
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=tcfm20

Engineering Applications of Computational Fluid
Mechanics

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tcfm20

Local entropy generation model for numerical
CFD analysis of fluid flows through porous media,
under laminar and turbulent regimes

Cristóbal Sarmiento-Laurel, José M. Cardemil & Williams R. Calderón-Muñoz

To cite this article: Cristóbal Sarmiento-Laurel, José M. Cardemil & Williams R. Calderón-Muñoz
(2022) Local entropy generation model for numerical CFD analysis of fluid flows through porous
media, under laminar and turbulent regimes, Engineering Applications of Computational Fluid
Mechanics, 16:1, 804-825, DOI: 10.1080/19942060.2022.2040595

To link to this article:  https://doi.org/10.1080/19942060.2022.2040595

© 2022 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

Published online: 22 Mar 2022.

Submit your article to this journal 

Article views: 952

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=tcfm20
https://www.tandfonline.com/loi/tcfm20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/19942060.2022.2040595
https://doi.org/10.1080/19942060.2022.2040595
https://www.tandfonline.com/action/authorSubmission?journalCode=tcfm20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tcfm20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/19942060.2022.2040595
https://www.tandfonline.com/doi/mlt/10.1080/19942060.2022.2040595
http://crossmark.crossref.org/dialog/?doi=10.1080/19942060.2022.2040595&domain=pdf&date_stamp=2022-03-22
http://crossmark.crossref.org/dialog/?doi=10.1080/19942060.2022.2040595&domain=pdf&date_stamp=2022-03-22


ENGINEERING APPLICATIONS OF COMPUTATIONAL FLUID MECHANICS
2022, VOL. 16, NO. 1, 804–825
https://doi.org/10.1080/19942060.2022.2040595

Local entropy generationmodel for numerical CFD analysis of fluid flows through
porous media, under laminar and turbulent regimes

Cristóbal Sarmiento-Laurel a,b, José M. Cardemil c and Williams R. Calderón-Muñoz a,d,e

aDepartment of Mechanical Engineering, Faculty of Physical and Mathematical Sciences, Universidad de Chile, Santiago, Chile; bSchool of
Industrial Engineering, Universidad Diego Portales, Santiago, Chile; cDepartment of Mechanical and Metallurgical Engineering, Pontificia
Universidad Católica de Chile, Santiago, Chile; dEnergy Center, Universidad de Chile, Santiago, Chile; eCenter for Sustainable Acceleration of
Electromobility - CASE, Universidad de Chile, Santiago, Chile

ABSTRACT
Porous media structures have been proposed as an interesting solution on the design of high-
temperature volumetric heat exchangers and sensible thermal energy storage devices. The wide
exchange area between the solid matrix and the fluid offers the possibility to reach higher conver-
sion efficiencies, particularly on applications of high-temperature (∼ 1000°C) gases. Nevertheless,
the presence of the solid matrix increases the hydrodynamic resistance on the flow, and conse-
quently, generates irreversibilities. The entropy generation can assess in the same figure of merit
the different irreversibilities generation mechanisms. In this context, this work presents a physical
and mathematical model to determine the local entropy generation (LEG) rate and recognizes its
different generation mechanisms for porous media. The proposed model defines a useful expres-
sion to determine the LEG as a post-process variable from the usual CFD scalar and vectorial results
(temperature, velocity, TKE, and ε), without the necessity of solving an additional entropy transport
equation. A numerical experiment was implemented showing inflection points where the porous
hydrodynamic resistance forces exceed the heat transfer in the LEG rate. The Forchheimer hydrody-
namic resistance effect can domine the LEG in comparison to the volumetric heat transfer for high
porous Reynolds regimes (ReD > 100) when the porosity is under 0.6.
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1. Introduction

The transport phenomena between a solid porousmatrix
and fluid or multiphase fluid mixtures have been an
active research subject during the last 70 years (Avila-
Marin, 2011; Ergun & Orning, 1949; Vafai, 2015) due
to their high capacity to exchange and store thermal
energy (Calderón-vásquez et al., 2021; Kalita & Dass,
2011). The first interest in the literature was focused on
heat exchange devices and their applications as react-
ing and/or filtering media (Baumann et al., 2020); how-
ever, particularly during the last 20 years, several authors
have proposed novel technological solutions for energy
conversion and storage systems, such as hydrogen reac-
tors, and concentrated solar power (CSP) systems (Avila-
Marin, 2011; Kribus et al., 1996, 2014; Kun-Can et al.,
2017; Villafán-Vidales et al., 2011; J. Wu & Yu, 2007;
Z. Wu et al., 2010, 2011; Xu et al., 2011; Younis &
Viskanta, 1993). Likewise, due to the expansion of CSP
systems during the last years, porous heat exchangers
have been proposed as an interesting solution to increase
the operating temperatures of solar tower systems using
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volumetric receivers. The main idea is to increase the
maximum temperature of the working fluid in the solar
receiver, enabling the possibility of achieving higher over-
all conversion efficiencies. Currently, the operation of
commercial central receiver CSP systems considers a
benchmark operating temperature of around ∼600°C,
established by the limit of chemical stability of the work-
ing fluid: molten nitrate salts (Ho, 2016). In this context,
some authors (Avila-Marin, 2011) have proposed the use
of compressible gases as working fluid in combination
with a porous volumetric solar receiver (VSR) to increas-
ing the operating temperature to 1000–1200°C and, con-
sequently, increasing the conversion efficiencies to levels
of around 50% (Avila-Marin, 2011; Kribus et al., 2014).
A similar idea has been proposed for thermal energy
storage systems (TES) (Singh et al., 2019), using porous
solid media as a sensible heat storage matrix in interac-
tion with compressible gases. Nevertheless, the use of this
kind of system implies dealing with several challenges
in the design phase, mainly related to difficulties in the
computational modeling stage to properly describe the
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transport phenomena in a complex solid porous matrix
of mini- and microchannels.

Implementing a porous media either in a volumetric
receiver or in a thermal storage system increases the heat
exchanging area between the solid and the fluid; however,
at the same time, the hydraulic resistance also increases
significantly. Therefore, during the design process, it is
necessary to consider a detailed analysis for determin-
ing the best configuration, material, and geometry of the
porous media (i.e. ceramic foam, wire mesh, packed bed,
among others), aiming to maximize the benefits of the
porous morphology. In the same direction, it is necessary
to have a figure of merit able to consider the trade-off of
the disadvantages and the benefits in the same analysis.
With this objective, some authors have proposed different
approaches for assessing different materials, geometries,
and designs in terms of heat exchange capacity and/or
hydraulic resistance (Avila-Marin et al., 2019; Bai, 2010;
Hischier et al., 2012; Z.Wu et al., 2011), showing promis-
ing results in terms of VSR technology. In 2012, Hischier
et al. (Hischier et al., 2012) presented a complete analysis
methodology, which defines two parameters of thermal
efficiency for the concentrating and absorbing systems,
respectively. Later, the authors evaluated them for several
operating configurations. The results report thermal effi-
ciencies of 90% and outlet air temperatures of 1273K for
the configuration that minimizes thermal losses. From
this result, it should be interesting to extend the decision
criteria and to include the concept of energy quality, as
stated by the second law of thermodynamics, to include
in the decision parameter the influence of the fluid tem-
perature. A second-law analysis offers the possibility,
through the entropy generation concept, to compute the
irreversibilities, expressed as thermal losses and pressure
drop, and the quality of the energy dispatched in terms
of the outlet temperature. In 2014, Kribus et al. (Kribus
et al., 2014) presented a complete review of the modeling
methods and available correlations for VSR systems, con-
sidering radiative, convective, and conductive heat trans-
fer, and pressure drop across the absorber. Neverthe-
less, despite the progress evidenced, the assessments still
present significant discrepancies regarding the behavior
of porous systems and the heat transfer capacity of porous
systems. In their analysis, the authors concluded that
some convective heat transfer results do not match or
overestimate the heat transfer capacity of porous foams,
hindering the design process and comparison with other
technological proposals. Finally, the authors state that
is still required additional effort in the material selec-
tion and design approaches for building structures that
reach reliable high operating temperatures and conver-
sion efficiencies. Therefore, developing a figure of merit,
coupled with a detailed methodology for assessing the

design of VSR systems would be significantly useful. The
present study aims to describe the potential use of LEG
as a metric to evaluate the performance of porous media
systems, integrating thermodynamic costs in one single
parameter and the loss of useful energy potential (Bejan,
1995). Through the entropy generation as a metric it is
possible to assess the irreversibilities generated by the
transport phenomena (mass, momentum, and energy)
and, at the same time, to distinguish the best design
option in terms of the quality of energy (Sarmiento et al.,
2019). Thus, the proposed analysis of entropy generation
offers additional information on the internal conversion
processes and the rationale use of the energy resources
(Bejan, 1995; Sarmiento et al., 2019).

1.1. Entropy generation in the literature

The concept of entropy generation has been widely dis-
cussed in the last 40 years (Bejan, 1980; Sciacovelli et al.,
2015), and it has recently received a special emphasis
due to the need for increasing the exchange and con-
version and efficiencies in energy systems (Sciacovelli
et al., 2015). However, despite the potential of entropy
generation as a development parameter on design and
optimization (Han et al., 2021; Liu et al., 2021; Song &
Liu, 2018), most of the entropy generation analyses are
focused on large ormedium-scale systems (such as power
plants or their components). On the other hand, the CFD
differential-scale analyses are limited mainly to the first
law of thermodynamics, focusing on the energy losses
such as pressure drop and thermal losses. Nevertheless,
some authors have conducted interesting studies regard-
ing entropy generation on micro and nano scales applied
to heat transfer in porous media (Betchen & Straatman,
2008; Mahian et al., 2013; Torabi et al., 2019).

