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DEPARTAMENTO DE INGENIERÍA MATEMÁTICA
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SIMETRÍAS EN REDES NEURONALES SOBREPARAMETRIZADAS:
UNA MIRADA DE CAMPO MEDIO

Durante la última década, las Redes Neuronales Artificiales (NNs) han ganado gran populari-
dad por su éxito en aplicaciones prácticas como la visión computacional y el procesamiento
de lenguaje natural; sin embargo, la comprensión teórica de estos modelos es aún escasa en
general. Esta tesis pretende mejorar esta comprensión, estudiando el proceso de aprendizaje
de las NNs para entender cómo estas aprovechan las simetŕıas de un problema para mejorar
su rendimiento y poder de generalización.

Nuestro trabajo aborda dos temas principales: el análisis del ĺımite de Campo Medio (MF)
de las NNs, que provee una teoŕıa para entender el entrenamiento de redes de ancho infinito
(viéndolo como un proceso no lineal, más expresivo que otros reǵımenes sobreparametrizados
de la literatura); y el uso de técnicas como Data Augmentation, Feature Averaging o las NNs
Equivariantes para aprovechar las simetŕıas presentes en los datos de un problema.

El objetivo es comprender cómo se manifiestan las simetŕıas de los datos en el ĺımite
MF del entrenamiento de la NN: ¿Es también simétrico (en algún sentido) el proceso ĺımite?
¿Cómo se ve la dinámica ĺımite cuando se emplean técnicas para aprovechar las simetŕıas? ¿Se
logran mejores velocidades de convergencia global? ¿Aparecen estrategias de aprovechamiento
de simetŕıas significativamente mejores que otras? Nuestro trabajo proporciona las bases
teóricas para responder a estas preguntas, y las aborda, en su mayoŕıa, de forma efectiva.

La tesis se estructura en cuatro caṕıtulos principales: una revisión bibliográfica tanto
del ĺımite MF de NNs sobreparametrizadas, como del estudio de simetŕıas en NNs mediante
acciones de grupo en los Caṕıtulos 2 y 3; seguido por nuestras contribuciones principales en
los Caṕıtulos 4 y 5. Nuestros aportes incluyen la formalización de la noción de simetŕıa en el
contexto de NNs sobreparametrizadas (permitiendo caracterizar las NNs equivariantes en el
contexto MF), la exploración de propiedades de Transporte Óptimo para medidas invariantes
(y concentradas en subespacios), la adaptación de técnicas tradicionales de aprovechamiento
de simetŕıas al contexto MF, y el estudio exhaustivo de las propiedades de funcionales
simétricos, sus minimizadores y sus flujos de gradiente de Wasserstein (WGFs). En particular,
se demuestra que las funciones invariantes tienen minimizadores invariantes y producen
WGFs con trayectorias invariantes cuando se inicializan correctamente.

En resumen, esta tesis profundiza la comprensión acerca de cómo influyen las simetŕıas de
los datos en el entrenamiento de las NNs (en el ĺımite MF). Los resultados no solo contribuyen
al ecosistema de investigación teórica sobre redes neuronales, sino que también podŕıan dar
ideas prácticas para nuevas arquitecturas de NN y/o nuevos mecanismos de optimización.
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PROF. GUÍA: JOAQUÍN FONTBONA TORRES

SYMMETRIES IN OVERPARAMETRIZED NEURAL NETWORKS:
A MEAN FIELD VIEW

Over the last decade, Artificial Neural Networks (NNs) have gained widespread popularity
due to their success in practical applications ranging from computer vision to natural language
processing; the theoretical understanding of these models is, however, still largely unexplored.
This thesis aims to attack this problem by delving into the learning dynamics of NNs,
particularly studying how they can leverage problem-specific symmetries to improve their
performance and generalization power.

Our investigation revolves around two main themes: the analysis of the Mean Field
(MF) limit of NNs, which provides a simplified framework for understanding the training
process of infinitely wide networks (in a non-linear and arguably more expessive fashion than
concurrent overparametrized regimes); and the use of symmetry-leveraging techniques (such
as Data Augmentation, Feature Averaging and Equivariant Architectures) to profit from the
symmetries present in the training data.

Our objective is to understand how data symmetries impact the MF limit of NN training:
Is the limiting process also symmetric (in some sense)? Do traditional symmetry-leveraging
techniques change the limiting dynamics? Do they yield tighter convergence rates for the
known global convergence results? Are some symmetry-leveraging strategies significantly
better than others? Our work provides the theoretical grounds for answering these questions,
and effectively addresses most of them.

The thesis comprises four main chapters: a literature review on the MF Limit of shallow
NNs and the group-theoretical understanding of symmetries in NNs in Chapters 2 and 3,
followed by the bulk of our novel contributions in Chapters 4 and 5. These include formalizing
the notion of symmetry in NN learning tasks (allowing us to characterize equivariant NNs
within the usual MF framework), exploring Optimal Transport properties of invariant (and
subspace-concentrated) measures, adapting traditional symmetry-leveraging techniques to the
MF setting, and thoroughly studying properties of symmetric functionals, their minimizers
and their Wasserstein Gradient Flows (WGFs). Notably, we show that invariant functionals
have invariant minimizers and produce invariant WGF trajectories when initialized correctly.

In summary, this thesis develops significant (and novel) theoretical contributions that
deepen our understanding of how data symmetries impact NN training at the MF level.
The findings not only contribute to the theoretical landscape of NN research but could also
eventually offer practical insights for novel NN architectures and optimization mechanisms.
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Chapter 1

Introduction

Despite their overwhelming success in practice, artificial neural networks (NNs) remain a
mystery from a theoretical point of view. At present, very few mathematical results exist
to explain their effectiveness. In this context, this thesis investigates the learning process of
NNs, and how they can exploit a problem’s symmetries in order to improve their performance
and generalization power.

In particular, the data of a problem could be known to respect some sort of symmetry :
for instance, the task of detecting whether a dog is present (or not) in a given image should
be independent of the orientation of said image. We use group theory (more specifically
group actions to encode such symmetries in a mathematical fashion. In particular, the dog
detection task previously described would be defined as invariant with respect to the action
of the group of rotations of the plane (or simply, rotation-invariant). Analogously, if we cared
about the specific absolute position of the dog in the picture (with respect to the origin), this
would be a rotation-equivariant task, meaning that a rotation on the input is expected to
result in an equal rotation of the output of the task.

There are multiple techniques that allow NNs to take advantage of a problem’s symmetry,
most notably we have (among many others) Data Augmentation (DA) and Feature Averaging
(FA). These techniques involve trying to drive the NN into respecting the symmetries, but
without necessarily harnessing this invariance to simplify the model at hand. NN Models
that are hardwired to respect the symmetries of a problem (for instance, through parameter-
sharing) correspond to what we call equivariant architectures of NNs (EA). These kinds of
architectures are actually widely used in practice, and many well-known NN models are based
upon this concept (such as CNNs, Transformers, GNNs, among many others).

On the other hand, we have what’s known as the Mean Field (MF) limit of NNs; a
theoretical framework that attempts to mathematically understand how NNs learn in an
overparametrized setting. This formalism considers NNs which can be taken to have infinite
width, in turn allowing for a conceptual simplification of their training process. The complex
optimization procedure driven by Stochastic Gradient Descent (SGD) for finite networks,
is replaced (in the limit) by a stochastic process driven by a partial differential equation
(PDE) that’s conceptually easier to solve. Particularly, under certain assumptions, it is
known that this mean field limit training process can converge to the global optimum of the
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learning problem. Despite other interesting approaches for overparametrized models (such
as Random Features or the famous Neural Tangent Kernel), the MF limit seems to give
the most meaningful insight on how SGD makes the parameter distribution evolve towards a
global minimum during training.

With both the concept of the MF limit of NNs and the idea of exploiting the problem’s
symmetry to build better models, we can state this work’s objectives. We hope to understand
how data symmetries could have an impact on the MF limit of NN training. More specifically,
we seek to answer whether the limiting process could also be symmetric (in some sense)
whenever the input data is; whether the use of symmetry-leveraging techniques could allow a
model to profit from data symmetries at the MF level (e.g. Do the limiting dynamics change?
Do we get tighter convergence rates for the known global convergence results?); and whether
this allows us to significantly distinguish a preferred symmetry-leveraging strategy amongst
them (i.e. is there any one that’s significantly better than the rest?).

Providing satisfactory answers to these questions could eventually be useful for the
design and training of more efficient and accurate NNs in the future; potentially generating
a significant impact on a wide range of very relevant practical applications ranging from
computer vision to natural language processing.

With this in mind, throughout our work, we will provide the necessary theoretical grounds
for effectively addressing (and hopefully answering) most these questions. All in all, the main
contributions of our work are the following:

• We provide a unified framework under which the MF theory of shallow NNs can be
understood. In the process, we slightly extend some relevant results from the literature
to fit into this unified setting (e.g. see Theorem 1, Proposition 10, among others).

• We describe some of the main elements from the theory of symmetry-leveraging in
learning problems; notably, providing an extension of a known result regarding the
symmetrization gap (Lemma 10).

• We generalize the notion of an equivariant NN architechture to the setting of shallow NN
models used in the traditional MF theory. We prove that this definition is consistent,
and that it satisfies relevant properties in our context (see Section 4.1).

• We thoroughly describe the spaces of G-invariant probability measures and probability
measures concentrated on EG (subspace of G-equivariant parameters), along with some
of their interesting properties (Proposition 25, Lemma 13 and Proposition 26). We also
characterizeG-invariant measures as equivalent tomeasures over GzZ (Proposition 28).

• We prove key properties of differentials and integrals of equivariant functions (Section 4.3).

• We prove a variant of Jensen’s inequality (Proposition 32) and use it to show that
G-invariant functionals over the space of probability measures can be minimized over
the space of G-invariant measures (Proposition 33). We provide a counterexample of
the analogous result for measures concentrated on EG (Proposition 35), and a way to
avoid it when universality holds (Proposition 36).

• We translate the main symmetry-leveraging techniques to the MF setting (Proposition
40), and show that optimizing underDA or FA is esentially equivalent (Proposition 42).
We also provide a bound in the case of approximately invariant data (Proposition 44).
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• We prove that, when the initial condition (i.c.) is G-invariant, WGFs of G-invariant
functionals have G-invariant trajectories (Theorem 14). We prove that an analog holds
whenever the i.c. is concentrated on EG (Theorem 15). We finally show that the DA
and FA training dynamics exactly coincide under a G-invariant i.c. (Corollary 14).

We will establish these contributions along the main chapters of this work, which we desribe
in the following paragraphs to provide the reader with a roadmap of this thesis:

Chapter 2 presents a thorough review of the literature on the topic of the Mean Field
(MF) Limit in the context Overparametrized Neural Networks (NNs), as well as
most relevant theoretical elements for defining such an object. Many known results from the
literature are presented, though some are adapted and generalized to make them fit into a
unified general setting we try to establish.

Chapter 3 presents the ideas behind the group theoretical understanding of symmetries
in the context of Neural Networks. It displays both relevant theoretical results from the recent
literature (concerning invariant/equivariant functions and measures), as well as some of the
most popular techniques used to leverage a problem’s symmetries in practical applications.
Beyond introducing many key elements from the literature, we also prove an extension of a
known result regarding the symmetrization gap of a learning problem.

Chapter 4 starts presenting the results from our own study of symmetries in the NN
context, with an Optimal transport (OT) and Mean Field view. In particular, a notion of
equivariant NN is introduced in the shallow NN/MF setting, with some of its basic properties
being proven. Many OT properties from invariant (and subspace-concentrated) measures are
proved, and similar work is done for the derivatives/integrals of equivariant functions. Finally,
functionals over the space of probability measures are heavily studied, particularly proving
that invariant functionals have minima that correspond to invariant measures (however, not
necessarily concentrated on the subspace of equivariant parameters).

Chapter 5 culminates our work by employing the discovered facts from all previous
chapters to prove properties of the WGF of G-invariant functionals. In particular, some usual
notions fromChapter 3 (notably, model symmetrization,DA, FA and EA) are reintroduced
in our setting and studied under this new lens. One of the main results states that the WGF of
an invariant functional remains invariant overtime whenever the initialization is invariant as
well. Furthermore, it is proven that whenever the initialization is concentrated on the subspace
of equivariant parameters, then the subsequent flux remains concentrated there overtime. A
similar result is derived in order to compare DA and FA under an invariant initialization.

Chapter 6 provides a natural conclusion to our work, gathering and summarizing the
bulk of our original contributions. It also contains a compilation of open questions to be
attacked in our future work.

Finally, the Annexes provide illustrative examples of our work, together with all the
relevant proofs and technical assumptions of the presented results. In particular, Annex A
contains a reading guide which provides further details about the structure and contributions
of this work. The interested reader shall look into it for a more complete description.
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Chapter 2

Learning with Neural Networks

2.1 General Supervised Learning Problem

Given measurable spaces X (the space of features) and Y (the space of labels), we consider
data of the form pX, Y q P X ˆ Y following a certain joint probability distribution π P

PpX ˆ Yq. The generic supervised learning problem, is one in which we try to find the best
possible model that will allow us to predict, from a given feature X, what the associated label
Y is.

More specifically, we fix a subset of all possible measurable functions from X to Y ,
F Ď MpX ,Yq, (which we call the hypothesis set) from where we’ll pick our model. To
determine the fitness of a model f P F for the task at hand, we consider a given loss function
ℓ : Y ˆ Y Ñ R`, which will measure, for a given sample pX, Y q P X ˆ Y , how far off our
model prediction, fpXq, is from the real value of the label, Y .

To find a model that will work well for any sample drawn from π, we will try to minimize
the expected error, which we call the population risk (or also, generalization error), R. i.e.
for a given model f P F we will evaluate:

Rpfq “ EpX,Y q„πrℓpfpXq, Y qs

We say that a model which minimizes such risk “generalizes well” to any sample drawn from
the data distribution.

In practice, however, it will be impossible to have access to the law of the data (π); so a
good model must be found just from a given i.i.d. sample of data S “ pXk, Ykqmk“1. That is,
we have to fix some algorithm A :

Ť

mPNpX ˆ Yqm Ñ F that will allow us to find, for any
sample S (of any size), a good model ApSq P F .

The most popular heuristic for such a problem is to simply choose the model that
minimizes the empirical risk with respect to the sample, R̂S. i.e. for a given model
f P F and sample S, we will evaluate:

R̂Spfq “
1

m

m
ÿ

k“1

ℓpfpXkq, Ykq

4



The hope is that, for a large amount of collected data, this quantity will approximate R. We
say that a model that minimizes R̂S adjusts well to the data (which doesn’t necessarily mean
that it will generalize well).

With all these elements in mind, we can define a supervised learning problem more
precisely:

Definition 2.1 [Supervised Learning] Given a data distribution π P PpX ˆ Yq, we aim

to find a model rf P argminfPF Rpfq (i.e. that generalizes well).

As, in practice, we don’t have access to the data distribution π, we approximate such a
solution by minimizing the empirical risk (with respect to a given sample S drawn from π);
i.e. f̂ P argminfPF R̂Spfq.

In practice, in order to have computable algorithms, we usually restrict ourselves to
hypothesis sets F that are parametric, and the optimization R̂S is done through some
sort of gradient descent scheme such as Stochastic Gradient Descent (SGD) (we will
elaborate on the specifics of this method later on). This optimization of the empirical risk
is what’s known (in practice) as the training of a model. In particular, one of the most
popular approaches for solving supervised learning problems (specially in recent years) has
been to consider the class FΘ of multilayer neural networks.

2.1.1 Multilayer Neural Networks

First, consider the following definition of what we will consider as a neural network in this
work:

Definition 2.2 [Fully-Connected Multilayer Neural Network] A neural network (NN)
with L P N hidden layers is a function between X “ Rd0 and Y “ RdL, composed of a
collection of affine computing units combined with sequential nonlinear activation functions
(see illustration in Figure 2.1). Particularly, a fully-connected multilayer NN is such that,
for each layer ℓ P rLs :“ t1, . . . , Lu:

• A number of “neurons” Nℓ P N in the layer (such that N0 “ d0 and NL “ dL).

• An activation function σpℓq : RNℓ ÝÑ RNℓ, which is often taken to be non-linear.

• “Parameters” θpℓq :“ pWℓ, bℓq P RNℓbNℓ´1 ˆRNℓ (which we’ll use to construct our “affine
computing units”).

We denote N :“ pNℓq
L
ℓ“0 and σ :“ pσpℓqqLℓ“1, which are the parameters that define the

architecture of the network. We similarly define ΘLpNq :“
śL

ℓ“1RNℓbNℓ´1 ˆ RNℓ, and we
consider the vector containing all of the network’s parameters as θ “ pθpℓqqLℓ“1 P ΘLpNq.

Then, given a fixed architecture, A “ pN, σq, a Neural Network with parameter θ is
the function: ΦA

θ : RN0 Ñ RNL such that for all x P RN0:

x0 “ x, xℓ “ σpℓq
pWℓxℓ´1 ` bℓq @ℓ P t1, . . . , Lu, ΦA

θ pxq “ xL
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Figure 2.1: Diagram of a Multilayer Neural Network (with L “ 3). Image taken from [23].

Neural Networks correspond to a specific type of model, which has received increased
popularity over recent years due to its success on different kinds of complex tasks (from image
classification to natural language processing). In particular, they take part in the previously
described general supervised learning setting, as a specific kind of parametric hypothesis set
from where we shall pick the best possible model. More concretely, we consider the hypothesis
set of all possible multilayer neural networks, parametrized by Θ :“

Ť

LPN
Ť

NPNL ΘLpNq;
given by:

FΘ :“ tΦθ : θ P Θu

It is known, as shown in Hornik et al. [37], that this collection of neural network
models with arbitrary number of parameters possesses good properties of universal
approximation (i.e. any continuous function on a compact set can be approximated arbitrarily
well by using NNs). In particular, it is enough to consider neural networks with a single hidden
layer (L “ 2 in our setting) to have such a universal approximation property.

As for the focus of our work, we will be interested in understanding the behavior of
Neural Network models during their training process (where data is used to adjust the
chosen parameters in order to minimize the empirical risk of the problem). In particular, it
will be interesting to assess how close this training process can get us from actually
minimizing the generalization error of the learning problem.

2.2 Mean Field Limit of Shallow Neural Networks

The problem of understanding the training of NNs is highly complex. We are seeking the
optimal parameter such that the resulting network will become a good model for predicting
the given data distribution. Unfortunately, the function θ ÞÑ Eπ rℓpΦpX, θq, Y qs we are trying
to optimize is highly non-convex, and thus no global minimization guarantees can be easily
deduced.

A strategy to escape the issue of non-convexity, is to take an asymptotic limit of the
neural network. More concretely, consider the following setting, which has been intensely
studied in the NN literature: (real-valued) neural networks with 1 hidden layer (i.e. L “ 2
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Figure 2.2: Figure taken from [75]. Here, a Bayesian Network of outputs y1, y2 is displayed;
as the amount of hidden layers increases, the output distribution (denoted ppy1, y2q) becomes
smoother (it actually becomes Gaussian; what’s known in the literature as a Neural Network
Gaussian Process).

in the model of Section 2.1.1). This is what’s usually referred to as the setting of shallow
NNs. Now, in order to establish some asymptotic result for these NN models, we can re-write
them (slightly changing the notation from previous section, and considering d0 “ d P N˚,
d1 “ N P N˚, dL “ 1 and σ : R Ñ R) as:

ΦN
θ : Rd

Ñ RN
Ñ R

x ÞÑ
1

N

N
ÿ

i“1

σ˚px; θiq

where σ˚px; θiq “ wiσpAi ¨ x ` biq, θi “ pwi, Ai, biq P RD :“ Rd`2 and θ :“ pθiq
N
i“1 P pRDqN .

This corresponds exactly to what was introduced in section 2.1.1, but rewritten in a way
as to emphasize the role of the N P N˚ hidden units in the single hidden layer. In particular,
we will be interested in taking the limit as N Ñ 8, under which the behavior of the network
will become smoother in some sense. This idea is illustrated in figure 2.2, where one can see
how in the limit of infinitely-many hidden units the objects involved seem to become better
behaved (in some sense). In this way, one would expect to leverage the nicer properties of the
asymptotic network, in order to obtain better guarantees for the training of the finite-width
networks.

Some of the most usual infinite-width limits that have been studied in the literature are
the so-called Random Features (RF) of NNs (see Lee et al. [51], de G. Matthews et al.
[22], Novak et al. [64], Garriga-Alonso et al. [35]), the Neural Tangent Kernel (NTK) (see
Jacot et al. [41], Arora et al. [4], Li et al. [52]), and the Mean Field (MF) limit of NNs
(driven by Mei et al. [57], Sirignano and Spiliopoulos [78], Chizat and Bach [16], Rotskoff
and Vanden-Eijnden [72] and widely developed since then).

All these regimes allow us to connect the training of wide NNs with other mathematical
objects of interest, such as Gaussian processes (forRF), the theory of RKHS 1 (for theNTK)
or Wasserstein gradient flows (for the MF limit). The difference between the obtained
asymptotic regimes comes from the initial assumptions that have to be made when taking
the limit. In particular, very restrictive assumptions will lead to relatively limited asymptotic
regime for the network. For instance, the RF limit involves only training the last layer of

1Reproducing Kernel Hilbert Space, see Hofmann et al. [36] for a reference
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the network (making the problem convex, but undercutting the model’s expressivity); and
similarly, in theNTK limit, the asymptotic training dynamic, though simpler to theoretically
understand, is one of lazy training (i.e. the distribution of parameters does not globally
change overtime). Under the lens of such limitations, the MF limit appears as a reasonable
alternative, where the limiting training dynamic involves a significant evolution of the parameter
distribution (through a Wasserstein Gradient Flow), without many theoretical drawbacks.
This work will therefore focus on studying the MF limit of neural networks and its properties
(particularly under the lens of symmetries in the data distribution).

2.2.1 Theory of the Mean Field Limit of Shallow Neural Networks

The main theory to be considered in what follows, is that of the mean field (MF) limit of
shallow neural networks. Though some insights will be given for the multilayer case, the
extension of our results to the multilayer setting will be left as future work. The following
analysis of the state of the art on the topic is based on the original works (in which the topic
was introduced) of Mei et al. [57], Sirignano and Spiliopoulos [78], Rotskoff and Vanden-
Eijnden [72] and Chizat and Bach [16]. These are complemented by more recent extensions
of the original results, such as Mei et al. [58], Sirignano and Spiliopoulos [81], Chen et al.
[15], Bortoli et al. [9] and Descours et al. [24]; as well as the global convergence guarantees
(for the Langevin Dynamics of the regularized problem), as in Hu et al. [38], Chizat [17],
Chen et al. [13] and Nitanda et al. [63]. This review tries to be as extensive as possible (with
necessary complements included in Chapter D), but further insight shall be sought in the
original material.

The macroscopic idea of the Mean Field limit for networks with 1 hidden layer is that,
under a suitable scaling limit (where both the width of the network and the number of SGD
iterations go to infinity), the training dynamics with SGD are asymptotically governed by a
non-linear PDE corresponding to a Wasserstein gradient flow for a convex risk function
in the space pP2pZq,W2q. Under the favorable regularization conditions of the problem (e.g.
considering the Langevin Dynamics of SGD), it can also be shown that the limit dynamic in
the Wasserstein space converges (as t Ñ 8) to the global minimum of the regularized
problem.

More specifically, let X be a subset of Rd (the feature space), Z be a subset of RD (the
parameter space) and Y be a subset of R (the label space). Consider a shallow NN given by:

ΦN
θ : X Ñ Y

x ÞÑ
1

N

N
ÿ

i“1

σ˚px; θiq

where N P N˚ is the number of hidden units, and σ˚ : X ˆ Z Ñ Y is what the literature
on the topic refers to as the activation function (or simply unit). This naturally describes a
shallow NN (as introduced in the previous section) by setting σ˚px; θiq “ wiσpAi ¨x`biq, with
θi “ pwi, Ai, biq P RD :“ Rd`2 “ Z and θ :“ pθiq

N
i“1 P pZqN . However, this description allows

for other settings of interesting models, as radial basis function networks, the deconvolution
of sparse spikes, density estimation via maximum mean discrepancy minimization (see [72,
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16, 82]). This model even serves to account for deeper Neural Networks (with a particular
structure) by defining σ˚ appropiately (the reader shall seek further reference in Rotskoff
and Vanden-Eijnden [72]). Despite this flexibility, we will refer to the general model (with
arbitrary σ˚) simply as the shallow NN model or the overparametrized NN model for the rest
of the work.

2.2.2 Universality

Notice that, for a given θ “ pθiq
N
i“1 P pZqN , the network ΦN

θ can be seen as an integral against
the empirical measure associated with θ, νNθ “ 1

N

řN
i“1 δθi . More specifically2:

@x P X , ΦN
θ pxq “ xσ˚px; ¨q, νNθ y

This immediately allows a connection to the theory of Barron Spaces, as described in multiple
papers following Barron [6]. Consider MSpZq the space of (signed) Radon measures3

over Z with finite total variation, and define the space of functions that can be realized
as integrals of the unit against a measure in MSpZq (sometimes denoted F1):

Fσ˚
pMS

pZqq “ tf : X Ñ Y | Dγ P MS
pZq, fp¨q “

ż

Z
σ˚p¨, zqγpdzqu

This functional space might seem somewhat restricted ; however, as stated in Rotskoff
and Vanden-Eijnden [72] (and coming previously from Cybenko [20], Barron [6], Park and
Sandberg [67]), it has enough expressiveness to achieve universality, i.e. Fσ˚

pMSpZqq is
actually dense in L2pX ,Y ;µq. We will give a proof to a slightly stronger version of this
fundamental result, as it will be useful in the general setting we want to establish. For
this, consider the following assumptions (the original ones employed in Rotskoff and Vanden-
Eijnden [72] shall be found in section C.1):

Assumption 1 Let πX P PpX q, and X , Y and Z be subsets of general separable Hilbert
spaces. Consider that:

• Z is compact.

• πX ´ a.s. @x P X , σ˚px, ¨q is continuous (which we denote σ˚px, ¨q P CpZ,Yq).

• The function x ÞÑ suppz,z1qPZˆZxσ˚px; zq, σ˚px; z1qyY is in L1pX ,R; πX q

• σ˚ is discriminating, in the sense that4:

“

@z P Z, xg, σ˚p¨; zqyL2pX ,Y;πX q “ 0
‰

ùñ rg “ 0 πX ´ a.e. in X s

2An alternative scenario would be to have Z “ RˆZ̃ and for any pwi, θ̃iq P Z, σ˚px; pwi, θ̃iqq “ wiσ̃˚px; θ̃iq

defining γN
θ “ 1

N

řN
i“1 wiδθ̃i , which is a signed measure on Z̃ such that: @x P X , ΦN

θ pxq “ xσ̃˚px; ¨q, γN
θ y. To

simplify notation we won’t state such a difference explicitly, but rather assume clarity from context.
3We consider signed radon measures, to allow for a free linear coefficient in front of σ˚, letting the integral

xσ˚, γy be potentially unbounded even when σ˚ is bounded.
4Note that the inner product in L2pX ,Y;πX q is introduced. It is defined as xf, gyL2pX ,Y;πX q “

ş

X xfpxq, gpxqyYπX pdxq
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Remark About these assumptions, we can say that:

• Assuming the compactness of Z (which might be seen as a strong assumption) isn’t
completely hurtful in this setting, as the universality result will give us a signed
measure to approximate the relevant functions. Therefore, despite this assumption
(together with continuity) forcing σ˚px, ¨q to be bounded, the free signed coefficient
coming from the signed measure will allow us to be able to approximate even unbounded
target functions.

• As it is stated, the discriminating assumption for σ˚ might be different from the usual
discriminating assumption employed in the literature, which states that a function
σ : R Ñ R is discriminating if @µ P MSpX q:

ż

Rd

σpaTx ` bqdµpxq “ 0 @a P Rd, @b P R ùñ µ ” 0

However, such an assumption is actually stronger that the one we’re currently considering:

Proposition 1 Consider traditional setting of shallow neural networks. i.e. Let X “

Rd,Y “ Rc and Z “ Rcˆb ˆ Rdˆb ˆ Rb, and σ˚ : X ˆ Z Ñ Y be defined as:

@x P X , @θ “ pw, a, bq P Z, σ˚px; θq :“ wσpaTx ` bq

for σ : R Ñ R an activation function that’s applied pointwise (i.e. @z P Rb, pσpzqqi “

σpziq @i P t1. . . . , bu).

Assume that σ is discriminatory in the sense that @µ P MSpX q:
ż

Rd

σpaTx ` bqdµpxq “ 0 @a P Rd, @b P R ùñ µ ” 0

Then, σ˚ is discriminatory in the sense of assumption 1:
“

@z P Z, xg, σ˚p¨; zqyL2pX ,Y;πX q “ 0
‰

ùñ rg “ 0 πX ´ a.e. in X s

Proof. See Annex C.1.

With Assumption 1 in place, we proceed to prove the following results (which are standard
in the neural network literature). The proof is esentially the same as in Rotskoff and Vanden-
Eijnden [72], only with a few variations accounting for the fact that we work with Bochner
Integrals. We do include the proofs for completeness:

Proposition 2 Under assumption 1, the space Fσ˚
pMSpZqq is a linear subspace of L2pX ,Y ; πX q.

Proof. See Annex C.1.

From there, we get the desired universality result:

Theorem 1 (Universality) Under assumption 1, Fσ˚
pMSpZqq is a dense subspace of

L2pX ,Y ; πX q (in the Bochner L2-norm topology).
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Proof. See Annex C.1.

This result is a key part of the current theoretical understanding of NNs and their
approximation power: despite the simplicity of the shallow NN model, when σ˚ and Z
satisfy good properties, any square-integrable function from X to Y can be approximated by
functions in Fσ˚

pMSpZqq. This result established with a general Z will be really useful, in
particular when considering parameters that constitute equivariant NNs (which will soon
be introduced).

Now, functions in Fσ˚
pMSpZqq aren’t by themselves the most interesting objects. We

want to know whether a given class of finite-width neural networks is universal or not. That
is, consider5:

Nσ˚
pZq :“

#

f : X Ñ Y | DN P N, Dpci, θiq
N
i“1 Ď R ˆ Z, fp¨q “

1

N

N
ÿ

i“1

ciσ˚p¨; θiq

+

It is clear thatNσ˚
pZq Ď Fσ˚

pMSpZqq (by considering the empirical measure of the parameters:
1
N

řN
i“1 ciδθi). As noted in Rotskoff and Vanden-Eijnden [72], any function in Fσ˚

pMSpZqq

can be approximated (pointwise) with a sequence of shallow NNs with finitely many units :

Proposition 3 Under assumption 1, for any f P Fσ˚
pMSpZqq, there exists pcn, θnqnPN Ď Rˆ

Z such that we can define a finite neural network: @x P X , fnpxq “ xσ˚px, ¨q, 1
n

řn
i“1 ciδθiy “

1
n

řn
i“1 ciσ˚px; θiq; that satisfies:

fn
nÑ8

ÝÝÝÝÝÑ
πX ´a.s.

f

If we further assume πX to be compactly supported, this convergence holds in LppπX q, @p ě 1

Proof. The proof is included in Annex C.1 for completeness.

This result shouldn’t be surprising, as it comes naturally from applying the LLN (though
making this explicit isn’t completely trivial). It also allows us to state a more down-to-earth
universality result:

Corollary 1 If assumption 1 holds and πX is compactly supported, then: Nσ˚
pZq is dense

in L2pX ,Y ; πX q.

Proof. See Annex C.1.

2.2.3 Learning Problem

Besides the good approximation properties of the shallow NN model from a functional
perspective, we are interested in its capabilities for solving a given statistical learning problem.

5Recall, as mentioned when introducing Barron Spaces, that the linear coefficient is included to allow
these models to be unbounded even when σ˚ might be bounded. Further in the thesis, we will limit our scope
to probability measures over Z, and so our notation might be adapted (this will be made clear later on).
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Assume that we have a probability law π P PpX ˆ Yq that models our data distribution
(i.e. our data samples will distribute as pX, Y q „ π). Let ℓ : YˆY Ñ R be a loss function6,
typically taken to be convex (at least in one of its arguments). A really common choice in
the literature for such a function, is the quadratic loss ℓpy, ŷq “ 1

2
}y ´ ŷ}2Y .

We are interested in obtaining a neural network model with good generalization power;
i.e. if we consider the population risk associated to a given measurable function f : X Ñ Y
(a model, also denoted f P MpX ,Yq) as:

Rpfq “ EpX,Y q„πrℓpfpXq, Y qs

we are interested in finding a good set of parameters θ P ZN (with N P N) such that the
obtained NN model will minimize the population risk RpΦN

θ q.

Now, recall that the problem of finding infθPZN RpΦN
θ q is highly non-convex due to the

introduction of non-linearities through the activation function. Fortunately, in the setting of
shallow NNs we can reformulate it recalling that for any θ P ZN and x P X :

ΦN
θ pxq “ xσ˚px; ¨q, νNθ y

where νNθ “ 1
N

řN
i“1 δθi is the empirical measure associated with θ. So, instead of seeing this

as an optimization problem over the space of parameters, we can see it as an optimization
problem over the infinite-dimensional space of probability measures, by considering the
population risk functional (with a slight abuse of notation) as R : PpZq Ñ R, given by7:

Rpµq :“ Eπrℓpxσ˚pX; ¨q, µy, Y qs

We then rephrase our problem as that of finding infµPPpZq Rpµq. The advantage is that,
beyond the more abstract setting, the functional over probability measures may satisfy good
properties. For instance, it is standard to notice that:

Proposition 4 Let X ,Y and Z be subsets of separable Hilbert spaces, π P PpX ˆ Yq and
ℓ : Y ˆ Y Ñ R. Consider R : MpZq Ñ R defined as Rpµq :“ Eπrℓpxσ˚pX; ¨q, µy, Y qs, @µ P

MpZq. If we suppose that ℓ is convex on its first argument, then R is convex (as a
function), meaning that: @λ P r0, 1s, @ν, ν̃ P MpZq

Rpλν ` p1 ´ λqν̃q ď λRpνq ` p1 ´ λqRpν̃q

Now, beyond the convexity of R in this setting, when the loss is chosen to be quadratic
(even when Y is a general separable Hilbert space), solving the learning problem becomes
essentially a problem of function approximation. In particular, it is a known fact that
whenever π|Y has second order moments (and the quadratic loss is considered), the population
risk allows for the following decomposition:

Lemma 1 Let X ,Y be subsets of separable Hilbert spaces, let π P PpX ˆYq be such that π|Y
has finite second order moment, and consider the quadratic loss ℓpy, ŷq “ 1

2
}y ´ ŷ}2Y . Then,

6In general, it’s simply a function that allows to measure similarity between elements of Y.
7We shall indistinctly consider it as a functional over the space of all positive Radon measures over

Z, MpZq. i.e. as R : MpZq Ñ R.
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for any measurable f : X Ñ Y:

Rpfq “ Eπr}Y ´ fpXq}
2
Ys “ R˚ ` Eπr}f˚

pXq ´ fpXq}
2
Ys

where f˚pxq :“ EπrY |X “ xs and R˚ is the Bayes risk of the problem (R˚ “ minfPMpX ,Yq Rpfq).
Furthermore, f˚ P MpX ,Yq is the unique (π|X -a.e.) minimizer of R over MpX ,Yq.

Proof. We include the proof (which is standard) in section C.2 for completion.

As noted in Mei et al. [58], this decomposition allows (under suitable universality conditions)
for a dimensionless approximation bound (coming from Barron [6]) given by:

inf
θ
RpΦN

θ q ď R˚ `
1

N

ˆ

2r

ż

}ω}2|F ˚
pωq|dω

˙2

where F ˚ is the Fourier transform of f˚, and r “ supxPsupppπ|X q }x}2. In other words, when
universality conditions hold (such as those of theorem 1), we could (at least theoretically)
achieve an arbitrarily small population risk (up to R˚). We state this result in the context
of universality of shallow NNs as defined in this work:

Lemma 2 Consider the quadratic loss and let π P PpX ˆYq, s.t. π|Y has finite second order
moment. Let assumption 1 hold (in particular, Fσ˚

pMSpZqq is universal by Theorem 1),
then:

inf
fPFσ˚ pMSpZqq

Rpfq “ inf
γPMSpZqq

Rpγq “ R˚

Now, if this minimum is attained at some µ˚ P MSpZq, then

@x P X πX -a.e., xσ˚px, ¨q, µ˚
y “ f˚

pxq “ EπrY |X “ xs

i.e. the optimal model can be realized in Fσ˚
pMSpZqq

Remark 1. In what will follow, the analysis of the functional R : MSpZq Ñ R will be
restricted exclusively to probability measures over Z (i.e. R : PpZq Ñ R). This can
be done WLOG (as noted in Chizat and Bach [16] in what they refer to as the partial
1-homogeneous case) by considering Z̃ “ R ˆ Z and σ̃˚ : X ˆ Z̃ Ñ Y defined by:
σ̃˚px, pc, θqq “ cσ˚px, θq @x P X , @c P R, @θ P Z. Possible restrictions will appear at
instances where, for instance, we might assume Z to be compact (as in assumption 1);
however this won’t be the standard in the rest of our work. In any case, one shall notice
that:

inf
γPMSpZq

Rpγq “ inf
µPPpZ̃q

R̃pµq

We will make the distinction in the relevant cases (as is the case here), but we’ll drop

the p̃¨q in upcoming sections.

2. The fact that the value of the infimum infγPMSpZq Rpγq might be attained is not at all
trivial: despite the fact that the lower semicontinuity of R is more or less well known
(we’ll check it out later), checking some sort of coercivity condition for R is quite tricky,
and it might require for restrictive assumptions.
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In particular, if any infimizing sequence pγnqnPN is to be relatively compact in MSpZq,
it must satisfy that DM ą 0, Dn0 P N, @n ě n0, |γn|TV ď M . However, bounding
the sequence in this manner would make it impossible for rx ÞÑ xσ˚px, ¨q, γnys (with
bounded σ˚, which is often assumed) to arbitrarily approximate f˚ in L2, as f˚ might
be unbounded in principle.

We suggest that for a compactly supported π P PpX ˆ Yq (which makes f˚ essentially
bounded), a potential result might follow by considering Fσ˚

pMS
MpZqq, the space of

signed measures over Z with total variation bounded by some constant M ą 0 (which
is a compact space, seen as a closed subset of Ppr´M,M s ˆ Zq)8. We were unable to
prove this for the time being, and will leave it to future work.

The even more difficult question of whether assuming universality (under potentially
more general conditions than Assumption 1) allows for this infimum to be attained (for
potentially unbounded σ˚); is also still open and to be developed in future work.

3. If we assume πX to be compactly supported, by corollary 1, we can adapt the proof to
ensure that the infimum is taken over the shallow neural networks of finite width. i.e.:

inf
γPMSpZqq

Rpγq “ inf
fPNσ˚ pZq

Rpfq “ R˚

4. One could reasonable wonder whether some kind of converse statement holds true. That
is, if @π P P2pX ˆYq there exists µ P MSpZq such that @x P X πX -a.e., xσ˚px, ¨q, µ˚y “

f˚pxq “ EπrY |X “ xs; then, the class Fσ˚
pMSpZqq is universal. We have tried to tackle

such question without significant results; so we will leave its exploration to future work.

As told in the previous observation, from this point onward, we will drift from the
universality analysis, and turn our focus into the properties of the convexified optimization
problem over the space of probability measures: infµPPpZq Rpµq :“ Eπrℓpxσ˚pX; ¨q, µy, Y qs. For
this, the context of Optimal Transport Theory (particularly, the idea of Wasserstein Spaces)
will be of key relevance. A good review of the general topic may be found in Santambrogio
[73], Villani [88] or Ambrosio et al. [1]. We do however include some essential definitions and
properties that shall be useful to our work.

2.2.4 Wasserstein Spaces

If PpZq is the space of probability measures over a separable Hilbert space Z (with norm
} ¨ }; we often consider Z “ RD), let p ě 1, and define the space of probability measures with
finite p-th moment as:

PppZq :“

"

µ P PpZq :

ż

Z
}θ}

pµpdθq ă `8

*

This space can be endowed with the Wasserstein metric, defined @µ, ν P PppZq as:

Wppµ, νq :“

„

inf
γPΠpµ,νq

Eγr}X ´ Y }
p
s

ȷ
1
p

8Taking from the previous observation, it is equivalent to assuming Z̃ to be compact and optimizing R̃
over the compact space PpZ̃q.
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Where Πpµ, νq is the space of couplings between µ and ν. i.e. Πpµ, νq :“ tP P PpZ ˆ Zq :
PX “ µ, PY “ νu. It is a known result that the infimum involved in the definition ofWppµ, νq

is always attained at some (possibly non-unique) γ P Πpµ, νq (see Villani [87], Chapter 1).
In Z “ RD, whenever at least one of the measures involved (e.g. µ P PpZq) gives zero mass
to Borel sets of Hausdorff dimension (at most) D ´ 1 (e.g. if µ≪ λRD), then by Brénier’s
Theorem we know that the optimal coupling is unique and given by pIdˆ∇φq#µ, where φ
is some convex function such that ∇φ#µ “ ν (see Villani [87], McCann [56]).

Beyond this properties, we have that @µ, ν P PppZq, W1pµ, νq ď Wppµ, νq; and that for
p “ 1, the Kantorovich-Rubinstein dual formulation holds (when µ and ν have bounded
support as shown in Ambrosio et al. [1]):

W1pµ, νq “ sup
}f}Lipď1

ˇ

ˇ

ˇ

ˇ

ż

Z
fpθqµpdθq ´

ż

Z
fpθqνpdθq

ˇ

ˇ

ˇ

ˇ

It is a known fact (see Ambrosio et al. [1]) that for separable and complete Z, the space
pPppZq,Wpq is a complete and separable metric space (i.e. a Polish space). It is also
known that for pµnqnPN Ď PppZq and µ P PppZq:

Wppµn, µq ÝÝÝÑ
nÑ8

0 ðñ

#

µn ÝÝÝá
nÑ8

µ

pµnqn has uniformly integrable p-moments

Having uniformly integrable p-moments corresponds to saying that @n P N it holds that
limrÑ8

ş

ZzBrp0q
}θ}pdµnpθq “ 0. In particular, when Z is a (possibly infinite-dimensional)

separable Hilbert Space, this condition simplifies to:

Wppµn, µq ÝÝÝÑ
nÑ8

0 ðñ

#

µn ÝÝÝá
nÑ8

µ

limnÑ8

ş

Z }θ}pdµnpθq “
ş

Z }θ}pdµpθq

Which is also equivalent to:

Wppµn, µq ÝÝÝÑ
nÑ8

0 ðñ @f P CpZ,Rq with p-growth,

ż

Z
fdµn ÝÝÝÑ

nÑ8

ż

Z
fdµ

Remark Notice that the space PppZq is locally compact if and only if Z is compact !

With these elements in place, we can first notice the following slight generalization of the
characterization of convergence in pPppZq,Wpq:

Lemma 3 Let pµnqnPN Ď PppZq and µ P PppZq. Then:

Wppµn, µq ÝÝÝÑ
nÑ8

0 ðñ

#

@Y (real) separable Hilbert space, @f P CpZ,Yq with p-growth,
ş

Z fdµn ÝÝÝÑ
nÑ8

ş

Z fdµ

Where p-growth for a function f : Z Ñ Y is defined as there existing constants C,C 1 ą 0
such that @z P Z, }fpzq}Y ď C ` C 1}z}

p
Z .

Proof. See Annex C.3.
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From there, a property for the risk functional of a learning problem appears immediately:

Proposition 5 Let X ,Y and Z be subsets of separable Hilbert Spaces, π P PpX ˆ Yq and
ℓ : Y ˆ Y Ñ R continuous and positive. Consider R : MpZq Ñ R defined as Rpµq :“
Eπrℓpxσ˚pX; ¨qµy, Y qs, @µ P MpZq, and let σ˚ : X ˆ Z Ñ Y be continuous, with p-growth9

on its second argument (@x P X , πX -a.e.) for some p P t0u Y r1,8q.

Then R : PppZq Ñ R is lower semicontinuous (l.s.c.) in the topology of pPppZq,Wpq.

Proof. The proof follows well known and uses standard arguments, but we include it for
completeness in section C.3.

Further insight into the learning problem can be drawn from understanding the problem
as one of Optimal Transport. In particular, interesting properties of NN training might come
from the study of Gradient Flows in Wasserstein Spaces.

2.2.5 Wasserstein Gradient Flows

This section is loosely based on the necessary elements described in Chizat and Bach [16], Hu
et al. [38], Chen et al. [13], Chizat [17]; however for a complete reference on the topic, Carmona
and Delarue [12] shall be considered.

Let Z be an arbitrary separable Hilbert space (results in the literature are actually stated
for Z “ RD, but the aditional generality will be sensibly assumed), and R : PpZq Ñ R be
a functional over the space of probability measures (in our case, the population risk). We
consider the following relevant quantities:

Definition 2.3 (Linear Functional Derivative (First Variation)) For a functional R : PpZq Ñ

R, we can define what we call its linear functional derivative (lfd), as a function:

BR

Bµ
: PpZq ˆ Z Ñ R

s.t. @µ, ν P PpZq, lim
hÑ0

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“

ż

Z

BR

Bµ
pµ, θqdpν ´ µqpθq

and also (in order to avoid ambiguity on the definition):

ż

Z

BR

Bµ
pµ, θqdµpθq “ 0

The function R1 : µ P PpZq ÞÑ BR
Bµ

pµ, ¨q is also known as the first variation of R at µ.

Definition 2.4 (Intrinsic Derivative) For a functional R : PpZq Ñ R we can also define its
intrinsic derivative (or L-differential, as in [12]). Whenever BR

Bµ
: PpZq ˆ Z Ñ R exists and

is differentiable on its second argument, the intrinsic derivative of R is defined as:

DµRpµ, θq “ ∇θ

ˆ

BR

Bµ
pµ, θq

˙

9Under the convention that p “ 0 meaning the function is bounded
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In some contexts, authors don’t give a special name for the intrinsic derivative, and just
refer to the “first variation’s gradient”. This comes from the fact that, as stated in Chizat
and Bach [16], differentiability of BR

Bµ
pµ, ¨q might not be required for the theory to hold: it is

enough to be able to define a subdifferential set. As a reminder, note that:

Definition 2.5 (Subdifferentials) Let f : Z Ñ R be any function (potentially non-convex):

• [Sub-gradient] A subgradient of f at z0 P Z is any p P Z such that @z P Z, fpzq ě

fpz0q ` xp, z ´ z0y ` opz ´ z0q.

• [Subdifferential] For z P Z, we define the subdifferential of f at z, denoted Bfpzq,
as the set of all subgradients of f at z. It is easy to verify that this set is closed and
convex.

i.e. as we’ll see in what follows, it will be enough (in some settings) to just consider a
Wasserstein sub-gradient flow, where it’s enough to consider the subdifferential set of R1pµq

(which, in this setting, has a particular definition, similar to that of the usual subdifferential,
but involving the Wasserstein distance and transport plans10).

To better illustrate the notion of the linear functional derivative and the intrinsic derivative,
consider the following examples:

Example 1. An important example (that will be useful later) is that of theKL Divergence.
Let µ≪ ν and dµ

dν
be the corresponding Radon-Nykodym derivative; the KL Divergence

between µ and ν is defined as: Dpµ||νq :“
ş

logp
dµ
dν

pzqqdµpzq. Fixing ν P PpZq and
working with Rpµq “ Dpµ||νq, we have that (modulo a constant that doesn’t depend
on z, see [62]):

BR

Bµ
pµ, zq “ log

ˆ

dµ

dν
pzq

˙

` 1 and DµRpµ, zq “
1

dµ
dν

pzq
∇z

dµ

dν
pzq

2. Whenever Rpµq :“
ş

Z ϕpzqdµpzq for some bounded continuously differentiable function
ϕ : Z Ñ R, it is well known that :

BR

Bµ
pµ, zq “ ϕpzq ´

ż

ϕdµ and DµRpµ, zq “ ∇zϕpzq

(if ϕ is not differentiable, BR1pµq “ Bϕp¨q)

3. In particular, for the shallow NN learning setting, with Y Ď R:

BR

Bµ
pµ, zq “ Eπ rD1ℓpxσ˚pX; ¨q, µy, Y qσ˚pX, zqs ` pconstant not depending on zq

DµRpµ, zq “ Eπ rD1ℓpxσ˚pX; ¨q, µy, Y q∇zσ˚pX, zqs

10The interested reader shall look for a reference in Ambrosio et al. [1]; we won’t introduce such a concept
since it will have limited usability in our context: we will mostly assume DµRpµ, ¨q to be well defined (and
in particular, it will coincide with the usual subgradient). An extension of our results to the setting of
sub-Wasserstein Gradient Flows is definitely of interest for our future work.
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This known results can be extended to our setting (where X ,Y and Z are separable
Hilbert spaces), by applying a more general argument that passes through Bochner integrals.
In particular, as in Chizat and Bach [16], let H be a Hilbert Space, and consider that
R : PpZq Ñ R can be written as Rpµq “ LpxΦ, µyq, where Φ : Z Ñ H is a parametrization
of elements in H; L : H Ñ R is some loss functional, and the integral xΦ, µy is a Bochner
integral on H. This generalizes our shallow NN learning setting, as we might consider the
Hilbert SpaceH “ L2pX ,Y , πX q, L : H Ñ R given by Lpfq “ EπrℓpfpXq, Y qs and Φ : Z Ñ H
defined as @θ P Z, Φpθq “ σ˚p¨; θq. We recover Rpµq :“ Eπ rℓpxσ˚pX; ¨q, µy, Y qs “ LpxΦ, µyq

With this new setting in mind, we can prove the following result11:

Proposition 6 Let H be a separable Hilbert Space and Rpµq :“ LpxΦ, µyq, for some function
that’s Gateaux-differentiable L : H Ñ R on every direction and of continuous differential;
and Φ : Z Ñ H such that @µ P PpZq, }xΦ, µy}H ă 8.

Then @θ P Z, @µ P PpZq:

BR

Bµ
pµ, θq “ DhLpxΦ, µyqpΦpθqq “ x∇hLpxΦ, µyq,ΦpθqyH ´ CR,µ

DµRpµ, θq “ pDhLpxΦ, µyqpDθΦpθqqq
˚

“ ∇θΦpθqp∇hLpxΦ, µyqq

Where CR,µ :“ x∇hLpxΦ, µyq, xΦ, µyyH is exactly the constant needed to avoid ambiguity in
the definition; p¨q˚ denotes the adjoint operator and, in particular, ∇θΦpθq “ pDθΦpθqq

˚ :
H Ñ Z. When Z “ RD this corresponds to the usual definition of the gradient.

Proof. See Annex C.4.

In particular, for the more general shallow NN learning setting we just described (in which
the output space might not necessarily be R), we get that:

Corollary 2 Consider Rpµq :“ Eπ rℓpxσ˚pX; ¨q, µy, Y qs, which is a risk functional as in
proposition 6 when considering:

• The Hilbert space: H “ L2pX ,Y , πX q

• L : H Ñ R as Lpfq “ EπrℓpfpXq, Y qs, which is Gateaux-differentiable on every
direction in H if we assume ℓ : Y ˆ Y Ñ R to be continuously differentiable on its first
argument, with square-integrable derivative. The differential can be explicitly computed
to be (and it is clearly continuous on H):

DhLpfqphq “ Eπ
“

x∇1ℓ ppfpXq, Y q , hpXqyY
‰

• Φ : Z Ñ H defined as @θ P Z, Φpθq “ σ˚p¨; θq, which satisfies @µ P PpZq, }xΦ, µy}H ă

8 under the assumption of σ˚ being bounded and continuous.

11Recalling that by Riesz Representation Theorem, any continuous linear functional f : H Ñ R can be
represented by a unique vector hf P H such that @x P H, fpxq “ xhf , xyH. In particular, if f is differentiable,
@x P H, Dxfpxq : H Ñ R is a continuous linear functional and can be thus be represented by the gradient
vector: ∇xfpxq :“ hDxfpxq, such that @h P H, Dxfpxqphq “ x∇xfpxq, hyH
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BR

Bµ
pµ, θq “ Eπ

“

x∇1ℓ pxσ˚pX; ¨q, µy, Y q , σ˚pX; θqyY
‰

` pconstant not depending on zq

DµRpµ, θq “ Eπ r∇θσ˚pX; θq.∇1ℓpxσ˚pX; ¨q, µy, Y qs

Proof. Direct from proposition 6. In any case, the exact same proof used for proposition 6
works under the stated hypothesis.

The notion of the linear functional derivative and the intrinsic derivative are useful for
defining the notion of WGF in simple terms (as we’ll see right afterwards). They are also
key for exploiting the convexity of any functional R : PpZq Ñ R:

Definition 2.6 We say that a functional R : PppZq Ñ R is of class C1 if BR
Bµ

pµ, ¨q is well

defined and bounded for every µ P PppZq, and the function pµ, zq P PppZq ˆ Z ÞÑ BR
Bµ

pµ, zq is
continuous.

Remark Notice that, for bounded σ˚ and continuously differentiable ℓ with square-integrable
derivative, the example of corollary 2 is of class C1.

Lemma 4 (as in Hu et al. [38], Chizat [17]) Assume that R : PppZq Ñ R is convex and of
class C1. Then, for any µ, µ1 P PppZq, we have:

Rpµ1
q ´ Rpµq ě

ż

Z

BR

Bµ
pµ, zqdpµ1

´ µqpzq

Proof. The proof is directly taken from Hu et al. [38], with a few minor details filled in for
completeness. It shall be found in Annex C.4.

With these notions in mind, we can define what’s known in the literature as a Wasserstein
(sub-)Gradient Flow (we take the definition from Chizat and Bach [16], but more depth might
be found in Ambrosio et al. [1]). We will (for the moment) not require for R1pµq : Z Ñ R
to be differentiable, and only its subdifferential set BR1pµq (in this context, known as the
Wasserstein Subdifferential of R) will be required.

Definition 2.7 [Wasserstein (sub-)Gradient Flow] Let R : PpZq Ñ R be a functional
for which @µ P P2pZq, R1pµq “ BR

Bµ
pµ, ¨q is defined and has a defined subdifferential. We define

a Wasserstein Gradient Flow (WGF) for R as any absolutely continuous trajectory
pµtqtPr0,T r

in P2pZq that satisfies, distributionally on r0, T rˆZ :

Btµt “ ´ div pvtµtq where vt P ´BR1
pµtq @t ě 0 a.e.

The first equation represents a mass conservation (continuity) equation, and the second
equation implies that the velocity follows the direction of the subgradient. Figure 2.3 provides
a pictorial representation of the idea behind this definition.
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Figure 2.3: Pictorial representation of a Wasserstein gradient flow; taken from the GitHub
repository associated to [60]

Whenever R is convex and our intrinsic derivative is properly defined, the WGF dynamics
is written as12:

Btµt “ ςptq div pDµRpµt, ¨qµtq

where ς : R` Ñ R` is a scalar that regulates the chosen velocity vector.

Remark Notice that this notion generalizes that of a particle gradient Flow ; as any particle
gradient flow pUptqqtě0 P pZmqR` can be seen as a Wasserstein Gradient Flow by considering
the empirical measures µt,m “ 1

m

řm
i“1 δUiptq

Now, Chizat and Bach [16] prove that such a Wasserstein (sub)-Gradient Flow admits a
unique solution, as stated by the following result (the relevant assumptions shall be found in
chapter D).

