3), (/1) and (/2), and (, ft)r, the functional
1¡ satisfies the Palais-Smale condition. (See Section 1.4.)

We mention that equations similar to Problem (P)r, though without
weights, have been studied by H. Prado and P. Ubilla. (See [31].)

The proofs of ou¡ main results depend essentially on the Mountain Pass
Theorem due to Rabinowirz l34l and Ekeland's va¡iational principle 115],
which have often been used to obtain eústence results. Note that we will
proceed similarly to [31].

Main Theorems
Theorem 2.3 (The superlinear case). Assum.e cond,itions (H7) through
(H4), (fL), (f2) and (AR)r. Then there eústs a positi.ue constant A* such

that, Jor any 0 {,\ < .\-, there is a non-tr¿uial solution u¡ of Problem (P)s
zn W¡'e (O, lrl-ac). M oreouer,

18

lg il"rll = oo.
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The proof of the above theorem is obtained by an application of the
following two lemmata.

Lemma 2.6. There are numbers a^, p^ > 0 sati,sJying lim¡-¡+ a.\ : +oo
and, Is(u) > as, for ll"ll : p^.

Proof. It follows from property (III) a¡d condition (H4) that, for each z €
rlt,(4, lzl-"r) , r.ve have

^rl/^rz)>! l¡¡"o1vro-Abo llrl -(a+r)p+ciu ¿ - )ñP Ja Ja
a^, a lrl , _ )bol u¡ ¿_.la]
p

l,here ñ and fr are positive constants. Let

l'l= t-r where o 'B'-l -'' L-p

Define p¡ : )-'6. Then

I¡@) > 9¡-ra *l¡t-ta - )lr 'p

Note that p <tby condition (,4-E)r. DefininI a^: ce^-p1 - [¡t-ta -ffr
and p¡ : ¡-É, the Lemma norv follows. tr

Lemma 2.7 . Let u I O i,n W¡'o @,lrl-"r). Then

,1i11Á(fu) 
: -oo .

Prool. According to property (II) and condition (,Afi)r, we have

/rqtcr ,1/ r1-"51¡PYuPt- [ rl'.,+t''-'rrr.ru,
P Jo Ja

(2.18)

The required limit now fol-
D

= + lrlrl-aelyulp 
t d2 - kntl/e 

ln@) 
,*",*' ,l'/' + k,

^+p.'-!-1uf _ er- iotl/e 1u1.rtep

rvhere cl, 6, ñr and ,k1 are positive constants.
lorvs from the fact that p < j '
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Proof of Theorem 2.3 . -Ihe conditions (I11) through (H4), (Í1), (/2) and
(,41t), imply that f¡ satisfies the (PS) condition. Hence the preceding lem-
mata allow us to apply the Mountain Pass Theorem. Thus there exists a non
triviai critical point u¡ for .I¡ such that

Ir(u¡) : c¡ 2 o.r.

Moreover, from properties (II) and (III) we conclude that

I(a.i) < allu^lP -er.p

in view of (2.19) and Lemma 2.6 we then deduce that

(2.1e)

lim llr¿' ll = +oo.
-\+o+ rr ^rl

tr

Lemma 2.8. Let X be a Banach space, and let I : X --+ IR. be a lower
sem'icontinuous Junctional uhich is Gateta differentiable. Suppose that I is
bounded, below on the set 8(0,6) and, inf{I(u)lz e B(O,d)} 1 0. Suppose

Jurther that 1(z) > 0 when llull:6. Then, for each 0 < e < - inf{I(u) lu e
B(0, d)), there eaists a u, such that llu,ll < 6 and,

(i) I(u,) < inf i1(u) u e B(0, á)) + e

(ii) llt(u,)ll < e.

Proof . We apply Ekeiand's variational principle to the function f restricted
to B(0, ó). Hence, for each ¿ > 0, there eists a point u, € B(0, ó) so that

I(u,)-I(u)<ellu-u,ll (2.20)

for every z e B(0,ó) such that z f 2.. Now if llz,ll : ó, then.i'(u.) ) 0 and
assertion (i) is satisfled. Thus

0 < I(u") < inf{r(u) la e B(0, ó)} + e.

Concerning (ii), since c: inffl(z) lu e B(0, á)] so whenever 0 < e < -c we
arrive at a contradiction. Thus llu.ll < d. Moreove¡ from inequality (2.20)
we obtain assertion (ii). !
Theorem 2.4. Suppose that f (r,t) > 0, for all re Q and, t,) 0. Suppose

further that, Jor some 16 > 0, the Jollowing two cond'it'ions hold:

20
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¡o¡ tirqFJ?'t?r) : o^, for eueryo < o < | and. atLr e {7,' ' t..o I'(2, f)

r¿t ri,, 1(1'l) - +oo, for att .r € Q.' ¿.-0 s'(¿p)

Then, und,er conditions (Hl) through (H4), (f1) and (f2), there etists a
positiue constant \* so that, for euery 0 < .\ < A*, there is a soluti,on us of
Problem (P) ¡ in W]'p (A, bF"r). M oreoaer,

"t1i.llzrll 
: o.

Proof. Let px: Á for a > 0. By inequality of (2.18), for every u e B(0, p^),
we have

1¡(u) Z co¡"t - /coll+"¿- )ñ.
Choosing 0< a< ] and taking )* suficiently small, for 0 < ,\ <,\* we
hnrr 

r¡(u) ) o

whenever ll"ll : pr : )".
Moreover, it follows from inequality (2.18) that 1¡ is bounded below on

the set B[0, p¡] : {u e w¡,e(a, l"l-",) I llt¿ll s p^i.
Let $r: ta, for t ) 0, where u € Cf(0) issuchthat0<o(1and

0 < lVr.,l ( 1. Then

r.,(d¿) : 
) lrl.f* t A, tv,l,) - x 

lnlrfa*,t,*. 
F (x, ta)

fft'' rorr>o'

ffi,=, ror t > o,r e 0,

_ or,r., Il / ,-,_"rS(¿r,Vrlr) _ ) [ ,_t_(d+r)p+c D,- ,,F(z.fu)l- a\' ) 
lr) Jat't S1tr.; S(tr¡ /n r" t ' \-''l F(¿, ¿) I 

'

Since

and since

and in view of conditions (a) and (b), the dominated convergence theorem
yields the existence of d > 0 such that

/¡(tu) <0 whenever 0 <¿ < á.

