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Resumen

En la tesis consideramos acciones de grupos en r,ariedades unidimensionales.

En e1 primer capÍtu1o probamos que 1a entropía de Ia acción de un grupo en el círculo,

por difeomorfismos de clase C2, es igual a la entropía de Ia acción restringida al conjr-rnto de

puntos no errantes.

EspecÍficamente
Teorema L. Si G es ttn subgrapo finitamente generad,o de Dift'l(Sl), entonces para catla

sistema finito de generadores I de G, se ti,ene ñr (G O S') : h.. (G O f¿), d'ond'e I es el

conjunto de puntos no errantes.

Teorema B. Si G es un subgrupo fi.nitamente generado de Homeo-¡(Sl) sin elementos suber-

ponenci,almente d,i,storsionados entonces para cada sistema f'ni,to de generadores I de G, se

ti,ene h¡(G O S') : ñr (G O 0).

En e1 segundo capítulo consideramos el problema de hacer actuar grupos nilpotentes en

el intervalo, por difeomorfismos de clase C1+o y abordamos ia siguiente pregunta.

Dado un grupo nilpotente, finitamente generado, libre de torsión, no abeliano G encontrar-

el supremo a(G) de los valores a > 0 tal que G se incrusta en Dil/i+"(|O, 1]) y probamos

los siguientes resultados.

Teorema C. Para tod,o n € N y o < 7 eriste un subgrupo ni,lpotente, metabelzano d'e

Dif fy"(P,l)) de srado d,e ni.lpotencia n.

Teorema D. Para todo n ) 2 g o < #=¡ et grupo Nn¡1 se incrusta en Dif ff"(10,t]),
donde N^ denota el grupo (nilpotente) d,e las matrices triangulares inferiores de n x n con

entrad,as enteras y unos en la diagonal.



Abstract

We consider group actions on one-dimensional manifolds.

In Chapter 1, we shorv that the topological entropy of a group action, by C2- cliffeo-
morphisms, on the circle is equal to the topological entropy of the action restricted to the
non wandering set. N{ore preciseiy, we prove the follorving two results.

Theorem A. If G is a finitety generated subgroup o/Ditrl(Sl), then for euery finite system
of generators I of G, we haue hy (G O 51) : ñr (G O O).

Here Q denotes the non-wandering set.

Theorem B. IÍ G i.s a fi.nitelg generated subgroup o/Homeo-¡(Sr) uiithout sub-erponenti.ally
distorted elements, then for euery fi,nite system of generators I of G, we haue ¿r(G O 51) :
án (G O O).

In Chapter 2, we consider nilpotent group actions, by C1+"-diffeomorphisms. on the
interval. We tackle the follo'wing problem.

Given a finitely generated, torsion-free, non-Abelian, nilpotent group G, find the supremum
a(G) of the values of a > 0 such that G embeds into Ditrf+"([O, 1]).

We prove the following.
Theorem C. For each n € N and each a < 1, there exists a metabelxan, nilpotent subgroup
o/ Ditrf+"([0, l)) whose nilpotence degree equals n.

Theorem D. For eachnZ2 and each a < ffi, th" group N^¡ embed,s znto Difif"([O, 1]).

Here ,ll, denotes the (nilpotent) group of ¿xn lorver-triangular matrices rvith integer entries,
al1 of which are equal to 1 on the diagonal.
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Introduction
In recent years, the study of group actions on manifolds has attracted the interest of

many people because of its connexions rvith classical subjects as Rigidity Theory [7] and
Foliation Theory [2]. This work deals rvith group actions on the circle and the intervat, mainll'
by diffeomorphisms. Two different (though related) subjects are treated: the topological
entlopy for actions on the circle, and the differentiability for nilpotent group actions on the
interval. To describe the first of these, we need to introduce some notation.

Let (X, dist) be a compact metric space and G a group of homeomorphisms of X gener-
ated by a finite family of elements l: {gr, . . . , 9"}. To simplif¡ we will ahvays assume that I
is symmetric, that is, 9-1 €l for every g€1. For each n € N we denote by B¡(n) the ball of
radius n in G (w.r.t. f), that is, the set of elements /e G which may be rvritten in the form
f : go^.. .9i1 for some rr¿ 1n and g¿, €1. Forg E G&?let |l/ll : ll/ll"::min{n: f e B¡(n)}

As in the classical case, given a > 0 and n € N, two points r, gr in X are said to be
(n, e)-separated if there exists g € Br(n) such that dl.st(g(r), g (y)) ) e. A subset A C X
is (n, e)-separated if all r I y in A are (rz, a)-separated. We denote by s(n, e) the maximal
possible cardinality (perhaps infinite) of a (n, e)-sepa¡ated set. The topological entropy for
the action at the scale e is defined by

ár(G o X, e) : 11- t', los (s(n' e)) 
,

aTco n

and the topological entropy is defined by

hf (G O X) := limh¡(G ü X,e).

Notice that, although hf(G O X, e) depends on the system of generators, the properties of
having zero, positive, or infinite entropy, are independent of this choice.

The definition above was proposed in [10] as an extention of the classical topological
entropy of single maps (the definition extends to pseudo-groups of homeomorphisms, and
hence is suitable for applications in Foliation Theory). Indeed, for a homeomorphism /, ihe
topological entropy of the action of Z - (f) equals two times the (classical) topologica,l
entropy of /. Nevertheless, the functorial properties of this notion remain unclear. For
example, the foilowing fundamental question is open.

General Q,-restion. Is it trrre that ñ¡/G {_t,Y) is eclual to ñr(G O O) ?
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Here O : O (G O X) denotes the non-wandering set of the action, that is, the set of points
r € X strch that for every neighborhood I/ of s we have Í(U) nU f 0 for some f * id in
G. This is a closed invariant set whose complement f)" corresponds to the uandering set of
the action.
The following example, due to Kleptsyn, shows that the answer to the question above is

negativelvhen X is the unit sphere (nevertheless, the action that we will discuss is not an
action by diffeomorphisms).

Example. Let G* be the fundamentai group of a ciosed surface ,9¡ of genus at least fr ) 2

endowed with the c¿nonical generating set l¡. Then G¡ freely acts by isometries of the
hyperbolic plane IHI2, so that the quotient IHI2/G6 corresponds to ,S¡. Let us consider the
one-point compactification of IHI2, 'rvhich is isomorphic to the two-sphere 52. The action of
Gr continuosly extends to an action on 52 so that the point at infinity p- is fixed by every
element. It is not hard to see that {p-} coincides rvith the non-rvandering set Oa of this
action. Hence, hrn(G¡ O 0*) :0. We claim, however, that the entropy for the action of
G¡ on 52 is strictly positive. More precisely, Iet us fix a point q e S'\ {p-}. Let er be the
minimum among the (finiteiy many, positive) numbers dists,(q,qt), where q' projects into
the same point of .9¡ as { and they belong to "contiguous" fundamental regions (viewed in
Hl2). Let e2 :: d,istsz(q, S'\ En), where Eo is the union of the fundamental region containing
q and all the regions contiguous to it. Fina11y, lel e :: min{et, e2}. We claim that

ñr*(Gr C¡ 52,e) > 0.

To show this, for each g € B¡*(n) let Ss :: g(d. If we are able to show that these points
are (n, e)-separated then we are done, as the number of them coincides with the cardinality
of B¡*(n), which growths exponentially on n (c.f. §1.1). Norv, to see that these points are
(n, e)-separated, choose any two of them, say ee * q¿. Then, by defrnition of e, the distance
between the points q and 9-1h(q) is greater than or equal to s. Notice that q: g-1(qr) and
g-'h(S): g-\(S). Since g-1 belongs to B¡u(9), the claim follows.

The first chapter of this work deals with the General Question in the case where X is

a one-dimensional manifold. In this context, the notion of topological ertropy for group
actions is quite appropriate. In fact, in this case, the topological entropy is necessarily flnite
(c./. §1.t). Moreover, in the case of actions by diffeomorphisms, the dichotomy hr* : 0

or h¡* > 0 is r¡¡ell understood. Indeed, according to a result originally proved by Ghys,
Langevin, and Walczak, for groups of C2 diffeomorphisms [f 0], and extended by Hurder
to groups of C1 diffeomorphisms (see for instance [24]), we have h¡* > 0 if and only if
there exists a resilient orbit for the action. This means that there exist a group element /
contracting by one side to a fixed point 16, and another element g which sends Í0 into its
basin of contraction by /.

The results of the frrst chapter of this work (which are reproduced from [12]) give a

positive answer to the General Question in the context of group actions on the circle under
corl¿,ir n:i!-l assunlirticns-
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Theorem L, If G is a fini,tely generated subgroup o/Ditr?(St), then for euery fi.n'ite sgstem
of gerterators I of G, we haue h¡ (G O 51) : hf (G O 0).

Our proof for Theorem A actually works in the Denjoy class C1+ü', and applies to general

codimension-one foliations on compact manifolds. Here bt-, means bounded variation. In the
class C1+¿ip, it is quite possible that we could give an al.ternative proof using standard
techniques from Level Theory [4, lt].

It is unclear whether Theorem A extends to actions of lower regularity. Hou'ever, it
still holds under certain algebraic hypotheses. In fact, (quiie unexpectedly) the regularity
hypothesis is used to rule out the existence of elements / € G that fix some connected
component of the wandering set and which are d,istorted., that is, those elements which
satisfy

ü,,, ll/"ll _ o.n-c. n
Actually, for the equality between the entropies it sufiñces to require that no eiememt in G
be sub-eaponentially d,i,storted,. In other words, it suflñces to require that, for each element

/ € G with infinite order, there exist a non-decreasing function q: N ---+ N (depending on /)
with sub-xponential growth satisfying S(ll/"ll) > n, for every n € N. This is an algebraic
condition which is satisfied by many groups, as for example nilpotent or free groups. (We refer
the reader to [3] for a nice discussion on distorted elements, as well as [1] for a proof that every

irrational rotation is distorted inside some finitely generated group of circle diffeomorphism.)
Under this hypothesis, the following result holds.

Theorem B. If G i.s a fi,nitely generated subgroup o/Homeol(S1) uithout sub-erponenti.allg
distoried elements, then Jor euery fi.nite system of generators I of G, we haue

hr(G O 51) : hr (G C¡ O).

The hypothesis of the theorem above is natural, since distorted elements and the entropy
of general group actions seem to be related in an interesting manner. Indeed, though the
topological entropy of a single homeomorphism / may be equal to zero, if this map appears
as a sub-exponentially distorted element inside an acting group, then this map may create
positive entropy for the group action.

The second part of this work (Chapter 2) concerns the diffe¡entiability of nilpotent group
actions on the interval. This fits into the general study of the algebraic constraints of finitely
generated subgroups of Ditr(10, 1]). The origin of this study relies on classical rrorks on
centralizers of C2-diffeomo¡phisms of the interval [6, 14,21,22). As a sample classical result
which will be relevant for us, we can mention that -using the well-known Kopell lemma on
commuting diffeomorphisms- Plante and Thurston showed in 119] that nilpotent groups of
C2-diffeomorphisms of [0, 1[ (resp. ]0, 1[) are Abe]ian (resp. metabelian).
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As is well knorvn, most of the rigidity properties are lost rvhen tve consider centralizers
of Cl-diffeomorphisms. In relation to Plante-Thurston's theorem above, this fact is cor-
¡oborated by the work of Farb and Franks. In [8], they const¡uct an embedding of A¡,
into Difll([0, 1]), rvhere t\, denotes the (nilpotent) group of lower-triangular matrices rvhose

entries are integers which equal 1 on the diagonal (and n ) 3). Since every finitely gener-

ated, torsion-free, nilpotent group embeds into N,, for some n (see [20]), one concludes that
all these groups can be realized as groups of Cl-diffeomorphisms of the (closed) interval.
(Since the cente¡ of a nilpotent group is nontrivial, this provides examples of centralizers of
diffeomorphisms with rich dynamics.)

