
1l.c,,t+ -f(
\'lA-q- ¡^
C ETq
c4

Explicit double exponential numerical
integration

Tesis
entrcgada a )a

Universidad de Chile
en cumplimiento parciai de Ios requisitos

para optar al grado de
Magíster en Ciencias con mención en Matemáticas

Facultad de Ciencias

por

Claudia Inés Correa Deisler

Noviembre,2010

Director de Tesis Dr. Eduardo FYiedman



FACULTAD DE CIENCIAS

I]NIVERSIDAD DE CHILE

INFORME DE APROBACIóN

TESIS DE MAGISTER

Se informa a la Escuela de Postgrado de la Facultad de Ciencias que la Tesis

de Magíster presentada por la candidata

Claudia Inés Correa Deisler

I{a sido aprobada por la Comisión de Dvaluación de la tesis como requisito
para optar al grado de Magíster en Ciencias con mención en M¿temáticas,
en el examen de Defensa de Tesis rendido el día 28 de octubre de 2010.

Director de Tesis:

Dr. Eduardo FYiedman

Comisión de llvaluación de Ia Tesis

Dr. Antonio Behn

Dr. Gonzalo Roblcdo



''l rtti J''trrrili'tt t-\ rl -)t 1- n 1'- I
lltt.lttt ltt. 5o.l 1n. Lltttttlttt !l lf tl:[(t' t.

1"1.r$ ' ' '.-.'.

!/ +;,

É'i
ti ', 

..''



Agradecimientos

En primer lugar quiero agradecer a mi tutor. el prolesor Eduardo lliedtlan, por sc'r'

parte de este proyecto y dcdicalse a él tle l¿ manera el que Io hizo, lc agradezco todo
el conocimiento, l¿ formación ¿caclémica y prolcsional cntregacla el c¿¡da sesión de

trabajo.
A mi farnilia, quiero agradecer por Ia cr»rfianzn y crecr el rní (en ciertos motl)etttos

se hace necesario que aLguien tienda una mano...), por la compañía, Ia lealtarl y el

cariño que hacen más gratos lnis días y me dau fuerza para seguir adelante ctrandrr

el camino se llena de sillas que a uno Io invitatr a sertar...(cotno lo dir'ía n.ri amigo
Silvio).

A rni N{arná pol su constarte cariño. A mi Papá, pol sel url colegzi día a día con
quien conversar. A rnis hcrlmanas, Sofi y liafl, por estar ahí, aquí o dotrde estr:... y
por la alcgría que le entregan a mi vida.

A mis amigos Leslie, Nicolás, Rotnina y Natacha, les agradezco la arnistad, las

colversaciones, la compairía y e[ apoyo, ha sick: y es muy importalte saber que
puedo contar con ustedes. A mi gran arniga -,\rnalia por entettdenle, cscuchaLtne -r,

dar animo en todas !

Con respecto a estc hermoso Campus Juan Gó;nez Millas. no puedo dejar de

rnencionar a muchas persorlas quc hacen de esta ilstitrrción Io quc es y son parte de

estos años, por ejemp)o, agradecel a Santiago por su ayuda crotidiara, a todos los
profesores que aportarolr a rni forrnación, a Antonio Rehn y Gonzalo Il-obledo por las
sugerencias y la dedicación en lecr y enl,ender esta tesis.

Por úJtimo, debo agradecer a la Universidar:l de Chile, a la l¡acultad cJe Cieucias 
"v

al Dcpartarnento de lt{aternáticas, Iitera)rnente, si no existierau csto no sería posiblc.
Agradeccr también a FONDECYT pr-ir e[ apoyo del proyecto nÍrmero 10851ól:].

t



Resumen

EI método Doblc Exponencial de integración numérica, descubierto por Masatake
lvlori y I-Iidetosi Takahasi hacia el año 1970, es sorprendentemente eficaz, pero no es

utilizablc en trabajos rigurosos al no haber constar.rtes explícitas que acoten el elror
del rnétoclo. En este trabajo obtenernos cotas sencillas y explícitas para este elror.
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Summary

The Double Exponential method of numerical integration, discovered )ty lvlasaf,ake
Mori and Ilidel,osi Ta.kahasi around 1970, yields superb results. Unfortunately, the
method could not be used in rigorous computations since no explicit bounds for the
error were kno*,n. We give straight-forward and explicit bounds for this error.
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Introduction

The basic problem of nurnerical integration is to apploximat 
" [! f 67ar.If / is suf:-

ficiently difierentiable, and one does not require great accur¿cy, the usual techniques

are sufficient. In number theory, however, one sometimes needs to compute such

integrals with extraordinary accr-lracy. Even 1000 places or rnore may be ncedecl to
discover algebraic relatiorrs or v¿rrious identities. ijorletimes l,hese a¡c expected lrout
standa.rd conjectures such as Sta¡k's [7], and somr,times they suggest new conjectures

[t, p. 507]. Unfortur.ratelv, the traditioual methorls of numelical iutcgratiou ];ecotnc

totally uselcss when one ueeds huge accuracy.
The simplest quadrattre formulas, such as the trapezoidal method, Simpson's rule

o¡ Gaussian formulas, fail to take advantage of the fact that in practice one trearly
always integrates analytic functions. Torva¡ds the end of the 1960's and ea,rly 70's,

several authors suggestecl taking advantage of aralyticity and of changing variables

[6], [2], [10], [11], [8]. Masao Iri, Sigeiti Moriguti and Yoshimitsu Takasawa [3] gavc

a new quadrature formul¿ (called in 1973, by Hidetosi Takahasi and Nlasatake lvfori,
the IMT-Rule) for an integral of an analytic function / over a finite interval. They
applied a change of variable o : F(¿) to the integral

l"'rato,: lo* 
n@a', (wher,:s(r) - f (F(t))F'(t))

and they approxirnated the lattcr integral sirnply as

[* s(t)¿t=nf elrl¡Jo Tlo
(/¿: 1/N),

claiming an error bound of the lbrm

0@-c'JÑ¡, (0.0.r)

where C1 is an unknown consta.nt [5, p.907], [11, p.2131.
Later in 1973 Takahasi and Mori described in [11] several quadratures fonnulas,

using various cha.nges of va¡iable z : 1(¿), claiming similal error bounds and spec-
ifying Ci : z¡. Their fuuctions.P are much siml>ler than the IMT ones (they use,

for example, c : ta,nh(t)). They again do not g,ive rigorous proofs, but point out
that the common idea br¡hind the various choices of change of variable F is to get
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expolrclltial clecrease of g(t) as f -+ :lco. stmgcr 18] arould tllis same time mal<cs

similar claims.
A Little l¿ter Takah.l^si altcl Mori [12] proposed thc doul¡le exporrerttial transfor-

m¿¡,tion
1(r) -- ¡,r,,1, (zrsirrh(l)/2),

claiming a superb e,ror l¡ound of

o(c*p(-ffi11, (0.0.2)

again rvilh no rigorous proofs or hypothescs, except that / be analytic. Altcr Inore

lhan trventy years, in i997 sugihara [9] gave a rigorous proo[, spccil¡,ing the consl,altt

ú! iu (0.0.2). Howevcr, he diil uo1, trca,t tlre iuplicd O cotlsl,atrt, so the tnethod coulcl

rrot bc usecl to plovide rigorous numeric¿l errol bounds. His papcr unfortunatel¡,

couc]rcs ¿rll rcsull,s in tcrms o[ t]rc rrov finction 9(¿) - /(1/(¿))1'v(¿), tna]<ing t]rc

casual readcr rvondc|what to do rvith his original knowledge of /, givcn ihat all he

rvanterl rvas to compute I! f Q) ¿r,.

