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RESUMEN DE LA MEMORIA

PARA OPTAR AL TITULO DE

INGENIERO CIVIL MATEMATICO

POR: GUSTAVO ESTEBAN NAVARRO SEPULVEDA
FECHA: 24/05/2010

PROF. GUIA: JUAN DIEGO DAVILA BONCZOS

SINGULAR LIMITS IN LIOUVILLE TYPE EQUATIONS WITH EXPONENTIAL
NEUMANN DATA

En este trabajo de memoria se demostré un teorema de existencia para la ecuacién de
Liouville con condicién de borde no lineal:

Au+€é%e* = 0 enf

El primer paso en esta demostracion consiste en la aproximacion del problema original
usando un ansatz de la solucion u., que explota en m puntos fj ely,7=1,...,m
cuando el pardmetro ¢ — 0, mds un término de correccion ¢, sobre el cual se obtienen
un conjunto de ecuaciones que van a caracterizar la solucion del problema principal. En
el capitulo 4 se analiz6 el operador lineal asociado a estas ecuaciones y se encontrd un
resultado de solubilidad al modificar la ecuaciéon con términos aditivos de coeficientes
cj, 7 =1,...,m. A continuacion se establecio la existencia de una solucién al problema
no lineal con la modificacion aditiva y se estudié su comportamiento en funcioén de los
puntos singulares £ = (&, ...,&,). Se demostré que la solucién del problema principal,
dada por el hecho de encontrar un conjunto de puntos £ tales que C; (£) =0, V j, puede ser
reducida al anlisis de los puntos criticos de una funcién ¢,,(€) en {(&1,..., &) € TP
& # g- if i # j}. En el capitulo final se mostré que existen al menos dos de estos puntos
criticos y en consecuencia al menos dos soluciones del problema principal que explotan
en m puntos.
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Chapter 1

Introduction

Let €2 be a bounded domain in R? with smooth external boundary I'; and internal boundary
Is.

In this work we are going to study the equation
Au+e*e* = 0 inQ
0 u
2L _ et onTy (1.1)
ov

u = 0 only

where v is the outer unit normal vector to I'; and € > 0 is a small parameter.

Equation (1.1) has a long history since already in 1853, J. Liouville [Lio53] has de-
rived a representation formula for all solutions of Au + €%¢* = 0 which are defined in
all C. This problem and similar ones have attracted great attention over the last decades
because of the many physical and geometrical applications which are described by this
equation.

In a two dimensional space, elliptic equations with this kind on nonlinearity on the
domain as well as in the boundary condition arise in conformal geometry, in the problem
of prescribing the Gaussian curvature of the domain and the curvature of the boundary.
To be more precise let us consider two smooth surfaces with boundaries S; and S5 and
a conformal mapping h : S; — Ss, that is h satisfies the property (dh(v), dh(w)) =

3



Chapter 1

A%(v,w), where )\ is a positive function called the conformal factor. Writing A = ¢ one
has the following formulas

KQ = 6_2¢(K1 — Agb)

where K; is the Gauss curvature of the surface S;, and

99
ky=e ?(ky + —
2 € ( 1+ ay)
where k; is the geodesic curvature of the boundary of S;. If we consider S; as the domain
2, with curvature K; = 0, and the problem of finding a conformal surface with Gauss

curvature €2 and geodesic curvature of the boundary e, we arrive to the problem

A¢p + 2 = 0 inQ

1.2
% — ee® —k; on N (12)
ov

Equation (1.1) can be regarded as a simplified model of the previous geometric problem.
An analogous version of problem (1.1) with Dirichlet boundary condition

w = 0 ondf) (1.3)

{Au+626“ =0 inQ
has been well studied. The behavior of solutions to problem (1.3) that blow up is now
well understood thanks to the works of H. Brezis and F. Merle [BM91], Y-Y. Li and 1.
Shafrir [L.S94], K. Nagasaki T. Suzuki [NS90], and T. Suzuki [Suz92]. They proved that
if u, is an unbounded family of solutions for which € | ¢“< remains uniformly bounded,

Q
then there is an integer m > 1 such that necessarily
lir% € / e's = 8mm (1.4)
€E—
Q
Moreover there are m distinct points §;, j = 1,...,m in (2, separated uniformly from
each other and from 0f2 as ¢ — 0, such that u. peaks to infinity in each one of them, and
remains bounded away from them. The location of the blow-up points &1, . . ., &, is such

that they, after passing to a subsequence, converge to a critical point of the function

F&r- o &n) = = > Ha(§.6) = > Gal&. &) (1.5)
j=1 i#j

where G4(x,y) is the Green function of the problem

Ga(z,y) = 0 for z € 00
4

{ — A,Gy(z,y) = 8né, in
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and H, its regular part defined as
Hy(z,y) = Ga(z,y) + 4log |z —y.

In the analysis of the asymptotic behavior of solutions of equation (1.3), after an appro-
priate scaling of the solution around one of the local maxima, one is lead to consider the
same equation in all of R?. The classification of solutions to this problem has been well
studied in the work of W. Chen and C. Li in [CL91].

The reciprocal question of the existence of solutions to problem (1.3) with property
(1.4) it is also been studied carefully. Construction of singular solutions to Liouville’s
equation has been done by S. Baraket and F. Pacard in [BP98] where they have shown
that given a non-degenerate critical point of the function F, there is a sequence u. of
solutions of the Dirichlet problem that converges to a function u* which pikes in m points
of (2. A similar study has been done simultaneously by P. Esposito, M. Grossi, A. Pistoia,
and M. del Pino, M. Kowalczyk, M. Musso in [EGP05] [dPKMO5] where they analyzed
this problem and proved that in multiply connected domains, there exist solutions with
many point of blow-up, without assuming the non-degeneracy of the critical points of F.

In the case of equation (1.1) some work has been done by Y. Li and M. Zhu in [LLZ95]
where they have classified the solutions in a half space, under some integrability assump-
tions. No previous work has been found regarding the asymptotic behavior of solutions
of (1.1), although there are some papers that deal with a linear equation with similar Neu-
mann exponential data, such as [DdPMO05] and [Wei08, WWO8].

A method for the construction of blowing-up solutions is presented in this thesis. As
in [dPKMO5] and [DdPMO5] we are going to prove the existence of solutions to equation
(1.1) via the approximation of a basic function u, that explodes as ¢ — 0 in m points
contained in I';.

Teorema 1.0.1. Given any m > 1, there is ¢ > 0 such that, for 0 < € < ¢y there

exists two solutions u. of equation (1.1) such that for each one, there is a family of m

different points &1, . .. &, located in 'y, separated by uniformly positive distance ¢ from
m

each other, for which the function u. remains uniformly bounded on Q) \ |J B(§;, p), and

7j=1

sup ue — +00
B(&5,p)

forany p > 0.

The location of the blowing-up points in I'y is characterized by the critical point of the

functional
m

om(&ln&m) = am ¥ H(E,§) —br > G(§,8) (1.6)
j=1 1#£]

5
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where a > 0, b > 0 are constants, G(x,y) is the Green function of the problem

AG(z,y) =0 in 2
oG
E = 27T(Sy on Fl

G(z,y) =0 onTy
and H its regular part defined as

In the subsequent chapters we will present a proof for this theorem. We start with
the construction of a basic approximation in chapter 2. Solutions are found as a small
additive perturbation of these initial approximations and the analysis of the equations
satisfied by the perturbation is carried out in chapters 4 to 5. This procedure leads to a
finite dimensional reduction (chapter 6). To solve this reduced problem we need to adjust
the location of the concentration points, for which we use a variational argument. The
final proof of the theorem is established in chapter 8, and finally, in chapter 9, we present
the conclusions of this thesis and some possible future work.



Chapter 2

A first approximation of the solution

2.1 Basic solution

In this chapter we will provide the first approximation to the solutions of problem (1.1).

For this purpose we will use the radially symmetrical solutions of
{Au+e“ =0, in R?,

u(r) — —o0, aslz| — oo,

which are given by the one-parameter family of functions

8u?
w,(r) = log —(Mz el

where (1 1s any positive number.

Let m be a positive integer and choose m distinct points in I'y, say &;,

tj, j = 1,...,m be positive numbers. We observe that the function
817 |z — &l 1
u;(z) =lo J —w,. I 4 4log =
J( ) g (/L?EQ 4 ‘iL‘ o 5]"2>2 M]( ) g €

where &; = & + v2pujev(€;)/2, satisfies in entire R?
Au; + €%e" = 0.
And in the line {z, = &} + V24u€/2}

aU]‘

L = eeW/?,

ov

(2.1)

oy ém. Let
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=1

m
We would like to take > w; as a first approximation, but we need to modify it in order to
satisfy the boundary conditions. We consider H;(z) solution of

AHJ‘ =0 in Q,

OH; _ ou,;

ayf = ee®/? — 8—; onT; (2.2)
Hj = —u; on FQ

and the approximated solution is

m

Ulz) = uy(x) + H(z) (2.3)
j=1
Lemma 2.1.1. Forany0 < a <1

Hj(z) = 2H (x,&;) — log 85 + O(e”)

(2.4)
uniformly in Q, where H is the regular part of the Green function defined by
AG(z,y) =0 in
oG
% = 27T(5y on Fl (25)
G(z,y) =0 onTy
ie.
Proof. Let us define the difference
ze(x) = Hj(z) 4 log 87 — 2H (,§;)
which satisfies
Az, =0 in
0z OH; 4x—§) v
= — e r 2.6
v Ov |z — &;|? ot (26)
Ze = —U; + logSM? —4log|x —&| onTy
First let us find a bound for the boundary term
OH; Az — %) 7 27
v |z — &2
Notice that
u;/2 3
v « v

VB v —&)-v
e+ e — g2 pie +r — P
8
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So02.71s

A(V2use/2+ (@ = &) vla) A= &) vl)
B+ o= g o= &P

remembering that § = fj + gujﬂj(@')
2v2pie(1 — v(§;) - v(w))
pie + e — &7
+4(:c — &) - v(z) <|~”L’ - &7 - Mgef — |z - §j|2>
=R &P
2V2ue(1 — (&) - v(x))
pi€ + e — &7
I G &) - vix) <($ = &) - v(§)V2h5e — 3“32'62/2>

B+l gl =GP

We will use the following bounds,
11— v(&)-v(@)] <Ol =&, [(z—&) v(@) <Clz =&, Ve ey (2.8)

that we extracted from [DdPMO5].

Using all this together,

OH; 4z —§&) v

3 e(x — &) - v(E) — 3ule
ED P |z — & +C(\/§M36(m &) - v(§) — 2u2e?)

e+l =P e+l =P
(V2ue(z — &) - v(&)) — Sp3e?)
e + lr — &2

Ce

< Ce+C

Fix p > 0 small. Then, for |z — ;| > p, z € I'; we have

< Ce (2.9)

OH; (= &) v
ov |(L’—gj|2

and now, let p > 1. Changing variables jijey = x — £; we have that

V2y - v(0) — 3/2

B+ =P

dr = pje /

B(0,p/pje)nry 7

p/uje 1
C’e/ ds
0 (1+s)P

Ce

B(&;,p)NT'1

IN

IN

(1+ |y — v20(0)/2?)

p
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It can be easily checked because of the definition of u; that

1
zel|zr(ry) < Cer

By L? theory

0z,
ov

forany 0 < s < 1—1). By the Morrey embedding we obtain

1
[zellwitsr) < O lermy) + 1A%l o) + l|2ellLrr)) < Cer

1
|zellcvioy < Cer

forany 0 <y < 3 + -, which proves the result with o = . O

2.2 Scaled equation

It will be convenient to work with the scaling of u given by
v(y) = u(ey) +4loge

where now y € (). the extended domain (£2/e).
If u is a solution to 1.1 then v satisfies

Ap(y) = EAuley) = —22e )

— _eu(ey)+4 loge

—evW)

And
v 8u(ey) _ 626u(ey)/2

—_— = € ey
v ov
u(ey) | 4loge

()2

So v finally satisfies
Av+e" =0 in Q.

9,
='W/ onTy (2.10)
v=4loge onl%

With this scaling u; transforms into

8p
i+ ly = §P)?

vj(y) = uj(ey) +4loge = log (
10



2.2. Scaled equation Chapter 2

where we have defined £ = ¢{/e.

We will search for solutions of the form
v=V+¢
with V(y) = U(ey) + 4loge.
Replacing in 2.10 we find

AV +Ap+e" 1 =0
& AV +Ap+e(e? —1—¢)+e" +e"¢p =0

& Ap+e'gp = —[AV +e" +€"(e? —1—9)]
Let us call
Ri(y) = AV +£"® (2.11)
Ni(p,y) = "@(e? —1—¢) (2.12)
Wily) = "W (2.13)

Now replacing in the boundary condition of I'{
V.00 v 4

% + 5 = € e

oV 99 V/2(,6/2 ¢ % "¢
T 1=z /24, - 7
5 T, = ¢ (e 2) teltt —

00 vp® | v e ¢ v OV
® 5 = 5 e (e 1 2)+e 5

Let us call
v OV
ov
Ny(p,y) = e"/?(e?? =1~ %j) (2.15)
Wa(y) = €2 (2.16)

Ry(y) = e (2.14)

And now in I'§
V+¢ = 4loge
& ¢ = 4loge—V
& ¢ = —Ulew)
ButU = 0inI%.

In summary:
Agb + W1¢ = _Rl(y) - N1<¢7 y) in Qe
99 ¢

% = WQE + Rg(y) + NQ((b, y) on Fi (217)

¢ = 0 onl%

11
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2.3 Error bounds

Let us find bounds for the terms R; and Rs.

