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RESUMEN DE LA MEMORIA
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PROF. GUIA: Sr. FELIPE ALVAREZ D.

SEUDO-METRICAS INDUCIDAS POR FUNCIONES DE TIPO LEGENDRE Y METODOS
DINAMICOS EN OPTIMIZACION.

El objetivo de la presente memoria es proponer un nuevo método para resolver una clase general de prob-
lemas de optimizacién, a saber, dado un conjunto convexo y abierto C C R", una funcién diferenciable
f:R" — R, una matriz de rango completo A € M,,«,, (con m < n) y un vector b € ImA, buscamos resolver
algoritmicamente el problema

(Po) min{f(x): x € clC, Ax = b}.

Para esto, tomamos herramientas de la Geometria Riemanniana, las mezclamos con el método de maximo
descenso y nos preguntamos qué sucede si miramos este algoritmo bajo la lupa de otra métrica, una no
necesariamente Euclideana. Si bien la idea de usar métricas variables para resolver este tipo de problemas
no es nueva, nuestro trabajo si lo es, pues nos interesamos en una en particular, una que es inducida por el
cuadrado de la matriz Hessiana de una cierta funcién barrera cuyo dominio coincide con C. Esta métrica tiene
la gran gracia de proveernos de una isometria, ficil de calcular, entre el conjunto C, visto como variedad, y
un espacio Euclideano apropiado.

En el capitulo 1 de esta memoria damos una descripcién introductoria de las herramientas de la Geometria
Riemanniana que usamos para desarrollar nuestra teoria. En el capitulo 2 definimos formalmente la métrica
Hessiana cuadrada de Legendre sobre un dominio convexo. Estudiamos también sus principales propiedades
y consecuencias. En el capitulo 3 introducimos un nuevo método de optimizacién para resolver de forma
algoritmica un problema mas simple que (Pp), el de minimizar la funcién f sélo sobre la adherencia del
conjunto C. También introducimos una nueva nocién de dualidad y presentamos algunos teoremas de con-
vergencia. En el capitulo 4 generalizamos este método, con el fin de resolver algoritmicamente el problema
(Py). Por otra parte, en el capitulo 5 abordamos la pregunta de en qué casos nuestra métrica coincide con
la inducida por la Hessiana de otra funcién barrera. Primeramente, planteamos el problema para el caso
separable, obteniendo condiciones necesarias y suficientes, para luego pasar a un caso mds general, donde
s6lo obtuvimos una condicién necesaria. Finalmente, usando este criterio mostramos que el problema es en
realidad muy restrictivo respecto al conjunto C, lo cual nos hace conjeturar que esta pregunta no es facil de
responder y que la respuesta es en general negativa.

Cabe destacar que la nocién de dualidad que aqui introducimos crea un lazo entre las propiedades de carécter
Riemanniano y las de caracter Euclideano, en particular, permite transformar problemas no convexos en otros
que si lo son. M4s atin, esta nocién nos muestra que es posible resolver ciertos problemas de optimizacién
con restricciones aplicando métodos de optimizacion irrestricta sobre un problema dual adecuado.
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Introduccion

Uno de los problemas mds recurrentes en la ingenieria y economia moderna es el de encontrar el
valor 6ptimo de una cierta funcién objetivo f : R” — R, sobre un conjunto convexo intersectado
con un subespacio afin de R", es decir, problemas que se pueden escribir de la forma:

(Po) min{f(x): x € cIC, Ax=b}.

Existen diversos métodos que permiten resolver algoritmicamente esta clase de problemas, pero
todos ellos tienen que lidiar con alguna dificultad, ya sea de factibilidad o porque en cada iteracion
tienen que resolver otro problema de optimizacion; ver por ejemplo los métodos que aparecen en
[10] y [14]. Esto es inconveniente pues puede llegar a significar un gran costo computacional a la
hora de calcular cada iteracion. Cabe destacar que este problema no es parte de algoritmos cldsicos
de la optimizacion sin restricciones, por lo que seria ideal contar con un método que rescate esto.

Nuestro principal objetivo es proponer una nueva manera de resolver el problema (P ), recuperando
la simplicidad de los algoritmos de la optimizacion irrestricta. Para esto, exploramos métodos de
métrica variable, con el fin de cambiar la geometria del espacio y ocupar esto a nuestro favor. Pro-
ponemos estudiar el método de maximo descenso bajo la luz de una métrica Riemanniana especial,
una que es inducida por el cuadrado de la matriz Hessiana de una funcion barrera particular. La
clase de funciones barrera que ocuparemos son las conocidas por el nombre de funciones de tipo
Legendre. Estas funciones fueron introducidas por Rockafellar en [19, Seccién 26] y han sido
utilizadas por otros autores con fines similares. Tal es el caso de Alvarez, Bolte y Brahic que en
[1] estudiaron los flujos de gradiente Riemanniano con respecto a la métrica inducida por la ma-
triz Hessiana de una de estas funciones, una especie de version continua del método de maximo
descenso.

En el capitulo 1 describimos las herramientas de la Geometria Riemanniana que usamos a través de
toda esta memoria. Este primer capitulo tiene como objetivo facilitar el entendimiento de los sub-
siguientes y a pesar de que esta teoria es bastante conocida a nivel mundial, este capitulo sirve para
fijar ideas, pues se definen conceptos que no son tan conocidos, como por ejemplo el de convexidad
sobre una variedad Riemanniana. También se dan las definiciones formales de los conceptos mas
utilizados en nuestro estudio, como el de variedad Riemanniana, geodésica o isometria.
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El capitulo 2 comienza recordando nociones basicas del Andlisis Convexo, para luego dar a conocer
las principales suposiciones tedricas en que se basa este estudio. En particular, en este capitulo
damos una descripcion detallada de las funciones de tipo Legendre y explicamos como con éstas
podemos asociar a un conjunto abierto y convexo la métrica Riemanniana especial de qué hemos
hablado, la cual llamamos en adelante métrica Hessiana cuadrada de Legendre. Luego, explicamos
las principales consecuencias que se obtienen al dotar a este conjunto, que en adelante notaremos
por C, de esta métrica cuando la funciéon de Legendre que la induce, que en adelante notaremos
por g, tiene la propiedad que el interior de su dominio coincide precisamente con el conjunto C.
El ejemplo mas sencillo que podemos considerar es la funcién g(x) = %|x|2 y C =R" Un hecho
notable es que en este caso, la métrica Riemanniana coincide con la Euclideana.

Cabe destacar que es variada la literatura que existe con respecto a las métricas Riemannianas
asociadas a una funcion barrera como, por ejemplo, el caso de funciones auto-concordantes cuyo
uso estd asociado a algoritmos de punto interior; para mas detalles ver por ejemplo [13] o [18].
Sin embargo, la ventaja que presenta nuestra métrica es que nos provee de una isometria entre el
conjunto C y un espacio Euclideano, que en muchos casos puede ser considerado como todo el
espacio R", lo cual es muy provechoso a la hora de mirar bajo otra ptica un problema no lineal
que sea de la forma:
(P) min{f(x): x € C}.

Mis atin, la isometria anteriormente mencionada es facil de calcular y depende exclusivamente de la
funcién g, pues corresponde al gradiente de esta funcién. Este hecho en si, es el pilar fundamental
de todo lo que se hace en los capitulos venideros, pues permite calcular en forma explicita las
geodésicas de nuestra variedad Riemanniana. Esto tltimo es una gran ventaja si queremos comparar
nuestro andlisis con lo hecho por otros autores que también estudian algoritmos de bisqueda lineal
sobre geodésicas; ver por ejemplo lo expuesto en [17] o [20].

El capitulo 3 estd dedicado a la elaboracion del método que buscamos en un caso mas simple,
cuando el subespacio afin es todo R”, esto es, que sirva para resolver el problema (P). Para
esto, primero notamos que el algoritmo de maximo descenso clasico es en si un método que sigue
geodésicas Riemannianas, en efecto, recordemos que este método consiste en, dado un punto de
iteracion x; y una direccion de descenso dy, buscar sobre el rayo {x; +tdy, t > 0} un punto que
haga que la funcién descienda lo suficiente. Este rayo no es otra cosa que una geodésica en R”.
Luego, basandonos en esta idea, y ya que podemos calcular las geodésicas de C visto como variedad
Riemanniana, es que construimos nuestros algoritmo haciendo que éste busque, a lo largo de las
geodésicas de nuestra variedad, un punto que haga que la funcién objetivo descienda lo suficiente.
Cabe destacar que esto inmediatamente hace surgir dos cuestiones, como escoger la direcciéon de
descenso, que en este caso corresponde a la velocidad de la geodésica en el punto de iteracion, y
como escoger el paso del algoritmo.

Una de las propiedades importantes de la métrica Hessiana cuadrada de Legendre que fue expuesta
primeramente por Alvarez et al en [1], es que las geodésicas de C, dotado de ésta métrica, mini-
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mizan asintéticamente una funcién lineal sobre el conjunto C. Esto nos dice que la direccion de
descenso debe rescatar al menos informacién de primer orden de la funcién objetivo. Es asi como
se puede pensar en direcciones de descenso tales como dy = —V f(x) y dy = —V f (xx), donde esta
ultima corresponde al gradiente Riemannaniano de f con respecto a la métrica Hessiana cuadrada
de Legendre.