The above stor¡,. r,eqv" riccly told b¡' Mori rtcaring rctiretnenl 15], rvclt alrnost

uuDoticecl outside a srnall circlo iu Japat. IVlany o[ the publications [,cre ill Japaneso

and few proof rvcre provicled. The greatcst Iecognition before a¡ound 2000 rvas thc

invitation of lvlori to speal< at the Internal,ional congress of Mathcmaticians in Kyoto

;n 1990 [a]. Dven this rvas barcly noticcd, mainly because the nurnerical community

has little need lor computing integrals to vcry high accur¿cy.

The obscurity of the dou]¡le cxponential rlethod began to change when numl¡er

theorists hearcl of its rniraculous accuracy early il] the 2000's. hr 2005 David l3ailcy

ancl Jonathau Borrvcin 11, p. 507] made this rcdiscovery lvidely known and numbcr

theorist tool< noticc. They rccognized that the rnethod [,orked cxperimentally (Ilenri
cohel incorporated it into thc PARI sofl,u,are soon thereafter). Bailey and Borrveirt

g¿ve illtercstillg exarnples in nulnber theory b¡r this method usirlg 5000 decimal digits!

The authors rcaflirm that although the mcthod rvorks, it is not clea¡ rvhy. Only Iater

did many people noticc Sugihara's rigororLs r,vork.

In lhis thesis rve complcte Sugihara's uork l:v giving explicit constants and simple

hypotheses. We phrase our fin¿i rosults dircctly in telms of the function /. The aitn

is to allorv 1,he casu¿l mathematician to easily gct rigorous lutnerical J¡ounds u'ith
the ieast work. The lbllowing is ar iilustr¿tion of thc kind of results we will obtain,
as expJained alter Corollary 3.3.2 l¡elow'

If tlte function f (z) is anal¡'tic ancl botnded in t.he interio¡ oÍ tlte rectangle given

by lRe(z)l < 1.51, llm(z)l < .49, l,hcn foL r¿) 571¡ rvc h¿ve the cr¡or bound

w)rcre NI(f) is llte suptetnurn of lf(z)l for z in t]te rectangle, ,ll,td

.1 ¡rl

I ¡t,.)¿, - i/ t s(i¿k)l < $.28 Ml.f)c 'alros'¡'.
J -l k '-n

/(tanh(sirrh(¿)/2)) cosh(t)

2 cosh! ( sinh(l)/2),: j.-(5¡ffi;a»), s(t) -
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The above result is stated for a,n integral over the interval [-1,1]. Of course, any
integral over o, fi,ni,te inlerual cal be brought to this form alter an affine clra,ngc of
valiable.

This thesis is divided into l,hree chapters. In Chapter 1, we prove under ap¡rro-
priate hypothesis on 9(t) : /(F,(r))F'(l), a formula due to Mori and Takahasi lor
the error using the trapezoidal method over an infinite interval [12, p. 723]. Narnely

l* noo'-n,i o(r,,t) : * |,,"g¡(w)s(o) 
du, (0.0.3)

where the pa,th 0D¿ consists of the horizortal line from oo + id to -cn * ir], together
with the horizontal line from -a - id to oo - id, a.nd {¡,(tu) is an explicit funcl,ion
decaying exponentially as h+ -l 0 or ltal -+ oo in D¿.

In Chapters 2 and 3 this formula is applied to give explicit bounds lor the simple
exponential and double exponentia[ methods.

In Chapter 2 we obtain bounds o[ the followirrg kind.

Theorem O.O.!, Suppose that for some 0 < ? < I the function f (z) is analgtic antl
bounded i,n the 'interior of the rectangle giucn by

lRe(z)l < 1, llm(z)l < 7,

and let d7 : 2 arctan(?). Then, tor n > ll@rd7) we haue Llrc eruor bouttd

wlrcre h :

.1 nl

I I@)¿, - r, I e1r,r¡l < 16.6Mr(I)tffi,

JZ-rFl;, l,[¡(!) is t.lrc stqtrenrunr tl ll!)l for z ht. Llrc rcclurtgkt, utttL

/( tanh(t/z))
,(4: 

2 c"shi-(r/I

Taking d - ¡12 and being a little more careful with the domain we obtain a nice
bor¡rtl.

Corollary 0.0.L. Suppose tltat tlrc lunction J Q) is analytic and bound.ed 'ir¡, tlrc
interior of l.lrc u,n.il. circle lzl < l. Then, /or n e l§ ut: lto,ut: lh,a error bottnd

[' I@)0,- r, I e1r,r,.¡l < r6.6,s7,"7: e-"r,
J -t x71" I

whereh:"1,/ñ, S(t): t (tanh(tlz)) l2cosh2 (tl2), and. S¡,*¡z i.s the suprem,un of
IJQ)l on the ut¿it circle.

If we have larger regions of analyticity oI /, so fhey are not contained in rectangles
with sides of length at most 2, we shall prove a slightly more cornplicated errr.rr bounrl.
Namely,
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Thcorcm O.O,2. Sup¡tose thnl. for sorne T > I lhe l:utclion [(z) is art'alytic

bou¡,tLetL in, ll¡,e itttcrior of Lhe ru:tartgle giuett lty

lRc(z)l < V +r 1)12, lrm(:)l < 
",

att rl let rlr: 2 ¿rcta.n(I) Then., for n € N ue l¿auc tlu'' enor ttound

nl n I

| ¡,..,)t, - ir l. u(rri')l s 4Mr(f)(drg i-7-r) + 1)" @,
J-7 t=-n

ulrcre lr: Jr"¡;F, l[r(fl is tlrc suprununt' of \JQ)l for z in the rectangle, and

!t(L):

These bounds ¿tre much worse than those obtained rvith the doublc exponential

rnr:thod, but their simple proof will serve as guide and rvartn-rqr for chapter 3.

hr chapter li rve modify sLightly Mori and Takahasi's choice of auxiliary function.
They proposed

r(t) - tanrr(i sinl(r)),

u,ith r fixed as r. lVe allorv a yariablc r in order to rcduce the rcgion in rvhich / is

requircrl to be ¿rnal-r,tic. In lhc orcl we choosr¡ 7 so i§ lo havc a smalL region and not
too largc a rnirjrlal numl¡cr of stcps.l Tlte l<ind ol result rve rviLl obtaill at the end

ol this thesis is as lbllows.

Corollary O,0,2, I'et 0 < d < tr 12 be one ol tl¿c 'uulues itt Table 1 und assum,e thal

I is anal'ylic attd lnunded in Ll¿e ittl.erior of Llt'e recl.angle

{z e C: lRc(z)l < a¿, lhn(z)l < ü.ii,

ru'illt, a¿ and b¿ as g'¡ac'n'in Table 1. Tlt,ert., 'we lmue for n ) N¿ in Table 1, the error
bou'td

,.1 ¡t I

| ¡¡4a., - l, f s1l,,r.¡l < r/,,ü(/).8r,/).n-:rJnlroerar.
J 1 k- tt I

uhere l[,,,5 is tlt.e .s t tprernun r 
"f 1f A1 on llte rcclanglc, and B(rl) is gi.uen in Tablc 1.

antL

t'lhat is, not lr¿r,\,irg 1V¿ toc,, Iargc in Corollary 0.0.2 belorv.
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(1, a b B(d
.1 1.42 .t4 63.95
.2 1.43 632 32.67
.3 1.44 .3i 600 22.41

7t /8 1.47 .39 585 17.89
.4 1.48 .4 585 17.68
.5 1.51 ,,1u 15.28

7t /6 1.53 .oz ü/J 14.94
.b 1.58 .61 569 14.26
.7 1.68 .to 564 74.56

r/4 1.8 .9 561 15.69
.8 1.82 .93 560 15.98

.9 2.05 t.l4 558 19.48
1

q 2'7 r.47 556 25.81
7t /3 2.6t 1.68 30.68
f.i 2.95 1.93 554 38.43
1..2 3.92 2.67 66.58
1.3 5.83 3.99 551 137.63
1.4 10.82 7.38 550 420.0t
1.5 23.4 549 3587.33

Table 1: Table for Corolla¡v 0.0.2



Chapter 1

The Mori-Takahasi Error Formula

In thjs section w€ prove th¿rt rurdcr appt opriate hypotheses on I we have a nicc

fonnula for the cr¡or in the trapczoidal mcthod [12, p. 723]. Namely

I qO¿t-, )' s(hl,1 = 
- 

| rp¡,u)slw)rtu'. (1.0.1)
J ú ,'1^ tTrt JdDd

rvhere thepath áD¿ consists oflhe horizorrtal Iine from m-l ld to -cnIid together
rvil,h llrc horizoutal line li'otr -,n - id to >o - id, atrrl qÁ is gi,',ou l;y

( 2riexp(2riulh,)l(1 - exp(2rirLtlh)), Im(u) > 0

ó(,) : ( ( I .0.2)

[ 2nlexp(-2irittlh)lftxp(.-2triulll -1), Im(ur) < 0.