2.3.1 Estimate of R;

Notice that
VW) — AUley) — A U(2)

Now, we know that uj(x) blows up in x = ¢;, but far from &; is a smooth decreasing
function. Let us fix a small number § > 0 and observe that for v —&;| > dVj=1,...,m:

luj(z)] < M = etel @) < O(e )

Also in this region

82
u;(z) = log !
! (H5e? + [z — &;[%)?
2 pie
= log8u; —4log|r — & —2log (1 + m)
J
Using Taylor’s approximation formula
uj(z) = log8u; —4log |z — &| + O(pie?) for |z — &| > 6. (2.18)

With this estimate and lemma 2.1.1 we have that

w;(w) + Hy(w) = log875; — 4log |v — &| + O(u3e”) + 2H (2,&;) — log 871} + O(i3€)
= —dlogle="2T+ 2G(z,&) + Alogle=& + O(p3e?)
= 2G(x,&) + O(uj€)

And so, using that G solves 2.5

AU = Au; + Hj) = 20GE) + O(pie?) = O(uie?)
= AV = €AU = O(e") for|z —§&| >V ]

w0
= Ri(y) = O(¢*) for |y — & > oy

12
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Now, if for any j, |y — &}| < 2, lets find a bound for ¢"'®)
We write y = &) + 2, so

6V(y) _ eU(ey)+4loge
S Hi+ Y w+H
= 64el§1 s — €4€uj e +l§j v
oS Hey) + Y i+ H
— S €Tp 10 (% l
8,uj _
= exp (H;(& + €z)
(13 + |2 = V2u0(0)/2]2)2 (&
817
+ — + Hy(& + €2)
; (7€ + 1€ — & + ez + v/2¢/2(;v(0) — v (&5 — &))[?)? ’

Let us expand the term inside the exponential

: 8y
H;(§jt+ez)+) 1 —— +H(E+
e o e T en o+ v/3e 200) — Gy~ e

(2.19)
Using the approximation of A in Lemma 2.1.1, we have that

Hi(ey) = 2H ey, &) — log 8uj + O(uje”)
And using a Taylor expansion around fj,
H(ey) = 2H(&;,&) — log 847 + O(pie®) + Olely — &)
Replacing in 2.19

= 2H(&;,&) —log8us 4+ O(p3e®) + O(ely — &)

8
! ; [ (122 + 16 — & + e+ V2e/2(p0(0) — v (€ — &)2)?

+2H(&;,&) — log8uj + O(uie®) + O(ely — &|)]
= 2H(&;,&) —log8us + ) [ 2log (17€” + |& — & + €2 + V2€/2(uv(0) — puv(&; — &) )
I#j
+2H(&;,&)] + O(€) + Olely — &)
= 2H(§;,&) —log8ul + > (—4log|¢; — & +2H(E;,8)) + Olely — &) + O(%)
I#j

= 2H(E;,&) — log 8#? + Z 2G(&;,&) + Olely — &)+ O(€%)
I#j

13



2.3. Error bounds Chapter 2

Remembering that the basic solution that we considered has the free parameter p, we
could fix it in order to eliminate the error above.

We set o o
log 817 = 2H(&;,&) + Y 2G(&;, &) (2.20)
l#j
So, 2.19 remains as only O(ely — &;]) + O(€?).
And then we have that
82
v 2
e’ = J S[14+ O(ely — &) + O(€%)] for |y — & < 6/ (2.21)

(15 + ly = &51?)

Also in this region
AV(y) = Z (Auy + AH)) = €Auj + Z e Ay
1=1 1]

2
S [ S .
BTl —&PR 2 (e + e — &P

_ 8u; = 8ui
ity -gP? = 17
’ ’ Hily = §IM(L+ y _l§/‘2)2
\_Vl_/

O(e2/82)

8u
= — O 4
Gy —ape o)

and combining both results together we have

1 ely — &
—> + O(—J
L4y =& L4y =&

AV +e"® = Of )

In summary,
0.
For [y —§j| > =V = FRi(y) = O(") (2.22)

ely — &l

)
For |y —¢&| < - forsome j = Ri(y) = O(

2.3.2 Estimate of R
Analogously to the estimation of Ry, R is

no 0.
mrw—q>gvy:>3mn=0@) (2.24)

).

ely — &
(13 + |y = &2

)
For |y — | < . forsome j = Ry(y) = O(

14
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Non degeneracy

We will prove the non degeneracy of the solution to:

V2

Au+e*=0in{(z,y) e R*:y > —-}

2
(3.1)
0 2
3—3:6“/2 on {(z,y) GRQ:yzg :
linearized around the radial solution
8
u = log(—u 5)) (3.2)

(1* +[21%)

with respect to the natural invariances of the equation under dilatations and translations in
the horizontal axis.

3.1 Study of the linearized equation

Let us suppose that u + v is a solution of the equation 3.1
Alu+v)+ et = Au+ Av+e'e’ = 0

Retaining only the linear terms in v, and using that u is a solution of the original equation

we find that,

82

(1* +121%)
Analogously with the boundary condition we find

v V2u

v (12 + )
15

v =



3.1. Study of the linearized equation Chapter 3

We now study the bounded solutions to this problem

81 . V2

WUZOIH{Z:<I’,y)ER21yZ—}

2
v V2 V2
v (12 +z]?)

v=20 OH{Z:([L',y) ERQ;y:_},
Lemma 3.1.1. The only bounded solutions to problem 3.3 are

Av +
(3.3)

2

—22!1

9,
20(2) = g(u(sz) +2log s)[s=1 = w2+ |z|?

2 — 1%

Z1\%
8= PEEAEE

S+ lano

Proof. Let us consider the following transformations:

T1:D2 — Dl

p(v3-1)
(ﬂf,y) - ($ay - T)

T22D3 e D2

x )
(xay) - (332—1—3/2’:62—1—1/2)

With

Dy = {(z,y) e Ry > —— f” (3.4)

Dy = {(z,y) e Ry > 2L \/_“ (3.5)

e (3.6)

— 2|,.2
Dy = {(r,y) €Rs +<y— < 6

1
NG
We will define © over the disk D5 as

v=wolioTy: D3y — R
r y  u(v3-1)

x2+y2’x2+y2 \/§

)

(z,y) — O(z,y) =0(

And using 3.3 we find that § € (C°°(Dj) is a solution of:

82
Ab + a % =0 in Ds

(2B = V312 = 5) + 1)

(3.7)
ov

\/_/w =0 on 0Ds,
v

16



3.1. Study of the linearized equation Chapter 3

Which have radial symmetry in the disk Ds, i.e. r is the distance to the center of Ds.

We write solution ¢ in fourier series:

0) = Zwk(r)eika

kEZ

with wy () = [ 0(r, 0)e~** df wich is also bounded in Dj.

So equation 3.7 is

1 8wk 82wk 8/1,2 k’2
r or - or? + -
: (123 = V3)(r2 = —5) + 1)

With the boundary condition

Wy on T =
or 2p wy, \/6#
Equation 3.8 can be rewritten as
10w,  O%wy 8 k2
— + —+ Wp\T) = —5WE(T
r or or? (3—}—\/3)( 126(3 — v/3)r? 1) (") 72 #(r)
62 3+V3
126(3 — v/3)

Let us call a® = , and changing variables R = ar the equation becomes

(3+V3)
1 ﬁwk 82wk /{32

- - — ———w, =0
ROoR "o R
The only solution bounded in 0 < R k| > 1)
k+1 k—1)R?
wi(R) = (k + )+( ) Rk (3.9)

(14 R?)

Let us find the values of £ replacing the solution 3.9 into the boundary condition:

8wk

6R \/_uwk on R =

a
Vop

2((k— DR (k+1+(k—1)R)R*" 'k
(1+ R?) (1+ R?)
2(k +1+ (k= 1R)R*'T o (k+1)R* + (k — 1) R
(1+ R?)? = Vo 1+ R?
17

= a




3.1. Study of the linearized equation Chapter 3

1 R2 2
Multiplying by %—Tl)

al2(k—1)R*+2(k— D)R*+ k(k+1) + k(k+ 1)R* + (k — 1) R*k+
(k—1kR' —2(k+1)R* — 2(k — 1)R"] =
V2u [(k+ 1R+ (k- 1)R* + (k + )R + (k — 1)R?]

a

Vo
202 a* a* 1 2a? a*
P14+ — + )+k<1———————— - >+
( 6u2  36u 36pt V3 6v3p2 36v3ut

(—2@2 1 N a* ) B
3 V3 36v/3u

Evaluating in R = and collecting terms in orders of £

and replacing the value of a

k2(1+2(2—\/§)+(2—@)2)+k(1_(2_\/§)2_i_2(2—\/§>_(2—\/3)2

V3 V3 V3

V3 V3

k312 — 6v/3) — 12+ 6v3 =0
(k* —1)(12 - 6v/3) =0
k=41

(_4(2_\/5)_L+M> -0

This implies that the only bounded solutions in the domain for this equation with
|k| > 1 are,

2R
W = ————
Pl R?
2R
T R
Now for k£ = 0 the equation is
1 8’11]0 82’11)0 8’11]0

ror "or Ty e "

which has as the only bounded solution in D3, the function

1R
1+ R?
18

Wo
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3.1. Study of the linearized equation Chapter 3

We need to study for £k = 0, 1, —1 the linearly independent solutions provided by the
Liouville’s formula

1 1
(14 R?)?
e CRlog R CR3

IR+ R 1+ R Al B

We see that for R — 0, |@;| — 400, so we can discard this solution.

Wy = Cwo/wioexp (—/%dR) dR

0-R) [ (14 R
= C /( dR

Now for wg,

1+R> | (1-R??R
2 (1-R?)logR
B C(HR?+ 1+ R?

again for R — 0, |@y| — o0, and we discard this solution as well.
Finally we keep as the only bounded solutions in the domain,

1—R?

S 2 G109
2R

o= T (3.11)

Which after the inverse transformation becomes z, and z; respectively, constant ex-
cept.
This finshes the proof since if v is a bounded solution to 3.3, we showed that, after chang-
ing variables, v necessarily will take the form of a linear combination of wy and wy. [
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Chapter 4

Analysis of the linearized operator

A main step into solving problem 2.17 is that of a solvability theory for the linear operator.
In developing this theory we will take into account the invariance, under translations and
dilatations, of the problem Au + ¢* = 0 in R?. In this Chapter we will prove the bounded
invertibility of the equation in this sense using weighted L°°-norms naturally attached to
the setting of the problem.

For convenience let us define
L(¢) = Ap + Wi(y)¢ (4.1)
Notice that, in a region close to &/, operator 4.1 formally aproaches as ¢ — 0 to
817
(13 + |y = &I?)?
Which is exactly the same operator that appears when the equation Av + e¢” = 0 is lin-
8,11,?

earized around the basic solution v;(z) = 10g 77l
J

L(¢) — A¢ +

¢

As we prove in chapter 3 this equation with its boundary condition has only two
bounded solutions, and we will see that they correspond to the translation and dilatation
of the basic function v; respectively. With this information it is natural to believe that the
solution of the homogeneous equation (2.17) will be somehow similar to these functions
in a neighborhood of fj with corrections in orders of ¢, so if we remove this functions
from the space of solutions, then we would expect that the remaining solution would be
small as we will see in the following lemmas.

Definition 4.0.2. Let us call
0
215(2) = a_clvj(z + ¢)le=0
4.2
5 4.2)
20j(2) = %(vj(sz) + 2log s)|s=1
20



4.1. First a priori estimate Chapter 4

the elements of the kernel of L asociated to the natural invariances of the equation 3.1.

It will be very usefull in the following calculations to have a transformation of the
domain to simplify the analysis.

Around each point & i € I'{, we consider a smooth change of variables

Fi(y) = Fy(ey)

where F} : B(;,p) — M with M an open neighborhood of the origin such that

Fi(2N B(&,p) = R2 N M, F;(Ty N B(&,p)) = OR% N M. We can select Fj so it
preserves area.

Define also

Zij = sz(Fje(y)) 1=0,15=

1,....,m. (4.3)

To keep integrals bounded in the following let us define a cut function.

We choose a large but fix number Ry, > 0 and a nonnegative function x : R — R
so that x(r) = 1 for r < Ry and x(r) = 0 forr > Ry + 1 (0 < x < 1). Then set

x;(y) = x([F5 (y)])

The main result of this chapter is the solvability of the following linear problem: given
hy, he, find ¢, ¢4, ..., c,, such that

( m
L(¢) = hl —+ ZCijle il’l Qe
j=1
o¢ ¢
—_— — —=h I'§
gy~ W2y =ha on T (4.4)
=0 on I
\ Qe

4.1 First a priori estimate

The first step is to prove uniform a priori estimates for the problem 4.4 when ¢ satisfies
additionally orthogonality with respect to Zo,.
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4.1. First a priori estimate Chapter 4

Lemma 4.1.1. There are Ry > 0 and €y > 0, so that for 0 < € < €y and any solution ¢ of
L(¢) = hy in Q.
99 ¢

5, ~ Waly)g =ho on T} (4.5)
¢ =—U(ey) on I
satisfying
/XjZij(b:OVi:O,l,jzl,...,m (4.6)
Qe
we have

10l @) < Clhalls. + [[helxrg)
where C' is independent of €, and

h
||h1||*,96 = sup | 1( )|
yeQe 2 + Z(l + |y gll) (240)

j=1

e o ()]
*75_ m
et XAty =g

Jj=

4.7)

| o

with 0 < o < 1 fixed, although the precise choice will be made later on.