Por otra parte, con la isometria en mente proponemos un problema dual a (P) que consiste en
minimizar otra funcién, que llamamos @ y que estd definida por la ecuacién f = @ o Vg, donde g
es la funcién de Legendre que induce la métrica Hessiana cuandrada. El conjunto sobre el que se
minimiza esta funcién es denotado por C* y corresponde al interior del dominio de g*, la conjugada
de Fenchel de g. Esto implica que el problema dual se puede escribir como:

(D) inf{e(y): yeC*}

Con esta definicion de @ es que se obtiene una relacion entre propiedades Riemannianas y Eu-
clideanas, por ejemplo, f es una funcién convexa en el sentido Riemanniano si y s6lo si @ es
convexa en el sentido clasico. Mds aun, se tiene que el gradiente Riemanniano de f coincide con
el gradiente Euclideano de ¢. Es por esto ultimo que en esta memoria se opto por desarrollar el
algoritmo con el gradiente Riemanniano de la funcion objetivo como direccion de descenso, pues
en este caso el método puede ser visto como un método de maximo descenso en el espacio dual
C*, lo cual facilita enormemente el andlisis de convergencia, pues se rescata todo lo que se sabe
del método del gradiente; ver por ejemplo los resultados obtenidos en [5] y [10]. En particular,
se obtiene un teorema de convergencia en el caso que f es convexa en el sentido Riemanniano
cuando el paso es acotado. Mas aun esta nocion de dualidad resuelve inmediatamente el problema
de como escoger el paso del algoritmo, pues permite adaptar a nuestra situacion todos los métodos
de busqueda lineal conocidos y estudiados para los métodos clasicos; ver por ejemplo los métodos
definidos en [14, Capitulo 3].

Ahora bien, con la finalidad de abarcar problemas un poco mds generales que (P), en el capitulo
4 generalizamos los resultados anteriormente obtenidos a una subvariedad de C, que corresponde
a la restriccion a un subespacio afin propio de R”, esto es para poder abarcar problemas del estilo
de (Py), donde A es una matriz de rango completo de dimensiones m X n (con m < n) y b un
vector en el rango de A. En particular, con este andlisis es posible resolver problemas sobre el
simplex n-dimensional, pues basta notar que al tomar C = {x >0}, m=1,A=[1 ...1]yb=1se
obtiene el interior relativo de este conjunto, y esto, a su vez, permite abarcar distintos problemas
de optimizacién que aparecen ingenieria moderna, como el de encontrar distribuciones 6ptimas de
probabilidades .

En el capitulo 5 se cambia el enfoque del estudio, pues se plantea una pregunta que tiene un caracter
mas tedrico que practico, a saber, queremos responder la pregunta de en qué casos la métrica
Hessiana cuadrada de Legendre coincide con la métrica Riemanniana utilizada por Alvarez et al en
[1]. Esta métrica depende directamente de la matriz Hessiana de una funcién de Legendre. Por lo
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tanto, el problema se puede plantear como sigue: dada una funcién de tipo Legendre &, encontrar
otra funcién de Legendre g, tal que V?h = (V?g)%. En tal caso a la funcién g le llamamos raiz
cuadrada de Legendre. Si bien, esta pregunta es interesante en si, también tiene un motivacion
tedrica, pues es natural preguntarse si nuestra teoria coincide con la expuesta en [1], es decir, es
s6lo otra expresion de lo ya conocido, o bien es un camino totalmente nuevo.

La estrategia para responder esta pregunta fue comenzar por estudiar el caso cuando la funcién g
se puede escribir en forma separable, para luego ver que se puede decir en un caso mds general.
En el primer caso, encontramos una condicidon necesaria y suficiente sobre la funcién & que nos
permitié responder satisfactoriamente esta pregunta. Cabe destacar que esto también nos sirvid
para obtener una férmula sencilla para la distancia geodésica. Ademads, dada la simplicidad del
criterio que encontramos, pudimos estudiar en profundidad diversos ejemplos practicos.

Por otra parte, en el caso general s6lo pudimos obtener una condicidn necesaria sobre la funcién 4.
Sin embargo, esta condicidn nos permitié descartar casos de funciones que a priori uno pensaria que
si existe una tal funcién g. Es el caso cuando el conjunto C es un poliedro. En [1] se probé que, para
un poliedro definido por una matriz de rango completo, ciertas funciones, que son separables con
respecto a las desigualdades que definen al poliedro, son de Legendre. Nosotros en este capitulo
mostramos que en el caso 2-dimensional, esta clase de funciones tiene una raiz de Legendre si y
s6lo si los lados del poliedro son paralelos o perpendiculares entre si.

Finalmente, queremos destacar que algoritmicamente, en esta memoria, por simplicidad y ele-
gancia, solo se estudio el caso del método de maximo descenso, pero nada impide estudiar otros
métodos de este estilo usando la misma metodologia. Por otra parte, el nexo que crea la nocién
de dualidad entre las propiedades Riemannianas y las Euclideanas, puede ser explotada atin més.
Por ejemplo, tratando problemas con estructuras mds generales, como puede ser el caso cuando la
funcidén objetivo es quasi-convexa en el sentido Riemanniano; el capitulo 5 sirve para reforzar esta
ultima idea. Estos argumentos nos hacen pensar que la teoria que proponemos es nueva y diferente
de la expuesta por Alvarez et al, pues al parecer los resultados estas teorias s6lo coinciden en casos
muy particulares. Creemos que nuestra teoria ain tiene mucho potencial y que puede ser explo-
rada en distintas direcciones, ya sea desde el punto de vista algoritmico o bien, desde la nocién de
dualidad, en las formas que ya mencionamos.
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Capitulo 1

Basic notions of Riemannian Geometry

The Riemannian Geometry is a branch of the Differential Geometry that study manifolds with an
inner product on the tangent space at each point which varies smoothly from point to point. In
particular, this gives local notions of angle, length of curves, surface area, and volume. It is a very
broad and abstract generalization of the Differential Geometry of surfaces in R3; see for example
[6]. The reader who is familiar with the standard notions of this theory may skip this chapter
because the purpose of this is to give a brief introduction of the basic concepts used in this thesis in
order to make easier the reading. The following definitions were taken mainly from [7, 9, 20].

Let us start recalling with the most basic definition. A differentiable manifold of dimension 7 is a
set M such that there exists a family of injective mappings xq, : Uy — M of open sets Uy C R” into
M, that satisfies:

[ ] UXOC(U(I> - M.
o
e For any pair o, B with x¢(Uq) Nxp(Up) = W # 0, the sets xg ! (W) and xal (W) are open sets

in R" and the mapping Xg o xq is differentiable.

Hereinafter, let M be an n-dimensional differentiable manifold. We say that a vector v is tangent
to M at x € M if there exists a curve ¢ drawn on M such that ¢(0) = x and ¢/(0) = v. The tangent
space to M at x € M is the set of all these vector and is denoted by 7.M. Let TM be the disjoint
union of the tangent spaces to M at all points of M, this object is called the tangent bundle of M.
Let us recall that a vector field on M is a smooth map X from M to TM such that, for any x € M,
X(x) € T,M. We denote by E(M) the vector space of vector fields on M.

On the other hand, as in the classical Differential Calculus, given a C! function f : M — R we
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denote by d, f its differential or tangent map d, f : T,M — R at x € M. We denote by C! (M) the set
of all these function. Let us recall that, using the idea of parametrization, X € E(M) can be also
seen as a map from C! (M) into the set of functions on M.

A CK metric on M, k > 0, is a family of scalar products (+,+)x on each T,M, x € M, such that (-,-)
depends in a C¥ way on x. The couple (M, (-,-)) is called a C* Riemannian manifold. This structure
permits to identify 7,M with its dual space, that is, the cotangent space T,M*, and thus to define a
notion of gradient vector. Indeed, given f in C'(M), the gradient of f is denoted by V(_ﬁ_) f and is
uniquely determined by the following two conditions:

o Tangency: forallxe M,V | flx) e M,

e Duality: forallxeM,ve M, dif(v)=(V _ f(x),v)

An affine connection on TM is abilinear map V : E(M) x E(M) — E(M) denoted by (X,Y) — VxY,
such that, for X,Y € E(M) and f € C*(M), we have

foY = fVXY and Vx(fY> ZX(f)Y+fVXY.

A vector field X along a curve ¢ : [a,b] — M is a differentiable mapping that associates with every
t € [a,b] a tangent vector X (t) € T, (M. In a differentiable manifold M with affine connection V,
there exists a unique correspondence which associates to a vector field X along a differentiable

curve c¢ : [a,b] — M another vector field DX along c, called the covariant derivative of X along ¢
such that: b DX Dy df
—(X+Y)=—+— d X) = —X —

where Y is a vector field along c and f is a differentiable function on [a,b]. Moreover, if Y € E(M)
and X (t) = Y (c(t)) then 2X VdcY

In a differentiable manifold M with affine connection V, a parametrized curve y: [a,b] — M is

called geodesic if
dy
dt dt

The manifold (M, (-,-)) is called geodesically complete if any geodesic y(¢) starting from x € M is
defined for all values of the parameter ¢ € R.

Letc: [0, 1] — M be a piecewise differentiable curve and let 0 = ap < a; < ... < a, = 1 be a partition
such that c| (aiaisr) 18 Of class C ! then the length of ¢ is given by

e [de d
-y | /(_C,_C)dt
= a dt dt



We can associate to a Riemannian manifold (M, (-,-)) a distance d given by
dist(x,y) = inf{£(y) | y piecewise differentiable curve joining x and y}.