In recent years, the study of intermediate differentiability classes (e.e. betl,een C1 and
C2) has become particularly relevant from both the dynamical and the group-theoretical
viervpoints (see [5, 13, 15]). Reca11 that, for 0 < o < 1, a diffeomorphism / is said to be of
class C1+" if its derivative is a-continuous. In other rvords, there exists a constant 11 such
that for all r, y we have

lf'@)-f'(a)latut@-sl-
We denote the group of C1+"-diffeomorphisms of [0, i] by Diftl+"([0, 1]).

Main Problem. Given a ñniteiy generated, torsion-free, non-Abelian, nilpotent group G,
find the supremum a(G) of the values of a > 0 such that G embeds into Diffl+"([O, 1]).

Although there is a big hope of answering this cluestion by using the ideas from [5, 13, 15],

the value of o(G) remains a mystery to guess in the general case. At the beginning rve

suspected that it was related to the nilpotence degree of the group. However. the following
result (which is the main content of the first part of Chapter 2) shows that this is not the
case.

Theorem C. For each r¿ € N ar¿d each a 11, there e:rists a metabelian, nilpotent subgroup
o/ Ditrl+"([0, 7]) whose ni,lpotence d,egree equals n.

The proof of this theorem uses techniques introduced by Denjoy and Pixton (a brilliant
exposition of these techniclues appears in [23]). Nevertheless, putting these methods in
practice in the present case is far from being a triviai issue. The computations are quite
involved, and some of them are oniy sketched.

In the second part of Chapter 2, rve further elaborate on these techniques. Extending
the main result of [8], we show the following theorem.

Theorem D, For eachn ) 2 and. each a 1 #_1, tn" group Nn¡y embed,s i,ntoDlffl*"(lO, l]).

We suspect that this theorem is sharp though no result in this direction is given. Anyway,
we point out that [5, Théoréme B] implies that the actions constructed for the proof cannot
be topologically conjugate to actions by C1+"-diffeomorphisms for any a > 1/(n- 1). Filling
the gap betrveen the exponents l+2ln(n - 1) and 1+ ll(n - 1) is at the core of the tr'lain
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Problemabove.Nevertheless,lvestronglybe]ier'etha¡TheorenrsCanclDshouldslreclsone
lighi in the pursue of a (hopefully, prompl) solution for ir'



Chapter 1

On the topological entropy for group
actions on the circle

1.1 Some background
In this chapter we will consider the normalized Iength on the circle, and every homeo-

morphism will be orientation preserving.
We begin by noticing that if G is a finitely generated group of circle homeomorphisms

and I is a finite generating system for G, then for all n e N and all s > 0 one has

s(n,e)< !4a¡@). (i.1)' '-6" "

Indeed, let A be a (n, e)-separated set of cardinality s(n, e). Then for every two adjacent
points c, gr in A there exists / e B¡(n) such that d.i.st(J @), /(g)) > e. For a fixed /, the
intervals lf @), f (U)l which appear have disjoint interior. Since the total length of the circle
is 1, any given / can be used in this construction at most l/e times, which immediately gives
(1.1).

Notice that, taking the loga.rithm at both sides of (1.1), dividing by n, a,nd passing to
the limits, this gives

¿f (G O Sl) < er¡(G),
. where gr¡(G) denotes the grouth of G with respect to f, that is,

Some easy consequences of this fact are the following ones:

- If G has sub-exponcntial growth, that is, if 9r¡(G) :6 (in particular, if G is nilpotent, or
if G is the Grigorchuk-Maki's group considered in [t5]), then h¡(G O S') :0 for alt finite
generating systems l.
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- In the general case, if #f: g > 1, then from the relations

n

#Br(") < t + \zqlzq - r¡i-tj=t

one concludes that
hf(GO51)<log(2q-1).

This shorvs in particular that the entropy of the action of G on St is finite. Notice that
this may be also deduced from the probabilistic arguments of [5] (see Théoréme D therein).
However, these arguments only yield the weaker estimate ñf (G CJ.91) < Iog(2q) when I has

cardinality q.

7,2 Some preparation for the proofs
The statement of Theorems A and B are obvious rvhen the non-wandering set of the

action equais the rvhole circle. Hence, we rvili assume in rvhat follows that Q is a proper
subset of 51. and we rvill currently denote by 1 some of the connected components of the
complement of 0. Let Esú(/) denote the stabilizer of 1 in G.

Lemma L.2.1. The stabilizer Est(I) i,s ei,ther triui,al or infinite cyclic.

Proof. The (restriction to 1 of the) nontrivial elements of -Est(I)l¡ have no fixed points,
for otherwise these points would be non-wandering. Thus .Osú(I)l¡ acts freely on 1, and
according to Hólder Theorem [9, 16], its action is semiconjugate to an action by translations.
We claim that, if Esf(I)l¡ is nontrivial, then it is infinite cyclic. Indeed, if not then the
corresponding group of translations is dense. This implies that the preimage by the semicon-
jugacy of any point whose preimage is a single point corresponds to a non-wandering point
for the action. Nevertheless, this contradicts the fact ihat .I is contained in O".

If Bst(I)l¡ is trivial then /l¡ is trivial for every f e Est(I), and hence / itself must be
the identity. We then conclude that Bsf (1) is trivial.

Analogously, Esú(I) is cyclic if Est(I)l¡ is cyclic. In this case, Est(I)l¡ is generated
by the restriction to the interval .I of the generator of Esú(I). !

Deñnition 1.2.2. A connected component 1 of 0" rviil be called of type 1 if Bst(I) is
trivial, and will be called of tgpe 2 if Esf(/) is infinite cyclic.

Notice that the tlpe of an interval is preserved by the action, that is, for each / e G the
interval /(1) is of type 1 (resp. of type 2) if I is of tlpe 1 (resp. of type 2). \{oreover, given
two connected components of type 1 of Qc, there exists at most one element in G sending
the former into the latter. Indeed, if /(1):9(f) theng-1/ is in the stabilizer of 1, and hence

J: g )f t is of type 1.

_ I t+ (;¡)(tzq - 1)'- r). c ):.-\ t+zr. q=t.

7
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Lemma 1.2.3. Let Í1, , . , ¡Ím be points contained in a single type 1 connected component
of O". If for some ¿>0 the points Íi,Íj are (e, n)-separated for every i+ j,thil m < 1+ l.
Proof. Let I -)a,bl be the connected component of type 1 of O" containing the points
Í1,. . . ,Ím. After renumbering the ri's, §e may assume that ¿ ( 11 < f2 1 ... I t^ 1 b.

For each I < i, < m-l one can choose an element 9; € B¡(n) such that dist(g¿(t¡). g¡(r¡¡1)) >
6. Now, since 1 is of type 1, the intervals l7o(rr), gr(ro+t)l are two by two disjoint. Therefore,
the number of these intervals times the minimal length among them is less ttran or equal to
1. This gives (m - l)e ( 1, thus proving the lemma. D

The case of connected components 1 of type 2 of Q" is much mo¡e complicated than
the one of type 1 con¡ected components. The difficulty is related to the fact that, if the
generator of the stabilizer of 1 is sub-exponentially distorted in G, then this would imply the
existence of exponentially many (n, e)-separated points inside /, and hence a relevant part
of the entropy would be "concentrated" in 1. To deai with this problem, for each connected
component 1 of type 2 of O" we denote by p¡ its middle point, and then we define /¡: G * No
as follorvs. Let ñ be the generator of the stabilizer of I such that h(r) > ¡ for all ¿ in 1. For
each f eG the element fhf-l is the generator of the stabilizer of /(1) with the analogous
property. We then let l.¡(f):: lrl, where r is the unique integer number such that

Íh"Í-,(p¡ti I f (pt) < Íh,*rf-r(p¡o).

Lemma L.2.4. For a1l /,9 in G one has

t,(s o Í) I t¡aG) + h(f) + 1.

Proof. Lel r be the unique integer numbe¡ such that

(f hf-')'(p¡s) < f (pt) < (f hf-')'*'(p¡t,),

and let s be the unique integer number such that

(r.2)

@f hÍ-'s-')"(pe¡ril I s@¡u) < @ihÍ-'s-')"*'(prrr¡),

so that

We then have

¿¡(/): I"l, I¡(1¡(e)= lsl.

s-' b Í h f -t s-')'(pr¡to) 3 p ¡ o < s-' b Í h Í-1 s-')'*' (pr¡(r)),

( Í l, f -')" s-' (p 
n ¡ o) t p ¡ o < (.f ñ.f -' )'+'s-' (prrirl ).

that is
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Therefore,

(f h f -')' (f t Í -')" g-' (p n¡ e.) < f (p,) < (f h f -')'*' (f h f-')'*'s-' (prr(r) ),

and hence
( Í h i -')' * 

" s-' (p 
s J o) 3 f (p ¡) < (f h f - 

t)'*'*'e-' (pr¡(r) ),

This easily gives

s(Í h I-' f-" s-1 (psi(t )) < g f (p t) < g( Í h f -' f *"'s-' (po¡ (,).

and thus
(sfhJ'l1-t¡r+s(pn¡ril I sf(pr) < (sfhf 's-')'*"*'(pn¡o).

This shows thai l¡(9/) equals either lr * sl or lr + s + 11, which concludes the proof. ¡

The follorving corollary is a direct consequence of the preceding iemma, but may be
proved independently.

Corollary 1.2.5. For every /eG one has

l¿,(f)-/¡(4(/-')l< t.

Proof. From (1.2) one obtains

h_?+r) (p r) < f_, (p ¡o) < h_, (p,) < h_,*, (p,),

and hence l¡<,íl-') equals either lrl or lr + 11. Since t,(f) : lrl, the corollary fo11ows. n

l-.3 The proof in the smooth case: Theorem A
To rule out the possibility of "concentration" of the entropy on a type 2 connected

component I of Q", in the C2 case we will use classical control of distortion arguments in
order to construct, starting from the function /¡, a kind of quasi-morphism from G into N6.

Slightly more generally, let .F be any finite family of connected components of type 2 of
O". We denote by fc the family formed by all the intervals contained in the orbits of the
interrals in F. For each / e G we then define

lr(f),: s\p {r(f).

A priori, the value of /¡ could be infinite. We claim however that, for groups of C2 drffeo-
morphisms, its value is necessarily finite for every element /.
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Proposition 1.3.1. Let f be a finite family of type 2 connected components of O'. Then,
for ail / € G, the value of l¡(/) is finite.

To shorv this proposition, rve will need to estimate the function l¡(f) in terms of the
distortion of / on the interval 1.

Lemma 1.3.2. For each fixed type 2 connected component .I of Q" and every g € G, the
value of /¡(9) is bounded from above by a number 1,(lz) depending on V = uar(log(g'l ¡)),
the total variation of the logarithm of the derivative of the restriction of g to 1.

Proof. Denote la,bl: ¡ and ]¿, á[:9(1). If ft. is a generator for the stabilizer of 1, then for
every / € G the value of /¡(/) corresponds (up to some constant f1) to the number of
fundamentai domains for the dynamics of. fhf-l on /(1) betrveen the points p¡1r¡ and /(pr¡,
which in its turn corresponds to the number of fundamental domains for the dynamics of ñ
on 1 betrveen f-t(p¡O¡) and p¡. Therefore, we need to show that there exists c < d in ]4, bl

depending on 1/ and such that s-'(p«t) belongs to [c, d] We will show that this happens
fnr the valtres 

r/r I/lc: "+ # and d:b-;i
We will just check that the flrst choice works, leaving the second one to the reader. By the
Mean Value Theorem, there exists r e 9(1) and A € la, pdt¡) such that

10

(s-')'(r):#
and

, ^-r\,,^.\ - 
t9'r([a.p¡1rrl)t 

- 
g' '(pgt¡'¡\ a\! 7 tut: 

11r7r1r;11 
: -1r6tz

By the definition of the constant V, we have (s-')'@) lk-'|(y) < e'.This gives

", -, Vlllsg)l - l1l" - 2(s-,(pn¡r¡) - o)lls?)l 2(s-'(pnu) - o)'

thus proving that g-t(pgt¡l) > 
" + #, as we wanted to show. tr

Proof of Proposition 1.3.1. Let J :ld,6l be an intervai in the orbit by G of 1:]¿,b[. If
g : gd.. . . 9h, g¡¡ € l, is an element of minimal length sending I into J, then the intervals
I, g¡,(I), g¡"g;,(I ), . . . ,90.-, . . . g¡"g¡(I) are pairwise disjoint. Therefore,

r"-1

a ar (\og(g' 
| ¡)) < \ u ar (log(g't *, ls,¡...en, (r) ) < ! oor (log (á 

t 

)) : : W.
j=0

Moreover, denoting V : uar (\og(tt )),

r.or(1og((/s)'l¡)) < t'ar(Iog(9'l¡)) + oar(1og(/')) : I1/ -l- 1'.
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By Lemmas 1.2.4 and 1.3.2 and Corollar;' 1.2.5,

!¡(f) < t¡(s-')+ {.rUs)+r
1 [t(s) + ¿r(f s) +2
< L(tv) + L(W +V) +2.