In order to prove this Lemma some preliminary steps are required.
We need a maximum principle for L, and to prove this principle we will use the following
technical lemma.

Lemma 4.1.2. For ¢ > 0 small enough there exists Ry > 0, and ¢ : Q\J B(&}, Ry) —
j=1
R smooth and positive so that

L(y) < (Z ly — gl’2+a+ 2) inQE\QB(%’Rl)
% 2 3t e i (o

v > 1 onQﬁUaB(@,Rl)

j=1

v > 1 onT§\ UB(€;>Rl>
j=1

v > 0 inQ\|JBE, R
j=1

22



4.1. First a priori estimate Chapter 4

The constants Ry > 0, C' > 0 can be chosen independently of €, and 1) is bounded
uniformly

0<y<C inQ\|JB(E R)

J=1

Proof. We take

i) = 2= iﬁ;y( X (4.8)

with 7 = |y — &

Let us calculate

2y = &) v +o) 21+0)y=&) v(§) 1+0)B+0)[y—§) - v(E)

Ay = - +

7-3+a 7"3+‘7 r3+o

and using the bounds 2.8
Awlj = O(T7(2+U))

Oy

Now let us calculate —=:
14
if 9 > 0 is small but fixed, and R; > 0 is large and fixed, then

oy C 0
ﬂ> for Ry <r< -

ov — rlte €

To prove the last assetion we may suppose that g‘; is at the origin and assume that the
normal vector at &} is (0, —1).

Then
—Y2
Uii(y) = e

Let us write I'S near &/ as the graph {(y1,42) : y2 = Ge(y1)} with Ge(y1) = G (eyr)
and G a smooth function such that G(0) = 0 and G'(0) = 0.
Fix § > 0 small. Then for R; < r < ¢ we have that r is comparable to y, G.(y1) = O(er)
and G.(y;) = O(er?)
Then
Oy

E Vi v

23



4.1. First a priori estimate Chapter 4

with
1
o 1 EEATn)
- 1 ’ 1 1
Voo +1 \am +
_ Ge(y1) . 1
VG +1 Glyp)? +1
and
v (et o)y =+ (1 +0) (v + V2ue/2)
wlj - T3+g ) T3+0
So,
Iy 1 (Gé(yl)Ge(yl)yl(l +o) 1
= +
NG i e
i (1 + U)G5<y1)(Ge(yl) + \/§:u]€/2)
7«3+O'
It follows that
ai/)lj . 1 1 0(627’4)
ov G/E(yl)g +1 rlto r3to

1 1 0(6%) )
= (DER (rHU + it ) for Ry <r < -

and if § is sufficiently small

Oy C 5
e > e forR1<7"<g
which proves the assertion.
Consider also ]
Yoir) =1— -
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4.1. First a priori estimate

So,

Vihy;

and

Oy
= ov

In this region

W(y) ="

then

= L(¢1;)

Now

Lo(t1;)

o’y or 7 (Y + V2p5€/2)
/r720-+1 ’ r20+1

o
e (Y1, y2 + \/§Mj€/2)

(

)

1
Gi(yr)?+1
g
Gi(y)?+1

(Gelyr), —1)

(11 G;(yl) —Y2 — \/§/~Lj€/2)
O(er)

T.Q—i-a

O(er?)
T2—|—U B

O(e)

/]nO'

O(e)

T2+o‘

0
VR <r<-
€

oLy + o

€
. =)

Aty + Wapy
O(——) + O

O(-55)

Y2
rdplto

€Y2
T3T1+(f

)+ O

1
742+0'

a .
%WJ%mj

0
¢ Lol

rlto r2

Yo
7’1+U

with a and (3 some positive constants.
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4.1. First a priori estimate Chapter 4

Also
Laliny) = O(5) = 0(5)(1~ )
= O(5) = 0(5) +0(5:)

Now let ng = Q/JU + szj’

L(s;) = L(¥n;) + CL(2)

1
- O<r2+a)+c( 2+0+ +ﬁ€)

Then taking C' sufficiently large but independent of ¢ we have that

2

L(ys;) < — ;JC‘ VR <1< g, C >0
Thus
0 .
gjy — Waths; = La(t1;) + CLa(ty;)
1 € 1 1
> O(5) -0 (0(5) - 0(5) + 05 )
1 1
z O(5) - C0(3)
C/
>
- 7«1—‘,—0

we can choose R; larger if necessary.

Letn; € C3°(Q) suchthat 0 < 1; <1, m; = 1in Q. N B(E,0/2€), ; = 0in Q. \
B(&},d/€), |Vn;| < CeinQ, |An;| < Ce®in Q..

Let ¢(y) = 1 (ey), where ) is solution to

Ay = —1 in)
34
a—zﬁ =1 only
Y =1 only
so that Ay = —€2 in ), % = e onl{,and ¢y = 1 onTI%. In particular 1)y is

uniformly bounded in €2..
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4.1. First a priori estimate Chapter 4

The function ¢ = ) n;13; + Ctby, with C a sufficiently large constant, meets the
j=1
requirements of the lemma.

Indeed, for Ry <r; = |y — & <2

AP+ Wi = Y (Anyibs; + 2V, Vi + 1;A0g;) + Wijibg; + C(Adbg + W)
j=1

—Co? C
< Anjs; + 2V Vaps; + Uj(w) — € + ﬁwo
J J

Then, choosing C larger if necessary, we have for R; < ri < %

— O (4.9)

.5 5 1 . . .
Now in 5~ < 7; < 2, we use that | V3| = O(F) so in this region

. . Co®
L(yp) < Ces; + CeVips; + 1) TQia —C¢’
J
if C is big enough
€ 1
S —062 + O( 1+0') - O( 2+0')

2e

but in this region > Ti > §, and so, for € small enough
J

1 - (e
r?-*" )

2
Ce? > (S5)2o 5

240
5 )

C )
= L(¢) < —W R1<7’j<g

J
And in an analogous way,

o) C
YW >
ov 2 2 rite

)
+ Ce R1<7”j<—
€
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4.1. First a priori estimate Chapter 4

If now we consider that Vj = 1,...,m, r; > %, then
v o= Cihy
1
= L(¢) = —C€2+W77Z10 = —C€2+O(F)¢0
J
< —Cé
1
Ly(y) = Ce+ CWayyy = C€+O(ﬁ)@/}o
J
d. .
> Ce onl'f,r; > -Vj
€
v = CiYpp =C > 1 onlj
proving the existence of the function given by the Lemma. [

With this barrier the following maximum principle holds:
Let Ry > 0,if ¢ € H'(Q:\ U B(}, Ry)) satisfies
j=1

L) < 0 in9\ [ BE, R

0 " (e
8_€£_W2(y)§ > 0 onFi\HB@;aRl)
» > 0 onFS\UB(gaRl)

Jj=1

o > 0 inQeﬂ(UﬁB(@uRl))
j=1

Then ¢ > 0in Q. \ |J B(&, Ry).
=1

J

4.1.1 Proof of the first a priori estimate

Proof. Let hy, hy be bounded, and ¢ solution to 4.5. We first claim that ||¢|| L~ (q,) can be
controlled in terms of |21 ||+.q., ||h2|«re and the following inner norm of ¢:

o]l = sup ol

(U BE.m)
Jj=1

In deed, if we set ¢ = Cy)(||@]l; + [|ha ]|, + || h2llrs), With ¢ the barrier function
mentioned in the previous technical lemma 4.1.2, and then taking ¢ — ¢, we have that in
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4.1. First a priori estimate Chapter 4

O\ 913(7;,R1)
Lé—¢) = CL@)(Iglh + [[h1]l0. +||hz||*re)—§£@
—hy

m

< CiL(@)|olli + CLL(W) || h2|lsrs — (Z W 62) 17 ll.0 — ha

= GL@)(llolli + [[h2llers)

-~

<0

n
(Z\y &P+ 62) e

62+Z|y g~ @+o)

-~

>0

= Lip—¢) < 0

99 — ¢

Now L2($_¢) = v

— Wa(¢ — ¢), and we have thatin TS \ {J B(}, Ry):
j=1

La(d — ¢) = CLLa() (|0 ]ls + [P lle.0c + 2l ers) = ho
Then analogously
Ly(p—¢) >0
Now in QN (|J 9B(&}, Ry)), we use that the balls are closed and so ¢ is bounded by
j=1
||o|l; and so

6—0¢ = Cr ¥ (|9l + [hallq. + l1hallers) — ¢
—~—

>1

= ¢—9¢ =2 0

Then by the maximum principle we have that 45 — ¢ > 0, and analogously, g5 +¢>0
inQ.\ U B(?-,Rl), SO
j=1

= Cr(llolli + hallsac + [1h2llrs) (4.10)

6] < ¢
< C(olls + [[h1]l«.0. + [h2]l«r:) (4.11)

= ||&]| L)

because v is bounded uniformly.

Now let us resume the proof of the a priori bound.
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4.2. Second a priori estimate Chapter 4

By contradiction, let us assume the existence of a secuence ¢, — 0, points fj eI
which satisfy (falta la descripcion de los puntos), functions hy,,, o, With ||h1,]|+«0, — 0
and [|hop ||+,re — 0, and ¢, with ||¢, ||« = 1 such that

L(¢n) = hip in €,

Oy, Pn e
o — WQ? = hgn on Fl
¢n = 0 onI%.

By 4.10

[Pnlle < C(ll@nlli + [[hinllc.c + [h2nl«re)
1 < Conlli + O£||h1n||*,ﬂe + || han|+re)

—0

Then we see that ||¢,,||; stays away from zero.

For one of the indices, say j, we can assume that sup |¢,| > C > 0 for all n,
B(&},R1)
because, since there is a finite number of j = 1,...,m, then we could consider the
subsequence that concentrate in one j.

Consider qgn = Pp(z — f;) and let us translate and rotate (. so that it approaches the
upper half plane R? and &} = 0.

Using elliptic estimates, <bAn converges uniformly on compact sets to a non trivial solu-
tion of 3.3. By the non degeneracy of this problem, the limit (/5 is a linear combination of
2p; and z;;. But taking to the limit the orthogonality relations, and observing that limits
of the functions Z;; are just rotations and translations of z;;,

/Xqﬁz@-:o@':m

2
RY

= qb =0
which is a contradiction with the fact that (;AS # 0, and so the proof is completed. [

4.2 Second a priori estimate

We will establish next an a priori estimate for solutions to problem 4.5 that satisfy orthog-
onality conditions with respect to Z;; only.
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4.2. Second a priori estimate Chapter 4

Lemma 4.2.1. For ¢ sufficiently small, if ¢ solves

Ap+Wo = hy inQ,

% — VVQ%S = hy onl 4.12)
¢ =0 onl}
and satisfies
/ZUqub:O Vi=1,...,m. (4.13)
Qe
Then )
19llec < Clog = (I[Pl + llhallrg) (4.14)

where C' is independent of e.

Proof. First we will modify ¢ to satisfy the orthogonality relations 4.6, and for this pur-
pose we consider modifications with compact support of the function Zj;.

Let R > Ry + 1 be large and fixed. Set

Zoi(y) = ¥ Z; (4.15)

_ logd/e —log |z
~ logé/e —logR’

where 9 (y) = h(|F5(y)[), and h(z)

Note that h is just the solution to

Ah = 0 in B(0,5/¢)\ B(0,R)
h =1 onl|z|=R
h =0 on|x|=0d/e

Let 71, 7j2; be radial smooth cut-off funtions on R? so that 0 < 7;; < 1, |Vipy,| < C
inR% 7y; = 1in B(0, R), 71; = 0in R*\ B(0, R+1), and 7j2; = 1in B(0, §/4€), 7a; = 0
in R?\ B(0,0/3¢),0 < my; < 1, |Vigy;| < C%, [V < C

Write n1; = 71;(F5(y)), m2;(y) = 72;(F5 (y)), and now define

20]’ =m;Zo; + (1 — 771]')772]'2\03' (4.16)

And let -
¢ = ¢+Zdj20j 4.17)

=1
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4.2. Second a priori estimate Chapter 4

we choose d; so that ¢ satisfies the orthogonality conditions, i.e:

t/w%ﬁZO

Qe
~ /XjZOj¢ + Zdj/XjZonka =0
o k=1 ¢
< /ijojqﬁerj/leZojF =0
Qe Qe
then
= | XiZojo
Q
dj = ———5— (4.18)
Tl Zl?
Qe
Estimate 4.14 is a direct consequence of:
Claim 4.2.2. .
;] < Clog — (1.0 + [[h2]l.ry) (4.19)
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4.2. Second a priori estimate Chapter 4

We start proving this by observing that

L(¢) =hi+ Y _d;L(Zy;) inQe (4.20)
§=0
and .
Ly(¢) = ha+ Y _d;Ls(Zo;) onTj (4.21)
=0

Then by the previous lemma

1Blle < Clllh+ Y diL(Zoj)llwo, + ha + Y diLa(Zoj)l|srs)
j=1 Jj=1
< C(|P)lug, + l1h2llers) +

+OZ i (|1 L(Zog) || 2. + IL2(Zoj)]].r¢) (4.22)

j=1

Multiplying equation 4.20 by Z)k and integrating, we have:

/ L($) Zor, = / ha Zo, +zm:dj / L(Zo;) Zon

Q. Q. =10,
/AGBEOIC "’/W(;ZOk = /h120k + Zdj /(AZOj + WZUj)ZOk
Qe Qe Qe =l Q.

Using the Green theorem in the left side of the equation and noting that the integrands
are cero in I