Every geodesic in (M, (-,-)) has minimizing properties, that is, let y: [0, 1] — M be a geodesic, then
for any piecewise differentiable curve ¢ : [0, 1] — M joining ¥(0) and y(1), we have £(y) < ¢(c) and
if equality holds then ([0, 1]) = ¢([0, 1]).

With the distance dist, we can endow M with the structure of a metric space, moreover, (M, (-,-)) is
called complete if the associated metric space (M,dist) is complete. The theorem of Hopf-Rinow -
see [9, Corollary 2.105]- asserts that the following are equivalent:

1. (M,(-,-)) is a complete Riemannian manifold.

2. (M,(-,-)) is geodesically complete.
Let M and N be two Riemannian manifolds, a diffeomorphism F : M — N (that is, f is a differen-
tiable bijection with a differentiable inverse) is called an isometry if

(u,v)x = (deF (u),diF (V) f(x), VX €M, Yu,v € M. (1.1)

An isometry F' : M — N is distance preserving, that is,

disty(x,y) = disty(F (x),F(y)), Vx,y€ M.

Finally, let (M, (-,-)) be a complete Riemannian manifold, a subset A of M is called totally convex
if A contains every geodesic Yy, of M whose endpoints x and y belong to A. A function f: A — R
is called convex on a totally convex set A if

(1)) < (L=0)f(x) +2f(y), Ve €[0,1], Vx,y € A,

for every geodesic Yy, : [0, 1] — A with ¥,,(0) = x and Yy, (1) = y.



Capitulo 2

Squared Hessian metrics induced by
Legendre functions

2.1 Preliminaries

Throughout this paper we adopt the standard notation of Convex Analysis theory; see [19]. We say
that an extended-real-valued function g : R* — R U {+oco} belongs to the class I'y(R") when g is
lower semicontinuous, proper (i.e. g % +o0) and convex. For a function g € I'o(R"), its effective
domain is defined by domg = {x € R" | g(x) < +e}. When g € I'o(R"), its Fenchel-Legendre
conjugate is given by

8" (v) =sup{(x,y) — g(x) | x € domg},

and its subdifferential is the set-valued mapping dg : R" = R” given by
dg(x) ={y eR"[Vz € R", g(x) + (y,z—x) <g(2)},

where (-, ) is the Euclidean inner product in R”. We set domdg = {x € R" | dg(x) # 0}.

We denote by intA, clA and dA the interior, the closure and the boundary of a set A C R”, respec-
tively.

According to [19, Section 26], a function g € I'g(R") is called essentially smooth if

e intdomg # 0.



e g is differentiable on intdom g, that is, dg(x) = {Vg(x)} for every x € intdom g.

o |Vg(xx)| — oo for every sequence {x;} C intdom g such that x; — X for some X € ddom g.

Here, | - | stands for the Euclidean norm in R” and Vg(x) for the Euclidean gradient of g at x.

Notice that by [19, Theorem 26.1], g € I'o(R") is essentially smooth if and only if dg(x) = {Vg(x)}
if x € intdom g and dg(x) = 0 otherwise; in particular, dom dg = intdom g. Besides, g is called
essentially strictly convex if it is strictly convex on every convex subset of domdg. An important
characterization is the following (see [19, Section 26]): g is essentially smooth if and only if its
conjugate g* is essentially strictly convex. If g € I'o(R") is essentially smooth and essentially
strictly convex, we say that g is of Legendre type or simply a Legendre function. Consequently, g
is Legendre if and only if g* is so, in which case

Vg :intdomg — intdom g*
is a bijection with
(Vg) ' =Vg".

For a generalization of these concepts to abstract Banach spaces and for some other characteriza-
tions and properties, see [3].

From now on, let C C R” be a given open and nonempty convex set, and we assume that g € I'o(R")
satisfies the following:

1. gisaLegendre function.
(Hp;C) 2. intdomg =C.
3. glceC?andVxeC, G(x):=V3g(x)eS,.

Here, S" . is the class of symmetric and positive-definite n x n real matrices and G(x) = V?g(x)
stands for the Hessian of g at x so that

0%g
8x,-8xj

G(x)ij = x), i,j=1,...,n.
For such a function g € To(R"), the squared Hessian mapping C > x — G(x)? endows C with the
Riemannian metric given by

Vx € C, Yu,v € R", (u,v)f2 = (G(x)%u,v) = (G(x)u, G(x)V).

2 . . . . . .
and we say that (-, )xG is the squared Hessian Riemannian metric on C induced by the Legendre

function g. Notice that since C is an open set, then the tangent space 7,C has been identified with
R” for all x € C. We denote by I, the identity matrix of rank n; consequently, the metric (-,-)
is exactly the Euclidean metric (-,-). For sake of simplicity, when a Riemannian metric (-,-)y is
induced by a matrix A, such as in the above cases, we write (M, (-,-)x) as (M,A).
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2.2 Basic properties

Now we show why is interesting to study the squared Hessian Riemannian metric and what are its
more remarkable consequences. Despite its simplicity, the next lemma is the basis of our analysis.

Lemma 2.2.1 Suppose g € T'h(R") satisfies (Ho;C) and set
C*:=intdomg". (2.1)

Then
Vg:(C,G*) — (C*,1,)

is an isometry between C, endowed with the squared Hessian Riemannian metric induced by g, and
C* endowed with the Euclidean metric.

Proof : Since g is a Legendre function with a non singular Hessian, it follows from the inverse
function theorem that Vg is a diffeomorphism such that (Vg)~! = Vg*; see [19, Theorem 26.5]. A
simple calculation show us the required result. Indeed, let u,v € R"” and x € C,

(,0)§" = (V22 ()2, v) = (Vg (x)u, V2 (x)v) = (d(VE) (), (V) (v)).

Recalling (1.1), we get that Vg : (C,G?) — (C*,1,) is an isometry and the proof is complete. [

The interest of the preceding result is not the proposition on its own, but its consequences.

Proposition 2.2.1 (Geodesics) Suppose g € To(R") satisfies (Ho;C). The geodesic in the squared
Hessian Riemannian manifold (C,G?) starting from xo € C with initial velocity vo = —V?g(xy) ~'do
for any dy € R" is given by

x(t) =Vg*(Vg(xo) —tdp), t € [0, Thpax)- (2.2)

In particular, we have that

1
x(t) = argmin { (do,x) + ;Dg(x,xo)} , 1€ (0, Thnax), (2.3)
where Dy is the so called Bregman pseudo-distance induced by g which is defined by

Dy(x,y) = g(x) —g(y) — (Vg(y),x—y), Vx,yeC.



Moreover, {x(t) | t € [0,Tuax)}, is the steepest descent trajectory for the linear function f(x) =
(do,x) on (C,G), that is,

{x(l) = _Vzg(x(t))ildm t € [0, Tnax), (2.4)

x(0) = xp.

Proof : By virtue of Lemma 2.2.1, we have that y(r) = Vg(x(¢)) is a geodesic in the Euclidean
space C*, that is, Jyg,co € R", such that

y(t) = yo —tco.

Therefore, yo = Vg(xp). Furthermore, as y(t) = V2g(x(¢))%(t), we deduce that co = —y(0) =
—V2g(x0)vo =do. As g is Legendre, we have that (Vg)~! = Vg* on C, and since x(t) = (Vg) ! (y(¢))
we get the desired formula. Moreover, it follows from (2.2) that x = x(¢) satisfies

tdy+Vg(x) —Vg(xo) =0. (2.5)
This is the first-order stationary condition for the following minimization problem:

mint{do,x) +g(x) — (Vg(x0),x),

which is equivalent, in terms of optimal solutions, to (2.3) for r > 0. By convexity, for x(z) solves
(2.3), and by strict convexity of g on C, such a solution is unique, for 7 € (0, Tax)-

Finally, differentiating (2.5) with respect to ¢ we get that do + V2g(x(t))x(t) = 0. Hence x(-) solves
(2.4), which is the steepest descent trajectory for f(x) = (do,x) on the set C endowed with the
Hessian Riemannian metric given by G, as we claimed. UJ

Remark 2.2.1 The fact that for a linear objective function the Hessian Riemannian steepest de-
scent trajectory (2.4) can be viewed as a sort of central path (cf. (2.3)) has been already noticed in
[4, 8, 12] for the log-barrier and in [11] for a fairly general function g. For a complete study of
such trajectories including the case of a nonlinear objective function f, see [1]. In particular, see
[1, Theorem 4.1] for sufficient conditions to ensure that Ty, = +oo. The goal in this paper is to
exploit the connection with the geodesics of (C, Gz), which is inspired by [1, Theorem 5.11].

Since Riemannian isometries are distance preserving, and using (2.5), we get the following:

Corollary 2.2.1 (Geodesic distance) The geodesic distance in (C,G?) between two points xo,x| €
C is given by

dist(xp,x1) = |Vg(xo) — Vg(x1)|- (2.6)



In particular, if x(t) is the geodesic in (C,G?) starting from xo € C with initial velocity vy =
—V2g(x0)~'dy then

dist(x(t),xo) = t|dp|, t>0. (2.7)

On the other hand, the completeness of a Riemannian manifold as a metric space is a very desirable
property. There are some conditions that ensure this property in the so called self-concordant case;
see, for instance [13, 15]. Here we present a sort of dual characterization for squared Hessian
Riemannian metrics on convex sets.

Corollary 2.2.2 (Completeness) The metric space associated with (C,G?) is complete if and only
if C* =R" for C* given by (2.1).

