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Abstract

A group action on a compact Riemann surface induces an action
on the vector space of holomorphic differentials; the analytic represen-
tation of the action. This thesis deals with dihedral actions. First, a
bijective correspondence between geometric signatures and analytic rep-
resentations is obtained. Second, a refinement of a result of Bujalance,
Cirre, Gamboa, and Gromadzki about signature realization is provided.
Finally, we relate our results to decomposition of Jacobians by Prym
varieties and elliptic curves, extending results of Carocca, Recillas, and
Rodriguez.

Resumen

Una accién de grupo en una superficie de Riemann compacta induce
una accién en el espacio vectorial de diferenciales holomorfos; la repre-
sentacién analitica de la accion. Esta tesis trata sobre acciones dihedra-
les. Primero, se obtiene una correspondencia biyectiva entre signaturas
geométricas y representaciones analiticas. Segundo, se entrega un refina-
miento de un resultado de Bujalance, Cirre, Gamboa y Gromadzki sobre
realizacién de signaturas. Finalmente, relacionamos nuestros resultados
con descomposiciones de Jacobianas por variedades de Prym y curvas
elipticas, extendiendo resultados de Carocca, Recillas y Rodriguez.
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Introduction

With the advent of significant advancements in computer algebra systems and
finite group theory at the turn of the twenty first century, the investigation of
automorphism groups of compact Riemann surfaces has witnessed a renewed
surge of interest.

While the field rests upon foundational results established by Riemann,
Klein, Wiman, and Hurwitz, a vast majority of the literature has been pub-
lished within the past three decades. This renewed interest is based in part
in two key aspects of the area. First, it boasts a rich landscape of open
problems. Second, its capacity to leverage concepts and techniques from var-
ious mathematical disciplines—including geometry/topology, algebra, combi-
natorics, number theory, and Galois theory—provides a rich toolkit for tack-
ling these problems.

The following examples should provide some insight into this interplay and
the various points of view that have emerged in the past few decades.

(1) Construction of Riemann surfaces with actions can be achieved through
various methods. Some methods draw from algebraic topology (mon-
odromy epimorphisms), the uniformization theorem (surface kernel epi-
morphisms), algebraic geometry (defining equations), or hyperbolic ge-
ometry (tilings by fundamental domains).

(2) The action of a group of automorphisms can be classified up to signature.
This classification in turn is equivalent to finding subgroups of Fuchsian
groups. Thus, many open problems involve studying Fuchsian groups,
their subgroups, and their over groups.

(3) Riemann’s existence theorem provides two conditions under which a
group acts on a Riemann surface with a given signature. While the first
condition is a simple arithmetic check, the second one (the existence of a
surface kernel epimorphism) is computationally nontrivial and the focus
of much current research.

(4) The study of the variation in the automorphism group among all possible
Riemann surfaces of a fixed genus has been carried out with the help of
moduli and Teichmiiller spaces.

(5) As compact Riemann surfaces are in natural bijection with smooth, ir-
reducible projective curves, studying Riemann surfaces provides insight
into questions about curves.



(6) Torelli’s theorem establishes a strong correspondence between curves and
Jacobian varieties. Furthermore, the automorphism group of a curve can
be used to decompose its Jacobian variety. Most importantly for this
thesis, the theory of abelian varieties provides a natural way to lift a
group action on a curve into its analytic representation.

For an excellent overview of the field, we refer to [4] for a historical perspec-
tive and to [5] for an expository article on open problems and future directions.

Broughton’s seminal 1990 paper [2] established the modern perspective on
classifying finite group actions on compact Riemann surfaces, with Fuchsian
groups playing a central role. We refer to [3] for an up-to-date treatment of
this topic. Databases of actions on low genus can be consulted in [12, 20].

The theory of group algebra decomposition of Jacobian varieties is a rela-
tively recent development, pioneered by the works of Lange and Recillas [22],
and Carocca and Rodriguez [9] in the early 2000s. Shortly thereafter, Rojas
in [37] introduced the notion of geometric signature, a generalization of the
usual signature of an action. Rojas’ article proved that the geometric sig-
nature captures much information: the geometric structure of the lattice of
intermediate covers, the isotypical decomposition of the rational representa-
tion of the group action, and the dimension of the subvarieties of the group
algebra decomposition. For a survey of the broader area of group actions on
abelian varieties, we refer to [35]. For more recent developments, see [8, 34].

Dihedral actions on compact Riemann surfaces serve as a rich study case.
Notably, they are foundational examples for the theory of group algebra de-
compositions of Jacobians, providing valuable insights into the general struc-
ture of these decompositions. Concretely, Recillas and Rodriguez in [31]
worked out the case S3 = D3 (1998), and later, Carocca, Recillas, and Rodriguez
in [7] gave a more general treatment of dihedral actions (2002). In a different
line of research, Bujalance, Cirre, Gamboa, and Gromadzki in [6] provided
necessary and sufficient conditions for a signature to admit a dihedral action
(2003). For related works on Riemann surfaces or abelian varieties with dihe-
dral actions, see [17, 24, 32].

In this thesis we deal with dihedral actions on compact Riemann surfaces
of genus g > 2. Our aim is to understand in detail the interplay between
different notions of geometric data of an action. The main results are:

(1) We prove that there is a bijective correspondence between geometric
signatures and analytic representations of dihedral actions on compact
Riemann surfaces (Theorem 2.3). Explicit formulas are provided.



(2) We state necessary and sufficient conditions for a geometric signature to
admit a dihedral action (Theorem 3.4 and Theorem 3.5); this result is a
refinement of [6].

(3) We solve the problem of deciding when a C-representation is the analytic
representation of a dihedral action (Theorem 3.6 and Theorem 3.7).

(4) We prove that the dihedral group D, is Prym-affordable if and only if n
is the power of a prime number (Theorem 4.3), extending results of [7].

(5) We characterize the group algebra components of a Jacobian with D,,-
action (n odd) that are isogenous to the Prym variety of an intermediate
cover (Theorem 4.4).

(6) We provide an exhaustive list of (geometric) signatures of D,, for which
the group algebra decomposition provides a complete decomposition of
the Jacobian (Theorem 4.5).

(7) We generalize (6) and give an exhaustive list of (geometric) signatures of
D,, for which the group algebra decomposition provides a decomposition
of the Jacobian into factors of equal dimension (Theorem 4.6).

This thesis is organized as follows. In Chapter §1 we shall briefly review
the basic background: group actions on Riemann surfaces, Q-representations,
abelian varieties, and representations of automorphism groups. The main
results of this thesis will be stated and proved in Chapter §2 (interplay between
geometric data) and Chapter §3 (geometric signature realization). Finally,
Chapter §4 will be concerned with applications to decomposition of Jacobians.






Chapter 1

Preliminaries

In this chapter we briefly review the basic background needed to state and
prove the results of this thesis.

1.1 Group actions on Riemann surfaces

A Riemann surface is a connected complex analytic manifold of complex di-
mension 1. A map between Riemann surfaces is holomorphic if its expression
in local charts is holomorphic. An action of a group G on a Riemann surface
S is a monomorphism G — Aut(S) into the automorphism group of S. Hence-
forth, S denotes a compact Riemann surface of genus g > 2 with a G-action.
A classical result due to Hurwitz states that G is finite and |G| < 84(g — 1).
Each G-action on S induces a Galois covering ng : S — Sg, where Sg
denotes the quotient Riemann surface given by the action of G on S. The
signature of the action is the tuple (v;mq,...,m,), where v is the genus of S¢
and myq,...,m, are the ramification indices of the branch values of 7. If the
action has signature as above, then it satisfies the Riemann-Hurwitz formula

v
1
20 —2=|G| |2y -2 1——
-2 |2y +;( )

Definition 1.1. Following [37], the geometric signature of the Galois covering
g S — Sg is the (v + 1)-tuple

(")/; Gl, ceey Gv),

where ~y is the genus of Sg, and G1,...,G, are the stabilizer subgroups of G
associated to the (G-orbits of the) ramification points of 7mg. Such subgroups

5



CHAPTER 1. PRELIMINARIES 6

are determined up to conjugation and reenumeration. (Strictly speaking, the
geometric signature is given by the conjugacy classes of the stabilizers, but we
denote them by a representative.)

It is worth mentioning that two actions of the same group with the same
signature can have different geometric signatures, as we shall see later.

Remark 1.1. If ¢ € G and a € Z,, then the symbol (g)* in a geometric
signature abbreviates (g),.%.,(g). Similarly, if m > 2 is an integer, then the
symbol m® in a signature abbreviates m,.%., m.

For any pair of subgroups H < K of G, the induced maps W[Ig : Sy — Sk
are called intermediate coverings of mg : S — Sg. The genus and the ramifica-
tion data of the intermediate coverings of g are determined by the geometric
signature of the G-action. We refer to [37, §3] for more details.

Let H denote the upper half-plane. We recall that Aut(H) = PSL(2, R).

Definition 1.2. A Fuchsian group A is a discrete subgroup of Aut(H). A
surface Fuchsian group is a torsion free Fuchsian group.

Let A be a co-compact Fuchsian group (Hpa is compact). The universal
covering map H — Ha is unramified if and only if A is torsion free. If
denotes the genus of Ha and mg,...,m, are the ramification indices of the
branch values of the covering map A — Ha, then the tuple (v;mq,...,m,) is
the signature of A, and A has a canonical presentation

Y v
<a1,...,av,ﬁl,...,ﬁﬁ,,xl,...,xv : le,...,wvm“,H[ai,Bi] H$j>,
i=1 j=1
where the square bracket denotes the commutator. The elements aq,..., o,
and Bi,...,[B, are called the hyperbolic generators of A, whereas x1,...,%,

are the elliptic generators of A.

Theorem 1.1. Let S be a compact Riemann surface of genus g > 2. Then

(1) there exists a (co-compact) surface Fuchsian group T' such that S = Hr;

(2) a group G acts on S = Hr with signature o if and only if there exists a
Fuchsian group A of signature o and an exact sequence of groups

1—>F—>A£>G—>1.

In this case Sg = Ha and g satisfies the Riemann-Hurwitz formula.
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The first statement of the previous theorem is called the uniformization
theorem, and the second one is called Riemann’s existence theorem. Note that
in the theorem above the signature of A and the signature of the action of G
agree. We say that the action is represented by the surface kernel epimorphism
(ske) 0 : A — G. It is common to identify 6 with the (2 4 v)-tuple or
generating vector

O(ar), ..., 0(cy),0(B1), .., 0(8y),0(x1), ..., 0(zy)) € GV

Definition 1.3. Let S; be a Riemann surface with an action ¢; : G —
Aut(S;), for j = 1,2. The actions €1 and ey are topologically equivalent if
there exist a group automorphism w € Aut(G) and an orientation-preserving
homeomorphism 7" : S7 — S5 such that

Te1(w(g)) = e2(9)T

for all g € G. If T is holomorphic then we speak of analytic equivalence.

Topological equivalence of actions can be detected in a Fuchsian groups
formulation. More precisely, following [2], two actions of G represented by the
skes 8 : A — G (j = 1,2) are topologically equivalent if and only if there
exist w € Aut(G) and ¢* € B < Aut(A) such that

02:w0910¢*7

where B is the group of automorphisms of A induced by the homeomorphisms
T as in Definition 1.3.

Proposition 1.1. If G is abelian and Sg has genus zero, then B acts on a
ske by permuting the images 0(x;) of the elliptic generators so that the orders
of the elements are preserved.

Proof. See [2, Proposition 2.6]. O

An introductory treatment on Riemann surfaces can be found in [26]. For
more advanced accounts, see [15] or [16].

1.2 Q-representations

Let G be a finite group and let F be a field of characteristic zero. An F-
representation of G is a homomorphism p : G — GL(V) into the general
linear group of a (finite-dimensional) F-vector space V. We will usually abuse
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notation and simply write V instead of p. The degree dy of V' is the dimension
of V' as an F-vector space, and the character xy of V is the map that sends
each element g € G into the trace of V(g). Two representations are equivalent
if their characters agree; we write V7 = V5.

The character field Ky of V is the extension of F by the values of the
character of V. The Schur index sy is the smallest positive integer such that
there exists a degree sy extension of fields Ly > Ky over which V can be
defined; Ly is called a field of definition.

A representation is irreducible if its invariant subspaces are the trivial ones.
There are finitely many pairwise nonequivalent irreducible F-representations
of G; we denote by Irrp(G) the set formed by them. If V' is an F-representation
and Irrp(G) = {U1,...,Uy,}, then for each j there exist a unique nonnegative
integer aj, the multiplicity of U; in V', such that

V=a1U & P ay,U,,

where a;U; = Uj@-a-j-@Uj. The integer a; agrees with (V,U;)/(U;, U;), where
1

(V,U) = =Y xv(g)xu(g).
Gl =%

It is known that for W € Irrg(G) there exists V' € Irrc(G) such that

S

W ®g C sy (®,V) = (@,V) @ @ (,V),

where the direct sum is taken over the Galois group associated to the field
extension Ky > Q. We say that V and W are Galois associated.
Let H be a subgroup of G. The fized subspace of V under H is

VHE ={v eV |ph)(v)=uvforal he H};

we denote its dimension by df. We refer to [38] and [39] for more details.

1.3 Abelian varieties

A g-dimensional complez torus X = Vj is the quotient of a g-dimensional C-
vector space V' by a discrete subgroup A of V' of maximal rank. Each complex
torus is an abelian group and a g-dimensional compact connected complex
analytic manifold. Homomorphisms between complex tori are holomorphic
maps which are also group homomorphisms. Every tori homomorphism f :
X1 — Xs is induced by a unique C-linear map p,(f) : Vi — Vo that sends Ay
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into Ay. The restriction of p,(f) to Ay is a Z-linear map p,(f) : A1 — Ao.
The corresponding monomorphisms

pq : Hom(X71, X3) — Home(V4, Va),
Pr: HOIIl(Xl,Xg) — Homz(Al,Ag),

are called the analytic representation and rational representation of Hom (X7, X2),
respectively. Both representations can be extended to

Homg(X1, X2) := Hom(X1, Xs) ®7 Q.

The (extension to C of the) rational representation is equivalent to the direct
sum of the analytic representation and its complex conjugate:

pr @12 py & Pa. (1.1)

An isogeny of tori is a surjective homomorphism with finite kernel. Two
isogenous tori are denoted by X; ~ Xs.

An abelian variety is a complex torus which is also a complex projective
algebraic variety. The Jacobian variety JS of a compact Riemann surface S
is an (irreducible principally polarized) abelian variety: it is the quotient

JS = QY(S)*/A

of linear functionals on the space of holomorphic differentials modulo periods.
(A is the canonical injection of the first homology group Hi(S,Z) on Q(S)*.)
The dimension of J.S is the genus of S. Torelli’s theorem states that

S=29 —= JsS=Js,

where JS = JS’ is an isomorphism of principally polarized abelian varieties.

Given a (ramified) covering map f : S; — So between compact Riemann
surfaces, the pullback f*: JSe — JS; is an isogeny onto its image f*(JS2).
By Poincare’s theorem there exists a complementary abelian subvariety of
f*(JS2), the Prym variety P(f) of f, and then

JSl ~ JSQ X P(f)

We refer to [1] for more details on abelian varieties.



