The Toda system and multiple-end solutions of autonomous
planar elliptic problems

Manuel del Pino *Michat Kowalczyk "Frank Pacard *Juncheng Wei

Abstract

We construct a new class of positive solutions for the classical elliptic problem
Au—u+uP =0,p>2, inR2%
We establish a deep relation between them and the following Toda system
czf]/-’ —efiifi _efizfivv R, j=1,...,k

We show that these solutions have the approximate form u(x, z) ~ E?Zl w(z — f;(2))
where w is the unique even, positive, asymptotically vanishing solution of w” — w +
wP = 0 in R. Functions f;(z), representing the multiple ends of u(z,z), solve the
aforementioned Toda system, they are even, asymptotically linear, with

Jo=—o00 < fi < o- L fie < fr41 = +o0.

The solutions of the elliptic problem we construct have their counterpart in the
theory of constant mean curvature surfaces. An analogy can also be made between
their construction and the gluing of constant scalar curvature Fowler singular metrics
in the sphere.
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1 Introduction and statement of main results
This paper deals with the classical semilinear elliptic problem
Au—u+uP =0, u>0, inRY (1.1)

where p > 1. Equation (1.1) arises for instance as the standing-wave problem for the
standard nonlinear Schrodinger equation

W = Dyt + [YP 7,

typically p = 3, corresponding to that of solutions of the form v (y,t) = u(y)e . It
also arises in nonlinear models in Turing’s theory biological theory of pattern formation
[39] such as the Gray-Scott or Gierer-Meinhardt systems, [16, 15]. The solutions of
(1.1) which decay to zero at infinity are well understood. Problem (1.1) has a radially
symmetric solution wy (y) which approaches 0 at infinity provided that

M2 if N>3,

l<p<
+00 if N=1,2,

see [38, 3]. This solution is unique [21], and actually any positive solution to (1.1) which
vanishes at infinity must be radially symmetric around some point[14].

Problem (1.1) and its variations have been broadly treated in the PDE literature
in the last two decades. These variations are mostly of one of the two types: (1.1)
is changed to a non-autonomous problem with a potential depending on the space
variable; or (1.1) is considered in a bounded domain under suitable boundary conditions.
Typically, in both versions a small parameter is introduced rendering (1.1) a singular
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perturbation problem. We refer the reader to the works [1, 2, 5, 9, 10, 11, 13, 17,
18, 23, 25, 26, 34, 32, 33] and references therein. Many constructions in the literature
refer to “multi-bump solutions”, built by perturbation of a sum of copies of the basic
radial bump wy suitably scaled, with centers adjusted in equilibrium under appropriate
constraints on the potential or the geometry of the underlying domain.

Much less is known about solutions to this equation in entire space which do not
vanish at infinity (while they are all known to be bounded, see [36]). For example,
the solution wy of (1.1) in RY induces a solution in RN*! which only depends on N
variables. This solution vanishes asymptotically in all but one variable. For simplicity,
we restrict ourselves to the case N = 2, and consider positive solutions u(z,z) to
problem (1.1) which are even in z and vanish as |z| — +o0o, namely

u(z,2) = u(x,—2) for all (z,z) € R?, (1.2)
and
‘ |lim u(z,z) =0 forall z € R. (1.3)
x| ——+o0

A canonical example is thus built from the one-dimensional bump wi, which we
denote in the sequel just by w, namely the unique solution of the ODE

w' —w4+wP =0, w>0, inR, (1.4)
w'(0) =0, w(z)—0 as|z]— +oo, (1.5)

corresponding in phase plane to a homoclinic orbit for the equilibrium 0. Using this
function we can define a family of solutions u of equation (1.1) with the properties (1.2)-
(1.3) setting u(x, z) := w(zr—a), a € R. By analogy with the above terminology, we may
call these solutions ”single bump-lines”. A natural question is whether a solution that
satisfies (1.2)-(1.3) and which is in addition even in x must equal w(z). The solution w
of (1.1) was found to be isolated by Busca and Felmer in [4] in a uniform topology which
avoids oscillations at infinity. On the other hand, a second class of solutions which are
even both in z and x was discovered by Dancer in [7] via local bifurcation arguments.
They constitute a one-parameter family of solutions which are periodic in the z variable
and originate from w(z). Let us briefly review their construction: we consider problem
(1.1) with T-periodic conditions in z,

uw(z,z4+T) =u(z,z) forall (z,2) € R? (1.6)

and regard T > 0 as a bifurcation parameter. The linearized operator around the single
bump line is

L(¢) = ¢zz + (z):l?’t + (pwpil - 1)¢
It is well known that the eigenvalue problem

¢x9c + (pwpil - 1)¢ = >‘¢a (17)

has a unique positive eigenvalue A\; with Z(z) a positive eigenfunction. We observe that
the operator L has a bounded element of its kernel given by

Z(x) cos(v/A12),
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which turns out to be the only one which is even, both in x and z variable, and in
addition T = %—periodic in z. Crandall-Rabinowitz bifurcation theorem can then be
adapted to yield existence of a continuum of solutions bifurcating at this value of T,
periodic in z with period T5 = \;—;\Ll + O(8). They are uniformly close to w(x) and their
asymptotic formula is:

ws(x,z) = w(z) + 6Z(x) cos(v/A12) + O(62)e 121,
We refer to the functions ws in what follows as Dancer solutions.

The purpose of this paper is to construct a new type of solutions of (1.1) in R? that
have multiple ends in the form of multiple bump-lines, and satisfy in addition properties
(1.2)-(1.3). To explain let us consider the function

k

wy(z) = Zw(x —aj).

J=0

While for numbers a; < as < - < ag, w, appears to be a very good approximation
to a solution of the ODE (1.4), the only solutions of (1.4) which go to zero at infinity
must be single translates of w(z). Our main result in this paper is that, in the two
dimensions, there exist solutions u(z, z) with a profile of this type for each fixed z. Of
course in this case the numbers a; must be replaced by non-constant functions f;(z).
In addition, it will be necessary to use as basic cells not just the standard bump-lines,
but rather the wiggling bump lines found by Dancer.

Thus, what we actually look for is a solution w(z, z) which is close, up to lower order
terms, to a multi bump-line of the form

wy(x,2) = ws; (x — f(2), 2), (1.8)

M-

j=0

for suitable small numbers §; and even functions

fi1(z) € fa(z) < - - < fr(2),

which have uniformly small derivatives. The functions f; cannot be arbitrary and they
turn out to satisfy (asymptotically) a second order system of differential equations, the
Toda system, given by

aff =elili—elizlivn in R, j=1,...k, (1.9)
with the conventions fy = —oco, fr4+1 = +00, where ¢, is an explicit positive constant
that will be specified later. In agreement with the symmetry requirement (1.2) we
consider even solutions of system (1.9), namely

[i(z) = fj(—z) forall z€R. (1.10)

We observe that for an even solution f = (f1, ..., fi) of this system, function £, defined
by
kE+1 1

fa = (fala .. -afak)a fozj(z) = flj(az) + (j - T)loga (111)
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is also an even solution of the system. Our main result in this paper asserts that given
such an f whose values at z = 0 are ordered, for all sufficiently small a there exists a
multi bump-line solution of approximate form (1.8) with f replaced with f, and suitably
chosen small numbers J; dependent on . Thus, we fix numbers

k
a < ag < --- < ag, Zai:(), (1.12)
i=1

(as we will see shortly the latter condition can be assumed without loss of generality)
and consider the unique solution f of system (1.9) for which

£i00)=a;, fi(0)=0, j=1,...,k (1.13)

and their associated scalings f,,. As an explicit example, we immediately check that for
k = 2 we have

1 1
1\2) = —= 10 2)\72617 710 27 ’
fi(2) 2( 8( )~ log 2 cosh (AZ/2)) (1.14)
1 -2 1 |
fa(2) = §(log(2)\ ¢p) —log m)

where

\— 2¢,
eaz2—a1 :

As we will see later, in the case of a general k£ the functions f; are asymptotically linear:
the limits v; = f];(+00), exist and

k
vV <vg < - <V, ZVjZO. (1.15)
j=0
For instance, for k = 2 we have vy = —v; = % efchal according to formula (1.14).

Besides, we have (globally) for a small

fa1(2) € fa2(2) € -+ < far(2), fhi(+00) = vja,

and
o k+1 1 _
fas (2) = wvgerlal by + (= a2 log =+ O(e™"0), as 2] — +oc,

for certain scalars b; and ¥ > 0. These are standard facts about the Toda system that
can be found for instance in [20]. Thus, each of the multiple ends of u(z, z) is a bump-
line that is nearly straight but bent, with an angle slightly distinct than the angles of
the other ends. The Toda system is a classical model describing scattering of k particles
distributed on a straight line, which interact only with their closest neighbors with a
forces given by a potential depending on the exponentials of their mutual distances. Here
the z variable is interpreted as time. In this context, f, corresponds to a setting in which
the particles starting from the rest, scatter at slightly different, nearly constant small
velocities whose average is zero. The latter fact follows the identity Z?zl aj(2) =0,
which also implies conservation of the center of mass used in (1.12).

Our main result is:
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Theorem 1.1 Assume that N = 2 and p > 2. Given k > 2 and numbers a; as in
(1.12), for any sufficiently small number a > 0, there exists a solution u, of equation
(1.1) which satisfies conditions (1.2)-(1.3), and that has the form

k
U (T, 2) = ngj (x — faj(2),2) (1 + o(1)).

Here f, is the scaling (1.11) of £, the unique solution of (1.9) satisfying (1.13), and
o(1) = 0,d; - 0asa—0.

Remark 1.1 By no means we have intended to state Theorem 1.1 in its most general
form. For instance, the same result holds for the more general problem

Au+g(u) =0, u>0, inR% (1.16)

where g is of class C2, g(0) = 0, ¢'(0) < 0, [; g(s)ds = 0 for some ¢ > 0. In this case
a homoclinic solution w analogous to that of (1.4)-(1.5) exists. On the other hand, for
problem (1.1) in RY, N > 3, we may take as the basis of the construction the unique
radially symmetric decaying solution wy_1(x) of (1.1) in RV =1, provided that p < £,
for which Dancer solutions wy_1,5(x) are equally available. In such a case we look for
solutions close to a function of the form

k
ZwaLéj (T1,22, ..., TN—2,TN-1 — fa;(2),2),
j=1

which are radial in the first N — 2 variables. In both extensions the necessary changes
in the constructions are straightforward, so that for simplicity we only consider here
the case N =2 for (1.1).

Remark 1.2 The structure of equation (1.1) makes it natural to look for solutions u
which are even both in « and z variables. It turns out that if the numbers a; in (1.12)
satisfy the symmetry requirement

Gj = —Qk4+1—j, jil,...,k,
then the solutions f,, satisfy similarly
fozj = —fakJrl,j, for allj = ].7 .. .,k. (].].7)

Indeed, in such a case the construction of the solutions u, in Theorem 1.1 yields that
they are even in both variables:

Ua(—2,2) = ua (2, 2) = ug(z, —2), for all (z,z) € R? (1.18)
In particular for k£ even this solution satisfies

lirﬂrtl ug(z,2) =0, forall z€R, lirﬂrzl Uo(z,2) =0, forall zeR. (1.19)
By the well known result by Gidas, Ni and Nirenberg [14] a positive solution of equation
(1.1) that satisfies (1.18) and the limit conditions (1.19) uniformly must be radially
symmetric around the origin. Theorem 1.1 shows that uniformity cannot be relaxed in
this classical result.
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One of the striking features of the existence result in Theorem 1.1, which is a purely
PDE result, is that its counterparts can be found in geometric framework. Indeed,
there are many examples where correspondence between solutions of (1.1) and those
of some geometric problem can be drawn. To illustrate this, we will concentrate on
what is perhaps the most spectacular one: the analogy between the theory of complete
constant mean curvature surfaces in Euclidean 3-space and the study of entire solutions
of (1.1). For simplicity we will restrict ourselves to constant mean curvature surfaces in
R? which have embedded coplanar ends. In the following we will draw parallels between
these geometric objects and families of solutions of (1.1).

