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Abstract For any n > 2 we study the group algebra decomposition of an ([%] + 1)-
dimensional family of principally polarized abelian varieties of dimension n with an action
of the dihedral group of order 2n. For any odd prime p, n = p and n = 2p we compute the
induced polarization on the isotypical components of these varieties and some other distin-
guished subvarieties. In the case of n = p the family contains a one-dimensional family of
Jacobians. We use this to compute a period matrix for Klein’s icosahedral curve of genus 5.
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1 Introduction

In the nineteenth century the decomposition of an abelian variety was expressed in terms of
reducible abelian integrals and their theta functions. However most authors, starting perhaps
with Abel, were mainly looking (in our terminology) for elliptic factors of Jacobian varieties
(see the last chapter of Krazer’s book [7]). It was only relatively recently that further decom-
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398 H. Lange et al.

positions were studied, mostly for polarized abelian varieties with an action by a finite group.
However, apart from Prym varieties and Prym-Tyurin varieties, there are only few examples
for which the polarization on the subvariety induced from the given polarization was deter-
mined. In the present paper we propose to do this for a family of principally polarized abelian
varieties with an action of the dihedral group D, of order 2n for n an odd prime as well as
twice a prime.

Let (A, L)beapolarized abelian variety and B C A an abelian subvariety. The polarization
L on A restricts to a polarization on B which we call the induced polarization. After some
preliminaries we outline in Sect. 2 a method to compute the induced polarization; that is, to
find an adequate basis for the lattice defining the subvariety and to compute the matrix for
the induced polarization with respect to this basis. Moreover, we show that, given any finite
group G and any faithful integral representation of G of degree n, there exists, for any type
D = (d,...,d,), aone-dimensional family of polarized abelian varieties of dimension n
and type D such that G acts faithfully on it with the given representation.

In Sect. 3 we define for any n > 2, an ([5] + 1)-dimensional family A, of principally
polarized abelian varieties of dimension n which admit an action of the dihedral group D, of
order 2n. The abelian varieties are explicitely given by period matrices. Then we consider the
isotypical and group algebra decompositions (for the definitions see Sect. 2.1) and determine
the induced polarizations of the components, for n an odd prime in Sect. 4, for n twice an
odd prime in Sect. 6 and for n = 4 in Sect. 7. The methods of proof are slightly different in
Sects. 4 and 6. For n = p we use two abelian subvarieties which one can directly read off the
period matrices, whereas for n = 2 p we use abelian subvarieties associated to subgroups of
D5, which admit a principal polarization.

In Sect. 5 we study the Jacobians contained in .4 ,: we show that for an odd prime p there
is exactly one irreducible family of Jacobians contained in our family (Corollary 5.3). We
use this to compute explicitly a period matrix for the Jacobian of Klein’s icosahedral curve
of genus 5 (Theorem 5.8).

Notation Let V /A be acomplex torus of dimension g and {«y, .. ., az¢} abasis of the lattice
A. For any rational 2g x 2g-matrix M = (m;;) we identify the j-th column with the element

Z?i 1 m;ja;. Then we denote by (M)7 the lattice generated by the columns of M and define
(M)n =(M)zQQNA
and

(M)c := the complex vector space generated by the columns of M.

2 Preliminaries

We recall some notions and results from other papers which we need in the sequel and add
some additional material.

2.1 The isotypical decomposition

(see [2, Section 13.6]). Let A be a complex abelian variety of dimension g with a faithful
action by a finite group G. The action induces a homomorphism of Q-algebras

p 1 Q[G] — Endg(A).
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Abelian varieties with dihedral group actions 399

We denote an element of the rational group algebra and its images in Endg(A) by the same
letter.
Any element & € Q[G] defines an abelian subvariety

A% :=Im(ma) C A

where m is some positive integer such that ma € End(A). This definition does not depend
on the chosen integer m.
Let

QIGl= Q1 x---x O
denote the decomposition of Q[G] as a product of simple Q-algebras Q;. The factors Q;
correspond canonically to the finite dimensional irreducible rational representations W; of
the group G, in the sense that G acts on Q; via (a multiple of) W;. The corresponding
decomposition of 1 € Q[G],
l=ei+-+e

with central idempotents e; induces an isogeny

AV x o x AT — A 2.1

which is given by addition. Note that the components A¢ are G-stable complex subtori of A
with Homg (A%, A%) =0fori # j.
If W; is the irreducible rational representation of G corresponding to e;, we also denote
AW,' = A%,

The decomposition (2.1) is called the isotypical decomposition of the complex G-abelian
variety A. The idempotents ¢; are determined as follows: Let x; be the character of one of
the irreducible C-representations associated to W; and K; the field

Ki =Qxi(g), g € G).
Then

deg x;
|G|

> k(i e (2.2)

geG

e =

The isotypical components Ay, can be decomposed further. According to Schur’s Lemma
D,‘ = Endg(Wi)

is a skew-field of finite dimension

_ degxi
=

2.3)

i
over Q, where m; denotes the Schur index of x; (see [4]). It is easy to see that there is a set
of primitive idempotents {g;1, ..., gin;} in Q; C Q[G] such that

e =dgi1+ -+ qin;-

Moreover, the abelian subvarieties A%/ are mutually isogenous for fixedi and j = 1, ..., n;.
If By, denotes one of them, we get an isogeny

nj
BW,‘ — AW,-

forevery i =1, ..., r. Combining with (2.1) we get an isogeny
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400 H. Lange et al.

B! x..-x B - A 2.4
Wi W, , (2.4)

which is called the group algebra decomposition of the G-abelian variety A. Note that,
whereas (2.1) is uniquely determined, (2.4) is not. It depends on the choice of the g;; as well
as the choice of the By;,.

2.2 The abelian subvariety associated to a subgroup

Any subgroup H of G defines an idempotent of Q[G]

1

ey = —
|H |

heH
which in turn defines an abelian subvariety
A H = AH

that we call the abelian subvariety associated to H (see [5]). We also need the following
remark for which we refer to [4, Theorem 4.4].