In 2008, Betchen and Straatman (Betchen & Straat-
man, 2008) developed an entropy generation function
for non-thermal equilibrium (NTE) heat transfer in
high-conductivity foams using a volume-average scope
in transport equations (Quintard & Whitaker, 1994).
The proposed model offers an appropriate theoretical
expression for the viscous dissipation entropy genera-
tion through high-conductivity foams in several realistic
applications, opening pathways for novel conceptual pro-
posals. Although Betchen and Straatman’s analysis pro-
poses a theoretical expression for LEG in a porous foam,
the results reported are restricted to laminar regimes.
In addition to that, and despite their considerations, the
final entropy model does not include a practical expres-
sion to determine the LEG by turbulent dissipation in
terms of available turbulence models (k − ε, k − ωSST,
etc.) (Wilcox, 2006). Usually, the viscous dissipation
effects are neglected since it does not affect significantly
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the entropy generation in comparison to the heat trans-
fer. Nevertheless, turbulence has indeed an impact on
the mixing and advection of heat during the exchange
process.

Mahian et al. (2013) reviewed the state of the art
in entropy analysis for nano fluid applications, report-
ing several contributions in the literature regarding
differential-scale entropy analysis. The authors stated the
importance of suitable relations to calculate the ther-
mophysical properties because, in some cases, different
thermophysical models could produce opposite predic-
tions for the entropy generation. In 2010, Feng and Kle-
instreuer (Feng & Kleinstreuer, 2010) presented a heat
transfer analysis on parallel disc systems, using nano-
fluids under laminar flow regimes. The analysis considers
the entropy generation as a figure of merit, showing a
comparison between the entropy generation due to vis-
cous effects and the heat transfer, recognizing the design
configurations where the viscous dissipation is negligi-
ble against the entropy variation due to heat transfer. In
the same way, in 2011 Moghaddami et al. (Moghaddami
et al., 2011) presented a second-law analysis over nano
fluid flows through a circular pipe under laminar and tur-
bulent regimes, varying the volume fraction of particles.
The authors distinguished the dominant entropy genera-
tion mechanisms and defined the optimal design in each
flow configuration.

Later in 2014, from their previous research work on
LEG in porous foams (Betchen & Straatman, 2008),
Betchen and Straatman (2014) conducted a pore-scale
CFD analysis of high-conductivity foam heat exchangers.
The analysis defines some recommendable pore geom-
etry to maximize the heat exchange capacity by min-
imizing the entropy generation. Furthermore, in 2015
and based on Betchen and Straatman’s entropy gener-
ation model (Betchen & Straatman, 2008), Ting et al.
(2015) presented a numerical analysis of nano fluid flows
through porousmedia, focused on studying the relevance
of viscous dissipation in the modeling of entropy gener-
ation. The authors concluded that neglecting the viscous
dissipation in the analysis overestimates in 10% the fluid
friction irreversibilities and underrates significantly the
heat transfer irreversibilities, concluding that it is rel-
evant to consider this effect to ensure the accuracy of
the results. Recently, in 2019 Torabi et al. (Torabi et al.,
2019) presented a numerical analysis of entropy genera-
tion in porous media at the pore scale. From the results,
the authors show the impact on the heat exchange capac-
ity of the porous media in terms of the diameter and
shape of the pores under high Reynolds configurations.
A RANSmodel was implemented, based on the proposal
of Kock and Herwig (2004, 2005) to determine the vis-
cous entropy generation in terms of the outlet parameters

of viscous dissipation and turbulent kinetic energy (TKE)
of k − ε and k − ω turbulence models (Wilcox, 2006).

In 2005, Kock and Herwig (Kock & Herwig, 2004)
presented a numerical model to link the turbulencemod-
els as k − ε and k − ω (Wilcox, 2006) to the theoreti-
cal expression of entropy generation defined by Bejan
(1995).

From the aforementioned, the LEG offers advantages
on the optimization and CFD design task, in compar-
ison with the commonly used pressure drop and heat
transfer performance analysis. In that regard, an entropy
generation analysis is an excellent assessing tool able to
consider the trade-off between the benefit of the high
heat exchanging area of porous heat exchange systems,
and the thermodynamic costs of pressure drop produced
by the presence of the solid matrix. Nevertheless, despite
the extensive study in the literature on second-law anal-
ysis, it is necessary a LEG model able to determine the
entropy generation and its generation mechanisms in
fluid flows through porous matrix, from low to high
Reynolds regimes. In that sense, encouraged by the wide
field of applications of porous media (CSP VSR, TES,
and hydrogen generation systems), and the advantages
of the LEG as a figure of merit stated in the literature,
the present work describes an assessment methodology
for the design and optimization of heat exchange porous
media systems. The proposed model allows determin-
ing the LEG for different entropy generationmechanisms
(heat exchange and viscous dissipation) from high to low
Reynolds regimes. Themethodology determines the LEG
as a post-process result from the solutions of continuity,
momentum, and energy equations, without the need of
solving an additional transport entropy equation per se.

Despite some authors have had analyzed the entropy
generation in porous heat exchange devices (Betchen &
Straatman, 2014; Torabi et al., 2017, 2019), the analy-
ses were performed over a specific geometry of spher-
ical or oval pores at pore-scale limiting the impact of
the results under one or two types of porous geome-
try. Currently, several porous geometries have been pro-
posed in the literature such as ceramic and metal foams
(Capuano et al., 2016; Pabst et al., 2017; Z. Wu et al.,
2010, 2011), packed wire mesh (Avila-marin, Caliot,
Alvarez De Lara, et al., 2018; Avila-marin, Caliot, Fla-
mant, et al., 2018), packed bed of rock or solid spheres
(Spelling et al., 2012) and mineral wool (Fend et al.,
2004), among others. Therefore, the proposed model is
designed at a macroscopic scale based on the volume-
averagingmethod (Quintard &Whitaker, 1994), with the
objective of simplifying the numerical task and opening
the analysis to any available geometry. Also, based on the
proposal of Kock and Herwig (2004), the turbulent vis-
cous dissipation entropy generation was determined by
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the available RANS turbulence models, but adapting the
local entropy model to the available turbulence model
developed for porous media by Nakayama and Kuwa-
hara (1999), Pedras andDe Lemos (2001), andTeruel and
Rizwan-uddin (2009a, 2009b). Finally, a heat exchange of
a Newtonian fluid flow through and a porous media is
numerically analyzed, to identify the scope of the local
entropy model.

The purpose of this work is:

• Develop a macroscopic local entropy generation
expression for porous media under laminar and tur-
bulent flow regimes, considering non-thermal equilib-
rium.

• Define a methodology to determine the LEG mecha-
nisms from the CFD scalar and vectorial results (tem-
perature, velocity, TKE, and ε).

• Analyze the LEG distribution and compare its dif-
ferent generation mechanisms through a numerical
experiment applied to a porous channel, consider-
ing different porosities, temperature differences, and
Reynolds regimes.

2. Methodology

To analyze LEG in a porous medium, the present work
defines a theoretical expression for local entropy trans-
port from low to high Reynolds regimes. Then, to deter-
mine the local entropy production due to turbulent share
effects, a mathematical relation is formulated, using the
scalar parameters of closure RANS turbulence models
for porous media. Finally, a numerical experiment is for-
mulated to apply the proposed theoretical model in a
simple configuration. Due to the complexity associated
with instrumentation in porous media, it is reasonable
to perform a numerical investigation to evaluate the per-
formance of the proposed model in an initial stage of
implementation (Ghalandari et al., 2019; Salih et al.,
2019).

2.1. Entropy transport frommean flux

To determine a theoretical expression for the entropy
transport phenomena in porous media, the volume-
averaging method (Pedras & De Lemos, 2001) is applied
to the energy conservation equation. Likewise, to con-
sider the turbulent effects related to high Reynolds
regimes, the time-averaging operator is employed over
the equations. As was established by Pedras and De
Lemos (2001), both averaging operators (time and spa-
tial) are independent among them (Commutative prop-
erty). Therefore, the order of application of these does not

modify the resulting equation or property, as follows.

〈ϕ〉V = 1
ΔV

∫
ΔV

ϕdV (1)

ϕ̄ = 1
Δt

∫
Δt

ϕdτ (2)

where ϕ is an auxiliary property, 〈ϕ〉V is the average value
ofϕ at any point inside of a representative elementary vol-
ume (REV) of size ΔV , and analogously, ϕ̄ is the average
value of ϕ in a time interval of Δt.

Thus,

〈ϕ〉V(x, t) = 1
Δt

∫
Δt

(
1

ΔV

∫
ΔV

ϕdV
)
dτ

= 1
ΔV

∫
ΔV

(
1
Δt

∫
Δt

ϕdτ
)
dV = 〈ϕ̄〉V(x, t)

(3)

Then, the first step is to study the complete expression
of the energy transport equation for a control volume
(Currie, 2012), which considers the total energy per unit
of mass (kinetic plus internal) and the total work done by
the surface forces ∂

∂xi (ujσij), as follows:

∂

∂t

(
ρf e + 1

2
ρf ujuj

)
+ ∂

∂xk

((
ρf e + 1

2
ρf ujuj

)
uk
)

= ∂

∂xi
(ujσij) + ujρf fj −

∂qj
∂xj

(4)

where ρf is the fluid density, uj the fluid velocity vector,
e is the internal energy per unit of mass, σij the surface
forces tensor, fj the mass forces vector and qj net the heat
flux.