This shorvs the proposition when -F consists of a single interval. The case of general finite
F follorvs easily. !

For a given e>0 rve defrne /, :: [.y,, wbere ?,:Ur,...,I¡] is the family of the connected
components of Q" having length greater than or ec1uaI to e, with /c: k(e). Notice that, by
Lemma 1.2.4, for every /, g in I one has

{,Gf) 1t,(s) + {,(f) + t (1.3)

Lemma 1.3.3. There exists constants á(s) > 0 and B(e) satisfying the foilowing property:
If r¡, . . ., r- are points contained in a single connected component of type 2 of 9' and r¿,r¡
are (e, n)-separated for every if j, then m < A(e)n + B(e).

Proof. Denote c,: maxU,(g): I € f) (according to Proposition 1.3.1, the value of c. is
finite). Let 1 be the type 2 connected component of O" containin1 :1t,. . ., z-. We may

Notice that t,(hT) > lrl for all r e Z.
If / is an element in B¡(n) sending I into some 1¿, then the number of points which are

e-separated by / is less than or equal to lle + 1. We claim that the number of elements
in B¡(n) sending / into .I¿ is bounded above by 4nc, * 4n - 1. Indeed, if g also sends I
onto 1¿ then gf-t e Est(I¡), hence g/-1 : hl some r. Therefore, using (1.3) one obtains

lrll l,(hi) 12nc" *2n - t.
Since the previous arguments apply to each type 2 interval 1¿, we have

1

m<k(:+l\( nc,+4n-1).

Therefore, letting

A(e) ::1ar + 1!¡ 1r + 
". 

¡

this concludes the proof.

b
and Blá):-fA+:).

\ a/,

To conclude the proof of Theorem A, we will use the following notation. Given e > 0

and n € N, we will denote by s(n,e) the largest cardinality of a (n, e)-separated subset of
,91. Likewise, se(n, e) will denote the largest cardinality of a (n, e)-separated set contained
i:r i1-i, :r:r'--'¡.'irnclerirg set.

11

tr
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Proof of Theorem A. Fix 0 < e < llQL), rvhere .L is a common Lipschitz constant fol the

elements in l. we will show that, for some function p. growing linearly on n (and rvhose

coefficients depend on e), one has

s(n, e) < p.(n)se(n, e) +p,(n). (1.4)

Actualiy, any function p. with sub-exponential grorvth and verifying such an ineclualitl'
suffices. Indeed, taking the logarithm in both sides, dividing by n, ancl passing to the 1imit,

this implies that
/¿r(G O S1,s) : ¡.16 O fi,a).

Letting e go to zero, this gives

hf(Go51)lhf(GOf)).

Since the opposite inequality is obvious, this shorvs the desired equality betrveen the entropies.

To shorv (1.4), fix a (n, e)-separated set,9 containing s(z,e) points. Let ne (resp' ne.)
be the number of points in .9 which are in O (resp. in fl"). Obviously, s(n, e) : ¡¿eane.. Let

t:fs be the number of connected components of Q" containing points in ,S, and let ¿ :: [.21].

where l.] denotes the integer part function. We rvill show that there exists a (n, e)-separated
set 7 contained in O having cardinality l- This rvill obviously give so(r¿,á) > l. Using the

inequalities t < 2l + 1 and ns < se(n, e), and by Lemmas 1.2.3 and 1.2.4, this rvill imply
that

^/- -\s(r¿, €) : ns * ne.

( nn * tn(t +!)gnc, + 4n - 1)

< se(n, e) f (2s¡¿(n, e) + 1)k(1 +!)gnc, + 4n - t),

thus showing (1.4).
To show the existence of the set 7 with the properties above, we proceed in a constructive

way. Let us number the connected components of O" containing points in S in a cyclic way

by 1r,...,1¿. Now for each 1< i<l chooseapointti¿€Qbetween lz¡'t arrd 12¡, and

Iet T:: {¿r,...,t,}. We need to check that, for il j, the points ¿i and t¡ ate (n, e)-

separated. Now by construction, for each il j there exist at least trvo different points o,g
in S contained in the interval of smallest length in 51 joining t¡ and t¡. Since .9 is a (n, a)-

separated set, there exist m ( n and 9¿,,...,9¿^ in I so that drs¿(h(r), n(g)) > e, where

h: g¡^ . . . g¿zg¿t. Unfortunately, because of the topology of the circle, this does not imply
that dis¿(h(¿i), ¿(¿¡)) > e. Horvever, the proof rvill be finished if we show that

dist(sr" "' g¡,(t¿),g¡,"'sn,(t¡)) ) e for some 0 < r < m. (15)

This claim is obvious 1f dist(ü,tj) > ¿. If this is not the case then, by the definition of the
(rrif ¿..rl-t e ¡ and I-. thc lergth of the inten'al lg,, (t,). g,, (¿:)] is smaller tYLm 1f 2. and hence it
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coincides rvith the distance between its endpoints. If this distance is at least e, then l'e are

done. If not, the same argument shows that the length of the interval tg¡"g¡r(t¡), g¡rg¡r(t¡))

is smaller than ll2 and coincides with the distance between its endpoints. If this length
is at }east e, then we are done. If not, we continue the procedure... Clearly. there must

be some integer r ( rn such that the length of the interval lg¡.-,. . . gr,(t¡),g,.-r . ' '9¡r (¿j)j is
smaller than e, but the one of [9¿" 

...g¡(t¡),g¿,.. .Sr,(f¡)] is greater than or ec¡ua1 to s. As
before, the length of the later interval will be forced to be smaller than 1/2, and hence it
rvill coincide with the distance between its endpoints. This shorvs (1.5) and concludes the
proof of Theorem A. tr

L.4 The proof in the case of nonexistence of sub-expo-
nentially distorted elements: Theorem B

Recall that the topological entropy is invariant under topological conjugacy. Therefore,
due to [5, Théoréme D], in order to prove Theorem B we may assume that G is a group of
bi-Lipschitz homeomorphisms. Let I be a common Lipschitz constant for the elements in l.
Fix again 0 <e <l/2L, and let 11, . . . ,.I¡ be the connected components of Q" having length
greater than or ec1ua1 to e. Let h¿ be .a generator for the slabilizer of .I, (with ñ¿ :1d in case

where .I¿ is of type 1). Consider the minimal non decreasing function q. such that, for each

of the nontrivial ñ¿'s, one has q.(llhill) ) r for all positive r. We rvill shorv that (1.4) holds
for the funcl ion 

r

p,ln) :2k(L + :)(2q,(2n) + 1) + 1.

Notice that, by assumption, this function p, growths at most sub-exponentially on n. Hence,

as in the case of Theorem A, inecluality (f .4) allows to finish the proof of the equality between

the entropies.
The main diflñculty for shorving (1.4) in this case is that Lemma 1.3.3 is no longer avail-

able. However, the following sti1l holds.

Lemma L.3.4. If Ír,. . .,am are points contained in a single type 2 connected component

l of 0" having length at least e, and r¡,ri are (e, n)-separated for evety i f j, then
*rk(!+7)(2q€(2n)+t),

Proof. Let 1 be the type 2 connected component of Oc containing zr, . . . , r-. We may

the number of points which are e-separated by / is less than or equal to I f e * 1. We claim
that the number of elements in B¡(n) sending I into 1¡ is bounded above by q'(r). Indeed,

if 9 also sends.I onto I; tben gf-re Esf(1¿), hence sf-t:hi some r. Therefore,

13

zn2llsf-1ll: llr,lll,
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and hence
q,(2n) > q.(llñlll) 2 l,l.

Since the previous arguments apply to each type 2 interval l, this gires

- < k(!+ r)l2o.t2n) - 1).

thus proving the lemma. n

To show (1.4) in the present case, we proceed as in the proof of Theorem A. We fix a
(n, e)-separated set ,S containing s(n,e) points. lVe let ns (resp. ns¿.) be the number of
points in .9 which are in Q (resp. in Oc), so that s(n, e) : no+nr,. Let t:ts be the number
of connected components of f)" containing points in ,S, and let I :: [j], ivhere [.] denotes
the integer part function. As before, one can show that there exists a (n, e)-separated set
7 contained in O having cardinality l. This will obviously give s¡¿(n,e) ) l. Ineclualities
t < 2l + 1 and n¡ < se(n, e) still holds. Using Lemmas 1.2.3 and 1.3.4 one norv obtains

s(n, e) : na+ no'

I nn * t*g + !)pq,1zn¡ + t¡

< se(n, e) + (zrn(r, r) + 1)k(1 +L)(zq,(zn) + t).

This concludes the proof of Theorem B.

11



Chapter 2

Nilpotent groups of diffeomorphisms
of the interval

2.1 A reminder on Denjoy-Pixton actions
For the constructions leading to the proofs of Theorems C and D, we rvill use Pixton's

technique [18]. The main technical tool will be the following lemma from 123].

Lemma 2,L.1. For a certai,n uni,uersal constant M, there eri,sts a family of di,ffeomorphisms
gt',li , I -.» J where I,I', J, J' o,re ang non-d,egenerate intet-uals such that I' (resp. J') is

cont'iguous to I (resp. J ) on the left, satisfying et¡.! " e5,'Í' : ef:í' Moreouer, one has

lros (t,pi:íi(")) - ros (á,¿el:1i(,))l < ¡1 
| trlllt _ , I

r, -.1 = ill luil4 - 'l

for alt u,u in I prouid,ed, that ll2 < VlllJl 1 2. Furfhermore, the deriuatir" of pr¡,r,i 
"q"alslJlllll (rese. lJ'lllI'D at the ri,sht endpoint (resp. left endpoint) oJ I.

The proof of this lemma given in [23] proceeds as foilorvs. Let ((r)($) be a C- vector
fieId on [0, 1] such that ((r) = iD near 0, and ((r) : 0 on [1/2, 1]. Moreover, assume that,

. for all u,

l$ral .,.lor"l
Let tla(x) be the solution of the differentiai equation

d1b, . .

* (,) : €0b,@)), 4,o(,): ,.

Let us consider the diffeomorphism r ¡* blt¿(xla) sending the interval [0, a] onto the interval

i! L'. for:-r1-real numbcrs a'.a..b'.b such that a'< 0 < ¿ anrl ó'< 0 < á. 1et ó;:'; be the
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diffeomorphism from [0, a] onto [0, b] defined by

éoo'!"("), : b!;6rp,. 
¡ ", 

6¡ (r f a).

Its is easl' to check that for all positive o, b, c and all negative a', b , c', one has

Ail"'í' Ob,"t' -- Ol;i"

\loreover, as is shown in [23],

,.r9#<,1: ros 9 * ^rryry, (:),

i6

(2.1)

(2 2)l^'wry*l = l*,til 
: 

l'-# -'-*l
Furthermore, letting C > 0 be a constant such that l#l< C for all r, we have

(*)*#(.)lr:l**-,1
Starting rvith the -aps /111, we construct the desired family {rplli} as follows. Letting
¡':lw,u-lal, I'::lw+u',u1,¡1:lu',us' +ól,and J',:lw'*A,u'l,rvhere¿'<0<¿
andb/<0<b,welet

,p';,ii ,: O!*'!"(* - w) + w'.