Remark 2.1 If W; is a rational irreducible representation of a group G such that
(Wi, pu) =1,

where ppy is the representation of G induced by the trivial representation of H, then the
idempotent

€w; €H = €H eWw;

is primitive in Q[G].
2.3 Polarized abelian varieties

Now suppose that a line bundle L on A defines a polarization on A, i.e. (A, L) is a polarized
abelian variety. The polarization induces the Rosati involution * on Endg(A) in the usual
way. According to [2, Theorem 5.3.1] the symmetric idempotents (with respect to Rosati)
are in 1-1 correspondence with the abelian subvarieties of A and according to [2, Proposition
13.6.5] the idempotents e; are symmetric whenever the group G respects the polarization,
i.e. g*L is algebraically equivalent to L for any g € G. Moreover we have

Proposition 2.2 Suppose that the action of the group G on A respects the polarization. For
any subgroup H of G the idempotent ey is symmetric with respect to the Rosati involution.

Proof Let¢p : A — Aar L ® L~! denote the isogeny onto the dual abelian variety
A associated to the line bundle L. The assumption implies that

OL = g1 =8PL8
for every g € G. This gives

¢ =0;'2¢=¢"
and hence

1 1
y=— 3 HN=—"oD =y,
(TP I PY

@ Springer



Abelian varieties with dihedral group actions 401

Clearly, if e is a symmetric idempotent of Endg(A), then sois f = 1 — e. The fact that
e + f = 1 implies for the corresponding abelian subvarieties that the addition map induces
an isogeny

A x AT = A,

The subvariety A/ is called the complementary abelian subvariety of A® with respect to the
polarization L. The fact that the idempotents ¢; and ey of above are symmetric with respect
to any polarization on A immediately implies the following proposition.

Proposition 2.3 The complementary abelian subvarieties of the abelian subvarieties Ay,
and Ay of A are independent of the polarization L.

2.4 The induced polarization on an abelian subvariety

Let (A, L) be a polarized abelian variety of dimension g with associated isogeny ¢ : A —
A. Recall that there are uniquely determined positive integers dj, ..., dg with d;|d; 1 for
i=1,...,g— 1such that

Ker¢p == (Z/d\Z x - - x Z]d,7)*.

The tuple (dy, . .., dg) is called the type of the polarization L, and the exponent d, of the group
Ker ¢ is called the exponent of the polarization L. The polarization induces a polarization
L|p on every abelian subvariety B of A which we call the induced polarization (without
further mentioning the given polarization L). In this section we outline an algorithm to
compute the type of the induced polarization, developed in [11] for the case of Jacobians.

Suppose A = V /A with V a complex vector space and A a lattice of maximal rank in V.
The first Chern class of the line bundle L can be considered as an integer valued alternating
form on A whose elementary divisors give the type of the polarization L. Let (dy, ..., dg)
be the type of the polarization L. A symplectic basis for this polarization is a basis of A with
respect to which the alternating form is given by the matrix

0 D
Ip = (_D 0)
with D = diag(dy, ..., d,).

Let p, : G — GL(V) and p, : G — GL(A ® Q) denote the analytic and rational
representations of the action of G on A as well as their extensions to Q[G]. Forany o € Q[G]
the sublattice of A defining the abelian subvariety A“ is given by

A% = (pr(a))a-

Given a symplectic basis of A, we denote the matrix of p,(g) with respect to this basis by
the same symbol. Since the action of G respects the polarization, we have

pr(g)t -Jp - pr(g) =Jp.

This just means that p,(g) € szl()g (Z).

Now choose any basis of the lattice A“. If & = dim A%, then expressing the elements of
this basis in terms of the symplectic basis of A, we get a (2g x 2h)- integer matrix P, which
defines the canonical embedding

it AY < A.

With these notations we have,
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Proposition 2.4 Suppose we are given a symplectic basis of A, then for any o € Q[G] the
type of the induced polarization on the abelian subvariety A% is given by the elementary
divisors of the alternating matrix

P Jp- P,

Proof The induced polarization on A” is given by the line bundle L|4«. Its corresponding
isogeny ¢y |,. : AY — A is the composition

¢L|Aa =igo¢dLoiy.

The product P} - Jp - P, is just the matrix version of this composition with respect to the
chosen bases. This gives the assertion. O

We summarize the method to compute the induced representation of A% in the following five
steps:

(1) Compute the rational representation p, : G — GL(A ® Q).

(2) Determine a symplectic basis B of A. As outlined above, p, is a representation with
values in SpZDg (Z) with respect to this basis.

(3) Determine a basis §“ of the lattice A“. For this take the rational vector space generated
by the columns of p, () and intersect it with the Z-module generated by the columns of
pr(1). The elements of 8% will be given as linear combinations of the elements of 3.

(4) Compute the product P, - Jp - P, where P, is the matrix whose columns are the coor-
dinates of the elements of §“ with respect to the basis §.

(5) Apply the Frobenius algorithm ([9, VI.3. Lemma 1]) to compute the elementary divisors
of this alternating matrix.

Steps (1) and (2) are certainly the difficult part of the computation. In the next proposition
we outline a class of abelian varieties of type D with group action where this can be done.
In the case of a principal polarization this was given in [3]. Denote by H" the Siegel upper
half-space of degree n, H := H! and for any © € H by E; the elliptic curve defined by .

Proposition 2.5 Let G be a finite group and D = (dy, ..., d,) a tuple of positive integers
with d;|d;+1. Given a faithful representation p : G — GL, (Z), a G-invariant real inner
product B on Z" and an element t € H, there is an abelian variety

AD = AD(p, B, ‘L’)

of dimension n and a polarization L of type D on Ap such that G acts faithfully on (Ap, L).
If B has rational values on 7", the abelian variety Ap is isogenous to E.