Proposition 7 (Existence and uniqueness) Under assumption 7 and an initial condition
µ0 P P2pZq such that µ0pQr0q “ 1 for some Qr0 Ď Z. Then, there exists a unique pµtqtě0

WGF for R starting from µ0, that satisfies the equation for the velocity field:

vtpuq “ ṽtpuq ´ projBV puq pṽtpuqq ; ṽtpuq “ ´

„B

R1

ˆ
ż

Φdµt

˙

, BjΦpuq

Fȷd

j“1

.

In particular, when R has an intrinsic derivative DµR, the velocity field corresponds precisely
to DµRpµt, ¨q.

As a WGF follows the negative gradient of our functional, it is intuitively expected that
the dynamics of µt (the solution of the WGF) will seek to minimize R. Unfortunately,
even when the functional R is convex, the stationary points of the dynamics do not
necessarily correspond to global minima of R. For such a thing to naturally happen,
it is necessary to impose some regularization on the functional R (e.g. by adding an entropy
term). We will further develop this idea in the following sections.

As we’ll see, the training dynamics of a shallow NN might be seen as a Wasserstein
Gradient Flow under the right scaling limit. To wrap around this point, the following
sections describes how the training of a NN takes place in practice.

12Notice that vt “ ´ςptqDµRpµt, ¨q “ ´ςptq∇θ
BR
Bµ pµt, ¨q represents a velocity vector that precisely resides

in ´BR1pµtq.
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2.2.6 Stochastic Gradient Descent Dynamics

Recall the setting of the learning problem, in which we’re trying to minimize a functional
Rpµq “ Eπrℓpxσ˚pX; ¨q, µy, Y qs using shalow NNs parametrized by ZN , with N P N. For
notational convenience, we will introduce the following function Lx,y : PpZq Ñ R, for x P

X , y P Y , defined as:
Lx,ypµq :“ ℓ pxσ˚px, ¨q, µy, yq

This allows us to rewrite our functional as: Rpµq :“ Eπ rLX,Y pµqs. Also, seeing Lx,y as a
functional from PpZq to R (for each x P X , y P Y), we can use proposition 6 to write,
@x P X , y P Y :

BLx,y
Bµ

pµ, θq “ x∇1ℓpxσ˚px, ¨q, µy, yq, σ˚px, θqyY

DµLx,ypµ, θq “ ∇θσ˚px, θq ¨ ∇1ℓpxσ˚px, ¨q, µy, yq

In particular, from corollary 2, we can see that (at least formally): DµRpθ, µq “ Eπ rDµLX,Y pθ, µqs.

Now, in the ideal case, if we perfectly knew the data distribution π, we could try to
achieve the optimization by doing regular gradient descent iterations (see Suzuki et al.
[82]):

• First, initializing @i P t1, . . . , Nu, θ0i
i.i.d.
„ µ0 P P2pZq

• On every iteration k P N, defining @i P t1, . . . , Nu:

θk`1
i “ θki ´ sNk DµRpνNθ , θ

k
i q

Where psNk qkPN is a fixed step-size (also commonly known as learning rate), and we
employ DµRpνNθ , θ

k
i q “ EπrB1ℓpΦ

N
θ pXq, Y q∇θipσ˚pX; θki qqs, the exact gradient of the

function θ ÞÑ RpΦN
θ q, to update the parameter’s values.

However, in practice the law π is generally unknown, and only an i.i.d. data sample
tpXk, YkqukPN (distributed following π) is available. The method for training the Neural
Network is thus stochastic gradient descent (SGD). Unable to know the exact value
of R, we’re forced to approximate it from our data. For instance, let N P N be fixed and
consider θ P ZN our shallow NN’s parameter; with the first B P N samples we approximate:

RpΦN
θ q « R̂N,B

pθ; pXk, Ykq
B
k“1q “

1

B

B
ÿ

k“1

ℓpΦN
θ pXkq, Ykq

The literature usually just considers B “ 1, and performs the following training loop:

• First, consider µ0 P P2pZq and initialize @i P t1, . . . , Nu, θ0i
i.i.d.
„ µ0.

• On every iteration k P N, define @i P t1, . . . , Nu:

θk`1
i “ θki ´ sNk B1ℓpΦ

N
θkpXkq, Ykq∇θipσ˚pXk; θ

k
i qq (2.1)

where sNk is the learning rate. Notice that the exact gradient from before has been
replaced by a stochastic approximation (as it corresponds to the gradient of the empirical
loss evaluated on a single sample). Using our latest notation, we write the iteration as:

θk`1
i “ θki ´ sNk DµLXk,YkpνNθk , θ

k
i q
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Over the years, as NN models have grown in popularity, many variations of this simple
training loop have been considered. Most remarkably, in the literature of mean field limits of
shallow NNs, authors have often considered some of the following variants:

1. Constant Learning Rate (see [57, 58, 78, 81, 9] among many others): We consider
@k P N, sNk “ α

N
for α ą 0 a fixed learning rate (LR), which is scaled by the number of

hidden units.

2. Regularized Risk (see [16, 57, 17, 13, 63, 82, 38, 9] among many others): We consider
some regularization term on the population risk we’re trying to minimize. We
consider the τ -regularized population risk (with τ ą 0) as:

Rτ
pµq “ Rpµq ` τV pµq

where V is a regularizer which will be assumed to be of the form V pµq “
ş

Z rdµ for
some potential function r : Z Ñ R. Notable examples include the relative entropy
and the measure’s second moment V pµq “

ş

Z }θ}2dµpθq. This leads to a modified update
rule of the form:

θk`1
i “ θki ´ sNk

`

B1ℓpΦ
N
θkpXkq, Ykq∇θipσ˚pXk; θ

k
i qq ` τ∇θirpθ

k
i q
˘

Or, in our neater notation (defining Lτx,y : PpZq Ñ R naturally13) :

θk`1
i “ θki ´ sNk

`

DµL
τ
Xk,Yk

pνNθk , θ
k
i q
˘

3. Noisy SGD (see [57, 58, 82, 9] among many others): In order to ensure convergence
of the training dynamic, noise will have to be introduced in training; this usually takes

the form of an i.i.d. sequence ξki
i.i.d.
„ N p0, IdZq such that the training loop becomes

(with the noise regularization parameter β ą 0):

θk`1
i “ θki ´ sNk B1ℓpΦ

N
θkpXkq, Ykq∇θipσ˚pXk; θ

k
i qq `

b

2βsNk ξ
k
i

Under the constant LR regime, with sNk “ α
N
, the noise term significantly modifies

the training dynamics (even asymptotically, as it introduces a diffusion term on the
mean-field distributional dynamics). If the noise term was to be further divided by
N δ (with δ ą 0) its influence would effectively vanish asymptotically; this particular
setting corresponds to the so-called weak-noise regime.

4. Random MiniBatch (see [24]): For every k P N consider Bk a random element of N˚,
and the corresponding batch of data tpXk

1 , Y
k
1 q, . . . , pXk

Nk
, Y k

Nk
qu (where pXk

j , Y
k
j qjPN

is an i.i.d. sample of data considered at each iteration, so that the batches are
independent over different iterations). This batch of data is used to better approximate
the population risk’s gradient; leading to the following loop:

θk`1
i “ θki ´ sNk

1

Bk

Bk
ÿ

j“1

B1ℓpΦ
N
θkpXk

j q, Y k
j q∇θipσ˚pXk

j ; θ
k
i qq

The most common particular case is to take Bk to be constant and equal to B P N˚.

13i.e. we define it as Lτ
x,ypµq “ Lx,ypµq ` τV pµq, @µ P PpZq so that Rτ pµq “ EπrLτ

X,Y pµqs
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5. Different Learning Rates (see [9] and [57]): Consider the parameters ζ P r0, 1q, υ P

r0, 1s and α ą 0; and define αNζ,υ “ pαN pυ´1qq1{p1´ζq. Under this regime, we consider
the learning rate to be:

@k P N, sNk “
αNυ´1

´

k ` 1
αN
ζ,υ

¯ζ

As noted in Bortoli et al. [9], such a learning rate appears naturally when studying
the dynamic (most notably, αNζ,υ). Most remarkably, depending on the value of υ, the
limiting mean-field dynamic is different (in particular, for 0 ď υ ă 1 it stays the same
as usual; but for υ “ 1 and aditional diffusion term appears in the limiting PDE). In
general, for the theory of Mei et al. [57] to work, it suffices to assume that the LR can
be written as sNk “ εςpkεq for some fixed ε ą 0 and a regular function ς : R` Ñ R`.

Considering all of these elements at once, we shall study the most general version of SGD
(noting that it suffices to make the corresponding parameters trivial in order to recover the
original training loop); i.e. @k P N:

θk`1
i “ θki ´ sNk

˜

1

Bk

Bk
ÿ

j“1

B1ℓpΦ
N
θkpXk

j q, Y k
j q∇θipσ˚pXk

j ; θ
k
i qq ` τ∇θirpθ

k
i q

¸

`

b

2βsNk ξ
k
i (2.2)

With τ, β, ε ą 0, Bk random in N˚, ξki
i.i.d.
„ N p0, IdZq and sNk “ εςpkεq with ς : R` Ñ R` a

sufficiently regular function. In our neater notation, this can be stated (simply) as:

θk`1
i “ θki ´ sNk

˜

1

Bk

Bk
ÿ

j“1

DµL
τ
Xk

j ,Y
k
j

pνNθk , θ
k
i q

¸

`

b

2βsNk ξ
k
i (2.3)

As mentioned earlier, understanding how the parameter θk :“ pθki qNi“1 P ZN evolves by
following equation (2.2) directly, can be an exceedingly challenging problem to solve (specially
in the case of NNs). Fortunately, under the lens of shallow NNs, recasting the problem as
one of minimization over PpZq and taking the limit (under the right scaling) as N Ñ 8,
allows for stronger guarantees (as the limiting object has nicer behaviour). For instance, as
previously mentioned, we shall see how this SGD training dynamics can be understood as a
Wasserstein Gradient Flow in pP2pZq,W2q.

2.2.7 SGD as a WGF: a Law of Large Numbers

Recall that, for a given θ “ pθiq
N
i“1 P pZqN , the associated network ΦN

θ can be seen as
an integral against the empirical measure associated with θ, νNθ “ 1

N

řN
i“1 δθi . More

specifically:
@x P X , ΦN

θ pxq “ xσ˚px; ¨q, νNθ y

And thus, our highly non-convex (and hard to solve) optimization problem:

inf
θPZN

RpΦN
θ q “ EπrℓpxΦN

θ pXq, Y qs
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is recast as
inf

µPPpZq
Rpνq :“ Eπrℓpxσ˚pX; ¨q, µy, Y qs

which is (whenever ℓ : Y ˆ Y Ñ R is chosen convex on its first argument) a convex
optimization problem on the space PpZq.

Furthermore, a classic result (as can be found in Mei et al. [57], or originally in Barron [6])
directly relates the optimum of the original problem against that of the convexified problem
over PpZq. A general version is established in Hu et al. [38]:

Theorem 2 (from Hu et al. [38]) Assume that the δ2R
δµ2

exists14, is jointly continuous in both

variables, and there is L ą 0 such that for any random variables η1, η2 such that Er|ηi|
2s ă 8,

i “ 1, 2, it holds that

E

«

sup
νPP2pZq

ˇ

ˇ

ˇ

ˇ

δR

δµ
pν, η1q

ˇ

ˇ

ˇ

ˇ

ff

` E

«

sup
νPP2pZq

ˇ

ˇ

ˇ

ˇ

δ2R

δµ2
pν, η1, η2q

ˇ

ˇ

ˇ

ˇ

ff

ď L.

Then:
ˇ

ˇ

ˇ

ˇ

inf
θPZN

R
`

νNθ
˘

´ inf
µPP2pZq

Rpµq

ˇ

ˇ

ˇ

ˇ

ď
2L

N

Proof. This theorem is entirely proven in [38], but they assume that the infimum is attained.
Luckily, no such assumption is needed, and for completeness we include the variant of the
proof in section C.5.

A quite similar result is stated in Mei et al. [57] (Proposition 1) considering the quadratic
loss and assumptions directly related to that case; however, Hu et al. [38] state that theorem 2
generalizes the result from [57]. Now, recall that the general training dynamics is driven by
equation (2.2), i.e. @k P N:

θk`1
i “ θki ´ sNk

˜

1

Bk

Bk
ÿ

j“1

B1ℓpΦ
N
θkpXk

j q, Y k
j q∇θipσ˚pXk

j ; θ
k
i qq ` τ∇θirpθ

k
i q

¸

`

b

2βsNk ξ
k
i (2.2)

As parameters influence the population risk only via their empirical measure, it will be
interesting to see how it evolves along succesive SGD iterations. Slightly abusing notation,
denote the empirical measure of the parameters after each SGD iteration as: νNk :“ νN

θk
“

1
N

řN
i“1 δθki .

One of the main results of the Mean Field Theory of shallow NNs is the propagation of
chaos of the particle system. This means that, as individual NN parameters (particles) are
exchangeable (and thus, characterized by their empirical measure), each of their trajectories
following SGD should eventually (as N Ñ 8) become statistically independent, and their law
shall tend to that of a fixed limiting process (corresponding to the WGF of the population
risk).

14Where δ2R
δµ2 : PpZq ˆ Z ˆ Z Ñ R is defined as the lfd of BR

Bµ seen as a function over PpZq.
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To get to this limiting process, some authors (such as Bortoli et al. [9]) pass through an
intermediate step, in which we could understand the SGD iterations as part of a continuous
gradient flow in the finite spaceZN . For this, recall our notation Lτx,ypµq :“ ℓ pxσ˚px, ¨q, µy, yq`
ş

Z rdµ such that the SGD iteration can be written as:

θk`1
i “ θki ´ sNk

˜

1

Bk

Bk
ÿ

j“1

DµL
τ
Xk

j ,Y
k
j

pνNθk , θ
k
i q

¸

`

b

2βsNk ξ
k
i (2.3)

Define Σpµ, θq :“ Eπ
“`

DµL
τ
X,Y pµ, θq ´ DµR

τ pµ, θq
˘

b
`

DµL
τ
X,Y pµ, θq ´ DµR

τ pµ, θq
˘‰

, where
b represents the outer product (or generally, the tensor product) between vectors in Z; this
is the covariance matrix of the vector DµL

τ
X,Y pµ, θq (with pX, Y q „ π). Now, we can consider

the following continuous time SGD iteration for a set of parameters pθtqtě0 :“ ppθtiq
N
i“1qtě0,

given by:

dθti “ ςptq

„

DµR
τ
pνNt , θ

t
iqdt `

c

ε

B

?
Σpθti , ν

N
t qdB̃i

t `
a

2βdBi
t

ȷ

(2.4)

where ppBi
tqtě0qiPN and ppB̃i

tqtě0qiPN are independent families of independent Brownian motions
on Z. The derivation of this dynamic is rather heuristic and follows the ideas of Bortoli
et al. [9]; a more formal derivation (as well as some results comparing the continuous time
approximation to the original process) shall be sought in Fontaine et al. [33] (in the specific
case of the learning rate from point 5. in section 2.2.615). In many papers, such as Bortoli
et al. [9], the properties of this continuous time dynamic are studied as a proxy to the original
particle system, but without the issues that appear under discrete-time iterations. It is also
interesting to note that the covariance term dissappears in the mean field limit under some
standard conditions16. Though some interesting insights can be obtained from studying such
a dynamic, we won’t dive into it in much detail.

We will now focus on the following limiting distributional dynamics (DD):

Btµt “ ςptq rdiv ppDµRpµt, ¨q ` τ∇θrqµtq ` β∆µts (2.5)

It’s not hard to notice that this distributional dynamics correspond to the Wasserstein
Gradient Flow minimizing the entropy-regularized convex functional:

Rτ. β
pµq :“ Rpµq ` τ

ż

rdµ ` βHλpµq

where Hνpµq :“ Dpµ||νq “
ş

logp
dµ
dν

pzqqdµpzq is the relative entropy (also known as the KL

divergence) between µ and ν (see section 2.2.5)17 (with µ≪ ν and dµ
dν

being the corresponding
Radon-Nykodym derivative). Notice that by setting τ, β “ 0 we recover the WGF for R.
Whenever β “ 0, this equation is often known to have a (unique) solution distributionally ;
for β ą 0 the solutions to this equation are actually strong.

15i.e. For ζ P r0, 1q, υ P r0, 1s and α ą 0; define αN
ζ,υ “ pαN pυ´1qq1{p1´ζq and consider: εNζ,υ,α “ αN

ζ,υ,

ςζptq “ p1 ` tq´ζ , such that @k P N, sNk “ εNζ,υ,αςζpkεNζ,υ,αq
16As noted in Bortoli et al. [9], for υ P r0, 1q, this covariance term vanishes in the MF limit; but this doesn’t

happen in the υ “ 1 regime, making the MF dynamic behave differently.
17While doing this literature review, we noticed that Suzuki et al. [82] writes Rτ,β using the negative

entropy instead of the usual relative entropy, which we believe could be a typo. However, as most other
works from the literature agree on the use the relative entropy, this choice won’t affect our results at all.
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Equation (2.5) corresponds to what is known (in the literature) as a Fokker-Planck
equation. This is in direct correspondance with what is referred to as a McKean-Vlasov
Equation; a nonlinear SDE that describes the evolution of a type of parameter under the
training dynamics18:

dZt “ ςptq
”

´ pDµRpµt, Ztq ` τ∇θrpZtqq dt `
a

2βdBt

ı

with µt “ LawpZtq (2.6)

Where pBtqtě0 is a D-dimensional standard Brownian Motion. This equivalent formulation
(See Sznitman [83], Theorem 1.1 for a reference result) shall prove useful to characterize some
of the relevant results. Whenever β “ 0, there is no longer a Langevin component, and we
shall simply refer to the SDE as the Mean Field Dynamics (MFD) or the McKean-Vlasov
Equation.

Finally, there’s also a way of seeing the DD of equation (2.5) through an ODE of
characteristics (which is detailed in papers such as Rotskoff and Vanden-Eijnden [72] and
Chen et al. [15]). Despite the inherent interest coming from such a description, we won’t
delve much into its details.

With all of these elements in mind, the standard Propagation of Chaos result from
the literature (also known as a Law of Large Numbers) is stated as follows:

Theorem 3 (Propagation of Chaos; sketch) Let sNk “ εςpkεq for ε ą 0 and ς : R` Ñ R`

a sufficiently regular function. Let T ą 0 and let µ0 P P2pZq be an initial condition.

Consider the sequence of parameters, pθkqkPN, obtained from following the SGD Dynamics
(equation (2.2)) starting from µ0; and let pνNk qkPN be the associated empirical measure.
Similarly, consider pµtqtě0 Ď P2pZq to be the unique solution of the distributional dynamics
(equation (2.5)) starting from µ0.

Consider the Skorokhod space of càdlàg processes DEpr0, T sq (where E “ PpZq). Notice
that µ :“ pµtqtě0 P DEpr0, T sq and define µN, ε :“ pνN

tt{εu
qtě0 P DEpr0, T sq

Under relevant technical assumptions involving regularity of σ˚ and similar others;
and under the right scaling (of ε with respect to N), we have that:

µN, ε ùùùùñ
NÑ8
εÑ0

µ

where ñ denotes weak convergence in DEpr0, T sq19. Under the right conditions, this convergence
might be stronger (e.g. in Wasserstein-2 metric: W2pµ

N, ε, µq Ñ 0)

The previous result vaguely states the idea behind the usual Propagation of Chaos
result for the training dynamics of shallow NNs. Generally, the proof for such a result
essentially involves establishing the relative compactness of the sequence pµNqNPN (via tightness,
using the Prokhorov theorem) and identifying its limit in a unique way (independent of the
subsequence chosen). More technical insight might be found in Annex D, where some of the

18In this context, some authors also call it the Mean Field Langevin Dynamics (MFLD). We will
refer to it indistinctively

19Note that weak convergence to a constant implies convergence in probability, so a stronger result holds.
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key technical assumptions for these kinds of results are included (notably those from Chizat
and Bach [16], Mei et al. [57], Sirignano and Spiliopoulos [78], Descours et al. [24] and Bortoli
et al. [9]).

For sake of completeness, we include some of the most frequently found versions of this
theorem. In particular, consider a quadratic loss function (ℓpy, ŷq “ }y ´ ŷ}2Y), and following
a simple calculation (analogue to that of Mei et al. [57] or Rotskoff and Vanden-Eijnden [72])
we may see the population risk R : PpZq Ñ R can be rewritten as:

Rpµq “ R# ` 2

ż

Z
F pθ1qdµpθ1q `

ż

ZˆZ
Kpθ1, θ2qdµ

2
pθ1, θ2q, @µ P PpZq

Where we define F pθq “ ´ErxY, σ˚pX, θqyYs, Kpθ, θ1q “ Erxσ˚pX, θq, σ˚pX, θ1qyYs, and R# “

Er}Y }2Ys. This is quadratic on µ, making the problem conceptually simpler. Also, it can
be shown that K defines a positive definite kernel20. Under this form, we can define
what they refer to as the potential function Ψ : Z ˆ PpZq Ñ R, given by: Ψpθ, µq “

F pθq `
ş

Z Kpθ, θ1qdµpθ1q, @θ P Z, @µ P PpZq. This is nothing else than the linear functional
derivative (halved), Ψpθ, µq “ 1

2
BR
Bµ

pµ; θq.

With these commonly used elements from the literature, we can state this Propagation
of Chaos result more precisely (as before, the relevant technical assumptions shall be found
in Chapter D):

Theorem 4 ((Propagation of Chaos) as in [16, 57, 72, 78, 9, 24]) Under different settings
we have:

1. Consider the quadratic loss ℓpy, ŷq “ |y ´ ŷ|2; let εN “ 1
N

and ς ” α ą 0 (i.e. sNk “ α
N

is the simple learning rate).

(a) [Regular SGD] Let pθkqkPN be obtained from following the simple SGD Dynamics
(equation (2.1)) starting from µ0; and let µ :“ pµtqtě0 Ď P2pZq be the unique
solution21 of the simple distributional dynamics (equation (2.5) with τ “ 0, β “ 0)
starting from µ0. i.e. the DD given by (the Wasserstein gradient flow for R in
pP2pRDq,W2q):

Btµt “ 2α divθpµt∇θΨpθ;µtqq (2.7)

Consider that assumption 8 (1. or 2.) holds.

(b) [Noisy SGD] Let pθkqkPN be obtained from following the noisy and regularized
SGD Dynamics (equation (2.2) with Bk ” 1 and rpθq “ 1

2
}θ}2) starting from

µ0; and let µ :“ pµtqtě0 Ď P2pZq be the unique solution22 of the distributional
dynamics (equation (2.5)) starting from µ0. i.e. the DD given by (the Wasserstein
gradient flow for Rτ,β in pP2pRDq,W2q):

Btµt “ 2α rdivθ pp∇θΨpθ; ρtq ` τ∇θrqµtq ` β∆θµts

Let assumption 8 (2.) hold.

20Indeed, from the fact that @γ P MSpZq }xσ˚, γy}2 “
ş

Z2 Kpθ, θ1qdγpθqdγpθ1q (as seen in the proof of

proposition 2); the result follows from taking γ “
řN

i“1 ciδzi for arbitrary pci, ziq
N
i“1 P pR ˆ ZqN .

21The equation is satisfied in the weak sense, but whenever µ0 admits density u0, then it holds in the
strong sense).

22In this case, the equation is satisfied in the strong sense.
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(c) [MiniBatch SGD] (as in Descours et al. [24]). Let pθkqkPN be obtained from
following the minibatch SGD Dynamics (equation (2.2) with τ “ 0 and the noise
term divided by N δ with δ ą 0) starting from µ0; and let µ :“ pµtqtě0 Ď P2pZq be
the unique solution of the corresponding distributional dynamics (equation (2.5))
starting from µ0 (i.e. equation (2.7), the WGF for R in pP2pRDq,W2q). Further
assume that assumption 8 (3.) holds.

Assuming the sufficient technical conditions, the rescaled empirical training process
µN :“ pνN

tNtuqtě0 P DEpr0, T sq converges weakly (as N Ñ 8) to µ.

2. Consider ℓ to be any loss function that’s convex (on its first argument). Let ζ P

r0, 1q, υ P r0, 1s and α ą 0; define αNζ,υ “ pαN pυ´1qq1{p1´ζq and consider: εN “ αNζ,υ,

ςptq “ p1`tq´ζ, such that @k P N, sNk “ εN ςpkεNq. Consider the SGD training dynamic
with fixed batchsize B P N˚ starting from µ0, let µ

N :“ pµNt qtě0 be the law of the solution
to the continuous time N-particle-system dynamic as in equation (2.4) (initialized i.i.d.)
and let µ :“ pµtqtě0 Ď P2pZq be the unique solution to the limiting distributional
dynamics (equation (2.5) with τ “ 1, β “ 0) starting from µ0. Under assumption 8
(4.), we have that for any fixed m P N, we have limNÑ`8 W2pµ1:m,N , pµqbmq “ 0,
where µ1:m,N is the law of the first m particles in the N-particle-system continuous
time dynamic.

For more references, see Theorem 3 of Mei et al. [57], Theorem 1.2 of Sirignano and
Spiliopoulos [78], Theorem 2.6 of Chizat and Bach [16] or Proposition 3.2 Rotskoff and
Vanden-Eijnden [72]. Also: Theorem 1 of Bortoli et al. [9], Theorem 3 of Suzuki et al. [82],
Theorem 1 of Descours et al. [24] among many others.

Remark This kind of propagation of chaos result tells us that, in the asymptotic limit, each
unit (neuron) in the neural network loses its dependence on the rest of the neurons and
behaves “independently”, following the fixed law given by the process µ (the solution to the
DD equation (2.5)). This is what naturally gives it the name of the Law of Large Numbers in
this setting: asymptotically, the evolution of our parameters evolves as a fixed process (the
mean field process).

Remark In the work of Mei et al. [57], it is mentioned that when the data has a law that
is invariant under the action of a certain group (e.g. π invariant under left rotations)23, the
limiting dynamic also benefits from the same symmetry. In particular, this should allow us
to reduce the dimensionality of the problem, as we might only seek solutions of the DD, µt,
that are invariant under the same group of symmetries. This assertion is not proven in any
way within Mei et al. [57], and it does not rely on any known results from the literature; it
seems to be more of a practical indication for solving the PDE in the limit. The goal of this
work is precisely to understand how the presence of symmetries of the data under the
action of groups can influence the training of NN models, particularly in the MF limit.

This classical propagation of chaos result can be also understood from the optic of
statistical independence (from where the name of propagation of chaos appears). The last
variant described in Theorem 4 focuses on this approach: as N grows, the evolution of a

23This notion will be clarified later in the document.
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Figure 2.4: Illustration of the propagation of chaos result: As N grows large (and the SGD
iterations as well), all the network parameters tend to align with a fixed limiting distribution
(as with the LLN). Taken from Sirignano and Spiliopoulos [78].

fixed amount of particles m along the N -particle-system continuous time dynamic, becomes
really close to that of a set of m independent typical particles that all follow the mean field
process.

Analogously, the first variant from Theorem 4 can be stated as follows (see Theorem 1.6
of Sirignano and Spiliopoulos [78]):

Proposition 8 [Propagation of Chaos] Under the assumptions of Theorem 4, for T ă 8 and
t P r0, T s, define the law of the first N particles along the rescaled SGD training dynamics as

ρNt :“ Lawpθ
tNtu
1 , . . . , θ

tNtu
N q. Then, the sequence tρN¨ uNPN is µ-chaotic 24.

Figure 2.4 can be useful to illustrate this idea of statistical independence.

As the propagation of chaos result mimics the LLN, one can follow the same spirit to
establish some kind of Central Limit Theorem for the training dynamics. More specifically, as
in the usual probabilistic setting, one desires to approximate the training process ’ behaviour,
for large N , as:

νNtNtu « µt `
1

?
N
ηt

where the so-called fluctuation process pηtqtě0 is a Gaussian process with a specific variance-
covariance structure. The main results along these lines have been established in papers such
as Rotskoff and Vanden-Eijnden [72], Sirignano and Spiliopoulos [81], Chen et al. [15]; the
interested reader can find some reference results from the literature describing the CLT result
for the (rescaled) training process of shallow NNs in Section D.1.2.

Despite the interest such a result generates, the understanding of this aspect of the
training dynamic is still being developped in the literature (notably, Descours et al. [24]
is quite recent); notably there’s no clear references for expressing this result beyond the
quadratic-loss case. For this current work, we won’t delve into the details of how this CLT is
established nor how the symmetries of the data translate into symmetries of the fluctuation
process. We will leave all these interesting questions for future work, and focus on the global
convergence results that characterize the mean field dynamics.

24This means that @t P r0, T s, @f1, . . . , fk P C2
b pZq, limNÑ8xf1 ˆ ¨ ¨ ¨ ˆ fk, ρ

N
t y “ Πk

i“1xfi, µty. i.e. When
observing a fixed number of particles, in the limit their joint law behaves like an i.i.d. sample from the fixed
limiting process µt
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2.2.8 Convergence to a Global Optimizer

Despite the good properties of the Mean Field Dynamics on the unregularized case, we fail to
get proper global convergence results: though the loss function decays along the dynamic
of µt, this is not necessarily strict, and stationary points of the dynamics might not correspond
to global minima of the problem. What is known in the noiseless case is that whenever
µt converges (as t Ñ 8) in W2 distance, it does so to a global minimum of the loss
function R. This is stated in the following result (whose technical assumptions are given in
chapter D):

Theorem 5 [Global Convergence] (noiseless case) Consider µ0 P P2pZq and suppose that
assumption 9 holds. Let pµtqtě0 be a WGF of R initialized at µ0.

If pµtqt converges to some µ8 P P2pZq in W2, then µ8 is a global minimizer of R over
MpZq.

In particular, if pumptqqmPN,tě0 is a sequence of classical gradient flows initialized in
supppµ0q such that µm,0 converges weakly to µ0 then (limits can be interchanged):

lim
t,mÑ8

Rpµm,tq “ min
µPMpZq

Rpµq.

i.e. the SGD Training dynamics converge (in long time) to the global minimum
of the learning problem.

As noted in Descours et al. [24], studying this noiseless problem is quite hard, and not
many results are known to hold. The introduction of noise and regularization becomes
fundamental in order to ensure that an optimum will be achieved through the dynamic.
Thus, a good framework for understanding the problem of global convergence could be
the one introduced at the beginning of section 2.2.7: the Mean Field Langevin Dynamics
(see Hu et al. [38], Chen et al. [13], Nitanda et al. [63] and Suzuki et al. [82] for some good
references).

Recall the setting of our regularized problem, consider the following standard assumption:

Assumption 2 The functional R : PpZq Ñ R is convex, bounded from below (e.g. by 0)
and it is of class C1 (as in definition 2.6; in particular, it is also l.s.c.).

Given a convex functional R : PpZq Ñ R (e.g. for the learning problem: Rpµq “

Eπrℓpxσ˚pX; ¨q, µy, Y qs), we define its regularized version (with parameters τ, β ą 0 and
ν P PpZq a.c. wrt to λ, the lebesgue measure on Z) as:

Rτ, β
ν pµq :“ Rpµq ` τ

ż

rdµ ` βHνpµq

Where r : Z Ñ R is a regularization term and Hνpµq :“ Dpµ||νq “
ş

logp
dµ
dν

pzqqdµpzq is
the relative entropy between µ and ν (with µ ≪ ν). When context is clear, we might
simply write it as Rτ,β (usually when considering ν “ λ). An example in which ν might not
necessarily be λ comes from the setting of Hu et al. [38], in which ν is chosen as the Gibbs
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Measure in Z. That is, the measure ν whose density (wrt λ) is given by:

gpxq “ e´Upxq with U : Z Ñ R s.t.

ż

Z
e´Upxq dλpxq “ 1,

Remark • To unify our notation, we’ll consider the case of ν “ λ (Lebesgue measure) as
one in which U is chosen as U ” 0 (even though strictly speaking this wouldn’t satisfy
the integrability condition).

• Notice that if we set τ “ β, choose Upzq “ rpzq and consider R0, β
ν (without a

regularization term; i.e. R0,β
ν “ Rpµq`βHνpµq); it is the same as considering Rβ, β

λ with

the corresponding regularization term (i.e. Rβ, β
λ “ Rpµq`β

ş

rdµ`βHλpµq). With this
in mind, we can consider this setting in which Gibbs Measures are used as a particular
case of our previously described framework. We will however retain both r and U for
sake of completeness.

Now, consider some standard assumptions that might be taken about the Gibbs measure’s
potential (and also, equivalently, the risk regularizer):

Assumption 3 (As in Hu et al. [38]) U : Z Ñ R is assumed to be C8, with ∇U Lipschitz
continuous, and such that DCU ą 0, DC 1

U P R such that25 @x P Z : ∇Upxq ¨x ě CU}x}2 `C 1
U .

When required, we will also assume that r : Z Ñ R satisfies these conditions.

The advantage of the regularized problem is that Rτ,β
ν includes an entropy term, which

guarantees strict convexity, weak lower semicontinuity and compact sublevel sets26

for Rτ,β
ν . In particular, it will admit a unique minimizer µ˚, τ, β, ν (or, for simplicity, just µ˚

when context is clear), as shown by the following proposition:

Proposition 9 (Existence and Uniqueness of the minimizer (regularized case)) Let R satisfy
assumption 2, and let ν be the Gibbs measure with potential U . Then, Rτ, β

ν has a unique
minimizer, µ˚, τ, β, ν P PpZq, absolutely continuous with respect to Lebesgue measure λ.
When U satisfies assumption 3, it also belongs to P2pZq.

Proof. This result is taken directly from Hu et al. [38]. We include the proof in section C.6
for completeness.

Under our goal of minimizing R over PpZq through the training dynamic, we will be forced
to pass through the regularized version of the problem if we want to achieve any sort of global
convergence guarantee. Unfortunately, even though we will gain global convergence of the
training dynamic, this will be to the global minimum of Rτ, β

ν , which could in principle be
radically different to the minimizers of R in the original problem. Luckily, some proximity
might be expected between the regularized and unregularized problem values, at least when
ν is taken to be the Gibbs measure. This result is presented in a slightly modified version
from its original formulation in Hu et al. [38]; we make it more general in order for it to fit
in the general framework of the regularized problem we just presented:

25Note that these conditions imply that D0 ď C 1 ď C s.t. @x P Z, C 1}x}2 ´ C ď Upxq ď Cp1 ` }x}2q (i.e.
U has quadratic growth) and |∆Upxq| ď C

26See Hu et al. [38] and Lynch et al. [54]
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Proposition 10 (Γ-convergence, as in Hu et al. [38]) Let Z “ RD. If R is Wp-continuous,
ν is a Gibbs measure whose potential U satisfies assumption 3 and the regularizer r also
satisfies assumption 3, then Rτ, β

ν Γ-converges to R when τ, β Ó 0. Particularly, given µ˚, τ, β, ν

the minimizer of Rτ, β
ν , we have

lim
τ,βÑ0

Rpµ˚, τ, β, ν
q “ inf

µPP2pZq
Rpµq.

In particular, every cluster point of pµ˚, τ, β, νqτ,β is a minimizer of R.

Proof. To generalize the result from Hu et al. [38] (to the simultaneous limit of τ, β Ñ 0)
we employ essentially their same techniques and follow their exact same proof structure. In
any case, for completeness, we include it in Section C.6.

Better still, as shown in Hu et al. [38], the minimizers of Rτ, β
ν can be characterized via

the following proposition:

Proposition 11 (from Hu et al. [38]) Let R satisfy assumption 2, and let ν be the Gibbs
measure with potential U ; let both U and r satisfy assumption 3. Then, the following are
equivalent:

• µ˚ “ argminµPPpZq R
τ, β
ν pµq

• µ˚ is equivalent to λ (Lebesgue measure on Z) and

δR

δµ
pµ˚, zq ` τrpzq ` β logpu˚

pzqq ` βUpzq is a constant λ - a.s. @z P Z

where u˚ denotes the density of µ˚ wrt λ.

Proof. It can be done straightfowardly from Hu et al. [38] as it’s a direct adaptation of their
result (Proposition 2.5).

In particular, in this setting it appears convenient to define, for any measure µ P PpZq

the probability measure µ̂ defined by its density wrt Lebesgue (slightly abusing notation):

µ̂pzq9 exp

ˆ

´
1

β

BR

Bµ
pµ, zq ´

τ

β
rpzq ´ Upzq

˙

As noted in Nitanda et al. [63], Chen et al. [13], Proposition 11 tells us that the global
minimum µ˚ satisfies a self-consistency condition: µ˚ “ µ̂˚

In a similar spirit to that of section 2.2.7, we may recall that the WGF in pP2pZq,W2q

for Rτ,β
ν (with ν the Gibbs measure of Z) corresponds to:

Btµt “ ςptq rdiv ppDµRpµt, ¨q ` τ∇θr ` β∇θUqµtq ` β∆µts (2.8)

From classic works on the mean field literature (e.g. from Sznitman [83]) it is known that
such an equation has a unique strong solution (under the right technical assumptions, see
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assumption 10 in Chapter D); in particular, it regularizes the measure solutions, making them
have a density27. This also holds for the corresponding McKean-Vlasov Equation, which is
written as:

dZt “ ςptq
”

´ pDµRpµ, Ztq ` τ∇θrpZtq ` β∇θUpZtqq dt `
a

2βdBt

ı

with µt “ LawpZtq

(2.9)

Where pBtqtě0 is a D-dimensional standard Brownian Motion. As previously mentioned,
this McKean-Vlasov equation is what’s also referred to (in the literature) as the Mean
Field Langevin Dynamics (MFLD). Furthermore, as seen in theorem 3, it is expected
that the SGD training procedure will converge to thismean field training dynamic. It will thus
be desirable to relate the marginals of the MFLD to the global optimum of the regularized
problem.

A first remarkable result in the regularized case is that the following free energy dissipation
formula holds (and it can be proven using Itô Calculus; the technical assumptions, once again,
shall be found in Chapter D).

Theorem 6 (from Hu et al. [38] and Chen et al. [13]) Let µ0 P P2pZq, and let assumption 3
and 10 hold; then:

@t ą 0,
d

dt
pRτ,β

ν pµtqq “ ´ςptq

ż

Z

ˇ

ˇ

ˇ

ˇ

DµRpµt, zq ` τ∇rpzq ` β
∇ut
ut

pzq ` β∇Upzq

ˇ

ˇ

ˇ

ˇ

2

dµtpzq

where ut denotes the density of µt :“ LawpXtq, the solution to equation (2.9). i.e. following
the MFLD makes the regularized risk decrease at a known rate. This is known as the energy
dissipation equation.

Remark Notice that this equation can be rewritten using the Fisher divergence (or
relative Fisher Information) between two measures. This quantity is defined as:

Ipµ||νq :“

ż

Z

›

›

›

›

∇ logp
dµ

dν
pzqq

›

›

›

›

2

dµpzq

Then, almost by definition, we get:

d

dt
pRτ,β

ν pµtqq “ ´β2ςptqIpµt||µ̂tq

From this we could infer that the stationary points for the dynamic (i.e. those for which

the left hand side becomes null), must be fixed points for the p̂¨q operator on P2pZq. In
particular, this can also serve as an alternative proof for proposition 11.

From the remark, we can see that theorem 6 implies that the MFLD converges to the
unique global optimizer of the regularized problem:

27Moreover, assuming assumption 10 (see Hu et al. [38]), the solution is stable with respect to the initial
law; i.e. @µ0, µ

1
0 P P2pZq, @t ą 0, DCt ą 0 : W2pµt, µ

1
tq ď CtW2pµ0, µ

1
0q.
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Theorem 7 (from Hu et al. [38]) Let R satisfy assumption 2; also assume that assumption 3
and 10 hold. Consider µ0 P Ypą2PppZq and let pµtqtě0 be the solution to the MFLD starting
from µ0. Then, the equation has an invariant measure28, µ8, that satisfies:

µ8 :“ arg min
µPPpZq

Rτ, β
ν pµq and lim

tÑ8
W2pµt, µ8q “ 0

Remark Global Convergence Results such as theorem 6 or theorem 7 have been established
as early as in Mei et al. [57] (for the quadratic loss and under the simplest SGD dynamics).
However, settings such as those of [13, 38, 63, 82, 17] are of incredible interest to establish
essentially the same results under fundamentaly more general assumptions.

Making further technical assumptions on our regularized functionals leads to better
convergence results as well as a uniform-in-time propagation of chaos result (established
in Chen et al. [13]). Consider the following definition (which is prevalent in the MFLD
literature, see [17, 13, 63, 82]):

Definition 2.8 We say µ P PpZq satisfies the Log-Sobolev Inequality with constant ϑ ą 0
(in short, LSI(ϑ)), if for any smooth function ϕ : Z Ñ R with Eµrϕ2s ă 8, we have:

Eµrϕ2 logpϕ2
qs ´ Eµrϕ2

s logpEµrϕ2
sq ď

2

ϑ
Eµr}∇ϕ}

2
2s.

This is equivalent to saying that, @ν P PpZq s.t. ν ≪ µ:

Dpν||µq :“

ż

Z
logp

dν

dµ
pzqqdνpzq ď

1

2ϑ

ż

Z

›

›

›

›

∇ logp
dν

dµ
pzqq

›

›

›

›

2

dνpzq “:
1

2ϑ
Ipν||µq

where Dpν||µq is the KL divergence and Ipµ||νq is the Fisher divergence (or relative Fisher
Information).

Remark Written like that, this inequality serves to ensure exponential convergence to minimizers
whenever µ “ e´V (for V some potential function) satisfies a LSI. In our setting, as done by
most authors in recent years, we need to assume it uniformly over P2pZq to get the global
convergence results we desire.

Assumption 4 (Uniform LSI from [17, 13, 63, 82]) There exists ϑ ą 0 such that @µ P

P2pZq, µ̂ satisfies LSI(ϑ).

Remark This LSI is a recurrent element in the literature of WGF and Optimal Transport
in general (see, for instance, Otto and Villani [66]). In particular, it implies the Poincaré
Inequality :

@ϕ P C1
b pZq, Varµ̂pϕq ď

1

2ϑ
Eµ̂r|∇ϕ|

2
s

Talagrand’s T2-transport inequality follows as well:

@ν P P2pZq, ϑW 2
2 pν, µ̂q ď Dpν||µ̂q

Moreover, all these inequalities are stable under tensorization, which allows for properly
studying the Propagation of Chaos problem (as we’ll see right after).

28A measure µ is said to be invariant for the equation if LawpXtq “ µ for all t ě 0
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Beyond the characterization of the decay provided by Hu et al. [38], Chen et al. [13]
provide the following guarantee:

Theorem 8 (from Chen et al. [13] and Chizat [17]) Let assumptions 2, 4 and 10 hold. Then,
if for some t0 ě 0, µt0 has finite entropy and finite second moment; then @t ě t0,

Dpµt||µ8q ď Rτ, β
ν pµtq ´ Rτ, β

ν pµ8q ď pRτ, β
ν pµt0q ´ Rτ, β

ν pµ8qqe
´2βϑ

şt
t0
ςpsqds

where µ8 “ µτ, β, ν “ argminµPPpZq R
τ β
ν pµq. By Talagrand’s inequality this also amounts to

exponential W2 convergence of µt to µ8
29.

i.e. The value function following the MFLD converges exponentially fast to the optimum
value of the problem. This also implies an exponential convergence in relative entropy.

Proof. The result in Chen et al. [13] is established in the setting with τ “ 0, β “ 1 and
ς ” 1; however, from the insight taken from Chen et al. [13], Chizat [17] (among others) one
can show that, in its most general form, the result holds as stated.

All the results we’ve stated speak to the ability of the limiting Mean Field process to
converge in large time to the unique minimizer of the regularized problem (the so-called
global convergence results). Now, could we directly relate this global convergence to the
original discrete SGD dynamics with finitely many particles? i.e. can we quantify how the
the regularized SGD training dynamics approaches the global optimum of the regularized
population risk Rτ, β

ν ? Works such as Chizat [17], Chen et al. [13], Nitanda et al. [63]
provide interesting results (such as a uniform-in-time propagation of chaos), but centered in
the non-stochastic Gradient Descent Training. SGD results mainly come from the recent
developments by Suzuki et al. [82].

In any case, we will now revisit some Propagation of Chaos results, under the lens of the
regularized dynamics. We know that a distribution over N particles (i.e. a random variable
Z “ pZiqNi“1) can be expressed by its law µpNq P PpZNq. As we’ve already seen, the idea
behind the propagation of chaos results basically states that, as the number of particles N
increases, particles behave as if they are independent; in some sense, the joint distribution
of the N particles (µpNq P PpZNq) approaches a product measure (µbN for some µ P PpZq).
This is exactly what the last variant of theorem 4 demonstrates for the continuous-time SGD
training process (which approaches independent realizations of the mean field dynamics). In
a similar way, Chen et al. [13] establish a uniform-in-time propagation of chaos result for the
(continuous-time) particule system30 that follows the MFLD equation (2.6). Though they
have stronger results, the following corollary illustrates the point pretty well:

Corollary 3 (from Chen et al. [13]) Assume R satisfies assumptions 2 and 10 (2.) and
assumption 4. Suppose m0 P P6pZq, m0 has finite entropy, and mN

0 “ mbN
0 (initialization is

29Thus, under the right technical assumptions, it also amounts to Theorem 4 of Mei et al. [57]
30i.e. the particles Z “ pZiqNi“1 are initialized i.i.d. and they follow, for every i P t1, . . . , Nu

dZi
t “ ςptq

”

´
`

DµRpνNZ , Zi
tq ` τ∇θrpZi

tq
˘

dt `
a

2βdBt

ı
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i.i.d.). Then there exist constants C, κ,N0 ą 0, depending on ϑ,MR
mm,M

R
mx,m0, and D (as

in Z “ RD), such that:

sup
tPr0,8q

1

N
W 2

2 pmN
t ,m

bN
t q ď

C

Nκ
for every N ě N0

If additionally R is such that supµPP2pZq supxPZ |∇kDµRpµ, xq| ă `8 for k “ 2, 3, we also
have:

sup
tPr0,8q

1

N
DpmN

t ||mbN
t q ď

C

Nκ
for every N ě N0

upon redefining the constants C, κ,N0 ą 0.

Beyond the continuous time Gradient Descent Dynamics, we can get bounds (as in Suzuki
et al. [82]) relating the noisy discrete time SGD dynamics (as given by equation (2.2)) to
the optimum of the regularized problem. First, we might desire to adapt our risk functional
Rτ, β : PpZq Ñ R in order to evaluate this N-particle system. Under this lens, it’s natural
to define the risk associated to the whole particle system as RN,τ,β : PpZNq Ñ R such that
@µpNq P PpZNq:

RN,τ,β
pµpNq

q “ NEθ„µpNqrRτ
pνNθ qs ` βHλpµpNq

q

Knowing that in the regularized case there is a unique minimum to which we can converge,
we might wonder if RN,τ,βpµpNqq will be close (or not) to NRτ,βpµ˚q. Indeed, from theorem 2,
one could get the following bound:

0 ď inf
µpNqPPpZN q

1

N
RN,τ,β

pµpNq
q ´ Rτ,β

pµ˚
q ď

Cτ,β
N

for some constant Cτ,β ą 0. Thanks to the following result, we could understand that,
propagation of chaos might be achieved as long as we’re able to control the difference in risk :

Lemma 5 (from Suzuki et al. [82]) Assume assumption 2, assumption 3, assumption 4 and
that Dλ1, λ2 ą 0 and cr ą 0 such that @x P Z λ1IdZ ď ∇∇Jrpxq ď λ2IdZ (in the matrix
order), xJ∇rpxq ě λ1}x}2, and 0 ď rpxq ď λ2pcr ` }x}2q, and ∇rp0q “ 0. Then:

W 2
2 pµpNq, µ˚N

q ď
2

βϑ
pRN,τ,β

pµpNq
q ´ NRτ,β

pµ˚
qq.

In particular, results along the following lines have been established:

Theorem 9 (Sketch, from Suzuki et al. [82]) Let µ˚ be the optimum of the regularized problem
and pθkqkPN be the parameters trained using equation (2.2) (with α ą 0 a constant learning

rate). Assume assumptions 11 to 13 and βαϑ ď 1
4
, α ď λ1

4λ2
. Then: 1

N
E
”

RN,τ,βpµ
pNq

k q

ı

´

Rτ,βpµ˚q ď e´Cτ,β,ϑk
”

1
N
E
”

RN,τ,βpµ
pNq

k q

ı

´ Rτ,βpµ˚qq

ı

` constants

We won’t dive into excessive details for such results, as they have been recently developped,
and escape a bit from the main focus of the current work.

Many extensions of the setting presented here have been studied in the literature (notably,
the annealed dynamics from [17], among many others). We will, however, not dive any further
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into them in this review, as sufficient detail of the key elements of the MF theory of shallow
NNs have been provided; further insight shall be sought in the original material.

2.2.9 Applicability to the NN setting

Among the sea of different frameworks and results provided in the previous section, one may
wonder whether the relevant hypothesis for some of the key results (which were given in
their most general forms) hold in the setting of the shallow NNs that appear in practice.

The first restriction most of these results face, is that they will require σ˚ to be bounded
in order to work. This will, unfortunately, go against properties such as the approximation
power of NNs (in particular, their universality). The standard assumption will be the
following:

Assumption 5 (Standard Assumptions on shallow NNs) A standard NN setting will be the
following:

1. Let X “ Rd and Y “ Rc and Z “ Rcˆb ˆ Rdˆb ˆ Rb.

2. Let σ˚ : X ˆ Z Ñ Y be of the form:

@θ “ pW,A,Bq P Z; @x P X , σ˚px; θq “ φpW qσpATx ` Bq

where σ : R Ñ R is an activation function (which is applied pointwise) and φ : R Ñ

r´M,M s is a truncation function (also applied pointwise), with M ă `8. σ and
φ are assumed to be at least continuously differentiable.

3. Let π P PpX ˆ Yq be the data distribution, with finite second moment31.

4. Let ℓ : Y ˆ Y Ñ R be a convex and smooth loss function, such that ℓ ě 0.

5. With all of these elements, consider R : PpZq Ñ R given by, @µ P PpZq, Rpµq “

Eπrℓpxσ˚pX, ¨q, µy, Y qs.

These assumptions ensure (together with stronger impositions) that:

Corollary 4 Suppose assumption 5 holds:

• Further assume @θ P Z, σ˚p¨, θq P L2pπ|X q and DC ą 0, @θ P Z, }σ˚p¨, θq}L2pπ|X q ď

Cp1 ` |θ|2q. Then R : PpZq Ñ R is convex, C1 and bounded from below (i.e.
assumption 2 holds).

• Further assume ℓpy, ŷq “ }y´ŷ}22 (quadratic loss), rpθq “ }θ}2 (quadratic regularization)
and also that σ and φ have bounded derivatives to up to fourth order. Also suppose
that σ is sigmoidal (i.e. continuous, non decreasing, 0 at ´8 and 1 at `8). Then
assumption 10 (2.) hold as well:

31An alternative, stronger, but standard hypothesis is to suppose π compactly supported
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– D2
µR

τ has bounded 2-norm, making DµR
τ p¨, zq W1-Lipschitz with constantM

Rτ

mm “
`

}φ1}8 ` }φ}8}σ1}8p1 `
ş

|x|2πX pdxq
˘1{2

.

– By boundedness of the derivatives of σ and φ, the rest of the bounds follow as well.

Furthermore, by the boundedness of φ and the fact that π P P2pX ˆ Yq, assumption 4
holds with ϑ “ τ exp p´2pEπr}Y }s ` }φ}8q}φ}8q .

Remark The truncation function φ : R Ñ r´M,M s, introduced to make σ˚ bounded
(in order to ensure minimal results), hinders on the ability of shallow NNs to approximate
arbitrary functions. As noted previously, if M ă `8, any h P Fσ˚

pP2pZqq will satisfy that
}h}8 ď M . Thus, we will never be able to perfectly approximate unbounded functions32.

Despite this, Chen et al. [13] observe that Barron’s theorem (see Barron [6]) might be
used to validate the results even under truncation. Indeed, if f˚ “ EπrY |X“¨s is such that DF ˚

complex-valued measure (which we call its fourier transform), DKr ą 0:

@x P Bp0, Krq, f˚
pxq “ f˚

p0q `

ż

Rd

peiω¨x
´ 1qF ˚

pdωq

If M ě Kr

ş

Z |ω||F pdωq| ` |fp0q|, and Dc`, c´ P R such that φpc`q “ M and φpc´q “ ´M ;
then, for every π|X P PpBp0, Krqq, the best approximation error is zero; i.e.

inf
ΦPFσ,φpP2pZqq

}f ´ Φ}L2pπ|X q “ 0

2.3 Mean Field Limit in Deep Neural Networks

From the previous section, it becomes clear that the understanding of the Mean Field limit
of single-layer NNs is in a quite advanced stage. The next natural step in this context is to
dive into how these results and behaviours change when considering deep neural networks
(i.e. with more than one hidden layer).

As we’ve previously signaled, some of the deep neural network architectures can be
expressed in the form: 1

N

řN
i“1 σ˚p¨, θiq for some descriptor σ˚ : X ˆ Z Ñ Y (see Rotskoff

and Vanden-Eijnden [72] for further reference). However, a true mean field understanding of
deep neural networks, to their full extent, is part of the literature’s ongoing work.

In particular, the works of Araújo et al. [2] and Sirignano and Spiliopoulos [79] began
the analysis in that direction, managing to prove some relevant results, but with multiple
technical difficulties that each overcame in different ways.

In the case of Sirignano and Spiliopoulos [79], they study 2-hidden-layer networks (WLOG
as it’s sufficient to understand the general case), of the form:

ΦN1,N2px; θq :“
1

N2

N2
ÿ

i“1

Ciσ

˜

1

N1

N1
ÿ

j“1

W 2,i,jσpW 1,j
¨ xq

¸

32This contrasts the case of M “ `8 and π|X compactly supported, when we know, by corollary 1, that
the infimum of the problem is zero
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Figure 2.5: Illustration of the Paths of weights in a multilayer neural network: these are the
basic units that are studied in the Mean Field limit of deep neural networks. Taken from
Araújo et al. [2].

where the parameters are θ “ pC1, . . . , CN2 ,W 2,1,1, . . . ,W 2,N1,N2 ,W 1,1, . . . ,W 1,N1q, and they
are updated following the usual SGD. Unfortunately, for technical reasons, they are forced
to consider rescaled learning rates in the form: αN1,N2

C “ N2

N1
, αN1,N2

W,1 “ 1, αN1,N2

W,2 “ N2 (all of
which are very rarely used values in practice). For the same reason, the limit of infinite width
that they consider must be taken one layer at a time (i.e. limN2Ñ8 limN1Ñ8 ΦN1,N2px; θtq).
This introduces its own technical difficulties and, above all, is very unintuitive from the
perspective of applications.

On the other hand, Araújo et al. [2] manage to relax the assumptions of Sirignano and
Spiliopoulos [78], at the cost of freezing the first and last layers of the network (i.e. having
them not be trained in the SGD iterations; similar to random features) and having all layers
scale according to the same value of N . This is clearly restrictive in terms of applications, but
it avoids the problem of having ‘2 different scalings’ between the external layers (according
to N) and the internal layers (according to N2) within multilayer networks. Unfortunately,
this introduces other technical problems related to the continuity of a conditional probability
distribution.

Both papers try to attack the problem in a similar fashion as in the shallow NN case:
they seek for a limiting mean field process that could potentially approximate the SGD
training dynamic, establishing their well-posedness, as well as relevant propagation of chaos
(and eventually global convergence) results. Unfortunately, in the setting of deep NNs, the
weights cannot become statistically independent in the large N limit (due to the
interconnection between layers). Therefore, a proper analysis of how propagation of chaos
takes place in the multilayer case must be done with the so-called paths of weights in the
network. This idea is illustrated in Figure 2.5.