Expanding and regrouping the left-hand side terms in
Equation (A1) (see the complete mathematical develop-
ment in Appendix 1), it holds,

ρf

[(
∂

∂t
(e)+ ∂

∂xk
(e)uk

)
+
(
uj

∂

∂t
(uj)+ ∂

∂xk
(uj)ujuk

)]

= uj
∂

∂xi
(σij) + σij

∂

∂xi
(uj) + ujρf fj −

∂qj
∂xj

(5)

Therefore, by applying space-averaging 〈〉v (see the
details of the volume-averaging method in Appendix 2)
in Equation (5), the following expression holds,

ρf

[(
∂

∂t
(
φ〈e〉i)+ φ

〈
∂

∂xk
(e)uk

〉i)

+ φ

〈(
uj

∂

∂t
(uj) + ∂

∂xk
(uj)ujuk

)〉i]
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=
〈
uj

∂

∂xi
(σij)

〉V
+ φ

〈
σij

∂

∂xi
(uj)
〉i

+ φ
〈
ujρf fj

〉i
−
[

∂
(〈
qj
〉v)

∂xj
+ ∂

∂xj

(
1

ΔV

∫
Ai

nλf Tf dsi
)

+ 1
ΔV

∫
Ai

n · λf
∂Tf

∂xj
dsi
]

(6)

where λf is the fluid conductivity and Tf is the fluid
temperature. In addition, the last two terms on the right-
side represent the local conduction between the solid and
fluid phases, and the convective heat transfer between the
solid and fluid, respectively.

Expanding the first term of the right-hand side in
Equation (6), and applying the space-averaging 〈 〉v.〈

uj
∂

∂xi
(σij)

〉V

= φ
〈
uj
〉i〈 ∂

∂xi
(σij)

〉V
+ φ

〈
iuj

i(
∂

∂xi
(σij)

)〉i
(7)

Also, expanding the gradient of the surface forces

tensor
〈

∂
∂xi (σij)

〉V
.

〈
∂

∂xi
(σij)

〉V

= ∂

∂xi

(
φ

〈(
−Pδij + μ

(
∂ui
∂xj

+ ∂uj
∂xi

)

− 2
3
μ

(
δij

∂uk
∂xk

))〉i)

+ μ

ΔV

∫
Ai

((
∂ui
∂xj

+ ∂uj
∂xi

)
− 2

3

(
δij

∂uk
∂xk

))
· ndsi︸ ︷︷ ︸

DarcyHR

− 1
ΔV

∫
Ai

Pndsi︸ ︷︷ ︸
ForchheimerHR

(8)

where μ is the fluid viscosity, and P is the pressure.
Then, the last two terms of the right-hand side in

Equation (8) are the Darcy–Forchheimer’s hydrody-
namic resistance terms, both related to drag forces due
to the presence of the solid matrix (Pedras & De Lemos,
2001), and expressed as R as follow:〈

∂

∂xi
(σij)

〉V

= ∂

∂xi

(
−φ 〈P〉i δij + φμ

(
∂〈ui〉i
∂xj

+ ∂
〈
uj
〉i

∂xi

)

− 2
3
φμ

(
δij

∂〈uk〉i
∂xk

))
+ R (9)

Then, to obtain the complete expression of the sur-

face forces tensor
〈
uj ∂

∂xi (σij)
〉V
, Equation (9) is included

in Equation (7), as follows.〈
uj

∂

∂xi
(σij)

〉V

= φ
〈
uj
〉i ∂

∂xi

(
−φ〈P〉iδij + φμ

(
∂〈ui〉i
∂xj

+ ∂
〈
uj
〉i

∂xi

)

− 2
3
φμ

(
δij

∂〈uk〉i
∂xk

))

+ φ
〈
uj
〉iR + φ

〈(
i(uj)

i(
∂

∂xi
(σij)

))〉i

= φ
〈
uj
〉i ∂

∂xi

(
φ
〈
σij
〉i)+ φ

〈
uj
〉iR

+ φ

〈(
i(uj)

i(
∂

∂xi
(σij)

))〉i
(10)

Thus, introducing Equation (10) into Equation (6),

ρf

[(
∂

∂t
(
φ〈e〉i)+ φ

〈
∂

∂xk
(e)uk

〉i)

+ φ

〈(
uj

∂

∂t
(uj) + ∂

∂xk
(uj)ujuk

)〉i]

= φ
〈
uj
〉i ∂

∂xi

(
φ
〈
σij
〉i)

+ φ
〈
uj
〉iR + φ

〈(
i(uj)

i(
∂

∂xi
(σij)

))〉i

+ φ

〈
σij

∂

∂xi
(uj)
〉i

+ φ
〈
ujρf fj

〉i
−
[

∂
(〈
qj
〉v)

∂xj
+ ∂

∂xj

(
1

ΔV

∫
Ai

nλf Tf dsi
)

+ 1
ΔV

∫
Ai

n · λf
∂Tf

∂xj
dsi
]

(11)

In Equation (11) is possible to observe that the third
and fourth terms on the left-hand side are canceled by the
first and third terms on the right-hand side, since these
terms collectively amount to the product of uj with the
momentum equation (see Appendix 3).

ρf

[(
∂

∂t
(
φ〈e〉i)+ φ

〈
∂

∂xk
(e)uk

〉i)]
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= φ

〈
σij

∂

∂xi
(uj)
〉i

+ φ
〈
uj
〉iR

−
[

∂
(〈
qj
〉v)

∂xj
+ ∂

∂xj

(
1

ΔV

∫
Ai

nλf Tf dsi
)

+ 1
ΔV

∫
Ai

n ·
(

λf
∂Tf

∂xj

)
dsi

]
(12)

The fourth and fifth terms on the right side corre-
spond to the local conduction and volumetric heat trans-
fer between the solid and fluid phases, respectively. In the
literature, both heat transfer mechanisms are determined
by computational simulation at pore-scale, and in some
cases experimentally (Kuwahara et al., 1996). The local
conduction between each phase is determined as follows
(de Lemos, 2012):

qsf ,j = 1
ΔV

∫
Ai

nλf Tf dsi = −λfs
∂
〈
Tf
〉i

∂xj
(13)

where λfs is the local thermal conductivity tensor, usually
determined by computational simulation at pore-scale.
For simplicity, the local conduction term is considered
inside the heat transfer term

〈
qj
〉v in the effective conduc-

tivity tensor, given by:

λeff,f = φλf δij + λfs (14)

On the other hand, the volumetric convective heat
transfer is determined as a function of the temperature
difference of each phase (de Lemos, 2012; Kaviany, 1999;
Saito & De Lemos, 2005) as follows.

1
ΔV

∫
Ai

n ·
(

λf
∂Tf

∂xj

)
dsi = hiai

(〈
Tf
〉i − 〈Ts〉i

)
(15)

where hi is the interfacial convective heat transfer and ai
the surface area per unit of volume.

Usually, the volumetric convection heat transfer coef-
ficient and the local thermal conductivity tensor is deter-
mined experimentally and depends of the geometrical
distribution of the solid matrix (such as packed rock bed,
ceramic foam, wire mesh, etc.).

Now, for simplicity, Equation (12) is written as follows:

ρf

[(
∂

∂t
(
φ〈e〉i)+

〈
∂

∂xk
(e)uk

〉i)]

= φ

〈
σij

∂

∂xi
(uj)
〉i

+ φ
〈
uj
〉iR

− ∂

∂xj

(〈
qj
〉v)+ hiai

(
〈Ts〉i −

〈
Tf
〉i) (16)

Expanding the first term on the right-side of deforma-
tion work in Equation (16), is possible to determine the
viscous dissipation term  (Currie, 2012), as follows:

φ

〈
σij

∂

∂xi
(uj)
〉i

= φ

〈
−Pδij

∂uj
∂xi

+ μ

(
∂ui
∂xj

+ ∂uj
∂xi

)
∂uj
∂xi

− 2
3
φμ

(
δij

∂uk
∂xk

)
∂uj
∂xi

〉i
(17)

φ

〈
σij

∂

∂xi
(uj)
〉i

= φ

〈
−P

∂uk
∂xk

+ μ

2

(
∂ui
∂xj

+ ∂uj
∂xi

)2

− 2
3
μ

(
∂uk
∂xk

)2〉i
(18)

φ

〈
σij

∂

∂xi
(uj)
〉i

= φ

〈
−P

∂uk
∂xk

+ 

〉i
(19)

Thus, replacing the expression (19) in Equation (16),
the following expression holds,

ρf

[
D
(
φ〈e〉i)
Dt

]

= −φ

〈
P

∂uk
∂xk

〉i
+ φ〈〉i + φ

〈
uj
〉iR − ∂

∂xj

(〈
qj
〉v)

+ hiai
(
〈Ts〉i −

〈
Tf
〉i) (20)

Then, considering the continuity equation to change
the term ∂uk

∂xk
= − 1

ρf

D(ρf )

Dt in Equation (20), and using
the entropy definition fromGibbs’ equation (Bejan, 2013;
Cantwell, 2018; Currie, 2012) (see Appendix 4), is pos-
sible to establish an expression for entropy transport as
follows:

ρf

[
D
(
φ〈e〉i)
Dt

]

= φ

〈
P
1
ρf

D(ρf )

Dt

〉i
+ φ〈〉i + φ

〈
uj
〉iR − ∂

∂xj

(〈
qj
〉v)

+ hiai
(
〈Ts〉i −

〈
Tf
〉i) (21)

ρf

[〈
Tf
〉i D (φ〈s〉i)

Dt

]

= − ∂

∂xj

(〈
qj
〉v)+ φ〈〉i + φ

〈
uj
〉iR

+ hiai
(
〈Ts〉i −

〈
Tf
〉i) (22)

ρf

[
∂

∂t
(
φ〈s〉i)+ φ

〈
∂

∂xk
(uks)

〉i]
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= − 1〈
Tf
〉i ∂

∂xj

(〈
qj
〉v)+ φ〈〉i〈

Tf
〉i

+ φ
〈
uj
〉i〈

Tf
〉i R + hiai〈

Tf
〉i (〈Ts〉i −

〈
Tf
〉i) (23)

where s is the entropy per mass unit.
Expanding the heat transfer term on the right side

of Equation (23), and using the expression ∂
∂xj

(
qj
T

)
=

1
T

∂
∂xj (qj) − qj

T2
∂

∂xj (T),

ρf

[
∂

∂t
(
φ〈s〉i)+ φ

〈
∂

∂xk
(uks)