Proof : By virtue of the Hopf-Rinow theorem (see for instance [9]), it suffices to prove that (C, G?)
is geodesically complete iff C* = R". But we have the explicit formula (2.2) for the geodesic of
(C,G?) starting from xy € C with initial velocity vy = —V?g(xo) ~'dy. So the geodesic is defined
for every ¢t € R if and only if Vg(xg) —tdp € C* for every t € R. Since C is an open set, we have no
restriction over the vector dy, so C* must be the entire space R". OJ



Capitulo 3

Gradient-like algorithms for solving
optimization problems

3.1 Linear search along geodesics

The steepest descent algorithm is one of the simplest method for solving unconstrained optimiza-
tion problems. Nevertheless, in the case of constrained optimization problems just few algorithms
are so simple as this. The main goal of this section is to introduce a simple method based on the
steepest descent algorithm in order to solve a constrained optimization problem of the form:

(P) min{f(x)|xe€clC}.

We assume f is smooth enough on C and infc f > —oo. We also denote by S := argmin{f(x) |
x € clC}, this set may be empty. Suppose g € I'o(R") satisfies (Hp;C). Assume that the conjugate
function g* is known and set C* = intdom g*. Now, for a given xo € C, let us consider the linearized
optimization problem

(Pr;xp) min{{dy,x) | x € cIC}

where
do = Vi f(x0) = V2g(x0) "'V f(x0),

that is, dy is the gradient of f with respect to the metric induced by G = V?g at xo. Since the
geodesics of (C,G?) are steepest descent trajectories in (C, G) for some appropriate linear function
(cf. Proposition 2.2.1), if T,,,x = oo, it follows that (Pr;xp) can be solved asymptotically by the
trajectory

Ry o1+ x(t) =Vg"(Vg(xo) —tdp), (3.1)
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as long as t — +oo; see [1, Theorem 4.7].

Exemple 3.1.1 For C =R", if g(x) = 3|x|* then g*(y) = 1
to

2, and so the trajectory (3.1) amounts

Ry ot x(t) =x0—tVf(xo). (3.2)

Let us recall here that the standard Euclidean steepest descent method consists in minimizing itera-
tively the function f along the path (3.2). Motivated by such a linear search technique, we propose
an algorithm that follows the trajectory (3.1) in order to get a significant decrease on the objective
function f as well as being strictly feasible by ensuring x(¢) € C. The general scheme for such an
algorithm is the following:

1. Choose xg € C.

2. If dy = Vi f(x9) = 0 then xg solves the problem — stop,
else — take x(t) = Vg*(Vg(xo) —tdp).

3. Choose step fp > 0 such that f(xg) > f(x(9)) and x(to) € C.

4. Set xo = x(to), return 2.

For simplicity, in the sequel we assume that f is a C? function and that T},,, = 4co. Most of the
times we will assume f + ¢ 1s coercive, where X4 is the characteristic function of the set A.
Consider, for any xg € C, the following sequence

X1 = Ve (Velu) —tidy)  Vk>0 (3.3)
where dy = V¢ f(x;) and #; > 0is such that x(#;) € C and f(x34+1) < f(x¢) for all k> 0 when dj, # 0.

Proposition 3.1.1 The sequence (3.3) is well-defined and { f (xi) }x>0 is decreasing.

Proof : Let us fix k > 0 such that x; € C; it is enough to prove the existence of a step-size parameter
t > 0 small enough such that f(xz) > f(x(#)) and x(zz) € C. Let us define ¢(z) = f(x(¢)), with
x(t) = Vg*(Vg(xy) —tdy), it follows that:

d d
5700 = (Vf(x(0)), —=x(1))

<Vf(x(l))»V2 *(Veg(xk) — tdi)dy)
—(Vf () +o(|x(t) — xx]), Vg (Vg (xx) — tey)dy)
<Vf(xk)7V2g*(Vg(xk) —tdi)dy) + o(|x(t) — xi|)
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Since V2h(x) € S for all x € C, we have V2g(x) € S"., for all x € C and therefore

V2g*(y) = [V?e(Ve*(y))] ' €S, forally € C*.

Consequently, by continuity of x(-) and bringing to mind that x(0) = x; € C, we have the existence
of certain & > 0 such that £¢(¢) < 0 and x(t) € C for all ¢ € [0,8). Finally, by taking #; € (0,8) we
get that the general algorithm is well-defined. U

The reason why we choose the descent direction dy as the Riemannian Gradient of the objective
function is the dual scheme we propose in the next section, because, as we will prove, the Rieman-
nian Gradient of a function, can be seen as a Euclidean Gradient under the Legendre change of
coordinates and this fact is the base of all we do. Nevertheless, it is possible to explore the same
kind of algorithm with another descent direction. Indeed, indirectly, Auslender and Teboulle in [2]
did it with dy, as the Euclidean Gradient of the objective function. The algorithm they propose is

X1 € argmin{Ag(gg,x) +d(x,x;) : x€clC} k=0,1,2,...

where g, € df(x;) and d is a proximal distance; see [2, Definition 2.1]. Using d as the Bregman
distance induced by a Legendre Function we get the same kind of iteration we propose since the
geodesics of (C,G?) are central path in the sense of Proposition 2.2.1. They also prove under
suitable hypothesis that this algorithm is valued-convergent; for more detail see [2, Theorem 4.1].

3.2 Dual scheme

In order to study the convergence of the method, we start by noticing that the sequence (3.3) can
be seen as an Euclidean descent method in a certain dual set. Define ¢ : C* — R by

o(y) = f(Vg' (),

then
Vo(y) = V2¢* (»)Vf(Vg* (), WyeC™
Let
vk = Vg(xx)

and notice that the sequence (3.3) changes into

Yi+1 =Yk —txdy, Vk>0. (3.4)
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Let us recall that V2g*(y) = [V2g(x)]~! for any x € C such that Vg(x) =y, hence

Vo(y) = Vg f(x).

This means that the Euclidean gradient of ¢ is equal to the Riemannian gradient of f in (C,G).
Therefore, we have that the algorithm can be seen as an Euclidean steepest descent method for the
function @, thas is,

Vi1 =Yk — VO (k) Vk > 0. (3.5)

Let us recall the so-called Zoutendijk condition in this context: 3r > 0, Vk > 0 such that

(Vo(xk), dr)
V(i) |||
This condition is widely used to ensure the convergence (in some sense) of methods of descent

directions. In this case cos6; = 1, so if we choose a step-size #; satisfying (Z), for example with
the rule of Cauchy, Armijo or Wolfe, see [10, 14], if ¢ is bounded below we have in particular

Y Vo (yi)|* < +os,
kN

(Z)  o(xks1) < @(xz) —r|V(p(xk)|2<:os2 0y, with cos6;, =

and consequently V@(y;) — 0. On the other hand, if we set y(r) = Vg(x(z)), we get f(x(t)) =
¢(y(2)) for all + > 0 where x(-) is well defined. So every way we can pick the step-size t for the
Euclidean gradient method gives us a way to pick the step-size in the Riemannian method.

These remarks motivate the introduction of a sort of dual problem associated with the initial prob-
lem (P), which is given by
(D) inf{o(y) |y e C"}.

By virtue of the Legendre coordinate transformation y = Vg(x), we have that
Vx € C, dy € C* such that f(x) = ¢(y) (3.6)

Vy € C*, dx € C such that f(x) = @(y) (3.7)

In fact, it is straightforward to prove the following proposition

Proposition 3.2.1 We have that

inf{f(x) | x € C} = inf{g(y) | y € C*}.

Moreover, {x;} is a minimizing sequence for (P) if and only if {yx } with y, = Vg(xy) is a minimizing
sequence for (D)
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Remark 3.2.1 The duality scheme proposed here is different from the classical notions of duality
in Convex Analysis theory via perturbations or Lagrangians functions. The reason is very simple:
in the classical cases, the convexity of the problem is preserved under duality. Instead, in our case,
the dual (resp. primal) objective function is not necessarily convex even if the primal (resp. dual)
objective function is convex.

Since C* is an open set, is natural to ask why the dual problem proposed do not look for a solution on
the boundary of C*, there are two answers, the first one is, if we assume the Hessian Riemannian
manifold (C ,Gz) is complete, then C* is the whole space R”, and the second one, if f+ Xcc
coercive then the function ¢ blows up on the boundary of C* as we will see in Corollary 3.2.1.

Some other desirable properties are valid if we assume f convex and S is bounded. For instance,
it might happen that the function ¢ had a local minimum that was not global, since Vg* does not
preserve necessarily the convexity of f, but as V2g* is invertible this can not happen.

Proposition 3.2.2 We have x € SNC if and only if y = Vg(x) € C* is a solution of (D). Moreover,
let § be a local minimum of @ then y € C* and it is global.

Proof : First, let us note, by the one-to-one relationship between each x € C and each y € C*
described in (3.6) and (3.7), that if x € SN C we have

0y =f(®) < flx) VxeC,
it follows that @(¥) < @(y) for all y € C*, so y solves (D). Similarly, we get that if y solves (D)
fE@<flx)  Wxec,

and by continuity we extend the result to the entire clousure of C.

Let y be a local minimum of ¢ and suppose ¥ € C*, then V(7) = 0, but Vo(5) = V2g*(5)V.f(%)
where X = Vg*(¥). Since V2g* is invertible on C* we have V f(X) = 0 and as f is differentiable and
convex we have x € SNC, so X is a global minimun of f and therefore y is a global minimun of @.