~ 00 0y -

Left side = HAZ, Zop—r —
€1t siae /¢ Okz“‘/(Oka o

O e
= /CEL(ZOk)+/ZOkL2 /¢L2 Z()k
Qe

_ /&L(Z)k) _FZQBLQ(ZM) /ZOkhQJrZ/ZOkLQ Zo;)

0. J=lpe

¢) + | WoZy,

Replacing and putting together all terms with d; we have

m

Zdj /ZOkLZ(ZOJ) /ZOkL Zoj) /hIZOk /ZOkh2+/ @ Lo ZOk / ZOk

Jj=1 Fi
(4.23)

€
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4.2. Second a priori estimate Chapter 4

It only survives the j = k term because the supports are disjoints

dy, /ZOkL2(ZOk) _/ZOkL (Zok,) /hIZOk /Z()kh2+/ dLo( ZO/c / ZOk
FG

rs Qe
(4.24)

Now,

/ mZoe < lhills, / Zol(e+ 31+ y — £)7¢+)
Qe . j=1
< Clhle,

and analogously,

[taZu < Clhalx

I
Then,
|d| /ZOkLQ(ZOk) - /Z)kL(ZOk) < Cllhlsq. + Cllhe|l«re
e .
+C18]lool| La(Zow) [l s + Cll oo | Z(Zok) ||
Now we use 4.22
il | [ ZwlalZo) = [ ZulZu)| < Cllmullss, + hellrs) + ULl Zo)xs +
r's Qe
HIL(Zow)[l.0.) - (|1 lls0 + [|h2llsre +
+ > 1l (1L (Zow) lrs + 1 Z(Zok) [l +.02.)
j=1
< O« + lh2ll«re) <1 + (| Lo (Zow) s + HL(ZOk)H*,Qe)

+O Y |12 (Zow) |2 s + 1 L(Zok) I 0,)

J=1

To achieve the claim, we must prove the following estimates:
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Chapter 4

4.2. Second a priori estimate

For some constant C' > 0 independent of ¢ we have:
~ ~ ~ ~ 1
/Zong(Zoj) — /ZOjL(Zoj) > Clog% (4.25)
Fi Q€
~ C
1L Zoj)llv0e < (4.26)
og .
~ C
HL2(ZOj)H*,F; < log% 4.27)
4.2.1 Proof of 4.25
We write
/L(ZOj)ZOj = I() —f- ]1 + _[2 —I— 13
Qe
where
[l — /L(ZOJ)ZOJ
Ry
and,
Ry = (F5)'({r < R}NR%) (4.28)
Ry = (F))"'({R<r<R+1}nR?}) (4.29)
e\—1 6 2
Ry = (F}) ({R+1<r<4—e}ﬂR+) (4.30)
Ry = (FG)*l({£<r<£}mR2) (4.31)
5TV 4e 3€ + '
Estimate of ],
Iy = /L(Zoj)ZOj(y)dy

Ry

We change variables x = Fje(y) and recall that this map preserves area, so
| Dty

{r<R}ﬂRi

I():
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4.2. Second a priori estimate Chapter 4

with Zo;(2) = Zo; ((F)~*(x)) = ;205 + (1 = 1;)ish(|]) 05, and

L = A+ O(ez)V2 + O(e)V + W((F) ! ()) (4.32)

= L(Zo;) = Alijzoj + (1 = 015)i;h(|x])205) + O(€) + Wy,

= Anyzoj + A — 01y)02h(|2]) 205 + Vi1 Vzo; — Viunzh(|z]) 2o,

+11;8%0; + (1 — 7)) A7 h(l2]) 205) + O(e) + W,
in {r<R}NR}

= Azyj+ Wz + Ole)
SM?
(13 + |z = &§[?)
S _(1+6,)

_ £1]2)2
oy (HE + |z = &)

€
= AZOj + 220j + O(E) —+ O(ﬁ) +

7j=1
= L(Zy)) = 0(e)+0(3)
&= [LGZy = [ Lw)Zy = Ok +O(5)
Ro {r<R}NR%
Iy = O(Re) (4.33)

Estimate of /3

Iy = /L(Zoj)Zoj
R3

Again we change variables = = F(y)

I; = / L(Zo;)Z0;

{L<r<L}nR%
In this region Zo; = 725k (||)20;-
We kl’lOW that |V’I72]| S C% and |v2,r—]2j| S Og_z.
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4.2. Second a priori estimate

Chapter 4

_ logé/e —log |z

Also h(x) =
so h(z) logd/e —log R

, so with |z| > %

log¢7/€ — log67/€ + log 4

<
Mz) < logd/e —log R
1
M) = OG5 5/6)
e ~ 1
which implies that z; = O(m).
Now
Ang = Aﬁth(l’)Zoj + QVﬁQjV(hZOj) + ﬁng(hZoj)

= A’f_]gjh(ZL’)Zoj + 2VT_]2jV]’LZ()j + 2Vﬁ2thzoj + QﬁnghVZOj + ﬁthAZOj

202 — 2|z|?
Let us remember that zg; = —5————
M5+ 2|
Dz, —8x(uF + 22477 + 8(L2+7)x
——(vy) = 2 2 212
Ox (13 + 22 4 y?)
_ —8y5x
(15 + 2° +y?)?
1
= 0(3)
Oh -1
d —_— —
M B (r) (logd/e —log R)r
1
B O<'r’log5/e)
. _8,uj2 . ) 5
Using that Azy; = Wzoj and since = < r < -, then
€2 € 1 € 1 1 1 1 1
AT — - -z - = - - - -
07 0(52 logé/e) - O<510g5/<—:r> * O(cﬂogé/e 7“3) * (logé/e 7’4) * (logé/e 7“4)
€2 et
(Fogose) T O Giogare’
A O(——<
% = O(—" 434
“0j (5210g5/e> (4.34)

Next,
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V% = V2(ish(|z])20;)
= V2ﬁ2jh(|x|)20j + 2V (725) V (h(|x])205) + ﬁzjv2(h20j)
= VZiyhz0; + 2V () Vhzo; + 2V (70 )hV 205 + 712 V2 hzoj + 272, VAV 20 +

ﬁgjhv220j
e 1 € 1 e 1 1 1 1
B (ﬁlogé/e) * O(grlogé/e) * O(Elogé/er_?’) * O(ﬁlogé/e:)
(1 1 1 )+ O 1 1 )
rlogd/ers log d/ert
Since % <r< %
2
g €
= 05— 4.
= V%; 0(52 log5/6> (4.35)
Now,
Vzg; = V(iphz;)
= VﬁthZOj + ﬁQthZQj + ﬁgthZoj
e 1 1 1 1
B O(Slogé/e) * O<rlog5/e) + O(logé/er_i")
€
B O(5log6/e)
And finally,
- 8115 81
F’6 -1 . — A R . —]7 . .
W(( ]) (2))Z0; (”5 T ’$|2)2772]hz0] + (sz+ |x|2)2772yh20396($)
+i 2 Bt vz 2ilz0i (1 4 Oc(x))
It (ki + |z = &%)
1 1 et
- O(r4 10g5/e) + O(r4 logé/e) * O<54 logé/e)
. o
Since = <r< 3 4
~ €
W((F)) ™ (2)Z0; = O(57) (4.36)

So, using 4.34, 4.35 and 4.36,

£<50j> = A:Zvoj -+ O(€|$|)V2goj + O(€)V:Zvoj + Wzgj

€2 et

52 logé/e) * O<5_4)
38
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4.2. Second a priori estimate Chapter 4

And then,

I, = / L (%)%,
{2 <r<f}nR2
€2 1
= O O
/ (5210g5/e) (logé/e)
{£<r<f}nR2
€2 52

0(52(1og 5/6)2>O(e_2)

— ) (4.37)

Estimate of [,
Il — /L(EOj)ZOj
Ry

we change variables again z = ij(y),

I — / LGo)%;

2
{R<r<R+1}NR%

In this region 7j2; = 1, so

205 (%) = M3 ()20 + (1 = 1) h(l]) 205
Let us calculate L(Z,), first

VQsz = V2T_]1j20j -+ 2V771szoj + ﬁleQZoj
=V2iih(|2]) 205 — 2VingV (hzog) + (1 = 715) V2 (hzoy)
2p; 1s bounded in this region and so are his derivatives and h.

Then
V%] < ©

Now,
V%’voj = VﬁljZ()j + ﬁleZOj — VﬁlthOj + (1 — ﬁlj)v<hl‘oj)
= 0(1)
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= L(Zo5)%0; = AZo;%0; + O(eR) + W((F5) ™! («))Z0;%0;
Let us compute
AZo; = Ay + (1 —715)h)z205)
= (M + (1 = 715)h) Az + 2V — 2Vnh + 2(1 — 171;) VR)V 25
- (’f_]lj -+ (1 - ﬁlj)h)AZOj —+ 2V7_]1]V((1 — h)Z()j) + 2(1 — T_]U)VhVZoj -+
Ani;(1 — h)zo,

The first term will vanish with W ((Fy)~'(z))Zo; leaving some small term that we will
calculate later on.

Let us calculate VAV zy;

P50 (1) = i
oz (13 + 2% 4 y?)?
oh —x
or r2(logd/e — log R)
2
= VhVZOj = Slujyz
712 +1r2)2(log 6 /e — log R)

> 0

In fact that term is of order O( ), but this inequality is more useful for the

rtlogd/e
proof of the claim.

N . B B €
= AZOj —+ WZ()j S 2V771]V((1 — h)20j> -+ Anlj(l — h)Zoj + O<ﬁ)
It follows that
_ ~ _ - €
L o< / 2T,V (1~ by s + Ay (L= h)z0,72; + O(Re) + O(5)

{R<r<R+1}NRZ
we integrate by parts the second term in the right hand

Il S /QVT]UV((l — h,)Zoj)goj - /QanthZ()j’ZVoj + /W(l - h)Zszoj

OR1

R1 Rl
— / Vﬁle((l — h)ZOj)goj — /Vﬁlj(l — h)Zojvzoj + O(GR)
R1 Rl
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4.2. Second a priori estimate Chapter 4

where the third term vanishes because 7, ; is radial.

—[1 Z —/VﬁleZOj(l — h)zoj —|—/v771thZszoj + /Vﬁlj(l — h)ZojVZOj +O(€R>
Ry Ry Ry

Let us find a bound for the first integral

/ V113V 20;(1 — h)zo4

Ry
We have that
|logr — log R|
|logd/e — log R|

1

Vil = O(%3)
So,

_ (11— 1 — -
/’vn“vz‘”( ")z O<R3log5/e)+O<R3log5/€)
Ry

(4.38)

O(R2log5/e)

The third integral is similar since in the region Vi = O(W) and hence
ogd/e

Vgoj - V(T_]ljZOj(l - h) + h20j>
Vﬁlj(l — h)Zoj — ﬁlehZ()j + 771]'(1 — h)VZoj + VhZ()j + hVZ[)j

_ log r 1 1
= Vi, = 0(w)+0(m)+0(§)
Integrating,
/V V(1= h)zg; = /O(M)+O( logr )40 log r )
ThjV =oj 0 = (log d/€)? R(log d/e)? R3logd/e
R R

R? 1 1
= ogorar) T O Reiogasar) T Y Ritogose)
41



4.2. Second a priori estimate Chapter 4

R2
+0
10g5/62) (R4 10g5/e)

/Vﬁljvgoj“. —h)ZQj = O( (439)
Rq

In the second integral, zy; and %), have lower bounds independent of €, J, R and

|Vh| = o857 s T /i_log 75~ Hence

C c

TTAVS SIS > 4.40
/ijv %05 = (logd/e —log R) — logd/e (440)
Ry

with ¢ > 0 independent of €, §, R.
Finally putting 4.38, 4.39, and 4.40 together
L> —C om0t ot (4.41)
- _ € —_ T .

"= logd/e R2logd /e logd /€

Estimate of [

I = /L(ZOJ'>ZOJ = / L(Zo5)Zo;
Ry {R+1<r<Z}nR%

changing variables as before.

Intheregion R+ 1 <7r < f—e Zo; = hzpj, so

Asz = MZ()J' + QVhVZQJ + hAZoj
V2 = VPhzg; +2VhVzg; + hV7z,

1 1 1
%il < O(——)+ O0(——)+ O(—
= V%l < (7"210g(5/e)jL (r4log(5/e)+ (7’4)
also
[VZzoi| < [Vh||zo5] + [V 204

- O<rlog15/e) * O<%)
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Hence,

L(Zo;) = AZy;+ O(elz|)V?20; + O(e) Vo, + W((Fy) ! (2))Z;
1 1 1

1 1 e\—1
HO(O) | Olyt) 4 OL5) | + AW ((F) (0
O )+ Ol ) 4 O ) + 0(5) + O ) + O
B rtlogd/e rlogd/e r3logd/e 73 rlogd/e
€ €
0(5)+0(3)
1 € € €
B O(r4log5/e> N O(rlog5/e> * O(ﬁ) o O<7‘_6)
This yields
11 1 1%
F o~ ~ € 4e
/ L(ZOj)ZOj = O(log 5/€ﬁ) + O<10g 6/67’) + O(E;) + O(Eﬁ) .
{R+1<r< L }INRZ
€ 1 ) eR
B 0(52 logé/e) * O(R2 logé/e) * O(log§/e) i O(logé/e)
+0(5)+ 0(5) +0(5) +0(5)
) R 04 R?
And finally
0 eR €
I, = — 4.42
2 O(log5/6)+0(log5/e)+O(R4> (4.42)
Gathering all the terms 4.33,4.41,4.42 and 4.37 we have that
~ ~ R? c € ) eR
| L(Zo))Z0; > -
[ M8y 2 O(R) 02 ) 1Ol + Ol + O 57
Qe
(4.43)

Estimate of f ZOJL2(ZOJ)
1"6
We change variables through the map F7:

[ 2 - w2, = [ BB - W) @R
rs OR?
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4.2. Second a priori estimate Chapter 4

with b(z) a function that arises from the change of variables and it is positive and
uniformly bounded in €. B is a differential operator of oder one on OR?,

9,
B = s + O(e|z|)V

First let us estimate the integral in the region |z| < R.