〉i]

= −

⎛
⎜⎝ ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+
〈
qj
〉v(〈

Tf
〉i)2 ∂

∂xj

(〈
Tf
〉i)
⎞
⎟⎠

+ φ〈〉i〈
Tf
〉i + φ

〈
uj
〉i〈

Tf
〉i R + hiai〈

Tf
〉i (〈Ts〉i −

〈
Tf
〉i) (24)

In addition, it is possible to express the directional
heat flux of the second term on the right-side in terms
of the Fourier’s law of heat conduction (Bejan, 2013) in

Equation (24) as,
〈
qj
〉v = −λeff,f

∂
〈
Tf
〉i

∂xj , and the right-side
first term as a volumetric heat source, as follows:

ρf

[
∂

∂t
(
φ〈s〉i)+ φ

〈
∂

∂xk
(uks)

〉i]

= −

⎛
⎜⎝ ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

− λeff,f(〈
Tf
〉i)2 ∂

〈
Tf
〉i

∂xj

∂
〈
Tf
〉i

∂xj

⎞
⎟⎠

+ φ〈〉i〈
Tf
〉i + φ

〈
uj
〉i〈

Tf
〉i R + hiai〈

Tf
〉i (〈Ts〉i −

〈
Tf
〉i) (25)

ρf

[
∂

∂t
(
φ〈s〉i)+ φ

〈
∂

∂xk
(uks)

〉i]

= − ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+ λeff,f(〈
Tf
〉i)2
(

∂
〈
Tf
〉i

∂xj

)2

+ φ〈〉i〈
Tf
〉i + φ

〈
uj
〉i〈

Tf
〉i R + hiai〈

Tf
〉i (〈Ts〉i −

〈
Tf
〉i) (26)

Expanding the second termof the left-side in Equation
(26) the convective entropy transport due to spatial dis-
persion of entropy and velocity is determined as follows:

ρf

[
∂

∂t
(
φ〈s〉i)+ φ

∂

∂xk

(〈uk〉i〈s〉i)]

Table 1. Local entropy transport terms.

Term Definition

ρfφ
∂

∂xk

(〈uk〉i〈s〉i) Convective term of microscopic advection of entropy
through the spatial-mean velocity.

ρfφ
∂

∂xk

(〈
iuk is

〉i)
Convective entropy transport due to spatial-dispersion

of entropy and velocity. This term is also present
in laminar convective heat transfer, ReD < 150
(Forchheimer flow regime (Kaviany, 1999; Quintard
& Whitaker, 1994)).

∂

∂xj

( 〈
qj
〉v

〈Tf 〉i
)

Macroscopic entropy generation rate due to the heat
exchange between the fluid control volume and the
surroundings.

λeff,f(〈Tf 〉i)2
(

∂〈Tf 〉i
∂xj

)2

Macroscopic LEG rate by conduction heat transfer due
to the spatial-mean temperature of the fluid.

φ〈〉i
〈Tf 〉i

Macroscopic LEG rate by viscous dissipation due to
spatial-mean velocity of the fluid.

φ
〈
uj
〉i

〈Tf 〉i
R Entropy generation rate due to work realized by drag

efforts, related to the solid-fluid interaction.
hiai
〈Tf 〉i

(〈Ts〉i − 〈Tf 〉i
)

Heat transfer entropy generation rate due to the local
heat microscopic heat exchange between fluid and
solid phases.

= −ρfφ
∂

∂xk

(〈iukis〉i)− ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+ λeff,f(〈
Tf
〉i)2
(

∂
〈
Tf
〉i

∂xj

)2

+ φ〈〉i〈
Tf
〉i + φ

〈
uj
〉i〈

Tf
〉i R + hiai〈

Tf
〉i (〈Ts〉i −

〈
Tf
〉i) (27)

Therefore, Equation (27) shows the local entropy
transport in a porousmedia through amacroscopic point
of view, where each term represents the following phe-
nomena defined in Table 1.

Finally, to consider turbulent effects in the analysis,
the time-averaging (Reynolds et al., 1895) is applied to
Equation (26), where ϕ̄ is the time average ofϕ, as follows:

ρf

[
∂

∂t
(
φ〈s̄〉i)+ φ

〈
∂

∂xk
(uks)

〉i]

= − ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+ λeff,f(〈
Tf
〉i)2
(

∂
〈
Tf
〉i

∂xj

)2

+ φ〈〉i〈
Tf
〉i + φ

〈
uj
〉i〈

Tf
〉i R + hiai〈

Tf
〉i (〈Ts〉i −

〈
Tf
〉i) (28)

ρf

[
∂

∂t
(
φ〈s̄〉i)+ φ

〈
∂

∂xk
(uks)

〉i]
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= − ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+ λeff,f(〈
Tf
〉i)2
(

∂
〈
Tf
〉i

∂xj

)2

+ φ
〈
̄
〉i〈

Tf
〉i

+ φ
〈
uj
〉i〈

Tf
〉i R̄ +

(
φ
〈
uj
〉i〈

Tf
〉i
)′
R′ + hiai〈

Tf
〉i (〈Ts

〉i − 〈Tf
〉i)
(29)

Considering that the solid matrix is rigid and static,
the fluctuating mechanical energy

〈
uj
〉i′R′ is zero, thus,

the fifth term on the right-side of Equation (29) is
neglected (de Lemos, 2012; de Lemos & Pedras, 2001;
Pedras & de Lemos, 2001).

ρf

[
∂

∂t
(
φ〈s̄〉i)+ φ

〈
∂

∂xk
(uks)

〉i]

= − ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+ λeff,f(〈
Tf
〉i)2
(

∂
〈
Tf
〉i

∂xj

)2

+ φ
〈
̄
〉i〈

Tf
〉i + φ

〈
uj
〉i〈

Tf
〉i R̄ + hiai〈

Tf
〉i (〈Ts

〉i − 〈Tf
〉i) (30)

Expanding the second and third terms on the right-
hand side in Equation (30), both related to entropy gener-
ation by conduction heat transfer and viscous dissipation,
respectively:

ρf

[
∂

∂t
(
φ〈s̄〉i)+ φ

〈
∂

∂xk
(uks)

〉i]

= − ∂

∂xj

( 〈
qj
〉v〈

Tf
〉i
)

+ λeff,f(〈
Tf
〉i)2

⎡
⎣〈(∂Tf

∂xj

)2〉i
+
〈(

∂Tf
′

∂xj

)2〉i⎤⎦

+ 2μφ〈
Tf
〉i
⎡
⎣〈(∂ūi

∂xj
+ ∂ūj

∂xi

)2
+
(

∂ūk
∂xk

)2〉i⎤⎦

+ 2μφ〈
Tf
〉i
⎡
⎣〈(∂ui′

∂xj
+ ∂uj′

∂xi

)2
+
(

∂uk′

∂xk

)2〉i⎤⎦

+ φ
〈
uj
〉i〈

Tf
〉i R̄ + hiai〈

Tf
〉i (〈Ts

〉i − 〈Tf
〉i) (31)

Finally, the LEG rate in porous media considering the
effects of macroscopic turbulence is as follows:

〈
ṡgen
〉v = λeff,f(〈

Tf
〉i)2

⎡
⎣〈(∂Tf

∂xj

)2〉i
+
〈(

∂Tf
′

∂xj

)2〉i⎤⎦

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ūi
∂xj

+ ∂ūj
∂xi

)2
− 2

3

(
∂ūk
∂xk

)2〉i⎤⎦

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ui′

∂xj
+ ∂uj′

∂xi

)2
− 2

3

(
∂uk′

∂xk

)2
〉i⎤⎦

+ φ
〈
uj
〉i〈

Tf
〉i R̄ + hiai〈

Tf
〉i (〈Ts

〉i − 〈Tf
〉i) (32)

Adding the complete expressions of the Darcy–
Forchheimer analysis and the spatial-averaging method
(de Lemos, 2012; Kaviany, 1999) in terms R̄ and hi, the
entropy generation rate is:

〈
ṡgen
〉v = λeff,f(〈

Tf
〉i)2

⎡
⎣〈(∂Tf

∂xj

)2〉i
+
〈(

∂Tf
′

∂xj

)2〉i⎤⎦

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ūi
∂xj

+ ∂ūj
∂xi

)2
− 2

3

(
∂ūk
∂xk

)2〉i⎤⎦

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ui′

∂xj
+ ∂uj′

∂xi

)2
− 2

3

(
∂uk′

∂xk

)2
〉i⎤⎦

+ φ
〈
uj
〉i〈

Tf
〉i
[

μ

ΔV

∫
Ai

((
∂ūi
∂xj

+ ∂ūj
∂xi

)

− 2
3

(
δij

∂ūk
∂xk

))
· ndsi − 1

ΔV

∫
Ai

P̄ndsi
]

+ 1〈
Tf
〉i
[

1
ΔV

∫
Ai

n · λf
∂Tf

∂xj
dsi

]
(33)

Rewriting the last three right-side terms as is usually
in the literature from the empirical correlations, Equation
(33) is as follows:

〈
ṡgen
〉v = λeff,f(〈

Tf
〉i)2

⎡
⎣〈(∂Tf

∂xj

)2〉i
+
〈(

∂Tf
′

∂xj

)2〉i⎤⎦

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ūi
∂xj

+ ∂ūj
∂xi

)2
− 2

3

(
∂ūk
∂xk

)2〉i⎤⎦

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ui′

∂xj
+ ∂uj′

∂xi

)2
− 2

3

(
∂uk′

∂xk

)2
〉i⎤⎦
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+ φ〈
Tf
〉i
(

μ

k1
uD2 + ρf

k2
|uD|2uD

)

+ hiai〈
Tf
〉i (〈Ts

〉i − 〈Tf
〉i) (34)

where hiai, k1 and k2 are determined experimentally, and
uD is Darcy’s velocity with uD = φ

〈
uj
〉i.