Embedded constant mean curvature surfaces of revolution were found by Delaunay
in the mid 19th century [8]. They constitute a smooth one-parameter family of singly
periodic surfaces D, for 7 € (0, 1], which interpolate between the cylinder D; = S*(1) x
R and the singular surface Dg := lim._,o D, which is the union of an infinitely many
spheres of radius 1/2 centered at each of the points (0,0,n) as n € Z. The Delaunay
surface D, can be parametrized by

X, (x,2) = (p(2) cosz, p(z) sinz,(z)) € D, C R,

for (x,z) € R x R/27Z. Here the function ¢ is smooth solution of

2 2
"2 et T _ 2
@2+ (55T) =,

and the function 1 is defined by

w/ _ 302 +7 )
2
As already mentioned, when 7 = 1, the Delaunay surface is nothing but a right
circular cylinder D; = S'(1) x R, with the unit circle as the cross section. This cylinder
is clearly invariant under the continuous group of vertical translations, in the same way
that the single bump-line solution of (1.1) is invariant under a one parameter group of
translations. It is then natural to agree on the correspondence between

The cylinder The single bump-line
D;=S'xR (z,2) — w(x)

Let us denote by ws the unique radially symmetric, decaying solution of (1.1). Inspec-
tion of the other end of the Delaunay family, namely when the parameter 7 tends to 0,
suggests the correspondence between

The sphere The radially symmetric solution

si1/2) |7 (2, 2) — wo (VT2 + 22)

To justify this correspondence, let us observe that on the one hand, as the parameter 7
tends to 0, the surfaces D, resemble a sequence of spheres of radius 1/2 arranged along
the z3-axis which are connected together by small catenoidal necks. On the other hand
an analogous solution of (1.1) can be built as follows. Let Sgp = R x (0, R) and consider
a least energy (mountain pass) solution in H'(Sg) for the the energy

1 1 1
7/ |Vu|? + f/ uw? - —— uPt,
2 Jsp 2 Jsn P+1Js,
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for large R > 0, which we may assume to be even in x and with maximum located
at the origin. For R very large, this solution, which satisfies zero Neumann boundary
conditions, resembles half of the unique radial, decaying solution ws of (1.1). Extension
by successive even reflections in z variable yields a solution to (1.1) which resembles a
periodic array of radially symmetric solutions of (1.1), with a very large period, along
the z-axis. While this is not known, these solutions may be understood as a limit of
the branch solutions constructed by Dancer.

More generally, there is a natural correspondence between

Delaunay surfaces Dancer solutions
D (x,z) ?—>w5(1’,2)

To give further credit to this correspondence, let us recall that the Jacobi operator about
the cylinder D; corresponds to the linearized mean curvature operator when nearby
surfaces are considered as normal graphs over D;. In the above parameterization, the
Jacobi operator reads J; = # (02402 +1). In this geometric context, it plays the
role of the linear operator defined in section 2 which is the linearization of (1.1) about
the single bump-line solution w. Hence we have the correspondence

The Jacobi operator The linearized operator
Ji= (07 +02+1) L=+ —1+pur!

In our construction, the polynomially bounded kernel of the linearized operator L plays
a crucial role. Similarly, the polynomially bounded kernel of the Jacobi operator J; has
some geometric interpretation. Let us recall that we only consider surfaces whose ends
are coplanar, the Jacobi fields associated to the action of rigid motions are then given
by

(z,2) — cosx and (x,2) — 2z cosw,

which correspond respectively to the action of translation and the action of the rotation
of the axis of the Delaunay surface D;. Clearly, these Jacobi fields are the counterpart
of the elements of the kernel of L which are given by

(z,2) — dyw(x) and (z,2) — 2z 0,w(x),

since the latter are also generated using the invariance of the problem with respect to
the same kind of rigid motions.

Two additional Jacobi fields associated to J; are given by
(z,2) — cosz and (z,2) — sin z,

which are associated to the existence of the family D, as 7 is close to 1, as can be easily
seen using a bifurcation analysis, in a similar way that the functions

(z,2) — Z(z) cos(yv/A12) and (z,2) — Z(z) sin(v/A12),

are associated to the existence of Dancer solutions when the parameter ¢ is close to 0.
These two bifurcation results have their origin in the fact that we have the correspon-
dence between

The ground state 1 of The first eigenfunction Z(zx) of
02 +1 92 —1+pwr?! ’
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both of them associated to negative eigenvalues. The fact that the least eigenvalue of
these operators is negative is precisely the reason why a bifurcation analysis can be
performed and gives rise to the existence of Delaunay surfaces close to D; or Dancer’s
solutions close to the bump-line w.

With these analogies in mind, we can now translate our main result into the constant
mean curvature surface framework. The result of Theorem 1.1 corresponds to the
connected sum of finitely many copies of the cylinder S*(1) x R which have a common
plane of symmetry. The connected sum construction is performed by inserting small
catenoidal necks between two consecutive cylinders and this can be done in such a way
that the ends of the resulting surface are coplanar. Such a result, in the context of
constant mean curvature surfaces, follows at once from [29]. Tt is observed that, once
the connected sum is performed the ends of the cylinder have to be slightly bent and
moreover, the ends cannot be kept asymptotic to the ends of right cylinders but have
to be asymptotic to Delaunay ends with parameters close to 1, in agreement with the
result of Theorem 1.1.

However there is a major difference. The Toda system which governs the level sets
has found no analogy in the constant mean curvature surfaces. This is mainly due to
the strong interactions in the elliptic equations.

Another (older) construction of complete noncompact constant mean curvature sur-
faces was performed by N. Kapouleas [19] (see also [28]) starting with finitely many
halves of Delaunay surfaces with parameter 7 close to 0 which are connected to a cen-
tral sphere. The corresponding solutions of (1.1) have recently been constructed by A.
Malchiodi in [24]. It should be clear that many more examples of solutions of (1.1) can
be found using the above correspondence and we shall return to this in a forthcoming
paper.

It is well known that the story of complete constant mean curvature surfaces in
R? parallels that of complete locally conformally flat metrics with constant, positive
scalar curvature. Therefore, it is not surprising that there should be a correspondence
between these objects in conformal geometry and solutions of (1.1). For example, De-
launay surfaces and Dancer solutions should now be replaced by Fowler solutions which
correspond to constant scalar curvature metrics on the cylinder R x S"~! which are
conformal to the product metric dz? + ggn—1, when n > 3. These are given by

vﬁ(dz2 + ggn-1),

where z — v(z) is a smooth positive solution of

(v')? — 0?4 =2 VR = —272
When 7 = 1 and v = 1 the solution is a straight cylinder while as 7 tends to 0 the
metrics converge on compacts to the round metric on the unit sphere. The connected
sum construction for such Fowler type metrics was performed by R. Mazzeo, D. Pollack
and K. Uhlenberk [31] (where it is called the dipole construction). N. Kapouleas’
construction mentioned above was initially performed by R. Schoen [37] (see also R.
Mazzeo and F. Pacard [28]).
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2 Linear theory

In this section we will consider the basic linearized operator. The developments pre-
sented here are crucial for our paper later on. By w we will denote the homoclinic
solution to u” —u + u? = 0 such that w'(0) = 0. Let

LO(¢) :¢I$+f/(w)¢? f/(w) :pwp_l - L
We recall some well known facts about L. First notice that Ly(w,) = 0 i.e. has one

dimensional kernel. Second we observe that

w(p+1)/2

\/ Jr u’pﬂ,

correspond, respectively, to principal eigenvalue and eigenfunction. Except for A\; and
A2 = 0 the rest of the spectrum of Ly is negative. As a consequence of these facts we
observe that problem

M=o Dp+3), 7=

Lo(¢) — %6 = h, (2.1)

is uniquely solvable whenever ¢ # ++/A1,0 for h € L?(R). Actually, rather standard
argument, using comparison principle and the fact that Ly is of the form

LO(¢) = ¢m - ¢ + (](.’L')(b7 ‘q(m” < C‘e—C|:z\7

can be used to show that whenever h is for instance a compactly supported function
then the solution of (2.1) is an exponentially decaying function.
Let us consider operator

Lo = Lo(¢) + @22,
defined in the whole plane (z,z) € R?. Equation L(¢) = 0, has 3 obvious bounded

solutions
we(x), Z(x)cosv/ Az, Z(x)sin(v/ Az2).
Our first result shows that converse is also true.

Lemma 2.1 Let ¢ be a bounded solution of the problem
L(¢) =0 inR% (2.2)

Then ¢(x,z) is a linear combination of the functions w,(x), Z(x)cos(v/A1z), and

Z(z)sin(v/A12).

Proof. Let assume that ¢ is a bounded function that satisfies
¢zz + ¢zx + (pwp_l - 1)(}5 =0. (23)

Let us consider the Fourier transform of ¢(z, z) in the z variable, ¢(xz,£) which is by
definition the distribution defined as

(B, ) pmhr = (6, ), i)m = / o, ©)A(E)dE,

10
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where £1(€) is any smooth rapidly decreasing function. Let us consider a smooth rapidly
decreasing function of the two variables ¢ (z, ). Then from equation (2.3) we find

/]R<(Z)(x7 )ﬂl)xm’ - 527/} + (pwp_l — 1)’¢>]Rd$ =0.
Let o(x) and p(€) be smooth and compactly supported functions such that

VAL =V A1, 03N Supp (1) = 0.
Then we can solve the equation
Yaw — E2P + (puP ™! = 1) = p(§)p(x), z€R,

uniquely as a smooth, rapidly decreasing function v (z, £) such that ¥ (x, &) = 0 whenever
& & Supp (n). We conclude then that

/R (b, ), phrp() dz = 0,

so that for all z € R, < ¢(x,-), n >= 0, whenever {\/A1, —v/A1,0} N Supp (1) = 0, in

other words R

By distribution theory we find then that (;3(337 -) is a linear combination, with coeffi-
cients depending on x, of derivatives up to a finite order of Dirac masses supported in
{V/A1, =V/A1,0}. Taking inverse Fourier transform, we get that

$(,2) = po(z,2) +p1(2,2) cos(vA12) + pa(z, ) sin(v/A12),

where p; are polynomials in z with coefficients depending on z. Since ¢ is bounded
these polynomials are of zero order, i.e. p;(z,z) = p;(z), and the bounded functions p;
must satisfy the equations

Lo(po) =0, Lo(p1) —Aip1 =0, Lo(p2) — Aip2 =0,

from where the desired result thus follows.
Let B(¢) be an operator of the form

where the coeflicients b; are small functions. In the sequel we will denote b = (b, ..., bs)
and assume that .
B =" 1bjlloc + Vb1 lloo + [[Vb2loe < do, (2.4)
j=1

where the small number §y will be subsequently fixed. The linear theory used in this
paper is based on a priori estimates for the solutions of the following problems

B(¢) + L(¢) = h, in R% (2.5)
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The results of Lemma 2.1 imply that such estimates without imposing extra conditions
on ¢ may not exist. The form of the bounded solutions of L(¢) = 0 suggests the
following orthogonality conditions:

/ oz, 2)wy (z)dp(r) =0 = / o(x, 2)Z(x)du(x), forall z € R, (2.6)
R R

where du(z) is a fixed measure in R absolutely continuous with respect to the Lebesque
measure. In the sequel we will in particular consider du(z) = p(x)dx where p is a
compactly supported cut-off function, however our next result applies for a general
du(z) as well. With these restrictions imposed we have the following result concerning
a priori estimates for this problem.