2.2 A family of metabelian subgroups of Ditrf"([0,1]):
Theorem C

In rvhat follorvs, &1 will denote a universal constant whose explicit value is irrelevant for
our purposes.

For each pair of integers (z,j), let I¿,¡ be an interval of length ll¿,¡l so that the sum

Dn,¡ 11,,¡l is finite. Joining these intervals lexicographically, we obtain a closed intervai 1.' 
Folibwing [8, §2.3], we will deal with a particular family of nilpotent groups G," acting on -I.

Each G, has nilpotence degree n * 1, and Gr coincides with the Heisenberg group.

The group G," has a presentation

(f ,so,s,,...,s*tLs¿,sil:td,ÍÍ,sol:¿d,lf ,sn\ :s¿-1 for alli> 1)'

As maps, the generators send each interval /¿,¡ into a certain 4,,7, and coincide with the

diffeomorphism p!,::,.':,:;:::::'therein. The map / sends 4,¡ into 1¿,¡1¡. The maps 90 and 91
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send .I¿,3 into 1¿,¡*, and 1¿;a¡, respectively. To describe the dynamics of gz, , , .,9,,, for each

0 < ir < n and each i. € Z, *,e let

'*(')':(iUt];_(Ltj:J)'
and we define r6(i) ::1 for all i. (Note that lr¡(i)l < lllh for k > 0.) Then the element 96

sends the interval 1¿,¡ into 1¡,¡1¡*1r¡.

Now fix a positive number o < 1. To carry out the preceding construction so that the
resulting maps are C1+"-diffeomorphisms of 1, we need to make a careful choice of the lengths

l1¡,i1. lVe let g > 1 be such that the following conditions are satisfied:

(i") 1<q<2,
(1i") a<2-q,
1iii.¡ o < fi,
(iv^ ) a < 1.

q

Note that since a < 1 and the preceding right-side expressions go to 1 or to infinity as q

tends to 1 from above, we may choose q very near to 1in such a way that these conditions
are fulfilled.

Now let p:: ?+.Clearl¡ we may also impose the following supplementary conditions:

(u.) p > ,q,
lvi^)a(1-t.

- q p'
(vii.) a.#-#

We then define
,r. ., .- 1
r.,,:r .- 

lilp + l_rl, + r

Since l/p+ 1/q < 1, it follorvs from [13, §3] that the sum Dr,ll4¡l is finite. lVe ciaim that
the group G,, thus obtained is formed by C1+"-diffeomorphisms of 1.

2.2.L The map / is of class C1+"

For simplicity, we only deal with points in the intervals 4,¡ with i > 0 and j > 0 (the
other cases are analogous).

First we consider r, g it the same interval 4,¡. We have

ltoe/'(¡) - loe/'(y)l . ,v¡ l l/,,¡l 11,*,,;_,1 _ ,1-----É=u.-- = [,J ljr*;]I,,_il -,1

Hence

\7

tr*!+rt"t 
= + H+?+ - r 

lu,,r'-" = #l#lq+ - ,l
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This yields

(¿+ 1)e +rq + 1 ,p+ (j - 1)jjt r I

-rl/;pr,q-LtrA'l\" J -)
Ile + js -J (,-l' t), + (¡ - 1), + t

Therefore, the '.'aiue "f 
iUUfffd is borincled from abor"e b1'

((i + 1)p +J'1 + 1)(?P + (j - 1), + 1) - (t' + -1)s+1)
;a-tt.4t "{{lJ l)P I (J- 1rc -l-.i r

which equals

By the N'Iean Value Theorem, this expression is bounded from above by

Thus

yield

lloe /'(¡) ' Iog/'(Yll - ,, i' 1 js I

v-r 
--"(i- 

l)P jq t-ot'

Nou, notice that lhe last expression is uniformly bounded when q - 1 < S(1 - a), rvtrich is

satisfied by condition (iv" ).

l,íextweconsiderz€l,¡andA€It,¡,,$,ithj<j'.Thedefinitionof/andproperty(2 1)

rog/'(r) : r.ru#t - tu) : log Z*4W#*(f)
rvhere 1¿,3 : lw,u -l a), I¡,r-r: lw + a',wl' I¡¡t,¡:lw',w' +ü], and 4+r,j 1: lu'+b"w')'
Analogously,

0o'.) d 1utoe(d "t 
,ct (g-u\

Ioc/'iy) :lor-tff,u - u)= Iog- +log-::!':-:1-:' \"; ,/

where 1¿,¡, : lu,u+ cl, Io,i,-r: [u + c', z], I¡+t,j' : lu',u' + d'1, ancl 1¿*1,¡'-' : [u'+ d" z'l By

property (2.2).

lrog¡rir)- rog/'(y)t r lr"c: -,.r:l- l^r'*#*(!r)l.l'".q*;* (?)l

' l,"** - 
r'sfl + l'-5 - I'c:1. lb-Í - "-:l

Notice that the Iast expression corresponds to

l, (1t,, ,,1\ ,,. /gjrr1\l , /1;'r:',r\ ',^.(l.r-t¡ \l-l'o,(i¡¡-r;'-rl) to*(11'-"'i¡t,-,... 
",,.,_, 

,.:,, _losl:Jr"*(-l_ 
i l l" \ ¡, I . \ ;
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Since the function ¡ *, ffi is non-decreasing, the preceding inecluality yields

lrog/'(r) -log.f'(s,)l = rl.* (ft;rl) -,"r (t#)
" l, - 11,*,,;'l 14,;-rl
" l'"" l/',¡'l l/¿*r,r'-rl

" l,^_ (i, +;'n - t) (1, - r), - (-r l)q - i)- o 
lruB «, - 1 ), +rrl!-1,, +17-t +lf

19

Hence the value of I log /'(r) - Ioe /'(y) I is bounded from above by

ulu, ( t+ (te + j/q + 1)((i +1)p+ (i - 1)q+ 1) - ((r+ 1)e+i/q + 1

| 
-- \- ((t + t'¡r ¡ 70 + 1)(ip + (J - 1)s + i)

Since 6fffi}, qffi is uniformly bounded from below, namely

iP +i'q+ 1 (r+ 1)r+ (r- 1)r+ r ip+fq+l ip+j's+L
(i+t)o ¡¡,0¡1 ¿p+(j-1)s+i - 2o¡n¡¡,0¡1 ')p;p * )p;ts )- ,p

-" t -J -

the expression (2.4) is bounded from above by

which equals

n'l Ua -U-1)q)((¿+1)r-¿r¡ |'"1@l
By the Mean Value Theorem, this expression is bounded from above by

ie-\jts-l(jt_j+1)
((¿ + t)e + j'q +7)('¿P + (j - 1)q + 1)'

Theretore' 
.D-t:td-t , .t

" f'(,) - loe/'(c)l 3 ¡Y7!--!'-J!-1-I rog. 
(2" t ls)(¿e + j\.

We will split the general case into the following four cases:

(u) i' <zj +t,
(b) ¡'o < t,
(") i' > 2i + t, ¡'o > iP , is > iP,

(d) i'> 2i\1,i'n >ie,ic <ie.
In cases (a) and (b), notice that from

1

(2.5)

lr - ui -' \J -- J - L)t¡.t

)t
(2.4)
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it follows that

lx-ulo, 1r'-i-t ¡",, - \lr+j,q+t)
Hence by (2.5),

I log /'(r) - Iog "/'(y)l - " ,' : \ 1Yl
ip l jts-l(jt - j)(,¿e + jts +l)a

l, - ul" ': "' (io + j'c)(ip + jc)(j,- j - i)"'
that is,

llos/'(¡) - log/'(y), . n, .¡o-ti'n-l!l - i)t-".. ,ñ a,

l, - yl" : "' (¿p + t,s)I-" (P + J9 
' \¿ \) )

In case (a), we have f < 2j + 1, and hence the right-side of (2.6) is bounded from above
bY 

;p-t iq-l;t..d ;p-t jq-dl! . r r :^t,
(ie + jq)t-a(ie+jq) " lio+¡o¡z-"'

On the one hand, if i < i,--, then this expression is bounded fV ffi: ¡(a-r)(o-r). 5in""
a < 1, the expression is uniformly bounded. On the other hand, if j < i.p-r, then we have

the uPPer bound 
¿p- 1+(p-1)(q-a)

20

-;a-l-p-q+pq¡o(2-at

Now this expression is uniformly bounded by condition (ii").

In case (b), we have j's < ip, and hence the right-side expression of (2.6) is bounded from
above by

.--r .eto-1).P11-al
lr ..1s" ',lc' .olo_p)_I

ip+p(r-a)

which is uniformly bounded by condition (iii.).

In case (c), we have

and hence

t,-st> M6i;r ('- (#)'-') . C+-(,- (;)-')
Thererore, 

l, _ s,l" ¿ MúliG_tE, (2.7)
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and this yields

llog/'(z) -log"f'(s)l _ ^,ip-tjtq-|(jt -j)j(c-1)o ^,/fc-t(j' -.i)1¡in-titc-tto,

--p.--iF--p 
'- *'-1F16@TF)- : ru \ ,e il,s )\ t, + j, )

In the last expression, the first factor is uniformly bounded, while the second one is boundeci
by

,, ilb-r) i(q-tt" 
.jq

This last expression is uniformly bounded when fi(f - 1) + (S - l)a < q, which is ensured

by the condition (iii.).

The last case (d) is
j'>2j+t, j'q > iP, jn <io.

For the distance between x and g we norv have the estimate

l,-yt> ! r,,: I -+- > [r' -+;0,> ft .p 7 . d,.
i<,t<i, ,.l,io +nc+I J¡¡1 ip +rs+1--'l¡\ií +r+l)s

The iast integral is essentially

^n(il 
+ j' + 1)q-1 - QE + ¡ +Z¡o-t,rr6,

and by the \,lean Value Theorem, this is larger than

(it + j, + t)r-n(¡t + j +2)q-1(i,É + | + r)s-1'

Therefore,

lr -sl ¿ tut
(f-j-r)"

(2.8)
(¿2 + j, +1)"(ii + j r 2)(o-r)"'

This yieids

l log/'(c) - Iog/'(s)l - ^,ie-titc-t(j' - i),]'É+j'+ 1)o(iÍ * j a2¡to-r1"----I;-vF- '- u'

< ^tie-L(ii 
+ i' +r)"(iE + i +2)k-1)"
(in+¡o¡1¡,-J-1)"

< tvtie-1(2i' + l)"(2it + 2)G-1)"

- (iP + iq)(+)"

- ,,¡n-t(iE + 1)(c-r)a._ .,,, __1,ll.f_,

]VI
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and by condition (iii.) the last expression is uniformly bounded.

lVe finally consider the case where z € 1¿,¡ and A e I¡,,f for different z, i'. In this case) rve

let z (resp. z') be the endpoint of the interval 1¿ (resp. Ii) obtained as the union of all the
1¿,¡'s (resp. Ii,os), with k e Z, s\fiated between t and g. The estimates so far show that
the derivative of f at z equals 1, and

lloe(/'(r)) -log(/'(y))l . llog(/'(¡)) -1og(/'(z))l * llog(/'(z)) -los(/'(y))l---l'_rFI-- = p-r¡" - ¡,-r*
- llog(/'(z)) - log(/'(z))l llog(/'(z)) - Iog(/'(y))l
- r: .r. = 

--;'l;-< 2M. 
't t' vl

This completes the proof of the C1+o regularity of /. Similar arguments apply to its
inverse /-1, thus showing that / is a C1+"-diffeomorphism of /.