Bejan presented an intuitive expression for the entropy
generation in porous media under Darcian regimes (ReD
< 1) (Bejan, 1995). In addition to this idea, Equation (34)
extends the analysis to higher values of ReD fromDarcian
flow regime to post-Forchheimer and fully turbulent flow
regimes, and including the LEG due to the volumetric
heat transfer between the flow and the solid matrix.

Bejan’s expression:

〈
ṡgen
〉i = λf(〈

Tf
〉i)2
(

∂
〈
Tf
〉i

∂xj

)2

+ μf

k1
〈
Tf
〉i uD2 (35)

In addition to Bejan’s LEG equation, in 2008 Betchen
and Straatman (Betchen&Straatman, 2008) presented an
extension of LEG in porous media where LEG was con-
sidered as a Forchheimer hydrodynamic resistance term
and the volumetric heat transfer was included. Neverthe-
less, this expression was restricted to Forchheimer flow
regime (ReD < 150). Thus, the expression developed in
Equation (34) includes the LEG related to the velocity and
temperature time-fluctuation effects.

2.2. Local entropy generation in turbulent share
flows

Several authors (Nakayama & Kuwahara, 1999; Pedras &
De Lemos, 2001; Teruel & Rizwan-uddin, 2009a, 2009b)
in the literature have presented their closure models to
extend the k − ε turbulence equations scope to porous
media by a macroscopic view. In general terms, the pro-
posals have the same structure of the usual k − ε tur-
bulence model (Khan & Straatman, 2016). It includes
an additional term in each equation related to the pro-
duction and dissipation of macroscopic TKE, due to the
presence of the solid matrix Gk and Gε (see Table 2), as
follows:

∂
(
ρf 〈k〉i

)
∂t

+ ρf
∂

∂xk

(
uD,k〈k〉i

)
= − ∂

∂xj

[(
μ + μtφ

σk

)
∂

∂xj

(
φ〈k〉i)]

+ Pk − ρfφ〈ε〉i + Gk (36)

∂
(
ρf 〈ε〉i

)
∂t

+ ρf
∂

∂xk

(
uD,k〈ε〉i

)

Table 2. Volume-averaged k − ε terms.

Gk Gε Authors

φρf ε∞ φC2ερf ε∞
ε∞
k∞

Nakayama and Kuwahara
(Nakayama & Kuwahara, 1999)

Ckρf
φkiuD√

K

φC2εCkρf εiuD√
K

Pedras and de Lemos (Pedras & De
Lemos, 2001)

φμuD
K

+ φρf cE |uD|uD√
K

φf (φ, K)ρf ε
iuD√

K
Teruel and Rizwan-uddin (Teruel &

Rizwan-uddin, 2009a, 2009b)

= − ∂

∂xj

[(
μ + μtφ

σk

)
∂

∂xj

(
φ〈ε〉i)]

+ C1Pi
〈ε〉i
〈k〉i − C2

〈ε〉i
〈k〉i

(
ρfφ〈ε〉i)+ Gε (37)

where 〈k〉i is the volume-average TKE, 〈ε〉i is the volume
average of the dissipation rate of TKE, Pi is the produc-
tion rate of 〈k〉i,Gi is the generation rate of 〈k〉i,μtφ is the
turbulent viscosity for porous media, and C1, C2, σk are
k−ε model constants.

Therefore, to solve the usual transport equations of
mass, momentum, and energy (in Appendix 5), this
analysis aims to determine the LEG without solving an
additional entropy transport equation. The beginning of
the LEG expression determined in the previous section
(Equation (34)) it is possible to define an expression of
LEG as a post-process result from the velocity, temper-
ature, TKE, and viscous dissipation results. Thus, the
present analysis proposes an expression to determine the
LEG as a post-process from the velocity, temperature, k,
and ε solution fields, after solving the volume-averaged
conservation equations and the turbulence k − ε equa-
tions for porous media in the literature.

Studying Equation (34) it is possible to define two
principal groups of entropy generationmechanisms, heat
transfer 〈ṡ�〉v and viscous dissipation 〈ṡ〉v, as follows:

〈ṡ�〉v = λeff,f(〈
Tf
〉i)2
〈(

∂Tf

∂xj

)2〉i
︸ ︷︷ ︸〈

ṡ�,C̄
〉v

+ λeff,f(〈
Tf
〉i)2
〈(

∂Tf
′

∂xj

)2〉i
︸ ︷︷ ︸

〈ṡ�,C′ 〉v

+ hiai〈
Tf
〉i (〈Ts

〉i − 〈Tf
〉i)

︸ ︷︷ ︸
ṡ�,V

(38)

where
〈
ṡ�,C̄

〉v is the LEG rate by the conductive heat
transfer related to the time-average fluid temperature,〈
ṡ�,C′

〉v is the LEG rate due to the conductive heat transfer
associated with the fluid temperature time-fluctuations.
The last term ṡ�,V is the entropy generation rate, due
the volumetric heat transfer between the solid and fluid
phases.
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Analogously,

〈ṡ〉v = μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ūi
∂xj

+ ∂ūj
∂xi

)2
− 2

3

(
∂ūk
∂xk

)2〉i⎤⎦
︸ ︷︷ ︸〈

ṡ,D̄
〉v

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ui′

∂xj
+ ∂uj′

∂xi

)2
− 2

3

(
∂uk′

∂xk

)2
〉i⎤⎦

︸ ︷︷ ︸
〈ṡ,D′ 〉v

+ φ〈
Tf
〉i
(

μ

k1
uD2 + ρf

k2
|uD|2uD

)
︸ ︷︷ ︸

ṡ,DF

(39)

where
〈
ṡ,D̄

〉v is the LEG rate due to viscous dissipation
related to the time-average velocity,

〈
ṡ,D′

〉v is the LEG
rate by viscous dissipation regarded to the fluid veloc-
ity time-fluctuations, and ṡ,DF is the LEG rate associated
to Darcy–Forchheimer’s hydrodynamic resistance due to
the presence of the solid matrix against the flow.

2.2.1. Entropy generation by turbulent dissipation
and thermal dispersion
For the analysis of 〈ṡ〉v and 〈ṡ�〉v, the terms

〈
ṡ�,C̄

〉v, ṡ�,V

and
〈
ṡ,D̄

〉v can be calculated solving the transport and
volume-averaged k − ε equations. On the other hand,
the time-fluctuation terms

〈
ṡ,D′

〉v and 〈ṡ�,C′
〉v, are deter-

mined from the k − ε scalar results. Thus, from the ε

definition:

〈
ṡ,D′

〉v = μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ui′

∂xj
+ ∂uj′

∂xi

)2
− 2

3

(
∂uk′

∂xk

)2
〉i⎤⎦

= φμ〈ε〉i〈
Tf
〉i (40)

where 〈ε〉i is the viscous dissipation scalar term of the
volume-averaged turbulence model k − ε.

To solve
〈
ṡ,D′

〉v it is necessary to consider the dissipa-
tion of the temperature time-fluctuation ε� = αf

(
∂Tf ′
∂xj

)2
defined by Nagano and Kim (1988) in their two equa-
tions turbulence model, which establishes two equation
pairs, k − ε and k� − ε�, where the second defines the
temperature field time-fluctuations. Thus,

〈
ṡ�,C′

〉v can be
rewritten as:

〈
ṡ�,C′

〉v = λeff,f(〈
Tf
〉i)2
〈(

∂Tf
′

∂xj

)2〉i
= ρf cp,fφ(〈

Tf
〉i)2 〈ε�〉i (41)

To determine the term ε� without solving an addi-
tional k� − ε� pair of equations, Kock and Herwig
(2004) have proposed a useful approximation, which
consists in approximating ε� as the production rate of
k� defined as Pk,� (Gersten & Herwig, 1992; Kock &
Herwig, 2005). From this approximation, it is possible
to determine ε� without solving an additional k� − ε�

equation system. This approximation is usually consid-
ered valid in the logarithmic region. Thus, ε� can be
rewritten as follow:

ρf ε� = Pk,� = −ρf uj′T′ ∂T̄f

∂xj
(42)

Extending Equation (42) to 〈ε�〉v,

ρfφ〈ε�〉i = −ρfφ
〈
uj′T′〉i ∂ 〈T̄f

〉i
∂xj

(43)

In addition, to solve the terms
〈
uj′T′〉i a Boussinesque-

like approach is applied (Kock & Herwig, 2004), adapted
to the volume-average method proposed by Nakayama
and Kawahara (de Lemos, 2012; Nakayama & Kuwahara,
1999), through the eddy-diffusivity concept.

− 〈uj′T′〉i = αtφ
∂
〈
T̄f
〉i

∂xj
(44)

where αtφ = μtφ/ρf Prtφ is the turbulent thermal diffu-
sivity for porous media, Prtφ is the turbulent volume-
average Prandtl number, and μtφ is the turbulent viscos-
ity for porous media μtφ = ρf Cμ

(〈k〉i)2/〈ε〉i, stated by
de Lee andHowell (de Lemos, 2012; Lee &Howell, 1987).