Lemma 2.2 There exist constants do and C such that if the bound (2.4) holds and
h € L>(R?), then any bounded solution ¢ of problem (2.5)-(2.6) satisfies

[@lloc < CllA]loo-

Proof. We will argue by contradiction. Assuming the opposite means that there are
sequences by, ¢y, hy such that

5
D17 oo + V0T floo + V85 oo — 0,

j=1
[¢nlloc =1, [[hnllec — 0,
and
(¢n) + L ¢n) =h,, in RZ (2.7)
/qﬁnxzwgg Ydu(x —0—/¢>an du(z), forall z € R. (2.8)
Here

By (¢) = 010200 + by 03¢ + 05050 + b} 0.4 + bL b

Let us assume that (z,, 2,) € R? is such that

We claim that the sequence z,, is bounded. Indeed, if not, using the fact that Lo =
Ap — ¢ + O(e_cm)qﬁ and employing elliptic estimates we find that the sequence of
functions .

(rbn(xa Z) = (bn(frn +x,2, + Z),

converges, up to a subsequence, locally uniformly to a solution gz~5 of the equation
Ap—¢ =0, inR?

whose absolute value attains its maximum at (0,0), This implies ¢ = 0, so that z,, is
indeed bounded. Let now

i’n(l',Z) = ¢n(xazn + Z)

Then q~5n converges uniformly over compacts to a bounded, nontrivial solution qB of

L(¢) =0 in R?

12
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/ b(x, 2)wy (@) dp(z) =0 = / o(x,2)Z(x)dp(z), for all z € R.
R R
Lemma 2.1 then implies (Z) = 0, a contradiction and the proof is concluded.

Using Lemma 2.2 we can also find a priori estimates with norms involving exponen-
tial weights. Let us consider the norm

16]lo.0 = lle =g .

where numbers o,a > 0 are fixed and will be subsequently adjusted. In the case a =0
we have the following a priori estimates.

Corollary 2.1 There are numbers C and 0y as in Lemma 2.2 for which, if ||h||s0 <
+00, 0 € [0,1), then a bounded solution ¢ of (2.5)-(2.6) satisfies

[8llo0 + IV

0.0 < CllAllo0- (2.9)

Proof. Again we concentrate on estimates for the problem (2.5)—(2.6). We already
know that
||¢||oo < C”h”a,0~

We set ¢ = ¢||h||;,%- Then we have

(L + B)(¢) = h, where ||h]s0 <1,

and also ||@]|c < C. Let us fix a number Ry > 0 such that for z > Ry we have

1—o02

p—1 <
pur ) < 120
which is always possible since w(z) = O(e~¢*!). For an arbitrary number p > 0 let us
set

¢(x,z) = p[cosh(z/2) + e + Me™°7,

where M is to be chosen. Then we find that, reducing Jy if necessary,

_ 1= o2
(L+ B)(¢) < —M@‘”, for > Ry.
Thus

(L + B)(¢) < h, forz> Ry,

if )
M(l—o =

M=) 5 il = 1.

If we also also assume ~
Me =" > {|¢]l o,

we conclude from maximum principle that ¢ < ¢. Letting p — 0 we then get by fixing
M,
o< Me °% forx >0,

13
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hence
¢ < M||h||50e %%, foraz>0.

In a similar way we obtain the lower bound
¢ > —M]|h|s0e %, forax>0.
Finally, the same argument for x < 0 yields
[9llo,0 < CliAllo,0,
while from local elliptic estimates we find

IV

|U,0 < C||h||<7’07
and the proof is concluded.

When a > 0 in the definition of the norm || - ||, then we have the following a priori
estimates.

Corollary 2.2 There are numbers C, dg as in Lemma 2.2, and cg > 0 for which, if
|h]loa < +o00, 0 € (0,1), a € [0,a0), then a bounded solution ¢ to problem (2.5)-(2.6)
satisfies

16llo.a +[IVPllo.a < Collhllo.a-

Proof. We already know that

19llo,0 + VEllo0 < Cllhlo,a-

Then we may write
0o = [ oz da,
and differentiate twice weakly to get
P (z) = 2/R¢§(x,z) dx + 2/R¢zz¢(m,z) dz.
We have

[ovda= [ Gtans [-prgtan- [ B@o+ [re @)

Integrating by parts once in x we find

| [ B616| = | [ [-(010):60 — (ba0)u. + bt + biouo + 6|
R R (2.11)
< [ (62462 + %) da.

Because of the orthogonality conditions (2.6) we also have that for a certain v > 0,

/Rqsi dx+/R(1—pwP—1)¢2 dx 274(¢§+¢2)dx.
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Hence, reducing & if necessary, we find that for a certain constant C' > 0
W) 2 J0le) - C [ W) do,
R
so that o
’y —za|z
—"(z) + (=) < —e 2R3 -

Since we also know that 1 is bounded by:

C
[¥(2)] < ;”hHi,Oﬂ

we can use a barrier of the form ¢ (z) = M|h|Z ,e™2* + pe®**, with M sufficiently

large and p > 0 arbitrary, to get the bound 0 < ¢ < ¢ for z > 0 and any a < % = qg.

A similar argument can be used for z < 0. Letting p — 0 we get then
/ 03(2,2) dz < Coe ]2, a < ap.
R

Elliptic estimates yield that for Ry fixed and large
|o(x, 2)| < C'ge*‘IlZthHo’a for |z| < Rp.

The corresponding estimate in the complementary region can be found by barriers. For
instance in the quadrant {z > Ry, z > 0} we may consider a barrier of the form

d_)(xa Z) = M”h”a.’ae*(‘””raz) + p6%+§,

with p > 0 arbitrarily small. Fixing M depending on Ry we find the desired estimate
for ||¢]|s,o letting p — 0. Arguing similarly in the remaining quadrants is similar. The
corresponding bound for ||V¢||s,, is then deduced from local elliptic estimates. This
concludes the proof.

Notice that for a general right hand side h equation of the form L(¢) + B(¢) = h
with the orthogonality conditions imposed as above does not have a solution. On the
other hand the problem

L(¢) + B(¢) = h+ c(2)w, +d(2)Z, in R? (2.12)

under orthogonality conditions
/ oz, 2)wy (z)dp(r) =0 = / o(x,2)Z(x)du(x), for all z € R. (2.13)
R R

has a solution in the sense that for given h one can find (¢, ¢, d) satisfying (2.12)—(2.13).

Corollary 2.3 There exist C > 0, ng > 0, dg > 0 as in Lemma 2.2, and a9 > 0 for
which, if [|hlg.a < 400, 0 € (0,1), a € [0,a0), and du(z) = p(x) dx is such that

/Re""w‘mwa +1ZD1pas| + 2(|waa| + | Zal) pol) dz < o, (2.14)
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then a bounded solution ¢ to problem (2.12)-(2.13) satisfies

[8llo.a + IVElloa < Clihlloa- (2.15)
Moreover we have

le(2)] + [d(2)] < Cllhllg,ae ~. (2.16)

Proof. To find a priori estimate (2.15) we have to find bounds for the coefficients ¢(z)
and d(z). Testing equation (2.12) against w, and integrating with respect to du(x) we

get
[ 6ecwsduta) + [ Loy, duta) + [ Bloyw,duta) = [ b, duta)
+e(2) /R w? du(z).

Let us assume that ||h|l,0 < +0o and that ¢ is a bounded solution. Integrating by
parts and using Lo(w,) = 0 and the orthogonality condition (2.13) we get

c(z)/Rwipda::/RB((b)wwpdm—l—/R(b(mepw+w$p$x)dx—/Rhwwdm. (2.17)

To estimate term [, B(¢)wyp, dx we use an argument similar to that of (2.11), and to
estimate [, ¢(wep)ze dz we use (2.14) to get

o(z)| < C / g + C (60 + 10) (I96]lo0 + 6l10.0)-

From the a priori estimates (Corollary 2.1) applied to (2.12) we know that

IVélloo0 + [1¢llo.0 < ClIAllo.0 + llelloo + [[dllo),

since
[wee ™!l o, [| Ze 7|0 < oo,

for o € [0,1). Thus, reducing dg, 19 if necessary, we find
lellos < C(lIAllo0 + (80 +n0)lld]loo)-
Testing the equation against Z and using exactly the same argument we find
ldlloe < C([|Rllo,0 + (50 + n0)ll€llo0)-

Hence
1dZ||o,0 + [[cwzlo,0 < C|R]

0,0

and the estimate
IVolloo + [[¢lloo < Cllhllo0-

follows.

16
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Finally, if we additionally have ||k, < +00, we obtain that

/ |hw| < C|h|g.ae ~=
R

The same procedure above and the a priori estimates found in Corollary 2.2 then yield
le(2)] + 1d(2)] < C|[hllgae =,

from where the relation (2.15) immediately follows.
Concerning the existence of bounded solutions of (2.12)—(2.13) we have:

Proposition 2.1 There exists numbers C' > 0, 69 > 0, ng > 0 such that whenever
bounds (2.4), (2.14) hold, then given h with ||h||s.q < +00, 0 € (0,1), a € [0,a¢), there
exists a unique bounded solution ¢ = T(h) to problem (2.12)-(2.13) which defines a
bounded linear operator of h in the sense that

Vel

Proof. We will first consider solvability of the following problem

o.a t+[[0llo.a < Cllhllo.a-

(L+ B)(¢) = h, inR? (2.18)
in the space V, where ¢ € V if ||[¢]|5,0 < 00, o € (0,1] and

/ Y(z, z)wy(x)p(x)de =0 = / Y(x,2)Z(x)p(x)dz, forall z € R, (2.19)
R R

where the density p(x) satisfies the hypothesis of Corollary 2.3. We claim that given
h € V there exists a unique solution ¢ of (2.18) in V. We will argue by approximations.
Let us replace h by the function h(z, 2)Xx(— g, r)(2) extended 2 R-periodically to the whole
plane. With this right hand side we can give to the problem (2.18) a weak formulation
in the subspace of Hy C H'(R?) of functions that are 2R-periodic in z. To be more

precise let
o0 R oo R
[Y,m] = / / Vi - Vndzdz + / / Y dzdz.
—oo J—R —oo J—R

By W we will denote the subspace of functions in H}, that satisfy (2.19). Then (2.18)
can be written in the form

Io's) R
(A + K)(9), 4] = / / b wew, (2.20)

where A : W — W is defined by

[e%) R [e%) R
[A(9), 9] = /_ /_ (VO thato) deda+ /_ /_ (=bs)oudda, i € W

and K : W — W is a linear operator defined by

[e%) R (%) R
K (6), 4] = [ [ (b1t} bu6. Y dedo—p K [ o dsda, b € W

17
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Using (2.4), (2.14), and the fact that |w®~V|/,_1)0 < oo one can show that the
operator A is invertible and the operator K is compact.