Proof Recall from [2, Section 8.1] that for any Z € H" the matrix (D, Z) is the period
matrix of a polarized abelian variety (A, H) of type D and dimension n, where the hermitian
form H is given by the matrix (Im Z)~! with respect to the canonical basis of C”. In fact,

. D 0
A=C"/Ap with Ap ;=<O Z)ZZ".

The group
Gp = [M = (;f 'g) € Sp, (Q) | M'Ap C AD]

acts on H" by M(Z) = (« + Zy) N B+ Z8). In particular M defines an automorphism of
(A, H)ifandonly it M(Z) = Z.
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Abelian varieties with dihedral group actions 403

For (p, B, 7) as in the proposition we define Ap = Ap(p, B, 7) by the period matrix
I:=(D, B .

_(r® 0
M(g)"( 0 (p(g)f)*l)

is contained in G p for any g € G. The G-invariance of B implies

p() "B (o)) ' =B

Clearly the matrix

This gives

M(g)@B™ = pe) 'tB  ((p())™H) = B!

for all g € G. Hence (Ap, Im%B) is a polarized abelian variety of type D. Since G acts

faithfully on the lattice A p, it acts faithfully on the tangent space of Ap and thus on Ap
itself. The action respects the polarization, since B is G-invariant.
For the last assertion note that

-1
(D,TB_I)(DO g) =1,,11,).

If B € GL,(Q), choose a positive integer m such that m B and mD~! are integral matrices.
-1

Then the above equation implies that m - (DO

n
E". D

B) gives an isogeny between Ap and

The following direct consequence of Proposition 2.5 is perhaps worth mentioning.

Corollary 2.6 For any finite group G and any faithful integral representation p of G of
degree n, there is a one-dimensional family of polarized abelian varieties of dimension n
of any given type D such that G acts faithfully on each element of the family, with analytic
representation determined by p.

3 Abelian varieties of dimension n with a D,-action

Consider the Riemann matrices Z of the following form: Forn =2m — 1, m > 2:

21 22 -« Zm ZIm Zm-—1 22
21 22 .- Zm Zm Zm—l ... 23
Z = o, 3.1
1 22
21
and forn =2m, m > 1:
71 22 .. Zm+l im Im—1 e 22
21 22 .ee Zmel Zm Zmel ... 23
zZ= - . (3.2)
i1 22
21

In both cases Z is symmetric and symmetric with respect to the antidiagonal.
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Proposition 3.1 The principally polarized abelian varieties A = A(Z) with period matrix
(1,,, Z) form an m-dimensional, respectively (m+ 1)-dimensional, family A, forn = 2m —1,
respectively n = 2m.

Proof Suppose n = 2m — 1. The period matrices of the form (1,, Z) form an open set in the

m-dimensional complex vector space C" with coordinate functions zy, ..., z,;. This set is
non-empty, since the matrices with zp = - -+ = z,, = 0 and with z; such that the imaginary
part J(z1) is positive are contained in it. The proof for n = 2m is similar. O

Let n > 2 be an integer, and consider the n x n integral matrices R and S given by

0o 1 0 ... 0
0 01 0 O
R=]: 0 (3.3)
00 0 0 1
1 0 O 0
00 0 01
0 0 1 0
S=1]: o ) 3.4
0 1 0 0
1 0 0 0 O

and observe that
R"=1,8=1,(RS)*=1;
that is, the group generated by R and S is the dihedral group D,, of order 2n.

Proposition 3.2 The abelian varieties A € A, admit an action of the group D,, with analytic
representation given by (3.3) and (3.4).

Proof Define the rational representation p, : D,, — Sp(2n, Z) of the group D,, = (R, S) by

pr<R)=(§ 2) and pr<S>=(§ g) (3.5)

Note that the matrices are contained in Sp(2n, Z), since the transpose inverse of R coincides
with R: (R")~! = R and similarly for S. We have to check for M = R and S that

M 0
MQ,, 2) = (14, Z) ( 0 M) (3.6)
which is equivalent to MZ = ZM. But this is an easy computation. O

Remark 3.3 If we require the rational representation to be given by (3.5), then the form of
the matrices Z is completely determined by the subgroup (R); that is, one can show that
these are all the Riemann matrices of size n satisfying (3.6) with M = R, and then that they
also satisfy (3.6) with M = S.

@ Springer



Abelian varieties with dihedral group actions 405

4 Action of D, for p an odd prime
4.1 Notation and induced polarization on Ag and A

Letn = p = 2m — 1 be an odd prime, and denote
G=D,=(rs:r’=s>=(@rs)> =1).
Observe that G has three irreducible rational representations: the trivial one Wy, another one

of degree 1, and W; of degree p — 1, which over C decomposes as the sum of the degree two
representations of G given by

J
w 0 0 1
Vi r ;
/ r_)(o w;f)’s_)(l 0)
where w, denotes a primitive p-throotofunityand1 < j < pT_l.Notethattherepresentation

of G given by R and S is equivalent (over Q) to Wy & Wj.
The corresponding central idempotents are given by

-1
1 1 =
€= E g ad e;=—[(p—Dlg— E r! 4.1)
ngG p Jj=1

Note that e is primitive in Q[G], but e is not, being the sum of two (not uniquely determined)
primitive idempotents in Q[G] (by (2.3)). So by (2.4) we have isogenies
A~ Agx Al ~ Ay x B}

with an elliptic curve Ag and abelian subvarieties A1 and Bj of A of dimensions p — 1 and
”T_l, respectively. Note that if A = V/A, then A; = V;/A;, with V; = (p,(e;))c and
Aj = {pr(ej))a (see the notation in Sect. 1).

We will now explicitly compute Ay and Ay, i.e. their lattices and induced polarizations.
Let {ay,...,ap, B1,..., Bp} denote the symplectic basis of A with respect to which the
matrices p,(R) and p,(S) are given.