Finally, replacing Equation (43) and Equation (44) in
Equation (41):

〈ε�〉i =
(

αtφ
∂
〈
T̄f
〉i

∂xj

)
∂
〈
T̄f
〉i

∂xj
(45)

〈
ṡ�,C′

〉v = ρf cp,f(〈
Tf
〉i)2 Cμ(〈k〉i)2φ

Prtφ〈ε〉i

×
⎡
⎣(∂

〈
T̄f
〉i

∂x

)2

+
(

∂
〈
T̄f
〉i

∂y

)2

+
(

∂
〈
T̄f
〉i

∂z

)2⎤⎦
(46)

Hence, from the mathematical methodology
described above it is possible to determine the LEGwith-
out solving an additional entropy transport equation or
k� − ε� equation system, additional to the usual conser-
vation equations and k − ε turbulence model for porous
media.
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Recapitulating, the proposed expression determines
the LEG for a flow through a porous medium, con-
sidering the effects associated with the turbulence and
the transport of heat and momentum between the
solid and liquid faces. The definitive expression for
the LEG and the assumptions considered are shown
below.

Local entropy generation model assumptions:

• Non-thermal equilibrium between the solid and fluid
phases.

• There is no mass exchange between the solid phase
and the liquid phase.

• The solid matrix is rigid and static in space.
• A Newtonian fluid is considered.
• The mechanical energy of the fluctuating hydrody-

namic drag force
〈
uj
〉i′R′ is neglected (de Lemos, 2012).

• The temperature time-fluctuation ε� and the produc-
tion rate of k� have the same order ofmagnitude; ergo:
ε� = Pk,�.

〈
ṡgen,f

〉v
=

⎛
⎜⎝λeff,f + λtφ,f(〈

Tf
〉i)2

⎞
⎟⎠
(

∂
〈
T̄f
〉i

∂xj

)2

+ hiai〈
Tf
〉i (〈Ts

〉i − 〈Tf
〉i)

+ μφ〈
Tf
〉i
⎡
⎣〈1

2

(
∂ūi
∂xj

+ ∂ūj
∂xi

)2
− 2

3

(
∂ūk
∂xk

)2
〉i⎤⎦

+ φμ〈ε〉i〈
Tf
〉i + φ〈

Tf
〉i
(

μ

k1
uD2 + ρf

k2
|uD|2uD

)
(47)

3. Numerical experiment: study case

3.1. System description

To illustrate the application of the method proposed
herein, a case of study is implemented consisting of a 2D
conduit, where the temperature of the solid and fluid are
fixed at the entrance, as shown in Figure 1. For the entire
parametrical analysis described in the following sections,
the inlet fluid temperature is fixed at 300K, and the tem-
perature difference with the solid inlet varies from 0 to
1000K. The temperatures of the upper and lower walls
are set as the average between the solid and fluid inlet
temperatures, as follows.

Tw = Tf ,in + Ts,in

2
(48)

In addition, Table 3 summarizes the key physical
parameters considered for the analysis.

3.2. Simulation

The channel was simulated inOpenFOAM (OpenFOAM
v9, 2021) using an in-house developed solver, adapted
from the porousSimpleFoam solver. This tool was built

Table 3. Analysis parameters.

Value

System parameters
Pore diameter (dp) 0.0015m
Channel height (H) 0.05m
Channel length (L) 0.05m
Type of fluid Air (Ideal Gas)
Solid medium Ceramic Foam (Z. Wu et al., 2011)
Thermal conductivity of the solid (λs) 80 Wm−1K−1

Simulation parameters
Fluid inlet temperature

(〈
T̄f ,in
〉i)

300 K

Solid inlet temperature
(〈
T̄s,in
〉i)

from 301 to 1300 K

Turbulent Prandtl number(Prt) 0.9
Outlet pressure (pout) 101.3 kPa
Reynolds number (ReD) from 1 to 1000

Figure 1. Case of study diagram.
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from the basic structure of the porousSimpleFoam solver,
but including the solid and fluid energy equations
for non-thermal equilibrium porous systems (Equation
(20)). The PorousSimpleFoam tool solves the pressure
and velocity from continuity and momentum equations
through the SIMPLE algorithm (Semi-Implicit Method
for pressure Linked Equations) of Patankar and Spald-
ing (Patankar, 1980, 1981; Patankar & Spalding, 1972).
The hydrodynamic resistance of Darcy–Forchheimer’s
terms is included in the momentum equation as a source
term. The turbulent effects were determined through the
k − ε tool of RAS (Reynolds average simulation) of the
OpenFOAM turbulence library considering the follow-
ing constants: Cμ = 0.09, σk = 1, σε = 1.3, C1ε = 1.44,
and C2ε = 1.92.

The simulation considers steady-state regime. The
thermal conductivity and the specific heat of the fluid
were determined through the correlations proposed by
Z. Wu et al. (2011), and the fluid viscosity through the
Sutherland law (Sutherland, 1893). Finally, the solving
tolerance for the residuals was fixed to 10−7, considering
a grid resolution of 500× 1000 elements.

Assumptions for the numerical experiment modeling:

• Isotropic porosity distribution.
• The air is considered as an ideal gas.
• Steady-state regime.
• Constant thermophysical properties for the solid

phase.
• The local conduction between the solid and fluid

phases is neglected; ergo ∂
∂xj

(
1

ΔV
∫
Ai
nλf Tf dsi

)
= 0.

In order to validate the developed solver, a com-
parison was done adjusting the model parameters to
the analysis presented by Alazmi and Vafai in 2000. In
their analysis, several transport phenomena models for
heat exchange in porous media are studied and com-
pared. Figure 2 shows the axial profile for dimensionless
temperature for each phase (fluid and solid), located at
X = 0.1, where X = H/L is the dimensionless distance
in the direction of flow. The results are in good agree-
ment with those from the work of Alazmi and Vafai
(2000).

3.3. Boundary conditions

To solve momentum and continuity equation systems,
the inlet velocity and the outlet pressure are considered
as fixed values. Likewise, to solve the energy equation
system, the inlet and wall temperatures of the solid and
fluid phases are fixed values. Finally, on the boundaries
of the domain, the gradient is set to zero for the following

Figure 2. Axial dimensionless temperature distribution consider-
ing NTE heat transfer. φ = 0.6, Da = 10−4, dp = 0.008, ks/kf =
25, ReD = 1000.

variables, and as seen in Figure 1.

∂u1
∂x

∣∣∣∣
x=L

= ∂P
∂x

∣∣∣∣
x=0

= ∂
〈
T̄f
〉i

∂x

∣∣∣∣∣
x=L

= ∂
〈
T̄s
〉i

∂x

∣∣∣∣∣
x=L

= 0

(49)

3.4. Dimensionless analysis

As a prelude of the numerical analysis, to have more
information about the relevance of each LEG mecha-
nism before the CFD analysis, a dimensionless analysis
was developed considering the following dimensionless
variables:

∗xi = xi
H
, ∗ūi = ūi

U0

θf = Tf − Tf ,in

Tw − Tf ,in
, γf = Tf ,in

Tw − Tf ,in

θs = Ts − Ts,in

Tw − Ts,in
, γs = Ts,in

Tw − Ts,in

where ∗xi is the dimensionless longitude, ∗ūi is the
dimensionless velocity, θ is the dimensionless tempera-
ture difference, and γ is the dimensionless inlet temper-
ature. The subscripts f and s denote the fluid and solid
phases, respectively. Thus, as was proposed by Betchen
and Straatman (2008), the dimensionless LEG term is
written as follows:

∗〈ṡgen,f 〉v =
〈
ṡgen,f

〉vH2

λf
(50)

∗〈ṡgen,f 〉v = ∗〈ṡ�,C̄
〉v + ∗〈ṡ�,C′

〉v + ∗ṡ�,V

+ ∗〈ṡ,D̄
〉v + ∗〈ṡ,D′

〉v + ∗ṡ,DF (51)
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where ∗() refers to a dimensionless expression.
Then, substituting the dimensionless properties on

Equation (38).
∗〈ṡ�,C̄

〉v + ∗〈ṡ�,C′
〉v + ∗ṡ�,V

=
(

φλf H2

λf (θf + γf )
2H2

+ ρf cp,fμtφH2

λf (θf + γf )
2H2

)

×
[(

∂θf

∂∗x

)2
+
(

∂θf

∂∗y

)2
+
(

∂θf

∂∗z

)2
]

+ hiaiH2

λf (θf + γf )
[(θs + γs) − (θf + γf )] (52)

Regrouping terms,
∗〈ṡ�,C̄

〉v + ∗〈ṡ�,C′
〉v + ∗ṡ�,V

=
(

φλf + λtφ,f

λf (θf + γf )
2

)
∗〈�〉i

+ NuH(aiH)

(θf + γf )
[(θs + γs) − (θf + γf )] (53)

where NuH is the Nusselt number based on the channel
high H and λtφ,f is the fluid turbulent thermal conduc-
tivity.

Analogously, for the viscous and Darcy–Forchheimer
terms in Equation (39):
∗〈ṡ,D̄

〉v + ∗〈ṡ,D′
〉v

= 2μφU0
2H2

λf (θf + γf )H2

⎡
⎢⎣
〈(

∂∗ūi
∂∗xj

+ ∂∗ūj
∂∗xi

)2
+
(

∂∗ūk
∂∗xk

)2〉i

+
〈(

∂∗ui′

∂∗xj
+ ∂∗uj′

∂∗xi

)2
+
(

∂∗uk′

∂∗xk

)2〉i⎤⎦ (54)

∗〈ṡ,D̄
〉v + ∗〈ṡ,D′

〉v = PrEc
(θf + γf )

∗〈〉i (55)

∗ṡ,DF = φH2

λf (θf + γf )

(
μU0

2

k1
+ ρf U0

3

k2
|∗uD|

)
∗uD

2

(56)

∗ṡ,DF = PrEc
(θf + γf )

(
1
Da

+ ReH√
Da

|∗uD|
)

∗uD
2 (57)

Finally, the following equation shows the complete
expression of ∗〈ṡgen,f 〉v considering all the mechanisms of
LEG, such as heat conduction, volumetric heat transfer,
viscous effects, and hydrodynamic resistance.