From Fredholm alternative and Lemma 2.1 which in addition can be extended pe-
riodically to a unique solution ¢ € V, of (2.18) with h replaced by h(z,2)x(—r,r)(2).
Letting R — 400 and using the uniform a priori estimates valid for the approximations
completes the proof of the claim.

The existence of a solution to (2.12)—(2.13) as well as the rest of the Proposition
follows from this claim. Indeed, given h such that ||h||,,0 < oo by Iy (h) we will denote
the orthogonal projection of h onto V (in the sense of L?(pdz) as indicated by (2.19)).
Using the claim we can solve then the following problem

(L + B)(¢) = Iy (h).
Now we only need to chose functions ¢(z), d(z) such that
(I = IIv)[(L + B)(¢)] = (I = ly)(h) + c(z)ws + d(2) Z.

This ends the proof.
O

Remark 2.1 Incidentally, Lemma 2.1 helps us to sketch a proof of existence of Dancer
solutions (essentially that in [7]) as follows. Consider the bifurcation problem

Mo —v+0P =0, inR?,
with A > 0, which we write, for wy(z) = w(v/Az), as

AAG + (pwf ™' — 1)¢ + Nx(¢) =0,

with N(¢) = (wx + @) —wh —pw?~'¢. We consider the space X of all functions ¢ with
|¢lls,0 < 400 which are T' = 27 /+/A;-periodic and even in the z-variable. The operator
AA — 1 has a bounded inverse in X and thus the problem gets rewritten as

¢+ (AA = 1) pul ¢ + Na(9)) = 0.
The derivative of this operator in ¢ at A =1 and ¢ = 0 is just
I+ (A=) (puP™h),

which has the form: I + K, where K is a compact operator. Crandall-Rabinowitz
theorem thus yields that bifurcation takes place at A = 1 since Lemma 2.1 implies that
this linearization has a simple eigenvalue at A\ = 1 with eigenfunction Z(z) cos(v/A12),
and a branch of nontrivial solutions in X constituted by a smooth curve § — (A(d), ¢(9))
with ¢(0) = 0 and A(0) = 1, and 95¢(0) = Z(x) cos(v/A12). Scaling out A(J) we obtain
then solutions ws to the problem for A = 1 with period 27/y/As\ and even in the z-
variable. With the aid of barriers, we find that these solutions have an expansion of the
form

ws(z, 2) = w(x) + 62 (x) cos(v/A12) + O(82)e 1?1,

18



Multiple-end solutions of autonomous elliptic problems

for all small . By the standard theory we have that derivatives of this solutions satisfy
the corresponding relations

(2,2) = wa(x) + 6 Zy(x) cos(v/A12) + O(6%e ~1#]),
(2,2) = Wan (%) + 6 Zug (2) cos(v/A12) + O(6%e 7171,
ws - (2, 2) = —/M8Z(x) sin(v/A12) + O(6%e ~11), (2.21)
(z,2)
(z,2)

|
|
2
>
N
&
=,
=]
—~
2
>
O
+
S
(=%
()
(9]
|
e

3 Linear theory for multiple bump-lines

In this section we will choose a collection of approximations W which will constitute the
basis of our construction of a solution to Problem (1.1). Let a be a small positive number
and k be a fixed positive integer. Let us consider functions f; € C*(R), j = 1,...,k,
ordered in the sense that

fi(z) < falz) <~ < fr(2), VzeR. (3.1)

These functions represent approximate locations of the bump lines. Asymptotically
these lines are straight lines with slopes proportional to a and whose mutual distances

are at least O(d,), where

1
dy =log —.
o

Thus, in addition to (3.1), we assume that for certain large, fixed constant M > 0 these
functions satisfy

Here and in what follows we use the following weighted norm for those functions that
depend on z only
Igllgga == lle®*g]|oc,

where g : R — R and 6y > 0 is a fixed number to be determined later. Notice that
the factor 6y in front of the exponent «|z| in the definition of the norm will be taken
small but fixed independent on «. For convenience we will denote

f=(f1,f2-- -, f)-

‘We assume that
1£7lg00 < Ma®. (3.3)

We will further suppose that the locations of the bump lines are symmetric with respect
to z axis, which in terms of f means,

f(z) =f(-2), VzeR. (3.4)
Let us observe that under these assumptions the numbers

ﬁj = fjl(+oo)7

19
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are well defined and
18] < Ma. (3.5)

In fact, from (3.3)—(3.4) we see that there exist numbers B; such that we have
fi(2) = Bjlz| + Bj + O(e=%ll) | as 2] — +oo.
From (3.2)—(3.4) it follows also that:
Bis1—B; >0, Bjy1—B;>2d—M, j=1,....k (3.6)
and

|Hfg/‘|_ﬂj‘|90agca7 J=1...k (37)

In addition we will assume that with for some 61, 61 > 6y > 0 with 6y defined as above
we have

Bj+1 — B > b (3.8)

With functions f; we will associate a change of variables defined as follows: for any
even function f(z) such that

£ looa < Ma?, B = f'(c0),

we set

x— f(z x— f(z
IO 2(0.) = 1+ (BnfalzD)® + 20 SE)
1+ (Bn(alz)) V 1+ (Bnlalz]))
(3.9)

where 7 is a smooth cut-off function such that n(t) = 0if ¢t < Ty, n(t) = 1, t > Ts,
where 17,75 will be chosen later independent on . With f = f; and 8 = 3;, satisfying
(3.1)-(3.8), we will denote X =X;, Z = Z,.

Let us consider Dancer solutions ws(x, z), even in z, which can be expanded at main
order as

X(z,2) =

ws(x, z) = w(x) + 6Z(x) cos(v/ A12) + 062 e 17l 8] < .
Given 8 € R and 4, |d] < g we define the function

ws g(x, 2) = ws(X,Z), whith (X,Z) defined in (3.9). (3.10)

With this definition ws g is an exact solution of the problem in the region where
n(alz]) = 0. If we set f(z) = B|z| + B then the function wsg(x,z) is also an ex-
act solution of the problem where n(a|z|) = 1. Indeed, restricted to the half-plane
Ri = {z > 0}, the latter situation corresponds simply to rotating and translating the
axis of the solution ws from the z axis to the line x = 8z + B.

We will also consider functions e; € C*(R), j = 1,...,k, such that

lellgoa + 1€’ looa + lle”lloga < Ma?, (3.11)

where
e=(e1,eq,...,eL).

As in (3.4) we shall assume that functions e; are even,

e(z) =e(—z), VzeR (3.12)
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We are now ready to set up our first approximation. Given functions f;, e; satisfying
(3.1)-(3.4), (3.11)—(3.12), and small numbers d;, j =1,...,k we let

k
W(z, z) = Z ws; 6, (T, 2) + Z e;(z) Zj(z, 2), (3.13)
j=1 j=1
where 3; = f}(+00), j =1,...,k, and
Zi(x,2) = Z(X;).

In the sequel we assume

18] < Ma, 6= (b1,...,0). (3.14)
We want to develop a theory similar to that in the previous section now for the operator

L(9) = Ao+ (" —1)o.

More precisely we define the weighted norm

k
-1
[€llngpes = || (Do et fl=toolel) g |
j=1

and search for a bounded left inverse for a projected problem for the operator £ in the

space of functions whose || - ||5.6,,+ norm is finite. Thus we consider the problem
k
£(¢) =h+ Z Cj(Z)’I]j’LUj@ + dj(Z)Uij, in RQ, (315)
j=1

where now we do not assume necessarily orthogonality conditions on ¢. Here and in
what follows we denote

wj(z,2) = w(z - f;), (3.16)
wjo(2,2) = w'(z = f;), (3.17)
Zj(x,2) = Z(z — f;). (3.18)

We will now define several cut-off functions that will be important in the sequel. To
this end let n%(s) be a smooth function with n2(s) = 1 for |s| < @ and = 0 for |s| > b,
where 0 < a < b < 1. Then, with d, = logé, we set

X; 251 26 1
p](x7z)_n2(|d]|)’ a = 25 7b: 26 9

X, 26 1 27 -1
T’] (IVZ) :T]Z(LZJ)7 a = 26 7b: 27 bl

X 2T -1 28 —1 (3:.19)
ni(z,z) = b(| j|) a="""b=""0
J ’ a ) ) )

ds 27 28

IX;] 28 1 29 —1
n;r(x’z):ng<di ) 0= b=

We will prove the following result:
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Proposition 3.1 There exist positive constants ag, dg > 0 such that if (2.4) is satisfied,
and ifa € [0, ), o € (0,1), and constraints (3.1)-(3.6), (3.14) hold, then problem (3.15)
has a solution ¢ = T (h) which defines a linear operator of h with ||h||s0ya,« < +00 and
satisfies the estimate

< Collhllo.600,x-

In addition function ¢ satisfies the following orthogonality conditions

/ o(z, 2)w; »(x, 2)p;(x,2)de =0 = / o(x,2)Z;(z, z)pj(x, z) dz,  for all z € R.
R R

(3.20)
Besides, the coefficients c;(z) and dj(z) in (3.15) can be estimated as

k
Y (@) +1d5(2)]) < Cllhllo,pa,e ~ . (3.21)

Jj=1

Proof. The main idea in the proof of this proposition is to decompose problem (3.15)

into interior problems that can be handled with the help of the theory developed in the

previous section and an exterior problem and then glue the solutions of the subproblems.
Form the definition of the functions 7;, nj-i we have

mny =n;, N =n;. (3.22)

We search for a solution of (3.15) of the form

k
b= nid;+1.

=1

Substituting this expression into equation (3.15) and arranging terms we find

k
an [Ag; + (1 —pW 1o, — ¢j(2)wj o — d;(2)Z; — b

B

k
+ [Ay; +(1=pw™ )y — (1 - ;ﬁj)h - > 2V Ve, + Aﬁj%)} =0.

j=1
We will denote
—1 _
hj=mnih, rj=pn (Wi —wh).
Let us observe that in the support of n; we have, using (3.22),
-1 _
nihy = nih,  niry = pni(wi =W,

Then we find a solution to problem (3.15) if we solve the following linear system of
equations

Ap; —(1 —pwé-)_l)(bj +rip; =h; — pwp_ln;1p +¢j(2)wj . +dj(2)Z;, (3.23)
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in R?, for j =1,...,k, and

a1 p(t- S e e = (1= )

k
(2Vn;V; + An;d;), (3.24)

j=1 j=1 j=1
in R2. To solve equations (3.23) we denote ¢; = ¢; + 1; ¢ and use (3.23)-(3.24) to
write the equation for ¢;
AG; — (1= puwl™)g; +r;0; = hy + n{%b[p(wp_l — W) oy +P(1 - ZH;)W”_I}
+ CjWj o + dej'

(3.25)
We observe that equation (3.24) written in terms of ¢; has form
k k k 3 .
Ay — [1 - p(l - Zn;)wp—l}w = (1 - an)h = > 2V Vs + Anid;), (3.26)
j=1 j=1 j=1
since for instance Vn;V(n; ¢) = 0.
Let us denote
Li(¢) = A¢ — (1 —pui ),
and consider first the auxiliary problem
Li(¢) = h+ c(2)wj, +d(2)Z;, inR? (3.27)

under orthogonality conditions

/ o(z, 2)w; »(z, 2)p;(x,2)de =0 = / ¢(z,2)Z;(z, z)pj(x, z) dz, for all z € R.
R R