Thus c¡ : inf{I¡(t) lz e B(0,d)} is negative, and the assumptions of the
preceding lemma are ve¡ified. Since 1¡ satisfies the (PS) condition, there
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exists a non-trivial minimizer z¡ in the interior of B(0, p¡), o¡ in other
words a non-trivial weak solution of Problem (P).r. Moreover llu¡ll < 1",
for 0 < ) < )*. Hence if a > 0, then z¡ tends to zero as .\ tends to 0+,

which completes the proof. tr

Corollary 2.L. Und,er the hgpotheses oJ Theorems 2.3 and 2.1, there et:ist

at least two solutions u\ and, u^ of Problem (P)x so that

l,1t ll"^11 : +- and .lim I u¡ ll : 0.
 -U-

Theorem 2.5 (The sublinear case). Assume cond,i.ti,ons (Hl) through
(H4), (fL) and, (f2). Suppose that a ) 0 and' that I < p. Suppose further
that, for all r e Q and, all1 1 o 1 l, the followi,ng three cond,i,ti,ons hold:

rii lim Ú'to) -- o'o , where r't) < p .¡-u .l (r, ¡,

" F(r.t)
/??l llmtnl 

-=+ 
> U.' ¿*0 s'(fr)

(i,zi,) There eri,st positi,te constants e, c2 and, 11 > 0 sati'sfgi'ng

F(c,t)> c1t't * c2.

Tt¿en there is o.\* > 0 such that, t'or eaery ) > )'*, there eci,sts a soLuti,on us

of the Problem (P)l ¿n W;1'e(Q ,lrl-"r). Moreoaer, J]L lL"^ll : +*.
Lemma 2.9. Under the hypotheses of Theorem 2.5, for aLl \ > 0, the func-
tional Is satisf"es the (PS) condition.

Proof. Lel i,i") be a (PS)-sequence. According to Proposition 1.3, it sufEces

to verify that {2"} is bounded. Let .\1 be the first eigenvalue of the singular
quasilinear elliptic equation

f -A¿ut t 'plvu p-2Yu): )lzL-k+1)P+cl u p-2u in fL,
¿

|. ,:0 on áQ.

(See la3l.)
Since r < p, r.r,-e have

. F@,t) 
^

i -c€ lf lP

cn ),
Th.n, lor 0 < e < 1,-, there exisrs c. > 0 so that

n^

l"tr, rll < eltlP + c", for all I € li{..

¿t
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Hence if
11'(u-) (C and -1{l'z-)-,0

it follows that

C > I»(u^)> Sllr-ll' - \, I bl-@*')e+"@nf - xde
p ltun | .'. 

J nt-t

where { is a positive constant. Therefore,

/r(u") ) 9ll,,,llo - 5ll,,ll, - 
^eP A1 '

_ (c.)t . p\e) 
lt,,lt,_^e,\ p), )"""

which means that {u,,} is bounded. tr

Proof of Theorem 2.5. Since the inequality

rr(z¡ 2 9¡Ju1¡r - ¡a.1¡"¡¡¿ - rñp'
holds fo¡ some positive constants 6á, 6i u"a I < p, we conclude that c¡ :
inf {1¡(z) lu e W;P(n,lrl-"o)} > -oo, for every ), and that there is a
minimizer z¡. According to (ii), there exist p, d > 0 so that

F!f'? >p whenever o < ú< á.
5(tr¡

Choosing ót : tu , for f sufñciently small, we find

/1 ' Sl!-lv:!) -,,, Ir-r r.+r)pr"F(r,to)\Ix(at) < 5(¿') (; Jrlrl-"o: sqt ¡ p..Jat*t ''fiÍ4 )
Thus there exists l* > 0 so that, for ) > .\", there is a úr for which

1¡(l¡t,) <

Hence -oo ( cr ( 0. Hence u¡ is a non-trivial minimizer.
According to condition (iii), we have

/.r(u) I ? [ p,-*1vul' - 
^", 

I lrl-(o-1)e-clulr].
P Ja Jn

Fix some u e W¡'p(O,lcl-"r), and let z: fo. Then

crSig[{Bte-)C¿"}
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where

B -- 9 [ lr!-'Plvolpdr and c - "' lnl'l-'"+1)p-cl?lrr 
'

P Ja'

Hence _r1_.1

c¡< B-+,st'x l(l)- - (?)'-" 1^#'l\n/ \P/ l

Since p > 11 and ) > 0 ' it 
follo:ws that the right hand side of the inequality

is less than zero Thus

cx3-k\fr' fork>0'

On the other hand, according to the properties (ff)' (Iff) and (fI4)' we

have

c¡ : I¡(u¡)

=L I p¡*s¡lvu.rle) - r;[ lrl-«"*o'*"F(r, u¡)

PJa' " .rQ- -\
>-9"| p¡*1vu.,iP - tr (* / t"t-"-"'*"¡url¿ + ñ) '

-PJa'

Therefore' 
-k\rh z ci > f ll"rilo - 'r(cll¿rll¿+ ñ)

vhere C is a positive constant' Now' if llurll is bounded for all ) > 0' then

rhere is a subsequence tlli .*i that .\,..--, oo and the sequence l1u¡- ll

converges as ),---+ *' Tí;'1' üi"ti"-p*"tai"g inequaüty' dividing bv ),, in

it Yields -:r-- a\ ,, tn¡-. lL
k^Ti >$¡1ur"ll'- (cllur.llr + br)'

passing to the iimit a§ l" + lo * u"iu" at a contraction' tr

Our next result gives necessary conditions which ensure the existence of

,ro.tlrr"guti" solution¡ of Problem (P)r'

T:'::"r^::.,ii':a¡:::i";,{;t}','{iltt¡"i":':';::T:lI!á:')';!"
'ií"'o? I i|l* ""*""-''li;btem-('P)x' 

u is non-nesatlt;e'
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Proof. Lef u be a weak solution of Problem (P)¡' Then, for every @ €

wJ P(0, lrl-'"), we have

[ á;", A(lyul)vuVd : ] f ¡r1-r"*'r'-" f (x,r)ó.
Jn'-' Jn

Let u: u+ + u- and take d : u-. Then

- lnl,l*o{lou-l)lvz-1'? 
: r;[ l,l-t"*'rr+c¡(s,-u-)u- :0'

Hence lVu-l :0. Therefore'¿¿ ) 0 a'e' in O' Ú

Corollary2.2.Assumethatfi,snon'negatiueandthatitsatisfi'esthehy-
potheses á¡ Th"orr*t 2.3 and 2.1. Then there etist at least two nonnegati'ue

solutions u^ and u^ of (P)¡ such that

|,3lll"^ll:+m and. jg.llr^ll : o.

Corollary 2.3. Let f be such that f (x,t) > O, for alt t > O and all r' Then

und.er thi hypotheses of Theorem 2'5, there ¿s a )- > 0 such that' Jor A > \. '
there erists a non-negati'ue soluti,on u¡ and'

^I1;ll"^ll 
: *'

2.4 Problem 3

We consider the Problem

f -at"1¡"¡-'vu) : l¡l-z(a+t)+'f (x,u,Yu) in o, o.2t\t on áO
[u : 0

where f) is a bounded domain in IRN with smooth boundary such that 0 e O,

o 1 o, < N=-2 and c > 1. Since the nonlinearity / depends on Vu' we can-

;"; ;ri Píoblem (2.21) directly with variational methods' Our approach is

based on an idea oi De Figueiredo-Girardi-Matzeu for an equation involving

the Laplacian. The idea consists in analyzing a family of associated ellip

tic eqátions without dependence on the gradient' Combining truncation

t".ir"'iq,r*, ift" Mountain Pass Theorem and monotone iteration' we obtain

the existence of a non-trivial solution' Note that' in applying the preceding

techniques, a proof of Lipschitz and higher regularity of the solutions which
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occur in the iteration is required. (See Subsection 2.4.1.) More precisely,
given trr e Wo1'2(O, lcl-'?"), we considLr the problem

1-aiv tlr¡-%vu) = lzl-z(a+r¡+"f (r,u,yw) in Q, e.22\
Ir: O on 0O.