∗〈ṡgen,f 〉v =
(

φλf + λtφ,f

λf (θf + γf )
2

)
︸ ︷︷ ︸

NCHT

∗〈�〉i

+ NuH(aiH)

(θf + γf )︸ ︷︷ ︸
NVHT

[(θs + γs) − (θf + γf )]

+

⎛
⎜⎜⎜⎜⎝

PrEc
(θf + γf )︸ ︷︷ ︸

NV

∗〈〉i + PrEc
(θf + γf )Da︸ ︷︷ ︸

ND

+ PrEcReH
(θf + γf )

√
Da︸ ︷︷ ︸

NFH

|∗uD|

⎞
⎟⎟⎟⎟⎠ ∗uD

2 (58)

From Equation (58) it is possible to identify the key
factors that define the impact of macroscopic conduction
heat transfer (NCHT), volumetric heat transfer (NVHT),
viscous effects (NV ), and Darcy–Forchheimer hydrody-
namic resistances (ND and NFH).

4. Results

The dimensionless LEG term in Equation (58) shows
five key factors which define the magnitude of each
entropy generation mechanism. Figure 3 shows the vari-
ation of the two most significant parameters, comparing
their development under different porosities, tempera-
tures, and ranging the porous Reynolds number from 10
to 1000.

As shown in Figure 3, the heat transfer dimension-
less factors were analyzed ranging the inlet temperature
difference �T from 10 to 1000K. The heat conduc-
tion factor NCHT and the volumetric heat transfer factor
NVHT reach their highest values about 3 and 6 magni-
tude orders, respectively, when the Reynolds number is
over 200; and reaches its maximum value for φ = 0.9 at
�T = 1000K. As expected, the volumetric heat transfer
dominates the heat transfer LEG and reaches its maxi-
mum value for higher porosities, which it is translated
as higher exchange areas. Nevertheless, a CFD analysis
is necessary to conclude the influence of each mecha-
nism and to determine its spatial distribution, because
the two phenomena obey to different temperature fields.
The conduction obeys the fluid field temperature and the
volumetric heat transfer to the interaction phenomenon
between the two phases.

Analogously, Figure 4 shows the same dimension-
less analysis applied to the viscous and hydrodynamic
mechanisms of LEG. Due to the low viscosity that the
working fluid (air) exhibits in the complete range of anal-
ysis, the viscous LEG is negligible for all cases. The same
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Figure 3. Heat transfer dimensionless factors, from laminar to turbulent porous Reynolds regimes.

Figure 4. Viscous dissipation, Darcy’s, and Forchheimer’s hydrodynamic resistances dimensionless factors, from laminar to turbulent
porous Reynolds regimes.
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effect occurs for Darcy’s viscous hydrodynamic resis-
tance, which is negligible for the complete domain ana-
lyzed. On the other hand, Forchheimer’s hydrodynamic
resistance does present a significant impact on the LEG.
The value of NFH reaches 9 magnitude orders for poros-
ity of 0.1. In low porosities configurations, the fluid is
constantly impinging on the solid matrix, significantly
increasing the amount of useless work done by the flow
over the porous media.

Figure 5. Comparison of dimensionless volumetric heat transfer
against the Forchheimer’s hydrodynamic resistance effect over
the LEG.

Summarizing the dimensionless analysis of each LEG
mechanism in Figures 3 and 4, the maximum values of
each magnitude factor are: NCHT < 2× 103, NVHT <

2× 106, NV < 10−1, ND < 10−7, NFH < 1010.
Usually, the hydrodynamic effects are neglected in

entropy generation analyses (Bejan, 1995). Nevertheless,
the magnitude of the Forchheimer’s hydrodynamic term
expressed through NFH, makes necessary to consider
its effect in differential CFD analyses, in either lami-
nar or turbulent regimes. Figure 5 shows the distribu-
tion of NVHT/NFH to compare the impact of each LEG
mechanism on the different ranges of analysis (porosity,
temperature difference, and porous Reynolds regime).

From Figure 5 it is possible to recognize the inflection
points where the Forchheimer’s hydrodynamic resistance
dominates the LEG in comparison to the volumetric heat
transfer. For a porosity of 0.1, themagnitude ofNFH dom-
inates from ReD of 13.43, 29.92, and 36.62, for �T of 10,
100, and 1000K, respectively. For higher porosities, 0.5
and 0.9, the volumetric heat transfer phenomenon dom-
inates the LEG rate but is necessary a numerical CFD
analysis to definewith accuracy the regions in the domain
where each mechanism dominates the others.

Consequently, a CFD analysis was conducted to adjust
the preliminary results in Figure 5. Figure 6 shows the
computational results for a parametrical analysis under
different boundary conditions and operation configura-
tions, ranging the porosity of the solid matrix from 0.2

Figure 6. Comparison factor for the volumetric heat transfer against the Forchheimer’s hydrodynamic resistance effect over the LEG.
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to 0.8, and the solid-fluid inlet temperature difference
from 0 to 1000K. These results could be useful for low
temperature configurations as sensible thermal energy
storages, and for high-temperature differences as VSR.
NSgen compares the integrated LEG on the entire volume
of heat transfer against the viscous and hydrodynamic
resistances. As was appreciated in the previous dimen-
sionless analysis, the Forchheimer’s effects are more rel-
evant under higher porous Reynolds regimes, and its
influence decreases with porosity. Considering the cases
of �T below 100K, the viscous and hydrodynamic resis-
tances are dominant from ReD of 20, 100, 600, and 1000
for porosities of 0.2, 0.4, 0.6, and 0.8, respectively. These
ranges of �T are commonly observed in sensible TES,
where the temperature differences between solid and
fluid phases are under 100K, for charge and discharge
cycles. Therefore, it is recommended to consider Forch-
heimer’s effects in LEG analysis. Analogously,�T ranges
from 100K show the dominance of the heat transfer
LEG mechanisms under laminar and turbulent regimes
for porosities higher than 0.6. These configurations are
usually observed onVSR systemswhere the porosities are
around 0.8 and the temperature differences on the inlet
are close to 1000K.

Finally, Figure 7 shows the total entropy generation
rate for the aforementioned range of porosity, solid-fluid

inlet temperature difference, and the Reynolds flow
regime. The entropy rate reaches its maximum value of
825.18 W/K for a porosity of 0.2, regardless of the tem-
perature difference. This is due to the high impact of the
hydrodynamic resistance on the LEG rate, presented in
Figure 6. On the other hand, for porosities higher than
0.6 the total entropy generation rate does not show sig-
nificant variation, where the higher influence is assumed
by the inlet solid-fluid temperature difference.

5. Conclusions

A detailed physical and mathematical procedure was
proposed to determine the entropy transport equation
for fluid flow in a porous medium, from laminar to
turbulent regimes. The entropy transport equation was
developed using the Reynolds’ time-averaging method
and the spatial volume-averaging method. In addition, a
methodology to determine the LEG from the formulated
thermophysical local entropy transport model (Equation
(31)), was developed as a post-process function from the
velocity, temperature, k, and ε fields, commonly resulting
from regular CFD analysis. The proposed methodology
allows determining the LEG without solving an addi-
tional transport entropy equation. The LEGmodel allows
studying the performance of a porous heat exchange

Figure 7. Entropy generation rate integrated for the complete volume.
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device, distinguishing different LEG mechanisms (or
irreversibility sources), such as momentum dissipation
phenomena, porous hydraulic resistance and heat trans-
fer effects, in a single figure of merit. Thus, it is possible
tomeasure the disadvantages related to the pressure drop
and viscous effects of a porous media (〈ṡ〉v), and at the
same time, determine the benefits related to the large
heat exchanging area related to the porous matrix. In
addition, through the entropy concept, the most rational
way to exchange thermal energy is recognized, distin-
guishing the level of irreversibility (〈ṡ�〉v) of each design
configuration.

A numerical experiment was developed to study and
compare the dominance of the different LEG mecha-
nisms, considering different configurations of inlet tem-
perature, porosity, and flow regime. The results are pro-
posed as a starting point for future CFD entropy analysis
applied to solar thermal sensible heat storage systems,
solar hydrogen generation reactors, and volumetric solar
receivers.

From the numerical results, the hydrodynamic resis-
tance predominates on heat transfer effects over the total
LEG for porosities under 0.4 at temperature differences
below 100K. Therefore, it is recommended to include
hydrodynamic resistance in the LEG analysis of sensible
TES. Analogously, the heat transfer LEG could be about
103 times the magnitude of viscous and hydrodynamic
dissipation effects, for porosities larger than 0.6, and at
temperature differences from 100 and larger. Thus, high-
temperature VSR analyses should include heat transfer
effects in LEG analysis to ensure the accuracy of its
results.