2.2.2 Each map g¡ is of class Ci+o

Again, we 'wi1l only consider the case of positive i, j. First, 'we take r, E in the same

interval 1¡,¡. We have

llosgl(z) - Iog si(g)l

22

l"-vl
Hence

llosgi r) - logs'k(y)l

l, - al"

<M
The last expression may be rewritten as

ie +(i + r¡(i))q + t)(ip +(i - 1)q+ 1) - (ie + jq + 1)(¿e+ (, +re(¿) - 1
q+1

(to ¡ ¡o ¡ 1)1-a(2p + (7 + r¡(r;) - l)s + 1)

By the Mean Vaiue Theorem, the value of this expression is bounded from above by

ipjq-l +to(¡¡roQ))e-l * jq-l + (r+r¿11¡¡c-t +(i+rh(i))qjs-1 +(i+rft(?)

i.P+(i+rh(i))q+r
ie+is+7 ip + (i +rku) - 1)q + r

rp+0-l)c+1
- rl {;r + iq + t)".

M

- ll I 11,,;l l/i.¡+,.(ir-rl ,I
= [- lll,r.,'*ux lr; -'l

M I l4rl lI,,¡r."(,) rl I

rJ l1l;;I¡#fl - Il ll' jr'l-"

n, I l4.il ll¡.¡+,*r¿)-rl -,l,r ,-""' Ilr,.r.**(,,)l [,.il - rllriil

M
(ip + js)t-"(ie + (j + ri(i) - 1)c

,j,
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and hence by

, ,io(,r + r¡(i))s-I + (j +rkli))sf-' * (, * r¡(i)\o-t¡0'.¿-
(ir + ¡o¡z-"

rvhich is again uniformly bounded by the conditions

Next we consider the case lvhere r e I¡,¡ and

llog 9[(r) - log Sí.(g)l is smaller than or equal to

< ]VI
(te + ¡a¡z-"

We claim that the preceding right-expression is unlformly bounded. Indeed, if i.p < jq, then
it is smaller than or equal to

^,jq(j 
+ ¡"i¡,-t * (j + ¡*y¡rr + (¡ + ¡*¡o-' ¡o

J"" "'
which is uniformly bounded by the conditions (iv") and (v"). Íf ¡a < ¿t, then it is smaller
than or equal to

^.t

ie (iÉ + ik)c-t + (ú ¡ ¿n!e¿!{o-') + (¿E + ik)c-lip
ipQ-d)

(iv") and (v" ).

u € I, i,, with I < j'. In this case,

ip(j + ik)s-\ + (j +ik\o¡o*t + (j +ik1a-t¡?

1..16/-,*r,"r##l-1,"*9#J-*t#1.1.*H#-,*Hl
The estimates for the last t',l'o terms are simiiar to those above, and we leave the computations
to the reader. The first term equals

l,^- 11,,;l 11,,¡,**t,lll - l,^"
I'"' 1.1¡,,,++r¡r I lI¡,tl I l'""

ip + j,s +t ip + u +re(¿))s + 1

ip + jq +l,ie+(jt+rku))q+r

that is,

l"(,* ¡tv + (i'+ r¡(r;))c + 1)(¿P + jq + 1)

We claim that the expression ;;;"l+#eTj[tfiH-j1 is bounded f¡om below by a positive
number. Indeed, ihe first factor is uniformly bounded because:

- if ¡'t < fp. then Fl###i¡ > íd#+rrt > ;+ftdi",,, and the last expression is

uniformly bounded from below by a positive number;

-if ip <¡'c, then;ir##áirr > t##¡ > ,,.jf,l;, which is uniformly bounded

í.,,;: L¡lc¡.' b¡' tr. posi;ite riu:nbel.

('¿, + j'o + 1)(re+ (7 +r¡(i))0 + 1) - (?e + (i' +rÉ(2))s + 1)(¿e + js + 1)
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<M
('ie + (j'+ rr(e))o + l)(ir + 7c a 1¡

Using the X¿[ean Value Theorem and the inequalities j < j' and r¡(i) < zk, the right-side
term above is easily seen to be smaller than or equal to

NI
¿o+k(j¡ * tk)e-t ¡ ¡017 +ik)s-lik + jts(j + ik)q-lik

(ie+j,s)(ie+js)

To get an upper bound foi this expression, we separately consider the cases (u), (U), (c), and
(d), from the previous section.

The first case (a) is j' <2j * 1. We have l"r - Al> #+, and hence

lloggi(c)-los sL(il| - ^,i,*h(i'+i\t-r¡¡01¡t+ik)q-tik+itc(i+ik)c-tik(ip+i'c+t)" , ^,

-h 
- yl"- - "' Up + Íc)lip + j, 1¡r -¡yy r "'

<M ie+k(jt + l\a t ¡ ¡t1¡, + i\s-lik i jte(¡ ¡ tre¡o-t¿rt +M(ip+itc)|-a(ip+js)

24

The second factor is uniformly bounded as well because:

- \f ip 
=7q. 

then 0l J - ¡f < ¡rr¡(i), th.s 3+#i4 , '"*g;ÍIl,*, a ,r1,,?1i,,.

rvhich is uniformly bounded from below by a positive nirmber:

- if ¡o a ip, then ffi > #+, which is uniformly boundecl from below by a positire
number.

F¡om rvhat precedes, we deduce the estimate

F-I+P _ ¡,..,. l/,r'**rn)ll a
I¡'¡'l l-

(ie + jte + 1) (ie + ("r + ro1z;¡, + 1) - (;e + (j' + r¡(i))q + 1)(¿e + js + 1)

;p+k (j + ik)c-r + 2jq (j + ik)q-l;k<tut'ffi+ilr-
we witl deal with the expressions d##h una ¡¡*rflfii$,*¡gL separately. For rhe
first we have 

ie+k(j +,ik)e-l _ ip+k(-+ ¿,k)c-1

@TTi;*'+ n > (,P +r'9'?-" '

Now notice that

-if ip <jq, then .iWJ <'::i$t, and this isbounded when f (r+k)+q-1 <
q(2 - a), that is, when " S ,! - f , which is our condition (vi");

- if ¡o .;r, then ffi.l . o'-Jll'rlll'"-', and this is bounded when p * k + th - 1) I
p(2 - a),that is, when " f i - i
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For the second expression we hale

ic (i + ik)q-t ik js(j +ik),t lik
(ie+j,c)l-@(ie+jc) (tt ¡ ¡o¡z-"

Again, notice that

- if ip <jq, then j:i¿+'irii .\' < r'u"+fl1;'r+

- if ¡o . ie, then r,?r!}i#- < n',,-:"#:li"* 
, and as before, this is bounded rvhen a

G,+jOá* \ l(,:;i--

iPQ-a)

tr, and as before, this is bounded rvhen a

(iP+ie)2'"

¿n+x(¡t 1- i\s-l + jq(jt + ik)s-lik + jts(j + ik)s t.¡k

2i

¿ L _ h.j q p'

/1 [> ; - t'
The second case (b) is jto <.¡o. The inequality lr - AIZ #* yields

llosqi(4 - Ioe gl(s)l - n,ir*o(j' +ik)t-t¡ ¡01¡' + ik)c-1,ik + jtc(j + ik)s-tik ue+j'q+7)a
lr - vF > "' U'-J-I)" +¡f

To estimate the last expression,

ie+k(iE + ik)q-l
ltr_jry- ,

For the first we have

(io + ¡o1z-o
.ie+ k (it + i\q-r + jq (it + i\q -1,¿k + ie (j + ik)q -t ik

(ir + ¡a¡z-a

we will bound the following

jeQÍ ¡ ¿x1c-t¿x . ano
lio + ¡o1z-a

, and the last term is bounded because " = i- i

1_&.
c p'

< I - ¡.-q p

<M

<M

+M

-J- 
^/f

three expressions:

iP(j + ¿*)q-t¿x

(to ¡ ¡o¡z-"

¡t+t(iE + ik)q-t - ip-r(iÍ + ia)q-r

U,+j*-" :- ,e¿-r-'
and the right-side member is bounded provided that p * k + fl(rl - l) S
o < 1 - 1, which is our condition (vi.). For the second expression, notice- q p'

-if ip <jc, then 1# =,Y#É, 
and this is bounded when

oQ-a\.Lhatis.a<r-t'--,--q p,

-ir;a < ze, then c{f,ffit r ry#$_]t

p(2 - a), that is,

that

o+91 +o-11

For the third expression, we have that

- if ¿p < jq, then tr#+ S':k#f, which is bounded when a (
- if ¡e < ie, then i$## < *'nE 

I;!Y;'nr , which is also bounded when o

The third case (c) is j'> 2j +1, j'q > 'ip 1jq > 'ip. Using (2.7) we obtain

llosgl(z)-loggi(y)l <itip-k(it+ik)q-l +jq(it+-ik)q-rih+jtq(i+ik)q-t.ik¡(o t)ua t¡.
i, - yl" (tr. -r j?)(¡¡ + jl) r
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¿n+k(jt * ¿t)q-l + lqU, + *10-t2x + j,q(j + ik)s lik

(ie+jts)(ie+jq)

To estimate the preceding right-side expression, we deal separately with

Lplk(i'- ik)l : *n-r1^ iqlj'+ llq lie ,rq-rl" ^-r ¡'t1¡ ¡;t'\t ',ia ,(r-,].,
(ie + lcñe + j\J" ltp + yñf t jq)J aIIU 

Ue + j,s)(ie + nJ
For the ñrst one has

ie+k(it + ik)q-| ;(q_r)a < ik(it + ik)q-lit(q-r)d . i'* (i' + i'*)r-rft -rl.,
(¿e + ls)Ue + j\r 

' :: 
ip + lc : jtq 1

and the right-side term is bounded by condition (vii"). For the second expression one has

jq(jt + ik)q-tik ;(s_1)a < (jt + ik)q-tikjt(q-t)d . (j, + j,t)r-tj,* !a-rl"
Ae+lsyje+i\J" = to*n t I '

and the right-side term is uniformly bounded by the condition (vii.). Finally, for the ihird
expression one has

jo(j ¡¡t"So-t ¡t :(o-tI -(j+ ¡a)s-rikj(c-r," - (j + ¡'i1o-t¡* ¡t-rt"
(i?+fr)(i,+Ar = ,,+J, = Jn '

and the right-side term is also bounded by condition (vii").

The last case (d) is j' > 2i+1 , i's > ip , j'I < ir. Inequality (2.8) shows that -5Hffi"(gXis smaller than or equal to

(¡t + | + t)"(¿i + j + 2)G-t)" * ru.(i'-j-1)"

In this expression, the t.r* ${$ is bounded O, %# and hence it is uniformly

bounded. Therefore,

llos gi(r) - los gi(y)l . 7,7,0-*1!' 
+!!-' +.so_U J !)r-Iih -r i/e(l + iklo-t¡t , 

"lx-al' - (¡r¡¡'n71ir¡fiY(iÍ+i)(s-I)o
To estimate the right-side expression, rve wili deai separately with

€Y#{;(t Í a¡ ¡ 
{a- r)", #+#i*(ti a ¡1to': ¡o, and #+ffi+(i Í ¡; ¡ 

ro . Lr"

For the first one has

;pTkr;/r;,h\q-l ^ ;kfi,r;/c\q I - ''1L' ' '9!'- '

ffi(iÉ+;¡to_rt"=++?;(iÍ+¡¡to_rl"3'.l]:#(j,+j,)lc_1)",

26



Nllpotl¡NT GRoups oF DtFFEoMoRpHISlvts oF THE INTERV¡\L 27

and, as before, rve knorv that the right-side term is uniformly bounded by the condition
(vii.). For the second expression one has

t:t!:!Il!-(i"¿aiy(o-r¡".(f,:¿k)',-:¡t'1iÉ+i)t, r,.A:!3)l'j5(7,+.7,¡t,-rro.
(ip+j'c)(ie*jc)'" 'tt - (,p+//s) * j'|s \r rr

and the right-side term is uniformly bounded by the condition (vii"). Finally, for the third
expression one has

,!:'U l.r:,):-'n: ,(if 4 i1ro-rl* .(i +¿k)q-t¡* ,if .- ii{o-r¡o . (¿f +¿l)q-t¿*(u i + iÍ.¡ro rro.
(ip+ j,s)(ip1¡a1\" 'Lt ' ¡in-¡c¡ 

\'' I J'l = lo \' r¡'

Here the right-side term is bounded when !(a - 1) +,t + ft(o - t)" (p, rvhich is true by the
condition (vii" ).