We assign the following hypotheses on the nonlinearity /:
(/.) /:OxR x IRN -lR is measurable, and /(c,.,.) is locally bounded

and Lipschitz continuous on IR x lRtr, uniformly in z.

Íl^ t t\
("/r) lgai! : 0 uniformly forz €O. ( e RN.

@) lf @,t,€)l < o,(1+ l¿le)(1+ l(l') , for ali (

some constants a1 > o, 1 < p < min{+=
r e (0, 1).

(/¡) o</F(x,t,{)<ti@,t,€) forall r €O, lrl >ús, (€lRN,forsome
constants 0 > 2 atd ú¡ > 0, where F(x,t,§: li f @,",0¿s.

We note that (/3) implies that there exist constants az,as ) 0 such that

F(r,t,() > or)tlt - a3, for all o €A,t € R, 6 € RN. (2.23)

R^
c'[-I

z,ú,() eOxR
N-2(a+1)+

Xü
2c

tr. for

a¡rd
N - 2(a+ I)

The hypotheses above allow us to apply Ambrosetti and Rabinowitz's Moun-
tain Pass Theorem to equation (2.2\. (Aompare [2].) The solvability of
Problem (2.21) is then ensured if the function / satisfies two local Lipschitz
conditions given in hypothesis (/4) below.

ffD o lf(r,t',{)- f(x.,t",É)l<Lrlt'-l'1, forall ce 0
and all t' ,t" e [0, pr], and l(l < p2,

and

o lf(x,t,{') - f(r,t,€")l < Lzl€'- ("1, for all z e O and ail ú e

[0, ¿], and l€'l,l€"1 < p,

where p1 and p2 depend on p, N.,0,a1,42, o3 of hypotheses (/2) and (/3).

The case l:2 of inequality (1.1) will require special attention in ou¡
analysis: Consider the weighted Rayleigh quotient

a^ ^(u\ :: !"1"1 '"luu)' !", , for t.r € w¡.r@,lrl-2"), witt'u ¡ o,ero.c\ v / .- 
Ia lrl_2(a_l)+c uz dx:
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where o e ( oo, (N -2)/2) and c > 0. Set

,9(Q, a, c) :: inf{Q.,"(o) : u e W},2(o,lnl-2"), u + O).

27

Then, if c > 0 it follows that ,S(Q, o, c) is equal to the first eigenvalue of the
problem

J -di,1'r'-',"911) : )l¿l-2("+1)+'u in o, /o oE \

I u:0 on 0O \''''))

and that it is attained for any first eigenfunction of Problem (2.25). (See

I43l )
Now if c : 0 it foilows rhat s(tRN, a, 0) : ((Ir-2_2a)/2)2, but the infimum
in (2.24) is not attained (see [9]). Therefore, it is not hard to see that
S(Cl, a,0) : ((¡f - 2 - 2a) /2)2 as well and that ,9(O, a,0) is not attained.

We are now in a position to formulate our main result, which will be
proved in Subsection 2.4.2.

Theorem 2,7. Let Q be a Cl-d.omain, 0 < @ < (¡f - 4/2) and c ) 1.

Suppose f sati,sf,ei,s (fo) trough (fa). Then Problem (2.21) has both a posi,tiue

and, a negatiue soluti,ons in W¡'2(A,pl2'), prouid,ed, that

<1.

(2.24)

(2.26)

(2.27)

Lr-
S(fi, a, c) '

L2

2,4.1 A high regularity result
In this subsection, we obtain regularity properties for the solutions of Prob-
lem (2.22). We show boundedness a¡rd smoothness for these solutions. We
consider the problem

u e w;'21a,@l-'?1,

-div(lzl-2'Vu) : lrl-2"-2+" ¡¡x) in o,

where c) l and / € ¿-(0). Note first that if c> 0 then a result of [19],
Theorem 1.1, tells us that u is bounded and that u e Co'' (A') fo¡ some
o € (0, 1) and every Q' CC Q. Our proof is based on a blow-up argument
used by Gidas and Spruck in [23]. Further, it reqüres the following Liouville
type result.

Theorem 2.8. Let a € (-oo, (N -2)/2) and,

S(O, a,2(c - 1))

N -2 l¡¡¡ -> "z*,. : -'i + a+ \f (; - o) +ru - t. (2.28)
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rhen, ,if u e nzi;]{mN, ltl 2") satisfies

- dtu(.lrl-2"Vu) : o and,

"@)1 
I C(1+ el-,-') oz RN

lor som.e C > O and a e (0, rn1), u is constant onRN .

Proof. We 1et (r,9) denote N-dimensional polar coordinates, (r : lzl,
0 € Siv-1). Let {a,) be the sequence of orthonormal eigenfunctions for the
Laplace-Beltrami operator on 5N-1, or in other words

-L6u¡": )'01.¡o on .SN-1, for fr : 0, !,2,..., (2.31)
I
laau¡d?:6¡¡, lori,j:0, 1,2,..., and (2.32)

.t
5N_I

.lo()r()z(....

ior some numbers c¡ € IR, with k : 0, 1,2, . . ., we

28

(2.2e)

(2.30)

(2.33)

Note that )o : 0, ¿,0 : const. * 0, 
^1 

:... : )rv : .¡/ - 1, uk: Crkllrl,
k : 1. .. .,\-, for some C > 0, and the eigenvalues )(: )") can be calculated
from the relation

A: n2 + n(rr - z), for n : 0, 7,2,. . . .

Lr:t fr ) 0, and let ó¡(/?) , for fu : 0, 1,. .. , be (unique!) numbers so that
-ico

u\R,0) : ! br(a)rr(9), for all á € sN-1. (2.34)
Á=0

T.lLen u ha. the representation

+oo

u(.r,9): »áa(n)r*"uh(0), for all r € [0,n], and all á € SN-1 (2.35)

A:O

where m¡ : _N;2 + a+
Since -R > 0 is arbitrary,
conclude that

(Y - o)'+ )¡ . (See [1, Theorem 4.4, proof].)

b¡(R) : ¿oP^o (2.36)

bi' (2.3a) and (2.35). Accordrng to Parseval's identity on 0Ba and assump-

tion (2.30). for some C > 0, we find

r*-
C(1 + Rz-, z.; 

' | "26,e¡ d0 :»c?R'z^e, for a1t R > 0. (2 37)
J-^ k=0

Taking the limit as B -+ -l-oo, we obtain c¡:0, for k ) 1. Hence z is

con;Lant on R-v. ¡
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Lemma 2.L0. Let o€ (-oo,(N-2)12),c>0, f €¿*(O), and. letubea
solution of (2.27). Then, Jor euery 6 > 0 sati.sJying 61c and.6 < my, there
erists a number c¡ ) 0, whiclt, depends only on 6, c, a, N and A, so th,at

lu(r) - u(O)l < c1Mlcl6, for att r e tl (2.38)

uhere M:: i/ l¿_1o¡.