CHAPTER 1. PRELIMINARIES 10

1.4 Representations of automorphism groups
Let G be a finite group. Every action of G on a compact Riemann surface (of

genus g > 2) induces a G-action on its Jacobian variety.

Definition 1.4. Let S be a compact Riemann surface of genus g > 2 with a
G-action. The homomorphisms

G — Aut(JS) 2% GL(QY(9))
G — Aut(JS) 2% GL(A ®7 Q)

are called, respectively, the analytic representation and the rational represen-
tation of the action. Abusing notation, we denote them by p, and p,.

Set ¢, = e2mi/n,
Definition 1.5. Let G be a finite group. We define the function

lgl

N :Irre(G) x G — Q  as /\/'(V,g):ZN,aL(”_a
a=1

lgl

where N, . is the number of eigenvalues of V(g) that are equal to C‘O‘gr

The following theorem is a classical result due to Chevalley and Weil [11].
A modern proof can be found in [28].

Theorem 1.2 (Chevalley-Weil formula). Let S be a compact Riemann surface
of genus g > 2 with a G-action, and let p, be its analytic representation.
Assume that the action has signature (y;mi,...,my) and is represented by
the surface kernel epimorphism 0 : A — G. If V € Irre(G) is nontrivial, then

(pa, V) =dv(y = 1) + > _N(V,¢y),

j=1
where c1,...,c, are the images of the v elliptic generators of A. If V is the

trivial representation then (pq, V) = 7.

Theorem 1.3. Let S be a compact Riemann surface of genus g > 2 with a
G-action, and let p, be its rational representation. Assume that the action has
geometric signature (7v; G1,...,Gy). If V € Irrc(G) is nontrivial, then

(pr, V) = 2dy(y — 1) + D (dy — d*).
k=1

If V is the trivial representation then (p,, V) = 2.
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Proof. See [37, Theorem 5.10]. O

Observe that the theorem above says that the rational representation of
an action is determined by its geometric signature. The same holds for the
analytic representation when p, = p,.

Corollary 1.1. If p, =2 pg then p, = 2p,. In particular,
(pr, V) =2(pa, V) for V € Irrc(QG).

In this case, p, is determined by the geometric signature of the action.

Proof. This is a direct consequence of Theorem 1.3, which states that (p,, V)
is determined by the geometric signature, coupled with Equation (1.1). O



Chapter 2

Geometric signature and
analytic representation

We begin this chapter with some general remarks about the interplay between
the analytic representation of a group action, its geometric signature and
other significant geometric data. As an example, we briefly consider the cyclic
actions. The rest of the chapter deals with dihedral actions.

2.1 General considerations

Proposition 2.1. Let S; be a compact Riemann surface with a G-action,
for 5 = 1,2. If the actions are topologically equivalent, then their geometric
signatures either agree or differ by an outer automorphism of G.

Proof. As the geometric signature is preserved under inner group automor-
phisms, we only need to verify that conjugation by (orientation-preserving)
homeomorphisms does not affect the stabilizer groups, and leaves invariant
the geometric signature.

Let T : S; — S2 be an (orientation preserving) homeomorphism, and let
1; denote a G-action on S; (j = 1,2) such that ¥2(g) = T o ¢1(g) o T~ for
all g € G. We observe that, for p € Sj, the automorphism v (g) fixes p if and
only if 1o(g) = T o1(g) o T~ fixes T(p), as desired. O

Corollary 2.1. If G does not have outer automorphisms, then the analytic
representation is constant over classes of topological equivalence of actions.
That is, if two actions are topologically equivalent then they share the geometric
signature.

12
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Ezample 2.1. Let Dy = (s,r : r* 52, (sr)2) be the dihedral group of order 8,
and consider the outer automorphism of D, given by

W:SHS8r, r—r.

It is known that Dy acts in genus 3 with signature (0;2,2,4,4). The generating
vectors
Vi = (s,s,7,1r°) and Vo = (sr, sr,r,1°)

of signature (0;2,2,4,4) are related by the automorphism w. Hence they
represent actions that are topologically equivalent. Since (s) and (sr) are not
conjugate, the geometric signatures of V; and Vs are distinct.

Now, let us study the analytic representation of cyclic actions. As complex
conjugation permutes the irreducible C-representations of a given cyclic group,
the relation p, = p, does not hold for most cyclic actions.

Example 2.2. Consider the cyclic group Z, = (r) of prime order p. Let us
compute the values of the function N : Irrc(Z,) x Z, — Q, introduced in
Definition 1.5. The group Z, has p irreducible C-representations, of degree
one, given by

ph:r»—>§;}for0§h§p—l,

where ¢, = e>™/P_ For 0 < h,k < p— 1, the eigenvalue of pj,(r*) is ]?k. Then,
—a  p—mody(hk)

p
p
N(phvrk) = Z Nrk,a )
a=1 p p

where mody,(a) is the remainder 0 < b < p of a after integer division by p.

For cyclic actions, the analytic representations are not in bijective corre-
spondence with neither the actions (modulo hyperbolic generators), nor the
(geometric) signatures, nor the classes of topological equivalence of actions,
as we will see in the next two examples.

Ezample 2.3. Consider the group Zs = (r). The generating vector V; =
(r,r,73) guarantees that Zs acts on a Riemann surface of genus g = 2 with
signature (0;5,5,5). The outer automorphism 7 + r3 shows that such an
action is also represented by Vo = (r3,73,r4). However, (p,,p1) = 1 for V;

whereas (pq, p1) = 0 for Vs.

Ezample 2.4. The group Zs = (r) acts in genus g = 6 with signature (0;5°).
The generating vectors

Vi = (r, r2,r2,r2,r3) and V, = (r,r, r2,r2,r4)



CHAPTER 2. GEOMETRIC SIGNATURE AND ANALYTIC
REPRESENTATION 14

have the same signature (0;5°) and the same analytic representation

Pa = 2p1 B p2 B 2p3 D py,

but they are topologically distinct. The last claim is a direct consequence of
the fact that there is no automorphism of Zs sending V; to Vs together with
Proposition 1.1. Finally, we observe that p, is not equivalent to its complex
conjugate

Pa = p1 D 2p2 ® p3 ® 2py4.

2.2 Interlude: divisor transform

Consider the poset of positive integers Z ordered by divisibility. Let
7" = {q € Z, : q divides n}
be the subset of all positive divisors of n € Z,..

Definition 2.1. Set n,q € Z,. We say that ¢ is a k-divisor of n if ¢ divides
n and n/q is a product of exactly k distinct prime numbers. We denote the
set of all k-divisors of n by

ZL” ={qe " : qis a k-divisor of n}.
By definition Z'O" = {n}.

Definition 2.2. Let ¥, ® : Z — Z be two functions. The divisor transform
of ¥ is the function ¥ : Z, — Z given by

U(n) = ¥(g).
q€EZIn
The inverse divisor transform of ® is the function P : Zy4 — 7 given by

B(n) =Y (1" > o).

k>0 qEZK

Remark 2.1. For each n € Z4 there exists k € Z, such that Zlkrf is empty

for all ¥ > k, hence ® is well-defined. If the prime decomposition of n is
pit -+ p&r, then for each 1 < k < r one has that

seo= ¥ trm)

In 1<j1<-<gp<r
quk =J Je>

In particular, qung ®(q) = ®(n) and quZLn D(q) = (—2—).

p1pr
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Ezample 2.5. Let n = p?qr where p, ¢, r are distinct prime numbers. We have

that Zgn = {n}, len = {pqr,qu,pQT}, Z‘; = {pr,pq,p2} and Zgn = {p}. If
®:7Z+ — Z, then

®(n) = ®(n) — ®(pgr) — ®(p°q) — ®(p°r) + ®(pr) + ®(pq) + ©(p*) — B (p).

Lemma 2.1. Let ¥, ® : ZT — 7Z be two functions. For a given positive integer
n the following conditions are equivalent:

(1) ®(q) = U(q) for all q € ZI";
(2) \Ti(q) = ®(q) for all g € ZI".

Proof. (1 — 2) Let q € ZI" with prime decomposition ¢ = pit e p?r (o > 1
for 1 <j <r). For k > 0, Condition (1) implies that

DNws) =D ds)= D Y o). (2.1)

sezld sezld sezld v ELl

Note that if ¢ is not a divisor of ¢ then ®(¢) does not appear in (2.1).

For t € Z!4, let us write q/t :pf1 . -p,@r, where 0 < 8; < aj for 1 < j <.
Observe that if ¢/t has v’ = #{3; > 1} distinct prime factors then the number
of times that ®(t) appears in (2.1) is (7;), where (7) = (a—aili)!b! is the binomial
coefficient. It follows that if ¢ is different from ¢ then ®(t) appears

7"/ /
St(}) == =0
k
k=0
times in the total sum ¥(q) = 22:0(_1)kzsez\q
k

pears exactly once, which proves the desired result.
(2 — 1) The proof is by strong induction on the number N of prime factors
(counting multiplicities) of ¢ € ZI"*. The base case N = 0 is trivial:

U(s). The term ®(q) ap-

(1) = U(1) = (1) = B(1).

Let us consider the case N = 1, and
Condition (2) we have that ¥(p) = ®(p

B(p) = B(p) + B(1) = T(p) + V(1) = (T(p) — ¥(1)) + (1) = T(p),

let p € ZI" be a prime number. By
) and ¥(1) = ®(1). Then

as expected. Let us assume that we have proved Condition (1) for all divisors
of n with less than N > 2 prime factors, and pick ¢ € ZI™ with N prime
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factors. By Condition (2) and the strong inductive hypothesis, we have that

SGZB

=V +Y (DF Y D e, (2.2)

k=1 SEZ‘; t'eZls

where 7 is the number of distinct prime factors of ¢. Using the same counting
argument of the previous part of the proof, we conclude that for each proper
divisor t of ¢, ®(t) appears

;(_”k@ -1y —1=1

times in the sum of Equation (2.2). It follows that

as desired. 0

Proposition 2.2. ¢ — ® and ® — ® are inverse operations.

Proof. To check that ® = ® and d =it suffices to apply the above lemma
to the pairs of functions ®, ® and @, ¢ respectively. O

2.3 Dihedral actions: Chevalley-Weil formula

Let D, = (s, | 7", 8%, (sr)?) be the dihedral group of order 2n. The irre-
ducible C-representations of D,, are well-known (see for example [38, §5.3]).
Namely, if n is even then D,, has four C-representations of degree one:

Pr:re—=1, s— 1, Po:ir—1, s —1,
Py ir = —1, s— 1, Pgir— =1, s— —1,
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and (n — 2)/2 irreducible C-representations of degree two:

Pl e diag(W,@"), s = (9),

where w = ¢, = e*™/™ and 1 < h < (n —2)/2. If n is odd then D, has
two C-representations of degree one, 1 and 19, and (n — 1)/2 irreducible
C-representations of degree two, given by p" for 1 < h < (n —1)/2.

Remark 2.2. As the character field of each irreducible C-representation V' of
D,, is real, one has that V is equivalent to its complex conjugate V. Thus, if
Pa 1s the analytic representation of a dihedral action, then p, =2 p,. Moreover,
Pa 18 determined by the geometric signature of the action and

(pr, V) =2(pa, V), for V € Irrc(G).

In what follows we compute the values of the function N : Irrc (D) x D), —
Q, introduced in Definition 1.5. Note that N (¢1,g) = 0 for any g € D,,. (This
is true regardless of the group under consideration.)

Lemma 2.2. Let n >3 be an odd integer and let g € ZI"\ {1}. Then

N ‘ s rn/a
1| 0 0
Py [1/2 0
phl1/2 e

where € = 0 if ¢ divides h, and € = 1 otherwise.

Proof. The eigenvalue of 12(s) is (3 = —1 and the eigenvalue of 9 2(Tn/q) is
(2 = 1. Tt follows that

2—-1 1
1/]27 ZNSOL 27257

2-2
N (s, rn/q ZNT"/‘?@ =5 = 0.

The eigenvalues of p"(s) are (3 = —1 and ¢? = 1. Thus

2
2 — 2—1 2-2 1
N(phas):ZNsa a: + ==

The eigenvalues of p/*(r™/9) are w7 and w=""/9 with w = ¢,. Observe that
|r™/4| = ¢ and WM/ = Cél = C;nOdQ(h), where mod,(a) is the remainder 0 <
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b < q of a after integer division by ¢. If mody(h) = ¢, then both eigenvalues
are equal to ¢ =1 and

n/q 4 —q
r rn/ e == 2 = 0
N (", Z : -
If mod,(h) # ¢, then the eigenvalues are (4 mods(h) and Ca mody( ), hence
N(pl, r/1) = Z "/qa 79—« q —mody(h) n q — (g — mody(h)) —1

q q

The proof of the lemma follows after noticing that mod,(h) = ¢ if and only if
q divides h. O

Lemma 2.3. Let n > 2 be an even integer and let ¢ € ZI™ \ {1}. Then

N | s sr
1| 0 0 0
Yo [1/2 1/2 0
Y3 | 0 1/2 §/2
Yy [1/2 0 /2
phl1/2 1/2 ¢

where § = 0 if 2q divides n, and § = 1 otherwise; and ¢ = 0 if ¢ divides h and
e = 1 otherwise. In particular, for r™? we have that § = 0 if n € 4Z, and
6 =1 otherwise; and ¢ = 0 if h is even, and € = 1 otherwise.

Proof. We only give a proof for 13 and 14, because the remaining cases are
covered by the proof of Lemma 2.2. The eigenvalue of ¥3(s) and 13(reV") is
(2 = 1, whereas the eigenvalue of t3(sr) and 13(r°44) is (3 = —1. Thus

—« 2—2
N (13, 7V") = N (1)3, ) ZNW == =0

N(w?”,rodd) 1/}37570 ZNsra = E = 1
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On the other hand, the eigenvalue of 14(s) and 14 (r°%9) is ¢ = —1, whereas
the eigenvalue of 14 (sr) and 14(r®*") is (3 = 1. Thus

N(¢4,T0dd) 1/}47 ZNsa -« 2_71 — 1

2 2’
N (hg, V) = N (1y, s1) ZN :72_2:()
45 4,5 sr,aT o 9 .
To finish the proof, note that n/q is even if and only if 2¢ divides n. O

2.4 Analytic representation formulas

Let S be a compact Riemann surface of genus g > 2 with a dihedral action
represented by the ske 6 : A — D,,. The geometric signature of the action has
the form

(7 (), (s7)°, 1, Co),
where a,b > 0 are nonnegative integers, and C; = <7°"/ ™j} is a cyclic subgroup
of D,, of order m; > 2. We recall that we employ the notations introduced
in Remark 1.1. Observe that if n is odd then the signature encodes the same
information as the geometric signature. (In such a case (s) ~ (sr) and the
relevant number is ¢ := a + b.)

Definition 2.3. Let 6 : A — D,, be a ske. The signature function Wy : Z4 —
7Z of the action 6 is given by

Uo(q) = #{1 < j <wv:m;=q}.

Note that Wg(n) = v and Wy(1) = 0. For instance, when n > 4 is even
Wy(2) is the number of times that the center (r™?2) appears in the geometric
signature, and consequently the number of fixed points of the automorphism
represented by /2 not fixed by other non-trivial powers of 7 is nWg(2).