Tho strength ol this formula lies in the erponeutial dccay as ñ -+ 0+ of lqr(zr)l for
u e 0D¿ (sce (1.0.8) below).

Theorcm 1.0.3. (Mori-Tal;alt asi) Let d, lt and e be poslti,ue real numbers, and as-

sunte that g is an alyt'ic r,n tlrc- slrip D¿*, - {u € Cl ]lm(tr)l < rJ + e} . Assutne also

tl¿at

/03
I 1g(t + ic) dt < m lor c: -d, c:0 antl c- d, (1.0.3)

J --
¡d

I lot*^, t iL)l¿L- o(r) os NI -+ cxt, (1.0.4)
J -¿

I lú,(/,¡,)l < -. (1.0.5)
,t=..

Then the luf orii-Takalnsi error f ormula (1 .0.1) hokLs.

As usnal, ',r,e have r.vrittcn o(l) lor a function that teuds to 0 as M + +co.

Proof.Folrrr€C-R, Iet

lm(tu) > 0

Im(u) < 0 '
d,.(*) - { -i.o'

t lt.

6
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¿rrd

One chccl<s easily that

Thc lVIori-T¿rkahasi

Q$u)-$1@)-óz(-).
lt¡rrnrrl¿r rvill lollorv frorn

and

(1.0.6)

(1.0.7)

which rve now plovc. Note that cot'(rw lh) is bounded cn D : 0D¿' so both siilcs ol
(1.0.6) and of (1.0.7) converge lry assumptions (1.0.3) and (1.0.5) Take M: Att,,:
h(n + Lr), wherc n € N, and let Cy be the contour shown il Figurc 1.1.

Figurc 1.1: Path C¡a

Since @2(ur) has sirnple polcs at integral multipkrs of ñ, with resiclue /2, the rosirlue

thcorelr yiclds
t/'' I ó,@)s@) dut _ tt I o(h,k),2ri J-^, Á ¡¡

since g is assurned analytic in the strip lhn(tu)i < d -l- e. Claim (1.0.7) now lolk-,rvs

on tal<ing n -+ +oo, using assumption (1.0.4) and thc bouldedless of cot(znr/lz) lor

Re(rrr) :+M-+h(n+!).

! [ ,¡,,1,u)ql,u1 ,t,u . [* s¡r1,tr.zlft JD J-ú



C].IAPTER I. ERROR FORMULA

To prove (1.0.6), Iet Cfi be the patt ol C¡¡ in the upper half-plane ard Ct that

in the lower half-plane. Then, since (4r is constant (- +"t) ou each half-plane, the

residue theorcm again yields

t I tfM
== I Q1(ttt)glttt) thu -; IzlÍt Jct 4J -M

), l" o,t'l'to¿* -; l:,

s(t) dt,

s(t) d.t.

Iim l¡(f) _ 1,

(1.0.8)

(1.0.10)

Since I I f
I c,,{w1s{u) dw : | ü(w)u@) dw + | g1@)s(w) dw,
Jc" Jch Jc,

forrrula (1.0.6) again follows on taking r¿ -) +co. tr

FYom the definition (1.0.2) of /, for Im(u) > 0 we ffnd

n-t^2tiultLt .)-^-2tllx.(u\/h

I o(,) I : fu s ff-" -.,,,^-i;
Simila.rly, if Im(u) ( 0, we find

ld(,,)l:l'":-:,,.::-'^-13='*'I-!.li,L,"o*.le-2";*/n- I I - I -¿zrtntu)/tt'
Combining these inequalities we find the exponential decay mentioned above, namely

,>*^ zt¡ltn.(u)l/»

ld(u,)l< f:_,"r.cm,
for all tu € C with Im(ar) I 0.

Hence we find a more practical form of the Mori-Ta.kahasi formula.

Theorem L,0.4. (Mori.-Takahasá) Suppose F : IR -+ (-1,1) ds sl.rictly increasing,
satisfi,es

¿lim F(¿) - -1,
anrltltatforsonted>Oande>O,Fistherestri,ctiontoRofananalyticfunction
(also called F) on D¿¡.: {, e Cl ¡tm1ta¡¡ < d+e}. Let(l¿¡": Ap,a+" be the
image of D¿¡, ttn d,er F, so {¿d+E contains the interyal (-7,1). Assume that

¡d
I lF'(xM + it)ldt = o(t) as M -+ a. (1.0.9)

J _¿

Tlt en, for an,y .frtncti,on f analyt'ic on §l¿1., any real number h > 0 and, any i,nteger
n / O, we ltate l.lrc boutzd

¡1 nl

| ¡r,1a, - /¿ )- g(¿t)l
J -1 t:-n I

= 
t,r( e-2rd/h I:,x, (lF,(t + id)l + lF,(t - id)l) dt

| - e-Zrd/h



CLIAPTDR I. D,¡iROR FORMULA

where s (w) : ¡ (F (u)) F' (u), and S ¡,a is tl rc supremum of 
I f Q)l for z e Q ¿.

Prool. Note that F is difierentiable and Ft(t) ) 0 for f € lR since F is assumed
increasing and to be the restriction of an analytic function. We may assume

I lr'a+i¿)l tv'(t-id)l)(tt<@, ! lr'{n,t)l < *,,97,¿< co, (r.0.11)

lkl>"

for otherwise the bound (1.0.i0) holds trivially. We now verify the hypotheses of
Thcoreln 1.0.3. For c: 0 o¡ c: *d we havc

I ls\ +ic)ldt < St,o I IF'(L t ic)ldt.
,t-- J--

For c - *d this integral is finite by (1.0.11). As for c - 0,

/.oo /'oo

I lttta)l¿t.: I r"u.)dt.: /¡(oo) -]?(-oo) - t-(-l) < c,o.
J -,x: J -a

Hence hypothesis (1.0.3) holds. Similarly, hypotheses (1.0.4) and (1.0.5) follorv from
(1.0.9) and (1.0.11), respectively.

Since / is bounded on (-i, 1), Lebesgue's dominated coüvergence theorem shows

that 11 ,f(r) du exists. On making the change of variables z - F(l), we have

^1 ^.o

l,,f{")a,: J__s(üat.
Hence, from Theorem 1.0.3 and (1.0.8),

l' Í@)*- ¡ i g(/,rJl <
J -1 ,Z'_^ |

ool

I sO\¿L- ñ )- g(hk) 4 h )- s(¿*)l
k=-oo ltl>" I

: l+ / ó@)s@)d,,+ h )-e(ñe)l
I 
zTI J oDd lTlr^ |

, * [* (lo(¿a + t) F' (id + t)l + ló(-id + t) F' (-id + t)l) dt + s r dh » F' Q*)zir J_*" 
lrl>,,

= W Í:lF' (id +o | + lr''1-ra + r )l) at + s,,on)] r'1nr¡,
Itl>"

as claimed il (1.0.10). tr

In the following chapters we will apply the bound in Theorem 1.0.4 to diflerént
choices of I'. In each case the procedure will be the same: We compute 0¿ (or, when
this is too c ifficult, a region containing O¿), estimate the integral and sum on the
right-hand side of (1.0.10), and then choose /¿ (nea,rly) optirnal for a given n.