Now, if y € dC* we can take a sequence {y;} C C* such that y; — ¥, then fix x; = Vg*(yx) then
since g* is a Legendre function |x;| — oo, but since y is close enough to the local minimum ¥
we can assume @(yy) is uniformly bounded and so f(xy), therefore there exists v € R such that

xi € [f < v] for every k > 0, and since f is convex on clC and S is bounded we get a contradiction.
O

Let us stop for a moment in the problem (D). From the definition of this problem it is not clear if,
in case the minimum is attained, it could be on the boundary of C* or not. The answer is that under
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suitable hypothesis, for example if f + Xic is coercive, the dual problem in case of have solution,
it is in the interior of C* because the dual function blows up on the boundary of C*.

Corollary 3.2.1 If f + Xcic is coercive then @|yc+ = +oo.

Proof : If there is a point y* € dC* such that @(y*) < +oo then we can take a sequence {y;} such
that y; — y*, and using the same argument from above we may find a sequence in C, namely {x; }
such that |x;| — +oo. Contradictorily, the sequence is inside of a level set, which is supposed to be
bounded. So there is no such y*. OJ

3.3 Convexity properties and value convergence

In this section we investigate the particular case where the function f is convex on (C,G?) in the
Riemannian sense. Now we recall a convergence result for the gradient method in the convex case;
see, for instance [5] and the references therein for related topics. For the sake of completeness, we
provide the proof.

Proposition 3.3.1 Let C* C R" be nonempty, open and convex. Let ¢ € T'o(R") be such that ¢|c+ €
CH(C*). Suppose that ¢ is bounded from below so that in particular infcs ¢ > —oo, and assume
that V¢ is Lipschitz on the level sets of ¢. Let {y;} C C* be a sequence such that {@(yx)} is
nonincreasing and

Vir1 =Yk — Vo), k=0,1,2,...
starting from yo € R", hy € [0, hypax] with 0 < hypgx < % where L is the Lipschitz constant of [¢ <
¢©(vo)] and Y hy = co. Then

1. @(yx) — infe- @ as long as k — oo.

2. Ifargmin Q¢+ # 0, Iy € argmin Q¢+ such that y; — Yeo.

Proof : First of all, let us note that since @ is convex, Conv{y;} C [@ < @(yo)], then we can assume
that V@ is L lipschitz in Conv{yy}.

Let v(t) := @(yk +1(Vk+r1 —Yk))> t € [0, 1], then

v(1) = v(0) +/Ol < vyt
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In other words we have:
O05c51) = 900) + [ (Vo311 — 1)) 31— el
= 000+ [ (V90 +10k1 ~ 1)) — Vo) + Vo), vt — )
= 00+ (T908) 3611 =30+ || (V01041 1)) = Vo), vt — el
< Q) — | Vo) > + /OlLf|yk+1 — yi|*dt
=0(y) — [1 — Iéhk} | Vo (ye) [*

L
<o) — {1 - Ehmax:| he| V(i)

As @ is bounded from below, {@(yx)} is convergent to a real number. On the other hand, it follows
that

L N
[1 - Ehmax} Y Vo) Phr < 0(y0) — 0(yn-+1) < @(v0) —infg <o, VNEN.
k=0

The latter implies that {|V@(yx)|*h} is summable. Next, let z € C*, then

|Vkt1 —Z|2 — vk —Z\z = (Vi1 + Yk — 22, Yk+1 — Vi)
= [kt — Yl 200 — 2, V1 — Vi)
< i1 — yel® + 27 [9(2) — 9 ()],

where we have used the convexity of @. Let us set 8 := |yx,1 — yx|2, which is a summable sequence;
indeed,

_Z|yk+1 el <Z |yk+1 wel? —Z|V(P ik hie < @(yo) —inf <eo, VN EN.

man

Also we know that

Zth 0(2)] < |yo— 2> = [yn41—2? +Z5k<b’0—z| +25k
k=0 k=0

This implies, for each z € C*, that we have

Y helo() — 9(2)] < o
k=0

and so liminfy_,.. @(yx) < @©(z). Therefore, liminfy_,.. @(yx) < infc- @ but {@(yx)} is convergent
and by hypothesis {y;} C C*, so it limit must be infc+ @ as claimed.
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Let us assume S* = argming+ @ # 0 and set z € S*. Then
Vit =27 = |y — 2 < 8+ 2hf9(z) — o(ni)] < 8.

Since & is summable, the term 0 = |y; — z|> + Yk d; is convergent for each z € §*, there-
fore the limit limy_,. [yx — z| exists. On the other hand, we know that {y;} is bounded, so it
must have just one accumulation point, indeed, let ¥ and § be two accumulation points, then
limy o0 [y — J[ = lim;j e [yx; — 3| = 0, where yy; — ¥, if we evaluate the limit in the subsequence
that converges to y we get that [y —§| = 0. O

Now, let us assume f is convex on (C, G?) in the Riemannian sense, then we claim the dual function
¢ is convex in the classical sense, indeed, we know an expression for every geodesic on C and it is
given by

Yo (t) = Vg (Velx) +1(Vg(y) = Ve))),
Twy(0) =x€C,
To(l) =yeC.
Then, since f = @o Vg and if we set u = Vg(x), v = Vg(y) we have
fovo() =0(v+t(v—u)).

Moreover,
tf(y)+(1=1)f(x) =10(v) + (1 —1)¢(u),

so ¢ is convex in classical sense on C*.

Taking into account the above, we have our first convergence theorem:

Theorem 3.3.1 Let us assume f convex on (C,G?) in the Riemannian sense. Let {x;} the sequence
induced by (3.3) starting from xy € C. Assume f is bounded from below on clC, Vg f is Lipschitz
on the level sets of f, ty € [0, hyax] With 0 < hygy < % and Yty = o where L is the Lipschitz constant
on [f < f(xo)]- Then:

1. f(xx) — infc f as long as k — co.

2. Ifargmin f N C # O then the algorithm converges to X € argmin f NC.

Proof : By the above ¢ isa C I'and convex function on C*, moreover, ¢ is L-Lipschitz continuous
on level sets of @, indeed, we know that

dist(x,y) = |Vg(x) — Vg(y)|,
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and so

IVo(u) = Vo) =V f(Ve(u) = Ve f(Ve (u))l
< Ldist(Vg" (), V5" (v))
< Llu—v|
Therefore, by Proposition 3.3.1 we have @(y;) — inf ¢ from where comes the first conclusions using
the duality relations between f and ¢. Besides, if argmin f NC # 0 then S := argmin @ # 0, so there

exists ye € S such that y; — ye, then x; is a minimizing sequences for the problem inf{ f(x) | x € C}
which converges to Xeo := Vg* (Vo). O

Let us consider the problem

1 L T
(P1) min{§10g2x1 +exp (tanxy sechz) |0 <uxp, —> <x < E}

then C = (0,+c0) x (—%,%). Thus, if we set g(x1,x2) = x; logx; —x1 + 3 tan? xy, it is easy to see that
this function satisfies (Hy;C), then the dual function is given by @(y1,y2) = %y% +expy2 because

Vg(x1,x2) = [logxi,tanx, seczxz} .

Therefore, the dual problem is written as

. 1
(D1) mln{iﬁ‘l‘expyz | y1,y2 € R} .

Let us remark that (P;) is not a convex problem, but (D;) it is. Also, to have an idea of the
relation between the solution of the primal and dual problem, let us note that the solution of (P;) is
(1,—7%) € dC and the solution of (Dy) is not attained, but {(0, —k)}, is a minimizing sequences for
the dual problem and consequently, val(P;) = val(Dy).

3.4 Asymptotic behavior under Euclidean convexity

Auslender and Teboulle proved in [2] that our algorithm is valued-convergent in case when f is
convex in the classical sense and d; is the Euclidean gradient of the f. Here, with another set of
hypothesis we ensure that the algorithm is value-convergent.

Proposition 3.4.1 Let us assume f is convex on clC and f + X c is coercive. Suppose Vo(y;) — 0
and dist(x,d0C) > o> 0Vk >0, then f(x;) — inf f as k — oo.
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Proof: Let us note that {@(y¢)} is decreasing and bounded below, so £ := lim @(yy ) is well-defined.
Now, since f is convex on cl C and differentiable we know

fO) +(Vflw),u—xi) < f(u)  VYueC
and using the transformation Vg we can write the gradient of f in terms of @ and y; as
O(k) + (V2 g(x)VOk), Vg* (v) —xx) < @(v)  WveC™
Hence, as {x;} is away from dC, we can deduce that {V?g(x;)} is bounded
(V) Vo), Ve' (v) =) =0 k— oo

and
imo(y;) = £ < o(v) YveCC”.

Therefore, {y;} is a minimizing sequence for ¢ and then by proposition 3.2.1 we conclude. UJ

Now we analyze the behavior of the algorithm and the relationship with the dual sequences {yy}.
First we state some simple facts

Proposition 3.4.2 Let us assume f is convex on clC, S is bounded and t;, > o. > 0. Let {y;.} be the
dual sequences, recall that yy = Vg(x;) for each k € N. Then:

1. If {yx} is such that |yx+1 — yr| — 0, then dy — 0.
2. If {yk} converges to some yo., then y. € C* and {x;} converges to x.. € SNC.

3. If {xx} converges to x € C, then X € S.

Proof :

1. From (3.3) follows that
Vi1 = Yk — trdy Vk>0 (3.8)

therefore,

1 1
|di| :ib’k—kl_)’k‘ < alym—yk\ —0ask— oo (3.9)
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2. Now, if the sequence is convergent, in particular, we have d; — 0. Let us assume y., € C*,
since g is of class C? we have x; = Vg*(yi) = Vg*(ye). If we take x. = Vg*(yw), by the
above we have Vg f(x) = 0 then V f(xe) = 0, and s0 x; — xeo € SNC.