Lemma 2.4. Let 0 : A — D, be a ske, and let q be a positive integer. Then
(2) Uy(n) = \ng(%) if and only if lem(ma, ..., my) divides 7, for q € 7",

(3) \T/g(n) - \T/g(q) is the number of cyclic subgroups C; appearing in the
geometric signature of the action such that m; does not divide q.
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Proof. Let us show the previous statements.

(1) If t € Z, does not divide n, then Wy(¢) = 0. It follows that Wy(q) is
equal to the sum of ¥y over the common divisors of ¢ and n. That is,

Uplq) = D Wo(t) = Y. We(t)= Y Wp(t) =Ty((n,0q)).

tezla tezlanzln tezl(n.a)

(2) Observe that Wo(n) = Wy(2) if and only if {m, ..., m,} C ZI"/%. Which
in turn is true if and only if lem(my, ..., m,) divides n/q.

(3) It follows directly from the definition of Us.
O

Proposition 2.3. Let n > 3 be an odd integer. Consider the collection of all
Dy,-actions on compact Riemann surfaces with a given signature.

(1) The analytic representation is constant over classes of topological equiv-
alence.

(2) Actions that are topologically (hence, analytically) distinct share the
same analytic representation.

Proof. We know that the analytic representation of dihedral actions is de-
termined by its geometric signature, and that when n is odd the geometric
signature is determined by the signature. O

Now, we determine p, explicitly in terms of the geometric signature. As
usual, there is a difference in flavor when considering dihedral groups of order
2xo0dd and 2 x even, so they must be treated separately. Whereas the odd case
is rather simple, the existence of a nontrivial central element and three classes
of involution makes the treatment of the even case slightly more involved.

Theorem 2.1. Letn > 3 be an odd integer, and let S be a compact Riemann
surface of genus g > 2 with dihedral action represented by the surface kernel
epimorphism 0 : A — D,,. If the action has signature (v;2t,mq, ..., my), then
its analytic representation is given by

(n—1)/2

pa =y @y & P vap”,
h=1

where
M2 = <pa7¢2> =y—-1+ %tv
U = {(pa, p") = 2(v — 1) + 3t + y(n) — Ty(h),
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for1<h<(n-1)/2.

Proof. The Chevalley-Weil formula states that

(Pastia) = 20y — 1) +tN (2, 8) + 3 Wal)N (g, 7/,

q€ZIn

(par ") =20y = 1) +tN (", 5) + > Wa(g)N (p",r"/7),

q€ZIn

for 1 <h < (n—1)/2. By Lemma 2.2 one has that

N (W2, 8) = &, N(3h2,7™7) =0, and N(p",s) =

N[

Moreover,

S W(@N () = S W) -1

q€ZIn q€ZIM\ZIM

21

is the number of cyclic groups C; appearing in the geometric signature such

that m; does not divide h. Then we conclude by Lemma 2.4.

O]

Theorem 2.2. Let n > 2 be an even integer, and let S be a compact Rie-
mann surface of genus g > 2 with a dihedral action represented by a sur-
face kernel epimorphism 0 : A — D,,. If the action has geometric signature

(v; (8)%, (510, C1,...,Cy), then its analytic representation is given by

(n—2)/2

pa = Y1 B oy ® psts & patbs & e,
h=1

where

for1<h<(n—2)/2.

Proof. The proof is analogous to the proof of the previous theorem, except

that we require Lemma 2.3 instead of Lemma 2.2.

O]
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Remark 2.3. \/I\lg(n) — Wy(h) is the number of cyclic subgroups C; appearing
in the geometric signature such that m; does not divide h (Lemma 2.4). In
particular, if n is even then \f'g(n) — \/I\/g(%) is the number of cyclic subgroups
C; appearing in the geometric signature generated by an odd power of r.

Remark 2.4. Theorem 2.2 remains valid for the Klein group Ds.

As a final observation, there is a bijection between Z!" \ {1,2} and the set
of irreducible Q-representations of D,, of degree > 2, given by

ZI"\ {1,2} = Iirg(Dy), g~ W(g) = @ (p™9)°.

Assuming the notation of Theorem 2.2, if n is even then the analytic repre-
sentation of a D,,-action can be written as

Pa = p1th1 O -+ D pgthy & @ VnjgW (q)-
qEZ\"\{l,Q}

Indeed, this is a direct consequence of using Statement (1) of Lemma 2.4 on
the formulas given in Theorem 2.2. An analogous result is obtained for n odd.

2.5 Applications

The case D, with p prime

Let p > 3 be a prime number. If the dihedral group D, acts on a compact
Riemann surface S with signature (7y; 2%, p'), then the genus of S is

g=1+(2y—2)p+ stp+1(p—1).

(For necessary and sufficient conditions under which such an action exists,
see Theorem 3.2 and Theorem 3.3.) As a particular case of Theorem 2.1, the
analytic representation of the action is

Pa Z AP ® (v — L4 3t)be @ [2(y — 1) + 2t + IW (p),

where W (p) = 21:11)/2 o
Remark 2.5. Two Dp-actions A — D,, and A’ — D,, have equivalent analytic
representations if and only if they have the same signature:

pu = gy = s(8) = s(A).

Of course, this is valid for a very special family of groups. (There is a unique
conjugation class of involutions, for example.) As we will see in the next
section, this is true for any D,, with n odd.
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Ezample 2.6. The dihedral group D7 acts in genus g = 12 with signature
(0;2,2,7,7,7). There are four topological equivalence classes of such actions,
represented by the generating vectors

(s,s,r5,r,r), (3,3,7"4,7"2,7“), (s,sr,r3,r2,r), (8,87“2,7’3,7’,7“).

By Proposition 2.3, these four actions share the same analytic representation;
given by
pa = 2(p" @ p* @ p°).

Nonzero multiplicities

Latter on, in §4.3, we will want to know which irreducible C-representations
of D,, of degree two have non-vanishing multiplicities in the analytic represen-
tation p, of a given dihedral action. The following set quantifies this notion:

Qo = {a € Z"\ {1,2} : (pa, p?) > 1}.

Proposition 2.4. Let S be a compact Riemann surface of genus g > 2 with
a dihedral action represented by a ske 0 : A — D,,. Assume that the action
has geometric signature (7y; (s)?, (sr)?,Cy,...,Cy). Then

(1) ify>1, ory=0 and a+b > 6, then Qy = ZI" \ {1,2};

(2)ify =0 and a+b = 4 then Qg = (ZI" \ ZIM*)\ {1,2} for a =
lem(my,...,my). Furthermore, Qg # 0.

Proof. In order to show the two previous statements, we apply the formulas of
Theorem 2.1 (if n is odd) and Theorem 2.2 (if n is even). Set ¢ € ZI™\ {1,2}.

(1) It is easy to see that if v > 2, y =1l and a+b > 2, or v = 0 and
a-+0b > 6, then <pa,p”/q) > 1. Assume that v = 1 and a + b < 1.
As will be proven in the next chapter (Theorem 3.2 and Theorem 3.5)
the existence of an action implies that a + b is even, hence a + b = 0.
Furthermore, lem(my,...,m,) = n or n/2. Then, by Lemma 2.4 one
has that (pg, p/4) = Wy(n) — @9(%) = 0 if and only if lem(myq, ..., my)
divides n/q, a contradiction.

(2) Assume that ¥ = 0 and @ + b = 4. Lemma 2.4 states that (p,, p"/9) =
Ty(n) — @9(%) = 0 if and only if ¢ € ZI"/* for o = lem(my, ..., m,).
Since g > 2 it follows that {m1,...,m,} is non-empty (otherwise g = 1,
a contradiction). Thus, n/a < n and Qg # 0.

This concludes the proof. O
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2.6 Geometric signature formulas

In §2.4 we determined the analytic representation of a dihedral action from a
given geometric signature. Here we deal with the converse problem.

Definition 2.4. Let V be a C-representation of D,,. The pre-signature func-
tion @y : Z4 — 7 is given by

<V7 p1> - <V, ¢1 &) 1/}2> +1, if (TL, Q) =n,
Dy (q) = ¢ (V,p") — (Vb3 @ tu), if n is even and (n, q) = 7,
<V7 pl> - <VY7 p(n,q)>’ if (nv Q) < %

For the sake of clearness, we recall here that the divisor transform of a
function ¥ : Z, — Z is the function

V:iZy—Z, Uln)= Y ¥(q)
q€ZIn
Also, the inverse divisor transform of a function ® : Z, — Z is the function

B2 o2 Y 0E Y o)

k>0 qGZL"
where Z|kn is the set of k-divisors of m. The definition of the pre-signature
function ®y, is dual to that of the signature function Wy. More precisely:

Proposition 2.5. If p, is the analytic representation of a dihedral action
represented by a ske 0 : A — D,,, then Wy is the inverse divisor transform of
®,,. In other words,

Wy =, and Vg=a, .

Proof. Assume that n is even. A quick look at Theorem 2.2 gives

)

6(n) = (pa, p') — (pa, b1 ® ¥2) + 1,
0(5) = (pa, p') = (pas V3 ® Ya),
(h) = (pa,p1> - <paaph>a

for 1 <h < (n—2)/2. By Lemma 2.4 one has that

ey )
>

~ ~

Uo(q) = Yo((n,q)) = ®p,(q) for qeZ,.

We conclude by Proposition 2.2. The proof is analogous for n odd. O
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An immediate consequence is that we obtain an explicit formula for the
geometric signature of the action in terms of its analytic representation.

Proposition 2.6. Letn > 3 be an odd integer, and let S be a Riemann surface
of genus g > 2 with a dihedral action represented by a ske 6 : A — D,,. Set
Zln = {1 <my <...<my}. If pg is the analytic representation of the action,
then the signature
(7;2¢, mlll, ml),

s given by

Y = {pa> V1),

t = 2(pa, 2) — 2(pa, Y1) + 2,

lj =®,,(m;) for1 <j<w.

Proof. The formulas for v and ¢ are clear as a direct consequence of Theo-
rem 2.1. Besides, by definition, [; = ¥y(m;) for 1 < j < v, and the proof
follows from Proposition 2.5. 0

Example 2.7. Let V be a C-representation of Di5 of the form
V=u(p®pap @p) e’ r’) e,

for vy, 3, V5 nonnegative integers. The pre-signature function ®y is deter-
mined by the values @y (15) =v; + 1, @y (5) = v1 —v5 and Py (3) = vy — v3.
It follows that

‘51/(15) :V3+V5—l/1—|-1, 6\/(5) =V — Vs, 5{/(3) =1V — 3.
If V is the analytic representation of a Dis-action, then its signature is
(0; 2’ 27 31/171137 51/1*1/5’ 15V3+V5*l/1+1)'

Proposition 2.7. Let n > 2 be an even integer, and let S be a Riemann
surface of genus g > 2 with a dihedral action represented by a ske 0 : A — D,,.
Set ZI" = {1 < my < ... < my}. If py is the analytic representation of the
action, then the geometric signature

(3 ()%, (sr)?, (), et
s given by

v = {pa, V1),

a = (pa, 2 © 1) — (pa, Y1 & ¥3) + 1,

b= (pa, V2 @ V3) — (pa, Y1 S Ya) + 1,

lj = &)pa(mj) for1 <j<w.
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Proof. This is a direct consequence of Theorem 2.2. The formula for ~ is clear.
In order to see the formulas for a and b, note that

(CL + b) = <pa7¢2> - <paa¢1> +1,
(a - b) = <pa7¢4> - <paa'¢}3>'

Finally, by Proposition 2.5, I; = Wy(m;) = ®,,(m;) for 1 < j <w. a

DO b=

Theorem 2.3. There is a bijective correspondence between geometric signa-
tures and analytic representations of dihedral actions on compact Riemann
surfaces of genus g > 2.

Proof. Set ZI" = {1 < m; < --- < m,}. Assume that n is even and that the
action has geometric signature

(73 (), (), (r/my L (e,

We know that the analytic representation p, is determined by the geometric
signature. By Proposition 2.7, the geometric signature induced by p, is

/

(Y3 48)™ (), ()L e,
where

7/ = (pa, 1),
a' = <pa7¢2 57 7#4) - <,0a7 ¢1 @ ¢3> + 17
b/ = <pa7¢2 @ 77ZJ3> - <,0a7'¢}1 @ ¢4> + 17

I = &Dpa(mj) for 1 <j<w.

By Theorem 2.2 and Proposition 2.5 one has that v/ = v, @’ = a, b’ = b, and
l;- = lj. We conclude that both geometric signatures are equal.

Conversely, assume that the action has analytic representation p,. Propo-
sition 2.7 states that the geometric signature induced by p, is

(73 (), () (r/my L (e,

where

(Pas V1),

(Pas 2 © 1a) — (pa, 1 © ¥3) + 1,
(Pas Y2 © ¥3) — (pa, 1 & Yha) + 1,
lj = ZI;pa(mj) for 1 <j<w.

v
a
b
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Now, by Theorem 2.2 and Proposition 2.5, the analytic representation pl,
induced by the previous geometric signature is equivalent to p,. Indeed,

(P 1) =7 = (pa> 1),

(Poyb2) =7 — 1+ S(a+b) = (pa, 1),

(p27w3>=7—1+ b+ o(n) — Wg(3)] = (pa, a),
(s ta) = — 1+ Sa + Tp(n) — Tg(2)] = (pa, va),

(0 0") = 2(v = 1) + L(a+b) + Tg(n) — Uy(h) = (pa, p"),

for 1 < h < (n—2)/2, as desired. The proof of the case n odd is analogous. [J



Chapter 3

Existence of dihedral actions

Bujalance, Cirre, Gamboa, and Gromadzki in [6] provided necessary and suf-
ficient conditions for a signature to admit a surface kernel epimorphism onto
a dihedral group. In this chapter we provide a refinement of their results from
signatures to geometric signatures. Then we apply our results to address the
problem of deciding when a C-representation is the analytic representation of
a dihedral action.

3.1 Signature realization

For the sake of completeness, in this section we briefly review the main results
of [6]. Along this section, A is a Fuchsian group of signature

(7;2tam17°"amv)7
with m; >3 for j =1,...,v. Also, set mjy, =2 for 1 <j <t

Theorem 3.1. Let n > 2 be an even integer and let v > 0. Then necessary
and sufficient conditions for the existence of a surface kernel epimorphism
0:A— D, are:

(1) mj divides n for j =1,...,v;

(2) if t < 2 then there is an even number of integers 1 < j < v+t such
n/m; is an odd integer;

(3) if vy =1 and t <1 then lem(2!,m1,...,m,) = n or n/2. In the latter
case, if n € 47 then there is an odd number of integers 1 < j < v+t
such that n/2m; is an odd integer.

Proof. See [6, Theorem 2.1]. O

28
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Theorem 3.2. Let n > 3 be an odd integer and let v > 0. Then necessary
and sufficient conditions for the existence of a surface kernel epimorphism

0:A— D, are:
(1) m; divides n for j =1,...,v;
(2) t is even;
(3) if y=1 and t =0 then lem(my,...,my) = n.
Proof. See [6, Theorem 2.2]. O

Theorem 3.3. Set v = 0. Then necessary and sufficient conditions for the
existence of a surface kernel epimorphism 6 : A — D, are:

(1) m; divides n for j =1,...,v;
(2) t > 2, and it is even if n is odd;
(8) if t =2 then lem(my, ..., my) = n;
(4) if t =3 then lem(2,my,...,my,) = n.
Proof. See [6, Theorem 2.3]. O

We emphasize that the previous theorems provide sufficient, but not nec-
essary, conditions under which there exist actions with a given geometric sig-
nature. As the following example illustrates, there are signatures for which
only some (of its associated) geometric signatures are realized.