Chapter 2

The simple exponential
transformation

Iu this chapter rve will show that the change of variables

t-F(t)-t¿nh(1/2)

lc¿ds lo a numcrical iutegration method rvherc o(n) lunction evaluations lead to an

error of O(exp( -rGA;¡1 in the ev¿luation ot /1, 1(z) rJ¿ IIere d depends on the

region of analyticity of / around the inierval ol integration. This result converges

far more slor,vly than the one obtaiued in thc next chapter, Jlut is far simpler to use

since thcre is a sirlplc relationship betrveen d and the region ol atralyticity. For many

purposes it gives sufficient accuracy.

2.1, The arcs bounding the region 0¿

Since we are using the transformation ¡(¿) : lath(t12), to obtain analyticity of F
inside the horizontal strip D¿ - {t, e A] lh(u)l < d} we require throughout this
cltaPter 

o<rr<tr.

Proposition 2.1.1. The rcaiorL l)¿, delinal as imat¡e by l;' of the stri'p D¿ 'is th'e

ngion, bo'und,erl by C'[ antl C¡ , each an arc o! a c'ircle. Tlt.e- arc CI is thc piece aboue

Llrc r-aris of the circle of ratlius 1/ sin(d), cett'ter cd ut (0, - cotld)). Tht arc Ci is

tlrc piccc belou Llrc r-axis of the ci,rcle of raditts I f sin(d), cen\crcd at (0, cot(d)) .

Ol coLrrse, in the above Proposition we rlear thi' intcriol region, i. e. tbe bounded

connectcd cornponcnt of A - (CJ U C, ). In Figure 2.1 we have shaded 0¿ for d -
rl3. rl2 ard 21 13.

10
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ffigure 2.1 :

Figure 2. The rcgiou O¿ for d: rl3 (lett) d: rf2 (center) arrci d - 2z¡/3 (right)'

proof. This is an exercise (admittedly, slightly painful) in high-school algcLra using

the identities

n.lrrr¡littd)) - i-----.^, r,., lranh ¡/ =-'ri r\ t2sirr(rl)

\ \ '2 // a -'2cos(r1) \ \ 2-))-,, t2'"t(th

where i is real ald

a-a(t): e¿ +e-', b-ü(¿) - et - e-', (so a? -l.r?:4).
D

For tl - rl2, the region f)¿ is simply the open unit disc {z e C: lzl < 1}' lbr
O < d < rl2 elemcntary gcometrv shows tltat O¿ is cotllain«J in tllc rectanglc

{z e C: lRe(z)l < t, llm(z)l < tan(d/2)}'

1'\r r f2 < d < r, thc rr:giotr l).1 is coltt¿iltcrl irt tltc rtrctatlgltr

{z e C : lRe(z)l < t/ sin(d), llm(z)l < tal (rt7z) }.

2.2 Estimating the integral and sum

Proposition 2.2.7. ttor O < d < r and F(w) - lanh(to l2), ue l¿aue

/- ( 
I 
o't, 1- id)l't 

I 
F' (L - id)l) dL - 4r1 I sin(d).,'J-ú

Proof. For u) : t + id we calculate,

-l r i=' I :

zlcoslrrlu/2) | l"oslr(ta) t lI
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1

12

'Then

lcosh(u,) + 112 : (cos(d) cosh(f) + 1): + (sir(d) sinh(f))2

- (cos(d) cosh(ú;)''r r + 2cos(d) cosh(l) +sin!(d) sinh2(t)'

Irrt,

(cos(¿) cosh(t))': cos2(d)(1 +sinh:(¿)) - cosz(rJ) + cose(d) sinh!(¿),

irnpLies that

lcosh(Trr) * it'?: ¿o.:i¿1 + cos2(d) sinh:(Ú) + L +2cos(d) cosh(r) -l sin21d)sinh'?(t¡

: cos2(rJ) -F sinh2(¿) + 1f 2cos(rJ) cosh(/) : (cos(d) -rcosh(t))!'

Therefore,

1rt .l I 2't

lf ''"r'r{' t id)l»l 
-n¿ I "".}.,(i ,rrcfd)el ;;t r r 

' (22'1)

Thus far we have

/- '1 ,,,n¡ lr 
I /'É ¡¡t dl

.t ,olrtt "L t id)l2)ltt J -¡,"¡1, -" a
The substitutiott z = e¿ yields

f^ld I f" rtu

/ _ l; {,.,,1,((i t irt\12)ttt , J" ,..,¡1, ,,, , ,

., f^ d"
'.lo 1,r ' ,'us(ri)): I sitrr({i )'

The chargc of valiable u - 1L + cos(d) yields

/ 
- 

11 .*,lrri , ¡¿,¡211¿¿ - z I 't' ,, : ]=(: u,,'t",,("ot1,1;)).
/ "" ld, '" 't" 'J,"ar1¿2 +sin:(d) sinld) \2 - ---'-.\ ' " )

But arctan(cot( d)) - t - d if 0 < d ( n, and si.r

') lr .,\ 2 lr /tt .\\ 2d

;;,(; -arctan(cot(d))) : *O(,t - (; -r) *,(d)

Thus

whence lhe ProPosition.

l- v' t, + itt)l dt :'¿tt'l sinkt),

tr

cosh(ta) + 1
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Proposition 2.2.2. I¡or l7(f) : tanh(t/2), lor any real nutnber h. > O arr.d atry
ittlegcr n, 10, we lruue

htr'(/rl) <4e-^h.
Itl>,i

Proof. As in the beginning of the proof oI the previous Propositioti, but with ¿l = 0,

we find

so that

n 

,L 
r,@*):, 

E.""rtlhll
For h > 0, the function 1( cosh(h&) + 1) is even, and

l, 2 2ehk

so that,

1
DI (+\ 

-' \"/ - cosh(f) 1 1'

<nñi$js=4hiF:
t-¿+1 ' t=nl t

.,, S ^ ht- 4he-("'l)h - Ahe-"h
>'tL )--r e : 

1-"-r' 
:;L

But lthl
eh-I h + h2l2l t h3l3t.+... |+ hl2t+hrlst +... -"

and so

/, \- 1, , aol"-"n <Ae-nh.'",f',,cosh(ñt) - et- I -'"

u

2.3 Error bound for the simple exponential case

Theorem 2.3,L. For 0 1 d 1n, let Q¿ be the open reEúon betueen tuo circular arcs

definel, i,n Propositi.on 2.1.1. Assume that f i.s analytic and l¡ounded in Q¿. Tlten,

for any i.ntEer n > ll(AnQ ue haue the error bound,

l' ¡aw-t ¡ rtr,*ll 1 4s¡,.(#.,) "-*'o, (2.3.2)
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,LUILCTC

1¿ - \/21tdln, rr Q) - ).f $ann(L I 2)) / costt'| (t / 2),

unrL ,9¡,,t is t,lu, srtyrnttnrnr of llQ)l on. tl,t.