(3.28)
For future references observe that if 3; is sufficiently small then

pin; = pj,  pi(1—mn;)=0. (3.29)

We want to solve (3.27)—(3.28) using Proposition 2.1. To this end we consider the
natural change of coordinates

r—x=x—f;, 20z

and set

d(z,2) = ¢(x,2).
Direct computation then shows that problem (3.27)-(3.28) is equivalent to

L(¢) + B;(¢) = h + c(z)wy(x) + d(z)Z(x), in R (3.30)

under orthogonality conditions

/ b(x, z)wy (x)p(x) dx = 0 = / o(x,2)Z(x)p(x) dx, forall z € R, (3.31)
R R
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where . 6
L/ X 21 261
o) = (). o= b=
Here ~ ~ ~ ~
L(¢) = (bzz + ¢xx + (pwp—l - 1)¢a
and

B;(d) = (%)Qiﬁxx + 2(%)&6,@ + (%)ém % = —fl(=), % — —1(z). (3.32)

The operator B; satisfies the assumptions of Proposition 2.1, since from (3.3) we have
using the notation of (2.4) and denoting the vector of the coefficients of B; by b;:

;[ < C(Ifjlloe + 1£7 lloc) < Cer. (3.33)

Problem (3.30)(3.31) has a unique bounded solution ¢ = Tj(¢) where T} is the linear
operator T' predicted by the proposition for B = B;. Besides, if [A]lo. < 400 then we
have the estimate R R ~

Hvx,z¢| o,00a 1 ||¢| 0,00 < C”hnoﬁoa-

going back to the original variables we see then that there is a unique solution to (3.27)-
(3.28), ¢ = T;(h) where T} is a linear operator. In addition we have the estimate

IVOllo.6005 + 1|91

o,0pa,j S CHh”aﬂoa,ja

where

19ll000a = [l e7e=HE O g .

Moreover, the coefficients ¢ and d are estimated using (2.16) by

le(2)] + 1d(2)] < Cllhllgg0ae ", (3.34)

Let us observe that given ¢ we can recast the equations (3.23) for éj as a system of
the form

)+ Ty(rjd;) =T (hj —PW”_lnﬂll[p(wp_l — W) g +p(1 - Z%)WP_ID,
i=1,...k, -

We will solve next equation (3.26) for ¢ as a linear operator
P =U(P,h),

where ® denotes the k-tuple & = ((;;1, .. .,qzk). To this end let us consider first the
problem
Ay —(1—0)p=g inR% (3.36)

where

0= p(l — zk:nj>wp_1.
j=1
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Observe that if the number d, is large enough then 6 is uniformly small, indeed 6 = o(1)
as a — 0. Let us assume that g satisfies

k
gz, 2)| < A el fiE)=toalz]

j=1

for some 0 < p < 1. Then, given that if d, is sufficiently large then number 6 is small,
and also that (3.3) holds, the use of barriers and elliptic estimates proves that this
problem has a unique bounded solution with

k
Vi (z, 2)| + [(x, 2)| < Oy emmiemfal@I=boalzl,

Jj=1

Thus if we take .

:
g=0=> m)h—=> (2V;V; + An;d;),
j=1 =1

we clearly have that

k
e +0(1) Y (13511000 + 905 10.000.5)

Jj=1

k
—plz—fi(z)|—0oa|z
xze ple—f;(2)] 0||’

Jj=1

gz, ) <C/|Ih

and hence equation (3.26) has a unique bounded solution
¥ =U(®,h),
which defines a linear operator in its argument and satisfies the estimate
k
9@, 1) <C bl +0(1) Y (185110000 + 9 sllo00)]
j=1

k
x S e rle=fi(2l-foalz].

J=1

(3.37)

In addition, we find that

k
19(@, ) oo < C [Pl +0(0) S (185110005 + 19 5llo005) ] (3.38)

Jj=1

Now we have the ingredients to solve the full system (3.25)-(3.26). Accordingly to
(3.35) we obtain a solution if we solve the system in ®

¢ +T; (n; (®,0)x; + rid;) =Tj(h; — n; U(0,h)x;), Ji=1,....k, (3.39)
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where

We consider this system defined in the space X of all C' functions ® such that the
norm

k
1@llx =D 1Vsllo,00a,s + 165

Jj=1

2J
is finite. System (3.39) can be written as
O + A(®) = B(h),

where A and B are linear operators. Thanks to the estimates for the operators 7} and
the bound (3.37) we see that

[1B(R)lx < Cllhllo,600,x
On the other hand we have that
lA@)]x < O[Z Iy (@, 00X, 00 + Y 755 00

j=1

Using estimates (3.37) and (3.38) we find

lenj (®,0)X; 10,005 < (V][] x- (3.40)

From the definition of r; and (3.14) we get ||7;|loc = 0(1) which implies

k

> lridillosoai < o()]®]x-

j=1
Summarizing the last estimates we obtain
[A@)[x < o(1)]|®]lx,

hence the operator A is a uniformly small operator in the norm || - || x provided that «
is sufficiently small. We conclude that system (3.39) has a unique solution ® = ®(h),
which in addition is a linear operator of h such that

[@(M)lx < Cllhllo,p00,«

Thus we get a solution to problem (3.15) by setting

k
o= mdi(h) + (1= Y u; ) w(@(h), h). (3.41)
j=1

Using (3.29) we get pj¢ = p;¢; hence from and (3.28) we obtain (3.20). Estimate (3.21)
follows directly from (3.34). The proof of the proposition is complete.
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4 The nonlinear projected problem
Let us recall that our goal is to find a solution of the problem
S[u] == Au+u? —u=0, p>2, inR?

which is close to the function W defined in (3.13). We will denote by E the error of
approximation at W:
E := S[W] = AW+ WP —

A main observation we make is that, under the assumptions (3.1)-(3.6), (3.14), W is such
that
E. = ||SW]|ls.60ax < Ca®™%, (4.1)

where 6 is defined in (3.8). We will postpone the proof of (4.1) for now and for the
purpose of the present section we will simply accept it as a fact. We look for a solution

to our problem in the form
u=W++ o,

where ¢ is a small perturbation of W. Thus the equation for u is equivalent to

L(¢)=E—N(¢), inR? (4.2)
where
L(¢) = Ad+ (pWP~" = 1), (4.3)
and
N(¢) = (W+ )P =W —pWP~'¢. (4.4)

Rather than solving problem (4.2) directly we consider an intermediate projected version
of it,

L(¢) = o) + ch 2)Nwj 2 + d;(2)n; in R?, (4.5)

where 7); are the cut-off functions defined by (3.19) for problem (3.15).

We will establish next that this nonlinear problem is solvable with similar estimates
to those obtained in Proposition in 3.1 for problem (3.15) with A = E, namely we show
the following result.

Proposition 4.1 There exist positive numbers «q,dy, oo, such that for any number
o € (0,00), a € [0,a0) and any f, e and & satisfying constraints (3.1)-(3.6), (3.14),
Problem (4.5) has a solution ¢ with ||@||s.00a.« < Cora®™27  where o’ € (0,30/2) such
that

/ o(z, 2w, (z, 2)pi(x,2)de =0 = / d(x,2)Z;(z, z)pj(x, z) dz, for all z € R.
R R

(4.6)
The coefficients c; and d; can be estimated as follows:

k
> (lej(2)] + |d;(2)]) < Cora® 27 ¢ ~foelzl, (4.7)
j=1
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Proof. Let us observe that we obtain a solution of the problem (4.5) if we solve the
fixed point problem

¢ =T(E—N(9) = M(¢), (4.8)
where 7 is the operator found in Proposition 3.1. Assume that ||¢;||s,00a,« <1, =1,2.
We have that

| N(d2) = N(61) | < C|o1] + |¢2]) [¢2 — ¢1],

and hence

[N (#2) = N(61) o600+ < CUlI1llo000,% + | 92]l0,000,%) (|92 = P1llo600,5, (4.9

in particular
I N(¢) |

Then, from (4.1), the following holds: for each fixed o’ € (o, 30/2) there exists a number
v > 0 such that for all small o the operator M is a contraction mapping in a region of
the form

ctpo < 015,600,

B=1{¢/ |¢llogpas <va? 2},

and hence a solution of the fixed point problem (4.8) in B exists. Furthermore ¢ solves
(4.5), and by (3.20) we find that ¢ satisfies (4.6). The proof of the proposition is
complete.

5 Estimates of the error of the initial approximation
In this section we will show estimate (4.1) announced above for the error
E = S[W] = AW — W + WP

We will denote
Ei =AW, FE;=—W+WP, (51)

and let for j =1,... k,

z — f(z) . _ 2 Bin(x — f;(2))
= i(x,2) = |z[\/ 14 (Bn(alz])” + =
1+ (Bn(alz])) V 1+ (Bin(alz)))

With a j fixed we will set for brevity of the notation f; = f, d; =0, 8; = 8, X; =X,
Z; = Z and let

X(x,z) =

ws g(z — f(2),2) == ws(X(z, 2), Z(z, 2)). (5.2)

We observe that X(z,z) = X(x,—=2) and Z(x, 2) = Z(z, —%) and therefore we only
need to consider the error of the approximation assuming z > 0. For brevity we will
denote

ao = V14 (Bn)?, a = — = !

2 /
4y =d = —afm
! a% ’ a% Qg
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Using this notation we can write, whenever z > 0
X=(z— flar, Z=zao+ Pk
We have that
Xy = an, X, = —f'a; + Xag,
Zy = ﬁnah Z,=ag+ 052377/77@1 + OKBUIX + anz
= ag + af’zi'nar — f'Bnar + afn'X + Brasx?,
and therefore
A =xX2+x2 = a%(l + (f')Q) —2f'ajasX + a3X?
=1+ai((f")* = %) + O(a®)(1 + X?)e ~ %7,
Arz = Agy == XaZy + X2 = Bnai — f'ar(ao + aBy'X + BiX.) + a2XZ.
= Bn—f'+ai((f")° = 6*0%) + O(a®)(1 + x*)e ~%=l,
Agg := X2+ 22 =14200(0n — ) + ((f)? = B70°) + 2a6%20'n + 2a0a ' X
+ 0(a®)(1 + x*)e ~toclzl,
Similarly, we get
ll = AX = 7f/,a1 + (12(7]0/ + Xz) + Xa3,
ly := AZ = 206%amm ay + BPaz(n'na)’ + BnAX + 2a8%.n" + o Bn''X.
Denoting A = (A;; —67), 1= (I1, 1) we have for any function u = u(X(z, 2), Z(,y)),
Ay u= Ayzu+ Tr(A . Hessx,z(u)) +1- Vi zu,
From (3.3)—(3.7) we also have the relations

A [ O(a?) +0(®)(1+%%) O(a)+O(a®)(1+x*) } o —foalz|
O(a) +O0(a®)(1 + x%) O(a?)(1+x%) :
and
1= (O(ozz) +0(a*)X,0(a®) + O(aB)X)e —foaz]
Using now the fact that

k k
W(z,2) = Zl% (X5,25) + Zej(Z)Z(Xj%

for each j =1,...,k and (2.21) and (3.11) we obtain

k

AV = Ay, z,ws,(%5,2;) + B, (5.3)
=1

where
||E12 Ho’,a,* < CCV2~
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We now turn to computing Fs. For brevity we will set: f(u) = —u+u?, p > 2. We fix
a 7, and if 1 < j < k we define sets

A= {(%Z) ’ fj—l(EZ)2+ fie2) o fj+1(€Z)2+ fi(e2) } ,

while when j =1 or j = k we set

Al:{(%z)‘—oo<x<W}7

Ay = { (2, 2) ‘ fk—l(fz);' fi(e2) <r<oo }

For x € A;, with 1 < j <k, fixed we write

Ey = f(W) = f(ws;,5;) + [f(W) — f(ws;,5,)]
= f(w5jw3j) + fl(wfsjﬁj)(w - wlsj,,@j)

1
+ 7f”(w5jvﬁj)(w - w5j,5j)2 + EQJ

k
Z w‘;uﬁ + f/(wlsjvﬁj)(w - w5j75j) - Z f(wtsiﬁi)
i=1 i#]
1

+ §f”(w5j,ﬂ,~)(w —ws, 5,)° + Eaj.