Z0j = 2
Vz L7
T GE
- — 020, e|x|?
= B(z,) = —2 1 0(—“1
(%05) 0T + ((1+|x]2)2>

Since we have the expansion (Ff) ™ (x) = x + &} + O(e|x[), we find

Wa((F5) " (2)) = Wa(&j + = + O(elz]))

J

So,in |z| < R, x € OR?,

2V2p;

W E) ) = e @yer T

O(e)

> ) W) ) = G P 100

=0

N

s [ B - W) @R - 0ER) @4

OR2 N{|z|<R}

Next in the region R < |z| < R+ 1
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4.2. Second a priori estimate

Chapter 4

ZOj

Vo,

because these are radial functions

ﬁlj(l — h)Zoj + hZoj
Vini (1 = h)z05 — Vhijijzo5 + 71i(1 — h)Vz; +
VhZOj + hVZQj

C
—e) —+ 77]1]‘(1 — h)VZoj + hVZ()j

o 0 B :
- 8x: (1 —h)zo; + Ulyﬁg'zw — (1 — h)a—xZ -
0 aZQj X

D) ZOj —h 61‘2
C
O(ER) (O(W) —+ 771]'(1 — h)VZOj + hVZoj)

_ aZOj 6zoj € €
—;(1 = h) o1y h8x2 + O(logé/e) + O(ﬁ)
And,
e\—1 A 2\/§'uj i i (1 — h)zn. 20s
W2((Fg) (2))20; = (Iujg +(z— ﬂujV(g})/QV +O(R2) O(R>> (113(1 — h)z05 + hzoy)
2\/§uj €2

W2t (2 — V2 (E) 2

€

+0O(

= B(Z) — Wa((F}) ™' (2))Z0; = O(

It follows that

[ ) - wa

OR2 N{R<|x|<R+1}

R2log5/e)+

5~ (@)Z0)b(z) = O(

(715 (1 — h)zj + hzoj) + O(ﬁ)

€

O(E)

€ €

logé/e) * O(R)

€ €

log(S/e) * O(R

) (4.45)

)
Next, in the region R+ 1 < |z| < 1
€

205 = hZOj
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4.2. Second a priori estimate Chapter 4

_ D20,
= B(%;) = —haif” + O(e|z|) (Vhao; + hV z0))
_ aZOJ
B haxZ +O(log5/e)+0(r2)
~ _ - 0z; 221 €
= B(Zy;) — Wa((F9)™! = —h J— : +O(——
Gog) = WalUF5) )2 T R RN T T A T

2

+O( )+O( )+O()

2
€ € €
= Oliggaye) +0G2) +06)
And we conclude
- - o _ J €2
[ B @)Ebe) = OGS+ 0(5) 0 og /o)
ORZ N{R+1<|z|< L}
(4.46)
: .0 )
Finally we consider — < |z| < —,
de 3€
Zoj = Mjhzo;
1
B O<log 6/6)

B(zy;) = DB(n;)hzo; + 12, B(hzo;)
Oios
= —/gnghzo]' + O(er)Vihzoj 4 02 B(hzoj)
2

2

= O(ﬁ;/e)vL%B(hZOj)

= 0(; 1(::;5 - ﬁQJth I+ O(er)(Vhzo; + hVz))

- ﬁthé;Zx();+O(51§;g/e)+0<log5/e>+O(r2)
)

= 003)+ 0(5)+ Ol 570) + 057

Integrating this term alone we have
2 €2 )

/ Z0j B (205)b(z) = O(m)+O(5log5/e)+0<log5/62)

) )
ORI N{ & <Jzl<z-}

And, since
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€ elog 7€

——)+O0
510%‘5/62) logé/ez)

= / fZVOjW2((F;)71($))FZVOjb($) = O(

5 5
ORZN{ - <|z|<$}

Then

[ B W) = O O @A

ORZN{ L<[x|<L}
€ €

O(——=) +O0(———=
(510g5/62> (1og5/62

)

Putting it all together (4.44, 4.45, 4.46 and 4.47)

€ € o
ﬁ) N O(logé/e) * O(logé/e)

~ 9 _
/Z()j(@ — WQ)ZOj = O(RE) + O(
s
i) + O(elogd/e) + O(L) + O(L
5 & 62logd/e log d/€
€ €

510g5/62) +O<log5/e)

+O(

O(

)

~ 0 ~ 5

I

And with all together, 4.43 and 4.48

~ 9 ~ ~ -
/Zoj(E—WQ)ZOj—/L(ZOj)ZOj > O(eR") +

rs Qe

¢ J
log /e * O<log5/e)

Choosing ¢ > 0 small, then 4.25

_ 9 _ _ C
/ZOj(a—WﬂZOj—/L(ZOj)ZOj Z 1,1

0og p
rs Qe

holds for € > 0 small enough.

4.2.2 Proof of 4.26

We have that
L(Zy)) = Ofe) forr <R

2

E—) for 9 <r< o
0%logd/e de 3e

1 € c . - 5
rilogd/e oo d /e = —)Zy; T 1 9
T410g5/€)+O<T10g5/€)+0<r3)+O(r3) 07 or R+ <7’<46

47

L(Zy;) = O

L(Zy;) = O(
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NowinR<r< R+1

L(Zy;) = L(Zo) = AZoy+ W((F) ™ (2))Z0; + Olelzl)

€

= 2V V(1 = h)zoj) + Ay (1 = h)zoj + 2(1 = 171;) VIV 205 + O(5)
= —QVﬁlehZOj + QVﬁlj(l — h)VZOj + Aﬁlj(l — h)Zoj + 2(1 — ﬁlj)VhVZOj +
€
0(55)
1 €
B O(Rlogé/e) * O(ﬁ)
1
B O(Rlogé/e)
Now let us call _
. | L(Zoy)]

m
e+ 1+l -l
‘]:
and using the previous calculations we have that

a = O(e) in Ry
R1+a

logd/e) in Ky

a = O

So

IL(Zoj)|l+0. = O( (4.49)

which proves 4.27.

4.2.3 Proof of 4.27
We have that

Ly(Zo;) = Ofe) fory eI, [yl <R

~ €

€
LQ(ZOJ') = O(logé/e)—{_O(E) fOI”yEFi,R<|y|<R+1
Lo(Zo) = O(——)+0(S)+0(5) fory e TS, R+1 < | |<5
20 log /e r2 p) Y St I 4
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Andfory eI, L < |y| < &

1 4e
_ 1 1 € 627"
Ly(Zoy) = O(ﬁ)+0(ﬁ)+0(r_2)+O(5log§/€)
LO(— )+ 0(5) + 0()
log d/e r? r
= o) 105+ 0+ o)+ 0l
= 2 2 dlogd/e logd/e "
Now let us call ~
b— |L2(Z0j)|

e+ 31+l =g
J:

and using the previous calculations we have that

O(E) in RO
O(eR%) in Ry
1

p o )
O(logé/e) in £

p o )
O(logé/e) in R3

So
ILs(Zollers = O(—) < o (4.50)
22051y = logd/e” — logd/e ’
which proves 4.27.

With this estimates we are now ready to complete the proof of the claim.

We had that

|d;] /ZojLQ(on)—/ZojL(on) < C([Ihll«0. + 1h2]l«re) (1+||L2(20j)||*,rg+

rs Qe

1EZoi) e, ) +C 3 ldel (1L Zo) |2 +
k=1

IL(Zoj)IZ 0.)
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using 4.25, 4.26, and 4.27

C C — C
di|l— < Py« halere ) (1 di|——
gt < Ol + el + 57+ O3l =

€

1
= || = Clog —([lhalles. + [hellrg)

and the claim holds.

Continuing with the proof of the a priori bound we had the inequality 4.22

I6lloe < Clllleg. + allers) + C D 1di I (IL(Zog) 1w, + I1L2(Zos) 1)

J=1

1
< Clllhllg. + [[hallirs) + Clog — (7 flwq. + [1hell.ry)

1
< Clog Z(||h1||*,95 + | h2[+,re)

Then,
19lleo < e + D 15111 Zos oo
j=1
1
19llc < Clog —(llf1]lq. + [lhellrg)
which ends the proof of the second a priori bound. [

50



4.3. Solvability of the linear operator Chapter 4

4.3 Solvability of the linear operator

We now prove the solvability of the problem 4.4

Proposition 4.3.1. Let 0 > 0 be fixed. There exist positive numbers ¢y and C, such that
for any family of points §;,5 = 1,...,min 'y with

& — &1 >0 fori # j, (4.51)

there is,for all € < €y, a unique solution to the problem:

Given hy, hy, find ¢ and scalars cj, j =1,...,m, such that

7=l (4.52)
Ly(¢) = hy onT
» =0 onlf
and
/Xjleng =0Vy=1,...,m. (4.53)
Qe
Moreover ]
19ll=0 = Clog (|, + [[hllrs). (4.54)

Proof. First, we must prove that the inequality holds.

By the previous lemma (4.2.1)

1 m
19lloc = Clog (|l + lI2llvrs + > gl Zusl-0.)

j=1

IN

1 m
Clog — ([l + lI2llvrs + > lel)

j=1

Therefore it is enough to prove that |c;| < C(||h1l«0. + [|h2]l+re).

Let 1, be the cut-off function defined earlier and multiply equation 4.52 by 79, 21,
and integrate.

= /A¢772kz1k+W¢772k21k = /hmzkzlk-irZCijZumelk

=1
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4.3. Solvability of the linear operator Chapter 4

Integrating by parts

0
/a_(fUZkZUc_/V¢V(n2kzlk>+/w¢772kzlk = /hl772kzlk+ck/Xk212k772k

0 Qe Qe Qe Qe

0 0
/8—(577%21#/ ¢A(772k21k)—/¢$(772k21k)+/ WonarZiy = /h1772k21k+0k/XkZ12k772k
I Q. I Q.

Qe Qe

Using the equation

0 0z
[ honorZi + [ WadnorZui, + [ d(AmorZar) + Wi Zay) — [ ¢ n%Zue — [ oo 1k

1 1

[ hanokZk + ¢ [ XuZ3non
Qe Qe

= Ck/Xk:kaﬁQk = /h2772kZIk —/hm%Zuc

O, I O,

+/¢(A(U2kzlk)+wn2kz1k)

Qe

oz

_/¢7)2k( aylk —szm)

Iy

0
- / & ngzm (4.55)
1%

—4.T1
Ziy =
(15 + |2)?)
—4p? + 4a% — 422 1
VZi = A TR ) 2
g ( ~81115 (12 + [[2)2
r3(1 + 2r?)
AV
e (14 7r2)4 )
Vina = O(e)
Vi, = O(€)
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So,
e*r e(1 —2r?)
A(nerZie) = O(m)JrO(m)JFU%AZm
e*r €(1 — 2r?
= A(mewZir) + WnaZue = nal(Zi) + 0(1 n 7“2) + O(ﬁ)
= an(AZ:[k + O(GT)VQZM; + O(e)Vzlk + Wz +
€
Oy
e(l+r) er e(1 —2r?)
+O(m)z1k) + O(m) + O(W)
ert(1+ 2r?) e(1 —2r%) er
- 772k(0< (1 —|—7“2)4 ) + O( (1 _'_7,2)2 >+ O((l +7”2>4)
er(1+r) er e(1 —2r?)
T ) T O T O )
Simplifying
B e(r*+2)(2r8 +3rt —r2 —r —1) e2r
= N O( (1+12)5 ) + 0(1 T 7’2>
Integrating
52
/A(?]kalk) + ankZlk = 0(6) + O(elog 6_2 + 1)
Qe
1
= O(e) + O(elog —)
€
= Ofelog 1) (4.56)
€
Now let us compute
0Z
a;k = WaZy, = B(zw) — Wa((F5) (7)) 2u
: 0 . :
With B = s + O(e|z])V, the differential operator that comes from the change of
T2

variables.
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4.3. Solvability of the linear operator Chapter 4

071, 0z er(1 — 2r?%) e*r e2r?
v - WQZUC - axQ +O( (1 +7n2)2 )M+O((1 —|—T2)2) +O((1 +7n2)2) +
er €2r?
O((l + 7’2)3> - O<(1 + r2)3)
Simplifying
er(=2rt +1r3 —r? +r +2) er(r+r+1)
= ol (r2+1)3 )+ O (r2+1)3 )
And integrating
07 1
5 ®_WoZue = O(2) + O(e) + O(elog =)
v €
I
1
= Of(elog—) (4.57)
€
Then,

1
!ckl/kafw% < Clhlleg. + llhellrg + lIgllcelog =)
Q.

and using the previous lemma
) 1 1 -
ekl [ Xk Zixten < C(thl\*,nﬁrthH*,r;+610g2010gg(Hh1H*,96+Hh2H*,r;+Z\cj\)
Qe

J=1

12C
< C(||hy]. holl, e + Celog — ;
< C(||Pall+,0. + [[h2llsre + Ce 0g - ZIC;D

j=1

then, for € sufficiently small
lexl < C[halls 00 + llhallarg)

With this we find finally
1
19lloc < C'log —(lln]lcq. + [lh2llere)

It only remains to prove the solvability assertion. To this purpose we consider the
space

H=<¢pcH(Q): ¢ =0 onT5 and /ijljgb:o Vi=1,...,m (4.58)
Qe
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4.3. Solvability of the linear operator Chapter 4

endowed with the inner product < ¢,1) > = [ V¢V + [ ¢1p. Equation 4.52 is equiv-
Qe Qe

alent to find ¢ € H such that

—/V¢V¢+/W¢w+/h2¢+/Wg¢w+ %w = /hﬂ/) Vy € H
Qe Qe s

rs IS Qe

9[ Vv + Q/ oo = [or+ o0+ / Wag) - Q/ b + / o @5

Qe

where we define the linear operators /(1)) and [; (1)) over H:

ly(y) = (W +1)gp + [ Waep (4.60)
Joremees ]
W) = — [ hp+ [ hotp (4.61)
[

Riesz’s representation theorem implies that [4(¢) = < x4,% >, [h(¢) =< ho >,
with x, and h € H.