Proof. First assume lhat M :1. Suppose that (2.38) ls wrong. Then
there is a á > 0, with ó ( c and 6 < mr,and a sequence {r"} c O\{0},
rvith 2,, - 0, such that

lim lz(2") - u(0)llz"l-ó : 1sp. (2.3e)

Define rotations pn of the coordinate system about the origin such that
p.r. : (e",0,... ,0) :, A", G" > 0), and 1et {ln :- pn(l, J"@) :: f (p"r),
un(r) :: u(p.c), n : 7,2,.... We may assume without loss of generality
that {e"} is decreasing and that

lu,"(z)-u"(0)llzl-u < lu*(y*)-u.(0) le"ó for all z € O, such that lrl > e,.
(2.40)

Set D,:: {(lle")r: r € 0,}, g"(r):- f,(e*r), and

., /_\ ._ u^(e,x) - u"(0)
un\x')::;ñ_;§,

we would find'u"(0) : 0, and r.,,,(e) : 1, where e is the unit vector (1, 0, . . . ,0),

1",,(")l < lzld in D,1Br,

u* e w¡'2(D,,lol-2.), and

(2.4r)

-div(lrl-2"Vu,) : lrl-2"-2+. g,(a)e6^ :: h^(a) in Dn. Q.42)u"(e"e) - u"(0)

According to (2.39), we would have

ró

JjL a,*¡;¡o¡ : o

so that

J*¿",(") :0 uniformly in any compact subset of RN (2.43)

29
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Furthermore, using eliiptic estimates separately in .B1 and in Dr, \ -B1, we

would find that the o,,'s a,re uniformly bounded and that un e Co'"(D'),
for some a e (0, 1) and every Dt CC Dn. (See [19].) Hence in view of
relations (2.4L)-(2.43), the¡e would be a subsequence {u^,} and a function
1) € wi;2c(RN ,lr1-2") 1C0''G(N) such that

u'* * u in Wt'2(Bp,lrl-2') and in Co,"(BR), for a1l .R > 0, (2.44)

div(lrl-2'Vt,) :0 on iRN, (2.45)

lr(")l < lzld for lzl > 1, and (2.46)

o(0) : 6, u(e) :1. (2.47)

By the preceding Theorem 2.8, conditions (2.45) arÁ (2.46) would imply that
t, must be constant, contrary to Q.aT).
In the general case, the result follows from the above analysis replacing u by
M-1u.

Remark. Let .R¿ > 0 be such that B¿o C O, and let u1(r) : lrl" and
u2(r) : rllrl*'-r in B¿o. Note that, for some fr € iR, we have

-div(lzl-2"Va1) : klrl-2"-2+c and - div(lrl-2"Vur¡ :0 in B¡".

Clearly we may extend u1 arLd u2 to functions in C'?(O\ {0}) with compact
support in O such that u¿ is a solution of Problem (2.27) wílh right-hand
side lal-2"-z+c¡l¿(r), where fr. € L* (Q), with ¿:1,2, and q: q c2:2.
Tirese examples show that estimate (2.38) with 6 > mt or r,¡ith ó > c does

not in general hold.

\A/e next prove the main results of this section.

Theorem 2.9. Let 0 < o < (N -2)12,c>7 and. / € ¿-(O). Letubea
solut'íon of Problem (2.27). Thenue C|'P(Q),Joreuery O'cCO and euery

B € (0, 1), ui.th 0 <c-7 and A <mt. Moreouer, for euery such B andl',
there 'is a constant c2 d,ependi,ng only on c, B, a, and Qt , such that

llulls,,oqe,¡ ! c2M (2.48)

where M ,: ll"f ll¿-rol. Finatty, it Q is a Cl'F -domai'n, then u e C''B (A)
and (2./8) hold.s with Q' replacetl bg§,.

Proof. As in the proof of the last lemma, we may assume lhat M : L.

First observe that standard regularity theory tells us that

ue C1,'(f¿'\B;) foreveryO'cc(O\{o}) and foralloe(0, 1). (2.49)

30
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(see e.g. 1241.) Nloreover, if O is a C1,É-domain, then we have

u e C1,B(0 \ B.) , for a1l¿ ) 0. (2.50)

Let d e (1,c], with 6 <rh,eo ) 0 such that Ba"o C O, and e e (0,e6).
Setting z.(z) ,: e-6(u(ex) - "(0)), f,(a) :: /(er), and Q,: {(tle)a : x e
Q), we have that u. € W¡''(A,,lzl-2'), and

-div(lzl-2'Vu" ) : l:xl-2'-2+'Í,(:x)€"-6 in f).. (2.51)

According to Lemma 2.10, the u,'s a,re uniformly bounded. Hence, using
elliptic estimates in B¿ \Er¡z , we obtain from (2.51) that for every o e (0, 1)

there is a constant c2(o), independent of e, such that

lVu,(r) - V¿"(y)l < c2(a)la- yl' in Br \ 4,
which implies

lvu(r) - V"(g)l < c2(a)lr - o1ar6-t-a in Bz, \ .B..

Choosing a < d-.1 , we find

lvu(z) - Vu(s)l < c2(a)@ - gl" in 82" \ .B.. (2.52)

By Lemma 2.10 and (2.49), we have that u € Ctc(O) and that Vu(0) : g.

Together with (2.a9) and (2.50) this proves (2.48). ú

A slight modification of the above proof in the case c : 1 leads to the
following

Theorem 2.LO. LetO < a < (N -2)/2, c : l, f € ¿-(f¿), and, let u a

soluti.on of (2.27). Then u e Co't(l¿'), for euery O' CC O. Moreoaer, there
is a constant d2 dependi,ng only on a and, Q' such that

lYull,*,n,, 1 d.M (2.53)

where M is as 'in Theorem 2.9. Finally, if Q is a C|- domain then u e
Co'|(ñ) and, i.nequali,ty (2.53) holds, with Q replaced bg A.

Proof : We proceed similarly as in the preceding proof. Note first that u
satisfles (2.38) with d : 1, and that (2.49). Moreover if O is a Cl-domain,
it follows that

u € Co,1(O \ B.), for all e > 0. (2.54)
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Choosing .0 as before and e e (0, es), we set u.(r) :: (u(ez) - u(0))/e. Then
rve have that

-div(lzl-2"Vu") : lrl-2"-t i,@,) in o.. (2.55)

Using elliptic estimates in Ba\ 8112, it follows from (2.55) that there is a
constant ca independent of e such that

¡Vu.(r) < cs in Bz \ Br.