Ezxample 3.1. In accordance with the theorem above, the group Dg acts in
genus 5 with signature (0;2%,3). The generating vector (s, s, sr3, sr,r2) repre-
sents an action with geometric signature (0; (s)2, (sr)2, (r2)). In contrast, there
are no Dg-actions in genus 5 with geometric signature (0; (s), (s7), (r3)2, (r?)).
If this were the case, then there would exist a generating vector of the form

(sr%l, sr252+1, 3,73, rﬂ)

where &1,&9 € Z satisfy
26— &) £2+T7€6Z.

However, the number above is odd, a contradiction.
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3.2 Geometric signature realization

Here we extend the results of the previous section from signatures to geometric
signatures for actions of the dihedral group D,. As for n odd the signature is
equivalent to the geometric signature, we only consider the case n > 2 even.

Let A be a (co-compact) Fuchsian group of signature (v; 24+, my, ..., m,),
with m; € ZI"\{1}, canonically presented by hyperbolic generators a1, . . . , o,
B1, ..., By, elliptic generators x1,...,Zq1p, Y1, - -, Y, and relations

0% a+b v
x? = y;nj = H[atvﬁt] H T Hyl = ]-7 (31)
t=1 k=1 =1

fori=1,...,a+band j =1,...,v. Assume that there existsaske § : A — D,
that represents an action with geometric signature

(7: (s)7, (s7)°, C1, ..., C),

where C; = (r”/ ™} is a cyclic subgroup of order m; > 2. Without loss of
generality, it follows that

9( )_ sreven 1 <k <a,
k) = erdd, a+1<k<a-+hb,

and
O(y;) = (r™/™)% with (g, mj) = 1, (3.2)

for 1 < j < wv. Observe that
Oyr),- -, 0(yw)) = ((F/™) L (/)
_ ot ey (3.3)

— [0/ lem(ma,...;my)
(r )-

For the rest of this section, we set

A=#{1<j<wv:n/mjis an odd integer},
B =#{1<j<wv:n/2m;is an odd integer}.
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Lemma 3.1.
(1) There are integers &1, &2, and &3 such that

a+b v

.
HG [, By]) = r2¢ H«9 xj) 2, Hﬁ(yj)zr&,
t=1

and
261 + &+ &3 € nZ.

Concretely, & = 375y ng;j/m;.
(2) The integers a, b, &2, &3, and A have the same parity; a + b is even.

(3) If A =0 then every term nq;/m; is even. In this case, if n € 4Z then
the integers £3/2 and B have the same parity.

Proof. Let us prove the statements above.

(1) From (3.2) it follows that []i_, 0(y;) = r& with & = > =11/ mj.
Since the derived subgroup of D, is (r?), it follows that [[_; 0([ow, Bi]) =
7281 for some &; € Z. Thus, the long relation (3.1) of A implies that
H?:i’ 0(z;) = r%2 for & € Z and

281 4+ &9 + &3 € nZ.

(2) As Ha+b9(a:j) = r&2 g and b must have the same parity. The parity
of & is determined by the number of terms of the form sr°d in the
product H‘”b 6(z;). Concretely, & is odd if and only if b is odd. By
the relatlon above & and £3 must have the same parity. Now, observe
that &3 = Z _;ng;/m; is odd if and only if there is an odd number of
integers 1 < j < v such that ng;/m; is odd. Since (¢;,m;) = 1, ngj/m;
is odd if and only if n/m; is odd. We conclude that &3 and A have the
same parity.

(3) Assume that A = 0. Thus, every term n/m; is even and the same holds
for ng;j/mj. The integer &3/2 = 3 77_| ng;/2m; is odd if and only if there
is an odd number of integers 1 < j < v such that ng;/2m; is odd. Now,
assume that n € 47Z. To conclude it suffices to show that ng;/2m; is odd
if and only if n/2m; is odd. Indeed, if n/2m; is odd then m; is even,
hence ¢; is odd and so is ng;/2m;. The converse is direct.

This finishes the proof. O



CHAPTER 3. EXISTENCE OF DIHEDRAL ACTIONS 32

Theorem 3.4. Let n > 2 be an even integer and let v = 0. Then necessary
and sufficient conditions for the existence of a surface kernel epimorphism
0: A — D, of geometric signature (0; (s)?, (sr)°,C1,...,C,) are:

(1) a, b, and A have the same parity;

(2) a+b>2is even;

(3) if a+b=2 then lem(mq,...,my,) =n;

(4) ifa+b>2, anda=0 orb=0 then A> 0.

Proof. Let us prove that the conditions are necessary.

(1) This has already been proved in Lemma 3.1.

(2) Assume that a+b < 2. Then a = b =0 and §(A) < (r), a contradiction
with the surjectivity of 6.

(3) Assume that a + b = 2. By Lemma 3.1 we have that (0(z1),0(xz2)) =
(srk, r&) for some k € Z and &3 = >_j=17mqj/mj. Observe that

0(A) = (0(x1), 0(x2),60(y1), - .., 0(y0))
(sr &3, P/ ma ...,r”/m“>

_ <S7“k, Tn/lcm(ml,...,mu>_

Since 6 is onto it follows that lem(my,...,m,) = n.

(4) Assume that a +b > 2, and a = 0 or b = 0. Since a and b have the
same parity, either a > 4 and b =0, 0or b >4 and a = 0. If a > 4 and
b =0 then (A(z1),...,0(x,)) < (s,72). Since 6 is onto, there must exist
some 0(y;) = r™/™ with n/m; odd, and therefore A # 0. The same
argument holds for a = 0 and b > 4.

Let us now show that the conditions are sufficient. Let a and b be two
nonnegative integers as in Condition (2). Then, one of the following cases
occurs:

(i) a,b > 2 are even, (v) a=0and b >4 is even,
(ii) @ >3 and b > 1 are odd, (vi) a=2and b =0,
(iii) a > 1 and b > 3 are odd, (vil) a =0 and b =2,
(iv) a >4 is even and b = 0, (viii) a =b=
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For Cases (i), (ii), (iv), (vi) and (viii), we explicitly construct a ske 6 :
A — D, (in the form of a generating vector) of geometric signature

(0; (s)?, (sr>b, Ch,...,Cy).

The remaining cases will follow after considering the outer automorphism
T, S ST

Set &3 = Z;’Zl n/m;j. By definition, A is odd if and only &3 is odd. Con-
dition (1) guarantees that the integers a, b, £&3 and A have the same parity.

(i) Assume that a,b > 2 are even. The tuple
(5,.9.,8, 57,071 sp, spl=8 pr/mu - pn/mo)
is a generating vector. Note that &3 is even, hence (sr'=%) ~ (sr).
(ii) Assume that @ > 3 and b > 1 are odd. The tuple
b

(s,97L, s, sr1H8 gp b gp g/ pn/me)

is a generating vector. Note that &3 is odd, hence (sr1+83) ~ (s).
(iv) Assume that a > 4 is even and b = 0. The tuple
2

(5,972, 5, sr2, sp278 pn/ma_ pnime)

is a generating vector. In fact, Condition (4) implies that A > 0, and
consequently some n/m; is odd. Tt follows that (r,r2 /™) = D,.
Also, note that &3 is even, hence (sr27) ~ (s).

(vi) Assume that a =2 and b = 0. The tuple

(s, sr8, T”/ml, e ,r”/m”)

is a generating vector. By Condition (3), lem(mg,...,m,) = n and
O(A) = (s,r/m L p My = (g pr/lemimiemo)y — (g ) = D,

In particular, v > 0. Also, note that &3 is even, hence (sr=%) ~ (s).

(viii) Assume that a = b = 1. The previous generating vector remains a
suitable choice. Observe that, in this case, 3 is odd and (sr=%) ~ (sr).

This concludes the proof. O

Remark 3.1. Observe that lem(my, ..., m,) > 1 implies that v > 0.
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Theorem 3.5. Let n > 2 be an even integer and let v > 0. Then necessary
and sufficient conditions for the existence of a surface kernel epimorphism
0 : A — D, of geometric signature (7; (s), (sr)?,C1,...,C,) are:

(1) a, b, and A have the same parity (a + b is even);

(2) if y=1 and a = b =0 then lem(mq,...,my,) =n orn/2. In the latter
case, if n € 47 then B is odd.

Proof. Let us prove that the conditions are necessary. Condition (1) has
already been proved in Lemma 3.1.

In order to show Condition (2), assume that y =1 and a =b=0. As 6 is
onto at least one of the hyperbolic generators of A must be sent to D, \ (r).
After considering the outer automorphism r — 7, s — srl, we can assume
that 6(a1) = s. Note that 0(31) = sré or v for some &; € Z. In each
case, ([, B1]) = r?¢1. By Lemma 3.1, the integers &; and &3 = > =114/ m;
satisfy the relation

21 + &3 € nZ. (3.4)

Thus, Equation (3.3) implies that r%t ¢ (p/lemmimo) - Surjectivity re-
quires that (s,r&,r”/lcm(ml’“"m”)> = D,,, and hence <s,r"/1°m(m1""’m”)) has

index 1 or 2 in D,. Or equivalently,
lem(myq,...,my) =mn or n/2.

Assume that lem(mq,...,m,) = n/2. It follows that each n/m; is even
(A =0) and & is odd. (If & is even then O(A) = (5,78, r2) # D,,.) Now,
assume that n € 4Z. Relation (3.4) turns into

& —|—§3/2 S %Z

Since &1 is odd and n/2 is even, £3/2 must be odd. We conclude by Lemma 3.1.

Let us now show that the conditions are sufficient. Let a and b be non-
negative integers as in Condition (1). Then, one of the following cases occurs:

i) v=>2, (iii) v =1 and b # 0,
(ii) y=1and a #0, (iv) y=1and a =b=0.

For cases (i), (ii) and (iv) we explicitly construct a ske 6 : A — D,, (in the
form of a generating vector) of geometric signature

(v; (s)?, (sr)b, Ciy...,Cy).
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The remaining case will follow after considering the outer automorphism r
r, s — sr. Set & = 0 if b is even and & = 1 if b is odd. We also set
s = > j_yn/m;. By definition, A4 is odd if and only if {3 is odd. Condition
(1) guarantees that the integers a, b, {2, €3 and A have the same parity.

(i)

Assume that v > 2. The tuple
(5,7, 771 p(E2H8)/2 7l g0 g gp b sp ™ ,r”/m“)
is a generating vector. Note that £ + £3 is even.

Assume that v =1 and a # 0. The tuple

(sr,r(&2H8)/2 g a g gp b g g gy

is a generating vector. Note that £ + &3 is even.

Assume that y =1 and a = b= 0. Let £ = (dn + &3)/2 for § € {0, 1},
and consider the tuple

1.,.0/MTM1 n/m
(8,7“5,7“/ ,...,r/ v).

Observe that the product [s,761]r% =1 for § = 0 and § = 1, and that
0(A) = <s,r£1,rn/m1, . ,r"/m”> = <s,r&,r"/lcm(ml"“’m”)>.

Condition (2) implies that lem(mq,...,m,) = n or n/2. In the first
case it is clear that the tuple is a generating vector. Now, assume that
lem(mq,...,my,) = n/2. Then, every term n/m; is even (A = 0) and
O(A) = (s,7%1,7%). (a) If n € 47Z then, by Condition (2), B is odd, that
is, there is an odd number of integers 1 < j < v such that n/2m; is odd.
It follows that £3/2 is odd, and we choose 6 = 0. Thus, &; is odd and
O(A) = (s,7%,r2) = D, satisfying that 0 is a ske. (b) If n ¢ 4Z (n/2
is odd) and £3/2 is odd then we choose 6 = 0. It follows that &; is odd,
and we conclude as in (a). (c) If n ¢ 4Z and £3/2 is even then we choose
6 = 1. It follows that &; is odd, and we conclude in the same way.

This concludes the proof. O

3.3

Analytic representation criteria

We briefly recall some previous notions and introduce a pair of useful lemmas.
The divisor transform of a function ¥ : Z, — Z is the function

V:Zi—Z, Un)= Y ¥g).
q€ZIn
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The inverse divisor transform of a function ® : Z, — Z is the function

P - 7, — 7, E)(n) = Z(—l)k Z ®(q),

k>0 qGZL"

where Z‘kn is the set of k-divisors of n. Assume that 6 : A — D,, is a ske
that represents an action with geometric signature (v; (), (sr)?,C1,...,C,),
where C; = (r"/™i) with m; € ZI" \ {1}. The signature function of 6 is

Vo:Zy = Z, Yy(q)=#{1<j<v:m;=q}

If V is a C-representation of D,, then its pre-signature function ®y : Z, — Z
is given by

<Vapl>_<‘/7¢1@w2>+17 if (CLn) =n,
Dy (q) = (V. p") — (Vib3 @ aha), if n is even and (¢,n) = 7,
(V,ph) — (V, plem)), if (q,n) < 2.

If p, is the analytic representation of the dihedral action represented by the
ske 6 then, as proved in Proposition 2.5,

®,, = Wy and ®,, = Uy,
We also recall that

A=#{1<j<wv:n/m;is an odd integer},
B =#{1<j<wv:n/2m;is an odd integer}.

Analytic representation criteria

Not every C-representation of a dihedral group comes from an action, as shows
the following example.

FEzample 3.2. Let V be a C-representation of D7 given by
V=2pta o

We observe that V' cannot be the analytic representation of an action. In-
deed, we have that :I;V(?) = 3. Thus, by Proposition 2.6, if V' were the ana-
lytic representation of a D7-action then the signature would be (0;2,2,7,7,7).
However, the analytic representation p, associated to (an action with) this
signature is

pa=2(p" ®p* ®p°).
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The following results answer the question of when a given C-representation
is the analytic representation of a dihedral action. Let us denote by Supp ¥ =
{g € Zy : U(q) # 0} the support of the function ¥ : Z, — Z.

Theorem 3.6. Let V' be a C-representation of D, with n > 3 odd. Then
necessary and sufficient conditions for V to be the analytic representation of
a D, -action are:

(1) (Viaha) +1 > (V,41);
(2) By(q) > 0 for each g € ZIn\ {1};
(8) (V,p") = (V,p") for 1 < h < (n—1)/2;
(4) if (V,1) <1 and (V,1p2) = 0 then lem(Supp dy) = n.
Set ZI" = {1 < my < ... <m,}. In this case, the action has signature
(<‘/7w1>;2t7m1117"'7m€1u)7
where t = 2((V,12) — (V,¢1) + 1) and l; = 5V(mj) forj=1,...,v

Proof. Let us prove that the conditions are necessary. Assume that V is the
analytic representatlon of the action represented by the ske 8 : A — D,, of
signature (v; 2! m1 ',...,ml), where [; > 0.

(1) By Proposition 2.6, 0 < lt = (V,¢2) — (V,¢1) + 1.
(2) By Proposition 2.6, 0 < I; = &y (m;) for each m; € ZI" \ {1}.