Proposition 4.1 The abelian subvariety Ag associated to Wy is of type (p), and its lattice
Ao is given by

AOZ(al+a2+"'+(¥p7,31+,82+"'+,8p>Z~

Proof The symmetric idempotent associated to Wy is ep. This gives the assertion concerning
the basis of Ag. So with respect to the basis {a1, ..., 8,} the embedding Ag — A is given

by the matrix Py with
1---1 .. 0
Pé:(()...() .1)'
This implies the assertion, since
0 1 0 p
' P _
n(h, 5)e=(5 0)

Proposition 4.2 The abelian subvariety A1 of A associated to W is of type (1, ..., 1, p).

—_ O

[m}

Proof Apand A; are complementary abelian subvarieties in the principally polarized abelian
variety (A, L). So the assertion follows from Proposition 4.1 and [2, Corollary 12.1.5]. O
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4.2 Two abelian subvarieties and the lattice of A

According to (4.1) and the fact that p, (R) is given by (3.3) we have

p—1 -1 .. ~1
-1 p—1 -1 ... -1

Opxp

1
prie) = p—1 -1 .. -1

-1 p—1 -1 ... -1

Opxp

-1 p—1

Denote by c; the j-th column of p, (ey), identified with the corresponding element of A ® Q.
For instance,

p—1 1 1
] = Q) — —0p — - — —Qp
P 14 P
Then
A1 = (pr(e1))a = (c1, ..., C2p)A-
Lemma 4.3
Ay =(ag —ap, 00 —ap,....0p_1 —p, B1 — Bp, B2 — Bp .-, Bp—1 — Bp)z-

Moreover, the elements of the right hand side form a basis of A1.
Note that A is not the same as
(pct, .., peaplz
since for instance ¢; — ¢; = o; — o belongs to Ay but NOT to the last lattice.
Proof First note that the right-hand side is a sublattice of A1, of the same rank as A, since

Olj—Olk=Cj_Ck for 1§j,k5pv
ﬂj—ﬂkch+j—Cp+k fOr 15]7k5p'

Hence it suffices to show that the intersection matrix for the proposed basis has determinant
p?, and therefore the two lattices coincide. The intersection product for the proposed basis
is given by

(aj —ap, P — Bp) =38k + 1.

Therefore the intersection matrix has the form

(5 %)
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Abelian varieties with dihedral group actions 407

where B is the size p — 1 matrix with 2 in the diagonal coefficients and 1 otherwise. The
determinant of B is a particular case of a well known determinant

a b ... b
ba b ...b
D, (a, b) = det . 4.2)
b... a
nxn

To compute it, add all the remaining rows to the first one, pull out its coefficient, which is
[a + (n — 1)b], then subtract to each row b times the new first row, starting from the second
row. At the end, the determinant is [a + (n — 1)b](a — b))~ V. In our case that is p, hence
the determinant for the intersection matrix is p2. O

Consider the following sublattices of A,

I =(a —ap, 20 —ap_q,..., Sp —Aps, s B1— Bp, B2 — Bp— 1,-.-751%—51%3)2,
Iy =(ay —ap, a3 —ap_q,..., Lptl — O p B2 — Bp, B3 — Bp— 1,...75%—13;%3)%

Proposition 4.4 For j = 1 and 2

P :=(T;®C)/T;
is an abelian subvariety of A1, of dimension pT_l with induced polarization of type (2, . . ., 2).
Proof Note first that 'y and I'; are sublattices of A of rank p — 1, since
aj—ay=cj—c, forl <jk<p, and B —Br=cpij—cppx forl < j k <p.

Now recall (from (3.1) with Z = (z, x)) that

p
Bj = ZZ/,kak
k=1

In particular,

p+1

Tjel =2, et and zjx = Zp+1—j,p+1—k f0r1<k<T.

-1
Therefore for 1 < j < pT we obtain

p—1
2

P
Bj — Bpr1i—j = Z(Zj,k — Zptl-j ) = Z(Zj,k — Zpt1—j i) (0 — Opr1—k),

k=1 k=1

which proves that P; is an abelian subvariety of dimension pT_l. The assertion about the
induced polarization follows from the following equation for the intersection product

(i —apyi-i, Bj — Bp+1—j) = 28;j.

The proof for P, is analogous. m]
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Proposition 4.5 Consider the Z-module 'y 4+ I'> with basis

{ag —op, 00 —ap_1,...,0p-

2

Br—Bp.B2—Bp-1,---, ,BPT Bpts, B2 — Bp, B3 — Bp—1s -+, Box

2

— U p+3 Olz—ap,Ol3—Olp ],...,aLH_O[pTH,

,Bp+3 }

prl pr2
2 2

Its intersection matrix is

0 21,0 N
_ . _ >
J_(—Q 0) with Q_( N2, )

(=]

Furthermore,
det(J) =
and therefore Ty + 'y = Aj.

Proof The first assertion follows from the fact that the «;, B; are a symplectic basis. The
second assertion is a consequence of Lemma 4.6.

Finally, note that certainly I'1 + I is a sublattice of A of finite index. So the induced map
Vi/(T'1 +T2) — Vi/L1 = Aj is an isogeny. The pullback polarization of the polarization
of Proposition 4.2 is given by the matrix J. Since both polarizations are of degree p, the
induced map is an isomorphism which implies the last assertion. O

Lemma 4.6 For any odd positive integer m denote

2. lm 1 Ny,
@= Nlil 2-1ma
2
with the square matrix Ny, of size %ﬁl of the above form (with m = p). Then we have

det 2 =m.

Proof The blocks 2 - 1% and N, of the matrix & commute. Hence by [8] we have

det Q= det(2- 1uzt -2 Lot — Ny - N,,) = det(€)

with
3 i=j=1,
~ P — i — m—1
T S e
—1 i=j+lorj=i+1,
0 otherwise.