A more modern understanding of the mean field limit of deep neural networks has been
recently established in Nguyen and Pham [61]. They make use of what they refer to as
neuronal embeddings and manage to establish both a relevantmean field regime (characterized
by a system of ODEs) as well as some global convergence guarantees; all while not having
to assume convexity of the loss function (which is crucial in all the theory described in
section 2.2). Despite the undeniable interest of such an approach, the techniques employed
in Nguyen and Pham [61] are rather heuristical and they also escape from the realm of our
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current research on the topic; we will therefore refrain from diving further into its details.

More generally, the increased complexity and the limited literature related to the Mean
Field limit of multilayer neural networks have kept us from delving deeper into these ideas.
Without a doubt, one of our objectives for future work is to better understand this MF limit
of deep NNs, particularly under the lens of symmetries. We advise the interested reader to
seek further details in the relevant literature.
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Chapter 3

Exploiting Symmetries with Neural
Networks

In recent times, Deep Learning models have revolutionized the technological industry. However,
the deep models that have seen the most success, don’t exactly correspond to the fully
connected ‘shallow’ NNs considered in the previous section. The most successful NN architectures
in practice (such as CNNs, RNNs, Transformers and GNNs) are those that leverage the
intrinsic properties of data to reduce their complexity.

Example [Invariant and Equivariant Tasks] To illustrate the idea behind our depiction
of symmetries in the learning framework, we consider two examples of tasks which inolve
some kind of symmetry that we might want to exploit:

• If we wanted to detect the presence (or absence) of a dog in an image, it shouldn’t matter
to us in which orientation the image arrives (see Figure 3.1 for some orientations): the
underlying classification function we want to discover (i.e. the way of associating an
image to a label) does not depend on the orientation of the photograph; for all possible
orientations, a dog should be detected. This is what we call an invariant task.

• Analogously, if instead of classifying whether a dog is present (or not) in an image, we
were interested in detecting the position of the dog’s nose in the image, simmetry also
plays a role. When rotating the image by a certain amount (e.g. 90˝) the detected nose
position should rotate by an equal amount. That is, our underlying “nose-detection”
function should commute with the symmetric transformation. This is what we call an
equivariant task.

With this in mind, it seems natural that a good NN model should be capable of understanding
and exploiting these symmetries present in the data to achieve better results on the given task.
More precisely, the NN architecture considered for the problem should take the symmetry
into account.

In this work, we will focus on understanding the different symmetry-leveraging techniques
that are commonly used in the literature to exploit a problem’s symmetry. These include ideas
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Figure 3.1: Illustration of possible orientations of a photograph under the action of group
G “ D4.

such as Data Augmentation (DA), Feature Averaging (FA), and the recently popularized so-
called Equivariant Architectures (EA) of neural networks. This all falls within the context of
Geometric Deep Learning (GDL) [10] and, in particular, equivariant architectures account
for a significant portion of the most popular architectures today (CNNs [34], Transformers
[86], GraphNNs [74], among many others).

In what follows, a brief overview of results on the theory of Geometric Deep Learning will
be given. Particularly, ideas from Bronstein et al. [10],Kondor and Trivedi [47],Cohen et al.
[19], Finzi et al. [30], Finzi et al. [31],Elesedy and Zaidi [28] and Flinth and Ohlsson [32] will
be discussed. Deep Learning Literature is rapidly and constantly moving, so possibly some
interesting elements from the literature are being left out: a more complete view might be
found by going through the original material.

3.1 Symmetries as Group Actions

A first thing we notice in our example, is that the symmetries of the data are being encoded
as an action of a group G over the features and labels.

Let X , Y and Z be general topological spaces endowed with their Borel σ-fields (often
they will be separable Hilbert spaces or even, as for the practical implementation of NNs,
just X “ Rd, Y “ Rc and Z “ RD). Consider a topological group pG, TGq 1 endowed with
its Borel σ-field.

We say that G acts on Z (on the left), which we denote G

œ Z, whenever there exists a

1Recall that this means that, under the topological structure given by TG, the group operations
(multiplication and inversion) are continuous
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map:

T : GˆZ Ñ Z
pg, zq ÞÑ T pg, zq

that satisfies T peG, zq “ z and T pg1, T pg2, zqq “ T pg1.g2, zq, @g1, g2 P G, @z P Z. Equivalently,
this amounts to having a group homomorphism between G and SympZq (this is why we
usually denote T pg, ¨q by Tg). The action is said to be faithful when this homomorphism is
injective; it is said to be free whenever @z P Z the stabilizer 2 of z is trivial, i.e. Gz “ teGu.
We denote by Gz the orbit of z P Z by G (i.e. tgz : g P Gu). The orbit space, denoted
GzZ is the set of all orbits of points in Z. There exists a canonical projection map
p : Z Ñ GzZ that associates, to every z P Z its associated orbit Gz P GzZ. GzZ is usually
endowed with the quotient topology (TGzZ :“ tA Ă GzZ : p´1pAq P TZu, the smallest
one making p continuous3).

We say that G acts continuously on Z whenever T is continuous (with respect to
the product topology) 4. It is clear that, a continuous action, G

œ Z, acts on Z via
homeomorphisms (@g P G, Tg : Z Ñ Z is an homeomorphism). We might further assume,
when Z is metric, that G acts on Z via isometries (i.e. @g P G, Tg : Z Ñ Z is an isommetry
of Z). Finally, we say that the action G

œ Z is proper if for every pair of compact sets
K1, K2 Ď Z the set GK1,K2 “ tg P G : TgpK1q X K2 ‰ Hu is compact (in G)5.

We hereby state some remarkable properties of group actions:

Proposition 12 (Properties of Continuous Group Actions (see [25, 68, 26, 8])) Let G

œ Z
be a continuous group action; then:

1. p : Z Ñ GzZ is continuous but also an open map (i.e. @U P TZ , ppUq P TGzZ)

2. If Z and G are Hausdorff and G

œ Z properly, then @z P Z, Gz Ď Z is closed and also
GzZ is Hausdorff. If Z is also locally compact6, then GzZ is locally compact as
well.

3. If G is compact, then it acts properly on any Hausdorff Z.

4. The following are holds when both G and Z are Polish spaces (i.e. separable and
metrizable by a complete metric); and G is locally compact while Z is Hausdorff:

rGzZ is T0s ðñ TGzZ generates BGzZ ðñ Each orbit is Gδ in Z

If further G and Z are first countable 7, these are also equivalent to:

ðñ Ds : GzZ Ñ Z a Borel cross-section of p ðñ p admits a Borel transversal

2Recall that the stabilizer subgroup of an element z P Z is given by Gz :“ tg P G : Tg.z “ zu
3Similarly, one may define the natural Borel σ-field on GzZ as BGzZ :“ tA Ă GzZ : p´1pAq P BZu
4Similarly, we say G acts measurably on Z whenever T is measurable (wrt the product σ-field)
5Equivalently, if the graph application pg, zq P G ˆ Z ÞÑ pz, Tg.zq P Z ˆ Z is proper.
6A potential problem with assuming local compactness would be that if Z was a t.v.s., this would force

it to be finite-dimensional.
7i.e. each point has a countable basis of open sets
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Figure 3.2: Illustration of an Equivariant Function. Taken from Kumagai and Sannai [48]

The standard assumption we will make is that G is locally compact, second countable and
Hausdorff (denoted lcsH). Under these conditions, it is well known (see Druţu and Kapovich
[25]) that G admits a (left)-Haar measure λG P MpGq (i.e. a left-invariant measure on
G that’s finite on every compact set, outer regular on Borel sets and inner regular on open
sets). In particular, whenever G is compact, we know that λG can be normalized (and it
is unique and also right G-invariant); in this case, it is to be interpreted as the uniform
distribution on G.

For our study of the symmetries of NNs, the following notion of an Invariant (or
Equivariant) map will be key:

Definition 3.1 [Invariant/Equivariant Functions] Let G

œ X (via TX ) and G

œ Y
(via TY). We say that f : X Ñ Y is G-equivariant if

@g P G : f ˝ TX
g “ TY

g ˝ f

If TY ” IdY (trivial action), we say that f is G-invariant.

The idea behind equivariance is well represented in Figure 3.2: an equivariant function,
under transformations in its input, undergoes the same transformations in its output.

An interesting particular case of the last definition appears for multivariable functions :

Definition 3.2 [Jointly Invariant/Equivariant Functions] Let G

œ X1 (via TX1),
G

œ X2 (via TX2) and G

œ Y (via TY). We say that f : X1 ˆ X2 Ñ Y is jointly G-
equivariant if

@g P G, @x1 P X1, @x2 P X2 : fpTX1
g .x1, T

X2
g .x2q “ TY

g .fpx1, x2q

If TY ” IdY (trivial action), we say that f is jointly G-invariant.
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We may also call such functions G-equivariant/invariant on both arguments, or even
just plainly G-equivariant/invariant8. An analogous definition still holds for an arbitrary
(finite) amount of input arguments.

Beyond the general definitions, we will now restrict ourselves to the setting of compact
groups that act over (separable) Hilbert spaces via representations (i.e. linear maps)9.

Definition 3.3 [Group Action via Representations] Let G be a compact group with
normalized Haar measure λG, and let Z be a (separable) Hilbert space.

We say that G acts on Z linearly via the representation ρ (denoted G

œ

ρ Z) when ρ
is a group homomorphism

ρ : G Ñ GLpZq

i.e. it associates each g P G to a linear and bounded invertible operator ρpgq P GLpZq, also
satisfying the relation @g, h P G, ρpghq “ ρpgqρphq. This is esentially the definition of a
continuous group action, but ρg : Z Ñ Z is not only a homeomorphism: it is also linear.

One may further assume that the considered representation is orthogonal (or unitary).
That is, for all g P G, ρpgq is a unitary operator (ρpgqρpgq˚ “ IdZ).

Example Despite assuming a compact group and orthogonal representations might seem
somewhat restrictive, many well known examples can be placed in this setting:

• The trivial representation (where @g P G, ρpgq “ IdZ) is the simplest (yet most
common) example.

• Sn acting on Rn by permutation of the coordinates. This also extends to an action on
Rnk

via simultaneous permutation of coordinates.

• Z2
n acting on images in Rnˆn via translations (cyclic rotation of coordinates).

• C4 acting on images in Rnˆn via 90˝ rotations.

• An infinite-dimensional example (which appears widely in the literature) is that of the
action of any compact G over L8pGq. It is given, for all f P L8pGq, g, h P G, by
pρpgq.fqphq “ fpg´1hq; which is indeed a linear and bounded map.

As an illustration, consider figure 3.1, where the group G “ D4 is acting on the space of
images R2 by 90˝ rotations and vertical flips. This can be understood via the representation

given by

Bˆ

0 ´1
1 0

˙

,

ˆ

1 0
0 ´1

˙F

.

Remark Notice that, as long as G is compact, any representation G

œ

ρ Z can be cast as an
orthogonal representation. To achieve this one may consider an equivalent inner product

8Being G-jointly equivariant is essentially the same as being G-equivariant with respect to the actions:
G

œ

pX1 ˆ X2q (via TX1 ˆ TX2) and G

œ Y (via TY)
9This shall be enough, as it’s the most used setting in the literature. In particular, in the NN setting,

usually the features and labels are respectively X “ Rd and Y “ Rc. A potential extension to group actions
via isometries (on simply metric Z) could potentially be pursued in future works.
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on Z given by xa, byG “
ş

G
xρga, ρgbyZdλGpgq, @a, b P Z. This makes ρ unitary and it is

known (see Elesedy and Zaidi [28]) as the Weyl trick.

Remark After having introduced the main framework that will be considered to model
symmetries, one could naturally notice the several limitations involved. Having symmetries
encoded as group actions immediately implies that every transformationmust have an inverse.
In particular, transformations such as “introducing noise into an image” or “blocking parts
of the image” (among many others), fall outside our current theoretical framework. In order
to tackle these limitations without losing too many of the advantageous properties of group
theory, some variants of the framework have emerged in the literature:

• Partial Symmetries: It accounts for the possibility of having the objects NOT being
invariant for every group transformation, but rather just for subset of them.

e.g. the detection of a digit on an image is not a rotationally invariant task, as 6 and 9
may be confused under a 180˝ rotation. However, it is partially rotationally invariant,
as we might only consider rotations of ă 90˝ to avoid confusions (and still profit from
the symmetric properties).

• Approximate Symmetries: It accounts for the possibility of having the objects not
be perfectly invariant for every group transformation. This means that the objects
might be invariant up to a small error : e.g. compressing and reconstructing an image
will leave it invariant, except for potentially a small error due to a lossy reconstruction
(under approximate invariance, these differences can be deemed not relevant). We will
develop this idea further in the following sections.

Despite the inherent interest of these variants of the framework, we will not consider them
into any more detail, leaving their exploration (particularly in our setting) as future work.
The interested reader might look at Petrache and Trivedi [69] for some deeper analysis.

3.2 Theory of Invariant Measures

To develop our theory, we will assume that our data is symmetric in some sense. It is
therefore highly relevant to understand how exactly the symmetries with respect to a group
can be encoded into probability laws. Most of the notions described here are extracted from
Kallenberg [44, 45] and Bloem-Reddy and Teh [7].

3.2.1 Base Results

Consider G to be a lcsH group, with (left)-Haar measure λG, that acts measurably10 on a
space Z. We start by recalling some key definitions; such as that of a kernel (as described in
Kallenberg [45]):

10Recall that this corresponds to the map degining the action, pg, xq P GˆZ ÞÑ g.x P Z being measurable.
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Definition 3.4 (Kernel) Let pE1, E1q and pE2, E2q be two measurable spaces. A kernel φ
from E1 to E2 (usually denoted φ : E1 Ñ E2) is a function φ : E1 ˆ E2 Ñ r0,8s such that:

• @A P E2, x P E1 ÞÑ φpx,Aq is a measurable function.

• @x P E1, φpx, ¨q is a measure on pE2, E2q.

Equivalently, one may define a kernel as being a measurable function φ : E1 Ñ MpE2q (i.e.
such that it associates every point in E1 with a measure over pE2, E2q).

Also recall the definition of the pushforward of a measure:

Definition 3.5 Let pE1, E1, µq be a probability space and pE2, E2q be a measurable space.
Consider a measurable function T : pE1, E1, µq Ñ pE2, E2q; then, the pushforward measure
of µ by T , T#µ P PpE2, E2q, is defined as:

pT#µqpCq “ µpT´1
pCqq, @C P E2

Following from this definition, we get (extending from simple functions to integrable
functions) the well-known change of variables formula:

Lemma 6 For any f : E2 Ñ R, f P L1pE2, E2, T#µq ðñ f ˝ T P L1pE1, E1, µq In that
case, we have:

ż

E2

fpyqdpT#µqpyq “

ż

E1

fpT pxqqdµpxq

A direct corollary following from this is that:

Lemma 7 Let µ P PpZq and let Z be a random variable with distribution µ. Consider
T : Z Ñ Z̃ a measurable map, and consider the random variable Z̃ :“ T pZq, whose law we
denote ν. Then, ν “ T#µ

Considering the group action G

œ

M Z, we define (by slightly abusing notation):

• @g P G, Mg : z P Z ÞÑ Mg.z P Z

• @z P Z; Tz : g P G ÞÑ Mg.z P Z

We say a set A P BZ is G-invariant if @g P G, M´1
g A “ A; and we denote the σ-field of

G-invariant sets as IGX . We say a measure µ P MpZq is G-invariant if @g P G, Mg#µ “ µ;
and we denote the set of all G-invariant measures over Z as MGpZq. i.e.

MG
pZq :“ tµ P MpZq : @g P G, Mg#µ “ µu

Analogously, we say that a kernel φ : Z Ñ Z̃ is G-invariant if

@g P G, @z P Z, φMg .z “ φz ˝ M̃´1
g
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For readability, we will consider G to be a compact group as we present the following
results. More generality may be found in Kallenberg [45].

The following definition is key for understanding how anyG-invariant measure is characterized.

Definition 3.6 (Orbit Measure) Given a compact group G (with normalized Haar measure
λG) acting on a space Z, we define the orbit measure kernel φ : Z Ñ Z as:

@z P Z, φz :“ λG ˝ T´1
z

Remark Notice that this orbit measure kernel satisfies @z, z̃ P Z:

• φz is a σ-finite probability measure.

• Whenever Gz “ Gz̃ (they are in the same orbit) φz “ φz̃

• Whenever Gz ‰ Gz̃ (different orbits) φz K φz̃

• φz concentrates on Gz.

• φ : Z Ñ Z is a G-invariant kernel, as it satisfies:

@z P Z, @g P G : φz ˝ M´1
g “ φz “ φMg .z

Intuitively, this means that for any z P Z, φz is a uniform probability distribution on the
orbit Gz (therefore the name of orbit measure).

These orbit measures allow us to establish (following Kallenberg [45]) the renowned
ergodic decomposition theorem for invariant measures:

Theorem 10 (Theorem 7.3 from Kallenberg [45]) Let G be a compact group acting on Z
and φ the corresponding orbit measure kernel. Let ν P MpZq be a σ-finite measure, then:

ν P MG
pZq ðñ Dµ P MpφpZqq, σ-finite s.t. ν “

ż

φpZq

mdµpmq

In this case, the measure µ is unique and it satisfies:

@f : MpZq Ñ R` measurable,

ż

fdµ “

ż

fpφxqdνpxq

In particular, ν “

ż

Z
φxp¨qdνpxq “

ż

φpZq

mdµpmq

In short, this theorem tells us that any invariant measure over Z can be seen as a
mix of orbit measures. Other key base results that will be relevant in what follows are
related to Invariant Disintegrations and Radon-Nikodym derivatives:

First, the following disintegration theorem:
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Theorem 11 (Theorem 7.6 from Kallenberg [45]) Let G be a measurable group with Haar
measure λG acting measurably on Z and Y, where Y is Borel. If η P MGpZ ˆ Yq and
ν P MGpZq are two σ-finite measures such that ηp¨ ˆ Yq ≪ ν; then there exists a G-
invariant kernel φ : Z Ñ Y such that: η “ ν b φ. i.e. @f : Z ˆ Y Ñ R` measurable, we
have:

ż

ZˆY
fpx, yqdηpx, yq “

ż

Z

ż

Y
fpx, yqdφxpyqdνpxq

On the other hand, we can characterizeG-invariant measures that are absolutely continuous
with respect to a G-invariant measure as thos that have a G-invariant density function.

Theorem 12 (Theorem 7.8 from Kallenberg [45]) Let G
œ Z measurably and let µ, ν P

MGpZq be σ-finite. Then:

µ≪ ν on BZ ðñ µ≪ ν on IGX ðñ Dh : Z Ñ R` G-invariant and measurable : h “
dµ

dν

3.2.2 Applicability in the Learning Framework

Consider that our data arrives following a fixed distribution π P PpX ˆ Yq. Our underlying
assumption will be that the data is symmetric in some sense. We will encode this through
the G-invariance of the joint law.

Definition 3.7 [Invariant Laws] Let G be a compact group acting on X and Y via
representations (ρX and ρY respectively)

• Recall that, given a probability measure µ P PpX q, we say that µ is G-invariant if
@g P G, µ “ ρXg #µ.

In particular, if X is a random variable with law µ, this can also be written as:

X
pdq
“ ρXg .X @g P G

and X is said to be G-invariant in law.

• Similarly, a probability measure π P PpX ˆ Yq is said to be (jointly) G-invariant when
it is so with respect to the joint action G

œ

pX ˆ Yq via ρX ˆ ρY .

In particular, if a r.v. pX, Y q has law π P PpX ˆ Yq, then

pX, Y q
pdq
“ pρXg .X, ρ

Y
g .Y q @g P G

which means that the pair pX, Y q is jointly G-invariant in law (or also, G-equivariant
in law). As a consequence, each marginal (π|X and π|Y) is G-invariant as well.

Remark The work by Bloem-Reddy and Teh [7] extensively characterizes the notions of
equivariance in law and other similar concepts that are fundamental in the context of GDL.
In particular, the following result is shown:
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Theorem 13 (from Bloem-Reddy and Teh [7]) If G is a compact group acting measurably on
X and Y (Borel spaces); and also, there exists a measurable representative equivariant
τ : X Ñ G (i.e. measurable G-equivariant function, @g P G, τpg.xq “ g.τpxq). Let π P

PpX ˆYq and suppose π|X is G-invariant. Then: π is (jointly) G-invariant if and only if

Df : r0, 1sˆX Ñ Y measurable G-equivariant s.t. pX, Y q
a.s.
“ pX, fpη,Xqq, η „ Upr0, 1sq K X

In other words, understanding the law of the pair π can always be reduced to approximating
a G-equivariant function, modulo uniform and independent noise.

They also delve into the relevance of maximal invariant statistics11 for determining good
properties of equivariant distributions. Remarkably, for τ a measurable representative
equivariant, Mτ : X Ñ X defined by Mτ pxq “ τpxq´1.x is a maximal invariant (see
Lemma 8 in [7]12).

As we’re working over vector spaces, we would like to adapt this noise outsourcing
characterization of theorem 13 into an additive version. Fortunately, we can always do that
in the setting where π P PG

2 pX ˆ Yq:

Proposition 13 Let G be a compact group acting measurably on X (Borel space) and Y
(separable Hilbert space). Let π P PpXˆYq be (jointly) G-invariant and such that Eπr}Y }2s ă

8. Then:

Df˚ : X Ñ Y measurable G-equivariant s.t. pX, Y q
a.s.
“ pX, f˚

pXq ` ξq

where ξ is a centered r.v. with finite variance, and such that @h : X Ñ Y measurable,
Erxξ, hpXqyYs “ 0.

Proof. This proof is based on rather standard arguments. It is however original (as far as
we know), so we include it entirely in section C.7.

Remark Actually, the core of proposition 13 is proving that f˚pxq “ ErY |X “ xs must be
a (πX -a.e.) G-equivariant function.

With these ideas in mind, when dealing with data that is jointly G-invariant in law, a
natural idea would be to seek a way to leverage the symmetries in network training. The
following section contains the key idea of model symmetrization that appears vastly in the
literature.

3.3 Symmetrization of Models

Under the setting of group representations of a compact group G, any map can be turned
into a G-invariant/equivariant map via the following symmetrization operator:

11Which are statistics M : X Ñ S (with S some borel space) such that Mpg.xq “ Mpxq @x P X , @g P G
and @x, x̃ P X , whenever Gx “ Gx̃, Mpxq “ Mpx̃q

12They also show a way of easily constructing G-equivariant maps from a representative equivariant: for
any f : X Ñ Y just define τpxq.fpτpxq´1.xq

50



Definition 3.8 (Symmetrization (Orbit Averaging)) Let G be a compact group of
(normalized) Haar measure λG, such that G

œ

ρX X and G

œ

ρY Y. Let MpX ,Yq be the set
of all measurable maps from X to Y; and MGpX ,Yq Ď MpX ,Yq the set of those that are
G-equivariant.

We define the following symmetrization operator Q : MpX ,Yq Ñ MGpX ,Yq by its action
over any measurable f : X Ñ Y:

pQfqpxq “

ż

G

ρYg´1 .fpρXg .xqdλGpgq

By the G-invariance of λG, the resulting function (Qf) is exactly G-equivariant (with respect
to the corresponding actions).

In particular, for the invariant case (ρY ” IdY), the same operator is denoted by S (and
defined as: pSfqpxq “

ş

G
fpρXg .xqdλGpgq, which always yields a G-invariant map)13.

Proposition 14 (Properties of the Symmetrization Operator (from Elesedy and Zaidi [28]))
Consider a compact group G that acts on X and Y (via ρX and ρY respectively). Let πX be
a measure on X .

1. @f P MpX ,Yq we have that: f is G-equivariant ðñ Qf “ f .

2. Q has two eigenvalues: 0 and 1.

Further assume that ρY is a unitary representation and πX is G-invariant. Then:

3. Whenever f P L2pX ,Y ; πX q, we have that Qf P L2pX ,Y ; πX q.

4. Q is self-adjoint.

i.e. Q is the orthogonal projection from L2pX ,Y ; πX q onto L2
GpX ,Y ; πX q

These properties of Q allow for the following decomposition lemma (from Elesedy and
Zaidi [28]):

Lemma 8 (Equivariant Decomposition from Elesedy and Zaidi [28]) Let G be a compact
group acting on G

œ

ρX X and G

œ

ρX Y (with ρY unitary); and let πX be a G-invariant
measure on X .

For any U ď L2pX ,Y ; πX q closed under Q, U admits an orthogonal decomposition
into symmetric and antisymmetric parts: U “ IU

À

IK
U , where IU :“ tf P U :

f is G-equivariantu and IK
U :“ tf P U : Qf “ 0u

Having noticed that the symmetrization operator Q acts as an orthogonal projection; it
is natural to ask how much one might win from such symmetrization. As in Elesedy
and Zaidi [28], we can define:

13Strictly speaking, the action of G over X doesn’t need to be linear: the operator shall be well defined
(i.e. yielding a G-equivariant measurable function) as long as at least the action on Y is kept linear.
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Definition 3.9 (Symmetrization Gap (from Elesedy and Zaidi [28])) Let G be a compact
group acting on G

œ

ρX X and G

œ

ρX Y (with ρY unitary); and let π P PpX ˆ Yq. Define,
for any f P L2pX ,Y ; π|X q, the generalization gap as:

∆pf,Qfq :“ EπrℓpfpXq, Y qs ´ EπrℓppQfqpXq, Y qs

It quantifies the difference in population risk between a model and its symmetrized version.

From this definition, Elesedy and Zaidi [28] prove the following result (under the quadratic
loss):

Lemma 9 (Symmetrization Gap Characterization (from Elesedy and Zaidi [28])) Let G be a
compact group acting on G

œ

ρX X and G

œ

ρX Y (with ρY unitary); consider the quadratic
loss and let π P PpX ˆ Yq be such that π|X is G-invariant. Also, assume that there exists
f˚ : X Ñ Y G-equivariant such that pX, Y q „ π satisfies: Y “ f˚pXq ` ξ with ξ centered of
finite variance and independent of X. Then, the generalization gap satisfies:

∆pf,Qfq :“ Eπr}Y ´ fpXq}
2
Ys ´ Eπr}Y ´ pQfqpXq}

2
Ys “ }fK

}
2
π|X

We can actually improve this result and make it more general by using proposition 13
and drawing inspiration from a recent paper by Huang et al. [40]:

Lemma 10 (Symmetrization Gap Characterization) Let G be a compact group acting on
G

œ

ρX X and G

œ

ρX Y (with ρY unitary); consider the quadratic loss and let π P PpXˆYq

be such that Eπr}Y }2s ă 8.

Assume that π|X is G-invariant, but π is only H-invariant with respect to some H ď G
(closed). Then, the generalization gap satisfies:

∆pf,QGfq :“ Eπr}Y´fpXq}
2
Ys´Eπr}Y´pQGfqpXq}

2
Ys “ ´2xf˚, fK

GyL2pX ,Y;πX q`}fK
G}

2
L2pX ,Y;πX q

where f˚pxq “ EπrY |X “ xs is the conditional expectation function of Y wrt X, and we
denote fK

G :“ f ´ QGf .

In particular, if π is G-invariant as well, we get ∆pf,QGfq “ }fK
G}2L2pX ,Y;πX q

Proof. As far as we know, the result (as is stated, in its most general form) hasn’t been
proven in the literature. The proof is, however, really similar to that employed in Elesedy
and Zaidi [28] and Huang et al. [40] for their corresponding statements. We do, however, draw
from proposition 13 in order to state the result for an arbitrary π that’s square integrable.
Our proof of the statement shall be found in section C.8.

Remark What Lemma 10 esentially tells us is that, if we try to symmetrize a model with
respect to a group that has “more symmetries” than what are actually observable in our
data (i.e. π in itself is only H-invariant, but we symmetrize with respect to G ě H); we can
either win or lose generalization power according to the interplay between the two presented
terms. In particular, if π is G invariant, there’s a strict generalization benefit from choosing a
symmetric model to tackle our learning problem (which gives the name to the paper Elesedy
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and Zaidi [28]). In particular, whenever fK
G is non-zero (on a strictly positive π|X -measure

set) there’s a strict gain in generalization power from using the symmetrized version of the
model.

Beyond these theoretical elements, the focus of the related literature has been, in general,
on leveraging the symmetries of the data in some way during training, in order to get better
models. Model symmetrization is one key alternative, but many others exist.

3.4 Techniques for Leveraging Symmetries

There are three main objects of study in the literature when it comes to leveraging the
G-invariance of data: Data Augmentation (DA), Feature Averaging (FA), and more
recently, the use of Equivariant Architectures (EA). The first two techniques have been
extensively studied in the context of neural network learning (see Lyle et al. [53], Chen
et al. [14], Huang et al. [39] for a comparison between both, and Mei et al. [59], Li et al.
[52], Dao et al. [21] for applications in the context of NTK). On the other hand, equivariant
architectures of NNs have been studied on their own right (see Kondor and Trivedi [47],
Cohen et al. [19], Maron et al. [55], Yarotsky [92], Zaheer et al. [93], Weiler and Cesa [90],
Wood and Shawe-Taylor [91], Shawe-Taylor [76, 77] among many others). Comparisons
between all three methods are scarce and their appearence in the setting of the Mean Field
Limit of NNs is practically non-existent. This work, in part, aims to discover how these
different techniques can be compared and how they might influence the MF limit of NNs.

Recall that, in our learning setting, as described in section 2.1, we have i.i.d. data coming
with a distribution π P PpX ˆ Yq and we try to find a model f P MpX ,Yq such that
Rpfq “ EπrℓpfpXq, Y qs will be minimized (where ℓ : Y ˆ Y Ñ R is a loss function that’s
often assumed convex). Let ΦN,σ

θ : X Ñ Y be a NN model with architecture pN, σq and
parameter θ P Θ (as described in section 2.1.1). The different techniques considered in the
literature amount to different approaches to this problem:

3.4.1 Data Augmentation (DA)

Data augmentation is one of the most used regularization techniques when training NN
models. It is, in part, due to the ease of implementation, but also due to its flexibility (the
applied transformations may not have any kind of group structure).

Under this setting we do not modify the architecture of the NN. Instead, we penalize
it during training, in order to teach it the symmetries of the problem. It is thus a trained
equivariance (NOT necessarily enforced). In this setting we talk about a generic model
f : X Ñ Y which could, in particular, be one of NNs as described above.

Essentially, we train the NN to minimize an averaged version of the risk:

RG
pfq “

ż

G

EpX,Y q„πrℓpfpρXg .Xq, ρYg .Y qsdλGpgq
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where λG is the normalized Haar measure of G. Actually, when π P PpX ˆ Yq is assumed
(jointly) G-invariant RGpfq “ Rpfq so there’s no difference between both problems.

In practice, DA consists in symmetrizing the empirical risk (that’s what we actually
optimize during training); and so, for a given sample of i.i.d. data pXk, YkqBk“1, instead of
optimizing R̂pfq “ 1

B

řB
k“1 ℓpfpXkq, Ykq, we optimize the augmented empirical risk:

R̂G
pfq “

1

B

B
ÿ

k“1

ż

G

ℓpfpρXg .Xkq, ρYg .YkqdλGpgq

In practice, as most of the time integrating over G is intractable, we also approximate this
using an i.i.d. sample of group elements ppgki q

BG
i“1q

B
k“1 „ λG; we optimize:

R̂G
BG

pfq “
1

BBG

B
ÿ

k“1

BG
ÿ

i“1

ℓpfpρXgki
.Xkq, ρY

gki
.Ykq

Despite the fact that this technique has no guarantee of obtaining an equivariant model
at the end of training (it only penalizes models intelligently) it is still highly relevant in
practical applications.

Regarding theoretical results about this method, Chen et al. [14] dives deeply into establishing
a group theoretic framework in which the advantages of DA with respect to other techniques
can be studied (Lyle et al. [53] provides complementary results that shall also be considered).

The main result from these papers is that the average over G in the augmented risk serves
to reduce the variance of the ERM estimator compared to a NN without such augmentation.
Consider the following lemma from Chen et al. [14]:

Lemma 11 (Exact Invariance Lemma from Chen et al. [14]) Let G be a compact group with
Haar measure λG and π P PpX ˆ Yq a G-invariant law (with ρY the trivial action). Let
h : X Ñ Y be an arbitrary measurable function, such that rpx, gq ÞÑ phpg.xqqs P L2pπ|X ˆµGq.
Define hG :“ pShq as the orbit average of h. Then:

1. @x P X , hGpxq “ ErhpZq|Z P ppxqs i.e. the symmetrized model is given by the
conditional expectation of h given the corresponding orbit14.

2. By the law of total expectations, we get that: EX„π|X rhpXqs “ EX„π|X rhGpXqs

3. By the law of total variance, the covariance of hpXq is as follows:

VarX„π|X rhpXqs “ VarX„π|X rhGpXqs ` EX„π|X rVarg„λGrhpg.Xqss

4. For any convex function φ : R Ñ R, EX„π|X rφphpXqqs ě EX„π|X rφphGpXqqs

From here, a simple, yet insightful, proposition follows, depicting how the augmented risk
is (in general) a better approximator of the population risk than the non-augmented version:

14This is what, in the literature, is usually referred to as the Rao-Blackwellization of estimators in this
context.
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Proposition 15 (Improvement of Invariance, from Lyle et al. [53]) If π is jointly G-invariant
and f : X Ñ Y is such that ℓpfp¨q, ¨q P L2pπq (also, suppose that ℓ is jointly G-invariant);
then:

• The augmented empirical risk is unbiased with respect to the normal empirical risk:
RGpfq “ EpXk,YkqBk“1

rR̂Gpfqs “ EpXk,YkqBk“1
rR̂pfqs “ Rpfq (i.e. it is unbiased)

• The variance of the augmented risk is lower than the non-augmented one.

VarpXk,YkqBk“1
rR̂G

pfqs ď VarpXk,YkqBk“1
rR̂pfqs

All in all, this means that the augmented empirical risk gives a better estimate of the real
population risk than the non-augmented one (so, one should expect a more effective minimization).

Deeper results concerning DA have been found over the years. For example, some PAC-
Bayes bounds have been established in this context (see Lyle et al. [53]). Many other
interesting results concerning DA exist, and we won’t be able to cover them all in this
work: the original material shall be sought for deeper insights.

3.4.2 Feature Averaging (FA)

Feature Averaging is another quite popular technique for leveraging symmetries in our NN
models. In short, FA consists simply on symmetrizing the original model f : X Ñ Y in
order to obtain an explicitly equivariant model.

In the case of a NN, ΦN,σ
θ , the feature-averaged model corresponds to considering

ΦN,σ,FA
θ pxq :“

ż

G

ρYg´1 .Φ
N,σ
θ pρXg .xqdλGpgq “ pQΦN,σ

θ qpxq

where λG is the normalized Haar measure of G.

On the one hand, FA ensures that the obtained model will be equivariant (as shown in
proposition 14). Unfortunately, this comes at the cost of being higly inefficient in terms
of the number of parameters/computations to be performed. No reduction in the number
of parameters is being performed nor is the symmetry being encoded in the architecture in
any way. It is rather an arbitrary model that is being forced into being G-equivariant by
averaging over all possible transformations of the input.

Despite this observation, the following result by Elesedy and Zaidi [28] shows that FA is,
in some sense, the best possible way of forcing the model to be G-equivariant:

Proposition 16 (FA as Least Squares, from Elesedy and Zaidi [28]) For any f P L2pX ,Y ; π|X q,
FA with Q maps f to f , the (π|X -a.e.) unique solution to the least squares problem:

f “ arg min
sPIL2pX ,Y;π|X q

}f ´ s}2L2pX ,Y;π|X q
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On the other hand, similar to the case of DA, variance reduction results have been
established:

Proposition 17 (Prop.5 from Lyle et al. [53]) If π is G-invariant and ℓ : R ˆ R Ñ R`

is a convex loss function in its first argument that’s also jointly G-invariant. Then, for all
f : X Ñ Y,

R̂ℓpQfq “ R̂G
pQfq ď R̂Gpfq

i.e. The risk of any symmetrized model is lower than that of the original one.

Moreover, if ℓpfp¨q, ¨q P L2pπq; then: VarpXk,YkqBk“1
rR̂pQfqs ď VarpXk,YkqBk“1

rR̂Gpfqs

i.e. the variance of the FA risk estimator is lower than that of the DA one. This amounts
simply to stating that through FA a better estimate of the population risk shall be found (and
hopefully this will help the minimization process).

Beyond this, Lyle et al. [53] establish a quantitative advantage (in terms of the KL
divergence of their PAC-Bayes bound) as well as quantify the symmetrization gap between
FA and non FAmodels. A similar result is established in Elesedy and Zaidi [28], in which they
prove that the Rademacher complexity15 of a class of models F is larger than the complexity
of the class containing only the symmetrized version of the models in F ; furthermore, this
advantage is quantifiable in terms of the complexity of the class of antisymmetrized versions
of models in F .

In some specific cases, Elesedy and Zaidi [28] are able to quantitatively calculate the
generalisation gap from considering a G-equivariant model. For example, in the case of a
linear regressionmodel, where the predictors are of the form fW pxq “ W Tx withW P Rdˆc,
they are able to establish that:

∆pfW ,QfW q “

›

›

›

b

EX„π|X rXXJsWK

›

›

›

2

F

where WK is the orthogonal component of W with respect to the intertwining average16. We
notice from this particular example that, in the linear setting, doing FA amounts, esentially,
to considering an equivariant “architecture” for the linear model (as we’ll see in the following
section, many elements of the theory resemble this particular example).

In general, many other results exist for FA models, and further insights might be sought
in the extense literature.

Remark What’s particularly been a recurrent interesting question in the literature is about
the comparison between DA and FA as “Symmetry-Leveraging mechanisms”. Works like
Chen et al. [14] and Lyle et al. [53] delve into this comparison and establish that, at least
theoretically, FA has an advantage over DA when the loss function ℓ is convex; also, both
methods are better than not using anything other than the original NN model.

15For deeper insight into its definition and the formal statement of the theorem, we advise to look into
Elesedy and Zaidi [28]

16The intertwining average is defined as WG :“
ş

G
ρXg WρY

g´1dλGpgq, so that WK “ W ´ WG
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However, these results rely merely on the convexity of the loss function, and better
approximations to the problem have been made over the years. For instance, Dao et al.
[21] prove that DA corresponds, in a first order approximation, to doing FA; and in a
second order approximation, to minimizing a variance-regularized version of the objective.
In a similar fashion, Li et al. [52] prove that, in the context of kernel classifiers, optimizing
a kernel model using an augmented dataset (i.e. DA) will yield the exact same result as
optimizing a symmetrized model on the original dataset (i.e. FA). In particular, in the
context of kernel classifiers, an explicitly invariant model is achieved through DA, despite
there being no explicit constraint to ensure this. This fact is also noted by Lyle et al. [53]
when studying linear regression models under DA. All in all, DA and FA aren’t so different,
at least in the context of linear (or linearized) regressions.

Finally, the symmetry-leveraging technique that has been most popularized in recent
years (following the ideas of Bronstein et al. [10]) is that of equivariant architectures
(EA) which we’ll review next.

3.4.3 Equivariant Architectures (EA)

As mentioned in previous chapters, Equivariant Architectures (EA) such as CNNs, Transformers,
GNNs, PointNets, among many others; have been gaining an increasing popularity over
recent years, specially due to their great success at introducing an inductive bias on the
network architecture, allowing the model to profit from the data’s symmetry (e.g. CNNs
on traslation-invariant images; GNNs on permutation-invariant graphs, etc.). In short,
equivariant architectures assume that a certain set of symmetries to hold, and they are
built in such a way that allows to simplify the model (usually, through imposing parameter
sharing within each layer) withouth damaging the model’s generalization power.

Following the formalism of Flinth and Ohlsson [32], let’s say we can define a multilayer
NN model as ΦL

A : X0 :“ X Ñ X1 Ñ X2 Ñ ¨ ¨ ¨ Ñ XL “: Y such that:

x0 “ x, xi`1 “ σipAixiq @i P t0, . . . , L ´ 1u, ΦApxq “ xL

Where @i P t0, . . . , L ´ 1u, Ai : Xi Ñ Xi`1 are the linear maps between the hidden vector
spaces pXiq

L
i“0, and σi : Xi`1 Ñ Xi`1 are the (non-linear) activation functions.

Let HompXi,Xi`1q be the set of linear maps between Xi and Xi`1 and consider L “

ΠL´1
i“0 HompXi,Xi`1q. Then, the network is exactly parameterized by A “ pAiq

L´1
i“0 P L; that

is, knowing the parameters of each linear layer (i.e. the matrix’s parameters) is enough to
reconstruct the action of the network.

Now consider a compact group G such that G

œ

ρi Xi for all i P t0, . . . , Lu (such that
ρ0 “ ρX and ρL “ ρY). We say that an NN model has an equivariant architecture (EA; or
simply, that it is an equivariant NN ) whenever each intermediate layer is an equivariant map
Xi Ñ Xi`1. In other words, we impose that

ρi`1pgq.xi`1 “ σipAi.ρipgq.xiq, @g P G, @i P t0, . . . , L ´ 1u
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Figure 3.3: Illustration of a basis in the matrix space HomG for different groups. Cells of
the same color are essentially shared parameters. This figure was taken from Finzi et al. [31].

Consider the space HomGpXi,Xi`1q, which corresponds to all G-equivariant linear maps
between Xi and Xi`1 (i.e. Ai : Xi Ñ Xi`1 such that ρi`1pgq.Aix “ Aiρipgq.x, @g P G, @x P

Xi). Clearly, if all activation functions σi are G-equivariant
17; and each linear layer Ai lives in

HomGpXi,Xi`1q; the resulting model will be a NN with EA (i.e. each layer is an equivariant
map). In particular, we can consider what we refer to as the equivariant parameter space,
given by:

EG “ ΠL´1
i“0 HomGpXi,Xi`1q

This allows to simplify our description, since whenever the parameter vector A lives in EG
(and the activations are all G-equivariant), the resulting NN will be equivariant. The space of
equivariant parameters has been widely studied in the Geometric Deep Learning literature,
seeking to understand its universality properties (see Yarotsky [92], Zaheer et al. [93], Maron
et al. [55]) and simpler ways to characterize it (see Cohen et al. [19], Kondor and Trivedi
[47], Weiler and Cesa [90], Aronsson [3], Lang and Weiler [49]).

In particular, it is shown that EG corresponds to the space of all mappings that can
be written as a group convolution against kernels with good equivariance properties (see
theorems 3.2, 3.3, and 3.4 of [19], theorem 1 of [47], or theorem 4.1 of [49])18.

Another way of understanding EAs is by seeing the equivariant linear maps as simple
matrices where some of their entries are shared (see Wood and Shawe-Taylor [91], Ravanbakhsh
et al. [71], Finzi et al. [31]). That is, the “group convolution” that takes place from one
layer to the next, is achieved with a single matrix multiplication (where various of the matrix
parameters are repeated). As we’re working with group representations ; solving the constraint
ρi`1pgq.Aiρipg

´1q “ Ai @g P G, @i P t0, . . . , L´ 1u amounts to solving a simple linear system
(as described in Finzi et al. [31]). Figure 3.3 illustrates how this parameter sharing looks
like for matrices under different symmetry groups. This characterization of G-equivariant
linear maps explicitly shows that equivariant networks have fewer parameters than their
fully-connected counterparts (as multiple parameters are shared within the same layer). On
the other hand, this description allows us to embed an equivariant NN into an ambient space

17A simple (and widely used) example of such activation functions are the coordinate-wise application of
some real activation function σ : R Ñ R.

18e.g. Cohen et al. [19] essentially says that HomGpV1, V2q (for V1 and V2 two vector spaces) is isomorphic
(under the right homogeneity conditions) to the space of bi-equivariant kernels of G (which build the
convolution):

KG “ tκ : G Ñ HompV1, V2q : @g P G, @h1 P H1, @h2 P H2 : κph2gh1q “ ρ2ph2qκphqρ1ph1qu
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corresponding to that of a fully-connected NN: the equivariant architecture lives in a closed
linear subspace (EG) of the whole parameter space (L). This idea will ease the “translation”
of the setting of EA to the MF study of NNs.

As to how equivariant architectures are implemented in practice (in a flexible way, allowing
or many potentially different groups), Finzi et al. [30] and Finzi et al. [31] shed some light
into how we can characterize EG by a linear system (which can be solved using tensor algebra)
and also how an EA for a possibly infinite group might be approximated (e.g. implementing
group convolutions through Monte Carlo sampling [30]). Recent works such as Puny et al. [70]
also try to simplify the group averaging procedure by only applying it over a G-equivariant
frame (subset of all group elements).

The idea of finding the parameters of EG by solving a linear system is also tackled in Flinth
and Ohlsson [32]. Particularly, from our formulation of EA networks we can define, from the
action of G on each Xi, an action of G on HompXi,Xi`1q. Indeed, for all Ai P HompXi,Xi`1q

and g P G, we consider:
ρ̄ipgq.Ai :“ ρi`1pgqAiρipgq

´1

From here, we can construct a G-action on the entire parameter space, L, by simply defining:

@A P L : ρ̄pgq.A :“ pρ̄ipgq.Aiq
L
i“0

In other words, from actions on the latent spaces of the network, we can generate an action
on the network itself (via its parameter A “ pAiq

L
i“0 P L). Furthermore,

Proposition 18 (Characterization of EG (from Finzi et al. [31] and Flinth and Ohlsson [32]))
Let G

œ

ρi Xi, @i P t0, . . . , Lu and define G

œ

ρ L as in the previous paragraph. Then:

A P EG ðñ @g P G; ρpgq.A “ A

In other words: EG “ tA P L : @g P G; ρ̄pgq.A “ Au.

This simple fact will be crucial for our study of EA networks in the following sections
(specially related to how we introduce them in the MF limit of shallow NNs). One can
immediately notice (as the linear representations of G acting on each underlying latent space
are continuous; and thus ρ is continuous as well), that EG “

Ş

gPGKerpρpgq ´ IdLq is a closed
linear subspace of L (as it is an arbitrary intersection of closed linear subspaces). We can
then define the orthogonal projection PEG onto EG: consider λG the unique normalized Haar
measure on G (a compact group), and notice that the projection has the form:

PEG : L Ñ EG

A ÞÑ

ż

G

ρpgq.AdλGpgq

Proof. See Flinth and Ohlsson [32]. For completeness, we include the proof in Annex C.9.

One might notice the resemblance with the intertwining average described in the linear
regression example from section 3.4.2. Actually, Elesedy and Zaidi [28] go beyond such an
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example, and try to tackle the case of shallow NNs using similar techniques. In particular,
consider a single-layer NN (ΦW pxq :“ σpWxq) with σ being C-Lipschitz and applied pointwise
such that ρY commutes with σ. They can prove (for µ “ N p0, Iddq) that:

inf
sPI

L2pRd,Rc;µq

EX„µr}ΦW pXq ´ spXq}
2
2s ď 2C2

}WK
}
2
F

i.e. the closest possible G-equivariant model from the original ΦW is at a distance bounded by
the anti-symmetric component of the weights (suggesting that }WK}2F might an interesting
penalization term to include during the training of neural networks).

On a different branch, Lawrence et al. [50] study the training dynamics of linear 19 G-
equivariant models; analogously, Mei et al. [59] bring certain ideas from invariant networks
into the context of random features and NTK (where they are able to extract some quantitative
guarantees). In general, new advancements in the theory of EAs are constantly being made
by researchers; however, despite the heavy interest in the literature for such models, the
comparison between DA, FA, and the use of EA has not been too extensively developed.

Very recently, Flinth and Ohlsson [32] have studied how the (continuous-time) training
dynamics of network models with equivariant architectures behave, comparing stationary
points and local/global minima for different training strategies (in particular, DA, EA and
the vanilla training). Notably, beyond the DA and FA risk functionals that people usually
try to minimize (RG and RFA respectively), they introduce the equivariant risk of a model,
as (for R : L Ñ R the original risk functional)

REA
pAq “ RpPEG .Aq @A P L

which would be the risk associated to a model if its parameters were to be projected onto the
space of explicitly equivariant parameters. In their paper, Flinth and Ohlsson [32] prove that
(under reasonable assumptions) @A P EG we have ∇RGpAq “ PEG∇RpAq “ ∇RpPEG .Aq;
implying that the space EG is invariant under the gradient flow of RG. Similarly, it allows
them to relate the stationary points of the dynamic of Raug to those of Reqv.

As we’ll see in upcoming sections, similar results will arise in the study of the MF limit
of shallow NNs. In general, the goal of our work is to bridge the ideas from the world of
equivariance in neural networks to the Mean Field context, aiming to understand the impacts
of the different techniques considered (DA, FA, or EA) on the properties of the MF limit.

Remark Many other symmetry-leveraging techniques are continuously being proposed and
exploited in the deep learning literature, far beyond the scope of our review. A remarkable
example that recently appeared in the literature is the idea of canonicalization introduced
in Kaba et al. [42]. It esentially establishes an architecture divided in two steps : first, a
canonicalization function, that tries to place the input image into a canonical orientation
(similar to how the representative equivariant of Bloem-Reddy and Teh [7] worked); then
a simple unconstrained NN able to perform the task over canonically-oriented input data;
and finally the canonicalization’s “inverse” in output space (to make the model equivariant).
This idea has a really interesting potential (as it has not been extensively studied in the
literature), so it shall be looked upon in future work. Kim et al. [46] also provide interesting

19i.e. without activation functions, a really commonly used proxy for studying NNs.
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variants of the same idea; and many other techniques shall be found in the ever-growing
literature on NNs.
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Chapter 4

Symmetry in the study of “shallow”
Neural Networks

In this section, we will address some of the specifics of truly studying symmetries for the MF
Limit of shallow NNs.

Let X and Y be separable Hilbert Spaces (most commonly, for real-world NNs, we will
take X “ Rd and Y “ Rc; we’ll however define the ideas in general). Let’s assume that some
compact group G acts on our feature and label spaces ; i.e. G

œ

ρ X and G

œ

ρ̂ Y . We can
suppose these representations to be orthogonal1 (as in Mei et al. [59], Flinth and Ohlsson
[32]; as already discussed, given that G is compact, this assumption is not truly restrictive).
When no confusion is possible, for ease of notation we will write ρg :“ ρpgq for all relevant
group representations.

Suppose we have data pXk, YkqkPN
i.i.d.
„ π, and further assume that its law, π, is jointly

G-invariant ; i.e. for pX, Y q „ π: pX, Y q
pdq
“ pρg.X, ρ̂g.Y q @g P G

Based on this action of G on the data space X ˆ Y , we want to be able to understand
some properties of the associated Mean Field limit (compared to the cases without such
symmetry). As the most widely studied case in the literature is that of shallow NNs, we will
begin by analyzing this type of model.

Recall that, archetypically, a shallow NN can be written as follows: let X Ď Rd and
Y Ď R, and define the shallow NN to be:

ΦN
θ : X Ñ Y

x ÞÑ
1

N

N
ÿ

i“1

σ˚px; θiq

where σ˚ : X ˆ RD Ñ Y is the so-called activation function of the network, considered to be
σ˚px; θiq “ wiσpAi ¨ x ` biq, with θi “ pwi, Ai, biq P RD :“ Rd`2 and θ :“ pθiq

N
i“1 P pRDqN .

1As mentioned in section 2.2 many interesting examples admit a unitary representation (G “ Sn on

X “ Rn, G “ Sn on X “ Rnk

, G “ Z2
n or G “ C4 (rotations) on X “ Rnˆn, among many others).
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4.1 Defining Symmetries in the Parameter Space

In terms of equivariant NNs, the archetypical shallow NN doesn’t allow for very interesting
EA. Such a network is esentially a function ΦN

θ : Rd Ñ RN Ñ R, and so, as not many
orthogonal representations are available on R, this won’t lead to very interesting equivariant
models. On the other hand, as the exchangeability of the N hidden units of the NN is a
crucial condition when taking the MF limit (or else, there wouldn’t be a propagation of
chaos), the only meaningful action of G on RN has to be the trivial one (ρRN ” IdN)

2. In
part due to this, EA networks in this setting get easily reduced to being trivial. As we will
see later, if we take G “ Opdq acting on Rd via matrix multiplication and trivially on R, then
any EA will have Ai “ 0, @i P t1, . . . , Nu and thus the output of the NN won’t depend on
the input at all. We are therefore in need of a more interesting definition of a shallow neural
network in order to make the MF limit also interesting from the viewpoint of EAs.

4.1.1 Making the Parameter Space Interesting

An idea for making the group action on the space of parametersmore interesting is to consider
a higher dimensional label space and a more complex intermediate (or hidden) space. Let
X “ Rd and Y “ Rc. Let b P N and G

œ

η Rb (i.e. we also have a representation of G on
Rb given by η). Given N P N, we will now have N ¨ b hidden units, in a NN that will be
of the form (using the notation of Flinth and Ohlsson [32]): ΦB : Rd Ñ RbN Ñ Rc with
B “ pW,Aq P L :“ McˆpbNqpRq ˆ MpbNqˆdpRq, such that3:

ΦN
B pxq :“

1

N
WσpAXq

Where we can write this expression by blocks

W “ pW1, . . . ,WNq, and A “

¨

˚

˝

A1

...
AN

˛

‹

‚

with pWk, Akq P Rcˆb ˆ Rbˆd. This translates to:

ΦN
B pxq :“

1

N

N
ÿ

k“1

WkσpAkXq

To simplify the notation of the parameters, we will considerWk “ wk P Rcˆb and Ak “ aTk ,
with ak P Rdˆb; so that we can define a parameter θk :“ pwk, akq P Rcˆb ˆ Rdˆb “ Rpc`dqˆb –

Rpc`dqb “: RD, we will denote the vectorized version of parameters as pw⃗k, a⃗kq P Rcb ˆ Rdb.

2Otherwise, parameters building an equivariant network under such an action would be shared between
hidden units (making them not exchangeable and yielding propagation of chaos impossible).

3Assuming, for simplicity, that there is no bias and that the second layer is normalized by the number of
units N
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We define θ “ pθkqNk“1, and this allows us to write the network (using the typical shallow NN
notation) as:

ΦN
θ pxq “

1

N

N
ÿ

k“1

wkσpaTk xq :“
1

N

N
ÿ

i“1

σ˚px; θiq

where we have defined an activation function σ˚ : X ˆ RD Ñ Y as σ˚px; θkq “ wkσpaTk xq,
with θk :“ pwk, akq P RcˆbˆRdˆb – RD. The advantage of writing the network in this format
is that the transition to the mean field limit should happen without major issues.

4.1.2 Making a (somewhat) interesting group representation

In the MF limit of the network, the evolution of a typical parameter θ̃ P RD is studied.
Given that π is (jointly) G-invariant, we would like to draw conclusions about this typical
parameter; for instance, whether its distribution µ inherits from π’s G-invariance in some
way. To answer this, it becomes necessary to extrapolate, from the actions on X and Y , an
action G

œ RD (or equivalently, on L) that is consistent with the behaviour of the data.

The natural definition for such an action G

œ L was given in the previous chapter (see
proposition 18; based on the ideas of [32, 31]); but it requires having some action of G on
every hidden layer as well (i.e. on RbN in our case).

The solution that will (for the time being) allow us to obtain a result without significantly
modifying the ideas from the MF context will be to set the actionG

œ

ρ̃ RNb by the (orthogonal)
representation ρ̃¨ :“ IdNbη¨ (where b is the Kronecker product and IdN is the identity matrix
of RN). The tensorization by IdN is there to ensure the required exchangeability between
the NN hidden units in order to take the MF limit. In other words, it means that ρ̃ will
act independently on each separate hidden unit (which will now be a block of size b in RNb

thanks to our new definition). i.e. if we have Z “ pZ1, . . . , ZNq P RbˆN and we consider it’s

vectorization Z⃗ “

¨

˚

˝

Z1

...
ZN

˛

‹

‚

P RNb; then, by properties of the Kronecker product:

ρ̃gZ⃗ “ pIdN b ηgqZ⃗ “ vecpηgZIdNq “ vecpηgZq “ vecppηgZ1, . . . , ηgZNqq “

¨

˚

˝

ηgZ1

...
ηgZN

˛

‹

‚

This means that ρ̃ acting on RbN consists of η acting on each block component independently4.
A similar calculation also works for matrices in McˆpbNqpRq.