To conclude the proof of the regularity of ga, notice that the case rvhere x: € I¡,¡ a.nd

A e I¡,,¡,for different i,i' car, be ruled out by using the same argument as that of /.

2,3 Realizations of lower-triangular matrix groups as

groups of interval diffeomorphisms: Theorem D

We now deal rvith the group Nn of n x n loner-triangular matrices rvith integer entries,
a1l of rvhich are equal to 1 on the diagonal. Notice that 1f3 corresponds to the Heisenberg
group. In general, N, is a nilpotent group of nilpotence degree n - 1. A nice system of
generators of 1ü",+r is {"fr,.. . , "f,"}, where the only non-zero entry of ,f¡ outside the diagona}
is the (j t 1, j)-entry and equals 1.

The group ¡f¿+1 acts naturaliy on the interval. Indeed, let {lu,...,n-t (ü,. . . ,i,) e Z}
be a family of intervals so that the sum D¿,,....¿. 1Ii,,...,¿^l is finite. Joining these intervals
lexicographically, we obtain a closed interval 1. Then an embedding of N,..,.1 into Homeo.,.(-I)
is obtained by identifying .f¡ to the (unique) homeomorphism whose restriction to each

interval I : I¡,,.. ,¡^ coincides with ,plli , where:

-forj:1'
rt - r- r .r -1,

-f6¡)1j1n-1:
l' : 1,.

-forj:n'

J -- I¿r,...,¡¡+¡¡-r,...,¡^, J' : I¡,.,...,¿¡+¡.¡- r,,..,¡.-ti

t''_t f-t rt-f-- : I j,,...,i^-Li"-:, ./ : l,:,...,i,,-:.i.-:'.-r' J ' 'Ii:.....in-r.j4-jn l_1'
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This realization comes from the natural action of /[,,+r on Z+\, nolicing that the affine
hyperplane I x Z is invariant under this action.

In order to prove Theorem D, we fix once and for all an arbitrary positive number
o < 

^=L(._r). 
Our aim is to show that, for a good choice of the lengths 14,,...,t"1, the /¡'s

previously deflned are C1+"-diffeomorphisms of the corresponding interval 1. From now on)
we will assume that n ) 3: the case of the Heisenberg group l{3 is covered by Theorem C.

We begin by choosing number p"ell,5l4l, and for 1 ! j < n - 1 rve choose p¡ ) 0 so

that the following properties are satisfied:

(io) pr > pz).,.)pn-1 )pn)1,
(iiD) *+ or; 

*. .* ;*, - * . r,

(iii-) a < ,--¿+-.
- \P^-L)Pt'

(iv¡) a< #(*-#) .. a117<i<n,

lv",) a( 1 - 1

- P^ Pn-r

A concrete choice is pj t: ¡,FiTlJ. (Hence, one may take p", :: 5f 4 and pj t: L for
1 S, < n - 1.) Indeed, the first property is easy to check. For the second one, we have

- ,r-l

i+ : ]+I:"(r -Up^): l*oi, -tlp^)n(n:1). 1* (r - tlp) : r,
?P¡ Pn 

=- 
Pn , p"

where the inequality comes from the hypothesis o < ALrj. For the third and fourth
properties, we actually have eclualities with our choice. Finally, since n ) 3,

2 -2- 7lp" _. 7lp"
/ <- --------:--:--:- - ;1z:T - J > 2- 11p, > 

1 + (?? LXl - VeJ
Hence,

that is r I 1o1^ a(n- 1)(I -llp"): p^- p"^,
which shows (v¡).

It is worth mentioning that, for " > d=¡, the properties above a¡e incompatible. (This
is one of the main reasons why we suspect that our construction is optimal.) Indeed, from
(iiip) we Cet + > {*i. U.ite (ivD) inductively, we obtain * > ¿r+=U for 1l j 1n-1.

- pt - pn ", Pl - P^
This yields

$ t ,$i"h"-r)* 1 :a(p,-l)n(n-l)* i
L, p, t ¿.-. n" 2p" - p,'
)=! ' J-l

o[r + 1r, - 1)(1 - rto")7 < *,
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If o > =5, the right-side expression is greater than or eclual to 1, contrary to (ii)¡.
- r¿(n-rl

Now fixing any choice of the p¡'s as above, we 1et

]zr1r, *...+ l¿,,|e' + 1

According to [t3, §3], property (iip) implies that the sum of the lengths l1¿,,...,¿^l is flnite.
We next proceed to show that the induced maps fi are C1+o-diffeomorptrisms of the con'e-
sponding interval 1.

2.3.L The map fi is of class C1+o

First we consider r,g in the same interval 1¿,,...,¿.. We have

l1¡,..,t.1 11,,*,,...,t.-,1,1
l1".t"rJ [,',-''"-il -'l

Hence,

The right-side expression is bounded from above by

(li1lp'+...+ lr" - 1lp"+1)(li1 + ilp,+... + lr"lr^+1)
(llt a 11r,' ... + 1,,, - 1re"-l)(lir,p,+... -L lr,lp"+t)AI

I

- 1l (l,rl''+... + l,"le'+1)',
I

lvhich equals

nrl (l¿"lp^-l¡, - 1le")(lirrp'-llr + llp') Iu'lflt*¡t,+pr* 
, -Ilp"+1)(lr,lp,+l¿2¡e,+ .+¡i-+1)l(li'1"+" +li'lp"-rr)3

By the Mean Value Theorem, this expression is bounded from above by

(lr,l+1)P"-t(lir l+1)e'-'rr,rm.
In the case lillp'S li,)p*,this is bounded by

^, 
(d,l+r¡,"-t1li,lHa1;,'-'

"' (lLlP"+D'?-"-'
This expression is uniformly bounded when pn - I + ff(n - l) < p"(2 - o), that is, when

o < * + |, which is ensured by the condition (vp). In the case li*lt" < llrlr' we have the
- Pr Pn'

upper bound

", 
(i1 lÉ*.¡1¡r"-,(li,l+r)r, -r

.'i'D., r\!-ñ
il I ' -r a./

(2.e)



This expression is uniformly bounded rvhen p1 - L + h(p" - 1) < pr(2 - o). that is, rvhen

" < * + fr, which -as we have already seen- is ensured by the condition (v¡).

Norv'we consider c, g so that a € l,,..,¡._r,¡^ and 3r e l¡r,...,0,_r,n^ for some l,.l', such ihat
i;-i." > 2. To simplify, we 'i,vill just deal with positive i,n,i,t^, the other cases being analogots.

By property (2.2), the value of llog(/{(z)) - tog(/í(E))l is bounded from abor.e by

l.*h:# -,*H#l. 1*ffi -*H#1. lr.s+:# - b-+:#l
Since i r- lr'-r+r'" "'-r'''l is a monotonous function, this expression is smaller than or equal toil'r, ','^-r,¡l

,1,"-(?ii,) -.,(+:#)
l,^- (li1lp'+ltrle'+... + li" - 1lp"+1)(lr1 + 1le'+l¿2le'+... + lr;lp"+1)- 
r'"ts

NIIPOT¡X'T GROUPS OF DIFFEOIV'IORP I I ISNIS OF THE INTERVAL

Since the expression in brackets in the right-side term equals

(lilp, +li2lp, + . . . + li" - 1 le" +1) (li1 + tle, +li2le2 +. . . + lii¡r"*r¡
(li1 + rlr'al¿rlr2+... + lz" - t¡r"a1¡i¡¿lpt+lizlp2+... + liile"+1)

it is bounded from belorv by a positive number. Therefore,

ir"-l (,¿' - r") (ld1 l+1)P,-1
(l¿rlr,+. ..+'¿p; + 1)(l¿1|e,+ ...+i:Í" +r)lr -sl"

We will split the general case into four ones:

(a) ¿í, S 2in + r,

(b) i.f" < li,lr'+.. . * li,,_rlP.,,
/-\ ;/ \.)t -.r o .,.¡l jp" \ l; 

"'._ _ l, 2,-r

By The Mean Value Theorem, the last expression is bounded from above by

^r 
.¿tÍ*-|(it,-i")(i1l+7)ef1

" (lr;r1r,-¡ . . . + i.?; + 1) (l,¿, lr'-¡ . . . + tE" + t)'

Thus, in order to get an upper bound for trÚft)#g&», we neecl to estimate the expres-
sion

(2.10)

I (i,!" _ tr;¡1¡tr¡o,_lir + ilp.)
llog(/{ (r))-logr/í(y)tl <,1/ 

I- | (l¿, * llnt ¡lirlqz¡. .+ lz" lr" -¡1¡1lillpt +li2le, + . .+ lr;le-+1)

:1"('n
+ llet+l.irlp2+. . . + I¿. - 1lp.+1
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(d) ,,; > 2in+2 arÁ ie; <lilet+...*lin.rlo'-t< ¿'c".

In case (a), the estimate lr-gll ) (itn* in- l)11it,i.,,...,i,.1 shor¡,s that the expression (2.10)
is bounded from above by

n/ ¡'f"-,(i;-i")'-"(llll+1)p'-1 frll)" (li,¡r,n ... + i!," - i)(lillna ... + il" + 1)1-a'

By the condition i',<2i" * 1, the latter expression is smaller than or equal to

", ¡PJ -" (li1l+ 1)P, -1

"'1¡¡''*", * r'-"'
P!!

If|i'1a.<ip;,thenffirffi,andthe1astexpressionisuniform1y
bounded by condirion (iiiD). If iT llirlo,, tt"n ffi < lj!É*i;;##+Il, a,rd

this is uniformly bounded again by condition (iiip).

In case (b), the expression (2.10) is still bounded from above by (2.tt), which in its turn
is smailer than or equal to

¿f;"-"(li1l+1)P'-1ru(lillP,+...+l¿"_ile"-+1)2-".

Norv using the condition i!^ < lirlor ¡. . . + l¿,-i le^-' , lve see that this last expression is

bounded from above by

Finally, the right-side expression is uniformly bounded by condition (iii¡).

In case (c), we first need to estimate the value of lr - yl:

l¡-ul > \-l¡, r: \- 4,t' =,fin;'"''1'-r'rI -,-!1,' li']"I''' * li'"-'lr"-'¡¡n" ¡ L =

> \- ----]- > \'' i , ['' | ¿,,- ,.?rrip; + ¡t" + 1 - ,^a<.r:3ip" - J¡^+t 3tp"-- -

- (i"+ l)r"-t 1- \ ií, / ) -

= o+F= (, (;)^ ') > (¿..t,-,
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where in the second inequality we used the hypothesis iT > lile'+... + l¿,-11e"-1. Us no

this, the value of (2.10) is easily seen to be smaller than or equal to

^/ 
i,f,.-I(¿; - i,)(¿rl+1)e,-1(i, + 1)(e--1)d . ,(lirl+1)p'-t(i, +_1)(o"-1)".

'(lrr¡r,*...-i1," +t)(li,laa...' i'Í" +1) -'- li,¡r'*...+if" +1

since by hypothesis §,e have ip; > lilet, the right-side expression above is bounded from

above by ,L

^ .(,;, + 1)P'-r(¿n a I ¡(r"-r¡o
",------ ip; +t 

-,which is uniformly bounded by the condition (iii¡).