We claim that by admissible row operations (without changing the determinant) we can
transform the matrix < into the upper triangular matrix " with diagonal elements 2k+1 for

k=1,..., 255
This implies
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Abelian varieties with dihedral group actions 409

m—1
2
detQ = det Q' = H
k=1

2k +1
=m
2k — 1

The assertion is trivial for k = 1. So suppose it is proven for some 1 < k < m773 Adding

the ZX=1_fold of the k-th row to the (k + 1)-th row we get Q;H—l,k =0and

2k+1
% —1 2%+3
Q;‘“’k“=2_2k+1 T

This completes the proof of the lemma. O

Remark 4.7 A consequence of Proposition 4.5 is that the bases 8! of Lemma 4.3 and 2 of
Lemma 4.5 are equivalent over Z. The change of basis from 8! to 2 is given by the matrix

gl 1ot A
Mﬂz_(B2 c)

where A, B, C are of size (p — 1)/2 of the following form:

000 0 O 00 0 0 0
10...0 0 00 0 . —1
A=]01"0 0] B=]¢g: o : o
000 1 0 0-10 0 0
00 0 0 1
00 0 ...-1
C=lo: 0o : o
00 -1 0
0-10 0 0

4.3 The main result for the action of D,

k=1 in D, 1 < k < p we consider the subgroup

For every involution sr
Hy = (srF1)
of order 2 of D, with associated idempotent ey, . According to Remark 2.1, the idempotents
fe=eren, and e — fi
are primitive in Q[G]. We denote by
By =Im f;, and Py =Im(e; — fi)

the corresponding abelian subvarieties of Aj. By definition By and Py are a pair of comple-
mentary abelian subvarieties of A.

Theorem 4.8 (a) The abelian subvariety Py of A is of dimension pT_], with induced polar-
ization of type (2, ..., 2). For k = 1 and 2, Py coincides with the abelian subvariety Py,
of Proposition 4.4;

(b) The abelian subvariety By of Ay is of dimension pT_l, with induced polarization of type
2,...,2,2p);
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410 H. Lange et al.

(c) for each k, the addition map induces an isogeny ji : By X Pr — Ay of degree 2P~!;
(d) foreach1 < j # k < p, the natural map P; x P, — Ay is an isomorphism of complex
tori.

Proof Since r acts on A (with action given by W), it is enough to prove our assertions for
k =1 and j = 2 say. First we compute

1 1
or(er — f1) = pr(er) pr (5(10 —S)) - E (JOVI 181)

with

M=1,— .
1 0
Hence the lattice (p,(e; — f1)) a for Py is precisely the lattice 'y given in Proposition 4.4. So

this P; coincides with the P of Proposition 4.4. Similarly for P,. This completes the proof
of (a). O

For the proof of (b) we need the following lemma.
Lemma 4.9 A basis for the lattice of By is given by
off = (@i —ap) + (@py1-i — &p) = 2aps —ap) and
W) = (Bi = Bp) + (Bpri=i — Bp) = 2Brg1 — By)

. p—1
fort_l,...,T.

Proof A basis for the lattice Aj of Ap is given in Lemma 4.3 and a basis for the lattice I';
of P; is given just before Proposition 4.4. Since B is the orthogonal complement of P; in
A1, we have that the lattice of By is

Al={we A | (w,)=0 forall £ € I'1}.

So we look for elements

with integer coefficients g; satisfying

(@, (Bj = Bp+j-1)) =0 for j=1....p—1
and similarly P for the elements (« i = prj—1)-
For j = 1 this gives
2ai +ay+---+ap-1 =0

andforj:Z,...,pT_lweget

ap+1—j = 4aj.

Inserting this into the equation for j = 1 we get the assertion for the w?’s. The proof for the
a)f ’s is similar. O
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Proof of (b): The assertion for the dimension is clear, since B; is the complementary
abelian subvariety of the pT_l—dimensional abelian subvariety P in the (p — 1)-dimensional
variety A1. The intersection matrix of the basis of Lemma 4.9 is

0 Q
-Q 0
B 1
Q:((a),. of); § ) ((25,,+4)” 1)

So Q = D,-1(6,4) as defined in (4.2). As we noted in the proof of Lemma 4.3, this gives
2

with

p 1

det9=[6+4T](6 H'T =27 p.

So the induced polarization on B is of degree 25 p. On the other hand it is of exponent (see
Sect. 2.4) 2 p, since its idempotent f; is. So the only possibility for its type is (2, ..., 2p).

Proof of (c) According to [10, Lemma 2.2] we have for the degree of the isogeny u,

p—1 p—1
deg(L -deg(L 27 p-277
deg i = |Be N Py = Sc&Lln) deellip) 2% p sy
deg(L) p
Proof of (d) In Proposition 4.5 we saw that the lattices I'; of P; and I'; of P, add up to Aj,
the lattice of Aj. Since the basis of I'y 4+ I'; given in Proposition 4.5 is just the disjoint union
of the bases of I'1 and I'; given just before Proposition 4.4, this implies that the addition map

P1 x P, — Aj is an isomorphism. This completes the proof of the theorem. O

5 Jacobians in the family

In this section we will see that there is exactly a one-dimensional family of Jacobians con-
tained in our ——dlmenswnal family A, of abelian varieties with D -action of the last
section, and study their abelian subvarieties.

Proposition 5.1 There is at most a one-dimensional irreducible family of curves of genus p
with an action of D, in our family Ap.

Proof Suppose C is a curve of genus p with an action of D, such that the induced action on its
Jacobian is given by the matrices R and S of the last section and with rational representation
given by (3.5). We denote the corresponding action on C by the same letters R and S.

Since the eigenvalue 1 of R has multiplicity 1 and R is of order p, there is a cyclic covering
n: C — E of degree p of an elliptic curve E. According to Riemann—Hurwitz, u is totally
ramified at exactly 2 points. We claim that S interchanges the 2 ramification points.

In Theorem 4.8 we saw that the abelian varieties P; are of dimension p% with induced
polarization of type (2, ..., 2). The Theorem of Welters [13] implies that there is a fixed-
point free involution on C whose Prym variety is P;. Hence the elements of order 2 of D, act
without fixed points, which implies the assertion. Since there is at most a one-dimensional
irreducible family of such coverings u : C — E, the result follows. O

Conversely we have,
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Proposition 5.2 The curves
Cr:y* =x(x? —1P)(xP +177) CRY

fort € C,t # 0,127 # —1, have the required action, with

pt+l

= 1
RGx, y) = (wpx,wp® y), S, y) = (——. % Y

xp+1

).