Proof- In provirg (2.3.2), we lnay assllriio that / is analytic in O¿1. for sorne srnail
e > 0. hrdeed, if we replace dby tl' - d - e, then this holds for d'. Taking t.he limit
as d' -+ cl. of (2.3.2) ther.r yields the clairn lor d. Clearly F (t.) - tanh(t 12) is strictly
increasing on IR, maps JR to (-1, 1) anr-1 is analytic on the strip llm(z)l < z. As
'lve have assumed 0 < d < n, to check th¿Lt all the hypothcses ol Theorem 1.0.4 arc
satisficd we tnust only prove

t, Itt' (+M -l ir.)ltl,t o(1) as M + co.

lr\'om (2.2.1) wc find

lF',(+M +it)l- 2e+¡1

2 cos(f)c+u + e+2rr l 1'

frorn which the required ):ound rcadily follorvs. I\om Theorel¡ 1.0.4 and Propositions
'2.2.1 ancl 2.2.2 rve obtail

II lol,/,- i,ir(i,l.,)] < s,o (,,!,u,1 '"0"),,,,+ro.¡)
'J t"" 

^u"" 
' -'" \sin(d)(l-o 2Íd/h)' '" )

(2.3.3)

The above is truc for any /z > 0 and any n € §1. Wc choose l¿ to balancc the
maglitrLcle of lhe first term ,,vith the second term o:r thc right-hand sidc. I,br 1,his,

clisrcgarr.ling  d/(sin(d)(t - e2rd/h)) t rve cquatc

,, 2rd/h 
- ^-nh

or

Sul,sriruLing D irrto (2.3.3), we ger

T4

Jr"¡ñ.

rt -L I t ¡.t ^ ,/:.aÁ \
| ¡¡,1a.,. -r, I e1i,t1l <5,., ( qu(' -q"-@\.J-t" ?""' ' - -r'u \sin(r/)(l -e-'E^'t;¡' )

Norv. iln > l/t.hl\.tlrenJ2¡,ln > l/v4. and so

11
l_p r':rdn [_e l/2

Thus,
/r -:- /)¡ \ 

-J,tt,)a'-n L- sU,rc)lr)s¡ a. ("f_A t )." 
tz"a"

tr
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Corollary 0.0.1 in the Introductior.r follows from Theorern 2.3.1 on taking d - rf '2

and loting that Q"72 coincides with the unit disk.
To deduce Theorems 0.0.1 and 0.0.2 il the Introduction, replace O¿ : O¿.r, in

Theorem 2.3.1 by Lhe snlallest rectanglc 1? containing O,¡. Noticc (scc [rigurc 2.1

a.nd the rernark at the end of §2.1) that the width of l? is 2 for 0 < d 1 nf2 ancl
2/ sin(d.) lor rf2 < d < z. In l¡oth cases the height of R is 2lan(cl,l2). Theorern 0.0.1
follows from Theorer¡ 2.3.1, noting that the function d -+ dl sin(d) is increasing for
0<d<r/2. Ilence

,(#fu + i) < a(.?* * r)1,=_,,- 4(tt-r1) < 16.6 (o < d, < nl2).

Theorem 0.0.2 follows from Theorem 2.3.1, noting that l/sin(d7) : ,€ + 7-1),
since tan(d712) =7.

1l'r
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OJ

-'..\

.l -qJ 0,J

Figure 3.1 The region O¿, with r: 2d, for d:.2 (top left), d: .6 (rop right), d: I (l,orrom
left) and d = 1.2 (bottom right).

The complexity of these figures accounts for many complications in this section.
Instead of capturing the exact region, we a,re forced to approximate it by rectangles,
as shown in Figure 3.2.

t.

oJ.
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Figure 3.2 The region O¿ for d =.7, ¡ = 1.4, the real bounding rectengle and the bounding
rectangle we will obtain.

Proposition 3.LL, Let w : t * itl, uith t and ü real, not be a pole of F.

18

Re(¡(¿ + ¿á)) :
cosh(r cos(r!) sinh(¿» +;;G;(0 cost{D'

Inr(F(r l rr',¡ = , sin(rsin(d)cosh(¿))
cosh (r cos(d) sirrh(t)) + cos(r sin (d) cosh (r))'

Proof. Sinae

sinh(f + iá) : cos(d) sinh(ú) * isin(d) cosh(f),
cosh(t + id) : cos((i) cosl(¿) + z sin(ri) sinh(ú).

Then

(3.1.1)

(3.1.2)

if we define

then

a: 
!cos(d) 

sinh(t), ü : ! sin(d)cosh(r),

Therefore,
tials),

tauh (i sinh(ú + rd)) : sinh(¡sinh(¿ + 
'¿l)/2) - 

sinh(a + ró)
" cosh(rsinh(t+ü)/2) cosh(a f iá)

(replacing sinh(a) and cosh(a) by their definitions in terms of exponen_

tanhla + -r', - 
sinh(o + ib) -cosh(a * ib) 1)

cos(b)(e" - e-.) + z sin(b)(e. + e-.)
cos(b)(e" + e-") + asinla¡1e" - r-9

l't

-l -J

I q=

I
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with the obvious definitions of the numerator N and denolninator D. Ilrrl. .¡ÚD =
e2o - e-za + 2i sin(2ó) implies that

tanh(a+ió) :Yr:ffi-ffi
¡

We now show that the boundary of O¿ - F(D¿) spirals around t: = tL as

¿ -+ +oo. Indeed, it is immediately obvious from (3.1.2) that Im(I'(¿+td)) oscillates

in sign infinitcly as ltl -+ oo. To see that Re(f(t t- id)) oscitlates ¿toultrl :r - I rt^s

¿ -+ oo, v/e calculate from (3.1.1) (using the notation of its proof)

Rc(r(r -r i.d)) - 1 ,=
sinh(2¿) - cosh(2a) - cos(21¡) _ exp(-24) - cos(2ó)

cosh(2a) * cos(2b) cosh(2a) * cos(2ü) '

where a and b tend to infinity with ú, a.nd exponentially fast at that. [}otrr this it is

obvious that there is a fast oscillation of the sign of the (admittedly mintrte) quan-

tity Re(F(¿ + id)) - 1 as ¿ -+ co. Thus, the bounda.r'y of O¿ spirals arottrtd z : l.
The behavior a¡ound ¿: -1 is the same, as F is a,n odd function. Tltis cornpli-
cated behavior probably explains why the region is hard to treat both rigorously and
accurately, forcing us to approximate it by a considerably larger region brrlow.

We now consider the region of ana§ticity of F. It follows from thc previous

Proposition that '¿, is not a pole of F unless

r cos(á) sinh(l) : 0, and z sin(ó) cosh(f) : r + 2k¡r (k e Z).

It follows that .E(u) has no poles in the strip 16l < r 12 provided 0 < r < r/ sin(d),
which we assume throughout this chapter. In fact, we will later take r :2d, which
is permissible since 0 < d < rf2 implies r:2d < r <rf sin(d).

In the next propositions we bound the real and imaginary parts o1 /(ta) for
w:t*icl, where0< d < r/2. First wegiveaboundfor the real part of l.n(z+ld)l
which is very accurate for large lfl.

Proposition 3.1.2. Let Ía : f n,a: (0, oo) -+ (0, oo) üe

"fn(¿) 
: coth(i cos(d) sinh(i)),

and assume 0 < d < r f2 and. 0 < ¡ < fi6. Th"n

lRe(F(¿+id))l</n(4

for allt> 0. f,\trthermore, t-+ fR(t) is a decreosing function for t> 0.

Proof. F\om Proposition 3.1.1,

sinh(r cos(d) sinh(f))
¡n"1r1, *,a¡¡¡ : 

I
cosh (r cos(d) sinh(f)) + cos(rsin(d) cosh(t))
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Using

cosh(rcos(d) sinh(f)) +cos(rsin(d) cosh(t)) > cosh(r cos(d) sinh(ú)) - L,

¿nd
sinh(2a) - 2sinh(a) cosh(a), 2 sinh'z(¿) : cosh(2a) - 1,

lR."lFr¿ +i.fl)l< I,r,_ 
|

sinh (z cos(d) sinh(f))
coth (i cos(d) sinh(i)) : f"(t).

cosh (r cos(d) sinh(¿)) - 1

Since /¡ is the composition of the decreasing function coth rvith the increasing func-
tion r cos(d) sinh(t), it is clearly der:reasing. n

The ncxt bound lor the rcal part of lF(¿ + ld)] rvill be useful for small positive f.