We first assume that p > 2. Since p > 2 we have

By < O (maxe 30-I51) [ S o, +Z|ez| Z(x:)]
k

i#]
< CaP—3e —3(p—3)bocz| [Z e —ole—fil g =3B=0)lfi—fil L o3 Z e ~300clz| o =3[z —fi
z’;ﬁj i=1

<C’(ap oo —3(p—0)oalz Ize—ff\x fz).

Thus when o < p — 2 then

< CaoP°.

Going back to estimation of Es, we have

f/(wéjﬂj)(w - wtsj,ﬂj) - Z f(wtsi,,,@i,)

i#]
k
-1
= Z[pwgmﬁj Woi,8: — wgi,ﬁi] + [ (ws, 5,) Z eiZ(X
i#j i=1
= max O(e ~P=Vlr=fil=l2=fily L max O(e ~PI=7:)
1#] i#]

k
+ O(a?)e ~oalzle el $7 g ~(tmle=fil,
=1
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When 0 < 0 < p—2 we have for i # j
(p—Dlz— fil+ ]z = fil =clz = fi| + (p—1—0)|z — fj| + |z — fil
> ole — fil +min{l, (p — 1 = o) }(|w — fi[ + [& — fil)
> ole = fil+1f; = fil
> ale — fil + (16 = Bjl|z] + 2d. — M),

and
ple — fil = ole — fil + E=2018; — Bil|2] + 2d, — M).

Using |3; — B;] > Opcx we get for x € A; and p>2
AV + f(W) = O(a?727)e ~le=fiz)I=boalzl 4 p, o (5.4)

hence in A; we have
< Ca?7?%, (5.5)

When p = 2, we trivially have
0= |1E2jllo,000,+ < CaP™?,
and

[z = fil+ |z = fil = oo = fi| + (1 = o)l = fi] + |z — fi
> ol = fi|+ (L= o)|f; = fil
> olr — fij| + (1 —o)(bra|z] + 2d. — M).

Since 67 > 6y, we may choose o small such that (1 — g)f; > 6y and hence (5.5) also
holds. The ends the proof of the estimate.

6 Dependence of the solution on the parameters

Now we will study the dependence of the function ¢ found in the proposition above
on the parameters f, e and §. More specifically we are interested in establishing the
Lipschitz character of ¢ as a function of variables (f”,e”). We will begin with the
observation that the error term S[W] can be written as follows:

S[W] = Ev(f",e";£;0) + Ex(f', €, £, e;0),

where for functions g, h which are even and a vector parameter §= (61,...,0k) such
that .
8" las 0”0 < Ca®, 0] < Ca, (6.1)

we have defined:

k
Ei(g",h";£;0) Zgz ain(1,3;) - Vx, z,ws, 5, + Y _ W' Z(X
' (6.2)

k
BEy(f' € £, e;0) +Zf”a21 (1,8:) - Vx, z,ws, 3, —Ze”Z(X

i=1
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§ and it has exactly the same expression as in

Notice that Ey depends only on f,f', e, €/, a
the previous section. Given g, h, f é f, e, 0 let us now consider the following problem
L(¢) = Ey(g" 0" £;6)+ Eo(F,&:£,e;8) — —|—ch (2)njw;j o +d;(2)n;Z;,  in R%

(6.3)
The solution of this problem can be obtained by the argument of Section 4. In fact the
analog of Proposition 4.1 yields ||@||a,0.« < Ca?~7 , where o’ € (0‘ 30/2).
We will consider functions g;, h;, fz, e;, f;, e;, and vectors 51, 1 = 1,2 such that
gy — 5 llopa + allf] = Blloga + a®[|f1 — fol|o < Ca?,
Y —h3 e + & — &lloea + le1 — ezllga < Ca?, (6.4)
161 = 8| < Cav.

First we want to show that functions E; and Es are Lipschitz functions of its variables.
To make it more precise we will distinguish the norms taken with respect to different
functions f. Thus we will denote in this section:

ot = | (3 emrles-onta) ™ T
j=1

Lemma 6.1 Under the assumptions (6.4) we have the following estimates:

1B (g}, has1501) — Er (gl ha; £2100)|0.0p0.t,
< Clllgr — g2lla + b7 — by llgya) + C(max g7 looe + max 17 lopa) i — f21lo
+ C a8/ oo |67 — 521,
(6.5)
| Bo(F], &3 1, e1501) — Ba(E5, 8); 2, €25 02) |, 600,81
< C@" | — Bllaga + 18] = &llaga) + C@® > [Ifs = £2]lc + [le1 — e2llopa)
+ CO[2_20||(§'1 - gg”

(6.6)
Proof. First notice that to prove Lipschitz estimates (6.5)—(6.6) it suffices to show
corresponding inequalities varying one component at a time (for instance considering
g, i = 1,2 and fixing the rest of the parameters). When f and f are fixed then the
estimates are rather standard. We will therefore concentrate on the case when all
parameters except f and f are fixed.

We will indicate the dependence of the change of variables X;,Z; on f by writing
X;(f),Z;(f). Similarly, we will write A;(f,f’) for the components of the matrix A,.
Finally we will set L _

lj(fa f/) = lj(fa f/a g//) + gzl‘/ail(]-a ﬁz)

We will gather first some estimates that are important in the proof. We have

lw(X; (f1) — w'(X; (£2)| + [w(X;(f1) — w'(X;(£2)] < Clw(X;(f1)[|fr — £,
Li(f1, 1) - 1;(f, F)| < C®|fy — £, (6.7)
(£, §) = 1;(F, )] < Calf] - B].
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From the definition of E; and (6.7) one gets (6.5). Estimate (6.6) is somewhat
tedious but rather standard. For instance let us consider a typical term coming from
AW:

| Tr (A Hessy, 7, (ws, 5,)) (F1,£) — Tr(A; - Hessy, z,(ws, 5,)) (2, £)|
< |Tr(A; - Hessy, z,(ws, 5,)) (f1.£]) — Tr(A; - Hessy, z, (w5, 5,)) (f2, )|
+|Tr(A; - Hessy, z,(ws, 5,)) (F2. £) — Tr (A, - Hessy, 2, (ws,.5,)) (f2, )]
— B, + B,.
Using the (6.7) we can estimate the first term above by
By < ClA (81, ) — A (B, B () (£0)
+ O A (F2, ) [w” (X)) (1) — 0" (%) ()]
+ 065 |A;(f, B) — Aj(f, B)I1Z(%5)(£1))]
+ 065 |A (2, B 11 Z(X5) (1) — Z(x;)(£)]
< Ca®|fy — frle "l w(x;(F))]7.

In an analogous way we can estimate Bs. Another typical term we have to deal with is
(considered in the set A; defined in the previous section) the following

|/ (ws;,5,) (W —ws; 5;) (1) — f'(ws, 6,)(W— w5, p,)(fa)]
< | (ws;,5,)(£1) = [ (ws; 5;) (E2)[| (W — ws; 5,) (£1)]

+ 1" (ws; ;) )W —ws,,6,) (F1) — (W — ws; 5,)(£2)]
< Ca? " e —foalz ‘|f17f2|}w( f1))| +Cmaxe [f1j— fuil

fi = fol jw (3 (F)) |

< Ca? e g — [ |w(X;(f))|”.

Other terms in the definition of F5 are handled similarly and from this we get (6.6).
We leave the details to the reader.

In what follows we will emphasize the dependence of ¢ and c;,d; on parameters by
writing

QS(Z) = ¢(g1 ah;/a leaém fZ’e“ 5 )

) = (gl nli 8 f e 6, (6.8)
d = d (gl b B85 00100,

Proposition 6.1 Let ¢, be the solution of (6.3). Then forj =1,...,k functions ¢, c;,
d; are continuous with respect to the parameters g”, h" ', &, f, e. Moreover assuming
(6.4), in the notation of (6.8) we have the following estimates

160 = 6 o0t +1IV6" = Vollagar,
< 0o (|lg} — g5 lloga + 10} — 05 5,0)
+Ca* (alE] ~ Elloge + 118 — &lloa) (6.9)
+Ca™* (@ [fi — folloc + [le1 — eslaya)
+Ca®2||5) — by,
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where o’ € (0,30/2).

Proof. First observe that it is sufficient to prove Lipschitz dependence considering
dependence of ¢ on different components taken separately. For instance let us fix
f, & f and e, § and let vary g;, h;. Then the proof of the result follows directly
from Proposmon (3 1) and Proposition (4.1) applied to the equation for the difference
o(g! ;. &t e 5) gb(gé',hé’;f’,é/;f,e;g). We leave the details to the reader.

We will now consider Lipschitz dependence of ¢ on f’,&’, e. Let us fix g and h as
above as well £ and 5. We will denote by ¢ the solution of the following problem in
R2:

k
L(6D) = Bi(g" 0" £;0) + Ba(F, &£, 04:8) — N(0D) + 3l (2)mw o+ d (2)n, 2.
j=1

(6.10)

It follows from Lemma 6.1 that
| Eo (], 8);F,e1;0) — Ea(f), 85;F,e2;0) 0000 (6.11)
< Ca™ (allf — Flloga + ller — e2lloa) + 18] — Ellgpa)-

Applying now the theory developed for the linear problem for the difference ¢ — ¢(2)
we get

H¢(1) -9 + ||V¢(1) - v¢(2)”m9oa,f1 (6.12)
< Ca™ (allf] — Ellopa + ller — ezllopa) + 181 — &llo0a)-

Finally, it remains to consider the Lipschitz dependence of solutions on e and f. This
case is somewhat more complicated since the norms involved depend on the variables
X;, which in turn depend on the functions f;.

Now, by ¢ we will denote solutions of

L (01) = Er(g" 0" £:0) + Bo(F, &1 £;, e:0) — N (1)
+§k:c<>( O 1 dP @20, i B, (6.13)
j=1
with fixed functions g, h, f, &, and function f; , i = 1,2 such that
11 — faloc < C. (6.14)
The equation for the difference ¢V — ¢(2) = qg can be written in the form:
Le,d = Er(g" 0" £136) — E1(g”,h"; £236)
+ Ey(F, & £1,8;0) — Ex(F,&;£5,8;0)
+p[(WD) 7 = (W) + [N (61) — N(6@)]

PRI : 1) _ @ 702 (6.15)
+ch (n; wj ;= 77 w‘ Z Z 2
; =

)

k

(2) (1) (1) (1 (2) 1) 1)

+§ Hwi) 4 (d —d P z,
Jj=1
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Observe that if we denote T = f; — f5 then we have [|F||g,o < C and

k
W?| < Off| Zeflw*flj\.