Here w), is a primitive p-th root of unity, and the adequate sign in :i:xp% for S is such that
S has no fixed points in Cy; that is —r if p+1=2(4), and — 5 if p+ 1 = 0(4).

Proof Note first that R and S generate the dihedral group of order 2p and R has exactly 2
fixed points, (0, 0) and oo, which are interchanged by S. As we saw in the last section (see
Remark 3.3), in this case the action of S is implied by the action of R; meaning that the
abelian varieties having the action of R already have the action of S. Hence it suffices to
show that R acts on the holomorphic differentials of C; by a matrix equivalent to the matrix
R of the last section.
A basis of the holomorphic differentials of C; is
ENCaaL)

g e s ey

y y y

Clearly the basis elements are eigenvectors for R and it is easy to see that the eigenvalues
are exactly all p-th roots of unity. Hence the analytic representation of R is the regular
representation of the cyclic group (R) and thus equivalent to (2.1). O

Corollary 5.3 The curves of Proposition 5.2 are exactly the Jacobians in our family of
principally polarized abelian varieties.

Proof The Jacobians of Proposition 5.2 are a one-dimensional family of such Jacobians.
Since it is closed in the moduli space of smooth curves of genus p, this implies the assertion.
]

5.1 Thecase p =5

By setting t = tp = ws + wg‘ in (5.1), we obtain the curve
v =x0 4116 — 1),

which according to Klein (see [6, Section II,13]) admits as full group of automorphisms the
icosahedral group

As x Z/27Z =((1,2,3,5,4), (1,3)(2,4)) x (j)

with j the hyperelliptic involution. Itis called Klein’s icosahedral curve. In order to determine
a period matrix for the Jacobian of Cy,, we need the following proposition.

Proposition 5.4 The principally polarized abelian varieties of dimension 5 admitting an
action of the icosahedral group which restricts to our action of Ds form a one-dimensional
family, given by the Riemann matrices (1, Z,) where

2t4+6 -3 T T T—3

T—32t+6 -3 T T

Z;=— T t—32t+6 -3 T 5.2)
T T T—32t+6 T3

T—3 T T T—32t+6
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with t € H.

Proof First, note that the eigenvalues of Z; are

5 T 55 1 55 1 55
T,*+7+£,*+f— f*
4 6 4 4 6 4 4 6 4 4

which implies that Im Z; > 0 is equivalent to Im 7 > 0.
Using the algorithm developed in [1] for the action of the icosahedral group on C;,, we

find that symplectic generators for the group are:

1 0 0-1 00 0 0 0 0
1-1 0 0 00 0 0 0 0
1 000000000
1 00 0-10 0 0 0 0
, 1 0-1 0 00 0 0 0 O
L4352/ X =145 00 0 00 0 0-1 0
000 0 0010200
000001 1 1 1 1
00000000 0-1
(00 0 0 00 0—-1 0 0]

[00-100 0 0 0 0 0]

00-110 0 0 0 0 0

10-100 0 0 0 0 0

00-101 0 0 0 0 0

01-100 0 0 0 0 0

LSH=x2=\60 000-1-1-1-1-1

00 000 0 0 0 1 0

00 000 1 0 0 0 0

00 000 0 0 0 0 1

00 000 0 1 0 0 0]

Then
x1xy 'x1 = pr(R) and x; 'xf = (8

and this representation of the icosahedral group restricts to the given one for Ds.
According to our convention in Sect. 2 (see the proof of Proposition 3.2) the action of

A B .
(C D) € Sp(2p, Z) is given by

Z (A+ZC)"Y(B + ZD).

So the fixed points are given by C = 0 and the solutions of the equation B + ZD = AZ.
Now a straightforward computation gives that the fixed points of the above action are just
given by (5.2) which completes the proof of the proposition. O

Proposition 5.5 Let Az_ be the principally polarized abelian variety with period matrix Z
of (5.2). The group algebra decomposition of Az, with respect to the icosahedral group is
given by

5
Az, ~E Z:
where Ez_ is an elliptic curve which is the connected component containing zero of the fixed

point variety of any automorphism of order 5 of Az_ .
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Proof The icosahedral group has a unique faithful absolutely irreducible rational represen-
tation W of degree five, and our symplectic representation is isomorphic to 2W. Therefore
the analytic representation of Az_is W. So the group algebra decomposition tells us that

Azr ~ EST

where Ez_ is any elliptic curve lying on Az . Since the connected component containing
zero of the fixed point variety of any automorphism of order 5 of Az, is an elliptic curve,
this completes the proof of the proposition. O

Now consider again the curve C; of Proposition 5.2 which for p = 5 is given by
C;: y2 = x(x5 — ts)(x5 + t_S)

with t € C and 110 # 0, —1 with its automorphism R of order 5. Let u; : C; — E; denote
the corresponding covering onto the elliptic curve E; := C;/(R).

Proposition 5.6 The j-invariant of E; is

, (1+11041%)
E;) =256 ———5".

J(Er) 20(1 + 1102
Proof Consider the curve

D; : y2 = )cs(x5 - ts)(x5 + t_s)
for t € C with 119 £ 0, —1. Then

Y
¢ Dy —> G, (x,y) > (x, )72)

induces an isomorphism onto the normalization of C; which we denote with the same symbol.
Via the isomorphism ¢ the automorphism R corresponds to the automorphism r of D, given
by

r(x,y) = (wsx, y)

whose quotient 7 : D; — F; := D, /(r) is given by w(x, y) = (x3,y) =: (u, v). We obtain
the elliptic curve

Frovt =u(u—1)u+17).
This gives j(E;) = j(F;) and hence the assertion. O

Corollary 5.7 The Jacobian of Klein’s icosahedral curve Cy,, ty = ws + a)é is isogenous
to Ets0 where Ey, is the elliptic curve with j-invariant

214(31)3
53

The Jacobian J(Cy,) is isomorphic (unpolarized) to a product of elliptic curves which are
isogenous to Ey.