)) for q € Z,. Since ®y = Uy, Theo-

(3) By definition, ®y(q) = Py ((n,q
= (V,pM) for 1 < h < (n—1)/2.

rem 2.1 implies that (V, p")

(4) Observe that lem(mY, ..., mk) = lcm(Supp Wy) = lem(Supp @y). Then,
Theorem 2.1 and Theorem 3.3 give the following implications

(Vip) = (Viahg) =0 = y=0andt=2 = lem(Supp®y) = n.
Similarly, Theorem 2.1 and Theorem 3.2 give

(Vi) =land (V,h9) =0 = y=1landt=0 = lem(Supp®y) = n.

Let us now prove that the conditions are sufficient. Let V be a C-
representation of D,, that satisfies Conditions (1),...,(4). As V satisfies (1)
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and (2), the formulas given in Proposition 2.6 induce a well-defined signature.

More precisely, V induces the signature o = (v; 2%, mlll, ...,ml), where

Y= <V>¢1>7
t= 2(‘/’ ¢2> - 2<V7 Ql)1> + 27
l; = &)V(mj) for 1 <j<w.

,m

We verify that the signature o satisfies the sufficient conditions to admit a
dihedral action given in Theorem 3.3 and Theorem 3.2. (a) Assume that v = 0,
that is, (V,41) = 0. It is clear that t > 2is even. Also, ift = 2 then (V,42) = 0,
and Condition (4) implies that lem(Supp ®y) = lcm(mlf, ...,mbk) = n. Then,
Theorem 3.3 guarantees that there exists a ske 8 : A — D,, of signature o.
(b) Now, assume that v > 1. It is clear that t is even. And, if v = 1 and
t = 0, then (V,91) = 1 and (V,42) = 0, and Condition (4) implies that
lem(Supp Qv ) = lcm(mlf, ...,mk) = n. Then, Theorem 3.2 guarantees that
there exists a ske 6 : A — D, of signature o.

In both cases (a) and (b), let p, be the analytic representation associated

to the corresponding ske 6 : A — D,, of signature 0. By Theorem 2.1,

</0a7 1/}1> =7,

<Pa,a¢2> =7 1+ %7

(pas o) = 2(y = 1) + 5t + Tp(n) — Tp(h),
for 1 <h < (n—1)/2. It is clear that

(Pa,¢j> = <V> %) fOI'j = 172

By Proposition 2.6, EI;pa(mj) = Wy(m;) =1 for 1 < j < wv, and hence
&)pa (q) = Dy (q) for each q € ZI".
By Lemma 2.1 and Proposition 2.2, it follows that

Dy (q) = @,,(q) for each ¢ € AL

By definition, (V, p(™M) = (p,, p™M) for all 1 < h < (n —1)/2. To conclude,
Condition (3) implies that (V, p") = (pa, p") for all 1 < h < (n — 1)/2. Hence
V = p, is the analytic representation of a dihedral action. O

Remark 3.2. It follows from the proof of the theorem above that Conditions
(1) and (2) guarantee that the induced signature is well-defined. Condition
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(3) ensures that V has the “structure” of an analytic representation, that is,
that the Galois associated C-representations have the same multiplicity in the
decomposition of V. Finally, Condition (4) has to do with the existence of a
dihedral action.

Lemma 3.2. Let n > 2 be an even integer.
(1) A=Tp(n) = Vp(5) = 0p,(n) — @, (5)-
(2) B =Ty(3) = Wy(}) = By, (5) — By, (%) forn € 4Z.
Proof. Recall Lemma 2.4 and the fact that Ty = D, O

Theorem 3.7. Let V be a C-representation of D, with n > 2 even. Then
necessary and sufficient conditions for V to be equivalent to the analytic rep-
resentation of a Dy-action are:

(1) (V,aha) +1 = (V1) + (V,4h3) — (V,1ba)|;

(2) ®y(q) > 0 for each q € ZI" \ {1};

(3) (V,pl"y = (V,p™M)) for 1 < h < (n—2)/2;

(4) if (V,4p1) = (V,1p2) = 0 then lem(Supp ®y) = n;

(5) if (Vi) = 0, (Vi) > 1 and [(V,¢3) — (V,¥4)| = (V,92) + 1 then
<I>V(n) > (I)V(%);

(6) if (V,01) =1 and (V,43) = 0 then lem(Supp ®y) = n or n/2. In the
latter case, if n € 4Z then ®y(5) — @y (%) is odd.

Set ZI" = {1 < my < ... < my}. In this case, the action has geometric
stgnature

((Voabr)s (), (sm)P, (/)i (e,
where 1 = EIVDV(mj) forj=1,... v, and

a = <Vﬂ/)2@?,/)4> - <‘/7w1®w3>+1a
b= (V.o ®1p3) — (V.91 ©1hg) + 1.

Proof. Let us prove that the conditions are necessary. Assume that V' is the
analytic representation of the action represented by the ske 6 : A — D,, of
geometric signature

(7: ), (sr)?, (/)i (et
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(1) By Proposition 2.7,

a Z 0 = <V7 ¢2> +1 Z <V7 1P1> + <<V7 ¢3> - <‘/7 ¢4>)7
b>0 = (Vig2) + 1> (Vih1) + ((Virha) — (V. 43)).

(2) By Proposition 2.7, 0 < I; = &y (m;) for m; € ZI" \ {1}.

(3) By definition, ®y (q) = ®y((n,q)) for ¢ € Zy. Since &y = Uy, Theo-
rem 2.2 implies that (V, p") = (V, p»M) for 1 < h < (n — 2)/2.

(4) Observe that lem(mY, ..., ml) = lem(Supp ¥y) = lem(Supp ®y/). Then,
Theorem 2.2 coupled with Theorem 3.4 give

(Vi) = (Viahy) =0 = y=0and a+b=2 = lem(Supp ®y) = n.

(5) By Theorem 2.2 one has that

(Vogr) =0, (Vo) >1and __ 7=0, a+b>2, and
[(V,h3) — (V,a)| = (V,1ha) + 1 a=0o0orb=0.

Then, Theorem 3.4 implies that A > 0. To conclude, Lemma 3.2 states
that A = <I>V(n) - q)v(%).

(6) By Theorem 2.2,
(Vip1) =1land (V,¢2) =0 = y=1land a=b=0.

Then, Theorem 3.5 implies that

lem(m’, ..., ml) = lem(Supp ®v') = n or n/2,
and, in the latter case, if n € 47 then B is odd. To conclude, Lemma 3.2
states that B = @y (5) — @y (§).

Let us now prove that the conditions are sufficient. Let V be a C-
representation of D,, that satisfies conditions (1),...,(6). The formulas given
in Proposition 2.7 show that, as V satisfies (1) and (2), V induces a well-
defined geometric signature. Concretely, V' induces the geometric signature

0= (7; <3>a7 <5r>b7 <Tn/m1>l1, cees <,rn/mv>lv)’
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where

v = (V,91),

a= (V.12 & ths) —(V,11 © ¥3) + 1,
b= (V,12 @ h3) — (V.11 ©hg) + 1,
l; = &)V(mj) for 1 <j<w.

Lemma 3.2, which easily extends to geometric signatures that do not admit
actions, implies that B = ®y(5) — @y (%) and

A=dy(n) —0y(5) =(V,¢3®vs) — (V01 D2) + 1.

Assume that v = 0. We verify that the geometric signature o satisfies the
existence conditions (),..., (iv) of Theorem 3.4.

(i) It is clear that a+b and a+ A are even, hence a, b, and A have the same
parity.

(ii) Since (V,41) =~ =0, it follows that a + b > 2.
(iii) Assume that a+b = 2. Then (V,12) = 0 and Condition (4) implies that

lcm(mlll, ey mff) = lem(Supp @y ) = n.

(iv) Assume that a +b > 2, and @ = 0 or b = 0. Then (V,19) > 1 and
|(V,4h3) — (V,9a)| = (V,1b2) + 1. Moreover, Condition (5) implies that
A= (I)v(n) - CI)V(%) > 0.
Now, assume that v > 1. We verify that the geometric signature o satisfies
the existence conditions (i) and (ii) of Theorem 3.5.

(i) As before, it is clear that a + b and a + A are even. Hence a, b, and A
have the same parity.

(ii) Assume that v =1 and a = b = 0. Then (V,¢1) = 1 and (V, 1) = 0.
Moreover, Condition (6) implies that

lem(m!t, ..., ml") = lem(Supp ®y) =n or n/2.
Also, Condition (6) states that, in the latter case, if n € 4Z then B =
@V(%) — (I)V(%) is odd.
We conclude that there always exists a ske 8 : A — D, of geometric
signature . The rest of the proof is analogous to that of Theorem 3.6. (Up
to we must employ Theorem 2.2 instead of Theorem 2.1.) O
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Ezample 3.3. Let V' be a C-representation of D, with p > 3 prime. There
exist unique nonnegative integers ji1, fi2, V1, . . ., V(p—1)/2 such that

V= 1111 & poths @ vip' @ - B vy 0pP V2
We apply Conditions (1),...,(4) of Theorem 3.6 to find necessary and suffi-
cient conditions on p1, pig, v1,...,Vp—1)/2 such that V' is the analytic repre-
sentation of a Dp-action. First, we observe that Dy (p) = v1 — (1 + po) + 1
and that Condition (3) is equivalent to

yl = ... = V(pfl)/Q‘

Now, we consider the cases (i) p1 =0, (ii) p1 = 1, and (iii) pg > 2.
(i) Assume that p; = 0. Conditions (1) and (4) hold. Then, by Condition
(2), one has that
v1+ 12> po.

(ii) Assume that p; = 1. Condition (1) holds, Condition (2) is equivalent to
v1 > po, and Condition (3) states that if po = 0 then @y (p) = 11 > 1.
Thus,

vy > g and vy > 1.

(iii) Assume that g1 > 2. Condition (1) states that po > pg — 1 > 1, and
Condition (4) trivially holds. Condition (2) is equivalent to @y (p) =
vy — (u1 + p2) +1 > 0. Thus,

vi+12>p+p2 and pg > pyp — 1.

FEzample 3.4. Let V be a C-representation of Dy. There exist nonnegative
integers p1, ..., s and vy such that

V=11 @ - @ parhs O vipt.

We apply Conditions (1), ..., (6) of Theorem 3.6 to find conditions on p1, . . ., g
and vy such that V is the analytic representation of some Dy-action. First,
we observe that Condition (3) trivially holds and that

Py (4) =Py (4) — Pv(2) = p3 + pa — (1 + p2) +1,

Dy (2) = Pv(2) = v1 — (u3 + pa).

By Condition (1), one of the following cases occurs: (i) g1 = 0 and pz = 0,
(ii) p1 =1 and po = 0, and (iii) p; > 1.
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(i)

(i)

(iii)

Assume that 1 = pg = 0. Conditions (5) and (6) trivially hold. Since
Dy (4) = p3 + pa + 1 > 1 it follows that Condition (4) holds. Condition
(1) is equivalent to |u3 — pa| < 1. Finally, Condition (2) states that
By (4), d1-(2) > 0. Thus,

|3 — pa| <1 and vy > p3 + pg.

Assume that pg; = 1 and pg = 0. Conditions (4) and (5) trivially hold.
Condition (1) states that pus = p4, and Condition (2) is equivalent to
By (4), Dy (2) > 0, that is, 11 > pg + pg. Finally, Condition (6) states
that lem(Supp ®y) = 4 or 2, and, in the latter case, ®y(2) is odd. If
®/(4) > 1 then we are done. Otherwise, ®y(4) = 0, ®y(2) > 1 and
®y/(2) is odd. That is, ug = pg = 0 and v; > 1 is odd. Thus,

H3 = fl4, V1 > 2u3, and
pus =0 = 11 > 1is odd.

Assume that pi2 > 1. Condition (4) and (6) trivially hold. Conditions (1)
is equivalent to po+1 > 1+ |us—pal, and (2) states that &y (4), Py (2) >
0. Finally, we observe that Condition (5) holds. Indeed, it states that
if up = 0 and [z — pa| = P2 + 1 then @y (4) > @y/(2). The previous
inequality is equivalent to ®y(4) > 0, which is already guaranteed by
Condition (2). Thus,

vy 2> p3 4 pa > pn A+ pe 1> 200 + g3 — sl

For instance, whereas the C-representations of Dy,

33 @ 4y ® Tp', b1 @ p', and 290 @ 393 @ 3p?,

are analytic representations of a Dj-action, the C-representations of Dy,

313 @ 54 @ Tp', b1 @ 2p", and o @ 393 @ 3p?,

are not analytic representations of any D4-action.

Lemma 3.3. Forn > 3, if p, is the analytic representation of a Dy -action
in genus g > 2, then {pq, p') > 1.

Proof. Assume that n > 4 is even. By Theorem 2.2 we know that

(par p') = 2(y = 1) + §(a + b) + Vy(n).

If {pa, p') = 0 then either:
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(1) y=1,a+b=0and Uy(n) = 0;
(2) =0, a+b=2and Uy(n) = 1;

(3) v=0,a+b=4and Tg(n) = 0.

Note that Theorem 3.5 tells us that no action satisfies (1). Besides, by The-
orem 3.4, the only geometric signature compatible with (2) is (0; (s), (sr), ().
Also, (3) has geometric signature (0; (s)2, (sr)?). In each case the genus g is
less than 2, a contradiction. If n > 3 is odd then we set t := a + b and obtain
the same conclusions. O

Proposition 3.1. There is a Dy-action in genus g > 2 with irreducible ana-
lytic representation p, if and only if n € {3,4,6}. In each case, p, = p' and
the action is in genus 2.

Proof. (—) Assume that p, is irreducible. By Lemma 3.3 one has that (pg, p!)
is always positive, hence p, = p!. However, by Theorem 3.6 (if n is odd) and
Theorem 3.7 (if n is even) one has that if (pg4, p') # 0 then (pq4, (p*)?) # 0 for
all o in the Galois group of p'. It follows that the Galois group of p' must
be trivial, and this only happens for D,, with n € {3,4,6}. (The size of the
Galois group of p' is %gf)(n), where ¢ is Euler’s totient function.)

(«-) Consider the following (geometric) signatures:

Ds : o3 = (0;2,2,3,3),
Dy : 04 = (0; <5>a <8’I">, <7“2>, <7“>),
Dg : 06 = (07 <S>v <8T>’ <T3>’ <T2>)‘

In each case, the (geometric) signature realizes as an action and its associated
analytic representation satisfies p, = p'. (The realization of the signature o3
follows from Theorem 3.3, and the realization of the geometric signatures o4
and o is guaranteed by Theorem 3.4. Then, using the analytic representation
formulas in Theorem 2.1 and Theorem 2.2, it is easy to check that p, = p'.)

For the sake of clearness, we compute the geometric signature o associated
to pg = p' for Dg, and verify that o = 0¢. By Proposition 2.7,

0= (7; <3>a7 <‘9r>b’ <T3>l1’ <T2>l2) <T>l3)a
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where v = (pg, 1) =0

a = {pa, 2 ® 1) — (pa, 1 B 3) +1 =1,

b= <pa,w2@¢3> (pa,w Shy) +1=1,

i =®,,(2) = (pa, p') — (pa, p°) = 1,

lp = ~pa( 3) = (par p') = (Par 3 ® ) = 1,

ls = Dy, (6) = ((pas p') — (pa 03 D 0a) + 1) =2 =0.