Assuming the absurd, let us suppose y.. € dC* it means that |xz| = |Vg* (yx)| — o because g*
is a Legendre function. Moreover, by definition x; € [f < f(xo)]. Hence, since S is bounded
and f is convex on clC, every level set is also bounded, then we get a contradiction.

3. Finally, if {x;} converges to x € C, then {y;} converges to y. = Vg(x). Using the previous
part we conclude the proof.

We can split the behavior of the dual sequence {y;}, when it is bounded and when it is not. If the
dual sequence is bounded then, using the same arguments of point 2 of Proposition 3.4.2 we find
that the clusters points of {y;} are in C*, and so, some of the clusters points of {x;} are in SNC.
So the question is what happens if the dual sequence is unbounded? The next proposition provides
us an answer.

Proposition 3.4.3 Let us assume f is convex on clC and S is bounded. Let us suppose |yi| — oo.
Then dist(x;,0C) — 0.

Proof : Let us assume 3¢ > 0 such that dist(x;,dC) > €, for all k > 0. By construction, we know
that {x } is bounded, then there exists a compact set K C C such that x; € K for each k > 0, there-
fore Vg(x) is also bounded, but this is a contradiction because y; = Vg(xx). O
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Capitulo 4

Restriction to affine subspaces

4.1 Framework

Let C be an open and convex subset in R”, A be an m X n real matrix with m < n and b be a real

vector in R”. Let us define
F=CNnaAa,

where 4 = {x € R": Ax=b}. We also denote by Ay =kerA and F* =1II4,C*. Hereinafter we will
put all our attention to the submanifold ¥ in order to propose an algorithm for solving problems of

the form
(P1) min{f(x): x €clC, Ax = b}.

Let g € I'o(R") be a Legendre function that satisfies the basic condition (Hp;C). We recall from [1,
Section 5.2] the Legendre transform coordinates mapping on ¥ associated with g is denoted by ¢,
and is given by

og: F — F*
x = Og(x) =TI, Vg(x).

We also recall that ¢ is a diffeomorphism from ¥ to F* and, that df,(x) = I14,G(x) and dog(x) ! =

VG (x)~ 1 G v/ G(x)~1.Also, we have a formula for the inverse of the map ¢, and which is
given by
0g' () = VIg'O(ay + (80, forany € 4,

with g1Ug» the epigraphical sum of two function. For more details see [1, Section 5].
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Now, let us consider on ¥ the Riemannian metric (-, ))?2 given by
(u,v)f2 = (1,G(x)u,I14,G(x)v) Vxe F, u,ve,F ~ A.

Then, as in Lemma 2.2.1, it is easy to see that ¢ is an isometry between ¥ endowed with the

Riemannian metric (-, -)G2 and F* endowed with the Euclidean metric, and so we have a formula
for the geodesic of (F,G?) and it follows the same logic than the geodesic of (C,G?), namely, the
geodesic starting from xo with initial velocity —d@g(xo)I14,do is given by

x(t) = 0 ' (9g(x0) — TLg,dp). (4.1)

4.2 Properties of geodesics

It is natural to wonder if the same kind of results are stated for this case. Therefore, here we are
going to specify the analogous properties of the geodesics on ¥, we skip its proof and we give just
a scheme of proof because they are essentially the same.

Corollary 4.2.1 The geodesics on (F ,G*) with initial velocity —d4(x0) 'L g,c solves asymptot-
ically the linear optimization problem inf{{c,x) : x € C, Ax = b}.

The reason is the same as in section 5, that is, because the unique solution of

(H-SD) {xét) ==Veflg(x(t)) 1€ (0, Tax)

x(0) = xg

where f(x) = (c,x) is the unique geodesic passing through xo with initial velocity —dd,(xo) ™' T1g,c.

The question of whether or not Riemannian manifold is complete is also easy to respond in this
new context, moreover, the arguments to prove the following corollary are exactly the same.

Corollary 4.2.2 The Riemannian submanifod F endowed with the Riemannian metric given by G>
is complete if and only if C* = R", or well, F* = A,.

As in section 5, we just need that ¢, (xo) — tI1g,c = I14,(Vg(xo) —tc) € F* for all t € R. Now,
since F* =1Il4,C* and A is a vectorial subspace, we are done.
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Let xo,x1 € F and set yg = ¢g(x0) and y; = ¢4(x1). Then as in section 5, it follows that p(xo,x1) =
Z(l) (y) where p(xp,x]) denotes the geodesic distance between x( and x; in the Riemannian subman-
ifold F, y(t) = dg(x0) — tT1g,c with ¢ = §g(x0) — dg(x1) and £}(-) is the length of a curve defined
on [0, 1], inasmuch as Qg4 (x0), Pg(x1) € Ay we have y(r) = (1 —1)Pg(x0) + 10, (x1), and so

p(x0,x1) = [dg(x0) — Og(x1) 2. 4.2)

From corollary 4.2.1 we know that the geodesic starting from xo € ¥ with initial velocity —d¢4(xo) ' T14,¢
is the unique solution of

x(t) = =Vefly(x(t))

(H-SD) {x(o) o

where f(x) = (c,x). Therefore, it is easy to see that x(-) also satisfies the following differential
inclusion

AVe(x(1)) +Vf(x(t) € Ay
x(t)e ¥
x(0) =xo

Then integrating between 0 and ¢ we get:
Ve(x(t)) — Vg(xo) +cr € Ay, (4.3)

and so the same conclusion follows, that is,

0€a((e, )+ Dyle0) + 1) (x(1)

4.3 Algorithm for solving constrained optimization problems

In section 3 we have proposed an algorithm in order to solve problems of the form:
(Py) min{f(x): x€clC}.

The key in the good behavior of that algorithm lies in the dual approach we proposed. We recall
that the previous algorithm can be seen as an Euclidean descent method in the space C*. Therefore,
in order to solve a more general kind of problems than (Py) we follow the same logic, that is, we
follow the geodesics of ¥ in a certain direction for a while, then we change the direction and do
the same.

Formally, let us consider the problem

(P) min{f(x): x€clC, Ax =b},
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with f a differentiable function on C such that S := argmin{ f(x) : x € clC, Ax =b} # 0. Assume
g is a Legendre functions as before. Now, for a given xg € ¥, let us consider the linear optimization
problem

(P) min{(Vgf(x0),x): x €clC, Ax = b}.

Here we have chosen the Riemannian gradient of f with respect G just for sake of simplicity. Then
the general scheme for this algorithm is the following:

1. choose xp € F.

2. if xq solves (P) — stop,
else — compute x(7) = (I);l((])g(xo) — 114,V f(x0)).
3. choose step #p > 0 such that f(xo) > f(x(f9)) and x(1p) € F.

4. set xo = x(t9), return 2.

Let us consider the function defined by @(y) := fo ¢;1 (y) for each y € F*. It easy to see that
Vf(x) = V&> (0)TLa,VO(y), where y = fg(x).

Thus, Vg f(x0) = I14,VQ(yo) where yo = ¢g(x0), and so Vg f(x9) = 0 for xo € F if and only of

Vo(yo) € 43" and that if and only if yo = dg(x0) € F is an interior (relative) solution of

(D) min{e(y): ye F°}.

Moreover, if yg is not an interior (relative) solution of (D), the mapping

t € Ry = aft) = @(yo — 15, Ve(yo))

is not increasing, that is because

57 ) = —(Vo(yo — L3 Ve(y0)), I, VO(y0)) <0. Vi ~0

So, the dual sequence y; = ¢4 (x¢), defined as in section 3.2, is a descent sequence for the function ¢
in the Euclidean space F * and as in Proposition 3.2.1, the sequences {x;} and {y;} have the same
minimizing properties for the function f and @, respectively. Therefore, the algorithm generates a
descent sequence {xi}.
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Besides, without losing generality, we can assume A, = R""", therefore, the algorithm can be seen
as a steepest descent method in the space R” " and the same convergences properties of section 3
are valid.

Finally, let us note two important points that are exactly than in the non restrictive case, the convex-
ity in the Riemannian sense and the interior convergence. The convexity in the Riemannian sense
of a function f on ¥ also gives the convexity in the Euclidean dual space #* of the dual function @,
and the same properties of convergence are valid. Also, it is easy to adapt the arguments of section
3 to this case, the reason is that the key of the proof is the relation between the primal and the dual
functions.
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Capitulo 5

Legendre square root functions

5.1 Framework

This section is focused on question when the squared Hessian Riemannian metric coincides with a
Hessian Riemannian metric induced by another Legendre function. The motivation is to know how
much our theory differs from the theory developed before by Alvarez et al in [1].

Definition 5.1.1 (Legendre square root) Given h € I'o(R") satisfying (Ho;C), we say that g is a
Legendre square root of h whenever g is Legendre, intdom g = C, g|c € C? and

(LSR)  VxeC, V?h(x) = (V?g(x))%

In such a case, we write g € LSR(h).

For instance, for the log-barrier h(x) = —logx if x > 0 and oo otherwise, it is direct to verify that
the Boltzmann-Shannon entropy, which is given by g(x) = xlogx — x if x > 0 and +o0 otherwise,
satisfies (LSR) with C = (0, +o<). On the other hand, it is not difficult to verify that the Boltzmann-
Shannon entropy do not have a Legendre square root (see Section 5.2 for further details).