J(Eq) =

Proof According to Propositions 5.4 and 5.5, J (Cy,) isisogenous to E| t50 So the first assertion
follows from Proposition 5.6. The last assertion is a consequence of [2, Exercise 10.8.5]. O

According to Proposition 5.4 the Jacobian J(Cy,) has a period matrix (5.2) with some
T=1,<cH
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Theorem 5.8 The period matrix of the Jacobian of Klein’s icosahedral curve is Z 7, 48 given
in (5.2) where 1y, € H is any element with
214(31)3

53
Proof Certainly J(Cy,) is contained in the family of Proposition 5.4. Let 7,, € H be a value
such that ZTIO is a period matrix of J(Cy).

For the subgroup H = (R) of the icosahedral group we have (W, p(gy) = 1. Therefore
epew (J(Cyy)) is an elliptic curve on J(Cy). As above, let a1, ..., as, B1, ..., B5 denote
the basis of the lattice A defining the period matrix (5.2) of J(Cy,). Then we have

AU =(aj+ar+ - +as, i+ P+ -+ Bs)z

j(rto) -

and therefore the modulus p of egew (A;) (mod SL(2, Z)) is given by
Bith+-+Bs=pnl@r+or+---+as).
Now from (5.2) we see that

ﬂl = (2Tt0 +6)a; + (Tt() - 3)052 + T3 + Try 4 + (7-'2‘0 - 3)0{1

Bs = (g — Doy + 1002 + T3 + (T — 3as + (274 + 6)axy

and therefore
Bi+prt-+hs=1(1+a+ - +as).

That is, 74, is the modulus of eyew (A;). Let E;, be the elliptic curve of Corollary 5.7. Since
C,y — Ej, isramified, E;, embeds into J(Cy,), and its image coincides with egew (J (Cyy)).
This implies
j(rto) = j(Et())-

So Corollary 5.7 completes the proof of the theorem. O

6 Action of D, for an odd prime p
6.1 Notation and induced polarization on A and A4

Let n = 2p with an odd prime p and consider the group
G=Dyp=(rs:r?=s>=@s)’=1).

The group G has 6 rational irreducible representations, 4 of them of dimension 1, namely
W; with character x; defined by the following table

T S
X1 1 1
X2 1 -1
X3 -1 1
X4 -1 -1
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and 2 of degree p — 1 defined as follows: Define fori = 1, ..., p — 1 the complex irreducible

representation V; by
w! 0
V,-:r—)(ozl’ i),s—>((1) (1))
w,,

p—1 p—1
2 2

Ws = EB Voi and We = @ Vai—1
i=1 i=1

Then

are (the complexification of) irreducible rational representations.

Now let A be an abelian variety of Proposition 3.2 with an action of D;, and analytic
representation given by (3.3) and (3.4). According to (2.3) and (2.4) the group algebra decom-
position of A is of the form

Bi fori=1,...,4,

ANX?:IAi with AtN[BZ for i=5,6
i T

where the factor A; corresponds to x; fori = 1,...,4 and fori = 5 and 6 to W5 and Ws.
If V; denotes a complex irreducible representation contained in W;, the dimension of B; is
given by the following formula (see [12, Equation (5.4)])

. 1
dim B; = Emi[KV,- :QNpr ®C, V) 6.1)
where m; is the Schur index and Ky, the character field of V; and (-, -) denotes the character
product.

Proposition 6.1 We have dim A; = 0 fori =2 and 3 and dim A; = 1 fori = 1 and 4. The
induced polarization on A and Ay is of type (2p).

Proof The assertion on the dimension is an easy computation using (6.1) and A; = B;
fori = 1,...,4. The proof for the induced polarization on Aj is similar as the proof of
Proposition 4.1. The symmetric idempotent associated to Wy is e4 = ﬁ zge G X 4(g Hg.
So with respect to the basis {c7, ..., B2,} the embedding A4 < A is given by the matrix
P4 with

Now the proof works in a similar way as for Aj. O

6.2 Induced polarization on As

For the type of the induced polarization on As we first consider the abelian subvariety A»)
associated to the subgroup (r?).

Lemma 6.2 The abelian subvariety Ay is of dimension p with induced polarization of
type (2,...,2).

Proof The symmetric idempotent associated to the subgroup (r”) is e(ry = %(1 +rP) which
gives

_(L 1,
Paleqry) = 5 <1p 1,,) .
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It is of rank p which gives the dimension of A(p). A basis for the primitive lattice generated
by its columns is

{ai+ap+isﬁi+/3p+i |l: lvip}

Since (a; + apyi, Bj + Bp+j) = 28;;, this gives the assertion on the type of the induced
polarization. O

Lemma 6.3 The subvarieties A1 and As are a pair of complementary abelian subvarieties
of Airpy.

Proof 1t suffices to show that

Paleqry) = palerery) + paleseqry).

The character field of W5 is K5 = Q(w),). So using (2.2) we compute

) p—1 2p—1
es= (p=D1=D"rl4+(p—Drr—= > rl|. (6.2)
P i=1 j=p+1
With this and e; = ﬁ(zge% g) one easily checks ese(ry = es and eje(r)y = e; and
moreover
2p-1
ey —es = i pz .,
2p “
j=0
Since we have pa(ﬁ Z%igl /) = py(e1), this implies the assertion. u]

Using this we can show

Proposition 6.4 The subvariety As is of dimension p — 1 with induced polarization of type
2,...,2,2p).