An analysis based on a LEGmodel allows to recognize
and compare the impact of all the irreversibility mecha-
nisms in a single figure of merit, allowing to define the
main focuses in the optimization procedure, during the
design of porous media systems. In future research, the
proposed LEG expression and the dimensionless param-
eters could be implemented to study more working flu-
ids and porous media configurations (wire mesh, wool,
packed bed, ceramic foam, etc.), allowing to optimize
novel applications on storage, exchange and generate
energy, and/or energy conversion systems at differential
scales.
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Nomenclature

ai solid-fluid surface area per unit of volume
cE Ergun’s inertia coefficient
cp specific heat at constant pressure

Da Darcy number,Da = K

dp
2

dp mean pore diameter
e internal energy per unit of mass

Ec Eckert number, Ec = U02

cp,f (Tw − Tf ,in)
fj mass forces vector
Gi generation rate of kt

i

H channel height
hi interfacial convective heat transfer
k turbulent kinetic energy (TKE)
K permeability of the porous media
k� variance of the temperature time-fluctuation
NCHT dimensionless LEG regarded to conductive heat transfer
ND dimensionless LEG due to Darcy hydrodynamic resistance
NFH dimensionless LEG due to Forchheimer hydrodynamic

resistance

NuH Nusselt number,NuH = hiH

λf
NSgen entropy generation comparison dimensionless factor,

NSgen = ṡ
ṡ�

NV dimensionless LEG regarded to Forchheimer hydrodynamic
resistance

NVHT dimensionless LEG due to Forchheimer hydrodynamic
resistance

L channel length
P pressure

Pr Prandtl number, Pr = μCp,f
λf

Prt turbulent Prandtl number, Prt = μt

αt

Prtφ turbulent volume-average Prandtl number, Prtφ = μtφ

αtφ

Pi production rate of 〈kt〉i
Pk,� production rate of k�
qj net the heat flux
R hydrodynamic drag force of the porous media

ReD Reynolds number based in dp and uD , ReD = ρuDdp
μ

ReH Reynolds number based in H and uD , ReH = ρuDH

μ
s specific entropy〈
ṡgen
〉v total entropy generation rate

〈ṡ〉v LEG rate due to hydrodynamic and viscous effects
〈ṡ�〉v LEG rate regarded to heat transfer〈
ṡ�,C̄

〉v LEG rate by the conductive heat transfer related to the
time-average fluid temperature〈

ṡ�,C′
〉v LEG rate due to the conductive heat transfer associated to

the fluid temperature time-fluctuations〈
ṡ,D̄

〉v LEG rate due to viscous dissipation related to the
time-average velocity〈

ṡ,D′
〉v LEG rate by viscous dissipation regarded to the fluid

velocity time-fluctuations
ṡ,DF LEG rate associated to the Darcy–Forchheimer’s

hydrodynamic resistance
ṡ�,V LEG rate regarded to the volumetric heat transfer between

the solid and fluid phases
T temperature

(continued).
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u fluid velocity
uD Darcy’s velocity
U0 fluid velocity at the inlet
Cμ , C1ε , C2ε , σk , σε coefficients for k−ε turbulence model
k1, k2 Darcy and Forchheimer hydrodynamic resistance

parameters
Greek symbols
α thermal diffusivity
αt turbulent thermal diffusivity
αtφ macroscopic turbulent thermal diffusivity

γ dimensionless inlet temperature, γ = Tin
Tw − Tin

ε dissipation rate of TKE
ε� dissipation rate of k�

θ dimensionless temperature difference, θ = Tw − T

Tw − Tin
λ thermal conductivity
λfs local thermal conductivity tensor
λtφ macroscopic turbulent thermal conductivity
μ viscosity
μt turbulent viscosity
μtφ macroscopic turbulent viscosity
ρ density
σ surface forces tensor
φ porosity
 viscous dissipation rate

Subscripts
f fluid
in inlet
out outlet
s solid
w wall side

Special symbols
〈ϕ〉v volume-average value of ϕ
〈ϕ〉i intrinsic volume-average value of ϕ
iϕ spatial-dispersion of ϕ
ϕ̄ time-average value of ϕ
ϕ′ time-fluctuation of ϕ
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where e is internal energy per unit ofmass, σij the surface forces
tensor, fj the mass forces vector and qj net the heat flux.
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Then, expanding and regrouping the left-hand side terms,
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Substituting the continuity equation in the first and second
parentheses in Equation (A4).
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Thus, including Equation (A6) in Equation (A1),
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Appendix 2

Volume-averagingmethod

In a similar form to the time-average proposed by Reynolds
in 1895 (Reynolds et al., 1895), the macroscopic analysis con-
siders a REV as the minimum volume of analysis of Slattery
(de Lemos, 2012; Slattery, 1967). For a fluid property ϕ, the
volumetric average over a REV is as follows.

〈ϕ〉V = 1
ΔV

∫
ΔV

ϕdV (A8)

where 〈ϕ〉V is the average value ofϕ at any point inside of a REV
of size ΔV . Then, the value of 〈ϕ〉V is related to the intrinsic

average for the fluid phase
〈
ϕf
〉i as follows.〈

ϕf
〉V = φ

〈
ϕf
〉i (A9)

where φ is the porosity.
Then, in the same way of the Reynolds times averaging

methodology, the property ϕ can be separated in its volume-
averaged expression 〈ϕ〉i and its spatial deviation iϕ, as fol-
lows (de Lemos, 2012; Hsu & Cheng, 1990; Quintard &
Whitaker, 1994).

ϕ = 〈ϕ〉i + iϕ (A10)
In addition, for deriving operators Slattery (Slattery, 1967)

presents the following relationship to consider the flow of a
property between phases, as heat or surface forces.〈

∂

∂xi
(ϕ)

〉V
= ∂

∂xi

(
φ〈ϕ〉i)+ 1

ΔV

∫
Ai

nϕdsi (A11)

〈
∂ϕk

∂xk

〉V
= ∂

∂xk

(
φ〈ϕk〉i

)+ 1
ΔV

∫
Ai

n · ϕdsi (A12)

where n is the unitary normal vector, and ui the velocity phase
to the interfacial area Ai between the fluid and solid phases.

Time-average and spatial-average

To take into account the turbulent effects in porous media de
Lemos proposes a double decomposition in space and time as
follows (de Lemos, 2012).

ϕ = 〈ϕ + ϕ′〉i + i(ϕ + ϕ′) (A13)

then,
ϕ = 〈ϕ 〉i + 〈ϕ′〉i + iϕ + iϕ′ (A14)

where 〈ϕ〉i is the time and volume-averaged ϕ, 〈ϕ′〉i is the
volume-average of the time-fluctuation of ϕ, iϕ is the volume
deviation of the time-average of ϕ and iϕ′ is the volume-
deviation of the time-fluctuation of ϕ.

Appendix 3

Multiplying for uj and applying the spatial-averaging method
over the momentum transport equation, the relation used in
Equation (11) is determined as follows:

ρf
∂

∂t
(uj) + ρf uk

∂

∂xk
(uj) = ∂

∂xi
(σij) + ρf fi (A15)

φ

〈
uj
[
ρf

∂

∂t
(uj) + ρf uk

∂

∂xk
(uj)
]〉i

= φ

〈
uj
[

∂

∂xi
(σij) + ρf fi

]〉i
(A16)

φ

〈
ρf uj

∂

∂t
(uj) + ρf ujuk

∂

∂xk
(uj)
〉i

= φ

〈
uj

∂

∂xi
(σij) + ρf ujfi

〉i
(A17)

ρf φ

〈
uj

∂

∂t
(uj)
〉i

+ ρf φ

〈
ujuk

∂

∂xk
(uj)
〉i

= φ

〈
uj

∂

∂xi
(σij)

〉i
+ φ

(〈
uj
〉i〈 ∂

∂xi
(σij)

〉i

+
〈
i(uj)

i(
∂

∂xi
(σij)

)〉i⎞⎠+ φ
〈
ρf ujfi

〉i (A18)
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Appendix 4

From the Gibbs equation (Cantwell, 2018).

T
Ds
Dt

= De
Dt

+ P
D(1/ρ)

Dt
(A19)

T
Ds
Dt

= De
Dt

− P
ρ2

Dρ

Dt
(A20)

ρT
Ds
Dt

= ρ
De
Dt

− P
ρ

Dρ

Dt
(A21)

Appendix 5

Continuity andmomentum equations

∂ρf

∂t
+ ρf

∂

∂xk

(
φ 〈ūk〉i

) = 0 (A22)

∂
(
ρf φ〈ū〉i)

∂t
+ ρf

∂

∂xk

(
φ
〈
ūjūk

〉i)

= ∂

∂xi

(
−φ
〈
P̄
〉i
δij + φμ

(
∂〈ūi〉i
∂xj

+ ∂
〈
ūj
〉i

∂xi

)

− 2
3
φμ

(
δij

∂〈ūk〉i
∂xk

))

− ρf
∂

∂xk

(
φ
〈
uj′uk′

〉i)− φ

(
μf

k1
uD + ρf

k2
|uD|uD

)
(A23)

where ρf is the fluid density, ū the time-averaged velocity, u′

the velocity time-fluctuation term, φ the porosity, P̄ the time-
averaged fluid’s pressure and μ fluid’s viscosity.

The last two terms derive from the expressions (3) and
(4) applied to both surface force terms, pressure, and viscous

shear stress. They represent the interaction between the fluid
with the solid matrix as a drag force. Commonly are defined
as Darcy–Forchheimer terms (Pedras & De Lemos, 2001), as
follows:

R̄ = φ

(
μf

k1
uD + ρf

k2
|uD|uD

)
(A24)

The last two in (10) are determined experimentally, con-
sidering the Darcian velocity uD = φ〈ū〉i, where k1 and k2 are
correlation constants.

Energy equation

The energy equation is split into two parts to consider NTE (de
Lemos, 2012) between both phases (fluid and solid).

ρf cp,f

⎛
⎝∂

(
φ
〈
Tf
〉i)

∂t
+ ∂

∂xk

(
φ
〈
Tf uk

〉i)⎞⎠

= ∂

∂xk

(
φλf

∂
〈
Tf
〉i

∂xk

)
− ρf cp,f

∂

∂xk

(
φ
〈
Tf

′u′k
〉i)

+ hiai
(〈
Ts
〉i − 〈Tf

〉i) (A25)

ρscp,s
∂
(
(1 − φ)

〈
Ts
〉i)

∂t

= ∂

∂xk

(
(1 − φ)λs

∂
〈
Tf
〉i

∂xk

)
− hiai

(〈
Ts
〉i − 〈Tf

〉i) (A26)

where cp is the specific heat, λ the thermal conductivity, T̄ is
time-averaged temperature, T′ the temperature fluctuation in
time term, and the subscripts f and s are related to fluid and
solid phases, respectively.
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