Proposition 3.L.3. LeL

e - ud: {t > 0 : cosh(t) < r/(r sin(d)) },

rLn,rl ass'unte 0 < d < r 12 at¿ri 0 < r < ffi . fr-L g R - g Rd : r,.., -+ IR l.¡¿

^ , ¿\ silh (r cos(d) sinh(r))
e^\" - TT;í;i;GñJ(D'

Tl¿en,

lne(r'1r + id)) | < ien(¿)l

fo'r t € a. llurllrcrmore, t -+ g ¡(t) .is an i,n creasing lunct¿on for.t € u.

Prool. f,Yom (3.1.1),

lRol/rir r,,l)) | sitrh(¡cosld) sinh(i))
// I 

lcosh(rcos(d) sinh(¿)) r cos(rsin(d) cosh(r))

But

cosh (r cos(d) sinh(t)) + cos(r sin(d) cosh(t)) > 1 + cos (r sin(d) cosh(r)),

and the hypothcsis imply rcosh(t) sin(d) < r.. So, cos(rsin(d) cosh(i)) l -1 and

lRe(rt¿+,r¿))I<
silrh lz cosld) sinhl¿)) |

I F"o.C.(4.o,h(lTj-ia'rt)'
it is clear that g¡ is increasing, since its numerator is increasing and its denominator
is decreasing fot t e u. tr
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The next step gets the best of both of the bounds above.

the following Proposition lor d: rl3 a.r,d r :2d.

21

Figure 3.3 illustrates

Figure 3.3 Why for d : rf 3 ard r: 2d we hove lndf'¡t + A¡) | < U,ot.

Proposition 3.f.4. Let fa: Ín,o and, go: gp,¿ be tlte futt ctions definetl in Propo'
sitions 3.1.2 and 3.1.3. Tlten for ang 0 <d <$ and.0 < r < ffi¡ tlrcre etists u

uni.que x1 such, that 1 < cosh(r1) < z'/(r sin(d)) and g¡¡(r): ,fc(r,). Moreoucr', if
eo > 0 and g R(txo) < ,fn(co), tlten lor all w in the closure of the stri,p

D¿: {w e Al lrm(u)l < d}

we naue lne(F(w))l < /o(,0).
Proof. Weflrst consider 7:¡¡id, with t > 0. The upper bound 9¿(t) for lRe(/r(i+
id))l defined in Proposition 3.1.3 is continuous on its domain interval [0,f¿), where
t¿ ) 0 is defined by cosh(tr) : ;;Í61, ir"."*ing on [0,ú¿), satisfies gF(O) :0 ¿nd

has a ve¡tical asymptote as t -+ t;. On thc other hand, by Proposition 3.1.2, t.hc

other upper bound, i. e. the function /¿ is positive, continuous ald decreasiug on
(0, co). Hence its graph crosses that of g¿ exactly once. Therefore

lRe(r(r + id))l < .f,("0).
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This has been proved for ú > 0, but it holds for all f e R since ü -+ Re(F(¿+dd)) is

a¡r odd functior.r of ¿ € IR, as is clea¡ fiom (3.t.1). AIso,

Rc(r(¿ - ¿d)) - Re(F'(r + id)).

Thus fbr z on the boundary of the strip D¿ we }tave the inequality

_Ín(xo) < Re(F'(z)) < _f"(¿o).

The rna-ximum principle for the harmonic function ne(¡'(z)) on the strip

D¿: {u: € Al lrm(u)l < d}

readily implies that the above bound extends to aLl z e D¿, as claimed in the Propo-
sition. Indeed, as one easily checks that Re(F'(z)) is bounded on the whole strip D¿,
it rnust assume its maximum and minimum value on the boundary. tr

lVe now turl to bounding O¿ in the vertical direction.

Proposition 3.1.5. Let f ¡ : f t,a: (0, co) -+ (0, oo) üe

f,(t) :
sinh (r cos(d) sinh(f)) '

and. assume 0 < d < r 12 and 0 < r < ffi . Th"n

lrm(¡(¿+id))l<¿(¿)
for all t > 0. Furthermore, t -+ fr(t) is a decreasing function for t > O.

ProoJ FYom (3.1.2),

If we define

and
ó :: cosh (r cos(d) sinh(t))

ther cos(rsil(d) cosh(t)) - +\n-?. Note that lal < 1 a¡d ü > 1 (since f I 0).
Then

la
b*'lr=a

a :: sin(r sin(d) cosh(r))

.1'b-v/T-Tj- JF-1'
wherc in the last step we have omitted the elementary calculatioll of critical points
showing that o - -.t+ assurnes its rnaximurn for lal < 1 precisely when lal :
/t --6-. But

,/F- 
VCosF("co.(d).t"1 (r)) - 1 lsinh(rcos(d) sinh(t))l

: Í,(t\,

!a,nd I is obvior"rsly a decreasing function.

rtm( F(t +-r',',, - | sin(rsin(d) cosh(¿)) 
|¡""'\- \" ¡ -*'//¡ 

lcosh (r cos(d) sinh(t)) + cos(rsin(d) cosh(r)) I'
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Proposition 3.L.6. Let

u : ult : {t > 0 : cosh(t) < zrl (z sin(d)) },

anrl assu.me 0 < d < r f 2 and 0 I r < ¡fra. fU g t - g r,,t : r., -+ IR l,e

o¡(L) - Lan(i sin(¿) cosh(ü)) .

Then,

lrm(r(r+¿0)l< lg,(¿)l

for t € a. Furilterntore, L -+ g¡(t) i.s an increasing funcl.ion t'o,r t e a.

Prool. Flom (3.1.2),

lrm(r,(¿ + rd))l : sin (r sin(d) cosh(l)) 
|@l

But

cosh (r cos(d) sinh(t)) t- cos (r sin(d) cosh(¿)) > 1 + cos (r sin(rl) cosh(i)),

and cos(r sin(rJ) cosh(t)) I -1 il ¿ € o. Thercfore,

]lm(rrr +iar¡ g -t'nhlldt"th('))-l: lr,,n(isir,(r/; coslrli )) qt(tt.

where we used the clementary identity sil(y)/(1 + cos(g)) - tan(y12). Again, 97 is
obviously increasing, I:cing a cornposition of incrcasiltg funcl,ions. n

The statement and proof of the lext Proposition ar.e entirely analogous to thal
of Proposition 3.1.4, so u,e ornit thc proof.

Proposition 3.1.7. Let fi : .1,,0 and gr: g¡,¿ be the functions rlcfi"n ed ir-t Propo-
si.tions 3.1.5 and 3.1.6. Th,en lor any 0 1d < ! and 0 < ¡ < #6¡ tlrcr'e eri,sts a

unique h sttch. that 1 < cosh(y1) < ur/(rsin(d)) and g¡(y1) - f,(yr). Moreour:,r, ,if
yo ) 0 and gr(Ao) < fi(y¡), thcn for all w in the closure o! the strip

D¿: {u; € Al lrm(ti,)l< d}

we haue lln( F( w)) I < r,ft,"i.
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Figure 3.4 illustrates the Proposition when d: nl3 and r :2d'.

Figure 3.4 lVhy for d = r'/3 and r : 2d we have llm(¡(, + id)) | < 1.68.

3.2 Estimating the sum and integral
In the rrext Proposition we introduce a new free va.riable .r1, which we will presently
choose depending on n and d so as to optimize the bound.