The idea of not mixing up the NN’s units with the intermediate group action aims at
having a single common space Z “ RD (shared among all units, as with the traditional MF
limit) where the behaviour of a type parameter might be studied. In particular, it is precisely
what’s needed for the expression ΦN

θ pxq :“ 1
N

řN
k“1wkσpaTkXq to make sense as N Ñ 8,

allowing us to interpret it as a LLN for the exchangeable units (see theorem 3). The study

4Note that when b “ 1, this network architecture corresponds to the usual shallow NN from section 2.2.
In that case, η is an action on R, which we’ll assume reduces to the trivial action: η “ 1 and ρ̃ :“ IdN
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of more interesting group actions over RN is definitely an open problem to tackle as future
work.

Despite this limitation, as we’ve expanded the usual setting of shallow NNs, (with all our
hidden units living in a more interesting space), we are able to consider relatively interesting
equivariant network architectures, such as shallow and (very) wide CNNs, DeepSets, GNNs,
among others5.

Equipped with these actions G

œ

ρ Rd, G

œ

ρ̃ RNb, and G

œ

ρ̂ Rc, we can define (as in [32]),
for pW,Aq P L:

ρ0pgq.A “ ρ̃gAρ
´1
g “ pIdN b ηqAρTg “

¨

˚

˝

ηgA1

...
ηgAN

˛

‹

‚

ρTg “

¨

˚

˝

ηgA1ρ
T
g

...
ηgANρ

T
g

˛

‹

‚

ρ1pgq.W “ ρ̂gWρ̃´1
g “ ρ̂gW pIdN b ηgq

T
“ ρ̂gpW1η

T
g , . . . ,Wnη

T
g q “ pρ̂gW1η

T
g , . . . , ρ̂gWnη

T
g q

This leads to the complete action of G over the set of parameters of the network as:

ρg.pW,Aq “ pρ1pgq.W, ρ0pgq.Aq

Now, given the this action behaves independently on each unit block of the A and W , we can
extend ρ to each of these components pWkqNk“1 and pAkqNk“1 of W and A respectively6. For
each k P t1, . . . , Nu, @g P G:

ρpgq.pWk, Akq “ pρ̂gWkη
T
g , ηgAkρ

T
g q

“ pρ̂gwkη
T
g , pρgakη

T
g q

T
q

This definition is consistent with the one above, since the actions of ρ0pgq and ρ1pgq are
naturally by blocks.

Remembering that @k P t1, . . . , Nu, wk P Rcˆb and ak P Rdˆb, ρg actually defines an

action over Rpc`dqˆb (here, we use block notation to describe

ˆ

wk
ak

˙

P Rpc`dqˆb):

ρg.

ˆ

wk
ak

˙

“

ˆ

ρ̂gwkη
T
g

ρgakη
T
g

˙

“

ˆ

ρ̂g 0
0 ρg

˙ˆ

wk
ak

˙

ηTg “ M̂g

ˆ

wk
ak

˙

ηTg

where we’ve defined the block matrix: M̂g :“

ˆ

ρ̂g 0
0 ρg

˙

P Mpc`bqˆpc`bqpRq.

By vectorizing our parameter θk “

ˆ

wk
ak

˙

into θ⃗k P RD, we see that the action of ρg,

thanks to the properties of b, corresponds to:

ρgθ⃗k “ vecpM̂gθkη
T
g q “ pηg b M̂gqθ⃗k :“ Mgθ⃗k

5This setting makes sense as long as there’s a linear unit that’s infinitely repeatable, and thus
interchangeable (such as a single convolution kernel that could potentially have infinitely many channels).
This are referred to as networks with tensor order 1 in Maron et al. [55].

6This is why it’s natural to consider G

œ

ρ̃ RbN with ρ̃¨ :“ IdN bη¨; so that each fundamental unit θk P RD

will be acted upon in the same way by G. Possibly, for a more interesting action ρ̃, a more intricate network
structure will be needed.
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i.e. the acion ofG over RD corresponds to multplying with a matrix of the formMg :“ ηgbM̂g.

We can see, in particular, that this action ρ over RD is orthogonal. This is due to the
fact that M̂g P Opc ` dq, as can be seen from the following calculation:

M̂gM̂
T
g “

ˆ

ρ̂g 0
0 ρg

˙

¨

ˆ

ρ̂Tg 0
0 ρTg

˙

“

ˆ

ρ̂gρ̂
T
g 0

0 ρgρ
T
g

˙

“ Idc`d

On the other hand, by properties of the Kronecker product, we have:

MgM
T
g “ pηgbM̂gqpηgbM̂gq

T
“ pηgbM̂gqpηTg bM̂T

g q “ pηgη
T
g qbpM̂gM̂

T
g q “ IdbbIdpc`dq “ IdD

so that indeed, @g P G, Mg P OpDq. i.e. G

œ

M RD orthogonally.

After this calculations, we’ve managed to succesfully construct an action G

œ

M RD (via
an orthogonal representation). With this in place, we can now determine whether the type
parameter, in the MF limit, will inherit some interesting symmetries from the G-invariance
of the data distribution.

First, as noted at the end of Chapter 3, the action of G on the parameter space that we
have defined (following [32, 31]) leads to the following characterization:

Definition 4.1 (Space of Equivariant Neural Network Parameters) Let G

œ

M RD, we define:

EG :“ tθ P RD : @g P G, Mg.θ “ θu

This is the space of NN parameters that are left fixed under the action of G via M .

In particular, the following characterization will be key for our purposes in upcoming
sections:

Proposition 19 For any θ “ pθiq
N
i“1 P pRDqN , we have that:

ΦN
θ : Rd

Ñ RbN
Ñ Rc defines a G-equivariant NN ðñ @i P t1, . . . , Nu, θi P EG

Proof. The proof’s direct from the definition of the group actions employed. In any case, a
simple proof is presented in Annex C.10.

4.1.3 Generalization is key

Both previous sections provide a key motivation for what will follow: starting from the most
down-to-earth example of a shallow NN, we arrived at a characterization (proposition 19)
of equivariant shallow NNs that merely depends on some equivariant subspace EG (and, in
particular, doesn’t heavily rely on the underlying description of the network)7.

This allows us to actually generalize the ideas, hiding the (potential) complexity of the
NN definition (in terms of layers, activation functions, pooling, truncation, etc.) behind the

7We consider such motivation as a key piece to understanding our work and its applicability; that’s why
we include both sections in the body of our work, rather than relegating them to an annex
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all-purpose activation function σ˚ : X ˆ Z Ñ Y that’s usually considered in the Mean Field
literature.

We could then simply start by considering some (orthogonal) representation M of a
compact group G acting on some space Z (a separable Hilbert Space we will refer to as the
parameter space; in the previous example we had Z “ RD); i.e. G

œ

M Z. We can then
define, as in definition 4.1, the equivariant parameter space for our networks as:

EG :“ tθ P Z : @g P G, Mg.θ “ θu

Then, we can directly define the notion of an equivariant shallow NN :

Definition 4.2 (General Definition of an Equivariant Neural Network) Let a compact group
G act on a separable Hilbert space Z through an orthogonal representation G

œ

M Z. Let
σ˚ : X ˆ Z Ñ Y be an activation function. We will say f : X Ñ Y is a G-equivariant
shallow NN if:

f :“ ΦN
θ “

1

N

N
ÿ

i“1

σ˚p¨; θiq

For some N P N and θ “ pθiq
N
i“1 P pZqN such that @i P t1, . . . , Nu, θi P EG. Coherently

with what we introduced in section 2.2.2, we will denote the set of equivariant shallow NNs
as Nσ˚

pEGq.

As seen in Chapter 2, any shallow neural network can be seen as an integral against the
empirical measure of the parameters; i.e. for θ P ZN consider νNθ :“ 1

N

řN
i“1 δθi , and we have

ΦN
θ pxq “ xσ˚px; ¨q, νNθ y. Particularly, in this context we get the following characterization:

Proposition 20 ΦN
θ is G-equivariant ðñ νNθ concentrates in EG (i.e. νNθ pEGq “ 1).

In the more general context of minimizing in the space of probability measures (as seen
in Chapter 2), we will be particularly interested in considering measures that concentrate on
EG (a notion we will develop further in upcoming sections).

Just as we saw in section 3.4.3, EG “
Ş

gPGKerpMg ´ IdZq is a closed linear subspace of

Z, and the orthogonal projection PEG onto EG can be explicitly defined as:

PEG : Z Ñ EG

θ ÞÑ

ż

G

Mg.θdλGpgq

where λG is the unique normalized Haar measure on G.

Considering this definition, a first question one may ask is whether these equivariant NNs
(as in definition 4.2) are themselves equivariant models. The affirmative answer comes under
the assumption that σ˚ respects the symmetry in some sense:

Proposition 21 Let G be a compact group such that: G

œ

ρ X , G

œ

M Z and G

œ

ρ̂ Y. Let
σ˚ : X ˆ Z Ñ Y be a jointly G-equivariant function. Then @θ P pEGqN ,

ΦN
θ is a G-equivariant function.
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More generally, @µ P PpEGq, f “
ş

Z σ˚p¨; θqdµpθq is a G-equivariant function.

Proof. We can provide a proof of the first part only requiring the definitions we’ve already
introduced (and it shall be found on section C.10). The second part requires elements that
will be introduced in upcoming sections.

We might then wonder whether the condition of having σ˚ being jointly G-equivariant is
at all reasonable. Fortunately, for the example presented in section 4.1.2 this is indeed the
case:

Proposition 22 Let X “ Rd, Z “ RD “ Rpc`dqb, Y “ Rc and let G be a compact group
such that G

œ

ρ X , G œ

η Rb, G

œ

ρ̂ Y. Consider the activation function of shallow NNs
σ˚ : X ˆ Z Ñ Y given (for θ “ pw, aq) by σ˚px, θq “ wσpaTxq, with σ : Rb Ñ Rb being G-
equivariant to the action of η (e.g. in many cases it is enough for σ to be applied pointwise).
Then:

σ˚ : X ˆ Z Ñ Y is jointly G-equivariant

Proof. See Annex C.10.

In particular, this allows to say that the previous proposition 19 is actually a consequence
of proposition 22 and definition 4.2. Now, as hinted by the last part of proposition 21, the
properties of equivariant neural networks come from the underlying activation function σ˚

and the measures involved in their definition.

In particular, beyond measures in PpEGq, any G-invariant measure µ P MGpZq yields a
G-equivariant model f “

ş

Z σ˚p¨; θqdµpθq (when σ˚ is jointlyG-equivariant; see proposition 37).
It is then crucial for our purposes to understand the interplay betweenG-invariant probability
measures and measures concentrated in EG. In the following section we will dive a bit deeper
into the study of these two quite interesting measure spaces.

4.2 Wasserstein Spaces and Invariance

Recall the setting of Wasserstein Spaces described in section 2.2.4 (based on Santambrogio
[73] and Ambrosio et al. [1]). Let Z be a Hilbert space with norm }¨} (often simply Z “ RD).
Consider PpZq the space of probability measures over Z and, for p P N˚, PppZq :“ tµ P

PpZq :
ş

Z }θ}pµpdθq ă `8u the space of probability measures with finite p-th moment. This
space, endowed with the p-th Wasserstein metric8 Wp, is what we call the p-th Wasserstein
Space.

From here, also consider a compact group G such that G

œ

M Z (via the representation
M). Recall that MGpZq is the set of G-invariant measures over Z; and define:

PG
p pZq :“ tµ P PppZq : @g P G, Mg#µ “ µu “ MG

pZq X PppZq

8Which is defined as: Wppµ, νq :“
“

infγPΠpµ,νq Eγr}X ´ Y }ps
‰

1
p , @µ, ν P PppZq and Πpµ, νq the space of

couplings between µ and ν
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which is the set of G-invariant probability measures with finite p-th moment. We will be
interested in projecting any measure in PpZq onto PGpZq; for this purpose, we introduce the
symmetrization of a measure:

Definition 4.3 (Symmetrization of a Measure) Let G be a compact group, with Haar
measure λG, and such that G

œ

M Z. For µ P PpZq, we define its symmetrization with respect
to G, µG P PpZq, as:

@B P BZ , µ
G

pBq :“

ż

G

µpM´1
g pBqqdλG

Or, equivalently, @f : Z Ñ R positive and measurable:

xf, µGy “

ż

G

xf ˝ Mg, µydλGpgq

Proposition 23 @µ P PpZq, µG is a well defined probability measure over Z and satisfies:

1. @g P G, @µ P PpZq, pMg#µqG “ µG

2. @a, b P R, @µ, ν P PpZq, paµ ` bνqG “ aµG ` bνG

Proof. See Annex C.11, or just see Kallenberg [44] for more about intensity measures.

Remark Notice that µG is actually the intensity measure associated to the random measure
ω ÞÑ Mgpωq#µ, where g is a G-valued random variable with law λG. It is thus naturally well
defined. More information about this fact, and other measure-theoretic insights can be found
in Kallenberg [45].

We will also be interested in considering probability measures that concentrate their
weight on a fixed subspace of parameters. We will define, for any measurable E Ď Z, the set
of measures that concentrate on E (and those with finite p-th moment)9:

PE
pZq :“ tµ P PpZq : µpEq “ 1u “ PpEq, and PE

p pZq :“ PppZq X PE
pZq “ PppEq

Whenever E is a closed linear subspace of Z, we can consider the orthogonal projection10

onto E , PE : Z Ñ E . For any µ P PpZq, we denote its pushforward by PE as µE :“ PE#µ.
We can get an interesting characterization of PEpZq in terms of PE :

Lemma 12 Let µ P PpZq and E be a closed linear subspace of Z with an associated
orthogonal projection PE : Z Ñ E. Then:

µpEq “ 1 ðñ µE :“ PE#µ “ µ

Proof. See Annex C.11.

9We will interchangeably denote these spaces both by PE
p pZq and PppEq; the first notation highlights the

fact that E is part of a larger ambient space Z, while the second one emphasizes the fact that these probability
measures only assign mass to E .

10Recall that the orthogonal projection is the bounded operator (continuous linear map) that satisfies
P 2
E “ PE and xPEx, yy “ xx, PEyy, @x, y P Z
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In our case, this will be interesting in the setting of equivariant architectures for neural
networks. Recall the definition of the set of equivariant shallow NNs :

EG :“ tθ P Z : Mg.θ “ θ, @g P Gu

This is the space of parameters that will constitute a G-equivariant shallow neural network.
In particular, the space PEG

p pZq has all probability measures that only assign weight to
explicitly G-equivariant architectures. Analogously, PGpZq contains all probability measures
corresponding to symmetrized models of NNs. It is therefore clear that both PEG

p pZq and
PG
p pZq will be fundamental to grasp a complete understanding of our problem.

We can now check some properties satisfied by these spaces (considering E a generic closed
linear subspace of Z). First, by noticing that the Wasserstein metric is a convex function on
its individual arguments. i.e.

Proposition 24 Given a fixed µ P PppZq, the function ν P PppZq ÞÑ Wppν, µq is convex and
continuous. Also, whenever Z “ RD, µ≪ λ and p ą 1, it is strictly convex.

Finally, if G

œ

M Z orthogonally, the function Wp : PppZq ˆ PppZq Ñ R is jointly G-
invariant (in the sense of Definition 4.4).

Proof. See Annex C.11.

Proposition 25 Let G be a compact group with Haar measure λG. Let E be a closed linear
subspace of Z with orthogonal projection PE . Let µ P PppZq. We have that:

1. PE
p pZq and PG

p pZq are closed (under the topology induced by Wp) and convex subspaces
of PppZq.

2. µE P PE
p pZq and µG P PG

p pZq

3. µE is a projection of µ onto PE
p pZq; in the sense that it minimizes Wppµ, ¨q over PE

p pZq.
If Z “ RD, µ≪ λ and p ą 1, then it is the unique such projection.

4. µ P PG
p pZq ðñ µ “ µG and µ P PE

p pZq ðñ µ “ µE

Proof. See Annex C.11.

Remark Notice that, by the last point, a measure µ P PpZq is G-invariant (i.e. @g P

G, Mg#µ “ µ) iff µG “ µ. Therefore, it is also equivalent to the fact that11:

DG1
Ď G with λGpG1

q “ 1 s.t. @g P G1, Mg#µ “ µ

Remark Notice that we don’t show that µG is a projection of µ P PpZq onto PGpZq.
Unfortunately, the same techniques employed in proposition 25 for µE don’t work in the case
of µG. Intermediate results such as proposition 23, proposition 24 and proposition 25 have
emerged in our search for such proof. Unfortunately, for the time being we leave this to
future work.

11Indeed, G-invariance clearly implies this last property; and whenever this property holds, then for any
measurable f : Z Ñ R, xf, µGy “

ş

G
xf,Mg#µydλGpgq “

ş

G1 xf,Mg#µydλGpgq “
ş

G1 xf, µydλGpgq “ xf, µy
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In particular, the measure spaces we’re interested in satisfy:

Lemma 13 Let G be a compact group with Haar measure λG, such that G
œ

M Z; let
EG Ď Z be the linear subspace of elements invariant to the action of G over Z, and PEG be
the orthogonal projection onto it. We have the following properties:

• PEG
pZq Ď PGpZq

• @µ P PpZq, µEG
“ pµGqE

G
“ pµEG

qG

Proof. See Annex C.11.

Remark Notice that we have provided some sort of canonical way of transforming any
measure µ P PpZq, to make it satisfy the properties we desire: we can either make it G-
invariant or concentrated on EG. An interesting question that immediately arises is about
how we can quantify the distance between µ and its transformed version.

This is still an open question in our work (which we hope to tackle in the future); but
for the moment we know the following estimate holds: In Z “ RD, with µ ≪ λ and p ą 1,
as Wpp¨, µq is strictly convex and admits a first variation (see Santambrogio [73], proposition
7.17), by a variant of Jensen’s inequality (which we’ll introduce in proposition 32), we know
that:

Wppµ
G, µq ď

ż

G

WppMg#µ, µqdλGpgq

A similar estimate for µEG
is yet to be found.

Now, one might also notice that absolute continuity plays a heavily important role in some
of the previous results. In particular, one might be interested in looking at some properties
related to the densities of measures in our spaces of interest. Consider Z “ RD, and consider
λ to be the Lebesgue measure over RD. Notice, as it is well known:

Lemma 14 For any linear automorphism A : RD Ñ RD, we have that: A#λ “ | detpAq|λ.

In particular, if A is such that | detpAq| “ 1 (e.g., if A P OpDq), we have: A#λ “ λ

Proposition 26 Let G be a compact group with Haar measure λG, such that G

œ

M Z
orthogonally. Let M be non-trivial, and let λ be the Lebesgue measure over Z “ RD. Let
µ P PpZq be such that µ≪ λ; in particular it has a (measurable) density u : Z Ñ R`, (with
respect to λ).

• [Case of PpEGq] We have:

µEG

has a density wrt λEG :“ PEG#λ prestricted to EGq

In particular, as EG is a strict subspace of Z, µEG
P PEG

pZq is degenerate and doesn’t
have a density with respect to λ.
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• [Case of PGpZq] We have:

µG P PG
pZq has density uG :“

ż

G

u ˝ MgdλGpgq wrt λ

As a consequence:

µ P PG
pZq ðñ u is G-invariant pλ ´ a.s.q

Proof. See Annex C.11.

Now, from the theory of invariant measures developped in Kallenberg [45] (which is
partially described in section 3.2.1), we can extract even more information about the space
PGpZq, as we will see in the following section.

4.2.1 Invariant Measures as Orbit Measures

Recalling some of the key measure-theoretic results from section 3.2.1; let G be a compact
group acting on a (separable) Hilbert Space Z via a representation M . From the ergodic
decomposition theorem for invariant measures (theorem 10) we know that any G-invariant
measure on Z can be seen as a mixture of orbit measures (which fill each orbit with uniform
weight). It is thus natural to ask whether any measure in PGpZq might be simply understood
as a measure on the orbit space GzZ. With the following results we will show that this is
indeed the case (under relatively natural assumptions).

As orbit measures are invariant, we can actually precisely reduce ourselves to the orbit
space GzZ. For this to make sense in this context, assume the conditions for proposition 12
(point 4.) hold; in particular12 let BGzZ “ σpTGzZq. Let p : Z Ñ GzZ be the natural
projection and s : GzZ Ñ Z be a (Borel-measurable) cross-section for p (i.e. such that
p ˝ s “ IdGzZ ; it exists thanks to proposition 12)

Proposition 27 As z P Z ÞÑ φz P MpZq, is a G-invariant function, there exists a unique
φ : GzZ Ñ MpZq that is measurable and satisfies φx “ φppxq, @x P Z. In particular,
φ : GzZ Ñ Z is a kernel (we call it the factorized orbit measure kernel).

Proof. See Annex C.11.

Corollary 5 Let G be a compact group acting on Z and let φ : GzZ Ñ Z be the factorized
orbit measure kernel. For every ν P MGpZq, there exists a unique ν P MpGzZq such that:

ν “

ż

GzZ
φxp¨qdνpxq

In particular, ν “ p#ν

12Recall that BGzZ :“ tB Ď GzZ : p´1pBq P BZu and TGzZ “ tB Ď GzZ : p´1pBq P TZu
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Proof. See Annex C.11.

This allows us to put the sets PGpZq and PpGzZq in direct correspondance.

Proposition 28 Let G be a compact group acting on Z a separable Hilbert Space via a
representation M . Let them satisfy the conditions of proposition 12 (point 4.). Consider the
map:

Ψ : PG
pZq Ñ PpGzZq

µ ÞÑ p#µ

Then, Ψ is a bijection between PGpZq and PpGzZq (whose inverse is defined as µ ÞÑ ps#µqG).
Moreover, Ψ is continuous and has measurable inverse. That is, Ψ is actually a bimeasurable
bijection.

If we further assumed s : GzZ Ñ Z to be a continuous map13, then Ψ would be a
homeomorphism between both spaces.

Proof. See Annex C.11.

Also notice, as a particular case, that:

Corollary 6 Under the same hypothesis of proposition 28, p|EG : EG Ñ GzZ is injective.
Let EG :“ ppEGq; we have that: Ψ|PpEGq : PpEGq Ñ PpEGq is a bimeasurable bijection (and
also, if s : GzZ Ñ Z is continuous, it is a homeomorphism).

Proof. It follows directly from the fact that, @z P EG, G.z “ tzu, so that spppzqq “ z; and
the use of proposition 28.

Remark These results will allow us to reduce our problem from searching a probability
measure over the whole space Z, to simply finding one over GzZ.

This might not seem like a great advantage, but in many cases the space GzZ has a
smaller dimension than Z. In the remarkable example given by Mei et al. [57], they use this
fact to reduce a problem on RD under an OpDq-symmetry, into simply a problem over R`

(which is homeomorphic to OpDqzRD). After having solved the unconstrained problem on
R` they obtained a measure over the whole space by making it uniform over each orbit.

In other words, one can reduce the problem just toGzZ (potentially on smaller dimension),
solve it over PpGzZq (unconstrained) and then fill the rest of the space uniformly using the
orbit measures in order to retrieve a solution to the original problem. i.e. from an interesting
measure µ P PpGzZq we apply Ψ´1 : PpGzZq Ñ PGpZq, defined as Ψ´1pµq “ ps#µqG

(which corresponds exactly to this uniform way of filling the rest of the space) to recover the
natural symmetric extension of such a measure on the whole space PGpZq.

13Continuity of the cross-section is, however, a really strong assumption to make
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This sort of approach has many potential advantages (as noted by the really interesting
work by Chossat [18]), and it shall be explored more deeply in the upcoming sections, as well
as in future work.

Remark From corollary 6, it seems like the dimensionality reduction discussed in the previous
remark won’t be effective for EG (as it injects into its image in GzZ). Points in EG are the
only ones whose orbits are exactly singletons.

Before going on along these lines, we weill consider some key results that will be really
useful for the theory that follows.

4.3 Differentials and Integrals of Equivariant Functions

In this work, the notion of G-equivariant function will have a crucial role in the understanding
the symmetric properties of shallow NNs. Most remarkably, we have seen that quite reasonable
variants of σ˚ are actually jointly G-equivariant (see Proposition 22). It is then crucial to
understand how gradients and integrals of such functions behave, as they will be the explicit
drivers of our training dynamic. In some sense, the gradient/integal of an equivariant function
will still be (in some sense) equivariant.

The following lemma characterizes the differential of jointly equivariant functions with
respect to the action of some group G.

Proposition 29 Let X ,Y and Z be (separable) Hilbert Spaces and G be a lcsH group. Let
G

œ

χ X , G

œ

χ̃ Z, G

œ

χ̌ Y via some representations χ, χ̃ and χ̌ respectively.

Let f : X ˆ Z Ñ Y be jointly G-equivariant with respect to these actions (i.e. @g P

G, @x P X , @z P Z, χ̌g.fpx, zq “ fpχg.x, χ̃g.zq) and Fréchet-differentiable on its first
argument. Then14:

@g P G, @x P X , @z P Z, Dxfpχg.x, χ̃g.zq “ χ̌g.Dxfpx, zqχ´1
g

Proof. See Annex C.12.

This, in particular, allows us to characterize the differential of G-equivariant functions.

Corollary 7 If G

œ

χ X , G

œ

χ̃ Y, and f : X Ñ Y is a G-equivariant and Fréchet-
differentiable function, then:

@g P G, @x P X , Dxfpχg.xq “ χ̃gDxfpxqχTg

Proof. See Annex C.12.

14This condition could also be described as saying that: Dxf : X ˆ Z Ñ BLpX ;Yq; px, zq ÞÑ Dxfpx, zq is
a G-equivariant map (with respect to the right group actions).
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We can also get some interesting integral properties of jointly G-equivariant functions.

Proposition 30 Let X ,Y and Z be (separable) Hilbert Spaces and G be a lcsH group. Let
G

œ

χ X , G

œ

χ̃ Z, G

œ

χ̌ Y via some representations χ, χ̃ and χ̌ respectively.

Let f : X ˆ Z Ñ Y be a jointly G-equivariant function (with respect to these actions).
Consider a measure µ P PpZq and let f be Bochner integrable on its second argument with
respect to µ. Then15:

@x P X , @g P G, χ̌gxfpx; ¨q, µy “ xfpχgx; ¨q, χ̃g#µy

Proof. See Annex C.12.

4.4 Optimizing a Symmetric Functional

Recall that, after convexifying our original learning problem, we were faced with the task of
optimizing a functional over the space of probability measures, R : PpZq Ñ R. In particular,
with the setting described in section 2.2.4, and all the properties we have established along
this chapter, we would expect to be able to extract interesting properties of our problem
when we assume R to be symmetric in some sense. The natural way to do so is through the
following definition:

Definition 4.4 Let G be a compact group acting over Z (a separable Hilbert) via the
representation M . We say a functional R : PpZq Ñ R is G-invariant whenever @g P G, @µ P

PpZq: RpMg#µq “ Rpµq

As an extension of the previous section, under the lens of G-invariant functionals, we have
the following result about linear functional derivatives and intrinsic derivatives:

Proposition 31 Let R : PpZq ÝÑ R be G-invariant and of class C1. Then: @θ P Z, @µ P

PpZq, @g P G :

BR

Bµ
pMg#µ,Mg.θq “

BR

Bµ
pµ, θq and DµRpMg#µ,Mg.θq “ Mg.DµRpµ, θq

i.e. BR
Bµ

is jointly G-invariant and DµR jointly G-equivariant.

Proof. See Annex C.13.

In particular, we would like for G-invariant funtionals to achieve their minimum at least
within the set PGpZq. For this purpose, the following version of Jensen’s Inequality will be
key:

15This could also be understood as saying that: the map px, µq P X ˆ PpZq ÞÑ xfpx; ¨q, µy P Y is G-
equivariant (with respect to the good G-actions).
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Proposition 32 (Jensen’s Inequality) Let R : PpZq ÝÑ R be such that Lemma 4 holds
(e.g. it is enough to take R convex and of class C1). Let λ P PpSq and tµsusPS Ď PpZq;
and define µ̃ P PpZq as the intensity measure16: µ̃p¨q “

ş

S
µsp¨qdλpsq P PpZq. Then, a

Jensen-like inequality is satisfied:

Rpµ̃q ď

ż

S

Rpµsqdλpsq

Proof. See Annex C.13.

Remark To our knowledge, such a result is novel in this context (of functionals over the
space of probability measures); however, the proof is somewhat standard and it wouldn’t be
surprising to find a previous statement of the same result deep in the literature. The question
about what happens when there’s equality in the above expression is open (to our knowledge)
and left for future work17.

In any case, thanks to this Jensen inequality, we get the following general result:

Corollary 8 If R : PpZq ÝÑ R is convex, C1-regular and G-invariant in the sense of
definition 4.4, then @µ P PpZq:

RpµGq ď Rpµq

Proof. Direct from the definition of p¨qG.

This, in turn, leads to the following general result for convex G-invariant functionals:

Proposition 33 (Optimality of Invariant Measures) Whenever R is convex, C1 and G´

invariant, it holds that:
inf

µPPGpZq
Rpµq “ inf

µPPpZq
Rpµq

In particular, if µ˚ P argminµPPpZq Rpµq, then µG˚ P argminµPPpZq Rpµq as well.

Proof. See Annex C.13.

Remark Notice that if there was a unique minimizer µ˚ of R over PpZq, then it would
have to satisfy: µ˚ “ µG˚ P PGpZq, thus forcing the unique solution to be G-invariant. Also,
understanding what happens when there’s equality in proposition 32 might give us insight
into the structure that µ˚ would have in such a case.

In the following section we will see that, under the right conditions, the population risk
on a learning problem, Rpµq “ Eπrℓpxσ˚px, ¨q, µyq, Y qs, will be G-invariant (in the sense of
definition 4.4.

16If X „ λ P PpSq, it is the intensity measure of the random measure µX
17Possibly even the C1 restriction might be lifted by employing properties of the subdifferential of R instead

of its linear functional derivative.
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Example Some other remarkable examples of G-invariant functionals over PpZq include:

1. Let V pµq “
ş

Z rpθqdµpθq with r : Z Ñ R a G-invariant regularization functional (e.g
rpθq “ }θ}2 for orthogonal representations). Indeed, notice that for g P G:

V pMg#µq “

ż

Z
rpθqdpMg#µqpθq “

ż

Z
rpMgθqdµpθq “

ż

rpθqdµpθq “ V pµq

thanks to the G-invariance of r. i.e. V is G-invariant.

2. Consider the relative entropy Hνpµq “
ş

Z logp
dµ
dν

qdµ with µ≪ ν and ν P MGpZq (e.g.
ν “ λ for orthogonal representations). Fix some g P G; it is a known fact18 that, as ν

is G-invariant, dpMg#µq

dν
pxq “

dµ
dν

pM´1
g xq. Therefore:

HνpMg#µq “

ż

log

ˆ

dpMg#µq

dν
pθq

˙

dpMg#µqpθq “

ż

log

ˆ

dµ

dν
pM´1

g θq

˙

dpMg#µqpθq

“

ż

log

ˆ

dµ

dν
pM´1

g Mgθq

˙

dµpθq “ Hνpµq

Which proves that Hν is G´invariant (whenever the reference measure ν is as well).

3. In particular, recalling the definition of our regularized risk Rτ,β : PpZq Ñ R, which is
@µ P PpZq:

Rτ,β
pµq “ Rpµq ` τ

ż

rdµ ` βHνpµq

Whenever R : PpZq Ñ R, r : Z Ñ R and ν P MpZq are G-invariant (in their respective
sense); then Rτ,β is G-invariant.

This example shows that, when the good conditions are satisfied, a minimum for the regularized
problem (or unregularized if we take τ, β “ 0) can be found within PGpZq.

From the correspondence established in proposition 28, one might even reduce the problem
further: as we know that PGpZq and PpGzZq are in correspondence (through the bijection
Ψ : PGpZq Ñ PpGzZq), we expect to be able to minimize by considering only measures over
the orbit space GzZ. This actually holds, as shown by the following proposition:

Proposition 34 Let G be a compact group acting on Z a separable Hilbert Space via a
representation M . Let them satisfy the conditions of proposition 12 (point 4.). Then:

inf
µPPGpZq

Rpµq “ inf
µPPpGzZq

Rpps#µq
G

q

Proof. See Annex C.13.

18Indeed, for positive and measurable f : Z Ñ R, denoting u “
dpMg#µq

dν , we have that (thanks to the
G-invariance of ν): xf,Mg#µy “

ş

fpMgzqupzqdνpzq “
ş

fpzqupM´1
g zqdνpzq
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This might not seem as much of an improvement, but at least conceptually, when R is
convex, C1 and G-invariant, this allows us to solve a smaller problem, over PpGzZq rather
than over the entire space PpZq. In particular, we only need to look at: R : PpGzZq Ñ R
defined by Rpµq “ Rpps#µqGq and solve:

inf
µPPpGzZq

Rpµq

Remark A common example, that appears in [57], is one with G
œ

OpDq RD, for which this
reduction amounts to reducing the problem onto the ray R` – GzZ. In particular, this
reduction to the orbit space might also allow for a dimensionality reduction that could be
potentially helpful (e.g. the involved ODEs of the MF training dynamic might be easier to
solve numerically in a smaller dimension. See Chossat [18] for other reference ideas about
this approach).

Example Notice that, for the relevant elements that appear in the theory of WGF; as well
as for the learning problem, we get the following results :

1. Consider V pµq “
ş

rpθqdµ with r : Z Ñ R G-invariant. Then:

V pps#µq
G

q “

ż

rpθqdps#µq
G

pθq “

ż

G

ż

Z
rpMgθqdps#µqpθqdλGpµq

As r is G´invariant, we have:

V pps#µq
G

q “

ż

G

ż

Z
rpMgθqdps#µqpθqdλGpµq “

ż

Z
rpθqdps#µqpθq “

ż

GzZ
rpspθqqdµpθq

So, if we define r : GzZ Ñ R to be: θ ÞÑ rpspθqq we can further define:

V pµq :“ V pps#µq
G

q “

ż

GzZ
rpspθqqdµpθq “

ż

GzZ
rpθqdµpθq

In particular the regularization term, restricted to extensions of measures in GzZ, can
be seen directly as an analogous regularization term defined directly for measures over
GzZ19.

2. Consider Hνpµq “
ş

Z logp
dµ
dν

qdµ with µ≪ ν and ν P MGpZq. We have that:

Hνpps#µq
G

q “

ż

log

ˆ

dps#µqG

dν

˙

dps#µq
G

As ps#µqG and ν are G-invariant, we get from theorem 12 that fpθq :“ dps#µqG

dν
pθq is

G-invariant (it can be chosen that way WLOG a.s. uniquely). This implies (through
the classic factorization theorem) that D!f : GzZ ÝÑ R` such that

@z P Z, fpzq “ fpppzqq or, equivalently, @z P GzZ, fpspzqq “ fpzq

19Notice that this new regularization term r will be, in general, less regular than the original r; unless
s : GzZ Ñ Z is sufficiently regular
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As intuition tells, we get that: f “
dµ
dν
, with ν “ p#ν. Indeed, let A P BGzZ and recall

that, for µ :“ ps#µqG, we have ψpµq “ p#µ “ µ. So, in particular (using the fact that
f is the density of µ and the definition of f), we get:

µpAq “ µpp´1
pAqq “

ż

p´1pAq

fpzqdνpzq “

ż

p´1pAq

fpppzqqdνpzq

By the definition of the pushforward measure20 we finally recover

µpAq “

ż

p´1pAq

fpppzqqdνpzq “

ż

A

fpzqdpp#νqpzq “

ż

A

fdν

which allows us to conclude that µ≪ ν and dµ
dν

“ f .

Now, consider (for f “
dps#µqG

dν
):

Hνpps#µq
G

q “

ż

z

logpfpzqqdps#µq
G

pzq “

ż

z

ż

G

logpfpMgzqqdλGpgqdps#µqpzq

As f is G-invariant, we get:

Hνpps#µq
G

q “

ż

Z
logpfpzqqdps#µqpzq “

ż

spGzZq

logpfpzqqdps#µqpzq

Again, by definition of pushforward measures (and using the injectivity of s):

Hνpps#µq
G

q “

ż

s´1pspGzZqq

logpfpspzqqqdµpzq “

ż

GzZ
logpfpspzqqqdµpzq

Finally, by the property fpzq “ fpspzqq:

Hνpps#µq
G

q “

ż

GzZ
logpfpzqdµpzq “: Hνpµq

So again, the entropy regularization term (with respect to ν P MGpZq), restricted to
extensions of measures in GzZ, can be seen directly as an entropy term defined directly
for measures in GzZ (with respect to the projection p#ν).

3. In learning setting, consider: Rpµq :“ Eπrℓpxσ˚pX, ¨q, µyq, Y qs with σ˚ : X ˆ Z Ñ Y
a jointly G-equivariant function (with respect to G

œ

ρ X , G

œ

M Z, G

œ

ρ̂ Y); then,
@x P X , µ P PpGzZq:

xσ˚px, ¨q, ps#µq
G

y “

ż

G

ż

GzZ
σ˚px,MgspzqqdµpzqdλGpgq

By proposition 30 “

ż

G

ż

GzZ
ρ̂gσ˚pρ´1

g x, spzqqdµpzqdλGpgq

By Fubini “

ż

GzZ

ż

G

ρ̂gσ˚pρ´1
g x, spzqqdλGpgqdµpzq

“

ż

GzZ
σ˚px, zqdµpzq

20Recall that for f : X1 Ñ X2:
ş

X2
gdpf#µq “

ş

f´1pX2q
pgofqdµ
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Where we’ve defined σ˚ : X ˆ GzZ Ñ Y by

σ˚px, zq :“

ż

G

ρ̂gσ˚pρ´1
g x, spzqqdλGpgq

Notice the striking ressemblance between σ˚ and the symmetrization operation typical
to FA (we’ll comment further about this connection in upcoming sections). We conclude
that:

Rpps#µq
G

q “ Eπrℓpxσ˚pX, ¨q, ps#µq
G

yq, Y qs “ Eπrℓpxσ˚px, ¨q, µyq, Y s “: Rpµq

So, similar as before, the risk we will effectively be minimizing (over PpGzZq) corresponds
to the same form, only with slight modifications.

4. Thus, in general, as we’ve proven (under the right assumptions of G-invariance of r, ν

and R) minµPPpZq R
τ,β
ν pµq “ minµPPpGzZq R

τ,β
ν pµq, where Rτ,β

ν can be seen directly as
the functional to minimize, as it has (essentially) the same structure as an unrestricted
problem over PpGzZq. In particular, based on all previous examples, we can understand
this problem directly over GzZ (with the corresponding modified functionals R, V and
Hν) in a rather straightforward manner.

From proposition 33 and proposition 34, one might expect that a similar result shall hold
for the space PpEGq. Unfortunately, as the following counterexample shows, in general

inf
µPPpZq

Rpµq ă inf
νPPpEGq

Rpνq

Proposition 35 There are instances of the learning problem (as introduced in section 2.2.3;
with Rpµq “ Eπ rℓpxσ˚pX; ¨q, µy, Y qs), considering a finite group G acting on X “ Rd, Y “ R
and Z “ Rpd`1q via orthogonal representations, having the data distribution π being G-
invariant (and compactly supported), the activation function σ˚ being jointly G-equivariant,
C8 and bounded; and using the quadratic loss ℓ, such that:

min
µPPpZq

Rpµq ă min
νPPEG

pZq

Rpνq

Proof. See Annex C.13.

A similar question was asked at the end of Elesedy and Zaidi [28] (related to their
result on shallow NNs that we referenced in section 3.4.3), suggesting that it was an open
problem. This counterexample suggests that, if equivariant architectures are chosen to be
too restrictive, a potentially important cut in generalization power might be undergone: in
general, we won’t attain an optimum of R within the space PpEGq.

A rather simple way of solving this issue is assuming that the class Fσ˚
pPpEGqq is

universal, in which case the best possible value of the learning problem will always be optimal:

Proposition 36 Consider the learning problem (Rpµq “ Eπ rℓpxσ˚pX; ¨q, µy, Y qs) under a
quadratic loss, for a data distribution π P PG

2 pX ˆYq. Assume that Fσ˚
pPpEGqq is universal
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on L2
GpX ,Y ; π|X q (this in particular implies that Fσ˚

pPpZqq is universal as well on that
space). Then:

inf
µPPpZq

Rpµq “ inf
νPPEG

pZq

Rpνq “ R˚

Proof of Proposition 36. As done in Lemma 2, using Lemma 1 we can extract that

Rpµq “ Eπr}Y ´ xσ˚pX; ¨q, µy}
2
Ys “ R˚ ` Eπr}f˚

pXq ´ xσ˚pX; ¨q, µy}
2
Ys

where f˚pxq :“ EπrY |X “ xs and R˚ is the Bayes risk of the problem. From Proposition 13,
we know that f˚ P L2

GpX ,Y ; π|X q, and so by universality of Fσ˚
pPpEGqq onto that space (as

well as that of Fσ˚
pPpZqq), we conclude directly as in Lemma 2.

Remark As stated in theorem 1, there are conditions on EG and σ˚ that would eventually
allow us to satisfy assumption 1 and have the desired universality result (on L2

GpX ,Y ; π|X q).
On the other hand, Maron et al. [55], Yarotsky [92], Zaheer et al. [93] among others have been
able to provide conditions for equivariant NNs (of different kind) to be universal on the set of
G-equivariant functions from X to Y . Particularly, as noted in Maron et al. [55], equivariant
NNs of tensor order 1 (as are the ones presented in our setting of section 4.1.2) are unable to
achieve universality for certain types of group actions (see Theorem 2 from [55]). Bridging
this gap (eventually allowing for arbitrary order tensors in our MF formulation) is part of
our future challenges to make our approach more broadly applicable. In any case, first order
universality (which is what we hope to have in our setting) has been established for relevant
examples such as Deep Sets ([93, 92]) and CNNs ([92]) (for illustrative purposes, an example
of a DeepSet architecture is presented in section B.1).

Remark A really interesting question at this point is whether under this setting (where
universality holds) any sort of explicit relation can be established between the minimizers of
both problems (if they explicitly exist).

For instance, one might wish that the optimum µ˚ P argminµPPpZq Rpµq and ν˚ P

argminνPPEG Rpνq could satisfy pµ˚qE
G

“ ν˚. With this in place, there could be an explicit
way of finding equivariant optima (and with uniqueness of the minimizer, this would force
the global optimum to be concentrated on EG). However, for such a relationship to hold,
really constraining conditions must be assumed, and it’s not clear under which context it
would even be reasonable. Conversely, one could ask whether there is a canonical way of
extending ν˚ to make it non-degenerate on Z and also optimal for the global problem (as
µ˚). Is there some measure ν̃ over pEGqK such that ν b ν̃ “ µ˚? A deeper exploration of this
topic could shed light onto whenever the training of explicitly equivariant NN models could
have explicit advantages (and no loss of information) over fully-connected NN models. This
is definitely something to tackle as part of our future work.

The following chapter will bring together multiple of the theoretical elements presented
until this point, in order to explore the different forms of exploiting symmetries in the setting
of NNs under our new lens. In particular, we will use them to study how the MF dynamics
relates with the potential G-invariance of our functionals of interest.
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Chapter 5

Symmetries of the Mean Field
Dynamic

The main objective of this work is to try and leverage the properties described on the previous
chapters, in order to explore the symmetries that the MF Limit (on a learning problem) may
have when the input data is also symmetric.

Most notably, as mentioned in 2.2.7, Mei et al. [57] suggest that training with G-invariant
data should lead to a mean field limit that is also G-invariant in some sense. In what follows,
we will precisely detail what this statement refers to, and shall demonstrate its truth in an
even stronger sense that what was initially proposed by Mei et al. [57]. Moreover, we will
study the ramifications of these ideas to the study of DA, FA and EA of Neural Networks.

Recall the setting of the MF Limit of shallow NNs as described in Chapter 2. We will let
X ,Y and Z be separable Hilbert spaces and G a compact group that acts on all three spaces
via orthogonal representations G

œ

ρ X , G œ

ρ̂ Y and G

œ

M Z. We’ll often just consider
Z “ RD. We will consider, as most of the literature, shallow NNs that depend solely on an
activation function σ˚ : X ˆ Z Ñ Y ; i.e.: for θ “ pθiq

N
i“1 P ZN the function ΦN

θ : X Ñ Y
given by:

ΦN
θ pxq “

1

N

N
ÿ

i“1

σ˚px; θiq, @x P X

Recall that, if we define the empirical measure of θ by νNθ :“ 1
N

řN
i“1 δθi , we have:

ΦN
θ pxq “ xσ˚px; ¨q, νNθ y

Also recall that we defined (definition 4.2) a shallow NN to be equivariant if @i P t1, . . . , Nu,
θi P EG; or, equivalently, iff νNθ P PEG

pZq.

5.1 Symmetrizing NN Models

As we saw in proposition 21, shallow equivariant NNs yield G-equivariant models whenever
σ˚ : X ˆ Z Ñ Y is jointly G-invariant (and actually, this is true for all models of the form

82



f “
ş

Z σ˚p¨; θqdµpθq with µ P PpEGq). In reality, this isn’t a property exclusive to measures
in PpEGq, as the following holds true (and its proof is exactly the same as for proposition 21):

Proposition 37 Let σ˚ : X ˆ Z Ñ Y be jointly G-invariant. Then @µ P PGpZq f “
ş

Z σ˚p¨; θqdµpθq is a G-equivariant function.

With such a result under our radar, we might ask ourselves whether the space PpEGq is
special at all in the setting of shallow NNs. For instance, one may ask whether a network
obtained from proyecting a given parameter onto EG (i.e. for any θ P Z, the NN given by1

ΦN
PEGθ

) has anything to do with the symmetrization of the original NN model, as defined in

definition 3.8 (i.e. QΦN
θ ). That is to say: if we consider the version of a model that uses

the closest possible equivariant parameter and compare it to the symmetrized version of the
original model (as from definition 3.8); are these two objects related in any way? One can
actually check the following:

Proposition 38 Let G be a compact group such that: G

œ

ρ X , G

œ

M Z and G

œ

ρ̂ Y. Let
σ˚ : X ˆ Z Ñ Y and, for µ P PpZq define fµ : X ÝÑ Y by fµpxq “ xσ˚p¨, xq, µy. Then, the
symmetrization of fµ (as in definition 3.8) is given by, @x P X :

pQfµqpxq “ xσG˚ px, ¨q, µy

where σG˚ : X ˆ Z Ñ Y is defined as: σG˚ px, θq :“
ş

G
ρ̂g.σ˚pρg.x, θqdλGpgq.

Furthermore, if we assume σ˚ to be jointly G-equivariant, we get:

pQfµqpxq “ fµGpxq “ xσ˚px, ¨q, µGy

Where µG represents the symmetrization of measure µ (as in definition 4.3). In particular,
simetrizing a model from Fσ˚

pPpZqq in the usual sense corresponds to considering the model
given by the symmetrized version of the measure (which lives in Fσ˚

pPGpZqq).

Proof. See Annex C.14.

Example (Symmetrizing a NN) Consider a NN model: ΦN
θ with θ P ZN ; which is @x P X

given by ΦN
θ pxq “ xσ˚px, ¨q, νNθ y.

Notice that @g P G and measurable f : Z Ñ R`:

xf,Mg#ν
N
θ y “

ż

fpMgθqdνNθ pθq “
1

N

N
ÿ

i“1

fpMgθiq

Thus,

xf, pνNθ q
G

y “

ż

G

1

N

N
ÿ

i“1

fpMgθiqdλGpgq “
1

N

N
ÿ

i“1

ż

G

fpMgθiqdλGpgq

Recall that for θ P Z, Tθ : G Ñ Z given by Tθpgq “ Mg.θ allows us to define the orbit

1Where we understand, for θ P ZN PEGθ :“ pPEGθiq
N
i“1
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measure as φθ “ Tθ#λG, so we have:

xf, pνNθ q
G

y “
1

N

N
ÿ

i“1

ż

G

fpTθipgqqdλGpgq “
1

N

N
ÿ

i“1

ż

Gθi

fpzqdpTθi#λGqpzq

“
1

N

N
ÿ

i“1

xf, φθiy “ xf,
1

N

N
ÿ

i“1

φθiy

That is, pνNθ qG “ 1
N

řN
i“1 φθi . So, essentially, a symmetrized NN corresponds to integrating

the activation’s value over each individual parameter’s orbit. In particular, for a finite group
G, this is equivalent to a network with (at most) N ¨ |G| parameters. In other words, the
network has one parameter for each orbit element (in some sense, the network memorizes all
data orientations). This is in sharp contrast with pνNθ qE

G
“ νNPEG .θ

“ 1
N

řN
i“1 δPEG .θi , which

only admits explicitly G-invariant parameters (with ď N distinct parameters).

To answer our previous question, the object that naturally appears as the symmetrized
model for a NN has (in principle) nothing to do with the space of equivariant parameters
EG. Moreover, in general there will be values of θ P Z such that ΦN

PEGθ
‰ QΦN

θ . This leads

(to some extent) to the problem that inspires the counterexample of proposition 35: when
EG is too restricted, it will turn the corresponding NN model actually away from it’s optimal
version2.

5.2 Networks that exploit Symmetry

Consider a probability distribution π P PpX ˆYq (for this part, not necessarily G-invariant)
from which we’ll draw i.i.d. samples of data of the form pX, Y q P X ˆ Y ; and a smooth
loss function ℓ : Y ˆ Y Ñ R, convex on its first argument, that we’ll use to evaluate model
predictions. As seen in Chapter 2, we want to find an optimal set of parameters3 θ P

ZN that minimizes the population risk (i.e. generalizes well) Rpθq “ Eπ
“

ℓpΦN
θ pXq, Y q

‰

“

Eπ
“

ℓpxσ˚pX; ¨q, νNθ y, Y q
‰

. As seen in Chapter 2, such a function is highly non-convex, so we
recur to the convexification of the problem in which we seek to solve:

min
µPPpZq

Rpµq :“ Eπ rℓpxσ˚pX; ¨q, µy, Y qs (5.1)

Also, recall the notation introduced in section 2.2.6, where we defined, for x P X , y P Y ,
Lx,y : PpZq Ñ R given by: Lx,ypµq :“ ℓ pxσ˚px, ¨q, µy, yq. So that we can rewrite our functional
as: Rpµq :“ Eπ rLX,Y pµqs, and also4: DµRpθ, µq “ Eπ rDµLX,Y pθ, µqs.

The study of the MF Limit ultimately tries to justify that a solution to this problem may
be found through an SGD training dynamic. In our setting, we will further try to study how
symmetries intervene in such MF limit.

2Recall that, in our counterexample of proposition 35 ΦN
PEGθ ” 0, in sharp contrast with the symmetrized

version of such model
3Having fixed the network architecture with N and σ
4Since we have @x P X , y P Y, that

BLx,y

Bµ pθ, µq “ x∇1ℓpxσ˚px, ¨q, µy, yq, σ˚px, θqyY and DµLx,ypθ, µq “

∇θσ˚px, θq ¨ ∇1ℓpxσ˚px, ¨q, µy, yq.
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For this purpose, the following proposition tells us that, under the right conditions, we
might place our problem under the lens of the G-invariant functionals over PpZq as described
in section 4.4.

Proposition 39 Let the data distribution π be jointly G-invariant, ℓ be jointly G-invariant;
and σ˚ be jointly G-equivariant. Then, the functional R : PpZq Ñ R defined as Rpµq “

Eπ rℓpxσ˚pX; ¨q, µy, Y qs is G-invariant (in the sense of definition 4.4).

If we further let ℓ be convex and smooth; and σ˚ be smooth and bounded, then R is
also convex and C1. In particular, for any µ P PpZq we have RpµGq ď Rpµq. Therefore,
infµPPpZq Rpµq “ infµPPGpZq Rpµq and, whenever µ˚ P PpZq achieves this minimum, then
µG˚ P PGpZq achieves it as well.

Proof. See Annex C.15.

Remark As previously noted, the conditions for proposition 39 to hold aren’t overly restrictive
in the setting of NN models, since:

• Assuming π P PGpX ˆ Yq is standard in the literature concerning symmetries of NNs.

• A loss function such as the quadratic loss (ℓpy, ŷq “ 1
2
||y ´ ŷ||2; or any other Lp norm

for that matter) is known to be G-invariant under orthogonal representations.

• From proposition 22 we know that under a standard setting of shallow NNs, σ˚ :
X ˆ Z Ñ Y is jointly G-equivariant (with respect to the actions G

œ

ρ X , G

œ

ρ̂

Y , G œ

M Z).

Remark Notice, once again, that if there was a unique minimizer µ˚ for problem (5.1), then
it would have to satisfy: µ˚ “ µG˚ P PGpZq, forcing the unique solution to be G-invariant.

The question of what happens whenever there’s the equalityRpµGq “ Rpµq is unfortunately
still open. We know that this happens when πX -a.s. for all x P X we have @g, h P

G : xσ˚px; ¨q,Mg#µ˚y “ xσ˚px; ¨q,Mh#µ˚y. This is, however, not enough to ensure that
µ˚ P PGpZq (which is what we would ultimately want to have).

Remark As mentioned previously, it is interesting to ask whether a global solution to
problem (5.1) can be found within the space PpEGq; meaning that it could potentially be
approximated only by using equivariant shallow NNs (by a procedure as in proposition 3).
Unfortunately, as shown in proposition 35 this is (in general) not the case: the problem that
naturally appears, even in simple settings, is that when too strong equivariance is imposed
on the network’s architecture, a lot of the network’s expressive power is lost (e.g. in the
counterexample of Proposition 35, we have @θ P pEGqN , ΦN

θ ” 0). In particular, the problem
may rely on the fact that in such context the class Fσ˚

pPpEGqq (of equivariant NNs) is
decidedly not universal (in contrast to what might happen with free shallow NNs).

When universality is assumed, from proposition 36, one would expect to have a G-
equivariant NN as a solution to our learning problem (or, at the least, arbitrarily close). If we
assumed that some ν˚ P PpEGq achieved the minimum of problem (5.1), the question would
now be whether such an optimal measure will be achieved (or not) through the optimization
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dynamics. These interesting questions are partially tackled in the following sections; however,
some still remain open and left for future work.

Before directly tackling the properties of the mean field dynamic of NN training, we make
a digression to introduce some elements from the three main settings introduced in section 3.4
for leveraging symmetries during NN training (DA, FA and EA); now observed under the
lens of the properties introduced in chapter 4.

5.2.1 DA, FA and EA revisited

We refer the interested reader to section 3.4 for an introduction of the concepts to be presented
throughout the following section.