(Note that &)pa(6) =, (6)—P,,(3) — ®,,(2).) This ends the proof.
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Chapter 4

Group algebra decomposition

Carocca, Recillas, and Rodriguez in [7] studied compact Riemann surfaces
with dihedral actions and provided the associated group algebra decomposi-
tion of their Jacobians. In this chapter, equipped with tools not available at
that time, we deal with the problem of determining when such a decomposi-
tion is affordable by Prym varieties. Along the way, we recover some of the
results of [7]. Finally, we relate our results with the classical Ekedahl-Serre
problem of completely decomposable Jacobians.

4.1 Preliminaries

Let G be a finite group and set Irrg(G) = {W1,..., W, }.

Theorem 4.1. Let A be an abelian variety with a G-action. There are abelian
subvarieties B1, ..., B, of A and a G-equivariant isogeny

A~ B x - x By,
where G acts on Binj via the representation W.
Proof. See [21, Theorem 2.2]. O

The isogeny above is the group algebra decomposition of A respect to G.
The subvariety B;, which is defined up to isogeny, is called the group algebra
component of A associated to W;. If A = JS and W; denotes the trivial
representation, then (as we shall do in this chapter) By ~ JSg and n; = 1.

Proposition 4.1. For j = 2,...,v, the dimension of the group algebra com-
ponent Bj of JS is
dim B; = Zkv, (pr, V),

46
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where V; € Irre(G) is Galois associated to Wj, and ky, = sv;| Gal(Ky; /Q)|.
Proof. See [37, Theorem 5.12] and Theorem 1.3. O

It is worth observing that whereas the dimension of B; depends on the
action, the integer v only depends on the algebraic structure of G.

Theorem 4.2. Let S be a compact Riemann surface of genus g > 2 with a
G-action. Let H < K be subgroups of G. If By, ..., B, are the group algebra
components of JS, then

JSi ~ JSq x By? x -+ By,
where uj = d{}g /sv; for 2 < j <w. In addition,
P(rfl) ~ B x .- x B,
_ (JH K .
where t; = (dvj - dvj)/svj for2 <j<w.
Proof. See [9, Theorem 5.2 and Corollary 5.4]. O

A detailed account on decomposition of Jacobians by Prym varieties can
be found in [23].

4.2 Jacobians with dihedral actions

We recall that the Schur index of the dihedral representations is equal to
1. Also, there is a bijection between ZI™ \ {1,2} and the set of irreducible
Q-representations of D,, of degree > 2, given by

ZI"\ (1,2} = Trrg(Dy), g — W(q) = ®a(p")°.
For the sake of clearness, we begin this section with a simple example.

Ezample 4.1. The group algebra decomposition of JS with respect to Ds is
JS ~ JSp, x By x B(3)?,

where By and B(3) are the group algebra components associated to 1 and
W (3), respectively. The dimensions of the fixed subgroups are

It follows from Theorem 4.2 that By ~ P(7T<D72) and B(3) ~ P(ﬂ'gz). Thus,

JS ~ JSp, x P(w)) x P(x ).
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The general case for dihedral groups is as follows. For n even, the group
algebra decomposition of JS with respect to D, is

JS ~ JSp, x By x B3 x By X H B(q)?,
q€ZI™\{1,2}

where B; is the group algebra component associated to the nontrivial degree
one representation ¢;, and B(q) is the group algebra component associated
to W(q). If n is odd then we just omit Bs and By, and hence

JS~JSp,xByx [[ Bla)*
q€ZI"M\{1,2}
Hereafter, ¢ denotes the Fuler totient function.

Proposition 4.2. The dimension of the group algebra components are:
(1) dimBj = <pa71/}]> for] = 17 et 747'
(2) dim B(q) = 56(q){pa, p"%) for q € ZI"\ {1,2}.

Proof. Since p, = pg, by Corollary 1.1 and Proposition 4.1 one has that
dim B = | Gal(Ky /Q)|(pa, V). We recall the well-known fact that

1, it V=1,

| Gal(Ky /Q)| = {;(b(q), if V= pn/a,

This completes the proof. O

The dimensions d‘lf are known for the dihedral groups. We include them
here for latter use.

Lemma 4.1. Let H < D,, and V € Irrc(D,,). For a,q € ZI",

dl [ s s g pe
(rm/e) 1 1 0 & 2
(s,r/*y |1 0 & 0 e
(st 1 0 0 46 e

where § = 1 if n/a is even, and § = 0 otherwise; and ¢ = 1 if o divides n/q,
and € = 0 otherwise. If n is odd then we must omit columns v¥s and 4.



CHAPTER 4. GROUP ALGEBRA DECOMPOSITION 49

Now, we derive expressions for the decompositions of JSg and P(ﬂ%)
induced by the group algebra decomposition of JS. For o € ZI"™, let

Hy = (5,7, Ko = (sr,r™®), and Cy = (r™/®),

be subgroups of D,,. In fact, this covers all of the subgroups of D, modulo
conjugation. Also, H,, = K, = D,,. If a is a proper divisor of 3 € ZI", then

Co < Hy < Hg, Cy < Ky < Kg, and C, < Cp,
with associated intermediate coverings
Sca — SHQ — SHB’ SCQ — SKa — SKﬂ, and Sca — Scﬂ.

We observe that, modulo conjugation, all possible group inclusions and inter-
mediate coverings are depicted above.

Proposition 4.3. For a € ZI", set Q, = ZI"/*\ {1,2}. Then
(1) JSHOL ~ JSDn X qu@a B(Q)? Zf% Z:S Odd
JSp, x By X [lyeq, Blq), if § is even

JSp, x [1eq. B(@); if % is odd

(2) JSk, ~ e
JSp, X Bs X [[,cq., B(q), if 5 is even

2 rno
(3) JSc. ~ JSp, % B2 X [ 0. B(@)*, . zfa z.s odd
JSp, x By x By x By X [[,cq, B(@)", if § is even
If n is odd then we just discard the components B3 and By (% is odd).

Proof. Assume that n is even. Following Theorem 4.2,

JSu, ~ JSp, x By* x By® x By* x H B(q)™"@),
q€ZI"\{1,2}

where u; = dTIZja for j € {2,3,4}, and u(q) = d;{f}q for ¢ € ZI™\ {1,2}. By

Lemma 4.1, one has that ug =0, uz = 0, ug = 0 and u(q) = &(q), where

1, if 2 is even 1, ifqezine
6= s and  &(q) = .
0, if % is odd 0, if q¢zZin

Therefore,

JSu, ~ JSp, x BY x B x By x H B(q)*@.
q€ZI"\{1,2}
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Similarly,
JSk, ~ JSp, x BY x BY x B x H B(q)*?,
q€ZI"\{1,2}
JSc, ~JSp, x By x By x By x [] B@)*.
qeZI™\{1,2}
The proof for the case n odd is analogous. O

Proposition 4.4. For o, 8 € ZI", set Qo5 = (ZI"/*\ ZIMA)\ {2}. If o is a
proper divisor of 3, then
(1) p(atiny ~ | P8 % Mo, Bla), i 55 s odd
e HqEQa,g B(q), if & + % is even
Ka By x [lyeq. , Bl@), if 2+ % is odd
(2) P(afie) ~ “a. fath
quQa,,ﬁ (Q), Zfa + B s even

C(X «@ «@ .
(3) PGy ~ Plelfs) x P(efs);
(4) P(x) ~ Bz x P(mys) x P(np?).
(5) P(r§s) ~ Bz x P(mge) x P(mpe).
If n is odd then we just discard the components B3 and By (% + % is even).
Proof. Assume that n is even. Following Theorem 4.2,
P(rys) ~ By x By x By % II Bw@",
geZ!"\{1,2}

where t; = dl= —dH_ﬁ for j € {2,3,4}, and t(q) = dfe g8 for q €
J w] 7/"] P

n/q pn/a
Z™\ {1,2}. By Lemma 4.1, one has that to = 0, t3 = § — &, t4 = 0 and

t(q) = e(q) — €'(q), where

1, if 2 even 1, ifqezlne

"=Y0. it odd =10, itggzin/o
9 1 a o ) 1 q ¢

5 — 1, %f % even elq) = 1, ?f qeznp

0, if % odd 0, ifq¢zInB

Therefore,

Pafie)~ BSx B x By x [ Blay@—=.
qeZIm\{1,2}
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Similarly,
P(ng) ~ By x By X Bﬁ“y X H B(q)a(q)—a’(q)’
qeZI™\{1,2}
P& ~ B x By x By x [ Blg—=@),
qez"\{1,2}
PG ) ~ By x BS Y x By x [ Blg)*@—=@,
q€ZIM\{1,2}
P(WIC;;) ~ B} x By x B x H B(q)*@—'@,
q€ZI"M\{1,2}
The proof for the case n odd is analogous. 0

The following corollary, which was proven in [7, Theorems 6.1, 7.1, and
8.1], follows directly from the previous proposition.

Corollary 4.1. Let S be a compact Riemann surface of genus g > 2 with
(

a Dy -action. Then for each n, P(ng) ~ Bo. Moreover, if n is even, then
P(x™) ~ By and P(x"") ~ By.
Proof. Observe that

P(r$)) = P(n§) ~ By x P(wl") x P(nk") = By x P(n5")? ~ B.

Similarly for the other cases. O

4.3 Prym affordable Jacobians

Let S be a compact Riemann surface of genus g > 2 with a G-action. The
group algebra decomposition of J.S is a powerful tool to study the following
two questions:

Question 1. When does the Jacobian JS decomposes as a product of Jacobians
of quotient surfaces of S?

Question 2. When does the Jacobian JS decomposes as a product of JSg
and Prym varieties of intermediate coverings of 7 : S — Sg?

In 1989, preceding the group algebra decomposition theorems, Kani and
Rosen in [19] provided partial results regarding the first question. More re-
cently, Reyes-Carocca and Rodriguez in [33] generalized their results. The
second question was considered by Moraga in [27] for actions of affine groups
over finite fields.
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Definition 4.1. Let S be a compact Riemann surface of genus g > 2 with a
G-action. Following [27], the group algebra decomposition of J.S (with respect
to G) is called affordable by Prym varieties if each group algebra component
(with respect to G) of JS is isogenous to the Prym variety of an intermediate
covering.

Definition 4.2. A group G is Prym-affordable if every group algebra decom-
position of a Jacobian with respect to G is affordable by Prym varieties.

Ezample 4.2. The cyclic group Z,, of prime order p is Prym-affordable. Indeed,

Zy, has two irreducible Q-representations and every irreducible C-representation
has degree and Schur index equal to one. Thus, if G = Z, acts on a Riemann

surface S of genus g > 2 then

JS ~ JSq x By ~ JSq x P(x5h).

Partial results for the problem of determining when D,, is Prym-affordable
have been obtained. Concretely, Carocca, Recillas, and Rodriguez proved in
[7, Theorems 6.4 and 7.1] that D, (p > 3 prime) and Dae (e > 2) are Prym-
affordable, respectively. Besides, Lange and Recillas in [21, §4.4] pointed out
that Dy, is not Prym-affordable.

The following result gives a complete answer to the problem.

Theorem 4.3. The dihedral group D,, is Prym-affordable if and only if n = p°
for p prime and e > 1.

Proof. For a, 8 € ZI", let H, = <s,r"/a> be a subgroup of D,,, and let

Qa,p = M\ ZIM0)\ {2},

(<) Let n = p° for p prime and e > 1, and assume that D, acts on a
compact Riemann surface S of genus g > 2. After considering Corollary 4.1,
it suffices to prove that for each ¢ € ZI" \ {1,2}, the subvariety B(q) of JS
is isogenous to the Prym variety of an intermediate covering. Set o;j = n/ P
and B; =n/p’~! for j € {1,...,e}. Observe that

Qu, 5, = 2P\ 2P = {p/}.

Then, by Proposition 4.4(1), one has that
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for1<j<eifp>3,and for 2 < j < eif p=2, as desired. (If p > 3 then
ZI"\ {1,2} = {p,...,p}, otherwise ZI" \ {1,2} = {22,...,2°}. Moreover,
O% + % = p’ + p’~1 is even in each of the previous cases.)

(—) Let us prove the contrapositive. Assume that n is not the power of a
prime. Then, one of the following cases occurs:

(i) n € pgZ for p,q > 3 primes, or

(ii) n € 2pZ for p > 3 prime.

We now proceed to prove that for each of the cases above, given a suitable
choice of action, there is a group algebra component that is not isogenous
to the Prym variety of an intermediate covering. Let 6 : A — D, be a
ske such that the quotient surface has genus v > 2. (The existence of € is
guaranteed by Theorems 3.1 and 3.2.) Then, by the Chevalley-Weil formula
and Proposition 4.2, one has that all the group algebra components (associated
to the action of #) have positive dimension.

(i) Assume that n € pgZ. By Proposition 4.4, if B(pg) ~ P(rif) for H < K
subgroups of D, then, as every group algebra component has positive
dimension, there are integers «, 8 € ZI", with « a proper divisor of f,
such that

Qa,p = 2"\ ZMP)\ {2} = {pg}.

It follows that pg divides n/a but does not divide n/f3. Since p and ¢
are prime, at least one of them does not divide n/f8 and Q.3 is not a
singleton, a contradiction.

(ii) Assume that n € 2pZ. By Proposition 4.4, if B(pq) ~ P(ril) for H <
K subgroups of D,, (and every group algebra component has positive

dimension), then there are integers «, 3 € ZI", with « a proper divisor
of 3, such that

Qa,p = (2" \ZMO)\ {2} = {24}

In particular, 2p is a divisor of 7 (even) but not of % Since p ¢ Qo
it follows that p divides 3 and therefore 2 does not divide 5 (odd). We

conclude that = + % is odd and thus

P(r) ~ By x B(2p) or P(n¥) ~ By x B(2p).

a contradiction.

This concludes the proof. O
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Moving forward, we refine our analysis to consider the possibility that
some group algebra components may have dimension zero.

Definition 4.3. For each subset () C Z., we define the function

Lo : Zy — Zy given by Lg(q) = lem(Q N Z/7\ {g}).
Lemma 4.2. Set Q C Z4+ and q € Z1. Then
(1) Lg(q) is a divisor of q;
(2) Lo(q) # q if and only if Lo(q) is a proper divisor of q;
(3) if q is the power of a prime number then Lg(q) # q;
(4) if g € Q then Lg(q) # q if and only if QN 719\ z/e(d) = {q};
(5) if g € Q and Lo(q) # g, then Lg(q) = ged{t € ZI7: QNZI\ ZI = {¢}}.

Proof. The least common multiple of a subset of ZI? is a divisor of ¢. This
proves (1), which in turn implies (2). To see that (3) holds, note that

Q Nz \ {p¢} € {p,...,p° '} for p prime.

Set ¢ € Q. If Lg(q) = g then @ N Zla \ ZILa(9) is empty. By definition, if
Lg(q) # q then each element of Q NZI7\ {q} divides Lg(g). This shows (4).
Finally, let us prove (5). Set ¢ € @ and assume that Lg(g) # ¢. Choose
t € Z14 such that Q N 29\ ZI" = {¢}. Since every element of Q N ZI7\ {q}
divides ¢ it follows that Lg(q) divides t, as desired. O

Definition 4.4. Let p, be the analytic representation of a dihedral action
represented by a ske 6 : A — D,,. Set

Qo = {t € ZI"\ {1,2} : (pa, p"/") > 1}.