Proposition 3.2.r. Let F,(¿): ta¡h(r sinh(r)), azd supposeO<d<zrf2,0<r <
rlsin(d). Let A sati,sfA, -+< A<r and,takeh>0 and. any integer n> O. Then

n T r g*¡ < 8, 
"- 

+ "\,(A12,*:#c A"* I » 
.

l¿l>"

Proof. L short calculation gives

r"(t) : 7 s.r¡1¿¡/( cosh(z sinh(t)) + t),
an even furction of t. Letting u : sinh(r) for short, we can write

,,,,r_ ,Ñ _ 2rrt17 -2r.,,ET& _2r .Jr+E /eee\
" \": cosh(rt)+ l: e*le'"12 t .- 

: 
eA"' ek4'1, ' (oz'o)

24
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Since ,zl < r, tlrc functiorr g(u) - rtTiP 16(- 
-,t)u ;. boundctl for u ) 0. Norv, Iettilgj:¡-Aforshort,

,,e j" /------ -_ .. elu (tt _ l( I I u:))o'ltt\ *¡/1 ¡tip-)u;: \ "J- - r:-
l1 +u¿ t/l1 ¡,': plju

At a critical poirt 110 rve have jzi - ua I j: 0, which has a real solLrtion if ]jl < ],
'"vhich holds in our case as we assumed r - I < A < r. Solving thc al,ove ,,l,..,rioit
for u¡ we find

". _ 1+.,n_4f..r-----rl-
and the local rnaximum occurs rvith the -f sigl as g telds to 0 at oo. Since 1 ¡. zi _
uoli ,

e2(uo):? " 
,,"" :

/-\(tr-/1 -4i2)e \r-vr 4/'J 
I

T'1"
Since 9(0) - 1 rvc h¿ve

'J@)<glüo).1.-'= I ' " 
I.

.1 T-A
Using (3.2.3) we obtain for & ) nf 1 ) 0 and ¿ : sinh(/¿k),

F,(hH: r cosh(l¿lc) . 2r e-i _
cosh (z sinh(izk)) *1 - e.q- G-A)- (r-A)

!7 s-i ¡ .a"i"1,1/,L¡

á » r'(áa) :rh 
.i.r,6rc) <§"*p1a"- ,*/2) i exp(-Aet,k/z),

Itl>" ,i:¿*1 h=n+t

which lve can estimate by an integral as follows.

! exp(-,,rn/,t/z) g / exp(-,a 
"h,¡z1drS * /-",0f - Aeh, ¡2¡nt,,,tt.t7*t J, - "ttn Jn

2[*2
= i^,= Jo",,-,.." 

"ou ffn^t*vt-Aah"12).

Hence,

!

2rc-t exp ((-A"u* t Ae ,.1)/2) 2re-L
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we now estimate the integral in Theorem 1,0.4. It again proves useful to introduce

a new par-ameter, which we eall C.

Proposition 3.2.2. LetF(tu) : 1s¡¡(rtlnh(tr)), 0 < d < rl2, 0 <z < z./sin(d)
i-a--------ar'-

and0 <C < /(;;fr")' -r. rhen

J-*{lrltu ,d)l r lF'(r - id)l) ¿¿¿ s

utlh a: r sinQl) and 0: r cos(d).

+
a(coth(Bc lz) - r)

Proof. We already found at the beginnitrg of the proof of the previous Proposition
that

lr'1t+ta¡l:'l .-,"olo,(I),, , rl, t., :t1-íd).
I cosh (r sinh(u)) + I l'

But

lcosh(r.r.,)l' : cos'(d) cosh2(t) + sin2(d) sinh'?(t) : .or'(d) + sinh2(¿).

Abbreviating
a :: rsin(d) cosh(t), b :: rcos(d) sinh(r),

we ca,lculate

I cosh (r sinh(u.,)) + 1l' : Icos(a)cosh(b) + rsin(a) sinh(b) + 112

: cos2(¿) cosh2(ü) + 2 cos(o) cosh(ó) + 1 + sinz(¿) sinh'z(b)

: 
"osz(a) 

+ cos2(a) sinh2(b) + 2 cos(a) cosh(ó) + 1 + sin2(o) sinh2(á)

: 
"o.2(¿) 

+ sinh2(á) + 2cos(a) cosh(ó) + 1 : (cos(a) ,F cosh(b))'z.

Substituting back for ¿ and ü into the last expression gives us

I cosh(z sinh(tr)) + 1l : 
"o.1r. 

n,d) cosh(t)) + cosh(r cos(d) sinh(t)).

lP'(r)l:
r 1/cos2 (d) + sinh2(r)

cos(r sin(d) cosh(t)) + cosh(z cos(d) sinh(t)) ' (3.2.4)

Since F'(tu) is even,

, : I:(lF'(ú + id)l + lF'(t - id)l) ú: 4 
fo* 

v'u i- id)ldt

r 1fcos2(rl) + sinh2(¿)

cos(ay'rJ7) + r cos(d)

: o 
"["*6 cos(r sin(d) cosh(r)) -F cosh (z cos(d) siuh(l))

"l @li, + sinh2(¿)

JO¡ cos(a cosh(f)) + cosh (É sirrh(i))

4rC
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Considering the change of valial¡le s : sinh(¿), we have

"os 
(ar,/t !l r,) + cosh(Bs)

27

ds.

.Á- [* ds

- Jo cos(ov4-r?) + cosh(Bs) '

because 0 < .4 : "o.(d) 
< f.

The above integral we write as

ds

cos(arrlr 1 s: cor(o/r+-+) + 
""rt(Br)

But the function 1/(cos(o/1 +7) + t) is increasing for 0 < s < C providecl

0<a'/Tl@ <o,

i.e. C < - 1, which we have assumed. I{ence,

¡cdsa
' - Jo cos(arltlIr) r1 - cos(a,,/tl7)a r'

For the integral 12, we see that

r^< [* ds 
= ! t* ds _ coth(pcl4-t

' - /. cosh(És) - I 2 Jc sinh'z(ps/2) A

Thus, since rlB :11 cos(d),

I : 4r(t, + h\ < 4rc ., a(coth(1cl2) - r)
cos(oy't +Cz)+l cos(d)

ú

3.3 Error bound for the double exponential case

We begin with an error bound with still many free variables that collects the results
of the previous sections.

Theorem 3,3.1, LetO < d < rf2 and,0 < r < ;fo, and ¡¿¡ ¿ : f¡,¿(u¡) anrL

b: fu@i be as defined in Propositions 3.1.1 and, 3.1.7. Su,ppose ! is analytic and
bound,ed, in the interior of tlrc rectangle

/-l't

{z e c. : lRe(z)l I a, llm(z)l ( a}.
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Then,for¿>0,0<C<

<t¡,r",t(f) (##,

,-i<A<r and.n €Nf r¿e h¿ue

A:2d. - 1 tog(r¡,

bs (+nan' ¡ (zdn - rog(,?))) - Iog ( tog(n))

¡1 f,t

I i@\a, - ¿ )- g(¿¡)l
J -1 ¡,= -r I

where Mo¡ i,s th,e *rpremum 
"f V@l on the rectangle, antl

g(¿) : i,r(tanh (rsinh(t)/z)) cosh(t)/ cosh2 (rsinh(f)/2),

D _ 4¡C , a(coth(BC /2) - t')
coslo y4 -r-7) t t cos(d)

with a : rsin(d), 0 : r cos(d,).