Recall that under the setting of DA, the idea is to symmetrize the loss function in order
to penalize models that differ from being equivariant. However, nothing forces the resulting
model to be explicitly equivariant in any sense. More specifically, we seek to minimize the
symmetrized loss function: RGpθq “

ş

G
Eπ

“

ℓ
`

ΦN
θ pρg.Xq, ρ̂g.Y

˘‰

dλGpgq, which we can see as
a functional over probability measures (i.e. convexified) as:

RG
pµq :“

ż

G

Eπ rℓ pxσ˚pρg.X, ¨q, µy, ρ̂g.Y qs dλGpgq “

ż

G

Eπ
“

Lρg .X,ρ̂g .Y pµq
‰

dλGpgq

Analogously, under the FA setting, instead of dealing with the loss function, we are rather
symmetrizing the model at hand. With this, we explicitly ensure that our models will always
stay equivariant, though we might end up being inefficient (e.g. in the amount of network
parameters) under such a choice. More explicitly, recall that instead of considering our vanilla
NN model ΦN

θ , we take the symmetrized version:

ΦN,FA
θ pxq :“

ż

G

ρ̂´1
g .ΦN

θ pρg.xqdλGpgq “ pQpΦN
θ qqpxq

So that, using proposition 38, ΦN,FA
θ pxq “ xσG˚ px, ¨q, νNθ y. In particular, the FA problem

of minimizing: RFApθq “ Eπ
”

ℓ
´

ΦN,FA
θ pXq, Y

¯ı

can be convexified into that of minimizing

(over PpZq):
RFA

pµq :“ Eπ
“

ℓ
`

xσG˚ pX, ¨q, µy, Y
˘‰

Finally, inspired by the work of Flinth and Ohlsson [32], one could think of EA as the quest

for optimizing5: REApθq “ Eπ
”

ℓ
´

ΦN
PEGθ

pXq, Y
¯ı

“ Eπ
“

ℓ
`

xσ˚pX, ¨q, PEG#νNθ y, Y
˘‰

so that

the convexified population risk reads:

REA
pµq :“ Eπ rℓ pxσ˚pX, ¨q, PEG#µy, Y qs

Putting all of this together, under the suitable hypothesis for G, σ˚ and ℓ, we get that:

5Notice that we use the fact that PEG#νNθ “ 1
N

řN
i“1 PEG#δθi “ 1

N

řN
i“1 δPEGθi

86



Proposition 40 Let G be a compact group acting on X ,Y ,Z separable Hilbert spaces. Let
σ˚ be jointly G-equivariant and ℓ jointly G-invariant. Then:

RG
pµq “

ż

G

RpMg#µqdλGpgq, RFA
pµq “ RpµGq and REA

pµq “ RpµEG

q

In particular, RG, RFA and REA are G-invariant functionals over PpZq (as in definition 4.4)

Proof. See Annex C.15.

The expression for RG is developed following the line established by Flinth and Ohlsson
[32], where a similar calculation is carried out for RGpθq. One shall notice that most of the
upcoming theory doesn’t rely on the specific structure underlying R; it works as long as RG,
RFA and REA are defined as functions of R as in proposition 406. From this point onward,
we assume that σ˚ is jointly G-equivariant and ℓ is jointly G-invariant. With the expressions
of proposition 40 at hand, we can check that:

Proposition 41 If R : PpZq Ñ R is a convex and C1 functional, then RG, RFA and REA

are convex and C1 as well, with linear functional derivatives given by:

BRG

Bµ
pθ, µq “

ż

G

BR

Bµ
pMg.θ,Mg#µqdλGpgq,

BRFA

Bµ
pθ, µq “

ż

G

BR

Bµ
pMg.θ, µ

G
qdλGpgq

and
BREA

Bµ
pθ, µq “

BR

Bµ
pPEG .θ, µEG

q

And intrinsic derivatives given by (when well defined):

DµR
G

pµ, θq “

ż

G

MT
g .DµRpMg#µ,Mg.θqdλGpgq

DµR
FA

pµ, θq “

ż

G

MT
g .DµRpµG,Mg.θqdλGpgq and DµR

EA
pθ, µq “ P ˚

EG .DµRpPEG .θ, µEG

q

In particular, we have @µ P PpZq, RFApµq ď RGpµq

Proof. See Annex C.15.

From the last part of proposition 41, one might be tempted to say that FA generally
allows for better models to be found. However, as RG and RFA are convex, C1 and G-invariant
functionals (from proposition 40 and proposition 41), thanks to Proposition 33 we can see
that:

inf
µPPpZq

RG
pµq “ inf

µPPGpZq
RG

pµq and inf
µPPpZq

RFA
pµq “ inf

µPPGpZq
RFA

pµq

i.e. these functions can be optimized merely within the realm of G-invariant probability
measures. This becomes truly relevant when noticing that @µ P PGpZq:

Rpµq “ RG
pµq “ RFA

pµq

So that the following holds:

6i.e. Given R : PpZq Ñ R define RGp¨q “
ş

G
RpMg#¨qdλGpgq, RFAp¨q “ Rpp¨qGq and REAp¨q “ Rpp¨qE

G

q
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Proposition 42 Assume that R : PpZq Ñ R is a convex and C1, then:

inf
µPPpZq

RG
pµq “ inf

µPPGpZq
RG

pµq “ inf
µPPGpZq

Rpµq “ inf
µPPGpZq

RFA
pµq “ inf

µPPpZq
RFA

pµq

In particular, whenever R is also G-invariant, from proposition 33 we get:

inf
µPPpZq

Rpµq “ inf
µPPGpZq

Rpµq “ inf
µPPpZq

RG
pµq “ inf

µPPpZq
RFA

pµq

Proof. Direct from the previous paragraph and proposition 33.

Remark The first part of proposition 42 tells us that finding the optimal measure for the
DA and FA problems corresponds, in practice, to minimizing the original functional R over
the space of PGpZq. In particular, the best model we can expect to find from using either
DA or FA will lead to essentially the same risk value, which is the best that can be done by
minimizing R whilst only considering symmetric models.

The latter part says that optimizing the original risk functional (without any sort of
regularization nor symmetrization of any kind) will lead to a model that’s at least as good
as one coming from DA or FA.

We have left REA outside our analysis, as it unfortunately doesn’t necessarily satisfy
@µ P PGpZq, Rpµq “ REApµq (therefore not allowing for an analog of proposition 42 to
hold). The best we can do in this case is to notice that7:

inf
µPPpZq

REA
pµq “ inf

µPPpEGq
Rpµq ě inf

µPPGpZq
Rpµq “ inf

µPPpZq
RFA

pµq “ inf
µPPpZq

RG
pµq

and, as noted in proposition 35, this inequality can be strict in the general case.

Despite the interesting insight that can be obtained from proposition 42, the second set
of equalities is somewhat to be expected. Indeed, the following natural characterization of
G-invariance for R tells us that whenever the original functional R is G-invariant, DA does
esentially nothing (as the risk functional is already symmetric; this was already noticed in
section 3.4).

Proposition 43 A funcional R : PpZq Ñ R is G-invariant if and only if R “ RG

Proof. See Annex C.15.

Going back to the case of proposition 42 in which R is not required to be G-invariant8

we will, in general, have the following inequalities (which might be strict in general):

inf
µPPpZq

Rpµq ď inf
µPPGpZq

Rpµq ď inf
µPPpEGq

Rpµq

7From the fact that @ν P PpEGq, νE
G

“ ν, so that Rpνq “ REApνq, and that @µ P PpZq, µEG

P PpEGq,

so that REApµq “ RpµEG

q ě minνPPpEGq Rpνq
8e.g. in the learning setting with a data distribution π P PpX ˆ YqzPGpX ˆ Yq)
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An interesting question that immediately arises is whether the first two values are close to
each other (or not)9. In the specific case of the learning problem, one could particularly be
interested in quantifying how far the risk R is from being G-invariant whenever the data
distribution π P PpX ˆ Yq is approximately G-invariant10. In particular, following the
work of Chen et al. [14], Lyle et al. [53] (as in lemma 11), one gets the following bound (with
a simple proof that we’ll restate for completeness):

Proposition 44 Let Lµ : X ˆ Y Ñ R be given by Lµp¨, ¨q “ L¨,¨pµq and set @px, yq P

X ˆ Y , @g P G, g.px, yq “ pρg.x, ρ̂g.yq. Then @µ P PpZq:

|Rpµq ´ RG
pµq| ď

ż

G

W1pLµ#g#π, Lµ#πqdλGpgq

Furthermore, whenever there exists a constant C ą 0 such that @µ P PpZq, Lµ is C-Lipschitz,
then:

sup
µPPpZq

|Rpµq ´ RG
pµq| ď C

ż

G

W1pg#π, πqdλGpgq

In particular, it is enough to suppose ℓ and σ˚ to be Lipschitz for this to hold.

Proof. See Annex C.15.

Remark This proposition has two quite major drawbacks. On the one hand, in order to have
the interesting bound relating R and RG uniformly over PpZq; we need to require too much
of both ℓ and σ˚ (e.g. even the quadratic loss isn’t globally Lipschitz over Z). On the other
hand, the obtained bound isn’t exactly the one to be expected: as shown in proposition 25,
π P PpX ˆYq is G-invariant if and only if π “ πG; and one might therefore expect a bound
involving W1pπ, π

Gq (which represents the distance to G-invariance more clearly) instead of
the one we get. Despite this criticism, the current bound still allows for significant analysis:
thanks to the remark done after proposition 25, we know that the bound becomes 0 if and
only if π P PGpX ˆ Yq.

Remark Proposition 44, in the strongest case, allows us to control, from the approximate
invariance of π, how far DA (and FA) (in the best case) are able to get to the real optimum
of R (which is in principle NOT exactly G-invariant). In particular, if π P PpX ˆ Yq is such
that for some ε ą 0:

ş

G
W1pg#π, πqdλGpgq ă ε; then, by proposition 44, we directly have:

sup
µPPpZq

|Rpµq ´ RG
pµq| ď Cε

In particular, any infimizing sequence for R, pµnqnPN Ď PpZq will satisfy:

inf
µPPpZq

RG
pµq ď RG

pµnq ď Rpµnq ` Cε

9We know that, in general, the third value can be strictly larger than the other two; though the question
of under which conditions we can ensure it will be close to them is definitely of high interest for future work.

10See chapter 3 for a broad idea about approximate equivariance; also Chen et al. [14] provides a good
reference for the result presented.
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so that, by taking the limit, we get: infµPPpZq R
Gpµq ´ infµPPpZq Rpµq ď Cε or, in particular:

ˇ

ˇ

ˇ

ˇ

inf
µPPGpZq

Rpµq ´ inf
µPPpZq

Rpµq

ˇ

ˇ

ˇ

ˇ

ď Cε

i.e. whenever π is close to being G-invariant, not much will be lost by optimizing directly over
PGpZq (or, in other words, the inductive bias introduced by the use of DA or FA shouldn’t
really harm the optimization procedure).

On a different note, by proposition 43 (or section 3.4), we know that whenever R is
G-invariant, R “ RG, and so DA changes nothing about the problem itself. One may
then ask oneself: why has DA become such a popular approach for exploiting a problem’s
symmetries, despite it changing nothing of the population risk? The answer is that the SGD
training dynamic might change under DA, potentially allowing for a more effective training
of the NN. In particular, recall that the usual (simple)11 SGD training dynamic for a sample

pXk, YkqkPN
i.i.d.
„ π, learning rate sNk and parameters θk “ pθki qNi“1 of empirical measure νNk (for

each iteration k P N); can be written as:

θk`1
i “ θki ´ sNk DµLXk,YkpνNk , θ

k
i q

In the particular case of DA, FA and EA, these iterations would take the following form:

θk`1
i “ θki ´ sNk DµL

G
Xk,Yk

pνNk , θ
k
i q “ θki ´ sNk

ż

G

DµLρg .Xk,ρ̂g .YkpνNk , θ
k
i qdλGpgq (5.2)

θk`1
i “ θki ´ sNk DµL

FA
Xk,Yk

pνNk , θ
k
i q “ θki ´ sNk

ż

G

DµLρg .Xk,ρ̂g .YkppνNk q
G, θki qdλGpgq (5.3)

and
θk`1
i “ θki ´ sNk DµL

EA
Xk,Yk

pνNk , θ
k
i q “ θki ´ sNk PEGDµLXk,YkppνNk q

EG

, PEGθki q (5.4)

respectively. At the training level, these iterations are (indeed) different from the usual SGD
training dynamics, and we would expect them to produce some kind of advantage when the
data is known to be G-invariant.

On the other hand, at the level of the MF training dynamics only the population risk R
intervenes, meaning that the DA and the vanilla distributional dynamics (corresponding to
the WGF of RG and R respectively) will exactly coincide. Furthermore, we will see in the
upcoming section that whenever the initial condition for the dynamics is G-invariant (i.e.
µ0 P PGpZq), this will also coincide with the WGF of RFA.

With all of this, it seems like, when R is known to be G-invariant, the MF dynamic will be
mostly unaffected by the use of DA and FA. Therefore, one should expect the advantages of
DA and FA to play a role mostly in the transition between the discrete SGD Dynamics and
the MF limit process: maybe propagation of chaos (as in theorem 3) occurs faster when these
techniques are employed during training12; or maybe other similar quantitative advantages
can be derived. Unfortunately these last questions have proven hard to tackle, and so truly

11The argument easily adapts to equation (2.2)
12For instance, one might expect to improve the POC bounds by some factor depending solely on the group.
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understanding what the advantages of DA and FA look like concretely is an open question
that we will have to leave for future work.

In the following section we will dive deeper into the properties of the NN training dynamic
(a WGF at the MF level), whenever the functional involved is assumed to be symmetric. We
suggest reviewing chapter 2 for a deeper dive into the different MF Limit results from the
literature.

5.3 Symmetries for a WGF

Let R : PpZq Ñ R be some risk functional (e.g. that of the learning problem). We will study
the formal setting of the regularized risk minimization, with:

Rτ,β
pµq “ Rpµq ` τ

ż

rdµ ` βHλpµq

Where r : Z Ñ R is a regularization term and Hνpµq :“ Dpµ||νq “
ş

logp
dµ
dν

pzqqdµpzq is
the relative entropy between µ and ν (with µ ≪ ν). Notice that we consider the Lebesgue
measure λ for our entropy regularization term. Recall from section 2.2.7 that the WGF
associated to this functional, which is what ultimately the MF limiting process for SGD
training will follow, is given by (in the case of a general learning rate of the form sNk “

εN ςpkεNq):

Btµt “ ςptq rdiv ppDµRpµt, ¨q ` τ∇θrqµtq ` β∆µts (2.5)

Notice that by setting τ, β “ 0 we recover the WGF for R. Whenever β “ 0, this equation
is often known to have a (unique) solution distributionally ; but for β ą 0 the solutions to
this equation are actually strong. This equation (2.5) is actually equivalent to the following
McKean-Vlasov nonlinear SDE :

dZt “ ςptq
”

´ pDµRpµt, Ztq ` τ∇θrpZtqq dt `
a

2βdBt

ı

with µt “ LawpZtq (2.6)

Where pBtqtě0 is a D-dimensional standard Brownian Motion.

The following (general) result holds:

Proposition 45 Let G be a compact group acting orthogonally on the (separable) Hilbert
space Z (via the representation M). Let R : PpZq Ñ R be a G-invariant functional, such
that the following WGF (distributional dynamics) is well defined and has a unique (weak)
solution:

Btµt “ ςptq rdiv pDµRpµt, ¨qµtqs

If the initial condition satisfies µ0 P PG
2 pZq, then: λ-a.s. @t ě 0, µt P PG

2 pZq

Proof. See Annex C.16.

This, in particular, lets us conclude the following:
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Theorem 14 Let Z “ RD, and let G be a compact group acting orthogonally on via the
representation M . Consider a functional R : PpZq Ñ R that’s convex and of class C1 and
such that assumption 7 holds (or any other such that the WGF is well defined and has a
unique solution, such as assumption 10). Then, @µ0 P P2pZq:

1. The DD associated to R : PpZq Ñ R, Btµt “ ςptq rdiv pDµRpµt, ¨qµtqs has a unique
(weak) solution.

2. The DD for functional Rτ pµq “ Rpµq ` τ
ş

rdµ (with τ ą 0 and regularizer r : Z Ñ R):
Btµt “ ςptq rdiv ppDµRpµt, ¨q ` τ∇θrqµtqs has a unique (weak) solution.

3. The DD for functional Rτ,β
ν pµq “ Rpµq ` τ

ş

rdµ ` βHνpµq (with τ, β ą 0, regularizer
r : Z Ñ R and ν P PpZq the Gibbs measure (ν ≪ λ) of potential U : Z Ñ R):
Btµt “ ςptq rdiv ppDµRpµt, ¨q ` τ∇θr ` β∇θUqµtq ` β∆µts has a unique strong solution.

Assume R, r and U to be G-invariant functions. If the initial condition satisfies µ0 P PG
2 pZq,

then: λ-a.s. @t ě 0, µt P PG
2 pZq.

In the case of strong solutions (of density wrt λ given by putqtě0), this means that @t ě

0, ut “ uGt “
ş

G
utpMg.¨qdλGpgq (i.e. S.ut “ ut with S the symmetrization operator defined

in definition 3.8).

Proof. See Annex C.16.

Remark Many interesting remarks are in place:

1. This result tells us exactly what we expected (and what was famously hinted by Mei
et al. [57] acquires a concrete meaning): if the functional we work with is G-invariant,
then the trajectory of the WGF will beG-invariant as well. In particular, when solutions
are strong (and have a density), this density is a G-invariant function (λ-a.s. on Z).
This in turn allows us to solve the Fokker Planck PDE by only looking for G-invariant
solutions (i.e. we restrict our search to functions that respect the symmetry of the
problem). This can potentially help us reduce the dimensionality of the problem (as
remarkably done by Mei et al. [57] for the action of OpDq on RD, allowing them to look
for solutions only as densities of measures over R`).

2. Notice that, transporting these ideas to the learning setting, for the usual functional
Rpµq “ Eπ rℓpxσ˚pX; ¨q, µy, Y qs, the result is valid for an arbitrary Neural Network,
without employing any kind of symmetry-leveraging technique (i.e. no DA, FA or EA
is required). The only requirement is for the data distribution π to be G-invariant. In
some sense, by taking the MF limit (in which both the amount of hidden parameters
and the SGD iterations go to infinity), the resulting process has already incorporated
the symmetries from the data (from the infinite SGD iterations considered when taking
the MF limit), and the result is a limiting dynamic that respects the G-invariance of
the initial distribution all along the training process.

3. The condition of having µ0 P PG
2 pZq isn’t truly restrictive from the point of view of

applications. In reality, the training process of NNs is usually initialized with an i.i.d.
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Gaussian distribution (i.e.
i.i.d.
„ N p0, IdDq) which, in particular, is G-invariant with

respect to any orthogonal representation. This comes also with the disadvantage that:
the fact that @t ě 0, µt P PGpZq might not be very informative about the nature of
the distribution at play (notably, it could not truly improve, and remain i.i.d. gaussian
along the entire training process). Now, understanding whether this is the case (or not)
during training is a clearly open question that we shall tackle in future work.

Now, recalling chapter 2, there are also conditions under which the MF dynamic for the
regularized problem satisfies global convergence. For leveraging such a result in our context,
we consider the following general proposition:

Proposition 46 Let pµtqtě0 Ď PppZq be a flow of measures such that Wppµt, µ˚q ÝÝÝÑ
tÑ8

0 for

some µ˚ P PppZq (i.e. it converges in the Wasserstein metric). Then, we must have:

• If pµtqtě0 Ď PG
p pZq, then µ˚ P PG

p pZq

• If pµtqtě0 Ď PE
p pZq, then µ˚ P PE

p pZq

Proof. Direct from Proposition 25.

Remark Proposition 46 has a particularly useful consequence: it guarantees that, whenever
the WGF converges to some measure µ˚ P P2pZq, as long as the WGF stayed within a given
space (either PGpZq or PpEGq) during the dynamic, then µ˚ will have to still lie within in
the same space.

This leads to the following particularly interesting result:

Corollary 9 Let R : PpZq Ñ R be G-invariant, let µ0 P PG
2 pZq and suppose that assumption 9

holds. Consider the WGF of R initialized at µ0, pµtqtě0. By theorem 5, we know that if pµtqt
converges to some µ8 P P2pZq in W2, then µ8 is a global minimizer of R over PpZq. In
particular, by theorem 14 together with proposition 46, we know that µ8 P PG

2 pZq.

Proof. Direct from theorem 14 and proposition 46.

Remark In particular, when the dynamic converges (starting from µ0 P PG
2 pZq), the optimum

that’s achieved through the dynamic corresponds also to a G-invariant measure (and, in
particular, realizes minµPPGpZq Rpµq).

Remark In the regularized case, though the same result holds, not much insight is obtained,
since we already knew (from proposition 33 together with the uniqueness from proposition 9),
that the optimum that can be attained has to be G-invariant.

Now, we know that a given Fokker-Planck equation (the DD) always has an associated
McKean-Vlasov non-linear SDE. Under the good conditions, we know that both systems
are in correspondence (and the existence/uniqueness of solutions translates from one to the
other). In particular, we highlight the following result:
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Corollary 10 Under the assumptions of theorem 14, let µ0 P P2pZq and consider the
McKean-Vlasov non-linear SDE for the functional Rτ,β

ν , given by:

dZt “ ςptq
”

´ pDµRpµ, Ztq ` τ∇θrpZtq ` β∇θUpZtqq dt `
a

2βdBt

ı

with µt “ LawpZtq

If R : PpZq Ñ R, r : Z Ñ R and U : Z Ñ R are G-invariant functions and the initial
condition satisfies µ0 P PG

2 pZq; then the unique solution (strong if β ą 0) of the system
satisfies: λ-a.s. @t ě 0, µt P PG

2 pZq (also, when β ą 0, the density functions are G-
invariant).

Proof. Direct from the correspondence between the Fokker-Planck equation and the McKean-
Vlasov SDE (see Sznitman [83]) and theorem 14.

We do however provide an independent proof in section C.16.

In particular, cases which haven’t been explicitly covered in the above description (such
as the υ “ 1 case of Bortoli et al. [9]), also benefit from such result:

Corollary 11 Consider the setting of Bortoli et al. [9] (under assumption 8 4.), let ζ P

r0, 1q, υ P r0, 1s and α ą 0; define αNζ,υ “ pαN pυ´1qq1{p1´ζq and consider: εN “ αNζ,υ, ςptq “

p1 ` tq´ζ, such that @k P N, sNk “ εN ςpkεNq. Also, consider a fixed batchsize B P N˚, an
initial measure µ0 P P2pZq, and fix υ “ 1. Under this setting, the McKean-Vlasov dynamic
reads:

dZt “ ςptq

„

´ pDµRpµt, ¨q ` τ∇θrpZtqq dt `

ˆ
c

α

B

?
Σpµt, Ztq

˙

dBt `
a

2βdB̃t

ȷ

(5.5)

Where µt “ LawpZtq, pBtqtě0 and pB̃tqtě0 are (independent) D-dimensional Brownian Motions,
and Σpµ, θq :“ Eπ

“`

DµL
τ
X,Y pµ, θq ´ DµR

τ pµ, θq
˘

b
`

DµL
τ
X,Y pµ, θq ´ DµR

τ pµ, θq
˘‰

, where b

represents the outer product (or generally, the tensor product) between vectors in Z “ RD.

As shown in Section D.1.3 (from Bortoli et al. [9]), it is known that this system has a
unique (in a trajectory-wise sense) strong solution. Moreover, if µ0 P PG

2 pZq, @t ě 0, µt P

PG
2 pZq

With these results at hand, one might be tempted to ask whether a similar result holds
but replacing PGpZq with PpEGq. The answer is rather mixed, since, on the regularized
case, we have that Rτ,β

ν pµq ă 8 ùñ µ has a density with respect to λ. In particular, if
G

œ

M Z is non-trivial, then EG is a strict subspace of Z and, by proposition 26, @µ P PpEGq,
µ doesn’t have a density wrt λ. In other words, initializing the WGF of Rτ,β

ν at µ0 P PpEGq

(which, by the way, would mean starting with Rτ,β
ν pµ0q “ 8), by the regularizing effect of

the entropy, implies that @t ą 0, µt would have a density wrt λ, and hence µt R PpEGq.
Nevertheless, in the noiseless setting, we do get the following positive result:

Theorem 15 Let R : PpZq Ñ R a convex, C1 and G-invariant functional, and r : Z Ñ R
a G-invariant function; such that assumption 10 (or assumption 8 4.) holds. Consider the
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McKean-Vlasov dynamic of Rτ “ R ` τxr, ¨y (which has a pathwise-unique solution
according to Bortoli et al. [9])13:

dZt “ ςptq r´ pDµRpµt, ¨q ` τ∇θrpZtqq dts and LawpZ0q “ µ0
pinitial conditionq (5.6)

where µt “ LawpZtq and µ0 P P2pRDq is a fixed initial condition. If µ0 P P2pEGq, then

@t ě 0, µt P P2pEGq

Proof. See Annex C.16.

Remark Once again, multiple remarks are in place:

1. The result of theorem 15 can be actually made stronger, as we have the following
equivalence:

“

P
`

@t P r0, T s, Zt P EG
˘

“ 1
‰

ðñ
“

@t P r0, T s, µtpEGq “ 1
‰

This follows from a continuity argument for the solutions of the SDE. The proof shall
be found in Annex C.16.

2. Once again, Theorem 15, translated to the learning problem, proves that, when the
training data is symmetric, even a vanilla shallow NN can manage to respect the
symmetry that’s imposed in the initial condition.

More remarkably, the theorem actually states the following: in the mean field limit,
a neural network that began its training concentrated in the space of G-invariant
parameters, will actually stay concentrated in EG all throughout its training, despite
the fact that there is no constraint on the network whatsoever during training. That
is: during training any given parameter could be updated, but thanks to the symmetries
of the problem, they are only updated in a way such that they remain (all throughout
training) within EG. Once again, the macroscopic vision provided by the mean field
limit (where SGD iterations and hidden units have been sent to 8), makes the symmetries
(which are seen at training time only through samples of the data) explicit for the
asymptotic training dynamic.

3. Unfortunately, if µ0 P P2pEGq, as EG is (in general) a lower dimensional subspace, the
conditions of assumption 9 do not hold in this setting (since µ0 cannot separate many
sets). Therefore, an analogue of corollary 9 isn’t straightforward to establish. In any
case, even if it were possible to establish such a result, the fact that by proposition 35
we might have infνPPpEGq Rpνq ą infµPPpZq Rpµq, implies that the WGF starting from
µ0 P PpEGq could not converge in pP2pZq,W2q (in such a particular example). If the
dynamic did converge, the limit would have to be some ν˚ P PpEGq (by Proposition 46)
that, at the same time, should be a global minimizer of R over PpZq; a contradiction.

4. This result bears some resemblance to the findings of Flinth and Ohlsson [32] (e.g., their
Corollary 1 ), where they discuss the stability of the space EG under the gradient flow
of the augmented risk rθ ÞÑ RGpθqs (which arises from the use of Data Augmentation).

13Notice that this is actually an ODE with the only randomness involved in the initial condition
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Essentially, it implies that if we start with parameters in EG, then the dynamics will
never take us out of it. Our result shares a similar flavor for the dynamics in the MF
limit.

5. In many ways, the consequence of theorem 15 is significantly stronger than that of
theorem 14 (telling us that the dynamic will respect symmetry in a much stricter way
than anticipated). However, finding an initial condition µ0 P PpEGq isn’t as simple
as in the case of theorem 14 (where a simple iid gaussian was enough). The question
of actually computing what the space EG looks like is itself a really interesting and
complex question (which has been recently tackled by Finzi et al. [31]). In particular,
it may involve significant computational burden which might not be desired.

Beyond all of this, the most significant limitation (in our context) from considering µ0 P

PpEGq, is that EG is a degenerate subspace which might not satisfy all the properties
we desire (at least, seen as a subspace of Z). Overcoming this limitation is one of the
big challenges that will have to be studied in our future work.

One might desire to extend the result of theorem 15 to a noisy setting, where guarantees
of convergence could be established. However, as noted in a previous remark, this can’t be
done through the addition of entropy over the entire space Z. The solution is to consider an
entropy regularizer against a measure concentrated on EG.

More specificaly, consider the following SGD training dynamic for pθkq P ZN and τ, β ą 0:

θk`1
i “ θki ´ sNk

˜

1

Bk

Bk
ÿ

j“1

DµL
τ
Xk

j ,Y
k
j

pνNθk , θ
k
i q

¸

`

b

2βsNk PEGξki

Where sNk “ εN ςpkεNq is the learning rate and pξki q
i.i.d.
„ N p0, IdDq. Notice that we are

projecting the noise onto the subspace EG (using the orthogonal projection PEG), in order
to restrict the exploration within the realm of equivariant parameters. We will call this the
projected noisy SGD training dynamics. One can infer that, under this training regime, the
corresponding mean-field limit dynamic (i.e. the McKean-Vlasov equation) is written as:

dZt “ ςptqr´ pDµRpµt, ¨q ` τ∇θrpZtqq dt `
a

2βPEGdBts with LawpZtq “ µt (5.7)

With pBtqtě0 a D-dimensional Brownian motion. This corresponds to a WGF of an entropy-
regularized functional with respect to a measure concentrated in EG. We can prove an
analogue of Theorem 15 in this context:

Theorem 16 Let R : PpZq Ñ R a convex, C1 and G-invariant functional, and r : Z Ñ R
a G-invariant function; such that assumption 10 (or assumption 8 (4.)) holds. Consider
the Projected Mean Field Langevin Dynamic given by equation (5.7) (which has a pathwise-
unique solution according to Bortoli et al. [9]). Let µ0 P P2pRDq be a fixed initial condition.
If µ0 P P2pEGq, then

@t ě 0, µt P P2pEGq

Proof. The proof is esentially the same as for theorem 15; only that we can now invoke
the pathwise uniqueness even with the presence of noise, thanks to the appearence of the
projection PEG in front of the stochastic integral.
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We refer the reader to Annex C.16 for the fleshed out details.

Remark In this case, theorem 16 has the advantage of allowing us to incorporating noise
into our training dynamic, while still leaving the resulting process pµtqtě0 concentrated on
EG (if the initial condition satisfied that as well).

On the other hand, this result was to be expected, since we are explicitly forcing our noise
to live in EG (and so, we rely on exactly the same principle employed in theorem 15, whilst
explicitly introducing a bias by making the noise not leave such space).

One shall also notice that in this case still all of the network parameters are trainable
(the only thing we are projecting is the noise); but analogously to theorem 15, the projected
MFLD is well behaved enough to maintain the parameters within EG.

To close off this section, one may wonder whether seeing EG as a subspace of an ambient
space Z makes any sense at all: why not consider some Z̃ “ EG directly? Indeed, the
general setting under which our theory has been developed allows straightforwardly for such
an extension:

Corollary 12 Let Z̃ “ EG ď Z “ RD be the space of G-equivariant parameters (in this

case, regarded directly as a vector space EG – RD̃). Notice that G acts trivially on this space,
so no considerations of G-invariance will be needed. Consider a functional R : PpZ̃q Ñ R
that’s convex and of class C1 and such that assumption 7 holds (with Z̃ instead of Z). Then,
@µ0 P P2pZ̃q, the DD for functional Rτ,β

ν pµq “ Rpµq ` τ
ş

rdµ ` βHνpµq (with τ, β ą 0,

regularizer r : Z̃ Ñ R and ν P PpZ̃q the Gibbs measure (ν ≪ λ) of potential U : Z̃ Ñ

R): Btµt “ ςptq rdiv ppDµRpµt, ¨q ` τ∇θr ` β∇θUqµtq ` β∆µts has a unique strong solution
pµtqtě0 Ď PG

2 pZ̃q. Further assume that Z̃ satisfies assumption 4. By theorem 8, there is
global W2 convergence to the optimum of the problem infµPPpZ̃q Rpµq

Proof. This comes directly from the standard results presented in chapter 2.

Remark Actually, the really interesting version of this is when we apply it in the following
setting: Let Z “ RD and Z̃ “ EG, and let R : PpZq Ñ R be the convex and C1 functional
we are trying to optimize. Then we can apply corollary 12 to the convex and C1 functional
R|PpEGq : PpEGq Ñ R. In particular, from theorem 5, if the WGF pµtqtě0 Ď P2pEGq of R
converges in W2 to some measure µ˚ P PpEGq, then such measure achieves the infimum of
the problem, infνPPpEGq Rpνq (which, we recall, could be quite far away from the actual global
minimum). A truly interesting question, which we haven’t been able to tackle yet, is whether
this value will be too far off the actual global infimum.

In the case where proposition 36 holds, solving the problem directly over EG could actually
be much more convenient, since we are working over a space of reduced dimensionality.
We haven’t, however, managed to fully grasp what the precise theoretical and practical
advantages of working on a lower-dimensional space are. This shall be tackled as part of our
future work.

On the other hand, the global convergence results obtained will give us a guarantee of
convergence of the WGF pµtqtě0 of pR|PpEGqq

τ,β
ν to its global minimum, i.e. infµPPpEGq Rpµq `
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τxr, µy ` βHνpµq. Thanks to proposition 10, one should expect that with arbitrarily small
regularization parameters, this quantity should (in some sense) approximate the value of
infνPPpEGq Rpνq. Under the setting of proposition 36, this could also allow for an interesting
comparison between the optimizers of pR|PpEGqq

τ,β
ν and Rτ,β

ν as they approach the common
value of R˚. Unfortunately, this will also have to be left for future work.

We will finalize this chapter with a small digression about how different techniques for
leveraging symmetry behave under the MF training dynamic.

5.3.1 Neural Networks that Exploit Symmetry

From the insights obtained from previous sections, we have seen that vanilla NNs are able to
learn the invariance directly from training with symmetric data. It is therefore interesting to
ask whether DA of FA give any advantage over these vanilla NNs in terms of the MF Limit.

As noted in section 5.2.1, whenever the original functional R : PpZq Ñ R is G-invariant
(e.g. when π P PGpX ˆ Yq), there’s actually no difference at all between R and RG. Thus,
at least at the level of the MF training dynamic, there is no explicit gain from doing DA
in this case. On the other hand, FA is not exactly equal to R, even when R is G-invariant,
so one might expect to find some difference at the level of the WGF. However, the following
proposition (coming directly from our results on section 5.3) argues strongly against this:

Corollary 13 Let R : PpZq Ñ R be a convex, C1 and G-invariant functional; and let RFA

be its FA version (i.e. RFApµq “ RpµGq, @µ P PpZq).

Assume the conditions for theorem 14 hold. Then, if µ0 P PG
2 pZq, the WGF dynamics

of RFA and R starting at µ0 coincide.

Proof. See Annex C.16.

Remark Some remarks are in place:

1. This result, despite seeming simple (as from section 5.2.1 we already knew that R,RG

and RFA coincide on PGpZq), provides a really interesting insight into the relationship
between these functionals:

We manage to prove that, whenever the dynamic lies completely within PGpZq, the
natural conclusion follows, which is that the entire dynamic for RFA and R looks exactly
the same. However, this isn’t entirely obvious a priori. What’s truly remarkable (as
well as intuitive) is that the proof crucially requires R to be G-invariant. In particular,
this speaks to the fact that, even knowing that R “ RFA on PGpZq and even if
both dynamics are launched from the same µ0 P PGpZq; if R isn’t G-invariant, the
processes won’t necessarily coincide overtime. In particular, this is because RFA is
always a G-invariant functional (and therefore such a dynamic will always stay G-
invariant overtime); whereas if R isn’t G-invariant, nothing guarantees that the WGF
process will stay within PGpZq.
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2. Corollary 13 could actually be rephrased as follows:

Corollary 14 Let R : PpZq Ñ R be a convex, C1 functional. Let RG and RFA

be its DA and FA versions respectively (i.e. RGpµq “
ş

G
RpMg#µq and RFApµq “

RpµGq, @µ P PpZq respectively).

Assume the conditions for theorem 14 hold. Then, if µ0 P PG
2 pZq, the WGF dynamics

of RFA and RG starting at µ0 coincide. In particular, whenever R is G-invariant, they
are both equal to the WGF process for R starting at µ0.

The true connection is actually at the level of RG and RFA (in general): both are
G-invariant functionals that coincide within the class PGpZq. The conclusion is what’s
expected: launching them both from the same G-invariant measure leads to the exact
same dynamic overtime.

3. Naturally, as REA projects measures onto PpEGq (and more crucially, doesn’t coincide
with the others over PGpZq), we can’t expect the same result to hold. Unfortunately,
to our knowledge, even if µ0 P PpEGq, the dynamics of R and REA won’t necessarily
coincide. Despite this, a connection between the dynamics of R|PpEGq and REA seems
more promising, and shall be studied in future work.

Another immediate result is the following:

Corollary 15 Even if R : PpZq Ñ R is convex, C1, but not necessarily G-invariant, RG,
RFA and REA are all G-invariant (by proposition 40). Thus, if the right conditions are
assumed, all of theorem 14, theorem 15, theorem 16, corollary 9, corollary 10 and corollary 12
will hold true.

Proof. Direct.

Finally, in this work we have studied multiple of the different objects related to both the
mean field limit of shallow NNs and the geometric deep learning analysis of symmetries in
NN models. We have succesfully managed to put both theories under a common umbrella,
in such a way that important properties and behaviours can be thoroughly understood from
either viewpoint. In general, the results we present are novel, and hopefully they shall
constitute a significant contribution to the ever-growing literature of Machine Learning and
Neural Networks (at least at a theoretical level). Many questions are still left open (as has
been mentioned throughout this work), and they shall be an unavoidable part of our future
challenges to tackle.
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Chapter 6

Conclusion

This thesis has gone to great depths to explore the intricate relationship between symmetries
in data and their effect on the training process of overparametrized NNs. We have explored
both the dynamics of NN training under the lens of the MF limit, and the use of symmetry-
leveraging methods to profit from a problem’s symmetries. Having established these theoretical
grounds, we have been able to provide interesting and relevant contributions that improve
the current understanding of symmetries in NN training.

We have presented an as-thorough-as-possible description of most of the key elements
concerning the MF Limit of overparametrized Neural Networks. More importantly, we
provide a unified description of the general setting that should allow newcomers to grab a hold
of the topic with relative ease. We have described many commonly well-known theoretical
properties from overparametrized neural networks, but reinterpreting them in our context and
providing additional insights for the purpose of our work. Take, for instance, our extension
of the well-known universality result (see Theorem 1, Proposition 3, Corollary 1) or our
perspective on the usual discriminatory assumption in Proposition 1. Similarly, results such
as Lemma 4, Proposition 9 and Proposition 10 (among many others from the literature) have
been restated in our setting, with minimal modifications to the original proofs, to fit into the
general framework of our work.

We have also presented an intense dive into some elements of group theory (and group
actions) that allow for easily describing some of the main symmetries that are commonly
encountered in real world problems. We have also complemented some of the literature’s
results on invariant/equivariant functions and measures; most remarkably, Proposition 13
is given an original proof an it is used to extend a well-known literature result (about the
symmetrization gap of a learning problem) in Lemma 10. Similarly, we have been able to
describe some of the main symmetry-leveraging techniques from the literature (in this setting),
later translating their definition into the more general Mean Field framework.

In the bulk of our contributions, we managed to establish many interesting insights for
the problem at hand, slowly building a theoretical background throughout Chapters 4 and 5
to reach the main results by the end of our work.

For instance, through an example, we introduce a novel way to construct equivariant NNs
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in the MF setting of shallow NNs (see Proposition 19). This, in turn, allows us to generalize
the definition of such models (see Definition 4.2) and to grasp its properties from an abstract
high-level perspective (see Proposition 20 and Proposition 21). This renewed definition from
a broader perspective, led us to explore specific properties of the objects involved: invariant
measures and equivariant functions.

Through a series of mostly original results (Lemma 12, Proposition 24 and specially
Proposition 25, Lemma 13 and Proposition 26) we manage to grasp specific OT properties
of invariant measures and measures concentrated on the subspace of equivariant parameters.
We proceed analogously for the derivatives and integrals of equivariant functions ; providing
(mostly original) key properties in Proposition 29 and Proposition 30. On a parallel note,
we draw from classic Ergodic Theory to reinterpret invariant measures simply as probability
measures over the orbit space (with classic results such as Proposition 27 and Corollary 5
serving to establish Proposition 28 and Corollary 6).

On a similar note, invariant functionals over the space of probability measures are studied
and heavily developed. For instance, an interesting variant of Jensen’s inequality is proved
with relatively standard arguments (Proposition 32) and it is then used (together with
Proposition 31 and Corollary 8) to establish one of the main results, stating that invariant
functionals can be minimized by only considering symmetric measures (see Proposition 33).
An equivalent result is drawn for the orbit space in Proposition 34 (using Proposition 28);
but for the case of equivariant models, Proposition 35 provides a significative (and novel)
counterexample that forbids an analogous result.

We properly reinterpret symmetrized models in our context with Proposition 38; as well as
the usual symmetry-leveraging techniques (DA, FA and EA) with Proposition 40. Further
interesting properties of this setting are presented regarding linear functional derivatives
(Proposition 41), optimization under DA, FA and EA (Proposition 42), and bounding the
approximate invariance of a functional under approximately symmetric data (Proposition 44).

We culminate our work by examining the Wasserstein Gradient Flows (WGF) of invariant
functionals. One of our main original results, Proposition 45, states that whenever an
invariant functional R has a well defined WGF; then such WGF, when initialized on a
symmetric measure, will remain symmetric overtime. Many subsequent results follow to
exploit this fact in the specific setting of the MF Limit of overparametrized NNs (such as
Theorem 14, Corollary 10, Corollary 11 and Corollary 9). On the same line, another of
our main results states that WGFs initialized on a measure concentrated on the subspace of
equivariant parameters, will remain concentrated on such a space overtime (see Theorem 15,
Theorem 16 and Corollary 12). Finally, analyzing the WGF of the DA and FA versions of
a given functional provides interesting insights about when they coincide (see Corollary 13,
Corollary 14 and Corollary 15).

More generally, throughout our work, we have addressed many key questions regarding
the impact of data symmetries on the MF limit of NN training. Each chapter has contributed
to this objective, either building upon existing known frameworks or rigorously proving
enlightening new results. All in all, we have provided a comprehensive analysis of symmetries
in NNs that enriches both their theoretical understanding and their potential practical
applications (such as the development of new NN architectures or new NN optimization
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algorithms). Despite all of this, our work remains far from complete, as many very interesting
open questions are yet to be attacked in our future work.

Some of the main open questions from our work specially revolve around understanding
under which conditions the use of equivariant NNs won’t lead to a loss of generalization power.
For instance, despite having the counterexample stating that infµPPpZq Rpµq ă infµPPpEGq Rpµq

(i.e. in general the optimal value of the global problem is strictly smaller than that of the
restricted problem), one may want to bound the distance between both quantities under
reasonable conditions (similar to what’s done in Proposition 44). This could shed light onto
the assumptions that need to be made for the global optimal value to be sufficiently close to
the restricted optimal value; i.e. when is it reasonable to restrict ourselves to such a space?

Furthermore, the truly interesting questions appear at the level of the relation between
optimizers. It would be interesting to understand under which conditions an optimizer of the
global problem (say, µ˚) could satisfy that pµ˚qE

G
is an optimizer for the restricted problem.

Conversely, one might ask how an optimum of the restricted problem (say, ν˚) could be
canonically extended (in some way) in order for it to become an optimizer of the global
problem. In particular, even if we assume that universality holds for EG (as in Proposition 36),
does it help in establishing these relationships? In the regularized setting, how can we even
compare both problems if the entropy terms force the minimizers to be concentrated on
different spaces? (Also, can we leverage Proposition 10 in this case to find a relationship
between them?).

Another one of the big challenges to be tackled in future work revolves around understanding
the interplay between the Mean Field theory and the well-known universality results from the
literature. Notably: to what extend is the compactness of Z required for Theorem 1 to hold?
Are there specific conditions (notably, requiring an unbounded σ˚ or a specific growth-rate for
K) under which having universality might also imply that the infimum infγPMSpZq Rpγq will be
attained? Can this result be achieved at least on the case of bounded target f˚ “ ErY |X “ ¨s?
One might even be willing to ask about the converse statement: if the conditional expectation
is attained for every problem with arbitrary π P P2pX ˆ Yq, does this imply that the class
Fσ˚

pMSpZqq is universal as well?

On the same line, having EG satisfy universality (as in Proposition 36) is not at all trivial
in our MF shallow NN setting. Remarkably, Maron et al. [55] have shown that first order
tensor NNs (which are the ones we consider in Section 4.1) aren’t always universal (beyond a
handful of examples). Thus, a great open challenge that emerges, is understanding whether
our shallow NN model can be used to represent more complex structures (notably, NNs with
arbitrarily large tensor order) by considering a well-chosen activation function pσ˚q. In other
words: which other universal architectures can be represented using our shallow NN model?

The third major axis of our future research deals with the subject of: what exactly do
we earn from reducing the dimensionality of the problem at hand? For instance, if we follow
Proposition 34, we know that we can reduce the global minimization problem to the orbit space
GzZ; now, how exactly does this make the problem easier to solve? In other words, is the
resolution of the limiting DD easier to tackle?1 Similarly, is there any specific quantitative

1We know from Chossat [18] that we could hope to achieve some kind of simplification of the systems of
equations at hand.
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advantage from only considering parameters in EG? Can we profit from the dimensionality
reduction to improve some of the bounds of known results (e.g. of global convergence and
propagation of chaos)? How do we manage to do this while circumventing the issue of the
degeneracy of EG as a strict subspace of Z?

Along the same lines, it would be of crucial interest to truly understand the concrete
advantages of employing DA and FA during NN training. These symmetry-leveraging
techniques don’t have major effects at the level of the WGF; however, when data is symmetric,
one would expect that the use of these techniques could accelerate training in some way. One
may then ask: can we achieve a quantitative advantage regarding the convergence to the
global minimum and/or the propagation of chaos results by using these symmetry-leveraging
techniques during training? Finally, how does the use of EA fit into this landscape? In
particular, more thought shall be put into understanding how the dynamics of R|PpEGq and
REA might be tightly connected (as is the case for R and RFA whenever R is G-invariant).

Beyond these three major axes, many other interesting questions have appeared throughout
our study. Regarding other aspects of the MF theory of shallow NNs, one might be willing to
ask whether any other initializations of the training dynamic are worth considering, beyond
the classic i.i.d. initialization. Also, an adaptation of the CLT results to our general
framework would be of crucial interest; as well as studying how symmetries take part in
the limiting fluctuation process. Along the same lines, extending some of the known global
convergence results to the SGD dynamics (as in Suzuki et al. [82]), or going deeper into the
MF study of multilayer NNs (as in Nguyen and Pham [61]) are both relevant questions for
the MF literature by themselves. Studying how symmetries could intervene in both such
settings would undoubtedly be of the highest of interests.

Analogously, we believe that many of our results can still be extended/generalized. Notably,
a deeper analysis of our version of Jensen’s inequality (Proposition 32) should be considered:
we believe that a simpler proof can be achieved by passing directly through the Wasserstein
subdifferential of the relevant convex functional (without requiring it to be C1). This could
also shed light onto whatever happens when there’s equality in Jensen’s expression. For
instance, in the example of the learning problem: would the fact that Rpµq “ RpµGq force
µ to be G-invariant? Such an insight could allow us to better grasp the structure of the
minimizers of G-invariant functionals. On the same line, we would like to understand to
what extent some of our results critically lie on the usage of a quadratic loss2: which of these
could be extended to consider an arbitrary convex loss function ℓ : YˆY Ñ R ? On a similar
note, we believe that attacking the topics of approximate and partial symmetries (and seeing
how they can be expressed in the MF regime) would definitely be an interesting extension of
our setting. The same holds for the research of novel symmetry-exploiting techniques from
the literature (such as the canonicalization concept from Kaba et al. [42]): can we translate
these to the MF setting in order to compare them to other symmetry-leveraging techniques
at the MF level?

Other minor open questions have been proposed throughout this work, notably suggesting
to establish that µG should be the canonical way of making µ P PpZq symmetric3 (i.e. its

2For instance, consider Lemma 1, Lemma 2, Lemma 10, among many others.
3We haven’t managed to prove this yet, despite many intermediate results such as proposition 23,

proposition 24 and proposition 25 bringing us closer to that objective.
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projection onto PGpZq). Along the same lines, one would like to find some way of quantifying
the distance between µ and both µG and µEG

: e.g. could we bound Wppµ, µ
EG

q ? Finally, the
study of symmetries in the MF regime of NNs, but while considering non-trivial actions on
the intermediate layer (particularly, going beyond the ones of the form IdN bη with G

œ

η Rb),
could be a really interesting next step for establishing a robust theory regarding this topic.

Last but not least, the computational aspect of this work is yet to be fully fleshed out.
Computing EG isn’t truly an easy task (as mentioned in Finzi et al. [31]), and so many of the
practical aspects of our novel contributions are yet to be thoroughly explored. With this in
mind, numerical simulations will be put in place in order to test and verify the bulk of our
theoretical results from a practical perspective.

With all being said, we could consider all of these open questions and problems to be
another significant part of the novel contributions produced by this work. Many of these
interesting ideas either hadn’t even been touched on the literature, or where simply too
complicated to write down in a concrete fashion. The theoretical background provided by
this work has allowed us to not only prove many interesting results ourselves, but also to
properly describe (and write down) many remarkable questions and problems to be tackled
in the months following this thesis.

This work has provided with significant contributions to both the literature regarding the
MF Theory of shallow NNs, and the literature concerned with the leveraging of symmetries
in learning problems. These include reinterpretations of known facts from the literature,
novel results with interesting original proofs, and a big list of open problems and questions
that have emerged during the development of this thesis. We hope that our work will serve
as a catalyst for further research on this topic, ultimately leading to significant advancements
in the area.

104



Bibliography

[1] Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient Flows in Metric Spaces and
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[5] Francis Bach and Lenäıc Chizat. Gradient descent on infinitely wide neural networks:
Global convergence and generalization, 2021.

[6] Andrew Barron. Barron, a.e.: Universal approximation bounds for superpositions of a
sigmoidal function. ieee trans. on information theory 39, 930-945. Information Theory,
IEEE Transactions on, 39:930 – 945, 06 1993. doi: 10.1109/18.256500.

[7] Benjamin Bloem-Reddy and Yee Whye Teh. Probabilistic symmetries and invariant
neural networks, 2020.

[8] James V. Bondar. Borel cross-sections and maximal invariants. The Annals of Statistics,
4(5):866–877, 1976. ISSN 00905364. URL http://www.jstor.org/stable/2958624.

[9] Valentin De Bortoli, Alain Durmus, Xavier Fontaine, and Umut Simsekli. Quantitative
propagation of chaos for sgd in wide neural networks, 2020.

[10] Michael M. Bronstein, Joan Bruna, Taco Cohen, and Petar Veličković. Geometric deep
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Annex A

Reading Guide and Summary of
Contributions

Concerning the specifics of this work, the following chapter gives a detailed overview of the
structure of the document, delving into the specific results presented in each section.

Chapter 1

Chapter 1 contains a global overview of the problem at hand, together with an introduction
this work’s objectives and overall structure.

Chapter 2

Chapter 2 presents a thorough review of the literature on the topic of the Mean Field
(MF) Limit in the context Shallow Neural Networks (NNs), as well as most relevant
theoretical elements for defining such an object. More specifically, its different subsections
can be described as follows:

• In Section 2.1 the general learning problem is introduced, and in Section 2.1.1 the same
is done for a standard model of Multilayer NNs.

• Section 2.2 introduces the idea of the (multiple) overparametrized regimes for the
training of NNs.

• The chapter follows by going deeper into the results related to the MF limit:

– First, considering known universality results from the literature (which we slightly
adapt to make them fit into the context that’s useful for our subsequent results).

A proposition is proved showing that the usual notion of discriminatory activation
function (from the ML literature) implies the one established in assumption 1
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(proposition 1).

A classic universality result (Theorem 1 and corollary 1) is presented, with a proof
by Rotskoff and Vanden-Eijnden [72] replicated under more general assumptions.
Similarly, an heuristic observation from Rotskoff and Vanden-Eijnden [72] is now
presented in our context with an added layer of formality (Proposition 3; with a
proof that formalizes from the ideas of [72]).

– Section 2.2.3 presents the ideas behind the usual NN optimization problem, and
how it might be convexified to simplify its resolution. Also, some known results
about the decomposition of the population risk (in the quadratic case) and what
this implies in the setting of universality (Lemma 1 and Lemma 2), are presented
(with minimal proofs for clarity).

– The basic theory about Wasserstein spaces is presented (Section 2.2.4). Two small
basic results are presented (and proved) to illustrate properties of the population
risk in our setting (Lemma 3 and Proposition 5).

– The theory of Wasserstein Gradient Flows is introduced in Section 2.2.5, largely
based in Ambrosio et al. [1], Santambrogio [73] and Villani [88] .

Linear Functional Derivatives and Intrinsic Derivatives are generally defined (and
calculated for some remarkable examples); and the general result of Proposition 6
is proved (with an original proof, though it’s likely that similar results have been
previously established in the literature).

A known result about C1 functionals is presented (Lemma 4; with its proof being
replicated from Hu et al. [38] for clarity).

The usual definition of a Wasserstein (sub-)Gradient Flow (WGF) is provided and
a well known result about the existence and uniqueness of solutions is presented
(Proposition 7).

– Multiple variants of Stochastic Gradient Descent (SGD) for neural network training
are presented in Section 2.2.6. Some key notation for our work (inspired from
Section 2.2.5) is introduced.

– Section 2.2.7 regroups all the elements introduced up until that point to present
the MF view of neural network training. In particular, a well known result of
Propagation of Chaos is presented (under multiple variants detected in the existing
literature) in Theorem 4. This shows exactly in what sense SGD can be regarded
as a WGF for the population risk functional.

– Section 2.2.8 finalizes our exploration of the MF limit of shallow NNs by presenting
classical global convergence results from the literature (for instance, Theorem 5,
Proposition 9, Proposition 11, Proposition 10, Theorem 6, Theorem 7, Theorem 8,
Corollary 3). In particular, part of our work included placing most of these results
(coming from a multitude of papers) under a common setting (and notation).
In particular some proofs (such as that of Proposition 10) were replicated from
their original works (e.g. Hu et al. [38]), but under the new notation (and overall
setting), to ensure that they stayed true even under the more general description.

– Finally, the obtained results are put under the lens of shallow NN models : In
Assumption 5, we provide enough conditions for some of the results of the previous
sections to hold.
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• A quick overview of the existing work on the mean field limit of deep neural networks
is provided, though not much depth is sought.

Chapter 3

In a similar vein to Chapter 2, Chapter 3 presents the ideas behind the group theoretical
understanding of symmetries in the context of Neural Networks; displaying relevant theoretical
results from the literature as well as introducing relevant ideas from a practical viewpoint.
Its subsections are structured as follows:

• The (well known) idea of symmetry (as invariance/equivariance) is introduced and
motivated.

• Some background on group theory is presented, as it is the usual way of studying
symmetries in the NN context. In particular, group actions are defined and some
of their properties (as well as those of orbit spaces) are presented (Proposition 12).
Invariant/Equivariant Maps and Actions via Representations are also introduced.

• Some well known results coming from the theory ofG-invariant measures (see Kallenberg
[45]); such as Theorem 10, Theorem 11 and Theorem 12 are presented. Some derivative
results (closer to the setting of the learning problem) are also introduced.

In particular, Proposition 13 (esentially stating that the conditional expectation function
is G-equivariant when one assumes the underlying law to satisfy the same property) is
presented and proved. The proof relies mostly on standard arguments, but we however
believe it to be original (as far as our knowledge reaches).

• Some of the standard theory used to understand symmetric models (particularly, from
Elesedy and Zaidi [28]) is introduced. The symmetrization operator is defined and a
Hilbert orthogonal decomposition lemma is presented (Lemma 8).

The notion of symmetrization gap (standard in the literature) is presented, and a known
result from Elesedy and Zaidi [28] is extended (using Proposition 13 and following
ideas from Huang et al. [40]). This new version is presented (and proved) in Lemma 10

• Section 3.4 presents the different well known and mostly used techniques for leveraging
symmetries in the NN context. In particular, Data Augmentation (DA), Feature
Averaging (FA) and Equivariant Architectures (EA) are each presented in a different
section, together with some well known results concerning their theoretical properties.
Special care is put into the understanding of EA, and Flinth and Ohlsson [32] is widely
used as a reference in this aspect.