This implit.
lvu(r)l I ca in 82. \ 8..

Assertion (2.53) results from the continuity of u, (2.54) and inequality (2.38),

rvith d: 1.

2.4.2 tuncation Argument
In this subsection we henceforth that O is a C1-domain. In order to obtain
a solution of (2.22), we first consider a truncated problem. Fix some number
.R > 0, and let

fn@,t,€) : i@,t,€qa(€)) and
t"

Fp(r,t,O : 
Jo 

f a(r,r,Oar, for all (2,ú,{) e O x iR. x lRN

where gR € Cl(R^r) and satisfies the following conditions

I le"(€)l < t, for all { e IRtr,
I .-.
{ Pa(€) : 1, for all l(l < fi, (2'56)

[er(e): o, for a1l l{l > 'R+ 1'

Furthermore, for any fixed w € W¡,'2 (Q,lzl-2") we define a functional
tfl:w]'2(a,lzl-2') ---, IR by

t * (,) : f, lrt"f^ lo,l' - f nl*l-',*')+' 
Fp(r, u, Y w).

The critical points uf of ff are weak solutions of the semilinea.r elliptic
problem

| -aiu' t -2"VuÍ) : l.L,-2 '+t)-cÍR(r, uf ,Vu.,1 in Q.

irf-o onáQ.

Ou¡ aim is to show that the functional If has a Mountain Pass type structure
for anynr €W¡'2@,lcl-2'). Indeed, one can state the foliowing two iemmata.

ó¿
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Lemma 2.7L, For euery R > 0 there eai,st positiue numbers p < 7 and, a,
such that

IÍ(u)>a for att w ew],'2(a,@12") and,

for alt u e wlp1a,@l-2") satisfyins llull: p. (2'57)

Lemma 2.12. There exists someú € W¡'2 (O,lcl-2"), wáth, > 0, lirll > 1,

such Lhat

IÍ(ú) <0, for all R> o and att w ew¡'2(Q,l*l-'"). (2.58)

Proof o! Lemrna 2.3. 7t folloq¡s from (/r) arrd (/r) that there is a positive
constant k., independent of .R, such that

I 
F¡(2, t, {)l 

= * * k,(R + 2)' Pln+r.

In view of (1.1) we have that

[ 61-zt"+rt-' pr(t,u,vw) . 1 [ ¡1-'*-',*"r'Ja" '-2Jn"
+ k-( R + 11' [ 61-z{'+t)+clole+r (2.59)l,ü6\¡!,"t 

Jat*l

=, 
(; * k 

"(R 
+ 2)' llullP-') ll, ll',

for some constant C > 0. Now choosing

_ __L

il,il . (%.(Ej. r)r)
in the above inequaJity, one gets

[ @l-"*"*',*(r,u,Yu) < cellull2'
Jr¡'

so that (2.57) easily follows by taking e < (2C)-1,
p < min {t; 1at.1R + 2)rc)-1/(e-t)} and o : (i - Cr)p'. tr

Proof of Lemtna 2.5. We fix some function oo e W]'21n,lzl-2"), with u¡ > 0,

u¡ 10. By (2.23) one gets for any ó > 0

rÍOao) s ,t [^lr¡^lo^l'- o, 
lnlxl'2(o+t)+..ret 

re * -r,
z Ja

where ñ : o, Ínlal-z(a+t)+' . Then we choose D : 7uo r¡¡ith i sufficiently
iarge such that liirll > l and IÍ(a) < 0 for all -E > 0. tr
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Proposition 2.1. Let (/o) -(/r) be satisf,ed andletw €W;''?@,@l-2") and
u gi,'uen by Lemrna 2.5. Then for euery R) 0 there erists some u : a(u,R)
such that

D(IÍ)(u) : o and,

t*(,): +t[fiffirf,
where

| : {r e Co([o,1]; w;''(o,lrl-'")) ' ?(0) :0, 1(1) : r] (2.61)

Proof. We have that #(0):0. Ruthermore, the functional ff satisñes the
(PS) condition in view of (/r)- (/r) Then the existence of an element o such
that (2.60) and (2.61) hold is an immediate consequence of the Lemmata 2.3,
2.5 and of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz
(see lzl). tr

Next we will obtain a positive and a negative solution of (2.21). To this
end we fix an arbitrary element uo e W¡'2(O,lzl-2") and .,? > 0, and we

consider the following iterative scheme:

Given n € N, fix an element'u: u* satisfying (2.60) and (2.61) v/ith

w : u*_t.
(2.62)

Note that the elements uf above are not unique in general. Now we obtain
a uniform estimate from above for the I4l01'2(O, lel-2")-norms of uf;. this
will finally allow us to get rid of the dependence on E, and to pass to the
following iteration scheme:

| -aiu1 r¡-2'vu,) : l.¿l-z(a+rt+'/(r. u,, Vz,-i) in Q,

lr, :0 on á0.

Lemma 2.13. There exi,sts a positiue constant c1 such that

ll"f ll < .' (2.63)

.for euery n e N ond .& > 0.

Prool. Using the definition of uf and choosing the path in I given by the
line segment joining 0 and o, one gets from (2.23)

I:* ,(u*) = :g {f l,l*f^lvrf - *f l,¡c¡-{"+rrr+"¡a¡'+ 
ñ} ,

34

(2.60)

(P)"
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where fr is deflned in the proof of Lemma 2.5. Since e > 2, the function

IR* E ú n-+ 'U lrOr^rool' - 
orrt 

Inlx:l-("+t)p+'lul0 
+ rs

a t I ains a positive maxrmum. Hence

I\ (uf\ 1 const for ail r¿ € N and for all .,R > 0.u;_-1 \ r'l 
-

(2.64)

Now (2.64), (/3), the fact that lp"l < 1, and the criticality of uf for lf;,_,

imply

' . ! / t-l-(o+t)p+" t^t- ",R ¡2...R r-.i?
)ll"Í il' < const + 

O J ntrl 
*'' tt' - 

J p\r, ui, v u;*t )u;

: const+;WIll,,

and (2.63) follows in view of I > 2. tr

Using the results of section 2 we now obtain uniform estimates for the
Co-norms of {u§} and {Vzf}, by assuming additionally that

uf; e Co'1(O) for every ,Q > 0. (2.65)

Lemma 2,L4. Assume (2.65). Then, for euery r¿ € N ond R > O, uf e
Co,,(O).

Proof. We have that uf is thu weak solution of

(,.,',r^-p\r,ñP\
J -div 0rl-'.Vuf) : ia@,uf,vut) in o,

L"f: o on oo'

Since

l/¡(c, uf , vu#)l < M(1+lurl\Q + R)',

that is, ll/¡(r,uf,Vzf;)llz,-io¡ aÑ12+ ft)', we may apply Theorem 2.1.