Theorem 4.4. Letn > 3 be an odd integer, and let S be a compact Riemann
surface of genus g > 2 with a dihedral action represented by a surface kernel
epimorphism 0 : A — D,,. For q € Qg, the subvariety B(q) of JS is isogenous
to the Prym variety of an intermediate covering if and only if Lg(q) # q. In
this case,

B(q) ~ P(ﬂ-[];([) fO’I“ H = <S,Tq> and K frd <S7’]”LQ9(q)>_
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Proof. Assume that Lg,(q) # q. Set a = n/q and f = n/Lg,(q), and recall
that H, = (s,7"®) and Qa5 = (ZI™*\ ZI"/P). By Lemma 4.2(2), a is a
proper divisor of § and hence H, < Hg. Moreover, by Lemma 4.2(4),

Q0N Qg = QoM (ZI1\ 2P0 @) = {g}.
Then Proposition 4.4(1) implies that

P(re)~ I Bo~ [ B®)~B).

tEQa,ﬁ tEQQOQa,ﬁ

For the converse, assume that B(q) ~ P(rrg ) for H < K subgroups of D,,.
By Proposition 4.4, we can assume that H = H,,/, and K = H,, ; with { a
proper divisor of ¢ such that

Qo N (Z\ Z') = {q}.
By Lemma 4.2(5), we conclude that Lg,(q) divides t and Lg,(q) # q. O

Consider a dihedral action in genus g > 2 represented by a ske 6 : A — D,
with n odd. Let (;2!,my,...,my) be its signature. By Lemma 3.3, one has
that n € Qp, that is, Qp is not empty. Moreover, Proposition 2.4(1) states
that if ¥ > 1, or v = 0 and ¢ > 6, then Qg = Z™\ {1,2}. In this case, all the
subvarieties B(q) of J.S have positive dimension (Proposition 4.2). Therefore,
in our search for examples of group algebra decomposition’s with dimension
zero subvarieties, we will examine the following cases:

(1) y=0and t =2;

(2) y=0and t =4.
Also, in Case (2) we know, by Proposition 2.4(2), that

QG — Z|n \ Z|n/1cm(m1,...,mv)'

As we will see in the following examples, group algebra decompositions of
Jacobian varieties, respect to non Prym-affordable dihedral groups, can still
be affordable by Prym varieties. Moreoever, we provide an infinite family of
such decompositions.

Ezample 4.3. Recall that H, = (s, r"/o‘>, C, = <r"/a> and W(q) = @U(pn/Q)U_

(1) Let p,q > 3 be distinct prime numbers, and let e > 1. By Theorem 3.3,
one has that the group Dy, acts in genus g = 1+p°(¢—1) with signature
(0;2,2,2,2,q). Since lem(my, ..., m,) = q, it follows that

Qo = ZIP°\ 2" = {q,pq, ¢, ..., p°q}.
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Therefore, Lg,(q) = 1 and

Lgy(p'q) = lem{q,pg,....p" "¢} =p/ g for 1 <j<e.
By Theorem 4.4, one has that

JS ~ By x B(q)* x B(pq)* x -+ x B(p°q)*,

(r) (s,r9)\2 (s,7P9)\2 (s) 2

~ P(ﬂ-Dpeq) x P(WDpeq ) X P(ﬂ-<s,rq> ) Koo X P(W(S’rpe*1q>) ’
Ce Hoe \2 H . 1.2 Hi\2
:P(”DZeZ) X P(”D:eq) X P(”Hze ) X x Plmyh)”

(2) Let p,q > 3 be distinct prime numbers. By Theorem 3.3, one has
that the group D2, acts in genus g = (p? — 1)(q — 1) with signature
(0;2,2,q,p%). Then, by Theorem 2.1, the analytic representation of the
action satisfies p, = W (p?q) @ W (pq). Since Qp = {pq, p*q}, it follows
that Lg,(pg) = 1 and Lg,(p*q) = pq. By Theorem 4.4, we conclude
that

IS ~ B(pa)* x B(p*q)* ~ P(wy", ') x P(x ()" = P(wp?, )% P(xip!).

p2q (s,rPq

(3) Let p,q,r > 3 be distinct prime numbers. By Theorem 3.3, one has that
the group Dy, acts in genus g = 1+ 2pgr — (qr + pr + p) with signature
(0;2,2,p,q,qr). Then, by Theorem 2.1, the analytic representation of
the action is given by

pa = 2W (pqr) ® 2W (pg) © W(gr) & W (pr) & W(q),
and hence Qy = {pqr, pq, qr, pr,q}. Then,

Lq,(pqr) = lem(pg, qr,pr,q) = pqr,
Lg,(pq) = Lg,(qr) = q and Lg,(pr) = Lg,(q) = 1.

It follows from Theorem 4.4 that B(pgr) is not isogenous to the Prym
variety of any intermediate cover.
4.4 Completely decomposable Jacobians

An abelian variety is completely decomposable if it is isogenous to a product
of elliptic curves. Ekedahl and Serre in [14] posed the following two questions:
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Question 1. Is it true that, for all positive integers g, there exists a curve of
genus g whose Jacobian is completely decomposable?

Question 2. Is the set of genera for which a curve with completely decompos-
able Jacobian exists infinite?

Since the publication of [14], the study of completely decomposable Jaco-
bians has attracted considerable interest. See for example [10, 13, 18, 25, 29].
Despite recent advancements, the previous questions still remain open.

Notably, Ekedahl and Serre provided a list of genera (up to 1297) with
curves exhibiting completely decomposable Jacobians, but significant gaps
remained. To address this, Paulhus and Rojas in [30] used computational
tools to systematically construct examples in new genera, relying on the group
algebra decomposition of Jacobian varieties. See also the recent article [36].

Here we determine all Riemann surfaces with dihedral action such that the
group algebra decomposition yields a complete decomposition of the Jacobian.

Theorem 4.5. Let n > 3 be a positive integer, and let S be a compact Rie-
mann surface of genus g > 2 with a Dy-action. The group algebra decomposi-
tion (with respect to Dy,) provides a complete decomposition of JS if and only
if one of the following cases occurs.

[ n | genus | signature [ geometric signature | complete decomposition of JS |
3 2 (0;2,2,3,3) B(3)?
3 (0;2,2,2,2,3) Ba x B(3)?
(1;3) JSpy x B(3)?
4 (1;2,2) JSps x B2 x B(3)2
4 2 (052,2,2,4) (05 (s), (s7), (r2), (r)) B(4)%
3 (1;2) (1; (r?)) JSp, x B(4)?
(0;2,2,2,2,2) | (0;(s)?, (sr)2, (r?)) Bs x B(4)?
(0;2,2,4,4) (05 (57‘22 (ng) B3 x B(4)z
(03 ()", (r)°) By x B(4)
4 (0;2,2,4) (05 (s), (sm)3, (1)) By x Bz x B(4)?
(05 (5)3, (sr), (1)) B X By X B(4)2
5 (1;2) (1; (sr)?) JSp, X B2 x Bz x B(4)?
(1; (s)?) JSp, X Ba X Ba x B(4)?
6 2 (0;2,2,2,3) (05 (s), (sT), (r®), (r?)) B(6)”
3 (0;2,2,2,6) (05 (s7)2, (r3), (1)) B3 x B(6)?
(0; ()2, (r®), (r)) Bs x B(6)?
4 (0;2%) (05 (s), (s7)3, (r3)) By x Bs x B(6)?
(05 (s>37 (sr), (TB)) By X By X B(6)2
(0;2,2,3,6) (0; (s}, (s}, (r?), (r)) B(3)® x B(6)*
5 (1;3) (1; (r?)) JSpg x B(3)> x B(6)*
(0;2,2,2,2,3) | (0;(s)?, (sr)2, (r?)) Bs x B(3)? x B(6)?
(0;2,2,6,6) (05 (sr)2, (r)?) B3 x B(3)? x B(6)?
(0; (), (r)?) Ba x B(3)? x B(6)?
6 (052,2,2,2,6) | (0;(s), (sT)2, (r)) Bs x Bz x B(3)% x B(6)?
(0; (s)3, (s1), (1)) Ba x By x B(3)% x B(6)?
7 (1;2,2) (1; (s7)2) JSpg X B2 x Bz x B(3)? x B(6)*
(1; (s)?) JSpg X B2 x Ba x B(3)? x B(6)?

Proof. According to Proposition 4.2, if p, is the analytic representation of an
action of D,, then dim B(n) = $¢(n){pa, p*). We observe that ¢(n) = 2 if and
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only if n € {3,4,6}. This fact coupled with Lemma 3.3, which states that
{pa,p*) > 1 in genus g > 2, imply that dim B(n) > 2 for n # 3,4,6.

Now, we will determine all the (geometric) signatures of D3, Dy, and
Dg whose associated group algebra decomposition of JS provides a complete
decomposition of JS. Our approach will be to list all the “potential analytic
representations” and use Theorem 3.6 and Theorem 3.7 to determine which
among them actually are the analytic representation of a dihedral action.
Then, obtaining the (geometric) signature is a straightforward application of
Proposition 2.6 and Proposition 2.7.

(1) Consider the group D3. Assume that the group algebra decomposition,
JS ~ JSp, x By x B(3)?,

with respect to D3 provides a complete decomposition of JS. Then, by
Proposition 4.1, the multiplicities of the irreducible C-representations in
pa are zero or one. That is, p, is equivalent to one of the following cases:

(i) p* (iil) ¥ @ p!
(i) 1 @ p' (iv) 1 @ Y2 B p!

Observe that

By, (3) = ©5,(3) = {pur ') — (pas o B ) + 1.

By Theorem 3.6, each of the representations above is the analytic rep-
resentation of some Ds-action. For the sake of example, we include the
computation of the signature o = (1;3) associated to p, = 11 @ p'. By
Proposition 2.6 we have that o = (v;2¢,3!), where

< aa¢1> = 17
2(pa, ¥2) — 2(pa, 1) +2 =10,
®, (3)=1.

~
t

l

(2) Consider the group Dy4. Assume that the group algebra decomposition,
JS ~ JSp, x By x B3 x By x B(4)?,

with respect to D4 provides a complete decomposition of JS. As before,
the multiplicities of the irreducible C-representations in p, are zero or
one. That is, p, is equivalent to one of the following cases:
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(i) o' (ix) v ® 13 ® p!
(i) 1 @ p' (x) Y2 @y @ p'
(iii) 12 @ p! (xi) U3 B s @ p'
(iv) s @ p! (xii) ¥1 @ 2 ® 3 B p!
(v) e @ p! (xiii) 91 @ g © s ® p*
(vi) Y1 ®1p2 B p! (xiv) 1 ® 3 B Py @ pt
(vii) 1 @ 3 @ p (xv) o ® Y3 @ 1hy @ p'
(viii) 1 @1y @ pt (xvi) Y1 B by & Y3 B by & pt

Observe that

B, (4) = ©,, (4) — ©,,(2) = (Pa, b3 @ a) — (pay 1 o) + 1
), (2) = D, (2) = (Pa, p') — (pa, 3  1a).

By Theorem 3.7, the representations (vi), (vii), (viii), (xi), (xiv), (xv)
and (xvi) are not the analytic representation of any Dy-action. More
precisely: the cases (vii) and (viii) do not satisfy statement (1) of The-
orem 3.7; and cases (vi), (xi), (xiv), (xv) and (xvi) do not satisfy state-
ment (2) of Theorem 3.7. The remaining statements of Theorem 3.7
hold in each case. We conclude that the remaining representations are
the analytic representation of some Dy-action.

Consider the group Dg. Assume that the group algebra decomposition,
JS ~ JSp, x By x Bz x By x B(3)* x B(6)%,

with respect to Dg provides a complete decomposition of JS. As before,
the multiplicities of the irreducible C-representations in p, are zero or
one. That is, p, is equivalent to one of the following cases:

(i) p! (vii) 1 @ 3 & pt
(i) ¢1 @ p' (viii) ¢ @ s @ p!
(ifi) 92 @ p! (ix) P2 ® 3 @ p!
(iv) 13 @ p' (x) o ® 1y @ p!
(V) Ya@p! (xi) 13 @y @ p!
(vi) 11 ® 2 @ p! (xii) 1 @ 2 @ 3 @ p!
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(xiii) 1 ® 2 ® s ® p! (xxiil) ¢ @3 © p* © p!
(xiv) Y1 © Y3 ® by © p* (xxiv) Y1 @Yy © p*> @ p!
(xv) 12 B Y3 D thy @ p (xxv) by D b3 @ p? @ pt

(xvi) V1 B Yo B Y3 B Yy & p! (xxvi) b ® Py ® p? @ pt
(xvii) p? @ pt (xxvii) 13 @ by @ p? © p!

(xviii) 41 @ p* @ p! (xxviii) 4y @ 9o B 43 @ p* @ p!
(xix) o @ p* @ p! (xxix) 1 ® 1Py ® Py @ p* B p!
(xx) ¥3® p* @ p' (xxx) Y1 B Y3 B Yy B p? D pt
(xxi) 1y @ p* © p' (xxxi) by ® b3 B g B p* D pt
(xxii) 11 S Y2 B p? & p! (xxxii) Y1 @ Y2 ® Y3 B Yy ® p? B p!

Observe that

®,, (6) = Dp, (6) — 0, (3) — B, (2)

= (pa, P> ® U3 B ) — (pa, p* B 1 B 1ha) + 1
), (3) = P, (3) = (Pas ) — {pas 3 © a)
By, (2) = Py, (2) = (par ") — (Pas P?)

By Theorem 3.7, the representations (ii), (iii), (vi), (vii), (viii), (xi), (xii),
(xiii), (xiv), (xv), (xvi), (xxii), (xxiii), (xxiv), (xxvii), (xxx), (xxxi), and
(xxxii) are not the analytic representation of any Dg-action. More pre-
cisely: the cases (vii), (viii), (xxiii) and (xxiv) do not satisfy Statement
(1) of Theorem 3.7; the cases (ii), (iii), (vi), (xi), (xii), (xiii), (xiv), (xv),
(xvi), (xxii), (xxvii), (xxx), (xxxi) and (xxxii) do not satisfy Statement
(2) of Theorem 3.7; and the cases (vii) and (viii) do not satisfy State-
ment (6) of Theorem 3.7. The remaining statements of Theorem 3.7
hold in each case. We conclude that the remaining representations are
the analytic representation of some Dg-action.

This ends the proof. O
The following corollary is a quick consequence of the theorem above.

Corollary 4.2. If n > 3 is different from 3, 4, and 6 then the group algebra
decomposition with respect to each action of D, does not provide a complete
decomposition of the Jacobian.
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A generalization of the Ekedahl-Serre problem

An interesting generalization of the Ekedahl-Serre problem involves seeking
decompositions of Jacobians where each subvariety in the decomposition has
the same dimension.

Definition 4.5. Let k£ be a nonnegative integer. An abelian variety is k-
decomposable if it is isogenous to a product of abelian varieties of dimension
k. We say that the product is a k-decomposition of JS.