Chapter 4

Chapter 4 starts presenting the results from our own study of symmetries in the NN context,
with an Optimal transport (OT) and Mean Field view. In particular, the chapter is built on
the following structure:
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• In Section 4.1.2, a simple, yet really useful, example is fully fleshed out, to introduce the
concept of G-equivariant NNs (how they should be described in the shallow NN setting ;
and why a more complex network structure is required to make G-actions interesting).
A useful characterization of G-equivariant shallow NNs is provided (Proposition 19),
and this serves to motivate the idea of generalizing the definition of G-equivariant
NNs.

A new (broader) definition of shallow Equivariant NN models is introduced (consider
Definition 4.2) and some of its basic properties are proven (e.g. in Proposition 20 and
Proposition 21). Furthermore, the previous motivational example is shown to satisfy
the new (more general) definition (in Proposition 22).

• Some more concepts about G-invariant measures are introduced; but now under the
lens of OT theory. The well known symmetrization of a measure is presented and some
of its basic properties are proven (see Proposition 23). A similar approach is used for
the pushforward through an orthogonal projection onto a linear subspace (Lemma 12) .

Some (relatively) well know properties of the Wasserstein distance are proven (notably,
Proposition 24); though the arguments used are relatively standard and even directly
inspired from Santambrogio [73].

Similarly, in Proposition 25 and Lemma 13, interesting properties of the measure spaces
PGpZq and PpEGq are presented and proven (and, to our knowledge, they are mostly
original). Most remarkably, we prove that, in some sense we can canonically project
any measure onto any one of these spaces.

Finally, Proposition 26 provides a characterization of how the densities of the different
projections of a given measure look like (and we prove this properties as well, through
relatively standard techniques).

• Section 4.2.1 provides a reinterpretation of the results of Section 3.2.1 by passing
to the orbit space GzZ. Notably, Proposition 27 and Corollary 5 are proved and
used to establish a correspondence between PGpZq and PpGzZq (Proposition 28 and
Corollary 6). These kinds of results seem to already exist in the setting of ergodic
theory, however, the proofs we provide are original (as far as we were able to identify
in the related literature).

• Section 4.3 Provides key properties satisfied by G-invariant functionals under derivation
and integration. In particular, Proposition 29 and Proposition 30 are introduced and
proven (through relatively standard arguments).

• Finally, Section 4.4 provides insight into the properties of functionals R : PpZq Ñ R,
particularly in the case when they are assumed to be G-invariant.

More specifically, a notion of G-invariance is introduced for these kinds of functionals
(Definition 4.4) and many properties are proven under such definition. For this
purpose, an interesting variant of Jensen’s inequality is proved (Proposition 32; the
proof is rather standard but, to our knowledge, it is original). Most remarkably
Proposition 31, Corollary 8 and Proposition 33 are proved, ultimately showing that
G-invariant functionals can be minimized by only considering symmetric measures
on PGpZq. Furthermore, some interesting examples of G-invariant functionals are
provided. Analogously, Proposition 28 is used to further narrow down the problem of
optimizing a G-invariant functional to that of finding an arbitrary measure on PpGzZq
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(Proposition 34). Examples of such a reduction at the level of G-invariant functionals
are also provided.

Finally, Proposition 35 provides an original counterexample to the idea that a G-
invariant functional can always be minimized over EG. i.e. We prove that in the general
setting models based on PpEGq aren’t enough to optimize the original population risk
functional.

Chapter 5

Chapter 5 culminates our work by employing the discovered facts from all previous chapters
to prove properties of the WGF of G-invariant functionals.

• First, some insight is provided about what a symmetrized NN model would look like in
our context (notably, Proposition 38 is proven and complemented with an example).

• Proposition 39, (stating that under the right G-invariance conditions the population
risk from the learning problem will also be G-invariant) is derived from results of the
previous chapter.

• Section 5.2.1 brings back the ideas of DA, FA and EA and places them in the context
of our work. In particular, Proposition 40 (describing the corresponding functionals
RG, RFA and REA), Proposition 41(describing the linear functional derivatives of such
functionals) and Proposition 42 (showing that the optimization under DA and FA
coincide and correspond to optimizing the original functional over the space PGpZq)
are presented and proven. Finally, a rather interesting bound (useful in the context of
approximate G-invariance) is provided in the learning setting (Proposition 44). This
fact is heavily inspired from an analogous result by Chen et al. [14], and its proof largely
follows that of [14] (with small adaptations to fit it in our context).

• Finally, Section 5.3 provides some of the main results that pull together all the theoretical
machinery introduced throughout this work. Most remarkably, we prove Proposition 45,
which states that, whenever a G-invariant functional R has a well defined WGF; then
such WGF will always respect the symmetric properties of the input (i.e. if the
dynamic starts at a G-invariant measure, then overtime the entire flow will remain
G-invariant as well). This result is put into perspective with Theorem 14, Corollary 10,
Corollary 11 and Corollary 9 (the latter stating that: if the WGF finds an optimum
through a G-invariant dynamic, then such an optimum has to be G-invariant as well).

These results can actually be made stronger, as we can state that a G-invariant
functional will be such that its WGF, if initialized in PpEGq, will remain in PpEGq

overtime (see Theorem 15, Theorem 16) and Corollary 12.

Last of all, we analyze how the WGF of the DA and FA versions of a functional R (RG

and RFA resp.) behave in terms of their associated WGF. We prove Corollary 14 (or,
in particular, Corollary 13), which states that: when initialized in PGpZq, the WGF
of RFA and RG coincide exactly. Similarly, Corollary 15 states that the properties of
WGFs for G-invariant functionals are all satisfied by the DA, FA and EA versions of
R (even if R isn’t G-invariant).

117



Chapter 6

Chapter 6 provides a natural conclusion to our work, gathering and summarizing the bulk
of our original contributions. It also contains a compilation of open questions to be attacked
in our future work.

Annexes

Annex A corresponds to the current review of the work’s structure.

Annex B provides an illustrative example of a Deep Set architecture. Also, some
illustrative calculations are provided for a simple example of NN architecture in our setting.

Annex C contains all the Proofs for the different results presented in the work (they
are original for the most part, and whenever elements were borrowed from anywhere in the
literature, it is clearly stated as so).

Annex D contains some of the classic technical assumptions that are required for the
results to hold (specially those of Section 2.2). It also contains some information about the
Central Limit Theorem of the SGD training process of shallow NNs; and some results of
Existence/Uniqueness of solutions for the McKean-Vlasov equation in the setting of Bortoli
et al. [9].
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Annex B

Application of our framework to some
EA

B.1 Example of Deep Sets

An emblematic example of neural networks with equivariant architecture are the
Deep Sets, introduced by Zaheer et al. [93]. Essentially, it is a neural network architecture
designed to be invariant under the action of G “ Sn.

The input space is essentially Rnˆd » pRnqbd, which represents having n copies of length-
d real-valued vectors. We aim to construct a network with 1 hidden layer of the form ŷ :

Rnˆd φ,σ
ÝÝÑ RnˆN A

ÝÑ RN W
ÝÑ R, where ŷpxq “ 1

N
WApσpφpxqqq, and φ P ˜HomGpRnˆd,RnˆNq,

W P RN . The layer A corresponds to a global average pooling, which reduces the
dimension of the layer’s output by simply averaging over the domain on which the group
acts (with no trainable parameters). Eventually, we would like to let N go to infinity.

As shown in [93], the only way to achieve a Sn-equivariant layer is if the matrices
A P RpnˆNqˆpnˆdq and b P RnˆN (from the definition of equivariant affine layer: φ : x Ñ Ax`b)
are of the form:

A “ α b I ` β b J, b “ γ b p1, . . . , 1q

Where α, β P RNˆd, γ P RN are the trainable parameters of the layer; I “ Idnˆn and
J “ 1⃗n1⃗

T
n are two n ˆ n matrices; and b is the usual tensor product.

Explicitly expressing these matrices in a block-wise representation, we have:

α b I “

¨

˚

˚

˚

˝

α 0 . . . 0
0 α . . . 0
...

. . . . . . 0
0 0 . . . α

˛

‹

‹

‹

‚

P RpnˆNqˆpnˆdq, β b J “

¨

˚

˚

˚

˝

β β . . . β
β β . . . β
...

. . . . . . β
β β . . . β

˛

‹

‹

‹

‚

P RpnˆNqˆpnˆdq

γ b p1, . . . , 1q “ pγ, . . . , γq P RpnˆNq
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So that:

@i P t1, . . . , nu, φpxqpiq “ α ¨ xpiq ` β ¨

˜

n
ÿ

j“1

xpjq

¸

` γ P RN

In other words, for this equivariant layer, we have only 2pN ˆ dq ` N “ Np2d ` 1q free
parameters. We can further notice that:

α “

¨

˚

˝

α1

...
αc

˛

‹

‚

, β “

¨

˚

˝

β1
...
βc

˛

‹

‚

, γ “ pγkq
N
k“1

With αk, βk P Rd for all k P t1, . . . , Nu. Thus, we can write the action of φ as:

@k P t1, . . . , Nu, @i P t1, . . . , nu, pφpxqqkpiq “ αk ¨ xpiq ` βk ¨

˜

n
ÿ

j“1

xpjq

¸

` γk

Therefore, our 1-layer Sn-equivariant neural network takes the form1:

ŷpxq “
1

N

N
ÿ

k“1

Wk ¨
1

n

n
ÿ

i“1

σ

˜

αk ¨ xpiq ` βk ¨

˜

n
ÿ

j“1

xpjq

¸

` γk

¸

In other words, we can group our parameter vector simply as: θ “ pθ1, . . . , θNq, where:

@i P t1, . . . , Nu, θi “ pWi, αi, βi, γiq P EG :“ R2d`2

(notice that these are the parameters invariant to the corresponding action of Sn over the
ambient space Z :“ Rnˆpnˆdq ˆ Rn). This brings us closer to what we would like to study in
the Mean Field limit. Moreover, if we define:

σ˚px, θkq :“
n
ÿ

i“1

Wkσ

˜

αk ¨ xpiq ` βk ¨

˜

n
ÿ

j“1

xpjq

¸

` γk

¸

we directly obtain:

ŷNpx, θq “
1

N

N
ÿ

k“1

σ˚px, θkq

which is essentially the same formulation used in our work.

It’s not complex to notice that, in this network architecture, what we can consider as
the fundamental interchangeable unit is somewhat more intricate than the usual shallow NN
model described at the beginning of Section 2.2. Particularly, in this case, the intermediate
layer takes the form RnˆN , with a non-trivial action Sn

œ

η RnˆN (so, it rather falls
under our setting from section 4.1.2. A fundamental question for our future work will be to
attempt to extend these concepts to more general actions of G (and therefore other kinds of
architectures).

1Where, in this case, the GAP function A is defined as: Apyq “ 1
n

řn
i“1 ypiq
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B.2 Some Explicit Calculations for the typical example

Let X “ Rd, Z “ RD “ Rpc`dqb, Y “ Rc and let G be a compact group such that G

œ

ρ

X , G œ

η Rb, G

œ

ρ̂ Y . Consider the activation function of shallow NNs σ˚ : X ˆ Z Ñ Y
given (for θ “ pw, aq) by σ˚px, θq “ wσpaTxq, with σ : Rb Ñ Rb being G-equivariant to the
action of η (e.g. in many cases it is enough for σ to be applied pointwise).

Consider the quantity we defined as @µ P PpZq: Lx,ypµq :“ ℓpxσ˚px; ¨q, µy, yq. In this
particular example, we can explicitly calculate relevant quantities such as DµLx,ypµ, θq for all
θ P RD, @µ P PpZq, @x P X , @y P Y . We find that the expression for this is given by:

Jpx, y; θ, µq :“ DµLx,ypµ, θq “

ˆ

∇1ℓpxσ˚px, ¨q, µy, yqσpaTxqT

x∇1ℓpxσ˚px, ¨q, µy, yqTwσ1paTxq

˙

P Rpc`dqˆb

Which can be seen, vectorized as J⃗px, y; θ, µq “ vecpJpx, y; θ, µqq P RD. We can derive this
expression as follows:

Derivation of the expression of Jpx, y; θ, µq :“ DµLx,ypµ, θq. The expression for J⃗ comes from
the following derivation. Recall that:

J⃗px, y; θ, µq :“ pDθ⃗σ˚px, θqq
TUpx, y;µq P RD

where we (temporarily) define Upx, y;µq :“ ∇1ℓpxσ˚px, ¨q, µy, yq

We notice that
Dθ⃗σ˚px, θq “ D

θ⃗T
σ˚px, θq ¨ Dθ⃗pvecpθ

T
qq

And, as vecpθT q “ Kpc`d,bqvecpθq, we have: Dθ⃗pvecpθ
T qq “ Kpc`d,bq, so that:

Dθ⃗σ˚px, θq “ D
θ⃗T
σ˚px, θq ¨ Kpc`d,bq

The idea of derivating with respect to θ⃗T is that θT “ pwT , aT q and so, vecpθT q “

ˆ

vecpwT q

vecpaT q

˙

the derivative has the components associated with each set of parameters separate; i.e.

D
θ⃗T
σ˚px, θq “

`

DvecpwT qσ˚px, θq, DvecpaT qσ˚px, θq
˘

Now, notice that, as σ˚px, θq P Rc:

σ˚px, θq “ wσpaTxq “ vecpwσpaTxqq “ vecpIdc ¨ w ¨ σpaTxqq

“ pσpaTxq
T

b Idcqvecpwq “ pσpaTxq
T

b IdcqK
pb,cqvecpwT q

Where we’ve used properties of the Kronecker product, and those of vectorization. With
this, we get that:

DvecpwT qσ˚px, θq “ pσpaTxq
T

b IdcqK
pb,cq

Similarly, by the chain rule we get:

DvecpaT qσ˚px, θq “ wσ1
paTxqDvecpaT qpa

Txq
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where we’re denoting, for y P Rb:

σ1
pyq :“

¨

˚

˚

˚

˝

σ1py1q 0 . . . 0
0 σ1py2q . . . 0
...

. . . 0
0 0 . . . σ1pybq

˛

‹

‹

‹

‚

This comes from the fact that the activation function σ is applied coordinatewise.

On the other hand, as aTx P Rb, aTx “ vecpaTxq “ vecpIdba
Txq “ pxT b Idbqvecpa

T q.
With this, we get:

DvecpaT qσ˚px, θq “ wσ1
paTxqpxT b Idbq

Putting both together, we have:

D
θ⃗T
σ˚px, θq “

`

pσpaTxq
T

b IdcqK
pb,cq, wσ1

paTxqpxT b Idbq
˘

P RcˆD

This translates to:

Dθ⃗σ˚px, θq “
`

pσpaTxq
T

b IdcqK
pb,cq, wσ1

paTxqpxT b Idbq
˘

¨ Kpc`d,bq

So that, for J⃗

J⃗px, y; θ, µq “ p
`

pσpaTxq
T

b IdcqK
pb,cq, wσ1

paTxqpxT b Idbq
˘

Kpc`d,bq
q
TUpx, y;µq

“ Kpb,c`dq
¨
`

pσpaTxq
T

b IdcqK
pb,cq, wσ1

paTxqpxT b Idbq
˘T
Upx, y;µq

“ Kpb,c`dq
¨

ˆ

Kpc,bqpσpaTxq b Idcq
px b Idbqσ

1paTxqwT

˙

Upx, y;µq

“ Kpb,c`dq
¨

ˆ

Kpc,bqpσpaTxq b IdcqUpx, y;µq

px b Idbqσ
1paTxqwTUpx, y;µq

˙

P RD

On the other hand, we can see that the matrix J̄px, y; θ, µq “

ˆ

Upx, y;µqσpaTxqT

xUpx, y;µqTwσ1paTxq

˙

satisfies:

vec
`

J̄px, y; θ, µq
˘

“ vec
`

pσpaTxqUpx, y;µq
T , σ1

paTxqwTUpx, y;µqxT q
T
˘

“ Kpb,c`dq
¨ vec

`

pσpaTxqUpx, y;µq
T , σ1

paTxqwTUpx, y;µqxT q
˘

“ Kpb,c`dq
¨

ˆ

vecpσpaTxqUpx, y;µqT q

vecpσ1paTxqwTUpx, y;µqxT q

˙

“ Kpb,c`dq
¨

ˆ

Kpc,bqvecpUpx, y;µqσpaTxqT q

vecpσ1paTxqwTUpx, y;µqxT q

˙

And, as:

vecpUpx, y;µqσpaTxq
T

q “ vecpIdcUpx, y;µqσpaTxq
T

q

“ pσpaTxq b IdcqvecpUpx, y;µqq

“ pσpaTxq b IdcqUpx, y;µq
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and:

vecpσ1
paTxqwTUpx, y;µqxT q “ vecpIdbσ

1
paTxqwTUpx, y;µqxT q

“ px b Idbqvec
`

σ1
paTxqwTUpx, y;µq

˘

“ px b Idbqσ
1
paTxqwTUpx, y;µq

We get that:

vec
`

J̄px, y; θ, µq
˘

“ Kpb,c`dq
¨

ˆ

Kpc,bqvecpUpx, y;µqσpaTxqT q

vecpσ1paTxqwTUpx, y;µqxT q

˙

“ J⃗px, y; θ, µq

In short, the following expression holds:

J⃗px, y; θ, µq “ vec
`

J̄px, y; θ, µq
˘

Which in particular, due to vec : Rpc`dqˆb Ñ RD being an isomorphism, implies that:

Jpx, y; θ, µq “ pDθσ˚px, θqq
TUpx, y;µq P Rpc`dqˆb

can be perfectly identified with J̄px, y; θ, µq. Indeed, if V is the matrix representing vec, we
get:

Dθσ˚px, θq “ Dθ⃗σ˚px, θqDθvecpθq “ Dθ⃗σ˚px, θq ¨ V

So that:
Jpx, y; θ, µq “ V T J⃗px, y; θ, µq “ V TV J̄px, y; θ, µq

And as V is orthogonal2, we get the expression we wanted:

Jpx, y; θ, µq “ J̄px, y; θ, µq “

ˆ

Upx, y;µqσpaTxqT

xUpx, y;µqTwσ1paTxq

˙

P Rpc`dqˆb

Hopefully, these calculations will not only serve to understand the different objects at
play in our slightly more robust version of shallow NNs ; but also to highlight the immense
burden of calculations relieved by considering our theory from a more general viewpoint.

2This comes from the fact that the action over the basis of Rpc`dqˆb gives vecpei,jq “ ebpj´1q`i in the basis

of RD. As for all i1, i2 P t1, . . . , pc`dqu, j1, j2 P t1, . . . , bu, pi1, j1q ‰ pi2, j2q ùñ bpj1 ´1q` i1 ‰ bpj2 ´1q` i2,
we get the orthogonality condition we desire.
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Annex C

Proofs

C.1 Proofs for Section 2.2.2

For the original universality result in Rotskoff and Vanden-Eijnden [72], the authors consider:

Assumption 6 [Assumptions for the Universality result in Rotskoff and Vanden-Eijnden
[72]] Let µ P PpX q, and consider:

• X Ď Rd and Z Ď RD are closed smooth Riemannian manifolds (in particular,
compact).

• µ ´ a.s. @x P X , σ˚px, ¨q P C1pZq.

• Let σ˚ be discriminating, in the sense that:

„

@z P Z a.e.

ż

X
gpxqσ˚px, zqµpdxq “ 0

ȷ

ùñ rg “ 0 µ ´ a.e. in X s

And with this, they prove:

Theorem 17 (Universality as in Rotskoff and Vanden-Eijnden [72]) Under assumption 6,
Fσ˚

pMSpZqq is a dense subspace of L2pX ,Y ;µq (in the L2-norm topology).

In the body of this work, we consider a slightly stronger universality result, in the sense
that it might be used in a setting with Y being a subset of vector space more interesting
than R.

Proof of Proposition 1. Let X “ Rd,Y “ Rc and Z “ RcˆbˆRdˆbˆRb, and σ˚ : X ˆZ Ñ Y
be defined as:

@x P X , @θ “ pw, a, bq P Z, σ˚px; θq :“ wσpaTx ` bq
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for σ : R Ñ R an activation function that’s applied pointwise and that’s discriminatory in
the sense that @µ P MSpX q:

ż

Rd

σpaTx ` bqdµpxq “ 0 @a P Rd, @b P R ùñ µ ” 0

Let g P L2pX ,Y ; πxq be a function satisfying:

@z P Z,
ż

X
xgpxq, σ˚px; zqyYdπX pxq “ 0

We want to show that g ” 0 πX -a.e.

For this, notice that g “

¨

˚

˝

g1
...
gc

˛

‹

‚

with @i P t1, . . . , cu, gi : Rd Ñ R. It will therefore be

enough to prove that @i P t1, . . . , cu, gi ” 0 πX -a.e. For this purpose, let i P t1, . . . , cu and
consider the measure given by µipdxq “ gipxqπX pdxq, which lives in MSpX q. Now, consider
arbitrary A P Rd and B P R and define:

Ã “ pA|0| . . . |0q P Rdˆb, B̃ “

¨

˚

˚

˚

˝

B
0
...
0

˛

‹

‹

‹

‚

P Rb, W̃ “ pei|0| . . . |0q P Rcˆb

where ei P Rc is the i-th canonical basis vector. With these, we have @x P Rd:

ÃTx`B̃ “

¨

˚

˚

˚

˝

ATx ` B
0
...
0

˛

‹

‹

‹

‚

P Rb, and thus: W̃σpÃTx`B̃q “ W̃

¨

˚

˚

˚

˝

σpATx ` Bq

0
...
0

˛

‹

‹

‹

‚

“ σpATx`Bqei

i.e. for θ “ pW̃ , Ã, B̃q P Z, we have:

@x P X , σ˚px, θq “ W̃σpÃTx ` B̃q “ σpATx ` Bqei

And evidently, for all x P X we also have that:

xgpxq, σ˚px; θqyY “ σpATx ` Bqxgpxq, eiyY “ σpATx ` Bqgipxq

By our initial hypothesis on g, we know that, in particular, for θ P Z:

ż

X
xgpxq, σ˚px; θqyYdπX pxq “ 0

But rewriting the integrand, this tells us that:

ż

X
xgpxq, σ˚px; θqyYdπX pxq “

ż

X
σpATx ` BqgipxqdπX pxq “

ż

X
σpATx ` Bqdµipxq “ 0
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But then, as A P Rd and B P R were arbitrary, we have that µi P MSpX q is such that:

@A P Rd, @B P R,
ż

X
σpATx ` Bqdµipxq “ 0

So, by our discriminatory assumption, we get: µi ” 0. In particular, as gi is the density of µi
with respect to πX , we must have that: gi ” 0 πX -a.e. Now, as i P t1, . . . , cu was arbitrary,
we must conclude that @i P t1, . . . , cu, gi ” 0 πX -a.e. and therefore g ” 0 πX -a.e.

This concludes the proof, as we have shown that σ˚ is discriminatory in the sense of
assumption 1.

Proof of Proposition 2 (as in Rotskoff and Vanden-Eijnden [72]). First, let’s see that the
class Fσ˚

pMSpZqq is indeed a subspace of L2pX ,Y ; πX q.

Let f P Fσ˚
pMSpZqq, by definition, Dγ P MSpZq such that fpxq “ xσ˚px; ¨q, γy @x P

X πX ´ a.s. (remember these are Bochner integrals). We then check:

}f}
2
L2pX ,Y;πX q “

ż

X

›

›

›

›

ż

Z
σ˚px, zqγpdzq

›

›

›

›

2

Y
πX pdxq

“

ż

X
x

ż

Z
σ˚px, zqγpdzq,

ż

Z
σ˚px, z1

qγpdz1
qyYπX pdxq

by linearity “

ż

X

ż

Z

ż

Z
xσ˚px, zq, σ˚px, z1

qyYγpdzqγpdz1
qπX pdxq

by Fubini “

ż

ZˆZ
Kpz, z1

qγpdzqγpdz1
q ď }K}8|γ|

2
TV ă 8,

where we definedKpz, z1q “
ş

X xσ˚px, zq, σ˚px, z1qyYπX pdxq. Thanks to assumption 1, pz, z1q ÞÑ

Kpz, z1q is well defined and continuous; thus by the compactness of Z, we get that }K}8 “

suppz,z1qPZˆZ |Kpz, z1q| ă 8. The fact that for γ P MSpZq, |γ|TV ă 8 allows us to conclude.

Besides that, FpMZq is clearly a linear subspace.

Proof of theorem 1, as in Rotskoff and Vanden-Eijnden [72]. To show that Fσ˚
pMSpZqq is

dense in L2pX ,Y ; πX q, we proceed by contradiction. We know that the Bochner space
L2pX ,Y ; πX q is a Hilbert Space.

Assuming that Fσ˚
pMSpZqq is not dense, by the Hahn-Banach theorem, there exists

a nonzero continuous linear functional L : L2pX ,Y ; πX q Ñ R such that Lf “ 0 for all
f P Fσ˚

pMSpZqq. By the Riesz representation theorem (on a Hilbert Space), the action
of L on f can be represented as the inner product in L2pX ,Y ; πX q between f and some
g P L2pX ,Y ; πX q, g ‰ 0. In particular, this g ‰ 0 is such that for all f P Fσ˚

pMSpZqq:
xg, fyL2pX ,Y;πX q “ 0. As for any z P Z, σ˚p¨; zq “ xσ˚, δzy P Fσ˚

pMSpZqq, we have then that
@z P Z:

0 “ xg, σ˚p¨; zqyL2pX ,Y;πX q “

ż

X
xgpxq, σ˚px, zqyY µpdxq

By our discriminating assumption, this would mean that g “ 0 πX -a.e. in X , which is a
contradiction with the fact that g ‰ 0 in L2pX ,Y ; πX q.
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Proof of Proposition 3. Let f P Fσ˚
pMSpZqq and consider γ P MSpZq such that f “

ş

Z σ˚p¨, zqγpdzq. Consider the Jordan decomposition for γ, such that γ “ γ` ´ γ´, with
γ`, γ´ P MpZq (positive measures over Z), satisfying supppγ`q Y supppγ´q “ supppγq and
supppγ`q X supppγ´q “ H.

Now, as |γ|TV “
ş

Zpγ`pdzq ` γ´pdzqq ă 8, consider the probability measure ν :“
pγ` ` γ´q{|γ|TV P PpZq, and draw an independent sample pZiqiPN from it. Consider the

function φ : Z Ñ R defined as: φpzq :“

#

`|γ|TV if z P supppγ`q

´|γ|TV if z P supppγ´q
and set, for every i P N,

Ci “ φpZiq. Therefore, the sample pCi, ZiqiPN is i.i.d. of law η P PpR ˆ Zq given, for any
integrable f̂ : RˆZ Ñ R, by: xf̂ , ηy “

ş

supppγ`q
f̂p|γ|TV , zqdνpzq`

ş

supppγ´q
f̂p´|γ|TV , zqdνpzq.

Then, by the Law of Large Numbers, we get that for all integrable f̂ : R ˆ Z Ñ R:

1

n

n
ÿ

i“1

f̂pCi, Ziq “

C

f̂ ,
1

n

n
ÿ

i“1

δCi,Zi

G

η-a.s.
ÝÝÝÑ
nÑ8

A

f̂ , η
E

In particular, any function of the form f̂pc, zq “ cfpzq with f : Z Ñ R a ν-integrable
function, will satisfy:

A

f̂ , η
E

“

ż

supppγ`q

|γ|TV fpzqdνpzq `

ż

supppγ´q

´|γ|TV fpzqdνpzq

Then, noticing that ν|supppγ`q “
γ`

|γ|TV
and ν|supppγ´q “

γ´

|γ|TV
, we get that:

A

f̂ , η
E

“
1

|γ|TV

ż

supppγ`q

|γ|TV fpzqdγ`
pzq ´

1

|γ|TV

ż

supppγ´q

|γ|TV fpzqdγ´
pzq

“

ż

Z
fpzqdγ`

pzq ´

ż

Z
fpzqdγ´

pzq

“

ż

Z
fpzqdpγ`

´ γ´
qpzq “ xf, γy

This implies that for any γ-integrable f : Z Ñ R we have:

1

n

n
ÿ

i“1

CifpZiq “

C

f,
1

n

n
ÿ

i“1

CiδZi

G

η-a.s.
ÝÝÝÑ
nÑ8

xf, γy

Now, by a standard argument passing through a countable dense subset, we get that:

η-a.s. @f P CbpZq,
1

n

n
ÿ

i“1

CifpZiq “

C

f,
1

n

n
ÿ

i“1

CiδZi

G

ÝÝÝÑ
nÑ8

xf, γy

Choose one particular realization of the random variables, pci, θiqiPN such that the
above holds and recall that σ˚ to be continuous and such that @x P X , πX -a.s., σ˚px, ¨q is
bounded (by assumption 1). Define γn :“ 1

n

řn
i“1 ciδθi and conclude that:

πX -a.s., @x P X , fnpxq :“ xσ˚px, ¨q, γny ÝÝÝÑ
nÑ8

xσ˚px, ¨q, γy “ fpxq

which corresponds to the desired πX -a.s. approximation. If πX is compactly supported,
then by the continuity of σ˚ over X ˆ Z we get that σ˚ is bounded on supppπX q. Therefore
πX -a.s. @x P X , |fnpxq| ď 1

n

řn
i“1 |ci||σ˚px, θiq| ď |γ|TV }σ˚}8,supppπX qˆZ , allowing us to use

the dominated convergence theorem to conclude that }fn ´ f}LppπX q ÝÝÝÑ
nÑ8

0.
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Proof of Corollary 1. Let f P L2pX ,Y ; πX q and ε ą 0, by theorem 1 we know there exists
γε P Fσ˚

pMSpZqq such that }fγε ´ f}L2pX ,Y;πX q ă ε
2
. Also, by proposition 3 (thanks to the

compact support of πX ), there exists a set of parameters pcεi , θ
ε
i qiPN Ď R ˆ Z such that for

some Nε P N: }fγε ´ ΦNε

pcε,θεq
}L2pX ,Y;πX q ă ε

2
. Notice that ΦNε

pcε,θεq
P Nσ˚

pZq. The triangle
inequality allows us to conclude by noticing that:

}f ´ ΦNε

pcε,θεq
}L2pX ,Y;πX q ď }fγε ´ ΦNε

pcε,θεq
}L2pX ,Y;πX q ` }fγε ´ f}L2pX ,Y;πX q ď ε

i.e. @f P L2pX ,Y ; πX q, DΦNε

pcε,θεq
P Nσ˚

pZq such that: }f ´ ΦNε

pcε,θεq
}L2pX ,Y;πX q ď ε allowing us

to conclude.
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C.2 Proofs for Section 2.2.3

Proof of Lemma 1. By the characterization of the norm in a Hilbert space:

Rpfq “ Eπr}Y ´ fpXq}
2
Ys

“ Eπr}Y ´ f˚
pXq ` f˚

pXq ´ fpXq}
2
Ys

“ Eπr}Y ´ f˚
pXq}

2
Y ` 2xY ´ f˚

pXq, f˚
pXq ´ fpXqyY ` }f˚

pXq ´ fpXq}
2
Ys

“ Eπr}Y ´ f˚
pXq}

2
Ys ` 2EπrxY ´ f˚

pXq, f˚
pXq ´ fpXqyYs ` Eπr}f˚

pXq ´ fpXq}
2
Ys

The first term clearly doesn’t depend on f , and the second term satisfies (by using the
bilinearity of x¨, ¨yY and the measurability of f and f˚):

EπrxY ´ f˚
pXq, f˚

pXq ´ fpXqyYs “ EπrEπrxY ´ f˚
pXq, f˚

pXq ´ fpXqyY |Xss

“ EπrEπrxY |Xs ´ f˚
pXq, f˚

pXq ´ fpXqyYs

“ Eπrxf˚
pXq ´ f˚

pXq, f˚
pXq ´ fpXqyYs “ 0

Therefore, we conclude that: Rpfq “ R˚ ` Eπr}f˚pXq ´ fpXq}2Ys, where the term R˚ “

Eπr}Y ´ f˚pXq}2Ys is the Bayes risk, as it doesn’t depend in f and the other term can be
made zero by f˚ P MpX ,Yq.

Now, if any other f satisfies Rpfq “ R˚, then it means that Eπr}f˚pXq ´ fpXq}2Y “ 0,
which allows us to conclude that f “ f˚ in L2pX ,Y ; πX q. i.e. f˚ is the unique minimizer.

Proof of Lemma 2. As π P PpX ˆ Yq is such that π|Y has a finite second moment, then
f˚ “ EπrY |X “ ¨s P L2pX ,Y ; πX q. Also, by lemma 1, we know that for any f P MpX ,Yq:

Rpfq “ Eπr}Y ´ fpXq}
2
Ys “ R˚ ` Eπr}f˚

pXq ´ fpXq}
2
Ys

By universality, given any ε ą 0, we have that Dfε P Fσ˚
pMSpZqq such that }fε´f

˚}L2pX ,Y;πX q ă

ε . i.e: @ε ą 0:
R˚ ď inf

fPFσ˚ pMSpZqq
Rpfq ď Rpfεq ă R˚ ` ε

By taking ε Ñ 0 we see that: inffPFσ˚ pMSpZqq Rpfq “ infγPMSpZq Rpγq “ R˚ (where we denote
Rpγq for Rpfγq with: fγpxq “ xσ˚px, ¨q, γy @x P X ).

For the last part, it’s clear that if there exists some measure µ˚ P MSpZq such that
infγPMSpZqq Rpγq is attained, then in particular: Rpµ˚q “ infγPMSpZqq Rpγq “ R˚. By
uniqueness of f˚ as the minimizer of R in L2pX ,Y ; πX q, this can only happen if

@x P X πX -a.e., xσ˚px, ¨q, µ˚
y “ f˚

pxq “ EπrY |X “ xs
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C.3 Proofs for Section 2.2.4

Proof of Lemma 3. The implication to the left is direct from a previous characterization.
Now, given Wppµn, µq ÝÝÝÑ

nÑ8
0, we know that @f : Z Ñ R with p-growth,

ş

Z fdµn ÝÝÝÑ
nÑ8

ş

Z fdµ. Let Y be a separable real hilbert space, with pekqkPN an orthornormal Hilbert basis.
For y P Y we define: @k P N, Pk.y “ xy, eky; and we know that }y}2Y “

ř

kPN |Pk.y|2. In
particular, let f : Z Ñ Y be an arbitrary continuous function with p-growth, and define
yn :“

ş

Z fdµn and y “
ş

Z fdµ. We want to prove that }yn ´ y} ÝÝÝÑ
nÑ8

0. Indeed, notice

that: @k P N, Pk.yn “ Pk.
ş

Z fdµn “
ş

Z Pk.fdµn (by linearity of the Bochner integral). Also,
clearly: @k P N, @z P Z, |Pkfpzq| ď }Pk}BLpY,Yq}fpzq}Y ď }fpzq}Y ď C ` C 1}z}

p
Z . So,

@k P N, Pk.f : Z Ñ R is a function with p-growth, and therefore: Pk.yn “
ş

Z Pk.fdµn Ñ
ş

Z Pk.fdµ “ Pk.y. In particular, @N P N,
řN
k“1 |Pk.yn ´ Pk.y|2 ÝÝÝÑ

nÑ8
0. Notice that @n P

N, limNÑ8

řN
k“1 |Pk.yn ´ Pk.y|2 “ }yn ´ y}Y ; and as the series is convergent, it means that

@n P N, @ε ą 0, DMn P N :
ř8

k“Mn
|Pk.yn ´ Pk.y|2 ď ε. From a standard diagonal argument

one concludes that }yn ´ y}Y ÝÝÝÑ
nÑ8

0

Proof of Proposition 5. Indeed, let pµnqnPN Ď PppZq be a sequence converging to µ P PppZq.
As σ˚ is assumed to be continuous with p-growth on its second argument (i.e. @x P X , @z P

Z, }σ˚px, zq}Y ď C ` C 1}z}
p
Z for some constants C,C 1 ą 0), by lemma 3, we know that,

πX -a.e. @x P X , xσ˚px, ¨q, µny ÝÝÝÑ
nÑ8

xσ˚px, ¨q, µy

As ℓ is assumed to be continuous, we get:

πX -a.e. @x P X , @y P Y , ℓpxσ˚px, ¨q, µny, yq ÝÝÝÑ
nÑ8

ℓpxσ˚px, ¨q, µy, yq (C.1)

Now, as ℓ ě 0, we can employ Fatou’s Lemma1 to obtain that:

Eπ
”

lim inf
nÑ8

pℓpxσ˚pX, ¨q, µny, Y qq

ı

ď lim inf
nÑ8

Eπ rℓpxσ˚pX, ¨q, µny, Y qs

We can then notice that from equation (C.1), we have:

Eπ
”

lim inf
nÑ8

pℓpxσ˚pX, ¨q, µny, Y qq

ı

“ Eπ rℓpxσ˚pX, ¨q, µy, Y qs “ Rpµq

Putting both things together, we conclude the desired l.s.c. forWp: Rpµq ď lim infnÑ8 Rpµnq

1Because all the involved functions are measurable
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C.4 Proofs for Section 2.2.5

Proof of Proposition 6. We know that, @µ, ν P PpZq, h P r0, 1s:

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“
LpxΦ, p1 ´ hqµ ` hνyq ´ LpxΦ, µyq

h

“
LpxΦ, µy ` hxΦ, ν ´ µyq ´ LpxΦ, µyq

h

Let’s denote by qµ :“ xΦ, µy (analogously qν´µ :“ xΦ, ν ´ µy) and sµ,ν :“ hqν´µ, so we can
write:

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“
Lpqµ ` sµ,νq ´ Lpqµq

h
As L is Gateaux differentiable, we have the following first order Taylor expansion @x, s P H,
@t P R:

Lpx ` t sq “ Lpxq ` tDhLpxq.s ` op|t|}s}q

In this particular case, we get:

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“
Lpqµ ` h qν´µq ´ Lpqµq

h

“
h.DhLpqµq.qν´µ ` op|h|}qν´µ}q

h

“ DhLpqµq.qν´µ `
op|h|}qν´µ}q

h

As }qν´µ} ă 8 by hypothesis, we can say that: op|h|}qν´µ}q “ ophq. Therefore, taking the
limit with h Ñ 0, we get that:

lim
hÑ0

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“ DhLpqµq.qν´µ ` lim

hÑ0

ophq

h
“ DhLpqµq.qν´µ

Now, developping this last term (using, for instance, the linearity of the Bochner integral
under bounded linear operators, as we know DhLpx, ¨q.p¨q to be linear and bounded as we’re
working on Hilbert Spaces), we get that:

DhLpqµq.qν´µ “ DhLpqµq.xΦ, ν ´ µy “ xDhLpqµqpΦq, ν ´ µy

Now, by the Riesz representation theorem, note that @θ P Z: DhLpqµqpΦpθqq “ x∇hLpqµq,ΦpθqyH
and so:

lim
hÑ0

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“

ż

Z
x∇hLpxΦ, µyq,ΦpθqyH dpν ´ µqpθq

From where we deduce that:

BR

Bµ
pµ, θq “ x∇hLpxΦ, µyq,ΦpθqyH ´ CR,µ

Where CR,µ is a fixed constant, given by:

CR,µ “

ż

Z

BR

Bµ
pµ, θqdµpθq “

ż

Z
x∇hLpxΦ, µyq,ΦpθqyH dpµqpθq “ x∇hLpxΦ, µyq, xΦ, µyyH
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On the other hand, for the intrinsic derivative, notice that Dθp
BR
Bµ

pµ, θqq : Z Ñ R is a

bounded linear functional over Z a Hilbert space, so by Riesz representation, DDµRpµ, θq :“
∇θp

BR
Bµ

pµ, θqq P Z such that:

@z P Z,
B

∇θ

ˆ

BR

Bµ
pµ, θq

˙

, z

F

Z
“ Dθ

ˆ

BR

Bµ
pµ, θq

˙

pzq

However, we can develop the RHS, and as the constant CR,µ doesn’t depend on θ, we get
that:

Dθ

ˆ

BR

Bµ
pµ, θq

˙

pzq “ Dθ px∇hLpxΦ, µyq,ΦpθqyHq pzq

Now, by the chain rule and the definition of the adjoint operator of DθΦpθq:

Dθ

ˆ

BR

Bµ
pµ, θq

˙

pzq “ x∇hLpxΦ, µyq, DθΦpθqpzqyH “
@

pDθΦpθqq
˚

p∇hLpxΦ, µyqq , z
D

Z

So, as they coincide for every z P Z, we conclude that:

DµRpµ, θq “ pDθΦpθqq
˚

p∇hLpxΦ, µyqq

Proof of Lemma 4 (from Hu et al. [38]). Define µε :“ p1 ´ εqµ ` εµ1. Since R is convex, we
have

ε pRpµ1
q ´ Rpµqq ě Rpµεq ´ Rpµq “

ż ε

0

ż

Z

BR

Bµ
pµs, zqdpµ1

´ µqpdzq ds.

Since the map s P r0, 1s ÞÑ µs is continuous, it is of compact image (denoted rµ, µ1s).
In particular, as BR

Bµ
is continuous and bounded on its second argument, we get that, it is

bounded on rµ, µ1s ˆ Z. In particular the dominated convergence theorem and Lebesgue
differentiation theorem (as ε Ñ 0) allows us to conclude.
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C.5 Proofs for Section 2.2.7

Proof of Theorem 2. In Theorem 2.4 from Hu et al. [38], using the hypothesis they prove

that @µ P P2pZq, @Z “ pZiq
N
i“1

i.i.d.
„ µ over ZN , it holds that: |ErRpνNZ qs ´Rpµq| ď 2L

N
. From

here, they assume that a minimizer exists (which might seem restrictive). It however holds
without such assumption, as we can consider an arbitrary ε ą 0 and some measure µ˚ P P2pZq

such that Rpµ˚q ď infµPP2pZq Rpµq ` ε. Then, clearly |ErRpνNZ qs ´ infµPP2pZq Rpµq| ď 2L
N

` ε.
As ErRpνNZ qs ě infθPZN R

`

νNθ
˘

ě infµPP2pZq Rpµq, we conclude that:

ˇ

ˇ

ˇ

ˇ

inf
θPZN

R
`

νNθ
˘

´ inf
µPP2pZq

Rpµq

ˇ

ˇ

ˇ

ˇ

ď
2L

N
` ε

allowing us to conclude by taking ε Ñ 0.
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C.6 Proofs for Section 2.2.8

Proof of Proposition 9 (from Hu et al. [38]). To prove existence, consider any µ P PpZq

such that Rτ, β
ν pµq ă `8. Consider the set:

S :“

"

µ P PpZq : βHνpµq ď Rτ, β
ν pµq ´ inf

µ1PP pZq
Rτ

pµ1
q

*

.

As a sublevel set of the relative entropy H, S is weakly compact. Together with the weak
lower semi-continuity of Rτ, β

ν , the minimum of Rτ, β
ν on S is attained2. As @µ R S,

Rτ, β
ν pµq ě Rτ, β

ν pµq, the minimum of Rτ, β
ν on S coincides with the global minimum. Since

Rτ, β
ν is strictly convex (thanks to the entropy), the minimizer is unique.

Now, let µ˚ “ argminµPP pZq R
τ, β
ν pµq, we know µ˚ P S, and thus Hpµ˚q ă `8 as well as

Eµ˚rUpXqs ă 8. Therefore, µ˚ is absolutely continuous with respect to the Gibbs measure,
so also absolutely continuous with respect to the Lebesgue measure.

If further U satisfies assumption 3, the last point implies that µ˚ P P2pZq

Proof of Proposition 10. Let pτnqnPN and pβnqnPN be two positive sequences decreasing to
0. On the one hand, since R is continuous (weakly if p “ 0 or in Wp for other p ě 1) and
Hνpµq “ Dpµ||νq ě 0, for all µn Ñ µ (in the appropiate sense), we have

lim inf
nÑ`8

Rτn,βn
ν pµnq ě lim

nÑ`8
Rpµnq “ Rpµq.

On the other hand, given µ P PppZq, consider ρ to be the heat kernel in Z “ RD and
ρnpxq :“ β´D

n νpx{βnq. In particular, from Ambrosio et al. [1] (as the heat kernel has finite
p-th moments) we know that µn :“ µ ˚ ρn ÝÝÝÑ

nÑ8
µ in Wp (or weakly if it is the case).

Now, since the function hpxq :“ x logpxq is convex, from Jensen’s inequality we get that
ż

Z
hpµ˚ρnqdx ď

ż

Z

ż

Z
h pρnpx ´ yqqµpdyqdx “

ż

Z
hpρnpxqqdx “

ż

Z
hpρpxqqdx´D logp

a

2βnq,

Besides, we have
ż

Z
pµ ˚ ρnq logpgqdx “ ´

ż

Z
µpdyq

ż

Z
ρnpxqUpx ´ yqdx ě ´C

ˆ

1 `

ż

Z
|y|

2µpdyq

˙

.

The last inequality is due to the quadratic growth of U ; and by the same argument on r:
ż

Z
pµ ˚ ρnqrdx “

ż

Z
µpdyq

ż

Z
ρnpxqrpx ´ yqdx ď C

ˆ

1 `

ż

Z
|y|

2µpdyq

˙

.

Therefore, as R is Wp-continuous, Rpµnq ÝÝÝÑ
nÑ8

Rpµq, and:

lim sup
nÑ`8

Rτn, βn
ν pµ ˚ νnq

ď Rpµq ` lim sup
nÑ`8

τn

ˆ
ż

Z
pµ ˚ ρnqrdx

˙

` lim sup
nÑ`8

βn

ˆ
ż

Z
hpµ ˚ ρnqdx ´

ż

Z
pµ ˚ ρnq logpgqdx

˙

2Indeed, it is a lsc function over a compact set (under the weak topology).
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And, as limnÑ8 βn logp
?
2βnq “ 0 and the rest of the terms are bounded, we conclude that:

lim sup
nÑ`8

Rτn, βn
ν pµ ˚ ρnq ď Rpµq

In particular, denoting by µτ,β,ν˚ the unique minimizer of Rτ,β
ν , then from the previous

expressions we get @n P N and @µ P PppZq:

Rpµτn,βn,ν˚ q ď Rτn,βn
ν pµτn,βn,ν˚ q ď Rτn,βn

ν pµ ˚ ρnq

So that,

lim sup
nÑ8

Rpµτn,βn,ν˚ q ď lim sup
nÑ`8

Rτn,βn
ν pµ ˚ ρnq ď Rpµq, for all µ P P2pZq.
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C.7 Proofs for Section 3.2.2

Proof of Proposition 13. Indeed, , as Er}Y }2s ă 8, we know the conditional expectation
ErY |Xs is well defined. From there, we know there exists a measurable f˚ : X Ñ Y
s.t. f˚pXq “ ErY |Xs. In particular, we consider @x P X , f˚pxq :“ ErY |X “ xs and,
consequently, ξ “ Y ´f˚pXq. We immediately notice that, as π is G-invariant, f˚ : X Ñ Y is
G-equivariant, as (by properties of the conditional expectation): Given any h : X Ñ R square
integrable, we will show that: EπrY hpXqs “ Eπr

ş

G
ρ̂´1
g .f˚pρg.XqdλGpgqhpXqs. Indeed, notice

that (in the first step using Fubini’s theorem, as f˚ P L2pX ,Y ; πX q and h square integrable):

Eπ
„
ż

G

ρ̂´1
g .f˚

pρg.XqdλGpgqhpXq

ȷ

“

ż

G

Eπrρ̂´1
g .f˚

pρg.XqhpXqsdλGpgq

linearity “

ż

G

ρ̂´1
g .Eπrf˚

pρg.Xqhpρg.
´1.ρg.XqsdλGpgq

πX is G-invariant “

ż

G

ρ̂´1
g .Eπrf˚

pXqhpρg.
´1.XqsdλGpgq

h ˝ ρ´1
g ě 0, measurable and def. of f˚

“

ż

G

ρ̂´1
g .EπrY hpρg.

´1.XqsdλGpgq

linearity “

ż

G

Eπrρ̂´1
g .Y hpρg.

´1.XqsdλGpgq

π is G-invariant “

ż

G

EπrY hpXqsdλGpgq

“ EπrY hpXqs

By uniqueness of the conditional expectation, we know therefore that f˚pXq
a.s.
“

ş

G
ρ̂´1
g .f˚pρg.XqλGpgq.

In particular, πX -a.e. f
˚ “ Qpf˚q, implying that f˚ is G-equivariant.

It is clear that ξ is centered, as by the tower property:

Erξs “ ErY ´ ErY |Xss “ ErY s ´ ErErY |Xss “ ErY s ´ ErY s “ 0

Analogously, notice that, from the property (with H some σ.field):

Er}Y ´ ErY |Hs}
2
|Hs “ Er}Y }

2
|Hs ` Er}ErY |Hs}

2
|Hs ´ 2ErxY,ErY |Hsy|Hs

“ Er}Y }
2
|Hs ` }ErY |Hs}

2
´ 2xErY |Hs,ErY |Hsy

“ Er}Y }
2
|Hs ´ }ErY |Hs}

2

We can derive a sort of law of total variance, in the sense that:

Er}Y ´ ErY s}
2
|s “ ErEr}Y ´ ErY |Xs}

2
|Xss ` Er}ErY |Xs ´ ErErY |Xss}

2
|s

In particular, ErEr}Y ´ ErY |Xs}2|Xss ď Er}Y ´ ErY s}2|s, leading us to:

Er}ξ}
2
s “ Er}Y ´ ErY |Xs}

2
s “ ErEr}Y ´ ErY |Xs}

2
|Xss ď Er}Y ´ ErY s}

2
|s ă 8
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This implies, that ξ is a square integrable random vector (from properties of the Bochner
integral). Let h : X Ñ Y be any measurable function. Then, consider:

Erxξ, hpXqys “ ErxY ´ ErY |Xs, hpXqyYs

“ ErxY, hpXqyY ´ xErY |Xs, hpXqyYs

“ ErxY, hpXqyYs ´ ErxErY |Xs, hpXqyYs

“ ErxY, hpXqyYs ´ ErErxY, hpXqyY |Xss

“ ErxY, hpXqyYs ´ ErxY, hpXqyYs

“ 0

Where we’ve used standard properties of the conditional expectation (tower property, linearity,
etc). The only property that may cause doubts is that for H-measurable r.v. Z on Y :

ErxY, ZyY |Hs
a.s.
“ xErY |Hs, ZyY

This can be shown by decomposing Y into its orthonormal basis (as its a separable Hilbert),
penqnPN,and considering the projections @n P N, @y P Y Pny “ xy, eny, which are bounded
linear operators. In particular, this implies (by using the linearity of the conditional expectation,
as well as its known properties in R, as PnpZq is H-measurable):

@n P N, PnpErY |HsqPnpZq
a.s.
“ ErPnpY q|HsPnpZq

a.s.
“ ErPnpY qPnpZq|Hs

So, for all N P N (notice that, since there are countable cases, we can take a complete measure
set where this holds for every N P N):

N
ÿ

n“1

PnpErY |HsqPnpZq
a.s.
“ Er

N
ÿ

n“1

PnpY qPnpZq|Hs

Finally, taking the limit with N Ñ 8, we know that:

xErY |Hs, ZyY “
ÿ

nPN

PnpErY |HsqPnpZq

“ Er
ÿ

nPN

PnpY qPnpZq|Hs

“ ErxY, ZyY |Hs
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C.8 Proofs for Section 3.3

Proof of Lemma 10 (based on Elesedy and Zaidi [28] and Huang et al. [40]). As H ď G is a
compact group and π isH-invariant, from proposition 13 we know that pX, Y q

a.s.
“ pX, f˚pXq`

ξq, with f˚ P L2pX ,Y ; π|X q such that QHf
˚ “ f˚ (as functions in L2pX ,Y ; π|X q), and ξ being

centered, with finite variance and such that for all measurable h : X Ñ Y , Erxξ, hpXqyYs “ 0.

Consider any f P L2pX ,Y ; π|X q and decompose it, using Lemma 8 (thanks to the fact
that π|X is G-invariant), as f “ fG ` fK

G , where fG “ QGf is its symmetric part and
fK
G “ f ´ QGf its antisymmetric part.

Since ξ is centered and has finite variance, we can write3:

∆pf,QGfq “ Eπ
“

}Y ´ fpXq}
2
Y
‰

´ Eπ
“

}Y ´ fGpXq}
2
Y
‰

“ Eπ
“

}f˚
pXq ` ξ ´ fpXq}

2
Y
‰

´ Eπ
“

}f˚
pXq ` ξ ´ fGpXq}

2
Y
‰

“ Eπ
“

}f˚
pXq ´ fpXq ` ξ}

2
Y
‰

´ Eπ
“

}f˚
pXq ´ fGpXq ` ξ}

2
Y
‰

“ Eπ
“

}f˚
pXq ´ fpXq}

2
Y ` 2xf˚

pXq ´ fpXq, ξyY ` }ξ}
2
Y
‰

´ Eπ
“

}f˚
pXq ´ fGpXq}

2
Y ` 2xf˚

pXq ´ fGpXq, ξyY ` }ξ}
2
Y
‰

“ Eπ
“

}f˚
pXq ´ fpXq}

2
Ys ` 2Eπrxf˚

pXq ´ fpXq, ξyYs ` Eπr}ξ}
2
Y
‰

´ Eπ
“

}f˚
pXq ´ fGpXq}

2
Y ´ 2Eπrxf˚

pXq ´ fGpXq, ξyYs ´ Eπr}ξ}
2
Y
‰

“ Eπ
“

}f˚
pXq ´ fpXq}

2
Y
‰

´ Eπ
“

}f˚
pXq ´ fGpXq}

2
Y
‰

` 2Eπrxf˚
pXq ´ fpXq, ξyYs ´ 2Eπrxf˚

pXq ´ fGpXq, ξyYs

“ Eπ
“

}f˚
pXq ´ fpXq}

2
Y
‰

´ Eπ
“

}f˚
pXq ´ fGpXq}

2
Y
‰

` 0 ´ 0

Where we’ve used the defining properties of ξ and the fact that f, f˚ and fG are all measurable,
as well. From here, the proof follows exactly as that of Huang et al. [40] (or Elesedy and
Zaidi [28]); using the decomposition of f , we get that

∆pf,QGfq “ E
“

}f˚
pXq ´ fpXq}

2
Y
‰

´ E
“

}f˚
pXq ´ fGpXq}

2
Y
‰

can be written as:

∆pf,QGfq “ Eπ
“

}f˚
pXq ´ fGpXq}

2
Y ´ 2xf˚

pXq ´ fGpXq, fK
G pXqyY ` }fK

G pXq}
2
Y
‰

´ Eπ
“

}f˚
pXq ´ fGpXq}

2
Y
‰

“ ´2Eπ
“

xf˚
pXq ´ fGpXq, fK

G pXqyY
‰

` Eπ
“

}fK
G pXq}

2
Y
‰

“ ´2xf˚
´ fG, f

K
GyL2pX ,Y;πX q ` }fK

G}
2
L2pX ,Y;πX q

“ ´2xf˚, fK
GyL2pX ,Y;πX q ` }fK

G}
2
L2pX ,Y;πX q

Where we used the definition of the inner product in L2pX ,Y ; πX q and also the fact that
xfG, f

K
GyL2pX ,Y;πX q “ 0. The first term on the right hand side, ´2xf˚, fK

GyL2pX ,Y;πX q, is what
Huang et al. [40] call the mismatch between the real underlying model (which is only H-
equivariant) and the symmetrized version of our model (which we overdid, as we made it
entirely G-equivariant).