Hence ufl € C0'(O). In view of Theorem 2.4 this means that uf is Lipschitz
continuous on 0, for any .R > 0. Ou¡ result nov¡ follows by induction. ¡
Lemma 2.15. Assume (2.65). Then there eri,st po > 0 and, p.r ) 0, such
that

ll"f ll¿-rnl < kq : po(R + 2)' , (2.66)

llv"f ll¿*rnl < kr: ¡-t1(R+2)' Jor all R> 0 and, /or oll n € N.
(2.67)
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Proof. Recall that any Lipschitz function is a.e. differentiable with bounded
gradient. Then, arguing as in Lemma 2.14, the condition (/2) and the defi-
nition of /¡ yield the estimates (2.66)-(2.67). !
Lemma 2.16. Assume (2.65). Then there etists someE > 0, such that

Proof. (2.68) and (2.69) are an obvious consequence of (2.66)-(2.67) and the
fact that r € (0, 1). tr
Lemma 2.17, Assume (2.65). Then un :: u! ,is a solution of (P)^ and, the

follou'ing esti,mates hold,, for any n € NI,

l¡uf;ll¿-1o¡ < lcs: po(E+ z)' SE,
llVu*-ll¿-(n) < ter: ¡4(R+2)' 3F,.

llr"ll < 
",,

llu"ll¿-1n) I fto: p.o(R+z)'

llVu"lj¿-1n¡ < \= ¡1.¡(Rt-2)'.

(2.68)

(2.6e)

(2.70)

(2.7r)

(2.72)

Proof. The fact that z, solves (P)", is a consequence of the definition of
/¡ and the assumptions (2.56) and (2.68) v¡ith R = R. Moreover, (2.63),
(2.68)-(2.69), respectively, imply (2.70)-(2.72) with A: E. tr

The function u," given in Lemma 2.77 is a nontrivial solution of (P)".
More precisely, there holds

Lemma 2.L8. For any n € NI, fñere edsts a positiue consto,nt c2 such that

l)u"ll > 
"r.

(2.73)

Proof. For any u € W¡2(A,lcl-'z") we have that

I n@l-'" 
v u *v u : I nlxl- 

l'+t)n+' f (r, un, y un -1).

Setting u : un in the relation above we obtaln that

f n@Í" lv u^l' : 
fnlrl-'*"o*" f (:r, un, un-1)u^.

Hence (fi) and (/2) imply that for any á > 0 the¡e eists a number c(á) > 0
such that

l rl rl" lv u*l' 
= 

o I nlrf 
@oD'* 

" lu^l' * "{6) l rL 
o 

I 
- (a+1)P+c 

I 
u,¿ le+I

< C (6llu"ll2 + c(á)llu"llP+l),

for any n € N and for some constant C > 0. Now (2.73) follows, by choosing
6C <1.
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Lemma 2.19. Let

[ :: min{,ts > 0 : (2.71) hold.s}

[:: min{,k1 > O: (2.72) holds},

and chaose pt : ko and pr: lr., ¡" lfn) Then the sequence {un} conuerges

strongLy zn W]'2 (a, r -2") .

Proof. By the criticality of u,.,11 and u, one has for every n € N,

r-l^
I r ''Vu" 1,Vri-,n-1 - urr): I l, -''"*"" f lt.un*r.Yu,)(u,-- u").
Jn Jo 

\2.74)

| -r,- \, [ -t zr.- t)-c r, ^ "./ r -'\ rr, 1\ (u,a1 - un)) - I 11 'r" "-'.I(r. ,,, Vu,-1)1u,-1 - u,).
Jn n))- Ja| J\r'!¿n)

(2.75)

Subtracting (Z.Z;) from (2.74), we obtain that

u,.+r "ff 
: 

lri¡l-'?('+1)+"{l/( 
r,un¡1,Yun) - f (r,u*,Yu^)l(u*+t - u^)

+lf (r,u.,Yu,) - J(r,u.,Vu,-1)l(u.¡7- ",))
Using hypothesis (/4), this leads to the following estimate,

^t
lu.-. - u.f , ,, 

Jn 
r -2'o*I)+"1¡rn-r - u,,12

+ L, [ ,1 2("+1)+"lV(?¿, - u.-1)llu^¡1 * u*1.
Jn

LTsing Cauchy-Schwarz and singular Poincaré inequalities, and since c ) 1,

rve have from (2.76),

\u.+t-u*12 < LrS ¡Q, a, c)-l llu**1 - u^ll2

+ L2S (Q, a,2(c - l))-t/211u^*, - u"ll )lu" - u,-rll.

This rneans that

, - ¿2S(Q. a.2¡c - 7)¡ 1/2 , . ,'u. t-Lt^l affilr"-r,-,1 -: ,kllu"-r"-,ll

B¡, our assumptions, we have ,k < 1. Hence the sequence {u"} converges

in I,{,'Jp(0, lzl-2') to some function u e W;'2(a,lrl-'?"). F\rrthermore, since

I u,,l > 
"z 

by Lemma 2.18, it follows tb.al u I 0. In this way we obtain a

(2.76)

nonrrir iaI solur ion of (2.21).
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Lemma 2.2O. Problem (P)" has a positiue soluti.on uf and a negati,ue so-
lutio^n u;. Moreouer, the sequences {uf,) and, {u*) conaerge strongly in
w6"(o, lrl-,").
Proof. We consider only the ca,se of the positive solution. The a"rgument
leading to a negative solution is analogous. We replace the function f(r,t,€)
in (2.21) by the function

Í*(,,t,8): {0., ::{f"'i',!] :'
| /(2, t, () if /(o, t, O > 0.

Of course, /+ satisfres (/3) only for ú ) 0. But this. is of no impórtance if we
choose ?rs > 0 in the proof of Lemma 2.12. Indeed, proceeding analogously
as before, we obtain a solution of the problem

J -at" 1¡"¡-*vu^) : f+(x,u[, V"*_,) ir-r o,

I"I:o ondo.

Multiplying the differential equation by the negative part of ,u, and integrat-
ing by parts, we conclude that u,, is positive, that is u[.: yn. tr

Proof of Theorem 2.7. "the proof is a direct consequence of the Lemmata
2.79 and 2.20.
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Chapter 3

Pohozaev's Identity and a
I{on-existence Result

In this chapter we study non-existence of solutions ofthe Problem (0.1). We
first recall a Pohozaev type identity due to P. Pucci and J. Serrin, (See 132].)

Lemma 3.1. Let u e C2 (Q) n C1(O) be a solution of the Euler-Lagrange
equatt on

tan1relx,u,vu)j : F,(r,u,Yu) i,n Q,

l":0 on 0Q

where f : (p.,. . ., p") : Y u : (0u I 0q, . . ., 1ul 0q) and. Fu : 0F I 0u. Let
lt be a scalar and h a uector-ualued function of class CL(Q) ñ C(A). Then
the follow'ing equali,ty holds

6 lra,o.vu¡ - !r,,¡,,0, vu)l (h. u)ds
Jan L drr ''' ','

: [ { r6,,,yu)dia(h) * h¿F,,(a, u,yu)
Jn [-

-lY*t*,Sl F,.(r,u,Yu) 
(3'1)

lOÍ¡ Ox:¡ Ot¡ )

- nl*nr.a,u, vu) -r u+,(r,u,vr¡l )a,l-o'' ' ) )
uhere repeated ind,i.ces i, and, j are understood to be summed, from 1 to n.