=1

=

It follows
W =Wy 008, < CIF|loo- (6.16)

Similar estimates hold for other terms involved in the right hand side of (6.15). Now,
we will further decompose

1
= ¢>O+Z¢gp]’ w!l),
Jj=1

where (D)D) _ 5212
Jz 82 (p; —p; w; ) dx

I ( (1) (1 )2 dx
The Lipschitz character of functions <;~5j, j =1,...,k can be established directlly from
the definition. On the other hand function ¢ satisfies an equation similar to (6.15)

together with the orthogonality conditions. This, estimates in Proposition 4.1 and
Lemma 6.1 yield finally

16 = 6@ o gy, + (V6D ~ 6P 09008, < Ca? 2 [Eace = (6.17)

j =

7 Projection of the error on the elements of the ker-
nel

Let us now compute the projections of the error on the elements of the approximate

kernel. Thus for each j =1,...,k we will compute
Iy, == [ S[Ww,(X;)dz,
R
I, := [ SWZ(X;)dx,
R

For a fixed j we begin with ITz,. We will use decomposition of S[W] similar to the one

in section 5:

k
= [Tr(A;- Hessx, 2,(ws, 5,) + i - Vx, 2,05, 3,]
=1
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Using (2.21) we obtain:

" X; 0
Hessy, 7, (wéi,ﬁz‘) = [ “ (() ) 0 :|

s { Z"(X;) cos(v/A1Z;) -V Z'(X;) sin(v/A1Z;) }
i _mZ (%) sin(vaZ)  —MZ(%) cos(vaZi)

+ 0(02)e ~ %l

From the formulas for X;, Z; and their derivatives we also get

A,_[ az, ((f))? = B7n?) Bin — f’+a11((f) - 320?) ]
L Bin— f’+au((f) —8202) 28m(Bim — £1) + ((F1)? — B2n%) + 208220
0 0 O(a®) O(a?) boal
+ [ 0 2a0afim'Xi } + [ 0(a®) 0(a®) (14 X7 4 x})e ool

= Ao+ Al + Ap.
Similarly we have
Vi z:Ws,.8, = (W' (X;),0)+8;(Z'(X;) cos(v/ MZi), =/ M Z(X;) sin(v/ A1 Z;)) +O(57 e —I%il

and
L = —f/ain(1,8m) + O(®) (1 + | f| = Bim| + [Xs])e ~0oll.

We observe that the entries of A; and 1; are polynomials with respect to X; and they
depend on f; only through X;. In the sequel we will use also expansion

cos(\/)\TZi) = cos(\/xaioz) + O(a)|X], sin(\/xzi) = sin(\/)\»laioz) + O(a)|X].

Since functions w”, Z and Z" are even functions of its arguments and w’ is an odd
function therefore, changing variables x — X;, we get

[ (8 - Hesstuws, )/ () ds = <2 Avagd; (550~ 1 + a3 (5 = )]
xsin(\/xaioz)/ w'(s)Z'(s) ds
R

+0,;0(0; + B3;)(f; — Bim)
+?0(3; + a)e ~alzl,

When i # j we have
/Rw’(xj)w(xi) dx = O(e = Fl), /RZ(xj)w(xi) dz = O(e ~(AFmIfi=fil),
with similar formulas for the integrals involving Z’(X;) and Z”(X;). It follows then
/RTT(AZ' +Hess(ws, p,))w' (%) dv = ((f))* = B7n°) Oe =5~

+ () = Bim) (o + 6;)8;0(e ~Vi= il
+ 0(a® 4 §;02)e ~fool2l,
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We have also

/ lj . ij,zngjﬂjw’(xj) dr = —f;l[/(w/)Q + 6]‘ COS(\/ )\10@02’)/ Z/IU/
R R R
+ 6,006+ )]
+0(a®)(f] + 1)e =P,
and similarly for i # j we get
/ l; - in,Ziwdi,ﬁiwl(Xj) dr = _fil/O(e—lfj—fil) + O(Cv?’)(fil + 1)6—90042\.
R
To compute the corresponding projections of Sy; we notice that
Apz(ei(2)Z(X)) = €] (2)Z(Xi) + 2€(2) Z" (%) Xiz + €i(2) A 2 Z(X:)
= EQIZ(Xi) + [262(7‘}('{(17:1 + Xiaiz) — 6ifiuai1
+ei(f] + Xp)e " l0(0?)] Z' (%)

+ei[1+a () = Bn°) + 0(@®) (1 + X7 + x})e =] 27(xy).
(7.2)

Then we get
/ Sojw' (X)) dx = f(2e;f]/v + ejfjl/)/ Z'(s)w'(s) ds
R R
+ Z {ef — (2eifiain + eif{ air)
i)
el w((f = )] Ot 5
+> (e} + eif))O(a®)e ooz,

i#j

Using the sets A;, l = 1,...,k introduced above the projection of S3;[W] on w’(X;) can
be written as follows

/ S [Wlw'(X;) do = /A [f’(wéj,ﬁj) D wsp =Y f(wéi,ﬁi)}w'(xj) dzx

i i#j i#j

+Z/ f'(ws, g, Zw&,ﬁz Zf ws, BL} X;)dx

l#j5 il i#£l

+ "(ws, g, e; Z(X;)w'(X;) dz

;/Al““’); (o' (x,)
k

+l_zl/AlO((W—w5hgl) Jw'(X;) de

= Sgﬂ + ngg + S3j3 + 53]4.

For S3j1 we get

5311—2/ [pw} ws, ﬁ,w5 B w& 5,] w'(X;) da.

i#]
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For a fixed i # j, using formulas (2.21), we have
[ b = Ju (%) da
A, 553 i
- / [pw (%)~ w(X;) — wP (%)’ (X;) da
8y [ [0t + 0 u )] de
=L + Iy.
To compute I1; let us observe that for any A € R and a < b we have:
b
[ e o puts = 3) = [ w(s = us) = pur(puls - V|
a R
b
= [ s = X) 0 (s - (o)
= [pwP(s)w(s — \) +w'(s)w'(s — \) —w(s)w(s — N)] |},

hence, changing variables, we get, with s; = fj’lz_fj, t;= fj“;fj, Xij = fi — [},

tj
Ii; = / pwPH(s)w'(s)w(sajoan + (fj — fi)air) ds

J

- /pr (sajoair + (f; — fi)ain)w'(s) ds

= [pwP(s)w(s — Aij) + w'(s)w'(s — Aij) — w(s)w(s — ;)] ZJ,
+0(8% + 5?)6—\fg—f7¢|.
Similarly,
Iy = O((gj)eflfrfi\.
Using this formula with 4 = 1,..., k and noting that for a fixed j the dominating terms

in S3;1 come from i =j — 1 and i = j + 1 we get

Sga-l:w(fj Sty iy eyt oy
(a Ze |f5 =il
i#]
= Cp(e_‘fj_fffl‘ — e—lle—fj\) _|_O(04)Ze—|fj—fi\7
i#]
where we have denoted
Cp = Tim {e*[w(s/2)> + ' (s/2)?]}. (7.3)

S$— 00
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The remaining term Szj> can be estimated in a similar way. Observing that when
1 #j and x € A; we have w'(X;) = w'(X;)O(e i~ /i) we get that

S0 = O(a) Z e ~Ifi—fil

i#j

To compute S3;3 we observe that

/ ' (s)Z(s)w'(s)ds =0,
R

S = [ 7)Y 62000 (8) do +¢,00)

Aj i#j

—1—2/ f ws,.8,) Zez Xi) )dx

I#j

+ZeO —Ifi= )

i#]

hence

Finally we have
Sij1 = )+ > e;O(e il
i#]

Summarizing we get the following expression

Iy, ——f [co + cie; + O(9;)] + 2/ Majod; f Bn) sin(v/ A1ai02)
_|_C( —|fi—=1fi- 1|—6 [fi— f]+1|)

—2c1fj eg +7J(f Bin) + O(e )+ej0(6j)
7.4
+ Z f”plzg f ﬁz p2z; + Z f equzj (egl + e/i +e;i+ 6?)(]21‘]‘] ( )
i#] i#£]
+) (e +O(a))e i1l
i#]

where functions v;, pi;; and ¢;; are smooth functions of their arguments satisfying
estimates
Vi (fjl’ ij 5]" @, z) = 0(632‘) + O(az)a
puij = puij (5, fiei,a,8,2) = O(e i1l (1 + ¢;)),
qlij = quj(fjv fi, €, &, 6; Z) = O((sj) + O(ei‘fjifi‘) + O(ageiooa‘z‘)v

and Cp, cg, ¢ are constants defined by

C'p:tlggoet(w(t/Z)Q+w’(t/2)2), 60=/Rw’(s)2ds, c :/Rw’(s)Z'(s)ds.
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Now we compute projection of the error on Z(X;) denoted by II.; above. We will use
the expression for S[W], (7.1). We will denote the entries of the matrix Ag; by Ao; im.
First we observe that

/R Tr(A; - Hesse, 5, (ws,.5)) 2(X:) = Aoi11ai0 /R W (s)2(s) ds
+6; [Am,ncos(@aioz) /}R 2"(5)Z(s) ds
— 2A0; 12a:0v/ M1 sin(v/ A aioz) /R (Z'(s))* ds
— A1 Aoi 22040 cos(\/xaioz) /R ZQ(S) ds

+:0(1f = Binllaga + a2)e 0]

= h0i~
(7.5)

It is convenient to write _
L, =—fain(1,8m) + 1.
Notice that _ _
illa + o Hlla < Ca®(L+ (1] = Binlla + [Xil).

Then we have

/ 1; - Vx, z,ws, 5, 2 (X;) = 0i f} ajn Binsin(v/A1ai02) [/ Z?+ O(a)]
R R
+O0(®) (L + || ] = Binlla + 6i)e ~Pol=l.

When i # j we get

/ Tr(Ai - Hessy, z, (wgi’gi))Z(Xj)
R

= O(|If] = Binlla + a®)e %0l (1 4 5,)e Vi fil,

and
/Rli Vo2 ws,,5,2(%5) = O f la + 1 = Binlla + a®)e =0 (1 4 5)e 17l
Now we compute the projection of Sy;[W]. We notice first that
/RA%Z (e;2(X;)) Z(X;) da = €//do + [2€}a;2 + e;e ~PFFlO(0%)]dy

+ e[+ aj ((f)? = B7n?)] da,

where

dO:/RZz(s) ds, d :/RSZ'(.S)Z(S) ds, dgz/RZ“(s)Z(s) ds.
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On the other hand

Z/Azz el X;) (Xj)d;v

i#J
— Zeﬂo A+l fi= 15l +Z [f! +a®0(|f; — fj‘)}o(e(l"l‘ﬂ)lfi_fj‘)
i#£j i#]
+ 2 eill+ flan + ((F)? = Bin*)]O(e 1m0
i#j
+ Ze o3 (O(Ifi — i) + f)O(e —boalzl) O (e MHmIfi=fily,
i#]

To calculate the projection of Ss;[W] we observe that

k k
[ Sz de =3 [ 003 e200206) e+ 300G
R =174 i=1

i#£]
‘We have

/ f’(w(;jﬂj)esz(Xj) de = e;(ds + O(0; + a3)), ds = / f’(w(s))Z2(s) d
A; R

On the other hand when [ # j then
eje—(l-i-lt)lfj—fll’ i=7,

/ Eif/(wghgl)Z(Xi)Z(Xj)dl‘:{ .

l

e ~Fmlfi—fil i .
Summarizing we get

I, = (e;-’ + Xej)do + €590 + e;-gu + Z(eﬂ“mj + €jriij + efraiz) + hy,
i#]
where functions g;;, r;; are smooth functions of their arguments that satisfy
905 = 905 (f}. B3, 85, 2) = O(8; + a®) + (fj = BmO(| fi] + B;),
915 = g15(2) = O(a®)e "%l

g = 115 (fis i £ 11 Biy 2) = [@2O( fi = f51) + O/ + | £] + 1)]e ~AHmlfim

Function h; satisfies

hj = hoj + 6, f{aj18m sin(\/ﬂajoz)[/RZz N O(a)}
+ O((a3(1 + ”fz/ - 61’77”04))(1 + 5j)

+ 3 O£l + I1£] = Binlla + a®)e =PI (1 + 6;)0(e ~Vi=1il),
]

with ho; defined in (7.5).