3We could actually skip all of these calculations, as they follow directly from Lemma 1. We do however
include them to keep the proof similar to that of [28, 40]
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Now, in the particular case of π being G-invariant, we would have that QGf
˚ “ f˚ (as

functions in L2pX ,Y ; π|X q), and therefore, as fG lives in the orthogonal space, we would get
´2xf˚, fK

GyL2pX ,Y;πX q “ 0, giving us the desired result:

∆pf,QGfq “ }fK
G}

2
L2pX ,Y;πX q
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C.9 Proofs for Section 3.4.3

Proof of the form of the orthogonal projection onto EG. To prove that the orthogonal projection
from L onto EG has the form:

@A P L, PEGpAq “

ż

G

ρpgq.AdλGpgq

we start by defining an operator P : L Ñ EG by:

@A P L, P pAq “

ż

G

ρpgq.AdλGpgq

• It is linear as @A, Ã P L, @λ P R
ż

G

ρpgq.pλA´ÃqdλGpgq “

ż

G

λρpgq.A´ρpgq.ÃdλGpgq “ λ

ż

G

ρpgq.AdλGpgq´

ż

G

ρpgq.ÃdλGpgq

so that:
P pλA ´ Ãq “ λP pAq ´ P pÃq

• We can see that P pAq P EG, @A P L; this follows from the fact that, for a fixed
g P G, and for arbitrary A P L:

ρpgqP pAq “ ρpgq

ż

G

ρphqAdλGphq “

ż

G

ρpgqρphqAdλGphq

“

ż

G

ρpghqAdλGphq “

ż

G

ρph̃qAdλGph̃q “ PA

where we’ve used the invariance of the Haar measure λG. i.e. we have proven that:

@g P G, ρpgqP “ P

• We can also see that P pAq “ A, @A P EG. This is clear from the fact that
@A P EG, @g P G, ρpgqA “ A, so we get:

P pAq “

ż

G

ρpgq.AdλGpgq “

ż

G

AdλGpgq

This means, in particular, that P 2pAq “ P pAq, @A P L, so P : L Ñ EG is a projection.

• Finally, we see that P is orthogonal, as for x¨, ¨y the inner product on L, we have
@A P L, @Ã P EG:

xP pAq, Ãy “ x

ż

G

ρpgqAdλGpgq, Ãy

by linearity “

ż

G

xρpgqA, ÃydλGpgq

by orthogonality “

ż

G

xA, ρpgq
T ÃydλGpgq

As Ã P E , “

ż

G

xA, ÃydλGpgq

“ xA, Ãy
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With this, we have that @A P L, @Ã P EG:

xA ´ P pAq, Ãy “ 0

and so, P is the orthogonal projection onto EG.
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C.10 Proofs for Section 4.1

Proof of Proposition 19. Indeed, let θ “

ˆˆ

wi
ai

˙˙N

i“1

P pRDqN , we know that:

ΦN
θ pxq :“

1

N

N
ÿ

i“1

wiσpaTi xq

We can now write this in block form: W “ pw1, . . . , wNq, and A “

¨

˚

˝

aT1
...
aTN

˛

‹

‚

so we can actually

write the network as:

ΦN
θ pxq :“

1

N
WσpAXq

Now, we know that ΦN
θ is G-equivariant iff ρpgq.pW,Aq “ pW,Aq @g P G (with the action

defined above). Now, under this action, the conditions amounts to @g P G:

ρ1pgq.W “ pρ̂gw1η
T
g , . . . , ρ̂gwnη

T
g q “ pw1, . . . , wnq and ρ0pgq.A “

¨

˚

˝

ηga
T
1 ρ

T
g

...
ηga

T
Nρ

T
g

˛

‹

‚

“

¨

˚

˝

aT1
...
aTN

˛

‹

‚

which is equivalent to asking: @g P G, @i P t1, . . . , Nu, ρ̂gwiη
T
g “ wi and ρgaiη

T
g “ ai. i.e.

@g P G, @i P t1, . . . , Nu, Mgθ⃗i “ θi, or equivalently, @i P t1, . . . , Nu, θi P EG

Proof of Proposition 21. Indeed, let θ “ pθiq
N
i“1 P pEGqN x P X and g P G, we can see that:

ΦN
θ pρg.xq “

1

N

N
ÿ

i“1

σ˚pρg.x; θiq “
1

N

N
ÿ

i“1

σ˚pρg.x;Mgθiq

“
1

N

N
ÿ

i“1

ρ̂g.σ˚px; θiq “ ρ̂g.
1

N

N
ÿ

i“1

σ˚px; θiq “ ρ̂g.Φ
N
θ pxq

Where we’ve respectively used the fact that @i P t1, . . . , Nu, θi P EG, the joint equivariance
of σ˚ and the linearity of the representation.

For µ P PpEGq, the proof is exactly the same, only that lemma 13 (as µ P PpEGq Ď PGpZq)
and proposition 30 are used. Indeed, @x P X :

xσ˚pρg.x; ¨q, µy “ xσ˚pρg.x; ¨q,Mg#µy “ ρ̂gxσ˚px; ¨q, µy

Proof of Proposition 22. Let x P Rd and θ⃗ “

ˆ

w⃗
a⃗

˙

P RD, with w P Rcˆb, a P Rdˆb. Let
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g P G, we see that:

σ˚pρgx,Mg.θq “ σ˚

ˆ

ρgx,

ˆ

ρ̂gwη
T
g

ρgaη
T
g

˙˙

“ ρ̂gwη
T
g σppρgaη

T
g q

Tρgxq

“ ρ̂gwη
T
g σpηga

TρTg ρgxq

“ ρ̂gwη
T
g ηgσpaTxq

“ ρ̂gwσpaTxq “ ρ̂gσ˚px, θq

We’ve used the fact that all actions are orthogonal, and also that the activation function

σ is G-equivariant by hypothesis. So, as this is satisfied @x P Rd, @θ⃗ “

ˆ

w⃗
a⃗

˙

P RD, σ˚ is

G-equivariant (on both arguments).
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C.11 Proofs for Section 4.2

Now we consider the proof of other Lemmas involved in this work:

Proof of Proposition 23. This object is well defined, as:

• @B P BZ , rg P G ÞÑ µpM´1
g pBqqs P L8pGq (because µp¨q ď 1); so the integral is always

convergent.

• It defines a measure, as:

– @B P BZ , µ
GpBq “

ş

G
µpM´1

g pBqqdλG ě 0 (because µp¨q ě 0).

– For pBnqnPN a family of pairwise disjoint borel subsets of Z:

µGp
ď

¨

nPN

Bnq “

ż

G

µpM´1
g p

ď

¨

nPN

BnqqdλG “

ż

G

µp
ď

¨

nPN

M´1
g pBnqqdλG

Where the union is still disjoint, as M´1
g pBkq X M´1

g pBℓq ‰ ϕ ùñ Bk X Bℓ ‰ ϕ
(as for x P M´1

g pBkq X M´1
g pBℓq, we would have Mgx P Bk X Bℓ). So, as µ is a

measure (and using Fubini’s Theorem):

µGp
ď

¨

nPN

Bnq “

ż

G

ÿ

nPN

µpM´1
g pBnqqdλG “

ÿ

nPN

ż

G

µpM´1
g pBnqqdλG “

ÿ

nPN

µGpBnq

– Finally, using the fact that @g P G,M´1
g pZq “ Z, and that µ is a probability

measure over Z, we get:

µGpZq “

ż

G

µpM´1
g pZqqdλG “

ż

G

µpZqdλG “

ż

G

1dλG “ 1

So, µG is a probability measure over Z.

As for the corresponding properties, notice that:

1. Let g P G and µ P PpZq. As for any measurable f : Z Ñ R we have:

xf, pMg#µq
G

y “

ż

G

xf,Mh#pMg#µqydλGphq “

ż

G

xf, pMhgq#µydλGphq

Then, using the right invariance of the normalized Haar measure, we conclude that:

xf, pMg#µq
G

y “

ż

G

xf, pMh̃q#µydλGph̃q “ xf, µGy

i.e. pMg#µqG “ µG
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2. Let a, b P R and µ, ν P PpZq. Consider any measurable f : Z Ñ R and notice that
(using the definition and also the linearity of the group representation):

xf, paµ ` bνq
G

y “

ż

G

xf,Mh#paµ ` bνqydλGphq “

ż

G

xf, aMh#µ ` bMh#νydλGphq

Again, using the linearity of the integral and the corresponding definitions, we get:

xf, paµ ` bνq
G

y “ a

ż

G

xf,Mh#µydλGphq ` b

ż

G

xf,Mh#νydλGphq

“ axf, µGy ` bxf, νGy

“ xf, aµG ` bνGy

Proof of Lemma 12. On the backward direction, it is clear that, as @B P BZ , µpBq “

µpP´1
E pBqq, and thanks to the fact that Z “ P´1

E pEq, we have: 1 “ µpZq “ µpP´1
E pEqq “

µpEq.

For the reverse implication, as µpEq “ 1, we have that @B P BZ , µpBq “ µpB X Eq. We
can also see, by properties of the projection, that:

• @B P BZ , P
´1
E pB X Eq “ P´1

E pBq. 4

• @B̃ P BZ , B̃ Ď E , P´1
E pB̃q X E “ B̃. 5

So, letting B P BZ , we can check that (using all of the above properties, considering B̃ “

B X E):

µpBq “ µpB X Eq “ µpP´1
E pB X Eq X Eq “ µpP´1

E pB X Eqq “ µpP´1
E pBqq

i.e we have that µ “ PE#µ “ µE .

Proof of Proposition 24. 1. Let λ P r0, 1s and ν, η P PppZq. We will study what happens
for ν̃ “ λν ` p1 ´ λqη. Consider γ1 and γ2 the optimal couplings between ν and µ,
and η and µ respectively. Then, by marginalizing, we get that pγ3q|X “ λpγ1q|X ` p1 ´

λqpγ2q|X “ λν`p1´λqη “ ν̃ and also pγ3q|Y “ λpγ1q|Y `p1´λqpγ2q|Y “ λµ`p1´λqµ “

µ. That is, γ3 :“ λγ1 ` p1´λqγ2 is a coupling between ν̃ and µ. We can then get, using
the minimality of Wppν̃, µq and the fact that γ1 and γ2 are optimal couplings, that:

Wppν̃, µq ď EP̃r}X ´ Y }
p
s

“ λEγ1r}X ´ Y }
p
s ` p1 ´ λqEγ2r}X ´ Y }

p
s

“ λWppν, µq ` p1 ´ λqWppη, µq

4Ď: direct from B X E Ď B; Ě: as @x P Z, Px P E ; if x P P´1
E pBq, we have Px P B, but also Px P E , so

x P P´1
E pB X Eq

5Ě: if x P B̃ Ď E , then PEx “ x (as PE is surjective, x “ PEy for some y, and PEx “ P 2
E y “ PEy “ x),

and so x P P´1
E pB̃q X E . Ď: if x P P´1

E pB̃q X E , then x P E (implying PEx “ x) and PEx P B̃, so x P B̃
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i.e. we have proven that:

@λ P r0, 1s, @ν, η P PppZq, Wppλν ` p1 ´ λqη, µq ď λWppν, µq ` p1 ´ λqWppη, µq

and so, the function ν ÞÑ Wppν, µq is convex.

2. The continuity follows directly (as the topology of PppZq is generated by Wp).

3. The strict convexity can be proven using a standard argument presented in Santambrogio
[73]. We replicate it here for completitude:

Suppose by contradiction that ν0 ‰ ν1 and t P p0, 1q are such that Wppνt, µq “ p1 ´

tqWppν0, µq ` tWppν1, µq, where νt “ p1 ´ tqν0 ` tν1. Let γ0 be the optimal transport
plan in the transport from µ to ν0 (as µ ≪ λ, it is a transport map); we write
γ0 “ pT0, idq#µ. Analogously, take γ1 “ pT1, idq#µ optimal from µ to ν1. Define
γt “ p1 ´ tqγ0 ` tγ1 P Πpνt, µq (as in our first point). Then, we have:

p1´tqW p
p pν0, µq`tW p

p pν1, µq “ W p
p pνt, µq ď

ż

|x´y|
p dγt “ p1´tqWppν0, µq`tWppν1, µq,

which implies that γt is actually optimal in the transport from µ to νt. Yet γt is not
induced from a transport map unless T0 “ T1. This is a contradiction with ν0 ‰ ν1 and
proves the desired strict convexity.

4. For the G-invariance, consider G

œ

M Z orthogonally and let µ, ν P PppZq. We will
prove that, @g P G, WppMg#µ,Mg#νq “ Wppµ, νq. Indeed, let g P G; it is not hard to
check6 that, for any γ P Πpµ, νq, γ̃ :“ pMg,Mgq#γ P ΠpMg#µ,Mg#νq. In particular:

W p
p pMg#µ,Mg#νq ď Eγ̃ r}X ´ Y }

p
s

Now, if we take γ to be an optimal coupling between µ and ν, we see that:

Eγ̃ r}X ´ Y }
p
s “

ż

ZˆZ
}x ´ y}

pdγ̃px, yq

“

ż

ZˆZ
}x ´ y}

pdpMg,Mgq#γpx, yq

“

ż

ZˆZ
}Mgx ´ Mgy}

pdγpx, yq

“

ż

ZˆZ
}Mgpx ´ yq}

pdγpx, yq

“

ż

ZˆZ
}x ´ y}

pdγpx, yq

“ Eγ r}X ´ Y }
p
s “ W p

p pµ, νq

where we’ve used the definition of the pushforward measure as well as the linearity and
orthogonality of Mg (and the optimality of γ). Thus, we conclude that:

W p
p pMg#µ,Mg#νq ď W p

p pµ, νq

6Suffices to see that πi#γ̃ “ Mg#pπi#γq for i “ 1, 2
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Conversely, for any coupling η̃ P ΠpMg#µ,Mg#νq, we can define η :“ pM´1
g ,M´1

g q#η̃ P

PpZ ˆ Zq and easily check that it is a coupling between µ and ν. By an exactly
analogous argument, if we take η̃ P ΠpMg#µ,Mg#νq to be optimal, we get:

W p
p pµ, νq ď Eηr}X ´ Y }ks “ Eη̃r}X ´ Y }ks “ W p

p pMg#µ,Mg#νq

Thus, we can conclude that, @g P G:

W p
p pMg#µ,Mg#νq “ W p

p pµ, νq

and soWp : PppZqˆPppZq Ñ R` is jointly G-invariant (in the sense of Definition 4.4).

Proof of Proposition 25. We will study each point separately:

1. We’ll start dealing with the convexity. Consider λ P r0, 1s and:

• For µ, ν P PppZq, µ̃ :“ λµ ` p1 ´ λqν P PppZq, as by definition

ż

Z
}θ}

pdµ̃pθq “ λ

ż

Z
}θ}

pdµpθq ` p1 ´ λq

ż

Z
}θ}

pdνpθq ă `8

• Let µ, ν P PEpZq, then by definition:

pλµ ` p1 ´ λqνqpEq “ λµpEq ` p1 ´ λqνpEq “ λ ` p1 ´ λq “ 1

So, pλµ` p1´ λqνq P PE
p pZq, and as µ, ν and λ are arbitrary, PEpZq is convex. It

follows directly that PE
p pZq “ PEpZq X PppZq is convex.

• Analogously, let µ, ν P PGpZq. For g P G and a measurable f : Z Ñ R`, we have:
ż

Z
fpMgθqdpλµ ` p1 ´ λqνqpθq “ λ

ż

Z
fpMgθqdµpθq ` p1 ´ λq

ż

Z
fpMgθqdνpθq

“ λ

ż

Z
fpθqdµpθq ` p1 ´ λq

ż

Z
fpθqdνpθq

“

ż

Z
fpθqdpλµ ` p1 ´ λqνqpθq

where we’ve used the fact that Mg#µ “ µ and Mg#ν “ ν. Since this argument
works for any positive and measurable f : Z Ñ R, we get that: Mg#pλµ ` p1 ´

λqν “ λµ` p1´λqν; and as g was arbitrary, pλµ` p1´λqνq P PGpZq. As µ, ν and
λ were arbitrary, we conclude that PGpZq is convex. As before, it follows directly
that PG

p pZq “ PGpZq X PppZq is convex.

We now focus on the closedness under the weak topology. Notice that by definition of
the topology induced by Wp, PppZq is closed under it. We can also say that:

• If pµnqnPN Ď PppZq and µ P PpZq such that Wppµn, µq ÝÝÝÑ
nÑ8

0, clearly µ P PppZq,

as pPppZq,Wpq is a Polish space (thus complete). We conclude that PppZq is
closed under the topology induced by Wp.
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It will be enough to check that PEpZq and PGpZq are closed under the topology induced
by Wp, as by intersection of closed sets, so will PE

p pZq and PG
p pZq.

Let µ P PpZq and pµnqnPN Ď PpZq such that Wppµn, µq ÝÝÝÑ
nÑ8

0. Recall that this

convergence is equivalent to having µn ÝÝÝá
nÑ8

µ and
ş

Z }θ}pdµnpθq ÝÝÝÑ
nÑ8

ş

Z }θ}pdµpθq

(Ambrosio et al. [1]). Also recall that µn ÝÝÝá
nÑ8

µ means that @f P CbpZq, xf, µny ÝÝÝÑ
nÑ8

xf, µy

• If pµnqnPN Ď PGpZq, consider g P G, and f P CbpZq; it is not hard to see that
f̃ :“ f ˝ Mg is also continuous and bounded (as a composition of continuous
functions and using the boundedness of f). Thus, we get by weak convergence:

xf̃ , µny ÝÝÝÑ
nÑ8

xf̃ , µy

But as µn P PGpZq for all n P N, we know that:

xf̃ , µny “ xf ˝ Mg, µny “ xf,Mg#µny “ xf, µny

And also by weak convergence (as f P C0
b pZq): xf, µny ÝÝÝÑ

nÑ8
xf, µy. By uniqueness

of the limit, we must have that: xf, µy “ xf̃ , µy “ xf ˝ Mg, µy “ xf,Mg#µy. i.e.
We’ve shown that @f P CbpZq,

ş

Z fpMgθqdµpθq “
ş

Z fpθqdµpθq, by density of
CbpZq in L8pZq, we get that µ “ Mg#µ; and as g P G was arbitrary, we get
µ P PGpZq. Thus, we conclude that PGpZq is closed for the topology induced by
Wp.

• Analogously, if pµnqnPN Ď PEpZq, we use an identical argument to prove that
µ P PE . For f P CbpZq we consider f̃ :“ f ˝ PE , which is also a continuous and
bounded function (as PE is continuous). Thus, we get by weak convergence:

xf̃ , µny ÝÝÝÑ
nÑ8

xf̃ , µy

But as µn P PEpZq for all n P N, we know that:

xf̃ , µny “ xf ˝ PE , µny “ xf, PE#µny “ xf, µny

And also by weak convergence: xf, µny ÝÝÝÑ
nÑ8

xf, µy. By uniqueness of the limit,

we must have that: xf, µy “ xf̃ , µy “ xf ˝ PE , µy “ xf, PE#µy. i.e. We’ve shown
that @f P CbpZq,

ş

Z fpPEθqdµpθq “
ş

Z fpθqdµpθq, by the same density argument
as before, we get that µ “ PE#µ; and so µ P PEpZq. Thus, PEpZq is closed for
the topology induced by Wp.

In conclusion, by intersection of closed sets, we get that both PG
p pZq and PE

p pZq are
closed under the topology induced by Wp.

2. We will study each case separately:

• First, notice that for all B P BZ , pPE#µqpBq “ µpP´1
E pBqq, in particular, as

P´1
E pEq “ Z, we have:

pPE#µqpEq “ µpP´1
E pEqq “ µpZq “ 1
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On the other hand,

ż

Z
}θ}

p
pPE#µqpdθq “

ż

E
}θ}

p
pPE#µqpdθq

“

ż

E
}PEθ}

pµpdθq

as PE fixes points in E “

ż

E
}θ}

pµpdθq

ď

ż

Z
}θ}

pµpdθq ă `8

So, we have succesfully proven that PE#µ P PE
p pZq

• Let h P G and B P BZ , we note that (using the properties of the representation
M and those of the Haar measure λG):

µGpM´1
h pBqq “

ż

G

µpM´1
g pM´1

h pBqqqdλGpgq

“

ż

G

µppMhMgq
´1

pBqqdλGpgq

“

ż

G

µpM´1
hg pBqqdλGpgq

“

ż

G

µpM´1
g̃ pBqqdλGpg̃q

“ µGpBq

So, @g P G, µG “ Mg#µ
G. As, by definition of µG, for any positive and

measurable f : Z Ñ R we have:

xf, µGy “

ż

G

xf ˝ Mg, µydλGpgq

It follows that (by Fubini’s theorem):

ż

Z
}θ}

pdµGpθq “

ż

G

ż

Z
}Mgθ}

pdµpθqdλGpgq

ď

ż

G

ż

Z
}Mg}

p
}θ}

pdµpθqdλGpgq

“

ż

Z
}θ}

pdµpθq

ż

G

}Mg}
pdλGpgq

For an orthogonal representation M , we have that }Mg} ď 1, @g P G.

ż

Z
}θ}

pdµGpθq “

ż

Z
}θ}

pdµpθq

ż

G

}Mg}
pdλGpgq ď

ż

Z
}θ}

pdµpθq ă `8

So, µG P PG
p pZq.
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3. Let µ P PppZq. We will prove that µE minimizesWppµ, ¨q over PE
p pZq. For this purpose,

recall that, by definition of the projection onto E , @z P Z, @w P E , }z´PEz} ď }z´w}.

Let ν P PE
p pZq, Πpµ, νq the set of couplings between µ and ν and consider γ P Πpµ, νq.

We can prove7 that γpZ ˆ Eq “ 1, thus:

Eγ r}X ´ Y }
p
s “

ż

ZˆZ
}z ´ w}dγpz, wq “

ż

ZˆE
}z ´ w}dγpz, wq

By the disintegration theorem (Kallenberg [43]) we get that, for any measurable
f : Z ˆ E Ñ R we can write:

ż

ZˆE
fpz, wqdγpz, wq “

ż

Z

ˆ
ż

E
fpz, wqdγpw|zq

˙

dpπ1#γqpzq

by the definition of Πpµ, νq “

ż

Z

ˆ
ż

E
fpz, wqdγpw|zq

˙

dµpzq

In particular, for fpz, wq “ }z ´ w}p, we get:

Eγ r}X ´ Y }
p
s “

ż

Z

ˆ
ż

E
}z ´ w}

pdγpw|zq

˙

dµpzq

Now, from the fact that @z P Z, @w P E , }z ´ PEz}p ď }z ´ w}p, we get that: @z P Z:
ż

E
}z ´ w}

pdγpw|zq ě

ż

E
}z ´ PEz}

pdγpw|zq

So, in particular (as the term inside the integral on the RHS doesn’t depend on w):
ż

Z

ˆ
ż

E
}z ´ w}

pdγpw|zq

˙

dµpzq ě

ż

Z

ˆ
ż

E
}z ´ PEz}

pdγpw|zq

˙

dµpzq

“

ż

Z
}z ´ PEz}

p

ˆ
ż

E
dγpw|zq

˙

dµpzq

“

ż

Z
}z ´ PEz}

pdµpzq

Now, consider γ̃ P PpZ ˆ Zq, given by γ̃ “ LawppX,PEXqq, where X „ µ. This
probability law is naturally a coupling γ̃ P Πpµ, µEq, as: π1#γ̃ “ LawpXq “ µ and
π2#γ̃ “ LawpPEXq “ PE#µ by known property. It also satisfies:

Eγ̃ r}X ´ Y }
p
s “

ż

Z
}z ´ PEz}

pdµpzq

So, by our previous calculation:

Eγ r}X ´ Y }
p
s ě Eγ̃ r}X ´ Y }

p
s ě W p

p pµ, µE
q

where we recall that γ̃ P Πpµ, µEq and that W p
p pµ, µEq is defined as an infimum over

all such couplings. As we considered an arbitrary γ P Πpµ, νq, we get (by taking the
infimum) that:

W p
p pµ, µE

q ď W p
p pµ, νq

7Indeed, γpZ ˆ Eq “ Pγpπ2ppX,Y qq P Eq “ π2#γpEq “ νpEq “ 1
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which is valid @ν P PE
p pZq. In particular, this means that

µE
P arg min

νPPE
p pZq

Wppµ, νq

WheneverZ “ RD, µ≪ λ and p ą 1, we use the strict convexity given by proposition 24
to conclude it must be the unique global minimum.

4. For the last point notice that, from lemma 12, the assertion for µE is direct. On
the other hand, we know by the previous points that: µ “ µG ùñ µ P PG

p pZq and
conversely, if µ P PG

p pZq then for any measurable f : Z Ñ R:

xf, µGy “

ż

G

xf,Mg#µydλGpgq “

ż

G

xf, µydλGpgq “ xf, µy

so that µ “ µG

Proof of Lemma 13. We can see that:

• Let µ P PEG
pZq g P G and consider an arbitrary positive measurable f : Z Ñ R, we

see that (using the fact that µpEGq “ 1 and the definition of EG):
ż

Z
fpMgθqµpdθq “

ż

EG

fpMgθqµpdθq “

ż

EG

fpθqµpdθq “

ż

Z
fpθqµpdθq

So, we conclude that µ “ Mg#µ for an arbitrary g P G, and so µ P PGpZq.

• Analogously, let µ P PpZq and B P BZ be a borel set; we see that:

pµGq
EG

pAq “ µGpP´1
EG pAqq “

ż

G

µpM´1
g P´1

EG pAqqdλGpgq

And we can see that8: @g P G, @θ P Z PEGMgθ “ PEGθ. Thus, M´1
g P´1

EG pAq “

pPEGMgq
´1pAq “ pPEGq´1pAq, so that:

pµGq
EG

pAq “

ż

G

µpM´1
g P´1

EG pAqqdλGpgq “

ż

G

µpP´1
EG pAqqdλGpgq “ µpP´1

EG pAqq “ µEG

pAq

For the last equality, we notice that µEG
P PEG

pZq Ď PGpZq, and so p¨qG leaves it as it
was: pµEG

qG “ µEG
.

Proof of Proposition 26. First of all, the first point, concerning PEG
pZq, we can see that:

8It’s enough to notice that PEGMgθ “
ş

G
MhpMgθqdλGphq “

ş

G
pMhMgθqdλGphq “

ş

G
Mh̃θqdλGph̃q “

PEGθ, as the Haar measure is G-invariant.
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• For notational convenience, we will denote E :“ EG (though, in reality, nothing’s special
about EG in the proof that follows).

• Given any positive and measurable f : E Ñ R, we see that:

xf, µE
y “

ż

Z
fpPE .zqdµpzq “

ż

Z
fpPE .zqupzqdλpzq

By the disintegration theorem (see Kallenberg [43], as λ is σ-finite), we know that
Dφ : E Ñ EK a measurable kernel (consisting of probability measures) such that for
every positive Borel measurable g : Z – E ˆ EK Ñ R:

ż

Z
gpzqdλpzq “

ż

E

ż

EK

gppx, yqqdφxpyqdPE#λpxq

In particular, as Z – E ‘ EK, we get:

xf, µE
y “

ż

Z
fpPE .zqupzqdλpzq “

ż

E

ż

EK

fpPE .px ` yqqupx ` yqdφxpyqdPE#λpxq

Now, as the projection satisfies: @x P E , @y P EK, PEpx ` yq “ x, we get:

xf, µE
y “

ż

E

ż

EK

fpPE .px ` yqqupx ` yqdφxpyqdλEpxq

“

ż

E

ż

EK

fpxqupx ` yqdφxpyqdλEpxq

“

ż

E
fpxq

ż

EK

upx ` yqdφxpyqdλEpxq

“

ż

E
fpxquEpxqdλEpxq

Where we’ve defined uEpxq “
ş

EK upx ` yqdφxpyq ě 0 and, in particular, it satisfies:

ż

E
uEpxqdλEpxq “

ż

E

ż

EK

upx ` yqdφxpyqdλEpxq “

ż

Z
upzqdλpzq “ 1

Thus, µE has a density with respect to λE :“ PE#λ (restricted to E).

• As a direct consequence, if E is a strict linear subspace of Z “ RD, then any measure
concentrated on it, can’t have a density with respecto to λ of RD. This is the case
of EG as stated.

Concerning the case of PGpZq, we can see that:

• As M is orthogonal, we have @g P G, λ “ Mg#λ by Lemma 14. i.e. λ P MG
Z
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• Consider any positive and measurable f : Z Ñ R. We know that xf, µy “
ş

Z fpzqupzqdλpzq.
In particular, we can compute:

xf, µGy “

ż

G

xf,Mg#µydλGpgq

“

ż

G

ż

Z
fpMg.θqdµpθqdλGpgq

“

ż

G

ż

Z
fpMg.zqupzqdλpzqdλGpgq

“

ż

G

ż

Z
fpzqupMT

g .zqdMg#λpzqdλGpgq

λ is G-invariant “

ż

G

ż

Z
fpzqupMT

g .zqdλpzqdλGpgq

Fubini “

ż

Z
fpzq

ż

G

upMg´1 .zqdλGpgqdλpzq

λG invariant to inversion “

ż

Z
fpzq

ż

G

upMg.zqdλGpgqdλpzq

by definition “

ż

Z
fpzquGpzqdλpzq

We also notice that, clearly uG ě 0 and

ż

Z
uGpzqdλpzq “

ż

Z

ż

G

upMg.zqdλGpgqdλpzq “

ż

G

ż

Z
upMg.zqdλpzqdλGpgq

“

ż

G

ż

Z
upzqdMg#λpzqdλGpgq “

ż

G

ż

Z
upzqdλpzqdλGpgq “ 1

In particular, uG is the (λ-a.s. unique) density of µG.

As for the equivalence:

ùñ: By Theorem 12, as µ, λ P MG
Z and µ ≪ λ, we know that Dh : Z Ñ R` measurable

and G-invariant such that h is the density of µ.

We know that the density is λ-a.s. unique, so that λ-a.s. u “ h (and so, u is a.s.
G-invariant).

ðù: If u is λ-a.s. G-invariant (and measurable), we know that λ-a.s. @z P Z, @g P

G, upMg.zq “ upzq. In particular, let ΩG :“ tz P Z : @g P G, upzq “ upMg.zqu

(such that λpΩc
Gq “ 0). We notice that, for every z P ΩG, u

Gpzq “
ş

G
upMg.zqdλGpgq “

ş

G
upzqdλGpgq “ upzq. This means that λ-a.s. uG “ u, and therefore for any positive

and measurable @f : Z Ñ R,

xf, µGy “

ż

Z
fpzquGpzqdλpzq “

ż

Z
fpzqupzqdλpzq “ xf, µy

which allows us to conclude thanks to proposition 25.
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Proof of Proposition 27. Following the standard first isomorphism theorem argument, notice
that φ : GzZ Ñ Z defined as Gx P GzZ ÞÑ φx P MpZq is well defined, as for any x, y P Z
such that Gx “ Gy we have φx “ φy. It then clearly satisfies φppxq “ φx by definition; and
thus it is unique as well. This function is measurable, as for any measurable B Ď MpZq,
to check that φ´1pBq P BGzZ , we need to check that p´1pφ´1pBqq P BZ , notice, however,
that p´1pφ´1pBqq “ pφ ˝ pq´1pBq “ φ´1pBq P BZ . So, we get that φ is measurable and so it
constitutes a kernel.

Proof of Corollary 5. Given ν P MGpZq, we know that there exists a unique µ P MpφpZqq

such that ν “
ş

Z φxp¨qdνpxq “
ş

φpZq
mdµpmq. Let A P BZ , we notice that, by definition of

φ: νpAq “
ş

Z φxpAqdνpxq “
ş

Z φppxqpAqdνpxq. Now, by the change of variables property

(see lemma 6), we get that: νpAq “
ş

Z φppxqpAqdνpxq “
ş

GzZ φxpAqdνpxq (where we denote

ν “ p#ν).

We see that this measure is unique because, if there was another η P MpGzZq such
that ν “

ş

GzZ φxp¨qdηpxq, we could define, using our measurable cross-section, η “ ps#ηqG P

MGpZq, and we would have p#η “ η (as p ˝ s “ IdGzZ and @g P G, p ˝ Mg “ pq). From
here, we could define µ̃ P MpφpZqq by

ş

fdµ̃ “
ş

Z fpφzqdηpzq. This would clearly imply
(by the change of variable theorem) that

ş

fdµ̃ “
ş

GzZ fpφxqdηpxq. So, in particular, ν “
ş

GzZ φxp¨qdηpxq “
ş

mdµ̃pmq. By uniqueness of µ in theorem 10, we get that µ “ µ̃; thus,
ş

fdµ̃ “
ş

Z fpφzqdηpzq “
ş

Z fpφzqdνpzq “
ş

fdµ. Now, as η P MGpZq, in particular η “
ş

Z φzdνpzq and so replacing in the last equality, we get η “ ν which naturally leads to the
desired η “ ν.

Proof of Proposition 28. Ψ is naturally well defined (as p : Z Ñ GzZ is measurable). We
can see that:

• Ψ is injective: Let µ1, µ2 P PGpZq be such that p#µ1 “ p#µ2. Then, we notice that,
by corollary 5, considering the orbit measure kernel φ : GzZ Ñ Z, we have (for
i “ 1, 2): µi “

ş

GzZ φxp¨qdp#µipxq. But as p#µ1 “ p#µ2, we have that:

µ1 “

ż

GzZ
φxp¨qdp#µ1pxq “

ż

GzZ
φxp¨qdp#µ2pxq “ µ2

which proves the desired injectivity.

• Ψ is surjective: Let µ P PpGzZq, we define µ “ ps#µqG (which is well defined as
s : GzZ Ñ Z is measurable; and the symmetrization is also well defined). We have
that p#µ “ µ, as for any f P MpGzZ,Rq:

ż

Z
fpppzqqdps#µq

G
pzq “

ż

G

ż

Z
fpppMg.zqqdps#µqpzqdλGpgq
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but, for any g P G, ppMg.zq “ ppzq, therefore:

ż

Z
fpppzqqdps#µq

G
pzq “

ż

G

ż

Z
fpppzqqdps#µqpzqdλGpgq

“

ż

Z
fpppzqqdps#µqpzq

“

ż

GzZ
fpppspzqqqdpµqpzq

“

ż

GzZ
fpzqdpµqpzq

Where we’ve used the identity p ˝ s “ IdGzZ .

Therefore, Ψ is a bijection and its (unique) inverse is µ Ñ ps#µqG.

We can check that Ψ : µ Ñ p#µ is continuous. We endow PpGzZq with the weak-
* topology. However, as pGzZ, TGzZq isn’t necessarily metrizable, we have to argue using
nets (as it is known that for any topological space X , pµαqαPA converges in PpX q iff @f P

CbpX q, pxf, µαyqαPA converges in R). Indeed, to check continuity it’s enough to take a net
pµαqαPA converging to µ P PpZq and notice that:

xf,Ψpµαqy “ xf ˝ p, µαy Ñ xf ˝ p, µy “ xf,Ψpµqy

where we’ve used the continuity of p and the fact that µα Ñ µ in PpZq. We conclude that
for every net pµαqαPA converging to µ P PpZq, pΨpµαqqαPA converges to Ψpµq in PpZq (thus
proving continuity). In particular, Ψ is also measurable.

It is also not hard to see that p¨qG : PpZq Ñ PpZq is continuous, as for every weakly
converging sequence µn Ñ µ, we have, for every f : Z Ñ R bounded and continuous:

xf, µGn y “

ż

G

xf ˝ Mg, µnydλGpgq Ñ

ż

G

xf ˝ Mg, µydλGpgq “ xf, µGy

where we’ve used the continuity of Mg, @g P G, the weak convergence of the sequence and
the dominated convergence theorem (as f is bounded). Therefore, to establish the desired
measurability of the inverse map Ψpµq, it suffices to check that µ ÞÑ s#µ is a measurable
map. This is a standard result, thanks to the measurability of s.

Further assuming that s : GzZ Ñ Z is continuous is quite strong. In particular,
as s is injective (it must be, as p ˝ s “ IdGzZ), it allows us to define a metric on GzZ
(via dGzZpx, yq “ dZpspxq, spyqq) that generates the topology of GzZ. In particular, weak
convergence can be defined in PpGzZq and a direct computation (similar to what we’ve
already done) shows that both Ψ and Ψ´1 are weak continuous.

155



C.12 Proofs for Section 4.3

Proof of Proposition 29. Indeed, we know that @z P Z Dxfp¨, zq is the unique function that
satisfies, @x̃ P X :

lim
hÑ0

}fpx̃ ` h, zq ´ fpx̃q ´ Dxfpx̃, zqh}

}h}
“ 0

Now, we want to prove that @x̃ P X , @z P Z, @g P G : Dxfpχg.x̃, χ̃g.zq “ χ̌gDxfpx̃, zqχ´1
g ,

for this, it will be enough to check that:

lim
hÑ0

}fpχg.x̃ ` h, χ̃gzq ´ fpχg.x̃, χ̃g.zq ´ χ̌gDxfpx̃, zqχ´1
g h}

}h}
“ 0

since by uniqueness this will imply that Dxfpχg.x̃, χ̃g.zq “ χ̌gDxfpx̃, zqχ´1
g . Now, thanks to

the property satisfied by f , we have @h ‰ 0:

}fpχg.x̃ ` h, χ̃gzq ´ fpχg.x̃, χ̃g.zq ´ χ̌gDxfpx̃, zqχ´1
g h}

}h}

“
}fpχg.px̃ ` χ´1

g .hq, χ̃gzq ´ fpχg.x̃, χ̃g.zq ´ χ̌gDxfpx̃, zqχ´1
g h}

}h}

“
}χ̌g.fpx̃ ` χ´1

g .h, zq ´ χ̌g.fpx̃, zq ´ χ̌gDxfpx̃, zqχ´1
g h}

}h}

“
}χ̌g.

“

fpx̃ ` χ´1
g .h, zq ´ fpx̃, zq ´ Dxfpx̃, zqpχ´1

g hq
‰

}

}χg.χ´1
g .h}

Now, recall that for every g P G, the operator χ̌g is bounded, i.e. it has a finite operator
norm 0 ă }χ̌g} ă 8 (notice it is non-zero as χ̌g is invertible). Now, notice that, defining
h̃ :“ χ´1

g .h

}χ̌g.
”

fpx̃ ` h̃, zq ´ fpx̃, zq ´ Dxfpx̃, zqh̃
ı

}

}χgh̃}
ď

}χ̌g}}fpx̃ ` h̃, zq ´ fpx̃, zq ´ Dxfpx̃, zqh̃}

}χg.h̃}

We can rewrite the last term to get:

}χ̌g} ¨
}fpx̃ ` h̃, zq ´ fpx̃, zq ´ Dxfpx̃, zqh̃}

}h̃}
¨
}χ´1

g χgh̃}

}χg.h̃}

ď }χ̌g}}χ´1
g } ¨

}fpx̃ ` h̃, zq ´ fpx̃, zq ´ Dxfpx̃, zqh̃}

}h̃}
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Now, as χg and χ
´1
g are bounded operators, we have that: h Ñ 0 ðñ h̃ “ χ´1

g h Ñ 0. Also,
both }χ̌g} and }χ´1

g } are finite numbers, and so:

lim
hÑ0

}fpχg.x̃ ` h, χ̃gzq ´ fpχg.x̃, χ̃g.zq ´ χ̌gDxfpx̃, zqχ´1
g h}

}h}

ď lim
hÑ0

}χ̌g}}χ´1
g } ¨

}fpx̃ ` h̃, zq ´ fpx̃, zq ´ Dxfpx̃, zqh̃}

}h̃}

ď }χ̌g}}χ´1
g } ¨ lim

h̃Ñ0

}fpx̃ ` h̃, zq ´ fpx̃, zq ´ Dxfpx̃, zqh̃}

}h̃}
“ 0

This concludes the proof.

Proof of Corollary 7. It suffices to see that the proof of Proposition 29 works for f : X Ñ

Z; we could see f as a function f̂ : X ˆ Z Ñ Y , as f̂px, zq “ fpxq, taking the trivial action
on Z. Also, we could notice that the property of f being G-equivariant, corresponds to f̂
satisfying: @g P G, @x P X , z P Z, f̂pχg.x, Id.zq “ fpχg.xq “ χ̃gfpxq “ χ̃gf̂px, zq, which is
exactly what we need to conclude the proof (following the same ideas of Proposition 29).

Proof of Proposition 30. Let µ P PpZq and f be as stated. Notice that, @x P X , @g P G,
we have:

χ̌gxfpx, ¨q, µy “ χ̌g

ż

Z
fpx, θqdµpθq “

ż

Z
χ̌gfpx, θqdµpθq

Where we’ve used the linearity of the Bochner integral under continuous linear
operators (such as is χ̌g). It follows, from the joint G-equivariance of f and the definition
of the pushforward measure, that:

ż

Z
χ̌gfpx, θqdµpθq “

ż

Z
fpχgx, χ̃gθqdµpθq “

ż

Z
fpχgx, θ̃qdpχ̃g#µqpθ̃q

With this, we’ve succesfully proven that:

χ̌gxfpx, ¨q, µy “ xfpχgx, ¨q, χ̃g#µy

which allows us to conclude as desired.
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C.13 Proofs for Section 4.4

Proof of Proposition 31. To prove this, recall that the linear functional derivative of R is
the only function BR

Bµ
: PpZq ˆ Z Ñ R satisfying @µ, ν P PpZq:

lim
hÑ0

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“

ż

Z

BR

Bµ
pµ, θqdpν ´ µqpθq and

ż

Z

BR

Bµ
pµ, θqdµpθq “ 0

In particular, as R is G-invariant, we can write @µ, ν P PpZq, @h ‰ 0 and g P G:

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“
RpMg#pp1 ´ hqµ ` hνqq ´ RpMg#µq

h

“
Rpp1 ´ hqpMg#µ ` hpMg#νq ´ RpMg#µq

h

Taking the limit, we get:

lim
hÑ0

Rpp1 ´ hqµ ` hνq ´ Rpµq

h
“ lim

hÑ0

Rpp1 ´ hqpMg#µ ` hpMg#νq ´ RpMg#µq

h

“

ż

Z

BR

Bµ
pMg#µ, θqdpMg#ν ´ Mg#µqpθq

“

ż

Z

BR

Bµ
pMg#µ, θqdMg#pν ´ µqpθq

“

ż

Z

BR

Bµ
pMg#µ,Mg.θqdpν ´ µqpθq

Finally, we can also check that:

ż

Z

BR

Bµ
pMg#µ,Mg.θqdµpθq “

ż

Z

BR

Bµ
pMg#µ, θqdMg#µpθq “ 0

So, by the uniqueness of the linear functional derivative, we get @g P G:

BR

Bµ
pµ, θq “

BR

Bµ
pMg#µ,Mg.θq

Finally, from proposition 29, as BR
Bµ

is jointly G-invariant, we get @g P G:

Dθ

ˆ

BR

Bµ

˙

pMg.µ,Mg.θq “ Dθ

ˆ

BR

Bµ

˙

pµ, θq.MT
g

so that by considering the gradient, we get the desired result:

DµRpMg#µ,Mg.θq “ Mg.DµRpµ, θq
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Proof of Proposition 32. We know from lemma 4 that whenever R is convex and of class C1

the following inequality holds @µ1, µ2 P PpZq:

Rpµ1q ě Rpµ2q `

ż

BR

Bµ
pµ2, zqdpµ1 ´ µ2qpzq

Let s̃ P S be arbitrary and consider µ2 “ µ̃ :“
ş

µsdλpsq; and µ1 “ µs̃. Then:

Rp

ˆ
ż

µsdλpsq

˙

ď Rpµs̃q ´

ż

BR

Bµ

ˆ
ż

µsdλpsq, z

˙

d

ˆ

µs̃ ´

ż

µsdλpsq

˙

pzq

Integrating the inequality with respect to λ (on s̃):

ż

S

R

ˆ
ż

µsdλpsq

˙

dλps̃q ď

ż

S

Rpµs̃qdλps̃q´

ż

S

ˆ
ż

Z

BR

Bµ

ˆ
ż

S

µsdλpsq, ¨

˙

d

ˆ

µs̃ ´

ż

S

µsdλpsq

˙˙

dλps̃q

(C.2)
We notice that the LHS doesn’t depend on s̃, so that

ş

S
R
`ş

µsdλpsq
˘

dλps̃q “ R
`ş

µsdλpsq
˘

.
On the other hand, the right-most term can be developed as:

‹ “

ż

S

ˆ
ż

Z

BR

Bµ

ˆ
ż

S

µsdλpsq, ¨

˙

d

ˆ

µs̃ ´

ż

S

µsdλpsq

˙˙

dλps̃q

“

ż

S

ˆ
ż

Z

BR

Bµ

ˆ
ż

S

µsdλpsq, ¨

˙

dµs̃ ´

ż

Z

BR

Bµ

ˆ
ż

S

µsdλpsq, ¨

˙

d

ˆ
ż

S

µsdλpsq

˙˙

dλps̃q

“

ż

S

ˆ
ż

Z

BR

Bµ

ˆ
ż

µsdλpsq, ¨

˙

dpµs̃q

˙

dλps̃q ´

ż

S

ˆ
ż

Z

BR

Bµ

ˆ
ż

S

µsdλpsq, ¨

˙

d

ˆ
ż

S

µsdλpsq

˙˙

dλps̃q

Notice that the linear functional derivative is chosen in such a way so that it satisfies
@ν P PpZq,

ş

Z
BR
Bµ

pν, θqdνpθq “ 0. In particular, the second term of the previous expression
vanishes. We get that

‹ “

ż

S

ˆ
ż

Z

BR

Bµ

ˆ
ż

S

µsdλpsq, θ

˙

dµs̃pθq

˙

dλps̃q

But, by definition: @f : Z Ñ R measurable,

xf,

ż

µsdλpsqy “

ż

xf, µsydλpsq “

ż

S

ˆ
ż

Z
fpzqdµspzq

˙

dλpsq

So this is:

‹ “

ż

Z

BR

Bµ

ˆ
ż

µs, θ

˙

d

ˆ
ż

µs̃dλps̃q

˙

pθq “ 0

(by the same convention on the definition of the linear functional derivative). With this, we
conclude that equation (C.2) turns into:

Rpµ̃q “ R

ˆ
ż

S

µsdλpsq

˙

ď

ż

S

Rpµsqdλpsq

which is what we wanted to prove.
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Proof of Proposition 33. Evidently, infµPPGpZq Rpµq ě infµPPpZq Rpµq.

For the other inequality, take pµnqnPN Ď PpZq an infimizing sequence for R (such that
Rpµnq ě Rpµn`1q and Rpµnq ÝÝÝÑ

nÑ8
infµPPpZq Rpµq); such a sequence always exists. By

corollary 8, we have @n P N, RpµGn q ď Rpµnq; thus, @n P N:

inf
µPPGpZq

Rpµq ď RpµGn q ď Rpµnq

Which allows us to infer, by taking n Ñ 8, that: infµPPGpZq Rpµq ď infµPP pZq Rpµq Therefore,
we conclude what we wanted:

inf
µPPGpZq

Rpµq “ inf
µPPpZq

Rpµq

The assertion about minima follow directly from corollary 8.

Proof of Proposition 34. Thanks to the assumed conditions, we can establish the bijection
given by Ψ in proposition 28. Then:

On the one hand, we immediately have that: @µ P PpGzZq, Ψ´1pµq “ ps#µqG P PGpZq

Thus, Rpps#µqGq ě infµPPGpZq Rpµq.

On the other hand, we might take pµnqnPN Ď PGpZq an infimizing sequence, such that
Rpµnq ÝÝÝÑ

nÑ8
infµPPGpZq Rpµq. Consider the image through Ψ of these measures, pµnqnPN “

pΨpµnqqnPN Ď PpGzZq. We know that @n P N, µn “ Ψ´1pµnq “ ps#µnqG and thus:

@n P N, inf
µPPpGzZq

Rpps#µq
G

q ď Rpps#µnq
G

q “ Rpµnq ÝÝÝÑ
nÑ8

inf
µPPGpZq

Rpµq

So, by taking the limit with n Ñ 8 we get:

inf
µPPGpZq

Rpµq “ inf
µPPpGzZq

Rpps#µq
G

q

Counterexample of an explicitly G-equivariant optimum (Proposition 35). Consider the group
G “ C4 acting on R2 via 90˝ rotations. Let K “ Bp0, 1q Ď R2 be a compact set. Consider
a random variable X „ N p0, Id2q|K (i.e. given by X “ Z1ZPK for Z „ N p0, Id2q) and the
constant r.v. Y ” 1.

Clearly G is finite (thus compact) and it can be seen as its ortogonal representation:

ρG “

"ˆ

1 0
0 1

˙

,

ˆ

0 ´1
1 0

˙

,

ˆ

´1 0
0 ´1

˙

,

ˆ

0 1
´1 0

˙*

Ď Op2q , ρ̂G “ tId1u Ď Op1q (trivial repr.)

By the definition of our r.v.s, it is clear that:

• X
pdq
“ ρgX @g P G because X „ Np0, Id2q
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• Y
pdq
“ ρ̂gY @g P G and9 Y K X; so, in particular, @g P G, pX, Y q

pdq
“ pρgX, ρ̂gY q

Therefore, π “ LawpX, Y q is G-invariant (and also compactly supported). Consider a shallow
NN given by: ΦN

θ : R2 ÝÑ RNˆb ÝÑ R as: ΦN
θ pxq “ 1

N

řN
i“1wiσpaTi xq, @x P Rd; where

θi “

ˆ

wi
ai

˙

P R3ˆb :“ RD with b P N (also, considering some action G
œ

η Rb). We let

G

œ

M RD as described in section 4.1.2, i.e.

Mgθi “

ˆ

ρ̂gwi η
T
g

ρg ai η
T
g

˙

“

ˆ

wiη
T
g

ρgaiη
T
g

˙

Assume, for instance, that ηg ” Id1 (thus no condition is required for σ˚ to be jointly G-
equivariant) and recall that: θi P EG ðñ @g P G, Mgθi “ θi. However, if we assume that:

@g P G, ρgai “ ai, then, in particular:

ˆ

´1 0
0 ´1

˙ˆ

a1i
a2i

˙

“

ˆ

a1i
a2i

˙

. This in turn implies, as

a1i “ ´a1i and a
2
i “ ´a2i that a

1
i “ a2i “ 0. i.e. ai ” 0. Thus, any θi “

ˆ

wi
ai

˙

P EG has ai “ 0.

Therefore, if we choose any σ such that σp0q “ 0 (e.g σ “ tanh, that is C8 and bounded)
and we choose θi P EG @ i “ 1, ..., N ; then:

@x P R2, ΦEG

θ pxq “
1

N

N
ÿ

1“1

wiσp0T ¨ xq “
1

N

N
ÿ

i“1

wi0 “ 0

i.e. any equivariant architecture in this context satisfies ΦEG

θ pxq ” 0 (whereas
Y ” 1). In particular: Er}Y ´ ΦEG

θ pxq}2s “ 1, @N P N, @θ P pEGqN , and thus:

inf
θiPEG

i“1...N
NPN

RpΦEG

θ q “ 1 “ inf
νPPpEGq

Rpνq

On the other hand, consider a fully conected neuronal network. By the universal approximation
theorem (with σ “ tanh), as π is compactly supported (in particular, πxpKq “ 1); we
consider the parameters that approximate the function fpxq ” 1 inK “ Bp0, 1q to precision
ε ą 0. i.e. For ε P p0, 1

2
q, we know: ùñ DN P N, Da1, ..., aN P R2, Dw1, ..., wN P R1 such that:

}Φθ ´ f}8,K “ sup
xPK

|Φθpxq ´ fpxq| ă ε ă
1

2

Then:

Er|1 ´ Φθpxq|
2
s ď Erpsup

xPK
|Φθpxq ´ 1|q

2
s ă Er

1

4
s “

1

4

But, in particular, DνNθ P PpZq such that:

Er|Y ´ Φθpxq|
2
s ă

1

4
ă 1

9The independence comes from the fact that for any measurable f and h the following holds:

ErfpXqhpY qs “ ErfpXqhp1qs “ hp1qErfpXqs “ ErfpXqsErhpY qs
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and so:
inf

µPPpZq
Rpµq ď inf

θPZN
Er|Y ´ Φθpxq|

2
s ă inf

νPPpEGq
Rpνq

In particular, we can’t expect an optimum of the learning problem to be achieved within
the space PpEGq.
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C.14 Proofs for Section 5.1

Proof of Proposition 38. By definition 3.8, we know that @x P X

pQfµqpxq “

ż

G

ρ̂g´1fµpρgxqdλGpgq

In particular:

pQfµqpxq “

ż

G

ρ̂g´1fµpρgxqdλGpgq

“

ż

G

ρ̂g´1xσ˚pρgx, ¨q, µydλGpgq

“

ż

G

xρ̂g´1σ˚pρgx, ¨q, µydλGpgq

“ x

ż

G

ρ̂g´1σ˚pρgx, ¨qdλGpgq, µy

Where we’ve used the linearity of the integral and Fubini’s theorem. We have obtained that:
pQfµqpxq “ xσG˚ px, ¨q, µy.

Further assuming σ˚ to be G-equivariant, as Mg is invertible @g P G, xσ˚pρgx, ¨q, µy “

xσ˚pρgx, ¨q,Mg#pM´1
g #µqy “ ρ̂gxσ˚px, ¨q,M´1

g #µy, where we’ve also used proposition 30
(because σ˚ is jointly G-equivariant). So, we can write:

pQfµqpxq “

ż

G

ρ̂g´1 ρ̂gxσ˚px, ¨q,M´1
g #µydλGpgq

“

ż

G

xσ˚px, ¨q,M´1
g #µydλGpgq

λG is invariant to inversion “

ż

G

xσ˚px, ¨q,Mg#µydλGpgq

by definition “ xσ˚px, ¨q, µGy “ fµGpxq
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C.15 Proofs for Section 5.2

Proof of Proposition 39. Everything simply reduces to showing that the population risk
R : PpZq Ñ R is G-invariant as, by proposition 4, corollary 2, corollary 8 and proposition 33,
we can conclude the rest of the proposition. Indeed, @g P G and @µ P PpZq,

RpMg#µq “ Eπ rℓpxσ˚pX; ¨q,Mg#µy, Y qs

by proposition 30 “ Eπ
“

ℓpρ̂gxσ˚pρ´1
g X; ¨q, µy, ρ̂gρ̂

´1
g Y q

‰

G-invariance of ℓ “ Eπ
“

ℓpxσ˚pρ´1
g X; ¨q, µy, ρ̂´1

g Y q
‰

G-invariance of π “ Eπ rℓpxσ˚pX; ¨q, µy, Y qs “ Rpµq

Proof of Proposition 40. From the fact that σ˚ is jointly G-equivariant, following proposition 38,
we get that @x P X : xσG˚ px, ¨q, µy “ xσ˚px, ¨q, µGy. In particular, this means that:

RFA
pµq “ Eπ

“

ℓ
`

xσG˚ pX, ¨q, µy, Y
˘‰

“ Eπ
“

ℓ
`

xσ˚pX, ¨q, µGy, Y
˘‰

“ RpµGq

Even more directly, REApµq “ Eπ
”

ℓ
´

xσ˚pX, ¨q, µEG
y, Y

¯ı

“ RpµEG
q.

On the other hand, using the joint G-equivariance of σ˚ (via proposition 30) and the
G-invariance of ℓ one can easily compute that @x P X , @y P Y , @g P G :

Lρg .x,ρ̂g .ypMg#µq “ ℓ pxσ˚pρg.x, ¨q,Mg#µy, ρ̂g.yq

“ ℓ pρ̂g.xσ˚px, ¨q, µy, ρ̂g.yq

“ ℓ pxσ˚px, ¨q, µy, yq “ Lx,ypµq

i.e. Lρg .x,ρ̂g .ypMg#µq “ Lx,ypµq

This is equivalent to stating that the map L : PpZq Ñ L2pX ˆ Y , πq given by Lpµq ÞÑ

rpx, yq ÞÑ Lx,ypµqs is G-equivariant under the correct G-actions10.