Let us remark three simple facts:

e If & has a Legendre square root, then for all A > 0, Ak has a Legendre square root too.
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e [t is clear that if g; and g, are Legendre square root functions of 4, then g; — g5 is an affine
function. This motivates us to define the following equivalence relation: g =g, < g1—
g> is an affine function.

e If & has a Legendre square root and i = hy, then kg has a Legendre square root.

Therefore, LSR(h) corresponds to the equivalence class of the Legendre square root functions of /.
Hereinafter we denote by g any Legendre square root function of 4.

5.2 Specialization to separable functions

From now on, we focus our attention on the case when the functions are separable: if 4 : C C R" —
R, there are n functions /; : C; C R — R such that C = C| x ... x C, and

h(xi,...,x0) =h1(x1) 4 ...+ hy(x,).

We will study the existence of Legendre Legendre-square-root pairs in this case and we will apply
the previous analysis in order to get a simple formula for the associated geodesic distance. We will
also give some useful examples with their respective formulas such as the geodesics and its Fenchel
conjugate.

5.2.1 Existence

The main purpose of this section is to characterize (necessary and sufficient conditions) those Leg-
endre functions 4 for which there exists a Legendre square root in the sense of Definition 5.1.1. Let
us start with a simple fact, the reader can check that there is a unique pair (4,g) whose domain is
all R, that is because h(x) = %xz is the unique solution (except by constants) to

y// — [y//]z y// > 07 (5.1)

and therefore, in the separable case, there exists only one pair (%, g) whose domain is all R".

The first existence theorem comes.

Theorem 5.2.1 (One-dimensional case) Ler h € I'o(R) be a Legendre function with C = (ag,bg)
with —eo < ag < by < o0, but at least one of them is finite. Then g € LSR(h) if and only if \/h"'(-)
is not integrable around the boundary of C.
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Proof : Assume without loss of generality that ap € R and let g € T'h(R) be a Legendre function
that satisfies (LSR) and take x,xy € C, then we have

g'(x) = / 0 VI (5)ds + g (x0), (5.2)

then, if \/A”(+) is integrable around ay, since & is smooth enough, we have that it is integrable in
any interval [ag, x|, and we will have

< oo,

/ f VA (s)ds

therefore, fixing xo > ao and letting x — aar we will have a contradiction because g is essentially
smooth.

Suppose conversely that /A" (+) is not integrable around ag, let us consider the following differen-
tial equation: given xp € C and go € R

¢ = [ VIGds vxeC, o) =g (5.3)

let g(-) be the unique solution of (5.3), which directly satisfy (LSR). Since 4" (x) > 0, Vx € C, we
have that g’ (x) = \/HW'(x) > 0, Vx € C, therefore g(-) is strictly convex on C, and since /A" () is
not integrable around ag, we have that |g’(x)| — -0 as x — ap.

The same argument is applicable to the case by € R, so the proof is completed. O

In view of the previous theorem we can obtain a simple formula for the Legendre square root,
indeed, let us suppose that 4 has a Legendre square root g, let us fix xo < x < u in C, then integrating
(5.2) between xq y u with respect to x, we have

)~ () = [ [ /HSdsdie ¢ (50) e~ 0)
= /u/u V' (s)dxds + g' (x0) (u — x0)
x0 Js
_ /0 V() (1~ 5)ds + & (x0) (1 — x0).
Since u +— g'(xo)(u—x0) + g(xo) is an affine map, we can represent a Legendre square root of / by

g(x) = /xx VI (5)(x—s)ds, for some xg € C. (5.4)
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Corollary 5.2.1 (Separable case) Leth € I'o(R") and h; € I'o(R) be such that h(xy,...,x,) = Y1 hi(x;),
where each h; is a Legendre function with C; = intdom h; = (a;,b;) and —eo < a; < b; < o0, but

at least one of them is finite for each i. Then 3g € T'o(R"), a separable function satisfying (LSR) if
only if each \/h_ﬁ’ is not integrable around the boundary of each C;.

Proof : Clearly intdom#h = C; x ... X G,. First, we prove the existence of the Legendre square root.
Since, each h; satisfies the conditions of Theorem 5.2.1, we have the existence of a Legendre square
root g;, for each h;, then we define g(x1,...,x,) = Y7 gi(x;). It is easy to see that g is a strictly
convex function with intdom g = [T%_, C; and that V2g(x1, ...,x,) = diag(g” (x1), ...,&" (xn)), so the
condition V2h = [V?g]? follows. Since we are in a finite dimensional context, we have

Vet mt)| = max {Jgi()]} (5.5)

if we take xX¥X — ¥ € 9C. Without losing generality, let us suppose that xf.‘ — al.+ for some
i € {1,...,n}, therefore |g}(x¥)] — ~+oo. Hence g is a Legendre function. To prove the converse,
we just have to use the same argument as Theorem 5.2.1 for each dy,g. 0

5.2.2 Geodesics distances

In this section we give some simple formulas for the geodesic distance in the case when the func-
tions are separable.

Proposition 5.2.1 (One-dimensional case) The geodesic distance between xo,x| € C is given by

dist(xo,x1) = /XI VI (s)ds (5.6)

Proof : Just have to replace (5.2) in the formula of the geodesic distance we have given in section
5. UJ

The following corollary is a direct consequence of proposition 5.2.1 and gives a formula for the
geodesics distance of a curve in direct products as the reader could find in [13, Lemma 4.1].

Corollary 5.2.2 (Separable case) The geodesic distance between u,v € C is given by

dist(u,v) = \/i dist;(ui,v;)? (5.7)

i=1
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where dist;(u;,v;) denotes the geodesic distance in the submanifold C;.

Proof : Thanks to corollary 5.2.1 we have

9u8(0)— g = [ \/h(s)ds (5.8)

Ui

and using Proposition 5.2.1 we are done. 0

These results give us a simple formula to calculate the geodesic distance for a geodesic in C without
the need knowing explicitly a square, it is enough knowing about its existence.

5.3 Existence of Legendre square root for general functions

In what follows, we turn to the question of the existence in a more general case. Indeed, our goal
is to show that the problem is a tough one. In order to do this we will state a necessary condition
for the existence in the two-dimensional case and then we will apply this to polyhedral sets.

Theorem 5.3.1 (Necessary condition, two-dimensional case) Let i € T'o(R?) be a C*(C) Legen-
dre function. Let us assume 3g € LSR(h) and define

u(x1,x2) = I, x,h(x1,x2) and v(x1,x2) = Oy x, H(X1,%2) — Oxyx, (X1, X2)

then for all (x1,x;) € C we have v(x1,x2)Vu(xy,x2) = u(x1,x2)Vv(x1,x2).

Proof : It is easy to check that & and g satisfies the following relations:

axl)C]g = ax1x1h2+ax1x2h2 (59)
Ox1x,8 = Oxyx, 11 [0+ Oy ] (5.10)
ax2x2g = ax2x2h2 + ax1x2h2 (5.11)

Now, if we take the derivative of (5.9) and (5.10) with respect to x; and the derivative of (5.10) and
(5.11) with respect to x| we get

Oxix10:8 = 2 [0, 1 Oxyxyxy o4 Oy P O yy
Ox1%:0:8 = Oxyxpxs 1 [Oxy ) 11+ Oy, ] + Oy
Ox1x128 = Oxyxy a1t [Oxx o+ Oxpry ] + Oy
Ox1x20:8 = 2 [Oxyx, 1t Oxyxyy 1+ Oy P Oy 1]

]
[ax1x1x2 h + a3‘72x2x2 h]
[

h
h [0, A+ Ox o, ]
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The latest give step to the following relations

2 [axlxl h axlxleh + axlx2h a951952352]1] = a)51951)521/1 [axlxl h + ax2)€2h] + axleh [axlxlxl h + a951)52352]1]
2 [ax2x2h a951)‘72/\72}2 + a)CIXZh a)CI)CIXZh] = ax1x2x2h [axlxlh + aJ’CZXZh] + a)‘71/\72}2 [ax1x1x2h + a)CZ)CZXZh]

Written in another way we obtain

axlxlh axlxlxzh + axlxzh axlxzxzh = axlxlxzh axzxzh + axlxzh axlxlxlh
axzxzh axpchgh + axlxzh ax1x1x2h = axlxgxzh axlxlh + axlxgh axzxzxzh

Thus

ax1x1x2h [axmh - axzxzh] = axlxzh [ axlxmh - axlxzxzh]
axlxzxzh [axlxl h— axzxzh] = axlxzh [ axmxzh - axzxzxzh]

Finally,

axl (ax1x2h) ’ [axlxl h— axzxzh] = axlx2h ’ axl [axlxl h— axzxzh]
axz (axmzh) ) [axmh - axzxzh] = axwzh ’ axg [axlxlh - axzxzh]-

5.3.1 Polyhedral sets

As we said before, we want to illustrate that the question of finding a non-separable function that
has a Legendre square root is a tough one. Suppose that the open convex set C is given by

C={xeR": (aj,x)<bj,i=1,...p} (5.12)
By [1, section 4.4], we know that if we have Legendre function 8 € I'y(R) such that

(i) (0,00) C dom® C [0,0),
(i) © € C3(0,00) and lim_,(+ 6/ (s) = —oo,
(iii) Vs > 0, 6”(s) > 0,
then h(x) :=Y"_, 0(b; — (a;,x)) is a Legendre function which satisfies all our previous assumptions.