So equation 4.59 is

<o >=<xpt0>+<hy> Vi € H (4.62)

In operator form 3
¢ = Xp+h (4.63)

We define the operator K'(¢) = x, and we need to prove it’s compactness.

Let {¢}72, be a bounded sequence in H. We want to prove that { K'(¢x)}2, has a
subsequence that converges in 1.

0
< Xy, ¥ >= /(W—ir oryy + /W2¢k"¢ + %1? = g, (¢)
Iy

Qe I

ol = < Xous Xon > = / (W + Do, + / Wabexa,
FC

Qe ¢
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Using Holder and Poincare’s inequalities

ol < Clléwllalbeoctt

since ¢y, is bounded,
= [Ixolln < C.

Since H is Hilbert, there exists a subsequence such that Xew, = Xo (x¢ appears be-

cause ¢p; — ).

But,

X6, = Xollr = < Xow, = Xor Xen, — Xo >
= < X¢kj7X¢kj —X¢ > — < X¢>X¢>kj — X¢ >
= o, (X, = Xo) = lo(Xar, = Xo)
—_—

— 0

The last term goes to cero because of the weak convergence. Now

lo, X, = Xo) = /(W + D)ook, (Xow, — Xo) T /Wz¢kj(><¢>kj — Xo)
P

Qe g

IN

Clln; 1z2l1x0r, = Xollz2
< Cligwglla lIxor, = xollz2
——

bounded

Rellich - Kondrachov theorem implies that the inyection of H' into L? is compact,
and so y,, converges in L2
J

= lIxer, = xely — 0 whenk; — oo
= Xow, 7 Xo

.. K 'is compact.

So we have ¢ = K(¢) + h, with K a compact operator.
Fredholm’s alternative guarantees unique solvability for all hy, hs provided that the ho-
mogeneous equation ¢ = K (¢) has only the zero solution in H, which is obtained from
the previous a priori estimate.
This finishes the proof. [
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4.3. Solvability of the linear operator Chapter 4

The previous result implies that the unique solution ¢ = T'(hy, hy) of 4.52 de-
fines a continuous linear map from the Banach space C. of all functions (hy, hs) €
L>(Q,) x L*(I'7) for which [|hy|+,0, < 0o and ||hsg||.re < oo, into L.

It is important for later purposes to understand the differentiability of the operator T’
with respect to the variables &/. Fix (hy,hy) € C, andlet ¢ = T(hy, hy). We want to
compute derivatives of ¢ with respect to, say £,. Formally Z = Gg;cgb should satisfy in
Q). the equation

0g (A + W) = 0 (hi+ ) cix; %)

j=1

& NZ+gWo+WZ = Z Og, ¢;)X; 21 + cxdg (XrZuk)

Denominate d; = 9 (c;)
= AZ+WZ = =9 Wo + cxdg (xrZux) + Z d;x;Z; (4.64)
7=1
Now on '
¢
8€k<8_ —Wag) = Oghy =0
0z
o WoZ = 0g W
and on I'5
0-;6¢ = —0-;U(ey)
Z = —0zU(ey)

The orthogonality conditions now become
g, /ijljcb =0
Qe

s [vzz = 0z

0
/%(kalk)gzb = —/XkZUcZ
0

Qe
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4.3. Solvability of the linear operator Chapter 4

Let us write Z = Z + brXx 21k, Where

bk/XZ|Zlk|2 = /ﬁbag;c(XkZlk)
Qe

Qe
Hence,
/ZXJZU = /ZXjZ1j+bk/szlkazlj
Qe Qe Qe
Qe
= /ZXjZ1j+bk/Xz|Zlk‘2
Qe Qe
= /ijleJr/@g;(kalk)qb
Qe Qe
— 0 ifj=k
And,

AZ+WZ = AZ+WZ+bp(A(xuZu) + WxnZix)

= =g W+ crdg (xnZu) + b(A(kZix) + WxnZu) + > dix; 2,

=1
Define
a = —0g Wo + cxlg (XiZik) + (A Z1k) + WxeZux)
So .
j=1
and
YA ~ 07 )
5 WyZ = M + bk(%(XkZUc) — WaxrZ1k)
Definig
0
b= 0g Wa¢ + bk(%(XkZIk) — WaxrZix)
YA ~
= 22 WoZ = b
Oov

58



4.3. Solvability of the linear operator Chapter 4

We need bounds for ¢ and b.

The first term 8§;€W¢,
|9 W1l#|
0z Wollia. = sup .
06V ell-oc = S0 Sy - g e
< [[llecllOg W0
1
< Clog —([|hlsa. + l[hallsr)l|0g W0,
- 1
The term |0z W{|.q, is clearly bounded because W (¢},) = O(W), SO
k
1 r?
g W =0
Sk ((1 +r2)3 T (1 +r2)3)
and multiplied by the weight of the ||||..o, norm
1 r? 1 1
- O( 1 + 1 ) - O(r3—a' + rl—a'>

(1+7r2)3(e2 + ) (14 r2)3(e2+

(14 1r)2 (1+1)2
So it is bounded.

1
10g Wlvo. < Clog —(llhn]lcq. + [lhall.rg)

For the second term ¢, (xxZ1x) we have |cx| < C([|ha]l«0. + [[hallsre)-
g (XkZ1k) = Oz XrZwk + X0z Z1k

but 9z xx # Oonlyin Ry <r < Ry + 1 around y.

—-4171
Z(@—¢&) = ——
Wl =8) = a

—8z1(z — &)

ag;Zlk + O(E)

(i + 2 = &*)?

So,

lexdg (XeZik) 0. < Cll[hllsa. + [[h2llrs) 10 (xkZix) ||« .0.

N

TV
bounded

< Clhllvoc + llhzll«rs)

Let us find an estimate now for by,.
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4.3. Solvability of the linear operator Chapter 4

bk/Xi|Z1k’2 = /Qﬁa{;(XkZlk)
Qe

Qe

IN

1
Clog —([[llwa. + l[hzllrs)

1
= |kl = Clog —(lIhllv.a. + Izl

And so the third term
1
bi(A(xkZik) + WxiZu) < Clog ;(||h1||*,96 + || Paf+,re)

obtaining
1
lall«q. < Clog E(||h1||*,ﬂe + [ h2llrs) (4.65)

And in a similar fashion

1
[b][.;rs < Clog E(||h1||*,sze + [[halls,rs) (4.66)
With these results and the previous lemma we have

~ 1
1Zllz=0 = Clog—(llaflca. +[bllrs)
12
= NZlli=@y = Clog = ([Ihnlls. + llhallsrg) = [1orxaZukll =)

2

1
7 19 dll=@y < Clog = ([|hflsa. + l[hz2llrs) (4.67)

60



Chapter 5

The nonlinear problem

Consider the nonlinear equation

/

Ap+Wo = —Ri(y) + Ni(0) + Y ¢;x; 2y inQ
j=1
Do ¢ 2
5, ~ Wy = Ro(y) + Na(¢) onTf (5.1)
¢ =0 onT§
/Xj21j¢ 0Vi=1L....m
\ Qe

Lemma §.0.2. Letm > 0, d > 0. Then there exist g > 0, C' > 0 such that for) < € < €
and any &y, ..., &n € 1] satisfying

& — & >0 Vi
the problem 5.1 admits a unique solution ¢, cy, ..., ¢, such that
6]y < Ce® (5.2)

where a is any number in the interval (0, 1).
Furthermore, the function ¢ — ¢(&) € C(82,) is C' and

| Dg ¢l () < Ce® (5.3)

Proof. In terms of the operator 7" defined in the previous section, problem 5.1 becomes
¢ = T(=Ri+ Ni(¢), Ry + Na(¢)) = A(¢)

For a given number v > 0, let us consider the region

E, = {o€C(Q): |ollr=n) < ve'} (5.4)
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From proposition 4.3.1, we get

1
1A@) 2= = dlz=@) = Clog (R + Ni(d)lls0 + [ B2 + Nao(9)l|rg)

1
< Clog Z(HRlH*,Qe + [[N1(@) |+, + || Ralls,re + || N2(0)]]4re)

m 1
we have that |R;(y)| < Ced), ——————, and so
=11+ |y_€;'|3
R
IRl = sup b

yEQ, 62 + i
Tl - g

< Ce

Also the definition of NN; inmediately yields || Ni(¢)]«q. < C’HqﬁHQw(Qe), and for
¢1) ¢2 € F’y

V(e —1— ¢y — e + 1+ ¢y)
Cev (47 — ¢3)

CeY (¢1 + ¢2)(d1 — ¢2)
Cye®||¢1 — dal|r=(a,)

Ni(¢1) — Ni(¢2)

IN A IA

= [[N1(é1) = Ni¢2)]+.0

Analogously,
| Rallsre < Ce' ™
and from the definition of N,
IN2()llsps < Cllglliean
also for ¢1, ¢ € F,
No(¢1) = No(a) = €"P(eM/? =1~ ¢y /2 — P/ +
1+ ¢2/2)

2 2
v ?1 92
Ce’’( 1 1 )
= [[No(d1) — Na(@2)llsrs < Cve[[on — @2l

Hence, choosing o sothat 1 — o > «,

IN

1 —0
[A@ Loy < Clog;(C€+CII¢H2Loo(Q€)+061 +Clglli~(a,)

1
_(61—0 + 726204)
€

IN
Q
<)

0

IN

1
Ce®*log = (€777 + %)
€

«

ve

IN
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Now ¢ — ¢4 satisfy
A1 — ¢2) + W(p1 — ¢2) = Ni(¢1) — Ni(¢2) in €2

(1= ¢2) _ Wo(d1r — ¢2) = Na(¢1) — Na(¢2) onl

v
¢1—¢2 = 0 onlj
/XjZ1j(¢1—¢2) = 0Vj=1,...,m.

Qe

1
[A(¢1) — A(P2) |l < Clog ;(||N1(¢1) — Ni(¢2) |+, + | N2(d1) — No(d2)llsre)
1
< Clog E(”)/GQH¢1 = @2l[L= (0 + 7|01 — P2ll(00))
< ye¥|logel||pr — ¢2HL°°(QE)

It follows that for all sufficiently small € we get that A is a contraction mapping of F.,
and therefore there exists a unique fixed point of A in this region.

Let us now discuss the differentiability of ¢.

Since R, Ry depends continuously (in the * norm) on the m-tuple &=(&,...,¢&),
the fixed point characterization yields so for the map ¢ — ¢.
Then, formally,
Og Ni(9) = 0g(W(e” —1-9))
= BgI;W(e‘ﬁ —1—¢)+W(e - 1)0g ¢
Since |9 W ||.q. is uniformly bounded, we conclude

= [10g M ()lla. < CUlSllEx(o,) + 6]l
< O + €|

g ¢l L=(0.))

O Ol L=(a.)) (5.5)
Similarly,
g No(¢) = O (Wale®? —1 - g))
— O Wa(e? -1 - %5) n %(ew 1oy s
= [0z Na()||..rs 108 Wallurs |61y + CIWalloors |6l o 19 Sl

Cllollo= o) + [10g,dlle.r)l| 0]l o< 02
C(e” + 1|0g ll.rs )e” (5.6)
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And observe that we have
0z ¢ = 0z (T(=Ri+ Ni(0), Ra+ Na(9)))
butT = T(fg, (—R1 + Ni(¢), Ry + Na(¢))), then

06 = (g T)(~ R+ Ni(6), Rat No(@)) + T(0g (—Br + Ni(6), Ba + Na(6))
+T'(=Ri + Ni(¢), Og (Rz + Na2(9)))

For the first term we will use the bound 4.67 and for the second and the third we will
use proposition 4.3.1.