\\ie consider the problem

[-aio¡r1-"on(lvul)vu) 
: s(r,u) in o, 

ts.2)
Lr:0 on á0
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rvhere g satisfies s@,0) : 0. Suppose F(r,u,Yu) : llrl-"ps(lvulP) -
G(r,u), where G(r,u) : Ií s@,t)dt and S(f) : p Ii"' uAlu)d,u. Choosing
h(r.) - a, |y: constant, equality (3.1) then becomes

d l1 ,r-"stlv,l') - lrl-"pA(,vul)lv uf] x'u(r)do :
Jaa Lp' l

I {(f - o) I,t-*t{lo utp) - NG(x,u) - c.G,(x,u) -,sq,,u¡) a,.

'(r.r)

Observe that, according to conditions (H1) and (H2), and the strong
maximum principle, the left hand side of the equality (3.3) is negative. Hence
we have the following.

Theorem 3.t. Let Q be a smooth d,omain wh'ich i,s star-shaped with respect
Lo the onqin. Suppose

I {(f -,) l,t*'"{lo ulp) - NG(c,u) - r.G,(r,u) - us(x,,)}a, > o

(3.4)

Then there '¿s no solut'ion u € C2 (A) n C1(O) of Probtem (3.2).

Remark: Lef A(t):1[r-z + 6f-2,where 1> 0, á > 0 and 14 q <p and
g(r,u) - lrl-@+r)t+cut-t for some I and ¿ > 0 in o. Then inequatity (3.4)
reads T¡V V c-(a+l)p_f [ ,r,-a-r,r+"ur > Oll-.-T- ¿ -)J*t"t*",
that is,

¿, P({- (1+ t)4+c) 
.- N- (a+t)p

On the other hand, the condition (f2) which was needed fo¡ our eistence
Theorem 2.2 impties that I < p(N -(a+ 1)p+ c)l@ - (a + 1)p). It is not
h¿rd to see that, in this case, equality (3.3) cannot hold. In pa.rticular, if
o : 0 and 6: p, then we obtain ihe well knov¿n non-existence result fo¡ the
p-Laplacian. (Compare [32].)

Proof of Theorem 3.1. The deduction above is formal. In fact, the solution
of Problem (0.1) may not be of class C'(O)nC1(O). We need approximation
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arguments as of [26] and [10]. Let {g,} be a sequence of C'?(ñ \ {0}) functions
converging to g(., u) as e tends to 0+, and let z, be a solution of the equation

1-aiui¡r¡-"r¿t'/e +ñúlvuj = 9, in o, (3.5)

[r:0 on 0Q.

Then, by standard regularity results of [39], the solution u. belongs to C3(0\
{0}) and converges to ?, in Cl'"(O \ {0}), for some a € (0, 1). Multiplying
equation (l!I!V (Lu,-r.Yu,), where A is a constant, and integrating over
06 :: Q \ B¿(0), where 0 < ó < dist(O,áO), yields

I- / ai"i1r1-'o A617ifr@)Vu.)(Au" - r. Yu,)ar
r Q¿ (3.6)

- [ s,Uru,-x.Yu,)d:r.
Jo,

Integrating by parts the left hand side of (3.6) ove¡ O¿, we obtain

r
LHS : - I lxa*.1(^/e + lv,|*f)(Ar. - r.Yu")(Yu,. u)d.o

J ae¿
f

+ I lra*.1(t/, + lval')Vu"' V(Az" - r. Vu")d.r
JQt
t: -L I ld-"PA6G +lvt*f)u"(Yu,.v)d.o

JP=6
I

+ I lrl-"eAU€ + lv%12)lvu"l2(a .v)do
Jaa

f
+ I lrl-"PA({;lÑu,P)lYu,l2(r. u)do

J 1"1=t
I

+ |t I ta1-"o¡1^/, + 1vaP11v",f a*
Jo¿

f
- | P¡we1r/-¡ 1vifr)Yu". Y(Yu,. r)dx.

Jao

Since Vz" .V(r .Vz") : lV u,l2 + l(a.v(lvu,l2)), we conclude

t-I p¡* e¡f e - 1vifr)lvu,l2dx
JQt

f r (3.7)

: I s,", + | lclqAgftTlvifr)u,(Yu". u)d.o
J no J ¡,¡-a

bv (3.5).
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On the other hand,

1l

i Jn¡"r".\"/, +lvu)2)(t ' v(lvu.l'2))df

: ! [ ¿r ¡ 'J'+1vwP ¿¿\ ¿'- i Jn,tnt-"Px' 
o ('/. AQ)r 

)
: [^ @l*, o (]"tt" +1vu,1'¡'/2¡])ax

Jao\P")

: ll t s((6 + lvu.l2)P/2)(r.u)donllaa

- t s((e + lvu.l2)P 
/2)(r . u)d,o

J l"TL=ó

- lr,'s((6 
+ lvu'12)e t'¡ 'v1'1'1-*¡a')

: I I i,e((e+ lvz.l,)p /2)(x. u)d.o
n llan
* [ s((s + lvu.l2)P t2)@ .u)do

J l¡l=6

- (N - op) 
ln,@l* 

, {{, + lvu,l')P/'z)dr) .

Substituting (3.7) and (3.8) into .Lff,9 v¡e obtain

f_
LH s : J,,W* elli + lviÍ)lY u,l2(x . u)d,o

n 
Jr,_o't'-"A(Je 

+lVwP)lVu.l2(c ..u)do + (tt-t) 
Jn,s,r,

f
- J.o*14 

* e¡/- + 1vifi)u,(Yu"' u)do

1r
- o Jrrt«, 

+ lvu,l2)e/2)(x .u)do

-L I s((6+lvu.l2)p/2)(x.u)do
P J ¡,1=t
(N - ap) f , ,-"" ^, , ¡2,n/e¡ ,+ \::_:y! 

/, lrl-.rs{{, + ly u,l2y/2)ds.

(3.8)
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A1so, the right hand side of (3.6) is

RH s : n/n'n"u" - 
'ln'n"''Yu'd'r'

Now, letting e -' 0+ we have

,r t : 
lunl,l-.PA(V,l)lv 

ul2(x . u)ilo

* 
lo,=olcl-"PA(lVzl)lv 

ul2(r . u)do + (/r - t) 
fr,oud,r

- | o,-lrl- 
"e A(ly ul)u(y u . u) d,o - | l,,s uv "lp) 

(r . u) d,o

- i |o-t n" ulp) (r, v)d,o . LyP 
|n,wt-*, {t, ut )o,

á.n ai

RH s : n 
ln,n, 

o, - l.nA 
.yu) dr

: n 
ln,nuo, - lun,c {r, 

u) lr' u)d,o * 
.[n,@' 

G.(r, u))d,r

* * 
/n,G(a,u)d,c.