Notice then that, using the Haar’s measure invariance under inversion, we get:

RG
pµq “

ż

G

Eπ
“

Lρg .X,ρ̂g .Y pµq
‰

dλGpgq

“

ż

G

Eπ
“

Lρg .X,ρ̂g .Y pMg#M
´1
g #µq

‰

dλGpgq

“

ż

G

Eπ rLX,Y pMg´1#µqs dλGpgq

“

ż

G

Eπ rLX,Y pMg#µqs dλGpgq “

ż

G

RpMg#µqdλGpgq

Finally, for the G-invariance, notice that, for g P G and µ P PpZq:

RFA
pMg#µq “ RppMg#µq

G
q “ RpµGq “ RFA

pµq

10Where @g P G, we consider g.µ “ Mg#µ and @x P X , @y P Y, g.pfpx, yqq “ fpg´1.x, g´1.yq
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Where we’ve used the fact that: @g P G, pMg#µqG “ µG (See proposition 23). Analogously,

REApMg#µq “ RppMg#µqE
G

q “ RppPEG ˝ Mgq#µq “ RpPEG#µq “ REApµq.

Finally,

RG
pMg#µq “

ż

G

RppMh#pMg#µqqdλGphq

“

ż

G

RppMhg#µqqdλGphq

“

ż

G

RppMh̃#µqqdλGph̃q “ RG
pµq

Where we’ve used the right-invariance of the Haar Measure.

Proof of Proposition 41. For the convexity, it is not hard to notice that, for λ P r0, 1s, µ, ν P

PpZq:

RG
pλµ ` p1 ´ λqνq “

ż

G

RpMg#pλµ ` p1 ´ λqνqqdλGpgq

“

ż

G

RpλMg#µ ` p1 ´ λqMg#νqdλGpgq

ď

ż

G

λRpMg#µq ` p1 ´ λqRpMg#νqdλGpgq

ď

ż

G

λRpMg#µqdλGpgq `

ż

G

p1 ´ λqRpMg#νqdλGpgq

ď λRG
pµq ` p1 ´ λqRG

pνq

And similarly:

RFA
pλµ ` p1 ´ λqνq “ Rppλµ ` p1 ´ λqνq

G
q “ RpλµG ` p1 ´ λqνGq

ď λRpµGq ` p1 ´ λqRpνGq “ λRFA
pµq ` p1 ´ λqRFA

pνq

An analogous argument justifies the convexity of REA (as PEG is linear).

As for the expressions of the linear functional derivatives, we can formally determine, by
definition, that, given µ, ν P PpZq:

lim
hÑ0

RGpp1 ´ hqµ ` hνq ´ RGpµq

h
“ lim

hÑ0

ş

G
RpMg#pp1 ´ hqµ ` hνqqdλGpgq ´

ş

G
RpMg#µqdλGpgq

h

“ lim
hÑ0

ż

G

Rpp1 ´ hqMg#µ ` hMg#νq ´ RpMg#µq

h
dλGpgq

“

ż

G

lim
hÑ0

Rpp1 ´ hqMg#µ ` hMg#νq ´ RpMg#µq

h
dλGpgq

“

ż

G

ż

Z

BR

Bµ
pMg#µ, θqdpMg#ν ´ Mg#µqpθqdλGpgq

“

ż

G

ż

Z

BR

Bµ
pMg#µ,Mg.θqdpν ´ µqpθqdλGpgq

“

ż

Z

ż

G

BR

Bµ
pMg#µ,Mg.θqdλGpgqdpν ´ µqpθq
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Where we have used Fubini’s theorem, which is applicable11 thanks to the fact that R is of
class C1, and we’ve used the definition of the linear functional derivative for R. Also, we see
that (using Fubini’s Theorem once again, as well as the definition of the linear functional
derivative of R):

ż

Z

ż

G

BR

Bµ
pMg#µ,Mg.θqdλGpgqdµpθq “

ż

G

ż

Z

BR

Bµ
pMg#µ,Mg.θqdµpθqdλGpgq

“

ż

G

ż

Z

BR

Bµ
pMg#µ, θqdpMg#µqpθqdλGpgq

“

ż

G

0dλGpgq “ 0

So, by the definition of the lineal functional derivative, we can identify that:

BRG

Bµ
pµ, θq “

ż

G

BR

Bµ
pMg#µ,Mg.θqdλGpgq

Thus, formally taking the gradient we also get:

DµR
G

pµ, θq “

ż

G

MT
g .DµRpMg#µ,Mg.θqdλGpgq

Analogously, we calcuate the expression for the l.f.d. of RFA; let µ, ν P PpZq:

lim
hÑ0

RFApp1 ´ hqµ ` hνq ´ RFApµq

h
“ lim

hÑ0

Rppp1 ´ hqµ ` hνqGq ´ RpµGq

h

“ lim
hÑ0

Rpp1 ´ hqµG ` hνGq ´ RpµGq

h

“

ż

Z

BR

Bµ
pµG, θqdpνG ´ µGqpθq

“

ż

G

ż

Z

BR

Bµ
pµG,Mg.θqdpν ´ µqpθqdλGpgq

Fubini “

ż

Z

ż

G

BR

Bµ
pµG,Mg.θqdλGpgqdpν ´ µqpθq

And also:
ż

Z

ż

G

BR

Bµ
pµG,Mg.θqdλGpgqdµpθq “

ż

G

ż

Z

BR

Bµ
pµG,Mg.θqdµpθqdλGpgq

“

ż

G

ż

Z

BR

Bµ
pµG, θqdpMg#µqpθqdλGpgq

“

ż

Z

BR

Bµ
pµG, θqdµGpθq “ 0

11In particular, as for any fixed µ P PpZq the function g P G ÞÑ Mg#µ is continuous (thus, of compact
image), then the function pg, zq P G ˆ Z ÞÑ BR

Bµ pMg#µ,Mg.zq is bounded
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So, by the definition of the lineal functional derivative, we can identify that:

BRFA

Bµ
pµ, θq “

ż

G

BR

Bµ
pµG,Mg.θqdλGpgq

Thus, formally taking the gradient we also get:

DµR
FA

pµ, θq “

ż

G

MT
g .DµRpµG,Mg.θqdλGpgq

Lastly, the l.f.d. of REA is calculated similarly, noticing that:

lim
hÑ0

REApp1 ´ hqµ ` hνq ´ REApµq

h
“ lim

hÑ0

RpPEG#pp1 ´ hqµ ` hνqq ´ RpPEGµq

h

“

ż

Z

BR

Bµ
pµEG

, θqdpPEG#ν ´ PEG#µqpθq

“

ż

Z

BR

Bµ
pµEG

, PEGθqdpν ´ µqpθq

And that:
ż

Z

BR

Bµ
pµEG

, PEG .θqdµpθq “

ż

Z

BR

Bµ
pµEG

, θqdpµPEG qpθq “ 0

So that we can identify:

BREA

Bµ
pµ, θq “

BR

Bµ
pµEG

, PEG .θq and DµR
EA

pµ, θq “ P T
EG .DµRpµEG

, PEG .θq

Finally, from the fact that R is convex and C1, we know by proposition 32 that @µ P PpZq:

RFA
pµq “ RpµGq ď

ż

G

RpMg#µqdλGpgq “ RG
pµq

Proof of Proposition 43. Naturally, if R “ RG, from proposition 40, we get that R is G-
invariant.

For the converse, wheneverR isG-invariant, we have that @µ P PpZq, @g P G,RpMg#µq “

Rpµq, so that:

@µ P PpZq, RG
pµq “

ż

G

RpMg#µqdλGpgq “

ż

G

RpµqdλGpgq “ Rpµq

Proof of Proposition 44. First of all, notice that for µ P PpZq, by definition:

|Rpµq ´ RG
pµq| “

ˇ

ˇ

ˇ

ˇ

EπrLµpX, Y qs ´

ż

G

EπrLµpρg.X, ρ̂g.Y qsdλGpgq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

G

Eπ rLµpX, Y q ´ Lµpρg.X, ρ̂g.Y qs dλGpgq

ˇ

ˇ

ˇ

ˇ
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For the first part, notice, as in Chen et al. [14], that by a known characterization of the
norms generated by inner products, we can say that, for any a P R: |a| “ sup|v|ď1xv, ay, in
particular:

|Rpµq ´ RG
pµq| “ sup

|v|ď1

B

v,

ż

G

Eπ rLµpX, Y q ´ Lµpρg.X, ρ̂g.Y qs dλGpgq

F

“ sup
|v|ď1

ż

G

Eπ rxv, LµpX, Y q ´ Lµpρg.X, ρ̂g.Y qys dλGpgq

“ sup
|v|ď1

ż

G

Eπ rxv, LµpX, Y qy ´ xv, Lµpρg.X, ρ̂g.Y qys dλGpgq

“ sup
|v|ď1

ż

G

Eπ rxv, LµpX, Y qys ´ Eπ rxv, Lµpρg.X, ρ̂g.Y qys dλGpgq

Now, for any v P R with |v| ď 1, we define φvp¨q “ xv, ¨y, which is clearly a 1-Lipschitz
function (by the Cauchy-Schwartz inequality).

By the Kantorovich-Rubinstein characterization of the W1 distance, we have, for any
ν1, ν2 P PpRq: W1pν1, ν2q “ sup

␣
ˇ

ˇ

ş

φdν1 ´
ş

φdν2
ˇ

ˇ : φ 1-Lipschitz
(

.

So, in particular, considering ν1 “ Lµ#π and ν2 “ Lµ#g#π we have, for any v P R:

W1pL
µ#π, Lµ#g#πq ě

ˇ

ˇ

ˇ

ˇ

ż

φvdL
µ#π ´

ż

φvdL
µ#g#π

ˇ

ˇ

ˇ

ˇ

ě

ˇ

ˇ

ˇ

ˇ

ż

pφv ˝ Lµqdπ ´

ż

pφv ˝ Lµ ˝ gqdπ

ˇ

ˇ

ˇ

ˇ

ě Eπ rxv, LµpX, Y qys ´ Eπ rxv, Lµpρg.X, ρ̂g.Y qys

We can integrate this inequality to get:

ż

G

W1pL
µ#π, Lµ#g#πqdλGpgq ě

ż

G

pEπ rxv, LµpX, Y qys ´ Eπ rxv, Lµpρg.X, ρ̂g.Y qysq dλGpgq

As this holds for any v P R, |v| ď 1, then:

|Rpµq ´ RG
pµq| ď

ż

G

W1pLµ#g#π, Lµ#πqdλGpgq

Now, by a known property of the Wasserstein metric with respect to pushforward measures
of Lipschitz functions12, @µ P PpZq and g P G:

W1pL
µ#g#π, Lµ#πq ď CW1pg#π, πq

so that (as the bound doesn’t depend on µ):

sup
µPPpZq

|Rpµq ´ RG
pµq| ď C

ż

G

W1pg#π, πqdλGpgq

12Which comes from noting that for γ an optimal coupling between π and g#π, pLµ, Lµq#γ is a coupling
between Lµ#π and Lµ#g#π; allowing to conclude using the C-Lipschitzness of Lµ uniformly on µ
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Assuming both ℓ and σ˚ to be Lipschitz (with constants C1 and C2 respectively) and defining
C “ maxtC1, C1C2u, tells us that, for any µ P PpZq:

|Lµpx1, y1q ´ Lµpx2, y2q| “ |ℓpxσ˚px1, ¨q, µy, y1q ´ ℓpxσ˚px2, ¨q, µy, y2q|

ď C1 p}xσ˚px1, ¨q, µy ´ xσ˚px2, ¨q, µy} ` }y1 ´ y2}q

ď C1

›

›

›

›

ż

pσ˚px1, θq ´ σ˚px2, θqq dµpθq

›

›

›

›

` C1}y1 ´ y2}

ď C1

ż

}pσ˚px1, θq ´ σ˚px2, θqq} dµpθq ` C1}y1 ´ y2}

ď C1

ż

C2 p}x1 ´ x2} ` }θ ´ θ}q dµpθq ` C1}y1 ´ y2}

ď C p}x1 ´ x2} ` }y1 ´ y2}q

Implying the desired (uniform in µ) global C-Lipschitzness.
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C.16 Proofs for Section 5.3

Proof of Proposition 45. We know that a family pµtqtě0 Ď P2pZq satisfies the WGF equation
in the weak sense if @φ P C8

c pZ ˆ p0, T qq:

ż T

0

ż

Z
pBtφpz, tq ´ xςptqDµRpµt, zq,∇zφpz, tqyq dµtpzq dt “ 0

Now, profiting from the uniqueness of the solutions of this equation, it will be enough to
show that, given a solution pµtqtě0 Ď P2pZq of the WGF, then pµGt qtě0 Ď PG

2 pZq is also a
solution. Indeed, consider, for g P G, µ̃t “ Mg#µt, and notice that for φ P C8

c pZ ˆ p0, T qq:

ż T

0

ż

Z
pBtφpz, tq ´ xςptqDµRpµ̃t, zq,∇zφpz, tqyqdµ̃tpzq dt

“

ż T

0

ż

Z
pBtφpMg.z, tq ´ xςptqDµRpMg#µt,Mg.zq,∇zφpMg.z, tqyq dµtpzq dt “: ‹

Now, we can define φg P C8
c pZ ˆ p0, T qq given by @pz, tq P Z ˆ p0, T q φgpz, tq “ φpMg.z, tq,

which satisfies:

Btφ
g
pz, tq “ BtφpMg.z, tq and ∇zφ

g
pz, tq “ MT

g ∇zφpMg.z, tq

So that, by also using proposition 31 and the orthogonality of the group action, we get:

‹ “

ż T

0

ż

Z
pBtφ

g
pz, tq ´ xMg.ςptqDµRpµt, zq,Mg∇zφ

g
pz, tqyq dµtpzq dt

“

ż T

0

ż

Z
pBtφ

g
pz, tq ´ xςptqDµRpµt, zq,∇zφ

g
pz, tqyq dµtpzq dt “ 0

Where the last equality comes from the fact that pµtqtě0 is a solution to the WGF.

In particular, as we also have that µ̃0 “ Mg#µ0 “ µ0 (because µ0 P PGpZq), by
uniqueness we can conclude that this means that @g P G, @t P p0, T q λ-a.e., µt “ Mg#µt.

This may seem weaker that what we want to prove. Nevertheless, as our group is compact
and has a unique normalized Haar measure, we can proceed as follows: let f : r0, T sˆZ Ñ R`

be any positive and measurable function. Given g P G, take Ωg Ď r0, T s a full measure set
where it holds that µt “ Mg#µt. In particular, ft “ fpt, ¨q : Z Ñ R is positive and
measurable, so that:

@t P Ωg, xft, µty “ xft,Mg#µty “ xft ˝ Mg, µty

and we can integrate this equality to get:
şT

0
xft, µtydt “

şT

0
xft ˝Mg, µtydt Now, by integrating

both sides with respect to the Haar measure, and applying Fubini’s theorem (because everything
is positive) we get:

ż T

0

xft, µtydt “

ż

G

ż T

0

xft, µtydtdλGpgq “

ż

G

ż T

0

xft ˝ Mg, µtydtdλGpgq

“

ż T

0

ż

G

xft ˝ Mg, µtydλGpgqdt “

ż T

0

xft, µ
G
t ydt
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Implying13 @t P r0, T s a.e. µt “ µGt , and therefore: @t P r0, T s a.e. µt P PGpZq.

Proof of Theorem 14. From Hu et al. [38] (or Sznitman [83]) we know that in all of the
presented cases a unique solution to the Fokker-Planck equation exists.

Furthermore, from the examples in section 4.4, we know that, whenever R, r and U are G-
invariant functions, the functionals R, Rτ and Rτ,β

ν are all G-invariant. As from the examples
in section 2.2.5 we know that @µ P PpZq s.t. µ≪ ν, @θ P Z:

DµR
τ,β
ν pµ, θq “ DµRpµ, θq ` τ∇θrpθq ` β p∇θ logpµpθqq ´ ∇θ logpνpθqqq

“ DµRpµ, θq ` τ∇θrpθq ` β p∇θ logpµpθqq ` ∇θUpθqq

“ DµRpµ, θq ` τ∇θrpθq ` β∇θUpθq ` β

ˆ

1

µpθq
∇θµpθq

˙

So that @µ P PpZq s.t. µ≪ ν, @θ P Z:

div
`

DµR
τ,β
ν pµ, θqµpθq

˘

“ div

ˆˆ

DµRpµ, θq ` τ∇θrpθq ` β∇θUpθq ` β

ˆ

1

µpθq
∇θµpθq

˙˙

µpθq

˙

“ div ppDµRpµ, θq ` τ∇θrpθq ` β∇θUpθqqµpθq ` β∇θµpθq q

“ div ppDµRpµ, θq ` τ∇θrpθq ` β∇θUpθqqµpθq q ` β∆θµpθq

That is, Rτ,β
ν is a G-invariant functional such that the WGF as given by the expression of

proposition 45 reads:

Btµt “ ςptq
“

div
`

DµR
τ,β
ν pµt, ¨qµt

˘‰

“ ςptq rdiv ppDµRpµt, ¨q ` τ∇θr ` β∇θUqµtq ` β∆µts

and it has indeed a unique solution (weak if β “ 0 and strong if β ą 0). So, proposition 45
applies and allows us to conclude. As for the property of the density, we apply proposition 26
directly.

Proof of Corollary 10. Though it is enough to reference theorem 14, we provide an independent
proof, as it highlights other interesting elements from the theory developped during chapter 4.

To establish this result, we note the following classical result regarding Brownian motions:

Lemma 15 Let pΩ,F ,Pq be a probability space, and let pBtqtě0 be a standard D-dimensional
BM. If M P OpDq is an orthogonal matrix, THEN pWtqtě0 :“ pMBtqtě0 is also a standard
D-dimensional BM.

Proof of Lemma 15. It’s not complicated to check this, noting that, according to the usual
characterization of the standard BM:

13Indeed, one can choose any positive measurable f : Z Ñ R and define the sets A` “ tt P r0, T s :
xf, µty ą xf, µG

t yu (And A´ analogously); so that f˘pt, zq “ 1A˘
ptqfpzq, and therefore, the fact that:

şT

0
1A˘

ptqxf, µtydt “
şT

0
1A˘

ptqxf, µG
t ydt implies that both A˘ have null measure
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• W0 “ MB0 “ 0

• For almost all ω P Ω, the function t ÞÑ Btpωq is continuous, which implies that t ÞÑ

MBtpωq is also continuous.

• For any t0 ă ¨ ¨ ¨ ă tn, the vector pBti`1
´ Btiq

n´1
i“0 is independent, which implies that

pMBti`1
´MBtiq

n´1
i“0 is also independent (as it’s a measurable function of independent

random variables).

• Finally, to see the stationary increments property, let 0 ď s ď t. By studying the
characteristic function, we notice that for any ξ P RD:

E
”

eiξ
T pWt´Wsq

ı

“ E
”

eiξ
TMpBt´Bsq

ı

“ E
”

eipM
T ξqT pBt´Bsq

ı

“ E
”

eipM
T ξqT pBt´sq

ı

“ exp

ˆ

´
1

2
pt ´ sq|MT ξ|

2

˙

“ exp

ˆ

´
1

2
pt ´ sq|ξ|

2

˙

Here, we’ve used that Bt´s „ N p0, pt ´ sqIdDq (and thus its characteristic function
is known), as well as the orthogonality of M . In particular, we’ve shown that the
characteristic function of Wt ´ Ws is exactly that of a normal distribution N p0, pt ´

sqIdDq.

With all of this, we conclude that pWtqtě0 is a D-dimensional BM.

Now, we look at the McKean-Vlasov SDE given by (where we include the covariance term
from Bortoli et al. [9], assuming the law π is jointly G-invariant):

dZt “ ςptq

„

´ pDµRpµt, Ztq ` τ∇θrpZtq ` β∇θUpZtqq dt `

c

α

B

?
Σpµt, ZtqdBt `

a

2βdB̃t

ȷ

Where µt “ LawpZtq, pBtqtě0 and pB̃tqtě0 are (independent)D-dimensional Brownian Motions,
and Σpµ, θq :“ Eπ

“`

DµL
τ
X,Y pµ, θq ´ DµR

τ pµ, θq
˘

b
`

DµL
τ
X,Y pµ, θq ´ DµR

τ pµ, θq
˘‰

.

Let pZtqtě0 be the unique strong solution to this SDE (which exists by a result by
Bortoli et al. [9]). By the strong solvability, we must have that:

Zt
a.s.
“Z0 ´

ż t

0

ςpsq pDµR
τ
pµs, Zsq ` β∇θUpZsqq ds `

ż t

0

c

α

B
ςpsq

?
Σpµs, ZsqdBs `

ż t

0

ςpsq
a

2βdB̃s

and LawpZ0q “ µ0 (initial condition)

Now, in the context of this SDE, the solution is uniquely trajectory-wise determined;
that is, if pYtqtě0 is another solution over r0, T s with respect to the same Brownian motion
and in the same probability space, then Zt

a.s.
“ Yt for all t ě 0. This is slightly more

than what we need, as the Yamada-Watanabe theorem guarantees that trajectory-wise
uniqueness implies uniqueness in law for an SDE. Consequently, if we can find another
solution to the SDE, potentially with respect to a different probability space and different BM,
their laws must be the same.

In other words, to successfully demonstrate that @g P G, µt “ Mg#µt, it suffices to show
that for a fixed g P G, the process Z̃t :“ MgZt satisfies the same SDE, potentially with a
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different BM and a different probability space. By uniqueness in law, this implies that @t ě 0
(a.e.):

µt “ LawpZtq “ LawpZ̃tq “ LawpMgZtq “ Mg#µt

This in turn implies (integrating over R` and then over G the evaluation against an arbitrary
positive measurable function f : R` ˆ Z Ñ R; see the last part of the proof of theorem 14)
that @t ě 0 (a.e.) µt “ µGt , and therefore, µt P PGpZq.

With this in mind, take the solution pZtqtě0 and g P G, and observe that Z̃ “ pMg.Ztqtě0

satisfies the SDE with the same initial condition but with respect to another Brownian
motion. Indeed, we have:

• LawpZ̃0q “ LawpMgZ0q “ Mg#µ
0 “ µ0 (due to the assumed G-invariant initial

condition).

• Denoting νs :“ Mg#µs as the law of Z̃s, we have to show that for all t ą 0:

Z̃t “ Z̃0´

ż t

0

ςpsq
´

DµR
τ
pνs, Z̃sq ` β∇θUpZsq

¯

ds`

ż t

0

c

α

B
ςpsq

?
Σpνs, Z̃sqdBs`

ż t

0

ςpsq
a

2βdB̃s

Specifically, for a given t ą 0:

Z̃t “ MgZt

“ MgZ0 ´ Mg

ˆ
ż t

0

ςpsq pDµR
τ
pµs, Zsq ` β∇θUpZsqq ds

˙

` Mg

ˆ
ż t

0

c

α

B
ςpsq

?
ΣpZs, µsqdBs `

ż t

0

ςpsq
a

2βdB̃s

˙

“ Z̃0 ´

ż t

0

ςpsq pMgDµR
τ
pµs, Zsq ` βMg∇θUpZsqq ds

`

c

α

B
Mg

ż t

0

ςpsq
?
ΣpZs, µsqdBs `

a

2βMg

ż t

0

ςpsqdB̃s

“ Z̃0 ´

ż t

0

ςpsq
´

DµR
τ
pνs, Z̃sq ` β∇θUpZ̃sq

¯

ds

`

c

α

B

ż t

0

ςpsqMg

?
ΣpZs, µsqdBs `

a

2β

ż t

0

ςpsqMgdB̃s

Here, we used the linearity of the integral (and stochastic integral) and proposition 31
as well as proposition 29, which hold @θ P Z, @µ P PpZq (including θ “ Zspωq, @ω P Ω
and µs “ LawpZsq). Furthermore, we can observe that by the same propositions
(applied to random variables and their laws) we have:

ApX, Y, νs, Z̃sq :“ DµL
τ
X,Y pνs, Z̃sq ´ DµR

τ
pνs, Z̃s

“ DµL
τ
X,Y pMg#µs,Mg.Zsq ´ DµR

τ
pMg#µs,Mg.Zsq

“ MgDµL
τ
ρ´1
g .X,ρ̂´1

g .Y
pµs, Zsq ´ Mg.DµR

τ
pµs, Zsq

“ Mg

´

DµL
τ
ρ´1
g .X,ρ̂´1

g .Y
pµs, Zsq ´ DµR

τ
pµs, Zsq

¯

“ Mg.Apρ´1
g .X, ρ̂´1

g .Y, µs, Zsq
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Σpνs, Z̃sq “ Eπ
”´

ApX, Y, νs, Z̃sq
¯

b

´

ApX, Y, νs, Z̃sq
¯ı

“ Eπ
“`

Mg.Apρ´1
g .X, ρ̂´1

g .Y, µs, Zsq
˘

b
`

Mg.Apρ´1
g .X, ρ̂´1

g .Y, µs, Zsq
˘‰

“ Mg.Eπ
“`

Apρ´1
g .X, ρ̂´1

g .Y, µs, Zsq
˘

b
`

Apρ´1
g .X, ρ̂´1

g .Y, µs, Zsq
˘‰

.MT
g

“ Mg.Eπ rpApX, Y, µs, Zsqq b pApX, Y, µs, Zsqqs .MT
g

“ Mg.Σpµs, Zsq.M
T
g

Where we’ve used the G-invariance of π and the definition of the outer product b. In
short, we’ve proven that:

Σpνs, Z̃sq “ MgΣpµs, ZsqM
T
g

In particular, as the square root of a symmetric positive definite matrix is unique, it
must hold that: ?

Σpνs, Z̃sq “ Mg

?
Σpµs, ZsqM

T
g

ñ Mg

?
Σpµs, Zsq “

?
Σpνs, Z̃sqMg

With this, we have14:

Z̃t “ Z̃0 ´

ż t

0

ςpsq
´

DµR
τ
pνs, Z̃sq ` β∇θUpZ̃sq

¯

ds

`

c

α

B

ż t

0

ςpsq
?
Σpνs, Z̃sqMgdBs `

a

2β

ż t

0

ςpsqMgdB̃s

“ Z̃0 ´

ż t

0

ςpsq
´

DµR
τ
pνs, Z̃sq ` β∇θUpZ̃sq

¯

ds

`

c

α

B

ż t

0

ςpsq
?
ΣpZ̃s, νsqdMgBs `

a

2β

ż t

0

ςpsqdMgB̃s

Thus, pZ̃tqtě0 is a solution to the SDE (with the same initial condition) but with the
D-dimensional BMs pWtqtě0 :“ pMgBtqtě0 and pW̃tqtě0 :“ pMgB̃tqtě0. As previously
mentioned, due to uniqueness in law (guaranteed by the Yamada-Watanabe theorem),

this implies that Z̃t
pdq
“ Zt for all t ě 0, and consequently, µt “ Mg#µt, @t ě 0, which

concludes the proof.

Proof of Theorem 15 and Theorem 16. We will prove theorem 16, since the proof of theorem 15
shall be recovered by formally considering β “ 0.

Consider the (pathwise unique) solution of the SDE (5.6), Z “ pZtqtě0. This means
that it satisfies:

Zt
a.s.
“ Z0 ´

ż t

0

ςpsqDµR
τ
pµs, Zsqds `

a

2β

ż t

0

ςpsqPEGdBs, and Z0 “ ξ0 pinitial conditionq

(C.3)

14We have used that
şt

0
XpsqdWs

a.s.
“

şt

0
XpsqMgdBs, which follows from the definition of the BM as a limit

of increments.
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With ξ0 such that Lawpξ0q “ µ0.

We first let g P G be an arbitrary group element, and we study how the process Z̃ “

pZ̃tqtě0 :“ pMgZtqtě0 satisfies this same equation (C.3).

Denote νs :“ Mg#µs as the law of Z̃s (see Lemma 7), we want to show that for all t ě 0:

Z̃t
a.s.
“ Z̃0 ´

ż t

0

ςpsqDµR
τ
pνs, Z̃sqds `

a

2β

ż t

0

ςpsqPEGdBs (C.4)

Indeed, first notice that:

1. Let Ω be the full measure set where ξ0 P EG (which we can do since µ0 P PpEGq, or,
equivalently: Ppξ0 P EGq “ 1). Then, @ω P Ω, Z0pωq “ ξ0pωq P EG. In particular,
@ω P Ω, @g P G, Z̃0pωq “ MgZ0pωq “ Mgξ0pωq “ ξ0pωq “ Z0pωq. That is, Z̃0

a.s.
“ Z0.

2. Now, the equation is satisfied by pZtqtě0 and therefore, for t ě 0 , we have:

Z̃t “ MgZt “ MgZ0 ´ Mg

ˆ
ż t

0

ςpsqDµR
τ
pµs, Zsqds

˙

`
a

2βMg

ż t

0

ςpsqPEGdBs

“ Z̃0 ´

ż t

0

ςpsqMgDµR
τ
pµs, Zsqqds `

a

2β

ż t

0

ςpsqMg.PEGdBs

“ Z̃0 ´

ż t

0

ςpsqDµR
τ
pMg#µs,Mg.Zsqds `

a

2β

ż t

0

ςpsqPEGdBs

“ Z̃0 ´

ż t

0

ςpsqDµR
τ
pνs, Z̃sqds `

a

2β

ż t

0

ςpsqPEGdBs

Here, we used the linearity of the integral (and the stochastic integral), the fact that
@g P G, MgPEG “ PEG , and Proposition 31 (as R is G-invariant, as well as r : X Ñ R),
which holds for @θ P Z, @µ P PpZq (in particular for θ “ Zspωq, @ω P Ω and µs “

LawpZsq). Thus, @g P G, (C.4) holds.

By the pathwise uniqueness of the solution pZtqtě0, we (5.6) we have15:

P
ˆ

sup
tě0

}Zt ´ Z̃t} “ 0

˙

“ 1

In particular, as g P G was arbitrary, we have that:

@g P G, sup
tě0

}Zt ´ MgZt}
a.s.
“ 0 (C.5)

We now want to be able to interchange the @g P G with the probability measure. Fortunately,
we are dealing with a compact group with a normalized Haar measure λG.

Indeed, from equation (C.5) we deduce that @g P G, @t ě 0, Pp}Zt ´ MgZt} “ 0q “ 1.

15More information shall be found in Ethier and Kurtz [29]
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Now, notice that, for any t ě 0 and ω P Ω:

}Ztpωq ´ PEGZtpωq} “

›

›

›

›

Ztpωq ´

ż

G

Mg.ZtpωqdλGpgq

›

›

›

›

“

›

›

›

›

ż

G

pZtpωq ´ Mg.ZtpωqqdλGpgq

›

›

›

›

by property of the integral ď

ż

G

}Ztpωq ´ Mg.Ztpωq} dλGpgq

Now, we can integrate both sides by P to get (using Fubini as functions are positive and
measurable):

0 ď

ż

Ω

}Ztpωq ´ PEGZtpωq}dPpωq ď

ż

Ω

ż

G

}Ztpωq ´ Mg.Ztpωq} dλGpgqdPpωq

ď

ż

G

ż

Ω

}Ztpωq ´ Mg.Ztpωq} dPpωqdλGpgq “ 0

where in the last step we have used the fact that @g P G, @t ě 0, Pp}Zt ´ MgZt} “ 0q “ 1,
so that @t ě 0, @g P G,

ş

Ω
}Ztpωq ´ Mg.Ztpωq} dPpωq “ 0.

This implies that @t ě 0 P-a.s. Zt “ PEGZt, i.e. PpZt P EGq “ µtpEGq “ 1, or, in fancier
words, @t ě 0, µt P PpEGq.

Proof of the equivalent condition resulting from Theorem 15. As for all t ě 0 we get: 1 “

P
`

@t̃ ě 0, Zt̃ P EG
˘

ď P
`

Zt P EG
˘

“: µtpEGq ď 1, we get the first implication.

For the reverse implication, assume that for all t ě 0 we have µtpEGq “ 1. i.e. if we define
Ωt :“ tZt P EGu, we have PpΩtq “ 1, @t ě 0. It will suffice to show that

č

tPQ`

Ωt “
č

tě0

Ωt

as we will then have: P
´

Ş

tPQ`
Ωt

¯

“ 1 as a countable intersection of almost sure events.

This will, in turn, give us that:

P
`

@t P r0, T s, Zt P EG
˘

“ 1

To show our claim, the Ě inclusion is direct; the other inclusion follows from the continuity
of the solution of the SDE16. Let ω P

Ş

tPQ`
Ωt, then @t̃ P Q`, Zt̃pωq P EG. Let t ě 0.

we know that DptnqnPN Ď Q` such that tn ÝÝÝÑ
nÑ8

t; by the continuity of pZtpωqqtě0, we get

that limnÑ8 }Ztnpωq ´ Ztpωq} “ 0. As @n P N, Ztnpωq P EG, and EG is closed17, we get that
Ztpωq P EG. i.e. we have proven that @t ě 0, Ztpωq P EG, which means that ω P

Ş

tě0Ωt.

16This shouldn’t be hard to verify, as @ω P Ω, pZtpωqqtě0 just follows an equation driven by pBtpωqqtě0,
which has continuous trajectories.

17EG “
Ş

gPGtθ P RD : pMg ´ Iqθ “ 0u “
Ş

gPGpMg ´ IdDq´1pt0uq which is an intersection of closed sets
(thanks to the continuity of Mg, @g P G)
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Proof of Corollary 13 and Corollary 14. Let pµFAt qtě0 and pµtqtě0 be the WGF solutions
starting from µ0 for R

FA and R respectively. Then, as RFA isG-invariant (see proposition 40),
by theorem 14, pa.e.q@t ě 0, µFAt P PGpZq. Now, let’s see that this process actually also
satisfies the WGF for R, forcing both processes to coincide by the uniqueness of the WGF.

Indeed, we know that pµFAt qtě0 satisfies: @φ P C8
c pZ ˆ p0, T qq:

ż T

0

ż

Z

`

Btφpz, tq ´ xςptqDµR
FA

pµFAt , zq,∇zφpz, tqy
˘

dµFAt pzq dt “ 0

Now, as: pa.e.q@t ě 0, µFAt P PGpZq (and thus, µFAt “ pµFAt qG), we have that, @z P Z:

DµR
FA

pµFAt , zq “

ż

G

MT
g .DµRppµFAt q

G,Mg.zqdλGpgq “

ż

G

MT
g .DµRpµFAt ,Mg.zqdλGpgq

Where we’ve expanded the expression of DµR
FA using proposition 41. Now, as R is supposed

to be G-invariant, we can use proposition 31 to see that (once again using that µFAt is G-
invariant):

DµRpµFAt ,Mg.zq “ Mg.DµRpM´1
g .µFAt , zq “ Mg.DµRpµFAt , zq

Putting it all together, we have:

DµR
FA

pµFAt , zq “

ż

G

MT
g .Mg.DµRpµFAt , zqdλGpgq “ DµRpµFAt , zq

So, in particular, pµFAt qtě0 satisfies @φ P C8
c pZ ˆ p0, T qq:

ż T

0

ż

Z

`

Btφpz, tq ´ xςptqDµRpµFAt , zq,∇zφpz, tqy
˘

dµFAt pzq dt “ 0

Implying that pµFAt qtě0 is a solution of the WGF of R starting from µ0. By uniqueness, we
get: pµFAt qtě0 “ pµtqtě0.

The extension to the case of corollary 14 comes from the fact that, even when R isn’t
G-invariant, we have from proposition 41 (and also using the G-invariance of µFAt ), @z P Z:

DµR
FA

pµFAt , zq “

ż

G

MT
g .DµRppµFAt q

G,Mg.zqdλGpgq “

ż

G

MT
g .DµRpµFAt ,Mg.zqdλGpgq

DµR
G

pµFAt , zq “

ż

G

MT
g .DµRpMg#µ

FA
t ,Mg.zqdλGpgq “

ż

G

MT
g .DµRpµFAt ,Mg.zqdλGpgq

i.e. DµR
FApµFAt , zq “ DµR

GpµFAt , zq, @z P Z, allowing us to conclude as before.
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Annex D

Reference Results from the Literature

D.1 Mean Field Theory of Shallow NNs

D.1.1 Key Assumptions for the results of chapter 2

Here we present some of the standard assumptions from the literature for the different results
presented throughout our work.

Assumption 7 (Assumptions for Proposition 7 (taken from Chizat and Bach [16])) Consider
a setting as described in proposition 6, with Rpµq :“ LpxΦ, µyq ` τ

ş

Z rdµ.

1. Let Z to be the closure of a convex open set within some finite-dimensional euclidean
space.

2. Let L : H Ñ R` be differentiable, with a differential dL that is Lipschitz on bounded
sets and bounded on sublevel sets.

3. Let Φ : Z Ñ H be differentiable and V : Z Ñ R` be semiconvex (i.e. Dλ P R :
V ` λ| ¨ |2 is convex).

4. There exists a family pQrqrą0 of nested nonempty closed convex subsets of Z
such that:

(a) tu P Ω; distpu,Qr1q ď ru Ă Qr`r1 for all r, r1 ą 0,

(b) Φ and V are bounded, and dΦ is Lipschitz on each Qr

(c) DC1, C2 ą 0 such that supuPQr
p}dΦpuq} ` }BV puq}q ď C1 `C2r for all r ą 0, where

}BV puq} stands for the maximal norm of an element in BV puq.

Assumption 8 (Assumptions for the POC result, Theorem 4) We state some of the common
assumptions for which results are known:

1. Sirignano and Spiliopoulos [78]. Let Z “ R ˆ Rd with σ˚px, pw, aqq “ wσpaTxq.
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• σ P C2
b pRq i.e. σ is twice continuously differentiable and bounded.

• The data is i.i.d. distributed according to π P PpX ˆYq such that Eπr}X}4 ` |Y |4s

is bounded.

• The parameters are initialized i.i.d. drawn from a distribution µ0 P PpZq is such
that: EpW,Aq„µ0rexppq|W |qs ă C for some 0 ă q ă 8 and EpW,Aq„µ0r}A}4qs ă C

2. Mei et al. [57]. Let Z “ R ˆ Rd.

• The activation function px, θq ÞÑ σ˚px; θq is bounded, with sub-Gaussian gradient:
}σ˚}8 ď C2, }∇θσ˚pX; θq}ψ2 ď C2. Labels are bounded |yk| ď C2.

• The gradients θ ÞÑ ∇F pθq, pθ1, θ2q ÞÑ ∇θ1Kpθ1, θ2q are bounded, Lipschitz continuous;
namely }∇θF pθq}2, }∇θ1Kpθ1, θ2q}2 ď C3, }∇θF pθq ´ ∇θF pθ1q}2 ď C3}θ ´ θ1}2,
}∇θ1Kpθ1, θ2q ´ ∇θ1Kpθ1

1, θ
1
2q}2 ď C3}pθ1, θ2q ´ pθ1

1, θ
1
2q}2.

• The initialization is i.i.d. drawn from µ0 P PpZq.

• In the general case, assume the function t ÞÑ ςptq to be bounded Lipschitz: }ς}8, }ς}Lip ď

C1, with
ş8

0
ςptq dt “ 8. Also, let ε “ εN such that limNÑ8 εN “ limNÑ8 εN logpN{εNq “

0 and limNÑ8 N{ logpN{εNq “ 8

Only for the Noisy case, assume:

• F P C4pZq, K P C4pZ ˆ Zq with ∇k
θi
Kpθ1, θ2q uniformly bounded for 0 ď k ď 4.

3. Descours et al. [24]. Consider, for N ě 1, the σ-algebras, F0
N “ σ tZ0

i , i “ 1, . . . , Nu

and, for k ě 1, Fk
N “ σ

`

Z0
i , tB

k´1
j uj“0, tε

k´1
i,j uj“0, i P t1, . . . , Nu

˘

. Assume:

• For all k, q P N, |Bq| KK pXk
n, Y

k
n qně1. Also, @k P N, |Bk|, pXk

n, Y
k
n qně1 KK Fk

N

• The activation function σ˚ : X ˆ Z Ñ R belongs to C8
b pX ˆ Zq.

• For all ℓ ‰ k P N, pXℓ
n, Y

ℓ
n qně1 KK pXk

n, Y
k
n qně1. Also, @k P N, the batch of data is

drawn i.i.d. from π P PpX ˆ Yq s.t. Eπr|Y |16γ
˚

s is finite.

• Parameters are initialized i.i.d. from µ0 P PpZq such that Eµ0r|Z|8γ
˚

s ă `8.

• @k P N, @i P t1, . . . , Nu, ξki „ N p0, IdZq and ξki KK Fk
N . Also, @k, l P N, @i, j P

t1, . . . , Nu s.t. pi, kq ‰ pj, lq, ξki KK ξlj.

4. Bortoli et al. [9]. Let there exist measurable functions Φ : X Ñ r1,`8q and Ψ : Y Ñ

r1,`8q such that:

• ℓ : R ˆ Y Ñ R` is s.t. @y P Y , pỹ ÞÑ ℓpỹ, yqq P C3pRq, and @ŷ P R, @y P Y
|B1ℓp0, yq| ď Ψpyq, |B2

1ℓpŷ, yq| ` |B3
1ℓpŷ, yq| ď Ψpyq.

• σ˚ : X ˆ Z Ñ R is such that @x P X , pθ ÞÑ σ˚px, θqq P C3pZq and

}σ˚px, θq} ` }D1
θσ˚px, θq} ` }D2

θσpx, θq ` }D3
θσ˚px, θq} ď Φpxq,

• r P C3pZq satisfies supθPZt}D2
θrpθq} ` }D3

θrpθq}u ă `8

• The data distribution π P PpX ˆ Yq is s.t. EπrΦ10pXq ` Ψ4pY qs ă 8

Assumption 9 (Assumptions for theorem 5 (taken from Chizat and Bach [16])) Consider
the following assumptions:
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1. Chizat and Bach [16]. Assume their 1-partially homogeneous case, with Z “ R ˆ Z̃
with Z̃ Ď RD´1 and @pw, θq P Z, σ˚pw, θq “ wσ̃˚pθq :“ rx P X ÞÑ wσ̃˚px; θqs P

H :“ L2pX ,Y ; πX q and V pw, θq “ |w|Ṽ pθq. Let Lpfq “ Eπ rℓpfpXq, Y qs defined over
L2pX ,Y ; πX q and see R as Rpµq “ Lpxσ˚, µyq.

• Let σ̃ and Ṽ be bounded and differentiable, with Lipschitz differential.

• L is convex, differentiable with differential dL that is Lipschitz on bounded
sets and bounded on sublevel sets.

• @h P H (it is enough for it to hold for h “ L1p
ş

σ˚dµq with µ P MpZq), the set of

regular values of gh : θ P Z̃ ÞÑ xh, σ̃˚pθqy ` Ṽ pθq is dense in its range.

• σ̃˚ behaves nicely at the boundary of the domain. i.e. Either:

– Z̃ “ RD´1 and @h P H, θ P SD´2 ÞÑ ghprθqconverges uniformly in
C1pSD´2q as r Ñ 8, to a function satisfying the Sard-type regularity.

– Z̃is the closure of an bounded open convex set and for all h P H, gh
satisfies Neumann boundary conditions (i.e., for all θ P BZ̃, dpghqθpn⃗θq “

0, where n⃗θ P RD´1 is the normal to BZ̃at θ).

• The initial condition µ0 satisfies that: for some r0 ą 0, the support of µ0 is
contained in r´r0, r0s ˆ Z̃ and separates1 p´r0q ˆ Z̃ from pr0q ˆ Z̃ (this is referred
to as a separation property of the initial condition.).

Assumption 10 (Assumptions for the well definedness of Hu et al. [38] and Chen et al. [13])
Assume that the intrinsic derivative DµR : PpZq ˆ Z Ñ Z of the functional R : PpZq Ñ R
exists and satisfies the following conditions:

1. Hu et al. [38]. Assume:

• DµR is bounded and Lipschitz continuous, i.e. DCR ą 0 s.t. @z, z1 P Z, @µ, µ1 P

P2pZq,
|DµRpµ, zq ´ DµRpµ1, z1

q| ď CRr|z ´ z1
| ` W2pµ, µ

1
qs

• @µ P PpZq, DµRpµ, ¨q P C8pZq.

• ∇DµR : PpZq ˆ Z Ñ Z ˆ Z is jointly continuous.

2. Chen et al. [13]. They relax some differentiability conditions at the cost of boundedness
assumptions:

• @x P Z, @m,m1 P P2pZq, |DµRpm,xq ´ DµRpm1, xq| ď MR
mmW1pm,m

1q for some
constant MR

mm ě 0 (i.e. it is lipschitz on the measure argument).

• Suppose that
sup

µPP2pZq

sup
xPZ

|∇DµRpµ, xq| ď MR
mx

for some constant MR
mx ě 0 i.e. ∇DµRpµ, xq is uniformly bounded. 2

1In an ambient space Z, the set C separates the sets A and B if any continuous path in Z with endpoints
in A and B intersects C.

2They state that they are NOT requiring a coercivity condition, as is the case in Hu et al. [38] with the
assumption 3
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Some less relevant assumptions, specific to the result by Suzuki et al. [82] are:

Assumption 11 (from Suzuki et al. [82]) The loss function R and the regularization term
r are convex. Specifically,

1. R : PpZq Ñ R is a convex functional on PpZq, that is, Rpθµ ` p1 ´ θqνq ď θRpµq `

p1 ´ θqRpνq for any θ P r0, 1s and µ, ν P PpZq.

2. Moreover, R admits a first-variation at any µ P P2pZq.

3. rp¨q is twice differentiable and convex.

4. There exist constants λ1, λ2 ą 0 and cr ą 0 such that λ1IdZ ď ∇∇Jrpxq ď λ2IdZ (in
the matrix order), xJ∇rpxq ě λ1}x}2, and 0 ď rpxq ď λ2pcr ` }x}2q for any x P Z, and
∇rp0q “ 0.

Assumption 12 (from Suzuki et al. [82]) Assume that:

1. There exists L ą 0 such that

}DµRpµ, xq ´ DµRpµ1, x1
q} ď LpW2pµ, µ1

q ` }x ´ x1
}q

(i.e. the intrinsic derivative is Lipschitz), and
›

›

›

›

B2R

Bµ2
pµ, x, x1

q

ˇ

ˇ

ˇ

ˇ

ď Lp1 ` cLp}x}
2

` }x1
}
2
qq

for any µ, µ1 P P2pZq and x, x1 P Z.

2. There exists C ą 0 such that }DµRpµ, xq} ď C for any µ P PpZq and x P Z. i.e. the
intrinsic derivative is bounded.

Assumption 13 (from Suzuki et al. [82]) Assume that there exists ϑ ą 0 such that µ˚ and

ν̂Nθ satisfy LSI(ϑ) @θ “ pθiq
N
i“1 P ZN .

D.1.2 A note about the Central Limit Theorem of shallow NNs

Similar in spirit to the usual Central Limit Theorem (CLT) from probability theory, we
will be interested in the fluctuations of the empirical process around its mean. Let µN, ε “

pνN
tt{εu

qtě0 P DEpr0, T sq be the empirical process associated to the general SGD Dynamics

(equation (2.2)) and µ “ pµtqtě0 the unique solution of the associated DD (equation (2.5)),
both starting from µ0.

We will be interested in understanding the fluctuation process given by:

ηN, εt :“
?
NpµN, εt ´ µtq

The main idea will be to try to determine whether this fluctuation process has a fixed
asymptotic law (possibly another process in DEpr0, T sq), in a similar way to how the usual
CLT works.
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The natural candidate would correspond to aGaussian distribution in the spaceDEpr0, T sq.
Let’s define it in the following manner (where the exact definition of the relevant spaces shall
be found in Descours et al. [24]):

Definition D.1 ((G-process) as in Descours et al. [24]) We say that G P CpR`, H´J0,j0pZqq

is a G-process if for all k ě 1 and f1, . . . , fk P HJ0,j0pZq,

tt ÞÑ pxf1,Gty, . . . , xfk,Gtyq
J, t P R`

u P CpR`,Rk
q

is a process with zero-mean, independent Gaussian increments (and thus a martingale), and
with covariance structure given by: for all 1 ď i, j ď k and all 0 ď s ď t,

Cov pxfi,Gty, xfj,Gsyq “ α2E
„

1

|B8|

ż s

0

CovpQvrfispx, yq, Qvrfjspx, yqq dv

ȷ

where Qvrf spx, yq “ py ´ xσ˚p¨, xq, µ̄vyqx∇f ¨ ∇σ˚p¨, xq, µ̄vy for f P HJ0,j0pZq and µ̄ is the
solution to the DD equation (2.7).

Definition D.2 Let ν be a H´J0`1,j0pZq-valued random variable. We say that a CpR`, H´J0`1,j0pZqq-
valued process η on a probability space is a weak solution of equation (D.1) with initial
distribution ν if there exists a G-process G P CpR`, H´J0,j0pZqq such that the following
equation holds:

a.s. @f P HJ0,j0pZq, @t P R`,

xf, ηty ´ xf, η0y “

ż t

0

ż

XˆY

αpy ´ xσ˚p¨, xq, µ̄syqx∇f ¨ ∇σ˚p¨, xq, ηsyπpdx, dyq

´

ż t

0

ż

XˆY

αxσ˚p¨, xq, ηsyx∇f ¨ ∇σ˚
p¨, xq, µ̄syπpdx, dyq ` xf,Gty

(D.1)
and η0 “ ν in distribution.

In addition, we say that weak uniqueness holds if for any weak two solutions η1 and η2
of equation (D.1) (possibly defined on two different probability spaces) with the same initial
distributions, it holds η1 “ η2 in distribution.

The main theorem of this branch of the literature states as follows:

Assumption 14 (From Descours et al. [24]) Further assume:

1. The distribution µ0 P PpZq is compactly supported.

2. |Bk| Ñ |B8| a.s. as k Ñ 8

Theorem 18 ((Central Limit Theorem) as in Descours et al. [24]) Assume assumption 8
(3.) and assumption 14. Consider the quadratic loss ℓpy, ŷq “ |y ´ ŷ|2; let εN “ 1

N
and

ς ” α ą 0 (i.e. sNk “ α
N

is the simple learning rate).

Let pθkqkPN be obtained from following the minibatch SGD Dynamics (equation (2.2)
with τ “ 0 and the noise term divided by N δ with δ ą 1

4
) starting from µ0; and let
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µ :“ pµtqtě0 P DEpr0, T sq be the unique solution of the simple distributional dynamics
(equation (2.7)) starting from µ0. Define the rescaled empirical training process as µN :“
pνN

tNtuqtě0 P DEpr0, T sq and the fluctuation process as ηN “ pηNt qtě0 :“ p
?
NpµNt ´ µtqqtě0 P

DEpr0, T sq.Then:

1. (Convergence) The sequence pηNqNě1 Ă DpR`, H´J0`1,j0pZqq converges in distribution
to a process η˚ P CpR`, H´J0`1,j0pZqq.

2. (Limit equation) Let ν0 be the unique H´J0`1,j0pZq-valued random variable such that
for all k ě 1 and f1, . . . , fk P HJ0´1,j0pZq,

pxf1, η
˚
0 y, . . . , xfk, η

˚
0 yq

J
„ N p0,Γpf1, . . . , fkqq ,

where Γpf1, . . . , fkq is the covariance matrix of the vector pf1pW
0
1 q, . . . , fkpW 0

1 qqJ. The
process η˚ has the same distribution as the unique weak solution η‹ of equation (D.1)
with initial distribution ν0.

This also holds in the setting of Sirignano and Spiliopoulos [81], where pθkqkPN just follows
the simple SGD Dynamics (equation (2.1)); it is a particular case, in which Bk ” 1 @k P N
and thus B8 “ 1 in the definition of the G-process.

Remark 1. Notice that equation (D.1) is a stochastic PDE that is linear (in η), whereas
the DD from equation (2.7) is a deterministic PDE but NON-Linear. Also, equation (D.1)
is clearly coupled to the DD. By its linearity, as the equation is driven by a Gaussian
process, the limit ηt itself must also be a Gaussian process.

2. As in the usual probabilistic setting, theorem 18 allows us to approximate our rv’s
behaviour, for large N as:

νNtNtu « µt `
1

?
N
ηt

where ηt has a Gaussian distribution with a specific variance-covariance structure.

3. As shown by the combination of simple Propagation of Chaos (theorem 3) and CLT
(theorem 18) results, we get some insight about how training of the NN should take
place: the number of hidden units and stochastic gradient steps should be of the same
order to have convergence and statistically good behavior (e.g. k “ NT SGD
steps for N hidden units).

Having understood how fluctuations of our training process evolve overtime; we are now
interested in discovering whether this process will converge to a meaningful distribution for
the problem.

D.1.3 Existence and Uniqueness of Solutions for the McKean-
Vlasov Dynamic

In their paper, Bortoli et al. [9] prove the existence of strong solutions with pathwise
uniqueness for the non-homogeneous McKean-Vlasov equation with non-constant covariance
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matrix (based on Theorem 1.1. of Sznitman [83]); i.e.

dZt “ bpt, Zt, µtqdt ` σpt, Zt, µtqdBt

where b and σ satisfy the conditions of B2 (presented right after) and for all t ě 0, µt “

LawpZtq P P2pRDq, pBtqtě0 is an r-dimensional Brownian motion (in the case where r could
be different from D), and Z0 has law (fixed) µ0 P P2pRDq. For this, consider the following
technical assumptions (B1 and B2) which have been taken directly from [9]

Assumption 15 (Assumptions for the existence/uniqueness of solutions in Bortoli et al. [9])
Consider:

B1. There exist a measurable function g : RD ˆ W Ñ R, M1 ě 0 and µ0 P P2pRDq such
that for any N P N, the following hold.

(a) For any w1, w2 P RD and z P W we have

}gpw1, zq ´ gpw2, zq} ď ζpzq}w1 ´ w2}, and }gpw1, zq} ď ζpzq

with
ş

W ζ2pzq dπWpzq ă `8

(b) bN P CpR` ˆ RD ˆ P2pRDq,RDq and σN P CpR` ˆ RD ˆ P2pRDq,RDˆrq.

(c) For any w1, w2 P RD and µ1, µ2 P P2pRDq

sup
tě0

!

}bNpt, w1, µ1q ´ bNpt, w2, µ2q} ` }σNpt, w1, µ1q ´ σNpt, w2, µ2q}

)

ď M1

ˆ

}w1 ´ w2} `

ˆ
ż

W

ż

RD

|xgp¨, zq, µ1y ´ xgp¨, zq, µ2y|
2 dπWpzq

˙1{2
)

˙

,

sup
tě0

t}bNpt, 0, µ0q} ` }σNpt, 0, µ0q}u ď M1.

B2. There exist M2 ě 0, κ ą 0, b P CpR` ˆ RD ˆ P2pRDq,RDq and σ P CpR` ˆ RD ˆ

P2pRDq,RDˆrq such that

sup
tě0,wPRD,µPP2pRDq

t}bNpt, w, µq ´ bpt, w, µq} ` }σNpt, w, µq ´ σpt, w, µq}u ď M2N
´κ.

They use this to prove the following key result:

Proposition 47 (11 of Bortoli et al. [9]) Assuming B1 and B2. Given µ0 P P2pRDq as
a fixed initial condition; THEN, there exists an pFtqtě0-adapted process pZtqtě0 that is the
unique (pathwise) strong solution of the McKean-Vlasov SDE:

dZt “ bpt, Zt, µtqdt ` σpt, Zt, µtqdBt

Additionally, it satisfies for each T ě 0: suptPr0,T s Er}Zt}
2s ă 8
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