10g, dllL~@y < Cloge*(|l = R+ Ni(8)llg, + [[R2 + Na(9)l.rs)

1
+C'log Z(Haégc(_Rl + N1(®))|ls.. + [[R2 + Na(9)lsrs)

1
+Clog —(|| = By + Ni(9) [0 + 119, (Ba + Na(9))]].r5)
for € small enough

1 1
10g, A=) = Clog—[log (|| = Ri+ Ni(é)lls.0. + [ B2 + Na(9)]lrs)
+9g Ralls.. + [0 Ni(9) ]|«
+19¢ Rall«rs + [|0z Na () ||,re]

Since it is easily checked that [|0z R0, < Ceand [|9g Rallr; < Ce®

1 1 1 1
= ||a§;€¢||L°°(Q€) < Clogg(elogg+logz||¢||%oo(ge)+logzea+

1 a
+10g —[|6]l 20,y + € + €*l10g Dl < (20)

IN

1 a 1 a
C'log — (¢ log — + €7(|0g | L= ()
a 1 a 1°
(]_—CE lOgZ)Ha&QSHLoo(Qe) < Ce logz
12
= ||a§’;€¢||Loo(Q€) S Ceo‘logg

The computation can be made rigorous by means of the implicit function theorem.
Let us consider the differentiable function

F: RH™xCOK) — C()
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Taking the solution ¢ from the previous lemma we have that
F(& de) =0
So we only need the invertibility of 04 F'(¢¢) to justify the bound of g &

OpF (9g)[h] = 04(¢ — Ag(9))[N]

= = T(W( = 1, Ro+ No(9)) — T(~ By + Ni(0), 52/ — 1)h)
h—T(h)
— (-T)n

by the previous estimates ||T'(R)| Lo, < Ce**log £||h]|L=(q.), so taking e sufficiently
small

Il scwa e < 1
and Oy F'(¢¢) is invertible. O
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Variational Reduction

After the nonlinear problem has been solved we will find solutions to the full problem if
we manage to adjust the m-tuple ¢ in such a way that ¢;({) =0 forall j =1,...,m.

In view of lemma 5.0.2, given & = (&1,...,&,) € (T'5)™ satisfying |§; — &| > 6 Vi #

J, we define ¢(¢) and ¢;(€) to be the unique solution to the nonlinear problem and the
corresponding bound.

We write U(§) = »_ u;j(x) + Hj(r) as the ansatz previously used.
=1

Let us define the energy functional in H'(Q)

1
Je(u) = 5/’VU’Qd.T—62/€udx—26/6u/2d8 (6.1)
Q 0

I

J. is a C'! functional in H'((?) since the two dimensional Moser-Trudinger inequality
implies the following bounds

For any a € R there exist two constants, C' > 0 and # > 0 such that

/ v de < Ml
Q

2
/ iy < oMl

o0N

An outline for the proof of this results can be found in [KV03].
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Set
F(§) = J(U(E) + o(S)) (6.2)
where ¢(€)(z) = ¢(£)(%) z € Q.

Lemma 6.0.3. If & = (&1,...,&,) € (TS)™ satisfying 4.51 is a critical point of F, then
U(€) 4 ¢(€) is a critical point of J., that is, a solution to 1.1.

Proof. Let
/yvu\2dy /e dy — / e'? dy (6.3)
Then £ = LU0 + 6 — LVE) + 6, Tt
R
- 1DW(E’) + ¢<5'>>[ag§f) 2

0
with f a tangential derivative on the boundary I';.
k

Let us remember that V (y) = U(ey) + 4loge

= Viy) = Zuj(€y> + Hj(ey) +4loge
j=1

also
0
zi;(y) = a—ClUj(Z—Cl)\cl:o Withz:y_g‘
_ 9, 843
R P e e
and Zlk = zlk(Ff(y))
So,
v (€) _ dv;(y Hj(ey)
oE, Z afk 8§k
_ 8Uk_() aHk_(ey)
&}, &,
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H,
What is the order of 8k—_(€y)?
¢,

OHy(ey) O0Hj,(ey) a_gk

g}, )
_  OH(e)
29
N—_——
regular function
(W_(,g) = £Zu(y) +€0(1)

We use also from lemma 5.0.2 that
10g || Lo < Ce

And so, since ¢ is a critical point of F. we found from equation 6.4 that

Z / ciXiZj(£Z1x +€0(1)) = 0 Vk =1,...,m,
j=1
which, if € is small enough, is a diagonal dominant system of equations for c;.

This implies thatc; = 0V = 1,...,m. O

So now we have to study critical points of F, which is F.(&) = J.(U(§) + ¢(&)).

We notice that F, is a perturbation by q; of J.(U) and we will analyze in the following
lemma that relationship.

Lemma 6.0.4. The following expansion holds

F(§) = J(U) +Oc(¢)

where |O.| + |VO,.| — 0 uniformly on points satisfying the constrain 4.51.

Proof. Let ©.(¢) = I(V + ¢) — I.(V). Remember that DI.(V + ¢)[¢] = 0.

LV +9) = LOV)+ DL+ [ DLV + 10620 - Dt
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Let us calculate D?1 (v)[hy, hsl:

1
I.(v) = §/|Vv|zdy—/e”dy—2/e”/2dy
Qe

Q. re

DI.(v)[h] = /VvVhdy—/e”hdy—/e”/thy
Qe Q

Iy

D2]€(U)[h17h2] = /Vh1vh2dy—/e”hlhgdy—/e”ﬂhl%dy
Qe

Iy

Qe
h h
= —/Ahlhzdy+/%hgdy—/€Uh1h2dy_/ev/2h1?2dy

Qe 09 Qe rs

= e L) = [ ( J1aooerse + [ 2o

Qe Qe

. 2
/evﬁ% (1—1t)dt

Iy

-/ ( J@oswapdy— [(erre - e

Qe Qe

[ G -me+ [ 520

Iy s

—/(evém —eV/2>¢—2 (1—1t)dt

2
I
- / ( / (N.(6) — Ri)pdy — / &V (e — 1)¢? dy
0 Qe Qe
+ [ (s Natopody — [ e = 1) dys

Iy Iy

¢
/agb (1— 1) dt

I3
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We know that [|¢]| o (q,) < Ce*|logel, so

_ /0 —/(N1(¢)—R1)¢dy+/(R2+N2(¢))¢dy (1 —t)dt+O(e*|loge[’)

Qe rs

Let us see the bounds for N1(¢), Ry, No(¢) and Ry

- 1
Ri(y)] < Cey ———m
Hltly-=gP

m

1

Roly)| < CeS —
[N (O)]e0. < Cldlieian
[N2(@)lerg < Cllélze,

Then

LV +é)— L(V) < / / F)8 + g(y)ed — / co(w)d+ F)é* | (1—tyde +

+0(62* log €°)
with f and g regular functions that comes from the weights of the * norms.

= O(*loge?)

Let us differentiate with respect to &},

o llv+0) - 1) = | ( [ 2g13i(6) = Rujol = [ agle¥ 1 - )

¢2

2]+

+/8‘L[(RQ + Ng(¢))¢] - /889 [eV/Q(eW)/Q . 1)

/8&[5@ (1 —t)dt
Using the bounds for [|0g Ni(¢)||«0, < C(€’loge®+elogel|dg ¢l < (a.)), [|0g Na()]lrs <
Clelloge| + [|9g [l L= (0. )€l log €] and [|0g @ || Lo,y < Ce*log €%, we find similarly
& 91V +6) — L(V)] = O(loge")
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Expansion of the Energy

Lemma 7.0.5. Let 6 > 0 be a fixed small number and U be the function defined in
2.3. With the choice 2.20 for the parameters [i;, the following expansion holds for every
0<axl

8
V3

where the function @, is defined by

J(U) = (“Am4q+ )m+(16—E)Wmlog%—i-@m(f_)—i-O(ea) (7.1)

V3

om(&r- - m) = (—8+%wZH(@-,@H(—9,65m+8>wZG<§j,&> (7.2)
j=1 I#5

and )\, [3, vy are finite constants.

Proof. Let us study J(U).

Define U;(z) = uj(z) + Hj(x) soU = i U;, then
j=1

1 )
J(U) = /|ZVU|2—€/ ZU 26/625“
Q Iy
gUJ %in
= —Z/WU 2+ /VUVU /ejl —26/6 =
_=la Z#Q ) Q ) I
IA ;; ;g IZ

Let us analize the behavior of [ 4:
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/’VUJ|2 = /]Vuj\2+2VuJVHj+]VHj]2

H; satisfies 2.2, i.e.

AHJZO il’lQ,

] — et/ — ) on
ov v
Hj:—Uj ODFQ

Multiply by H; and integrate

OH;
/AHjHj = /a—;Hj—/yVijQ =0
Q Q

o0

= /|wzrj|2 -~ [

ov
o0

ou; 8H
— u;j/2 _ 779
/(66 ov JH; = 81/

1N 1)

Now multiplying 2.2 by u; and integrating

Q o0
0H;
= /VH]VUJ = By U
Q oN
ou; 8H
— uj/2 J
6/(6 ﬁu) - 81/
Fl FZ

Combining this together

H
]U]—/VHJ'VUJ' =0
Q

(7.3)

0
/!VUJ-IQ = /\Vuj]2+26/e“j/2uj —2 u]uj / Ly, —I—e/ /2 H;
0 0

IS}
8u] 8H
ov 8V

Fl FQ

O
_ /|Vuy2+e/ ¢"i/?(2u; + H;) — /%(2uj+Hj)+/

Iy I
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Remember that u; satisfies in entire R2
Auj + €e" = 0

multiplying by u; and integrating we find

/AUjUj+€2/eujUj =0

Q Q
O
/uj%—/|Vuj|2+62/e“juj =0
o9 Q Q
SO
ou; 0
= /|Vu]|2 = /uj%—l—/uj%%-g/e“ﬂu
Fl F2
and then
w w Ou; Ou, 0H;
/|VUj|2 = 62/6 ]Uj+€/€ 1/2(2uj+Hj)—/a—g(ujﬂLHj)Jr/uja—]jJr/uj "
Q Q Fl Fl FQ FZ
(7.4)
We will analyze this integral term by term.
Let us study
62/6ujU' = 62/ J log J
ST @l —gP? el vl - PP
We change variables ey = o — éj
8 1 8
= (log +log ——) dy
Q[J (1+ly = V2r(0)/2P)2 " 7 (1 + |y — V20(0)/2])? Hyet
Y rdrdf8 1 8
= lo +log ——) + O(e
/0 /0 (3/2+r2+\/§rsin«9)2( & (3/2 + r2 4+ 1/2rsin )2 gu]2»64) ©
Let us call
/“/Oo rdrdf8 1
V= log
o Jo (3/247124+/2rsinf)2 " (3/2+ 12+ /2rsinf)?
So,
. 8 1
62/6“7u]~ = v+ (4—4\/3/3)%(10gﬁ+410g §)+O(e) (7.5)

0 J
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Let us find the asymptotic behavior of

. 2\/5#- _
Ui/2(9,. - J 2 2
€ | e“'°(2u; + H;) = e/ — —— (—2log (u3€* + |z — &—
F/ T Joe + | = & = V2sen(§) ! ’
1 1

Vepte(&)*)? + 2H (x,) + log 8u2 + owge?))

Where we have used lemma 2.1.1 to expand Hj.

We change variables €j;y = x — Ej

1 . ) )
e / L+ ]y — v2v(0)/2]2 (2 o8 T Ay apy G T e &)

+log 8u? — 4log juje + O(y5 €%))

We will calculate first these two integrals:

/ 1 /°° dx +O0(e)
= —_— €
J 1+ ly—v2r(0)/2]? N
= \/§ t \/2
= 3&1"(3 an 31‘
2
= \/;mLO(e) (7.6)

+ O(e)

1 1 o dz 1
/,E T Iy — vVav(0)/22 (Ut Jy — V2u(0)/2P)2 ol P a)

%]
ry

+0O(e)
change of variables /22 = y, do = \/gdy
\[dy 1 3

= — 2log =

| o 2

2 < dy 1 < dy 3

=)z 1 _ 540

\[SV_OOH@P BT /_ool+y2 2} +ole)

2 3

= 2 5(5 — mlog 5) + O(e) (7.7)
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dy 1
. 1 oo
with 3 =3 [~ T log R

So, using the taylor expansion for /1
_ _ o OH - _
H( + epy, &) = H(E,6) + a—gjl(fy‘, & )eniy +0( 13 ]y[?)

O(elyl)

we find:
1

e [ e“/?(2u; ) =
[ e M/lﬂy—fu()/m? 8+ g = v (0)/217)

IR

123 / . fy( 572 26 6) + 0ol
—|—2\/§[log8yj2-—4loguje+0(e2,u§)] / 1+]y—\;§y(0)/2\2

wje
Fl

| 168 4 128 16 87

:e/e“ﬂ/2(2u4+H‘) = — — —=mlog — — —=mloge+ —=H (&, &) + O(e?)
J J J \/g \/g 81/1]2 \/g \/_ 7757

(7.8)

In an analogous way

% ' N —4(z = &) -v(z) 1 =
[ Gt = [ R o G g 20O

Fl 1—‘1
+ log 8/@ + O(u?eQ))

Ou 8 3 2
N /%(uj-l-ﬂj) - ﬁ(ﬁ—wlog§)+2\/;7rlog8,uj+2\/7 (fmé])

I

32 1
+—mlog — + O(e*) + O(eloge (7.9)
T log =+ 0(e") + Ofcloge)
(?H
Now fu] 5
We will use that,
H
/AH]‘U]' = a ]U]—/VHJ'VU]‘
Q Q

€

AuH; = / 9y, / VH;Vu,
Q

Q
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So,

H;
0 = /aay /—u] /HAu] /aujH
aaH = —6/ e/ 4 /—u]—i-e /He“f—i-/ u]H
v

2 8 16 1 V2 ou;
= ——rlo —rlo ——|——7r10 8 / JH
7 g —5— \/3 g 5 g 8115

1)

pret i€
8ujuj+6 /Heu]
T2
8T 1 (2—\/5) \/5 o
= —log— —l 8 O(el 24/ =mH(&5, &
\/gog 7 og u]—i- (eloge) + u (&5,&5)

)+ e /He“f—/auj

0
Let us calculate x; = f uj uj

_ 813 —4(z — &) - v(@)
- / e e PR et e — &)

T2
Change of variables p;e%y = x — Ej

_ / —4log 8123 (piey — v 2p5ev(0)) - v(a) e dy
s piet(1+ ly — V20(0) /212232 (1 + [y — v21(0)/2]2)
2—&;j)/1nj€

—4log 81} Q/‘ (y = V20(0)/2) - (& + mey)
et (L+ Iy — V20(0)/27)

(T2—E&;)/1je

Notice that |y| = O(1), so

€

—4log 8y / O(%)

et y
(T2—&5)/pje

x; = O(e) (7.10)
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Change of variables yjey = z — &;
8
(14 ]y — v20(0)/2/?)2

_ 8/ 2H (&;,&;) + O(elyl) — log 813 + O(e*)
(14 [y — v2v(0)/2[*)?