We will show that this function has a Legendre square root only in a very especial case when the
geometry of C is rectangular. Let us suppose n = 2 and a; = (p;,q;)-
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According to Theorem 5.3.1, if we compute the terms u(xy,x2) - Vv(x1,x2) — u(x1,x2) - Vv(x1,x2)
we get the following equations for all (x,x;) € C

)4
Y 0"(bi— pixi — qix2)0" (bj — pjxi — q;x2) [piqi(p5 — 47) — pja;(pi —a})pi]l =0 (5.13)
ij=1 S ~ -

p
Y 0"(bi— pixi — qix2)0" (bj — pjx1 — q;%2) [pig; (P — 45) — pja;j(p; —q7)ai] =0.  (5.14)
17]:1 ~~ s

d[j

Additionally, as a consequence (ii) and the mean value theorem, we can assume 6”(s) — —oo as
s — 0. Moreover, for every i € 1,..., p we can always find a sequence (xj ,,x2,,) such that

1im 0" (bi — pix1n — gixon) = —o0 (5.15)
sugle’”(bj—pjxl,n—qsz,n)\ <o, Vje{l,..p}\{i}. (5.16)
ne

Thus, the equations (5.13) and (5.14) are satisfied if and only if ¢;; = d;; = 0 for every i and j. Let
us look with more detail the terms ¢; ; and d; ;

cij = pilpigip} — pjaip; + pjaid; — pidid’)
= pilpipj(Pjqi — Piq;) + 4iq;(Pjqi — Piq;)]
= pi(pipj +4:9;)(Pjqi — Piq;)
= pi-(ai,aj) (ai ¥ a;)

Similarly, we get that d;; = g; - (aj,a;) (a; < a;). Now, to make sense of the set C is straightforward
that a; # O forevery i = 1, ..., p. This means that ¢;; = 0 and d;; = 0 if and only if the vector ay, ...,a,
are perpendicular or parallel between each other. In fact, we can prove the existence of a function
with Legendre square root in the case when the vector are perpendicular or parallel between each
other and this is a direct consequence of the next proposition, because in this case we know the
set C is rotation and translation of a set D whose faces are parallel to the canonical axes, in other
words, there exists P a rotation matrix and d a translation vector such that C = PD+b

Proposition 5.3.1 Let P be a rotation matrix and d a translation vector. Suppose also that ¢ and ¢
are a Legendre Legendre-square-root pair with D = intdomh, then there exists h and g a Legendre-
Legendre square root pair with intdomh = PD + b.

Proof : Let us consider h(x) := @(P'x — P'D), then is clear that & is a Legendre function because
x +— P'x — P'b is an affine transformation; see [1, Proposition 5.3]. Moreover, it is also clear that
intdomh = PD + b. Then for every x € C we have

Vh(x) = PVo(P'’x—P'b) and VZh(x) =PV?@(P'x—P'b)P.
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But V2¢(y) = [V>y(y)]? for every y € D. Thus
V2h(x) = P[V>y(P'x — P'b)]*P'
= PV2y(P'x — P'b)P' PV y(P'x — P'b)P'
= [PV>y(P'x— P'b)P')?

And, since g(x) := y(P'x— P'D) is also a Legendre function with intdom g = PD + b, we conclude
the proof. U
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Capitulo 6

Examples

6.1 Separable case

In this section we explore some simple but useful examples of the one-dimesional case, also, we
use the previous theorem and give some calculations related to each function, in order to this, we
denote by dist; the geodesic distance associated to & and Dy, the Bregman distance related to A, that
18,

Dp(x,y) = h(x) —h(y) = (Vh(y),x—y)  Vx,yeC. (6.1)

1

Recall that, since g is a Legendre type function, Vg~ = Vg* and thereby the geodesic starting from

xo with initial velocity —V?g(xo) ¢ is given by

x(t) =Vg*(Vg(xo) —ct) vVt >0

We start by showing that not all the barrier functions satisfies the previous criterion, for instances,
let 4 be the Boltzmann-Shannon entropy, that is,

h(x) =xlogx—x  with C = (0,+e0),
1
we have that /1" (x) = 7, then theorem 5.2.1 tells us that there is no Legendre square root for
X

4
h, in fact, all the functions that satisfy the condition (LSR) are equivalent to g(x) = §x3/ 2, which is

not a essentially smooth function on (0, +o).
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Now, we show some examples where the condition is fulfilled, and we give the corresponding
square root, the geodesic distance and the Bregman distance associates to each Legendre function
and the expression of the geodesics. We also talk about the completeness of the manifold. It is
worth noting that the geodesic distances of Example 6.1.2 was previously obtained by Nesterov and
Todd in [13], with different tools and a more extensive and complicated proof. Also the geodesic
distance of Example 6.1.4 was previously obtained by Papa Quiroz and Oliveira in [16].

Exemple 6.1.1 Let h be the inverse barrier, that is,
1
h(x) = o with C = (0, +e0),

1
we have that \/h'(x) = ﬁ’ then by Theorem 5.2.1, there is a Legendre square root for h since it
X

is not integrable around 0, in fact, g(x) = —4+/x, is a Legendre square root for h. Moreover, , the

Fenchel conjugate of g is given by g*(x*) = —4—. The following resume all this.
X

h C h* g g* diSlh(X,y) Dh(xvy)

xX— x—y)?
L0 4e0) | vZow | —ayz | =2 2“@@”' (x=y)

Table 6.1: Summary table of Example 6.1.1

Therefore, the geodesics of (C,G?) are given by

_ dxg
X(t) = W’ Xp > 0 (62)

Let us note that in this case, thank to corollary 2.2.2 we can ensure that (C,G?) is not a complete
manifold because C* = (—o0,0).

Exemple 6.1.2 Let h be the logarithmic barrier, that is,

h(x) = —logx  with C = (0,4c),

1
we have that \/W'(x) = —, and again it may not be integrable around 0, then by Theorem 5.2.1,
X

there is a Legendre square root for h, we can compute it and come up with that g(x) = xlogx — x,
and so, g*(x*) = €* .
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h C h* g g | distp(x,y) Dy(x,y)

)] 1-m)
y y y

Table 6.2: Summary table of Example 6.1.2

—logx | (0,+) | —(1+1log(—x")) | xlogx—x | &'

Therefore, the geodesics of (C,G?) are given by

x(t) =x0e ", x0>0 (6.3)

On the contrary of previous example, in this case the manifold (C, G?) is complete.

Exemple 6.1.3 Let h(x) = ¢ sec>x—$logcosx withC = (—%,%), we have that ' (x) = % sec’ xtanx+
S

%tanx, therefore h is essentially smooth, moreover W' (x) = sec* x which is positive on C, it follows
that h is a Legendre function.

On the other hand, \/h"(x) = sec’x which is not integrable around {—%,%} because tanx is a
primitive for this function in C. Then by Theorem 5.2.1, there is a Legendre square root for h, and
so, integrating once again, we have that g(x) = —logcosx, is a Legendre square root for h. Also, it
is easy verify that g*(x*) = x* arctanx* — § log(1 + (x*)?).

h C g g* distp(x,y)

1 2

csec’x—Zlogcost | (—%,%) | —logcosx | x*arctanx” — 1log(1+ (x*)?) | |tanx —tany|

ST}

Table 6.3: Summary table of Example 6.1.3

Therefore, the geodesics of (C, G?) are given by

x(t) = arctan(tanxg — ct), X € (—g, g) (6.4)

Let us note that in this case, thanks to Corollary 2.2.2 we can ensure that (C,G?) is a complete
manifold because C* = R.

Exemple 6.1.4 Let h(x) = (2x— 1)[logx —log(1 —x)] with C = (0, 1), a straightforward computa-
tion give us that \/h"(x) = )ﬁ, therefore, by Theorem 5.2.1, there is a Legendre square root for

h, and it is given by g(x) = —xlogx — (1 —x)log(1 —x). The reader can verify that the Fenchel
conjugate of g is given by g*(x*) = log(1 +¢€* ).
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h C g g* disty(x,y)

)

(2x — D[logx —log(1 —x)] | (0,1) | xlogx+ (1 —x)log(1—x) | log(1+e%) ‘1og(;‘§};{§

Table 6.4: Summary table of Example 6.1.4

Therefore, the geodesics of (C,G?) are given by

exp (log( 20 > —ct)
x(l’) _ 1 x)(z
1 +exp (log (1_(;0) —c

xo € (0,1) (6.5)

t>,

As in previous example, the manifold (C,G?) is complete, that is because C* = R.

6.2 Radial case

We finish this article by showing an example of a problem where C C R” is the unitary ball. Let
us recall that if F € Ty(R) is even and increasing on dom F NR™ then if we set g(x) = F(|x|) then

g €To(R") and g*(y) = F*(|y|)-

Let us set F(r) = —3log(1 —r?), then g(x) = —1log(1 — |x|?) and therefore Vg(x) = %x. It is
easy to see that g satisfies (Hp;C). Moreover, by the above, g*(0) = 0 and g* is given by the map:

1 1
yr— = | \/1+4[y]> —log(|y|) + arctanh | — | |,
2 < V1 +4[y[?

and so Vg*(y) = %yﬂz_ly. Thus, by Proposition 2.2.1 the geodesic of (C,G?) are given by
1+4) Lo xo—tdo‘z—l
I—|xo|* o]
x(t) = sxo—tdo|, x0€B(0,1) (6.6)
2’ [xo] xO_tdO‘ 1—|X()|

1—[xo[?

Besides, the manifold (C,G?) is complete because C* = R". Moreover, thanks to Theorem 5.3.1
and it generalization to higher dimensions, it is easy to see that this barrier does not have a Legendre
square root.
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