Proof. F(t): tanh(i sinh(¿)) is strictly increasing on R, being the composition of
strictly increasing functions, and maps IR to (-1, i). We saw at the beginning of §3.1
that F is analytic on the strip llm(z)l < r/2. As we have assumed 0 < d < rl2, to
checl< that all i,he hypotheses of Theorem 1.0.4 are satisficd we rlust only prove

J_, l.¡?¡(+&r + i¿)ldr : o(1) as M -+ rx. (3.3.5)

Using (3.2.4) we bound for ltl < d,

r 1f cos2(t) + s¡nh2(M)
lrg + rt¡l -

cos (r sin(t) cosh(M)) + cosh (r cos(t) sinh(nf )

cosh (r cos(d) sinh(M)) - 1 cosh (r cos(d) sinh(M)) - 1 '

from which (3.3.5) fotlows. Now the Theorem follows directly from Theorem 1.0.4
and Propositions 3.1.4, 3.1.7, 3.2.1 and 3.2.2. tr

In the next bound we make the following choices for the parameters in Theorem
aa1

¡ - 2cl,

and step size

n I lt T ¡2
" ,V \2d.ir,(d)/
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Corollary 3.3.L. Under the hypotheses of Theorem 3.3.1 antl wilh ¡tarante!.crs as
shoun aboue, ue haue for any n > 7 the bound

6|, 
" 

- : "a"/ :.c( r*;:*f,*r.ero )

t"
Proof, One easily verifies that the above choice of parametcrs places them in the
ranges required in Theorem 3-3.1. Substituting the chosen value of /¿ into the terms
in the bound given in Theorem 3.3.1 we find

e -2 r d / h -.-'"'"¡'"" ( e'-"8fliil'"a-"¡ ),
hn 4trdn 4¡dn2
' . 

TIGG) = 
Ed" -G(n»os(")'

exp( eeh" I z) : e-2Íh/ tos(l) 
,

exp(Ae-h" 12): exp (,42 loc(n) /(srdn)) < exp (d log(n)/(22lr)) (since A<r:2d)
< exp( log(n)/(an)) (since d <r12)
< exp(los(3)/12) < 1.1 .

Substituting these into our bound gives

.1 n

I Í@)a, - ¿ )- gt¡rll
J-l I

( ,,"-z"aunc(u,,í¡;gj**,) ,. r,.,1 
"-r,0,7."1^r 

\
\;,ro,b\J)---------_--1.

\r -. z",.rr"s(ir¡-##i-,;nr) ,r'ei )
The Corolla.ry follows on noting that *# . t. ú

The bound in the above Corolla"ry simplifies if we assnr¡c in addition that r¿ is
not too small. Let 1ú¿ be any positive integer satisfying

r.,N,
4,.,,- - @N; r"s(Nr)l"s(N,)

Corollary 3,3.2, Let 0 < d < rf2 be such that for a: |n,,,(x) and b - J ¡,¿(111)
(as defi,ned, in Propositi,oru 3.1.1 and 5.1.7 and. tabulated in Tuble S.l). Assumi f *
analytic and bounded i,n the interior of the rectangle

{z e C. : lRe(z)l < o, ltm(z)l < á}.

Then, ue haue for n ) N¿ the error bound,

.1 f,

I ¡@0, - n I s64l < M^¡(il. B(d). s-2"a^/bet^t.
J-1 I

(3.3.6)
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u:lrcre Mo¡ is th.e supremum ,f lf @l on Lh.e rec\angle, and.

s(t) - d .,r( tanh (a sintrlr¡)) cosh(r)/cosh2 (rlsintr(r)),

B(ct\ - B¿ +t
I _ e--xJNd/.oslNd\ ''

_ Sdc'' cos(2d"il(d) ,/4 g¡ * 1 '

/ 7f r2

' 2d rto qd.¡ ' 
-'

Prool. Ilorn the hypothcsis on n we directly obtain

2rtt n / tosr A;#i¡;aa ) > 2tttn / los( n)'

sirrce f -+ e-L f(1 * e ¿) is decrcasing ror r > 0, coro[ary 3.3. [ ,ow yierds the clesirccrbound. !
In Tal¡lc 3.1 bclow rve tabulate Ior d between d : .1 ¿nd rJ - 1.5 the var,es of

a, b' I)(rL) a.<1 ly'¿. For cxample, the res,lt quotecl i, thc hrtroduction follows on
taking d - .5,, obtaining a : 1.51, b : 0.49, B(i) _ tb.2}and lr'¡ : 575.

The-columns labelcd d, r1, a, gr, ó, N¿ and B(d) irr Table 3.1 are defined in Corollary
3'3 2 The colur¡ns ao a,nd üo are the graphicary observcd (but not rigorousry proved)
optimal values of a and ó, respectively.

30

c-!
2

a( coth(d cos(rl)C) - 1)
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Table 3.1: Table for Corollary 3.3.2

3l

d Al (L llt b b., tlu
.1 2.88 1.,12 1.1 .t4 .05 63.95
.2 ))o 1.43 1.1 2.42 .1 63'2 32.67
.3 1.81 1.44 1.1 r .91 .3t .ti 600 22.4 I

f/8 t.57 1.47 1.1 r.ó6 .39 .21 536 r 7.89
,4 1.5ó 1..18 1.1 t..54 ,.1 .22 53(i L 7.68
,il 1.3ó 1.5I I. t 1.28 .4!) ,3 15.28

T /IJ 1.32 1.53 1.1 l.'22 .52 .32 t4.94
,6 1.2 1.s8 1.1 1.07 .t)i .39 óti9 t4.26
.7 1.07 1.68 1.11 .9 .75 .52 564 14.56

Í14 1.8 t.2 .78 .9 .65 561 1ó.69
.8 .96 1.82 1.2 .76 .9;l .67 561 r 5.98
.9 .85 2.45 1.33 .ti6 L.l1 .87 I¡53 r9.]E

L .76 ') 2'7 1.56 .¡i6 1.,t7 1.t2 óó6 25.81
r13 .71 2.61 r.7t .ó1 r.68 1.28 ó5; 30.68

1.1 .66 ? a.', r .94 .48 1.93 r.50 'o54 38.43
1.2 .57 :1,92 2.64 .111 2.67 2.06 552 66.5ii
r.3 ..1¡i 5.83 4.09 3.f)9 3. t9 551 I J /.h.t
T,1 .38 10.82 8.02 .28 7.38 5.44 550 420.01
1 .llr 29.91 .,2 '23.4 19. l5 ó49 3''r87.311



Bibliography

[1] D. H. Bailey and J. M. Borwein, Ecperi,mental malhemat'ics: Eramples, methods
and 'implicatior*, Notices Amer. Math. Soc. 52 (2005), no. 5, 502-514.

[2] M. Iri, S. Moriguti, a¡d Y. Takasawa, On a certain quadrature formula,
Kokyuroku RIMS, Kyoto Univ.91 (1970),82-119, (in Japanese).

t3] 

-, 

Ott a certain quadrature formula, J. Comput. Appl. Math., 17 (1987),
3-20, (traducción al inglés del artículo en japones de 1970).

[4] M. Mori, Deaelopments i.n th.e double erTtonential formulas for numerical ,integra-

fioz, Proceedings of the International Congress of Mathematicians, Kyoto 1990,

Springer-Verlag, Tokyo, 1991, pp. 1585-1594.

t5] 

-, 

Discouery ol the double erponential transformation and its r)euelop-
menfs, Publ. RIMS, Kyoto Univ. 41 (2005), 897-935.

[6f C. Schwa,r'iz, Nul,c'r'i,cal btk:gra|iorr o[ atruLyLic turcLiort^s, J. Cornput. I'hys. 4
(196e), 19-2e.

[7] H. M. Stark, L-functions at s:1.1V. First deri.uates af s--Q Adva.nces in Math.
35 (1980), no. 3, 197-235.

[8] F. Stenger, Integration formulae bastd on the trapezoidal formula, J. Inst. Math.
Appl., 12 (1973), 103-114.

[9] M. Sugihara, Optimality o! the d.ouile erponential forrnula, Numer. Math. 75
(1997), 37e,395.

[i0] H. Takahasi and M. Mori, Error est,mation in the numerical integration of an-
alytic functions, Re],. Q6¡¡pu¿. Cent e Univ. Tokyo 3 (1970), 41-108.

[11] 

-, 

Quatlratu,rc formulas oblaint rl by uari,able transformali,ott, Numer. Math.
21 (1973),206-219.

L12l 

-, 

Double erponential formuk s for numeri.cal i.ntegrati.ory Publ. RIMS,
Kyoto Univ. I (1974), 721-74t.