Thus

lur@1-* 
o{lrul)lvul'(u . u)do

* 
lo,-lrl*pá(lvul)lv 

ulz(c.u)d,o+ (^ - 1) In,nr*
- Io-ltl-"P 

A(lv ul)u(Y u' v)do

-; l,,s0Yulp)(c 
.u)d,o

-: t s(lYulP)(r .u)d.o
P J l¿,=6

. g? 
f n,t,t-",, {1, ul,) o,

: n lr,s'd'- lun,G(c'u)(a'u)do

* 
/n,@ 

. G,(x, u))d.r * * 
L,G(t,u)d,x.

(3.e)
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as ?7¿ -' too. Thus, Ietting rn -) +oo, we obtain (3.3).

Next, rve need to get rid of the boundary integral along lrl : d of (3.9). Let
r.¿ be a solution of (3.2). fYom the Caffarelli-Kohn-Nirenberg inequality (1.1)
and Theorem 1.1, we conclude that

ttNr
| ¡"1-"r 1v u1o ¿r, | 1r1-t"-'to-" lulq dn, and I / lrl-*¡(lYul)u,,udxJn Jn 

-r=, 
Jn

are finite. Therefore, by mean-value theorem there exists a sequence {d*},
6^ -- 0t, as n'L ---+ +oo, such that the following integrals tends to 0,

I cp,u¡1r.flao, [ @l-"eAlvul)u(yu.u)do
J ,,1=¿- J l,t=6^

r
and / lcl-"eS(lvu[)1x.u)do.

J lrl=64

¡



Appendix A

Some proofs

Proof of Theorem 1.1. We follow [43]. The continuity of the embedding is a
direct consequence ofthe Caffarelli-Kohn-Nirenberg inequality [8]. To prove
the compactness, let {u-} be a bounded sequence in ltol'e(O, lzl-ar). For
ary p > 0, with Be(O) c Q, there hold {u-} C Wl'r(A \ Br(0)) Then the
classical Rellich-Kondrachov compactness theo¡em guarantees the existence
of a convergent subsequence of {u,.} in I'(O \ Br(0)). Taking a diagonal
sequence we may assume, without loss of generalit¡ that for any p > 0, the
sequence {u-} converges in I"(O \ Br(0))

On the other hand, for any l ( r a r_r& , there exists be (o,o+ 1]

such that r < q : p. (a, b) : fk, ¿ : 7.1 a - b € [0, 1). It fol]ows lrom the
Cafiarelli-Kohn-Nirenberg inequality (see [8]) lhat {u^} is also bounded in
Lc(A,bl-bc). By the Hólder inequality, for any á > 0, we have

I lrl-"lu^ - u¡l'd.x
J lr.l<6

= (lon,pt(a-b')-3- dr)'-' (l bl* tu* -,ir d,)

< c ( [u ,*-r-r" tl#d.)' '
- \'/o )

^ cN-(d-brt-e-:LO

where C > 0is a constant independent of rn. Since a < (1+a)r+N(l-i) ,

we have N-(a-br)fi > 0. Therefore, for a given e > 0, we may fix á> 0

so that f

I l'a"lu^-u¡l'd.r<|, forall rn,je N.
JPl<a "' -2
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Then we may choose n e N so that

I bl"¡u^-u¡ld.rlsc. [ fu*-u¡l'dr<1, for ilt m,j2nJo¡ar1o¡ ,/n\ar(o)' " 2

where Co: d-" if o ) 0 and C": (diam(O))-" if a < 0. Thus

f
I )rl-"lr^ - u¡l'd"r !e, for all m,jln,

Jo

or in other words {u-} is a Cauchy sequence in Zc(O, lol-óe) . tr

Proof of Theorem 1.2.

1. For the bilinear form B, we have that

I 
B lu, u)l S ll u 

| | w0,,,(o,l,t _,"¡ ll,r, ll w0,,,1o,¡,1--¡

and
B lu, ul : llull'* ¡, ¡n,1.¡^¡

for all u,tr e W¡'2(a,Wf2\.
Thus .B satisfies the hypothesis of Lax-Milgram Theorem. (See [17].)
Now let ¡ : Wl'2 (A,@l-") -- IR be a bou¡ded linea¡ functional on
W¡'' (A,lzl-'?"). Then there exists a unique element u e W{2 (O,lÍl-2")
such that

Blu,u): f (u)

fo¡ al1 u cW¡'2(o,lrl-,").

2. Let g € L2(O,lol-2"). Then there exists a unique u e W¡'2(A,@l-2")
such that

Bfu,ul: \g,u)r¡s,1,1-,,¡, for aII o €W¡'2(A,bf2).

Thus, we can define T : L-t I L2(A,@a2") -- W;'2(O,lcl-2"), given
by 7/ as the unique element of Wj'1O, lrl-2') such that

BIT f , u) : \J, ul 7,s,1,¡-21

3. We claim that ? : L2(Q,lrl-2") --+ L2(Q,lrl-2") is a bounded, linear
and compact operator. We have that

l)ul), : B fu, u) : ( i, ü < ll,f | [,, 1o,¡,1 --¡ llull ¡, p,1,1_ *¡
< Cllf ll ¡,6,1"¡^tllullw¡a p,1"1-,1,
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so that
llT f llw¡'qa,1,¡,. < Cllf llL'5,,1,r\,

Since the embedding Wi,'(A, @l-r") - L2(Q,lrl-2") is compact, we
deduce that 7 is a compact oper¿tor.

4. We claim that ? is symmetric. To see,this, let f , g e .L,(O, lz j-2.). The
equation T f : u means that u e Wj'z(Q,lzl-2") is the weak solution
of

( 6:111-2"¡ in a. )'
I": O on áQ.

Analogously, ?9 : o means that u € W¡''@,lzl-2") solves

I Lu : lxl-2"9 in e
1.¡o:0 on áe.

Thrs
(T f , g) ¡,p,1,1-^¡ : (f ,T 9) *p,1,¡-1

for all /, 9 e L2(n.,lzl-2"). Therefore, T is s¡,rnmetric.

5. Observe that

(T J, J) p¡s,1.¡2"¡ : lu, f) *p,1.t-\ : Blu, u) > o

for all / e L2(Q,lzl-2'). The theory of compact, symmetric operators
then implies that all the eigenvalues of 7 a¡e real, positive, and there
are corresponding eigenfunctions which constitute an orthonormal basis
of L2(Q,lzl-2"). Observe also that for, q 10, we have that Tu : nu
if and only if

rr
q I L(w)u: Blnw,u): | ,rl-'¿"wu,Ja Ja

or in other words

4t

J t. : ll"l'"tr in Q,

Ir: O on 0O

tr

in the weak sense.
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