Let us ñnal1y consider the case (d). Letting

^9 
:: 1 * li.le' + li'zle' . . . li'^-rlo"-',

we first observe that

lr-vl2 ! 11,,, .,^-';l: t =f - a f" :' '- f i' d' 
-

i.<i<i', 
- 

,^?.,'^3; ¡0" ' J''-' "" 
+ s t J'^-t l' + sl/p")p''

The last integral equals

1 I I 1 I t f¡;, *grfu.¡r,-r- (in +] +Sil/p")'" tl

,r,b t,,-1.s*-¡'"- - (,'ilf s'e!e" { = G,- rl l@
Using the Mean Value Theorem, we conclude that

;t 
-; -1l, - al2

Gr, +I¡§ñ"".-t (i; + sl/p")'

Using this, we conclude that (2.10) is smaller than or equal to

/1"-t(l^ - j,)(|,rl+1)p,-r(i, + 1+ St/p")o(pi-l)(¡:nt Stlt"¡" -

-¡¿,F,+... 

*ig. + l)(li1le,+ ...+iÍ" + 1)(r; - i.n-L)"
- ( l¡r l+1)pr-1(in * 1 a §t/r" ¡orp"-1) (¡" + sr/p")"
= 1¡,'¡''*.. +,1"+1)(j;-,"- 1)"

. (2.12)

By hypothesis, L +'¿F < 
^9, thus ¿, 1 S1/p". Since by deñnition, l¿rlo' < S, this yields

flhl+1)p,-1(¿, + 1+ s1/e"f(P--1) . ,r'*i*{ff!-,
(lirlo'+...+¿Pd'+1)

< MST- ,r '. (2.13)
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By hypothesis, we also have S < 1+ ilf" and i,. > 2i, * 2, which gives

(i!- + S't/P"\"#<,41.l.t ) I \O -vn 'n L)

Putting together (2.13) and (2.r4), we conclude that the expression in (2.12) is boundecl
from above by

,rr,.**4"tr!-',
which is uniformly bounded by the condition (iii¡).

To conclude the proof of the regularity of fi, notice that the case rvhere u € 1¿,,...,¡. and
A e Ii\,...,¡L for different (ir,...,i"_r) and (i'r, ...,i"_r) can be ruled out by an argtlment
similar to those used for the maps / and 9¡ of previous sections.

(2.11)

2.3.2 For 2 ( j <n- 1, the map

We ñrst consider z, g in the same interval

/¡ is of class Cl+o

1¿,,...,¿". We have

1¡,...,i¡ +t¡-r,...,t" I 1¡,,...,¡^-r I
-rl| log(/j(z)) - log(/j(y))l

lr-vl
M

- 11,',....t"1

Hence,

I los(/j(z)) - los(/j(s))l

l, - sl"
One readily checks that the right-side expression equals

i,lo" -li^ - Lle")(lijleJ -lij + i¡_lej)
(lr,lr,+...+li,j+'i¡-lni+...f li"-1ip"+1)(lr1le'+...+l7rlrua.-¡;¡r"..1¡t-"

By The Mean Value Theorem, and since p¡.t) p¡, the Iast expression is bounded from above
by

(2.15)

In this case, (2.15) is

(2.16)

14,,...,¿r+,r-,,...,r, I

l/;,,...,¿r*¿r-,,...,r.-rl _.,1,, r-ü
1r,,,...,r"-rl 

alrr¡1'""¡¿L
V",...¡"1<tu[

M

,',r (li" l+ 1)e"- 1(lii 
I+l?i-11)er-11¿i-11." (ll,¡r,* ... + li.¡loi¡... + lr'"|e"+1)2-a'

To estimate this expression, let us first assume that lijlei < lij-lej-l
bounded from above by

n, (l¿.1+1)p^-l (li¡-rl ? +li¡- rl ¡ri-r li¡-r I.rr@.

If li."lp^ < li.¡-loi-, , then this expression is smaller than

r, (l¿ ¡ -l'# +t)P^ - (l! ¡ -,lTi Jl¿ ¡ *,1),, *1 
l¿¡ -,1
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Since p¡¡lp¡ > 1, this is uniformly bounded if

,;a"- tl nefrn, - L) - L - p¡_,(2- a) < o,

that is, a S *+i;- ,rr, and this is ensured by conditions (ip) and (v¡). If lij-1lpj-'< li,lp",
then the expression (2.16) is smaller than or equal to

, PL --PL -L

^, 
(l;"1+ t¡r"-' 11i, I 

r; nl¡"l,i-, )ei' 
1 

l¿nl 
er-,

@
Sirce pnf p¡-1 < p,lp¡, this is uniformly bounded if

pn-t*A(p,_ r)+-P' -p.(2_a) < O,
P.i Pj-t

which is again ensured by conditions (i)p and (vp).
Assume now that li,¡-loi-'< li¡|,,. h this case, (2.15) is bounded from above by

Pi P1

", 
(li"l+1)p"-r (lz¡ |+ |irl',-' )e'- 

t li lPr-1,,,@
Proceeding as in the previous case, one readily checks that this expression is uniformly
bounded rvhen o < I - I - J-. which is ensured by conditions (i)¡ and (v¡).

- Pn Pj Pi -l

Now we consider the case where z€1¿,,;r,...¡,a\dye l¿,,¿r,...,t,., with i;-i"> 2. (For the
case where r e I¡,,...,a* andy € I¡i,...,¡; for different (2r,...,i"-r) and (i'r, ...,i"-r), one may
apply the same argument as that of fi.) To simplify, we will only deal with positive i,,, zl:
the other cases may be treated in a similar way.

Once again, property (2.2) implies that liog(/j(e)) - toe(/j(g))l is smaller than or equal
to the sum

l, l/i,,...,;,+¡,-',...,¡^1, 1J,r,...,;,-;,-',,,"-tll.+ lrog 

- 

- rog - ñ:- J-l-,-
I l¿¡r....,1j...,.r¿ | lril....trr.....rn-11 |

l. lr',,...,n,+,r-,,...,,,"-rl,-_ l/i,....,i,*i;-,,....il1 |*|.s-ffiÍ--,"*-iiiÍff|
As in previous estimates of similar expressions, rve have

rrog(/j(z)) - ros(/j(s))r s s 
lr"s (ffi) -., ft#)
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The last expression equals

- l, (lirlP'

'l'ot (hil^
+ .. . + li¡lr;a. . . + Ii, - 1Jp"+1)(l¿1lp' +... + lij * i¡-11p,a., . + l,1,lp"+1)
+...+lrj * ii-1loi + .. . + li," - 1le"+l)(lr1lel +...+li,lci¡ . + lr;lp"+1)

that is,

a 
lr"s (r 

+

.1.)

(2.t7)
The expression into brackets in the right-side term equals

(l¿rl"+.. + l¿¡l',+. . .+ lr" - 1lo"+1)(lrrlp'+. .. + l¿¡ + ¿¡-,1',+. .. + l¿il'"+l)
(lrrlr,+...+l'ij+ij-lei+...+li¿-1le"+1)(l¿1lp,*...+litlti¡...+l;ilr"a1¡ '

hence it is uniformly bounded from below by a positive number. Therefore, the value of
(2.17) is smaller than or equal to

n, I Oe; -i':")(li'i +i'¡-lej-li¡lei)
(lrrlr,+...+lij+ii_yloi¡..+l¿"lp^+1)(li,¡r,*...+lzrlr.,a..+lrile"+1)

Using the Mean Value Theorem and the conclition p¡-t) p¡, this last expression is easily
seen to be bounded from above by

" I log(Jl(o)) - log(11(y)) |Therefore. ffi1d]] is smaller than or equal to

¡¡ ,,, , ,, , ili"-'(1'^- i+)(l'i¡.1+l'i¡-,D''-'l¿¡-'l .- - (2.18)- 
(l¿,¡r, * . . . + lirlr;a . . . + ip; + l)(lt,l,a . . . + lilrt ¡ . . . + ii^ + 1)lr - 11"'

In order to estimate this expression, we will again consider separately the cases (a), (b), (c)

and (d) of the previous section.

The case (a) is i'" < 2i. + 1. Here the estimate l" - yl> (i,; - i," - 1)11¿,,r,, .,¿;l shows

that (2.18) is bounded from above by

-' (r; - i")'-"(lzrl+lz¡-rl)p,-1 lz¡-r I

(lr,¡ - 1lp" - ¿Í")(l¿¡ + ¿j_rlpj-lijlpi)
(lzr1r'*...+li¡+i.¡_tloi+...t|i"- lle.+l)(ltrlpl+...+li¡lqt¡...+l4lp"+1)

(li,l,'+... + lirloa ... +ip; + 1)(llrlrt-,'- ... + li,loi¡,. *
smaller than or equal to

+ 1)t-o
. (2.1e)

.ie;-"Q,¿ jl+\,¿ j_t¡¡n;-1lir_r 
I

M

which is

(l;,10,+... + lijlej+ ... + i.P; + 1)2-d
(2.20)

+ 1)'
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There are three subcases:

- lf li,r1e 
; < lii_llci-, and ir; < li¡_11e,-1, then

^¡ ifl" "(li;l+li¡-r¡¡a-rli;-rl - n,li¡-,1\)b"-")(l¿r-,1?*li;-rl)p,-1li;-rl,"@-]"@
The last expression is easily seen to be uniformly bounded by condition (ivp).

lf ll,Snt < ie; and li¡-loi-'( ze;, then

^r i.l^-,li.rlr ler-rl)p, rli;-rl _. ^,1X^-,QF 
+¡fr),,-r¿fr,',(lzile@ -.''-- pr," -. ¡z* -'

and the last expression is uniformly bounded by condition (iv¡).

- If l¿j-llpj-' < lz¡ lp, and i.n; < li.,lci , then one has

^r 
ip;-"|ijl+lij-,¡¡r;-1li¡-rl - ^,,i¡¡lkt" 

")0zr¡+¡rr¡#¡ni-11t,1i\
"'6-.l'@'

and the last expression is uniformly bounded by condition (iv¡).

In case (b), we still have the upper bound (2.19) for (2.18). Now using the condition
i'§^ < li,r¡n,¡...* li,,-r¡l"-,, the vaiue of (2.19) is easily seen to be bounded from above by

^, i'1"-"(l¡jl+li¡ rl)p,-1li¡-rl, ^,Í 
(lijl+l,j-rl)pi-1I¿j-rl"'ry>'"m'

To estimate the right-side expression of this inequality, we consider two subcases:

-lf li¡-loi-,< lr¡1,r, th",

^¡ (l,jl+lij-rl)p., I,ij-rl - ^,(li¡l+l¡,li\ie;-r1irl#"' m :," lhle.,+D''+H--'
and the last expression is easily seen to be uniformly bounded by condition (ivp).

- If llr¡ri< lij_1lei-r, then

(lijl+l,j-11)pi-rlij-11 - ^,(li¡-rlT+lzr-11)r;-rlá¡-rl(r,lr,+...-lin rlr"-,,u1¡t-o+-e -'' (li¡_11r,-,+1¡1 o+;'.

and the last expression is easily seen to be uniformly bounded by condition (ivp).
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In case (c), we had the estimate

OF THE INTERVAL J/

lvIlr-al> (i" 1 1¡r--t '

rvhich shorvs that (2.18) is bounded from above by

tÍ"-r(i.!" - i")|ii+lij_:'¡¡a;-1lir-r l(i" * 1)b--t)a
(lt, lr, + . . . -l l.i¡lri ¡ . . . + i.p; + 1) (lzlle,+ . . . + l.l, lr;-l- . . . + il" + 1)'

This is smaller than or equal to

^, 
(l¿jl+l¡j-rl)p,-i,¡j -11(1, r 1)(p"-r)o,r/m'

Now from the condition i,e^" > li,lle'+... + l¿,,-1le^-' it follows that
li.¡-iloi-' < ¿n* . Therefore, (2.22) is bounded from above by

(2.21)

ltI

^,,(iT/'' 
* ¿1;lni-t¡oi-t¿!;/pi-t (in + 1)(r"-r)or

and this expression is easily seen to be uniformly bounded by condition (iv¡).