= /Hj(f_ﬁrﬂﬁy)
ke

QHic

_ _%3 ~VB)r > G, &) + O

I#j
Hence,
oOH; 8 1 2-V2)r ) \/5 -
o 7 log e 7 log 8115 + O(eloge) + 2 37TH(§],€])
I
64 o N
—5 B =V3)TY_G(E.8) +0(e") (7.11)

I#5

Putting it all together now,

/|VUj|2 = [4n(3 — v/3)log 64/3 + 4w log 81/1024/+/3 — 247w log V/8/v/3
Q

+8mlog 3/2/V3 4 v + 83/V3] + [~241/V3 + 16(3 — V3)1/3 + 167] log%
+[27V/3/3 4 64(3 — V3)m /3 + 36w (=2 + V3)|H(E;, &)
+9m(—2+V3)4 ) " G(§, &) + O(e*)

I#j
So
8 20 1 23 " R
Iy = (-5,68102r +~v+ —f)m + (16 — —=)mmlog — + (-4 + —=)7 Y H(;,&;)
V3 V3 P V3 ]Zl AR/
+36(—2+ V3)rm Y~ G(£,8) + O(e”) (7.12)
I#5
Now let us analize the behavior of Ig
/VUZ'VU]‘ with ¢ # j (7.13)
Q
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Notice that AU; = Au; + AH; = —e?e%, and also

U, = 0 onF2
o  Ov
_ %Z+ e“J/Q %% ce“’? onT,
So,
/AUin = U] /VUVU
0 a0 0
= / etil2U; — /VUVU
I

= /VUzVUJ = 62/€uin+€/€ui/2Uj
Q Q 1
62/€“i(uj+Hj)+€/€“i/z(uj+Hj)
'

Q

The first term

62/em(ujJrH / Mz€2+’l'_§z|) (wj(|x €€]|)+10g€—4+Hj(x))dx

Q

change of variables ey = = — &

8 1 _
= lo 55 T 1og8u;” + H;(& + jue
m[ = Va0 2R P G ey g TS )

= / 5 [log L — 4log —= L ]
(1+ |y — vV2v(0)/2]2)2 (15€% + lepiy + & — &51%)? & — &

Q-¢;)
: 8 7 7
+/ (L ly — Var(0) /2P [H (& + nyey) — Hy(&)
i€ . 7 o |
i / (1+ |y — v20(0)/2]2)2 [H;(&) — 2H(&5,&) + log 8]

8 _ 1
v/ T+ g = van(o)yapy et Hoe izl

(Q-¢;)
Hi€
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= & e+ H) = 56 VIGE.E) +0(e) (7.14)

Q

Now the second term

S1u; 1
w20 4 H) — V8, 1 H; + log 8112
/ (u; +H;) 6/<u%e2+\x—w)(ogw%em:c—mz* i+ log8us)
1N

I

change variables p;cy = = — &;

= / v8 (log = 1_ =
(14 1y = V20(0)/21?) " 7 (u2€ + ey + & — & — V2ujev(§5)]?)

e =¢

+H;(& + piey) + log 842)

— / \/g [log 1 7 7 ] _410g ) 1 ] ]
Ly =¢; (14 [y = v20(0)/212) " 7 (12 + |piey — V2u5ev(&;) + & — &%) & — &l
V38 ) i
/g (1 Ty — Ve &+ ) = (&)

Vs 3 3 2
/ (1+ |y — v2v(0)/2]2) [H;(&) — 2H (&, §;) + log 8u7]

riic—g;
V8 - 1
QH (&, &) + 4log ———
-] Tl vaoap ) T
G+ ) = S rGEE o
= er/e (u; + Hj) \/gﬁG(fz,fj)jLO(e ) (7.15)

So, with 7.14 and 7.15 together we have,

/ N (2(3—\/§)7r+% JG(EE) + O(c)
L SrG(ELE) + O(e) (7.16)

Now let us analyze the behavior of /&
f Uj " -
62/ej=1 = 62[2 / eV dr] + 20.(€)
Q =B sne
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with O, a uniformly bounded function as ¢ — 0.

Now,
3 U
€ / Vdr = € / Vie#i  dx
B(£;,6)nQ B(£;,0)nQ
2 H & 814 Hix)
; j og x
_ ¢ / Suie? 5 e+ a— &Py
(u7e? + |z — §[?)?
B(fj,g N
log 8u2+H; f: log L +log 82+ H;(z)
= e [ e R g
et (14 (1222
B(&,6)nQ Hi
1

+2H (2,€;)+0(e%)

(|96 Syl))

2H (z,€;)+0(e%) in: log
N
eu; (14
(€519)

change variables ey = z — &;

1 / (5] +epjy, g] )+O(e* 9 _ _
= — exp{ log (17 €® + [&5 + eptjy — &~
" (1 +|y—fv /2\ ; T

B(o,%)m%

V2uev(§)/217)? + 2H (& + piey, &) + O(e™)]}

We have that
2H(E+em&)+0(€) = 2HEE) 1 O(e%|y|Y)
and
] B _
expq log = = = +2H (& + pyey, &) + O(e%)]}
; p2e + |§j + ey — & — V2umev(§)/2]2)? Y

= ewp{z log (=773 5 7 T 2H (6 8]} + O(Eyl”)
i#]j

=5 oyl
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So,
2H(EE)+2 3 G &) o
2 / U 1 / e 7 + O(e*|y|¥)]
€ e dr = —
. Mo (14 [y — v2v(0)/2[*)?
B(£;,0)nQ B(O,fj)rm%.
1 2H(EE)425 GEé) —4
= e 5 (34 VB)m + O(e)
2% 3
but .
log8u; = 2H(;,&) +2)  G(§,8)
i#]j
Then -
e / eVdr = E( —V3)1 4+ O()
B(£;,6)nNQ
and therefore, -
Io = “rmm(3 - V3) + O(e) (7.17)

I'1NB(&;,9)
Now
1 wi L Hs 13 u;+H;
€ / 621';1 it Hi = ¢ / e%(“]’JrHj)eQigj -
FlﬁB(fj,S) FlmB(Ejvg)
1 1 =
‘ / exp{2(og (12e® + |z — &%) 2H(@4)
FlﬂB(ﬁ_j,S)
(07 1 =~
+O(e")beap{5 D log P epp T o 817}

]

el (@:€;)+0(e%) 1 1
= € exp{= ) log
| Gei-om DI e
F1ﬂB(£J‘,5)
+2H (2,&) + O(e")}
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change variables yjey = z — &;

1 . 7 )
o H(E 1 ey &
K / ] (1+|y—¢§y(o)/2|z)€$p{ (& + pyey, &) +
e (MINB(,0)—§;
e yexp{= Z o8 =g Ol + 2H(6.8))
z;éj §J|
H(& £J>+z GE&)
1 OE D ey
Hi o (1+]y — v2v(0)/2?)
ry’ mB(o,ﬁ)
= VB 2r 00 + 0t
= %7?4—0(60‘)
So
Z—”H) ) +€0(8) = 27TT?JFO(&) (7.18)

So thanks to 7.12, 7.16, 7.17 and 7.18

JU) = In+1Ig—1Ic—1Ip

80 20 1 23
ﬁ)m + (16 — ﬁ)ﬂm log — + (4 + ﬁ)w;}[(gj,gj)

= (=20,36m +++

+(=9,65m + 8)1 Y~ G(&;,&) + O(e”)
I#j
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Proof of the final theorem

Proof. We will consider
D7 = {(&,.. . &n) €T & #& ifi # 5}

According to lemma 6.0.3, we have a solution to problem 1.1 if we adjust the points &
so that it is a critical point of F; defined by 6.2.

This is equivalent of finding a critical point of

. _ 1
F.(§) = F.(¢) — Blogg —A (8.1)
with A and B defined by
80

A = (-20,36m+~v+ —=)m

( g \/g)

20

B = (16 ——)mm

(16— 22)

From lemma 6.0.4 and 7.0.5 we have that for £ € I'7* such that |& — ;| > 0 Vi # j,
namely £ € I'T",

Fo(&) = om(&) +€*0.(§) (8.2)
where
om(€) = (~4+ %wz H(E;, &) + (=9, 65m + 8)7 Y G(€,6)
j=1 J#

and ©, and VO, are uniformly bounded in the considered region as ¢ — 0.

83



Chapter 8

We will show that ¢,, has at least two distinct critical points in f’l".

The function ¢,, is C'* bounded from above in Fm because [ is a regular function,
and G(&;, fj) goes to infinity only at the frontier of Fm where §; — fj for some ¢ # j so

Om(&iy. . &n) = —00 as|§ — & — 0 for some i # j

Since § > 0 is arbitrarily small, then ¢,, has an absolute maximum M in f’lﬂ.

The existence of the second critical point will be assured by the Ljusternik-Schnirelmann
theory. It establish that the number of critical points for ., can be estimated from below
by the Ljusternik-Schnirelmann category of I'{* relative to I'}":

cat(f"f‘) = Minimal number of closed and contractible sets in f"f‘ whose union covers f’ln

As proven in [DdPMO5] page 40, cat(f}") > 2 for any m > 1, and so, using
Ljusternik-Schnirelmann theory we conclude that ¢,,, has at least two distinct critical
points in fT.

These critical points persist under small C°-perturbations of the function, so F. has at
least two distinct critical points in f’lﬂ, and since 0 is arbitrarily small, F, has two critical
points in I'7* and hence problem 1.1 has at least two different solutions. [
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Conclusions

In this thesis work we demostrated an existence theorem for the Liouville equation with
non linear boundary conditions by dividing the problem in several steps.

In the first step we demostrated the non degeneracy of the equation in R? linearized
around the radial solution v 3.2 with respect to the invariance of the equation under di-
latation and translations in the horizontal direction. In order to achieve this, we found
the linearized equation 3.3 and solve it directly by transforming the domain into a disk
and separating variables. After this procedure we realized that the only bounded solutions
found were the dilatation and the translation in the horizontal direction of u. This step was
determining whether it was possible or not to solve equation 1.1 by this method because
the non degeneracy plays a key role in the proof of the first a priori bound 4.1.1.

The second step in this sequence was carried on the chapters 2 and 4, and consisted
in the transformation of the original problem using a basic ansatz for the solution, namely
Uj, and a correction term ¢, to obtain finally the set of equations for ¢ 2.17 that will char-
acterize the solution of the main problem. We analize in chapter 4 the linear operator and
found at the end a solvability result for the linear problem with the introduction of the
coefficients c; who will play a fundamental role in the following chapters. Besides direct
calculation, only classical theory of functional analysis was used to complete this proof.

In the next step we established the existence of a solution ¢ to the complete non lin-
ear problem with the addition of the ¢; terms on the right hand side 5.0.2. The previous
results on the linear operator and Banach’s fix point theorem allow us to demostrate this
result in lemma 5.0.2. Moreover we observate the behavior of the solution ¢ as a function
of the singular points £ and realized that it is a well defined function of class C'* whose
derivative is bounded by 5.3.

At this point of the work we realize that if we manage to adjust the points ¢ so that
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cj(é ) =0forall j = 1,...,m we will have a solution to the main problem. In step four of
our methodology we demostrated in chapter 6 that this fact can be reduced to the analysis
of the critical points of the functional F,(£), and that this in turn can be described by the
energy functional J.(U) associated to the original equation. Also in chapter 7 we give an

expansion in terms of the function ,,(£) of such functional which takes us to the final
stage of the main result:

The existence of critical points of F,(&) through the study of the critical points of

We found by direct analysis, using the regularity of the function ¢,, (), the existence
of one critical point given by its absolute maximum. The existence of at least one more
critical point is demostrated using Ljusternik-Schnirelmann cathegory theory, whose ap-
plicability to this problem is derived from one of our guiding references [DdPMO5].

In summary, we found at least two different sets of points ¢ for which the coefficients

c;i(§) = 0 and so our solvability results for ¢ gives a solution to the complete problem for
each set &.

As a side note one could have considered the more general problem:

Au+ EKy(x)e" = 0 inQ
% = ek(x)%eg — ki onIy 9.1

u =0 onIy

with K5(x) and k;(x) functions that would represent the Gauss curvature of S, and
the geodesic curvature of the boundary of S; in the geometrical problem (1.2), but we
considered Ky = 1 and k; = 0 for simplicity, so the introduction of these functions is left
for future work.

Finally the characterization of the critical points of ¢,, is also left for future work, and
we can see a proposed approach in [DMK] for a similar system of equations with Robin
boundary condition.
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