Lemma 4.3. Let D, act in genus g > 2, and let p, be the analytic represen-
tation of the action. For q € ZI" \ {1,2}:

(1) {pas p") = {pa, 9);
(2) dim B(n) > 1;
(8) dim B(n) > dim B(q);

(4) if dim B(n) = dim B(q) then q € {n,5} forn € 2Z\ 4Z, and q = n
otherwise.

Proof. Recall that dim B(q) = %(Z)(q)(pa,p”/q). To prove Statement (1) note
that Wy(n) > Wy(n) — \/I}g(%) and apply Theorem 2.1 and Theorem 2.2. State-
ment (2) follows from (1) and the fact that ¢(n) > ¢(q). Statement (3) is a
quick consequence of Lemma 3.3.

Let us prove Statement (4). By (1) and (2) one has that dim B(n) =
dim B(q) if and only if ¢(n) = ¢(q) and (pa, p') = (pa, p/%). To conclude, we
observe that ¢(n) = ¢(q) implies that n = g or n = 2¢ (for ¢q odd). O

Proposition 4.5. Let S be a compact Riemann surface of genus g > 2 with a
Dy, -action. If the group algebra decomposition of JS with respect to D,, yields
a k-decomposition of JS, then k = dim B(n) is a multiple of 3¢(n).

Proof. Assume that the group algebra decomposition yields a k-decomposition
of JS. Then, dim B(n) equals zero or k. By Lemma 4.3 one has that
dim B(n) > 1 and hence k = dim B(n). O

Theorem 4.6. Let n > 3 be a positive integer, and let S be a compact Rie-
mann surface of genus g > 2 with a D,-action. For k > 2, the group algebra
decomposition (with respect to D,,) provides a k-decomposition of JS if and
only if one of the following cases occurs.
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[ n [ genus g [ g/k [ signature [ geometric signature [ k-decomposition of JS ]

3 2m 2 (0;2,2,3mFT B(3)?2
3m 3 | (0;22m*2 3) B> x B(3)?

4 2m 2 [ (0;2777,4) (0; (s), {s), (r*)™, (1)) B(4)?
4am 4 | (0;2%mF2 4) (0; {s), (sr)2™F1 (r)) By X Bz x B(4)2

4m 4 (0; (8)2™ T (s7), (1)) By x By x B(4)2

5 4am 2 | (0;2,2,5™mFh B(5)2
6 3 | (0;2%) By x B(5)?

6 4m 4 |(0;2,2,3™,6) (05 (s, (sry, (r2Y™, (r)) B(3)? x B(6)?
6m 6 | (0;22mF2 6) (0; {s), (sr)2™F1 (r)) Bs x Bz x B(3)% x B(6)2

6m 6 (03 ()21 (s1), (1)) By x By x B(3)? x B(6)?

p (p—Dm 2 [(0:2,2,p™h B(p)®
P [ p" Tp—Dm [ 2 [(0:2,2,p™, (p%) B(p°)’
pg | (p—1)(@—-1) | 2 | (0;2,2,p,q) . B(pg)®
2¢ 2°"'m 2 | (0,212, (2%) (03 (s), (s7), (r>~ )™, (7)) B(2°)*
2p p—1 2 | (0;2,2,2,p) (0; (s), (s, (rP), (%)) B(2p)?
2(p — 1)m 4 ] (052,2,p™,2p), | (0;(s), (sm), (r*)™, (r)) B(p)® x B(2p)*

Here m is a positive integer; if n € {3,4,5} then m > 2. For the last five rows
of the table above we make, in descending order, the following assumptions:
(i) p > 7 is prime; (ii) p > 3 is prime and e > 2; (iii) p,q > 3 are distinct
primes; (i) e > 3; and (v) p > 5 is prime. Also, for n = p®, we introduce
the notation (p°) to emphasize that the integer p® appears one time in the
signature. Similarly for n = 2°.

Proof. Let us first prove that if for some k € Z, the group algebra decompo-
sition (with respect to D,,) provides a k-decomposition of J.S, then n is either
a prime power or the product of two primes.

Let p, be the analytic representation of a Dy-action. Fix m = (p,, p'),
which is a positive integer by Lemma 3.3. We proceed by contradiction. As-
sume that n is not a prime power nor the product of two primes. There are
two cases:

(1) Set n ¢ 27\ 4Z. By Lemma 4.3 one has that (pg, p"/9) = 0 for all
q € ZI"\ {1,2,n}. Tt follows that

m—(pa; 1 ®P2) +1, if (n,q) =n
o,,(q) - m — (pa, V3 @ Yy), if n is even and (n,q) = 5
“ m, 1< (n,q) <%
0, (n,q) =1

If n is odd then there are distinct odd primes py, pa € ZI™ such that n =+
p1p2, hence <T>pa (p1p2) = —m < 0. Thus, Statement (2) of Theorem 3.6
is not satisfied and therefore p, is not the analytic representation of
a Dp-action, a contradiction. If n is even then there is an odd prime
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p € ZI" such that n # 2p, hence :I;pa(Qp) < —m < 0. Similarly, we reach
a contradiction by Statement (2) of Theorem 3.7.

(2) Set n € 2Z \ 4Z. Note that % is odd. By Lemma 4.3 one has that

(pa, ™) = 0 for all ¢ € ZI"\ {1,2,%2.n}, and (pq,p*) = 0 or m. It
follows that

(

m— {pa, 1 ®P2) +1, if (n,q) =n

m — (pa, V3 ® Y4), if n is even and (n,q) = z
‘I)pa(Q) =\m, 2<(n,q) < %

m — (pa; p*), (n,q) =2

0’ (n7 Q) =1

If there are distinct odd prime numbers pq, ps € ZI™, then EIVJpa (p1p2) <0
and we conclude as in (1). Now, assume that n = 2p° for some odd
prime p and e > 2. If e > 3 then &)pa (2p°~1) = —m < 0, a contradiction.
If e = 2 then n = 2p?, and

We observe that Statement (2) of Theorem 3.7 tells us that EIVJ,)a(q) >0
for ¢ € {2p?, p?,2p,p,2}. Then, (p4, ;) =0 for j =1,...,4, (pa, p*) =
m and m = 1. However, lem(Supp &)pa) = p # 2p?, a contradiction by
Statement (4) of Theorem 3.7.

Now, if n > 3 is a prime power or a product of two primes, then one of
the following cases occurs:

(2) n=4, (5) n=p for p > 7 prime,

(3) n=25, (6) n=p° for p > 3 prime and e > 2,
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(7) n = pq for p,q > 3 distinct prime§9) n = 2p for p > 5 prime.
(8) n =2°for e > 3,

For each of the cases above, we will determine all the (geometric) sig-
natures of D,, whose associated group algebra decomposition provides a k-
decomposition of the Jacobian for some k > 2.

Our approach will be to apply Theorem 3.6 and Theorem 3.7 to find all the
compatible analytic representations. Then, as in the proof of Theorem 4.5,
obtaining the (geometric) signature is a straightforward application of Propo-
sition 2.6 and Proposition 2.7.

Let p, be the analytic representation of a D,-action as above. Propo-
sition 4.5 states that k = 3¢(n)m with m = (p,,p') a positive integer.
Proposition 4.2 together with Lemma 4.3 imply that (p,, p"/?) = 0 for q €
ZI"\ {1,2,n}; unless n € 27\ 4Z, in which case we can also have (pq, p?) = m.
Moreover, by Theorem 3.6(3) and Theorem 3.7(3), (pa, (0™/9)7) = (pa, p(™™)
for each element o of the Galois group of p/?. In summary:

m, if (n,h) =1,
(pasp™) = 0 or m, if n€2Z\4Z and (n,h) = 2,
0, otherwise.

Also, by Proposition 4.2 one has that (p,,1;) = 0 or k. Finally, we recall that
W(q) = &y (p"1)°.
(1) Assume that n = 3. In this case, k = m > 2 and

D,.(3) =m — (pg, Y1 B 1ha) + 1.

Statement (2) of Theorem 3.6 says that 21V>pa(3) > 0. That is, (pe, Y1 &
2) < m+ 1. Thus, either (p,, 11 @ 13) = 0 or m. By Statement (1) of
Theorem 3.6, which tells us that (pg, ¥2)+1 > (pa, ¥1), if (pa, 1 D) =
m then (pq, 1) = 0 and (p,, 1p2) = m. We conclude, by Theorem 3.6,
that the compatible analytic representations are:

(i) mW (3),
(i) maps & mW (3).

By Proposition 3.6, the signature (7; 2, 3!) associated to p, is given by

Y= <;0a77/}1>7 t= 2<Pa,w2> - 2<pa7¢1> + 27 and [ = (ppa(3)'
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For instance, if p, = mW (3) then v =0, t = 2, and [ = m + 1. We
conclude that the representations above have signatures (0;2,2,3™+1)
and (0;22™+2 3), respectively.

Assume that n = 4. Then, kK =m > 2 and

D, (4) = (pa, V3 ® a) — (pa, 1 B o) + 1,

®,,(2) = m — (pa, V3 ® ha).

Statement (2) of Theorem 3.7 requires that EDPa (4), <T>pa(2) > 0. In par-
ticular, (pq, 3 @ Ya) < m. If (pg, 3 ® 1Pg) = 0 then (pq, 1 ® 2) = 0,

because ®,, (4) > 0. By Statement (1) of Theorem 3.7, which says that

<Paa¢2> + 1 Z (Pa,¢1> + m, lf <Paa¢3 7] ¢4> = m then <Paa1/11> =0
and (pg,12) = m. We conclude, by Theorem 3.7, that the compatible
analytic representations are:

(i) mW(4),
(ii) map @ mabz & mW (4),
(iii) mwe ® mapy ©@ mW (4).

By Proposition 2.3, the geometric signature (7; (s)®, (sr)?, (r2)i1, (r)i2)
associated to p, is given by

¥ = (pas 1),
a = (pa, 2 ® Y1) — (pa, 1 ® ¥3) + 1,
b= (pa, 2 ®3) — (pa, V2 ®ha) + 1,
h = (ipa(2)7
ly =@, (4).

For instance, if p, = mips®@mips@&mW (4) theny =0, a =1, b = 2m+1,
l1 =0, and I3 = 1. We conclude that the representations above have
geometric signatures (0; (s), (sr), (r2)™ (r)), (0;(s), (sr)?™L (r)), and
(0; (s)2mFL (sr), (r)), respectively. Henceforth, we omit the (geometric)
signature computations.

Assume that n = 5. Then, &k = 2m and

(I)PG(S) =m-— <10a71/}1 D 1/12> + 1.

Statement (2) of Theorem 3.6 says that 5%(5) > 0. If m > 2 then
(pa, 1 ® 1) = 0. On the other hand, if m = 1 then (ps, 1)1 @ 12) <
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k = 2. Thus, by Statement (1) of Theorem 3.6, which tells us that

<paa¢2> +1> <paa¢1>’ one has that <pa7¢1 S ¢2> = 07 or <pa,1/)1> =0
and (pg,12) = 2. We conclude, by Theorem 3.6, that the compatible

analytic representations are:
(i) mW(5),
(i) 2¢p & W(5).
Assume that n = 6. Then, k = m > 2 and

E)Pa(6) = <pa7 ¢3 @ 1/}4 S p2> - (Paﬂﬁl > ¢2> —-—m+ 17
&;Pa(3) =m — <Pa7¢3 S ¢4>7
©,,(2) = m = (pa, p°).

Statement (2) of Theorem 3.7 requires that Cf'pa (q) > 0 for ¢ = 2,3,6.
In particular, as ®,,(3) > 0, (pa,¥3 ® Ya) < m. If (pa, 3 B 1Ps) = 0
then (pa, 1 @ 1) = 0, and (pg, p?) = m, because ®,,(6) > 0. Now,
if <Pa;¢3 @ ¢4> = m then <Pm¢1> = 07 (/)a,w2> = k and (PmP2> =
k. Indeed, this is a consequence of ®,,(6) > 0 and Statement (1) of
Theorem 3.7, which says that (pg, ¥2) +1 > (pa, 1) + m. We conclude,
by Theorem 3.7, that the compatible analytic representations are:

(i) mW(3) @ mW(6),

(il) mae @ mips & mW (3) @ mW (6),

(iii) me & mipy & mW (3) @ mW (6).

Assume that n = p for p > 7 prime. Then, k = %(p — 1)m > 3m and

Dy, (p) = m — (pa, b1 @ 1b2) + 1.

Statement (2) of Theorem 3.6 says that &)pa (p) > 0. In other words,
(Pa V1 @ 2) < m+ 1. Since (pg,%;) = 0 or k > 3m, it follows that
(Pas1 @ 1p2) = 0. We conclude, by Theorem 3.6, that the compatible
analytic representations are:

(i) mW (p).
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(6)

Assume that n = p® for p > 3 prime and e > 2. Then, k = %qﬁ(pe)m >
3m and

), () = 1 — (pa, 11 @ ),

o
tipa(pj):0f0r1<j<e,

®,, (p) =m.

As before, Statement (2) of Theorem 3.6 implies that (pq, 11 & ¥2) = 0.
We conclude, by Theorem 3.6, that the compatible analytic representa-
tions are:

(i) mW(p®).

Assume that n = pq for p,q > 3 distinct primes. Then, we have that
k=21(p—1)(g—1)m > 4m and

@Pa(pq) =1-m-— <pa7 1/}1 S w2>a
&)pa (p) =m,
&)pa(q) =m.

By Statement (2) of Theorem 3.6, which requires that &)pa (pq) > 0, one
has that m = 1 and (pg, p1 @ ¥2) = 0. We conclude, by Theorem 3.6,
that the compatible analytic representations are:

(i) W(pq).
Assume that n = 2¢ for e > 3. Then, k = 2°72m > 2m and

), (2°) = (Pas P3 © a) — (pas b1 ® o) + 1,
T, (2°71) = —(pa, 13 ® tu),

P, (2)=0forl <j<e—1,

3, (2) = m.

Statement (2) of Theorem3.7 says that <T>pa (q) > 0 for ¢ € ZI*\ {1}.
Since &Dpa(25_1) > 0 it follows that (pg, 13 ® ¥4) = 0. Also, (pa, 11 &
1) = 0 because &)pa(Qe) > 0. We conclude, by Theorem 3.7, that the
compatible analytic representations are:

(i) mW(2°).
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(9) Assume that n = 2p for p > 5 prime. Then, k = 3(p — 1)m > 2m and

D), (2) = (pa, 3 © s & p°) — (pa,th1 B b2 ® p') + 1
D, (9) = (Pas p') = (Par 3 © a)
), (2) = (pa, ) = (Pas P°)
Statement (2) of Theorem 3.7 says that &)pa(q) > 0 for ¢ = 2,p,2p.

Since @, (p) > 0 and k > 2m, it follows that (p,, s @ 14) = 0. Also,

(PasP1 © 1h2) = 0 because ipa (2p) > 0. Moreover, if (p4, p?) = 0 then
m = 1. We conclude, by Theorem 3.7, that the compatible analytic
representations are:

(i) W(2p),
(il) mW (p) ® mW (2p) for m > 1.
This concludes the proof. O

The following is a quick corollary of the previous theorem.

Corollary 4.3. For k > 2, if n is neither a prime power nor the product of
two primes, then the group algebra decomposition (with respect to any action
of Dy,) does not provide a k-decomposition of the Jacobian.
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