Proof According to Lemma 6.2 the abelian variety A-»y admits a principal polarization,
the double of which is the induced polarization. According to Proposition 6.1 the induced
polarization of this principal polarization on the elliptic curve A; is of type (p). So by [2,
Proposition 12.1.5] and Lemma 6.3 the induced polarization of this principal polarization on
As is of type (1, ..., 1, p) which implies the assertion for the double of this polarization.
Clearly As is of dimension p — 1. O

Corollary 6.5 A basis of the lattice As of As is
{ai —ap+apyi —ap, Bi —Bp+Bpri —Popli=1,...,p—1}.
Proof According to (6.2) and the definition of R and S we have

1 (M M .
pa(€5)=$(M M) with M=p1p—(1)§fj:1,

The lattice of As is (o, (es)) . Denote by c; the j-th column of the matrix p,(es) and note
that

1 1
E((xi —op FUpt _0521)) =C —Cp and E(IBZ _ﬁp +ﬂp+i _,321)) =Cpti —C2p
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fori = 1,..., p — 1. Therefore o; — ap + apyi — a2p and B — By + Bpyi — Pop are
contained in the lattice (o, (e5)) s . The intersection matrix of these elements is
(9 Dp-1(4,2)
Es = (—Dp_1(4, 2) 0

with Dj,_1(4, 2) as defined in (4.2). Hence they generate a sublattice of (o, (es)) o the degree
of which is the square root of

det Es = [[44 (p— 1 —1)-2](4 —2)P 72> = 27" ' p)*.

Furthermore, by [2, Proposition 12.1.1] As is of exponent 2p in A (see Sect. 2.4). Hence the
induced polarization on the abelian subvariety defined by (p, (es)) A is of type (2, ...,2,2p)
which implies that this abelian subvariety coincides with As. O

Consider the following sublattice of A (the analogue of the lattice "y of Proposition 4.4),

. p—1
I's = <ai_0{p+17i+ap+i —pti—is Bi — Bp+i—i + Bp+i — Bopr1—i i =1,..., T>
and the abelian subvarieties Bs and Ps of As defined by the idempotents ese (s, and es —eses)
[the analogues of the abelian subvarieties B and P; of Theorem 4.8 (a) and (b)].

Proposition 6.6 The subvarieties Ps and Bs are of dimension pT_l with induced polarization

oftype (4,...,4) and (4, ...,4,4p), respectively.

Proof Note first that I's is a sublattice of the lattice A5 of As, because its elements can be
combined from the elements of the basis of Corollary 6.5. Now the proof is analogous to the
proofs of Proposition 4.4 and Theorem 4.8 (a) and (b). ]

6.3 Induced polarization on Ag

The proofs in this case are very similar to the proofs of the previous subsection for As. We
only give the results.

Recall that Ag = Im(eg) and Ag ~ BG2 where Bg is a not uniquely determined abelian
subvariety. We may choose Bg = Im(ege(s)). Let Ps = Im(eq — ege(s)) its complement in
Ag. Then we have

Theorem 6.7 (a) The abelian subvariety Ag is of dimension p — 1 with induced polarization
of type (2, ...,2,2p). A basis of the sublattice of A defining Ag is given by

{ai —apri + (=D (ap —a2p). Bi — Bpsi + (=)' (By — Bop) i =1,....p—1}.
(b) The subvarieties Be and Pe are of dimension prl
@,...,4) and (4, ...,4,4p) respectively.

with induced polarization of type

For the proof we only note that

2 p—1 4 prl . P '
%= (p—l)l—Zer—i—ZrZ]*l—(p—l)r”—{— Z rt
p j=1 j=1 j=r

which implies that

N —N . L
pa(€6)=(_N N ) with N=p1p—((—1)’+/)£j:1.
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For As we worked with the abelian subvariety associated to the subgroup (r?). Here we
have to choose a different subgroup, since Ag ¢ A-ry. We work instead with the abelian
subvariety A () which is of dimension p with induced polarization of type (2, ..., 2).

Remark 6.8 Comparing Theorem 6.7 with Proposition 6.6, one notes that the types of the
B’s and P’s are exchanged. If one chooses instead of the involution s in Theorem 6.7 the
involution sr, then one has for the associated abelian subvarieties (with the obvious nota-
tion): The induced polarization on Py, respectively B,y is of type (4, ..., 4) respectively
4,...,4,4p).

6.4 Jacobians in the family
In the case of D;, we have the following fact which is different from the D -case.

Proposition 6.9 The (p + 1)-dimensional family A, of abelian varieties as in Proposition
3.1 with Dy p-action contains no Jacobian.

Proof Suppose C is a smooth projective curve whose Jacobian is in the family. By the Torelli
theorem the group D3, acts faithfully on C. Then the analytic representation of rs is given
by the size 2 p matrix

Sl
Pa(rs) =
01 0

and hence has p + 1 eigenvalues equal to one. This implies that the quotient curve C/(rs)
should have genus p + 1. But this contradicts the Hurwitz formula. O

7 Action of Dy

For the sake of completeness we also include (without proofs) the result for the group G = Dj.
It has five irreducible rational representations, four of degree one, namely 1, ..., x4 defined
as in Sect. 6.1 and one of degree 2, defined by

so=(3" 1) wo=(1 )

Let A be an abelian variety as in Proposition 3.2 with an action of D4 and analytic repre-
sentation given by (3.3) and (3.2). Denote by A; the abelian subvariety associated to the
representation ;.

Theorem 7.1 (a) The isotypical decomposition of A is
A~ Al X A4 X A5

with elliptic curves Ay and A4 and an abelian surface As. A basis for the lattice of A1 is
{on tar+az+ag, Br+po+ B3+ pal of Asis{on —ax+a3 —ag, 1 — Po+ B3 — fa}
and of As is {a1 — a3, a2 — a4, B1 — B3, Bo — Ba}. So the induced polarizations on Ay
and Ay are of type (4) and on As of type (2, 2).
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(b) Let Bs := Im(eyes) and Ps := Im(es — e(s)es) its complement in As. The induced
polarizations on Bs and Ps are of type (2) and the natural map

Bs x Ps — As
is an isomorphism of polarized abelian varieties.

According to Proposition 3.1 the family of these abelian varieties is of dimension three. The
same argument as for Proposition 6.9 shows that there is no Jacobian in this family.
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