In case (d), we had the estimate

lc-alZ
'i'n-in-l

(r" + t + Sllp")e--t (i,;+ S1/p.)'

where ,S :: 1 + l¿11p, + lirloz ...lin_lp"-,. Thus, (2.18) is bounded from above by

i.f--'(,i'^- t")(lr¡l+li,¡-l¡oi-lli¡-l(i^ + 1+.91/p.)o(p"-1\(¿!^+ S'/p")'
(lr,lo,+. ..+li¡lo:¡...+iT + 1)(lz,lr,-¡...+liilpi+...+.i:1" +t)(i;-i.n-7)"
by

(2.22)

1i lP,< il" and

(2 23)

M

hence

^., 
1 | 

i, | + li¡ - r I )Pi -t li i -l$* * 1 + §r/r' ¡a1p' 
*r\ (l!, + St / o"¡"

,,1

Since the condition l+ip; < S yields in 1 §t/e", this expression is smaller than or eclual to

^,1lirl+li¡-rl)e'-llii-rl(i'" 
+ -91/p")" 

" 

o-(Ee-Lr I',w
The conditions l+iff <S and p¡-1 ) p¡ also yield lr;¡l ( §1/rr u,.¿ 1i¡-rl < S'l', t < Stlt:,
thus showing that the last expression is smaller than or equal to

* (i'n + Sr /e")",rüt" -'r* ü *<*i! -'
w-,-:Ú r '

Using the conditions i;> 2i^ * 2 and ,S < 1 + if", this last expression is easiiy seen to be
bounded from above by

M SttPi-\++t*<#!-' ,

.,'l¡idr is tlilcrmll' bourclecl b¡; the conclition (ir'¡).
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2.3.3 The map /, is of class Cl+o

First lve consider z,3r in the same interval 1¿,,...,.;.. \\'e have

l_19§!f",-(r))_loql/í(g))l . t\t | _ l/r,,. ,;.1 l/¡,, ,r^+,^-,-rl ,l------l;, = [u,-J If,,.-*,^-,t U,,,*,t -'l
hence

llog(/i(r)) -toe(/i(y))l - ^,
lx - al"

1I',,...,¿"*,.-,-r l

14,,.,0--,1
- rl lrn,,..,n,l-".

I r. I

ril;;*]
The right-side term above is smaller than or equal to

(lirlp'+. . .+ l¿" - 1lp"+1)(l11lp'+ . . .* li^ + i"-rlp.+1)
(li,lr,+. .+ 1," + r"-1 - 1le"+1)(li,lr,-¡... + li"lp"+1)

- rl {l.',l'+... + U,le'+1)",

which equals

1s+¡2"¡^)l

where

c :: li"-7lp"lin+'in-tlp^-lin+'i^-1-|le^linlp^+lá"-l]ie"-l'¿"+i,-1-1le-+l¿,+in-tlp^-li"lp^

and, as before, §:: 1f lirlo, ¡ 1¿r¡0" . . . li,-r lp"-'. By the lvlean Value Theorem, the last
expression is bounded from above by

]¡zu¡o-1¡,-¡+¡,,-,1¡n"-11e,-rl+ D[=ilrolr-(l¿"1+1,"-11+1)e^-11¿,-11+c'
rlr,*. . . + lin + in-t - 1le"+1)(l¿1|e,+. . . + lr"le"+1)1-"

where

c' '.: lin + ¿,-1|e" (l¿,1+1)e"-1 + linlp" (li,l*1i,,-'l+1)'"-'+
+ (i, l + l 

r,- 1 l + 1)e" - 1 
l 
¿,- 1 l + ( 

l 
¿, 

1 
+ l 

¿,- 1 l )e" 
- 1 

l 
¿,- 1 l.

To get a.n upper bound for this Iast expression, it is enough to do so for

li, + i,-1lp'( li,l+r¡r'-t (2.24)
(lzr1r'*. . .f li, + ¿n-1 - 1le"+1)(ldr¡n,a. .. + li,,le"+1)1-"

and
lirle* (l¿"1+l¿"-1 l)r.-' l;,'-, I

(l¿rlr,+. . .+ li, + in-1 - ile"+1)(lir¡r'*. . + li"ln"a1;t-" '

'.."ir::t 1<.k1n.

(2.2s)
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Expression (2.24) may be written as

lin + i,n-tle^

il9

(lr"l+r¡r"-i
(11r1r,1...+ li" + ¿n_l - 1lp"+1) (lZr¡r,*. .. + lri,lr"a1;t-"'

The fi¡st factor is uniformly bounded, lvhereas the second is smaller than or eclual to

This Iast expression is uniformly bounded provided that p" - 1 - p"(1 - a) < 0, rvhich is a
consequence of condition (v¡).

Concerning expression (2.25), notice that, since pn-t)pn, it is smaller than or equal to

likle&(i,l+li,_11)e"-11,,*11 .- (i,l+li"_11)e"-11¿"_11

IeltT--ltl^+rtr; : (hilp+...+ l¿,F"+t)'-"'
On the one hand, if l¿nle" < l?n-1le'-1, then

' 
&:-f ' '

(l¿,lr'+. . + lr,"lr"a1¡t-" (li"-, ¡r"-, -.1¡t-"

and the last term is uniformly bounded rvhen ]l (p, - 1) + 1 < p"-1(1 - o), which is ensurecl

by condition (v¡). On the other hand, if li,-r¡r"-'. li,lr', then

(lrrlr,+. . . + lr;"1r""'1¡t-" (1i"lr"+1)'-"

which is uniformly bounded when p"*l+# S p"(1-a), that is when conditlon (vp) holds.

Next rve consider the case where r € lh,¡r...,¡^ and g e li,,;",...,t;, with ii - i, > 2. (For
the case where z e l¡r,...,t^ and 3r € I¡i,...,¿; for different (ir,...,i"-t) and (i'r,...,ii-r), one
applies the same argument as that of fi.) Once again, we will only deal with positive ir, i',,.

As in previous cases, llog(¡i(z)) - tog(/i(g))l is bounded from above by

"1, l4¡,..,i"+r.-r- rl l.I¡,,...,i,-l I - ^,1, (lrrlp'+...+ip'"- + l)(li,let¡...+ l¿; +¿"-rlp'+l) I

' l'"t lrn"-j-,l l4;:r".;:il : ¡1 lruts l

Notice that the right-side term may be rewritten as

^,1, _ ( . »[=lliolr.(¿i, + in-lle^-ite^)+ »?-il,klp&(il" - 1,, + i,-rlp") + Ó\ l,r 
lr"*\r- /l

(2.26)
where

0 :: i,p{li',+in-lp"-l'i**i,n-rlc'¿tn^ +i,F -{:" *li.'n+i,n-|le^-li*+i.-tle"
- ip."'-';,,-L i, .tp.-ite^).Ll,l^'i1,"-1i,. + i.,_:,p"] , [,r"-1," +¡._, lo"]-[ll;+ i,_,0"-;'.1"1.
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Since the expression

(l,1lp'+... +if^ + 1)(lr1le,+... + l¿l +¿,-1Ie"+1)
(l,,rlo'+. .. -r li, +i,-'lr"at)(l;,lrr +... + i:" + 1)

is uniformly bounded from below by a positive number, (2.26) is bounded from above by

* i*-rlo^-¿o"¡ + »l=llrrle-(rpf - lin + i,-lo^) + e
(li, lo,+. . . + li^ + i"-lp-+l)(lerlr,a .. . + iÍ.' + r)

By The lvlean Value Theorem, and since pn-t) pn, this last expression is smaller than or
equal to

ll¿nl'- + liz-l1)p--1li'-'l+ »l=ilrilr.(¿,, + li'-11)p--1li n-rl+Ó'
(lirlo,+. .. + iT + 1)(lrrle,-.'.. .. + iF" + 1)

li kle^ (i; + lr"-, I )r"-' 1,"-, I where11kln, (2.27)
(li'lr'+. .. + i?: +1)(lillrra ... + i:" + 1)lr - sl"'

and 
i!Í^(¡,+l¿,-rl)p"-,1i,-rl

(2.28)
(lr,l''+' ., + i!.; +1)(lt,l^a ... + ill" + 1)lz - 91"'

Expression (2.27) is easy to deal with. Indeed, since

lr-al> (i'n-in- t)11,,,¡.,.,;,,1 : (,,,,'l-'"-,=t \.
\l¿rl'r l- ' "+ ¡'1" I l)'

we have

(2.2e)

li kleh (i; + l¿"_1 I )p"-1 l¿"_r I

'lvhere C' equals

ie; Q;+1i."-i)e"-1li^-l+ii:" (i^ + li'¡-11)e"-11á,-11+(¿, + l¿,"-r l)p"-11 i*-l+(i!^+li^-tl)o^-t l¿"-r l

Therefore, in order to get an upper bound for the value of Ltss(&ffi@, we only need

to do so with

l¿kle*(i'^ + li"-r l)P"-t l¿"-r l

(l¿,1,'+. .. + ¿pi + i)(lr;,lp,a ... + i:Í" + 1)1-a

- (r" + li"-,1),"-'l¿"-rl
= p¡'* -1;5 ,'-"

40
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To estimate the right-side expression, we consider tuo cases. If, on the one hand. 1\'e hare

if" I li"-rlP"-', then

+1

(¿; + lr"_11)p"-11r"-11
(lzr¡r,-,'. .. + i',1" + 1)1 "

- (l j,-,1?+1i,,-r l)P"-r li,-11
= 1P,-¡""-'-¡'-"

This is uniformiy bounded rvhen $l(r" - 1) + 1 s p"-1(1 - a), rvhich is ec¡uivalent to

condition (v¡). On the other hand, if li,-rlp"-'( if;"' then

('i.!^ + ¡t'^1,^-,)P"-t(it )P^-'
(m" + 1»{ 

-'
(i!^ + lü¿-l)P"-1:i"-l

(l,,,lr'+. . . * i'f" ¡ 1¡t-"

and the right-side term is uniformly bounded provided that condition (v¡) holds.

To obtain an upper bound for (2.28), we will consider separately the cases (a), (b), (c)

and (d) of the previous two sections.

In case (a) we have i,n < i'', < 2in + 1. Hence, the upper bound aiready obtained for

(2.27) with k:n is an upper bound for (2.28).

In case (b), we have i':" < l'irle'+. . . * li,,r¡r"-'. Hence, (2.28) is smaller than or equal

to

§l l¿*lr-(¿;+ l¿,-'l),"-'l¿"-,1

2 il¿rlr, * . . . + i?,{ + 1)(lzrlr' ¡ . . . + i'1" + 1) lz - 91"'

and we have already seen that each term of this sum is uniformly bounded.

In case (c), we use (2.21) to obtain

z'f,'(i, * li,- r l)P"-llio-r l <
=

- ,, (i.^+ li,-rl)p"-Ilj,-rl (i, * 1)b"-t)a
-<' 

rvl (l¡lp,+. .. + ¿pJ' + r.)1-o [tF,; -I+iFTIF
In the right-side expression, the second fu.to. !lp*r9f is uniformly boundecl. To show

that the same holds with the ñrst factor, one may'procóed as at the end of the estimates for

(2.27) just changing i'n by io.

Finally, in case (d), the estimate (2.23) shows that (2.28) is smaller than or equal to

(iirlr'-.. .. + i?," + L\fií, - i, - 1)"
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Since the condition | + ie; < ,S yields i.n 1 §t/n. , this expression is smaller than or eq¡ual to

^, 
(i" + lj,-rl)'"-'1,,-'l(,i + s'/p-)" .,dH!-,,,,wJ

Moreover, by the definition of ,5, we have li,-11 ( St/p"-r I S'/o^ , which shows that the
last expression is smalle¡ than or equal to

,, (¿"+ gr/c"y 
^fit- r.---tu, 

e(rr:.!) -¡
,\t 

O; 4t; ry 
J

Because of the conditions i!*> 2i"+2 and S < 1* if", this last expression is bounded from
above by

- - ^E* #-*a't;! -,
1t,1 5

which is uniformly bounded by the condition (v¡).
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