S.

(7.6)

fjl7
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8 Derivation of the reduced problem
In this section we will derive conditions for f, e and § which imply that
¢i(z) =0, dij(z) =0, j=1,...k, (8.1)

and consequently lead to a solution of our original problem. We recall that with

%] 25 —1 20 -1
pj(.’E,Z) = ng(dij)7 a = 25 7b = 26 9

we have
/ o(z, z)w; »(x, 2)p;(x,2)de =0 = / o(z,2)Z;(x, z)pj(z, z) dz, for all z € R,
R R

where ¢ is the solution of
k
L(¢)=E —N(¢)+ Y _ cj(2)njwja +dj(2)n;Z; inR?, (8:2)
j=1

(see (4.5).
To derive the reduced problem we will multiply (8.2) by pjw; » and p; Z;, 5 =1,...,k
and integrate over R with respect to x. To begin with let us observe that

/wimwj dx = 6] /(w’)2 +0(a), / Z3n;p; du = 6! / 2% 1 O(a),

R R R R

hence for (8.2) to be satisfied we need for j =1,... k:
1B =N6) ~ £wyap, s =0, (53)
R
LB =N) = £@) 2,0, 2 =0, (8.4

where ¢ is the solution found in Proposition 4.1. These equations can be written also
in the form

W, = [ V@) + £@usapsdot [ B/06) —wapde=Qy(te), (83
L, = [ VO) + L@\ Zipsdo+ [ PLZG) = Zip)do = Pit.e) (3.6)

hence, by the results of the previous section, it only remains to compute the right hand
sides of the above expressions.
We observe first that |[N(¢)| < Cl¢|? hence we have

< O)2 4 e < Catmie ¢ 200l

‘/ N(p)wj p; dx
R

ﬂAN@%mm

(8.7)
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o' € (0,3/20). To estimate the term involving £(¢) we use integration by parts and
the orthogonality condition (4.6) to get

/E((ﬁ)wj’zp]— dr = / ORWj pzpjz + W) zPjza) dx
R R
- /R[(ZSZ(wj,zpj)z + ¢(wj,zpj)m] dx
4 [0 = 7 w)owsap, do
R
=]+IT+1I1I.

To estimate the first term above we notice that in the support of p; , and p; .. we have

(26 — 1)d*
26

(25 — 1)d*

> |z — f;| > 55 ,

(8.8)

hence
1] < Cl[¢llg.ae ~0171013/16 < (220" +15/16¢ ~000l:]

The second term is estimated similarly, using additionally |f;| = O(a), so that
|II| < Ca2—2o’+15/16€ —focz|
To estimate the last term we notice that
/() = £/ (w)lps| < Cla+ 18] + llellaga);

hence , .
[I11] < Ca®727 (a + [|8] + [lellgga)-

To estimate the last term on the right hand side of the equation (8.5) we observe
that

W' (X)) = wjwp;| < [w'(X;) = w'(x = fj)lp; + (1 = pj)w'(X;)
< Ca®|w'(z = f;)|p; + C(1 = p;)a/?,

hence

/ E[wl(xj) - wj,xpj] dr| < C||E||a,a,*a31/32e_eoa‘z‘ < CQ2_2U,+15/16@ _00a|2|~
R

Analogous argument applies for the components of the right hand side of (8.6). Taking
now o < 2719 we get that there exists a u > 7/8 such that

Q;(f,e,8)| < Ca®tr,  |Pj(f,e,d)| < Ca®tr. (8.9)

Now we will consider Lipschitz dependence of ); and P; on their parameters. To do
this we can argue in a way similar to the way we proved Lemma 6.1 and Proposition
6.1. This means we need to introduce parameters g;, h;, f;, €;, e;, f; and 5; and consider
Lipschitz dependence with respect to them making use of Lemma 6.1 and Proposition
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6.1. In fact, when f is fixed then by a similar argument as above we get (using the
familiar notation)

1 2 2
1R = QP [lgga + 1P = PP lgye < Cat(g} — 84 ll6ya + 1Y — 15la50)
+ Cat (|| = Blloge + 118 — llopa)

+Cat(|ler — eallgya + a?[|81 — dal]).
(8.10)

When all parameters except f are fixed then the argument is similar. Let us for example
consider one typical term in the projection @);:

< [169 = 6wl ol da

1
+ [ 1016002 = w22 de
< Call/32g =000zl (|| (1) *Gb(z)”oﬁoa,fl

1 = ool 6P |0 000ty
< Ca?the —toolzl 1f1 — £2]/0o-

1 2
[¢(1 jwwpg ag ¢(2 j wwpg ag dx

Other terms can be handled in a similar way. In summary we will get then, taking into
account the Lipschitz dependence on f only:

1QS" = QP llgga + 1P = PP |lgye < Ca?Frie=000lal|fy — ]| (8.11)

We will now consider the right hand sides of (8.5) and (8.6). Let us go back to
formulas (7.4) and (7.6). Using the same notation we will write now (8.5) and (8.6) in
the form:

— o} +2v/Aad; (£ = Bym)sin(vhaoz) + Cye il —elhinly -
=1y, + Qy,
(ef + Aiej)do + hoj = ﬁej +Pj, (8.13)

where we have

Iy, =10, (£, e" e £,0), I, =1, (" e f e f0).

Functions I ; and ﬁe]. are smooth functions of their parameters and under the assump-
tions (3.1)—(3.8) and (3.11)—(3.14) we have:

”Hfj ||90a + HHEj ||00a < Ca?. (814)
The rest of this paper will be devoted to solving system (8.12)—(8.13).

9 The Toda system

In this section we will determine the main order behavior of function f. Intuitively it
should be given by solving the following system

—COfJ/'/ + Cp(e*\fj*fjfll — e*lfj*fjﬂ\) =0, j=1,...,k (9.1)
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Let us consider first the case k = 2. Remembering that in this case fs = oo and

fo = —oo we can reduce (9.1) to a single equation for u = f; — fa:
12 —u Cp . .
v +2ce7 =0, u0)=a1—a ¢ = Tt where C), is defined in (7.3), (9.2)
R Wz

and f;(0) = a;, see (1.14). For a > 0 a family (parametrized by «) of explicit even
solutions of (9.2) is given by:

—1 4+ tanh®(Aaz/2)
2

1
ua(2) := 2log o +log 2\~ 2¢, — log ( ), a >0, (9.3)

where A = \/%. Starting with this family it is natural to define

1 1

fi(2) = ~3ua(2). f2(2) = Jual2) (04)

Let us observe that in particular f1(z) + f2(2) =0 and

A A 1
Hfz/lHa = O(OZQ), ﬂl = _5057 52 = 5047 f2 - fl Z 210g E + log 2)\261)’ (95)
as needed. In this case we take 6y = % and 6; = % In the sequel we will denote

fo(z) = (f1(2), f2(2)).

We will assume now k > 2 since the case k = 2 has just been treated above. It is
convenient to consider our problem in a slightly more general framework then that of
the system (9.1). Thus for given functions ¢;(t),p;(t), 7 =1,...,k such that

k k
Y 4= p;=0,
j=1 j=1

we define the Hamiltonian

k 2 k—1
p .
HZE L4V, V:E:e(‘” @G+1)
o2 j=1

We consider the following Toda system

a; _,,

e "

dp; _ OH (9.6)
dt 8%‘

g;(0) =qoj, p;(0)=0 j=1,... k.

Solutions to (9.6) are of course even. Observe that also that the location of their center
of mass remains fixed. Thus to mode out translations we will assume that

k
> a0; = 0. (9.7)
j=1
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We will now give a more precise of these solutions and in particular their asymptotic
behavior as z — Fo00. To this end we will often make use of classical results of Konstant
[20] and in particular we will use the explicit formula for the solutions of (9.6) (see
formula (7.7.10) in [20]).

We will first introduce some notation. Given numbers wq, ..., w; € R such that
k
ij:O, and w; > wjt1, j=1,...,k (9.8)
j=1
we define the matrix
wo = diag (w1, ..., wg).
Furthermore, given numbers g1, ..., g € R such that
k
[[os=1 andg;>0, j=1,...k (9.9)
j=1

we define the matrix
g0 = diag (gl, e ,gN).

The matrices wy and gy can be parameterized by introducing the following two sets of
parameters

Cj = W; — W41, dj :loggj+1—loggj7 j=1,... k. (910)
Furthermore, we define functions ®;(go, wo;t),t € R, j =0,...,k, by
(I)O = (I)k =1
P;(go, o3 t) = (9.11)

(_1)j(k7j) Z Tiy. iy (Wo)g’h - Gij Cxp[_t(wh +ee Wi )]5
1Sii<“'<ij§k

where 7, _;,(Wo) are rational functions of the entries of the matrix wq. It is proven in

[20] that all solutions of (9.6) are of the form

q](t) =10g<I>j_1(g0,w0;t) —logfbj(go,wo;t), j = 1,...,]{, (912)

Namely, given initial conditions in (9.6) there exist matrices wo and gy satisfying (9.8)—
(9.9). According to Theorem 7.7.2 of [20], it holds

qj(—l—oo) = Wkti—j, qj(—oo) =wj, j=1,.. k. (9.13)
We introduce variables
Uj =G5 = G- (9.14)
In terms of u = (uy,...,ux—1) system (9.6) becomes
u’ — Me" =0,
(9.15)

u;(0) = qoj — qoj+1, w;(0)=0, j=1,....k—1,
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where
2 -1 0--- 0
-1 2 -1-- 0 et
M: .. s e_u: :
0 -~ 2 -1 e k=1
-1 2

As a consequence of (9.11) all solutions to (9.15) are given by

u;(t) = q;(t) — qj+1(t) = —2log®;(go, Wo;t) + log ®;_1(go, Wo; 1)
+log ®;.+1(go0, Wo; t). (9.16)

Our first goal is to prove the following:

Lemma 9.1 Let wq be such that

min  (w; —wjq1) =9 > 0. (9.17)
j=1,ek—1

Then there holds
( { —Cp—jt —dp—j + Tf(c) +0(e V), ast — +oo, j=1,....,k—1,
Uj t) =

cit+d; + Tj*(c) +0(e ), ast — —oco, j=1,....k—1,
(9.18)
where T;t(C) are smooth functions of the vector ¢ = (¢1,...,Ck—1).

Proof. This Lemma has been proved in [12]. We include a proof here for completeness.
Let ¢;, 7 =1,...,k be a solution of the system (9.6) depending on the (matrix valued)
parameters wy, go and defined in (9.12). We need to study the asymptotic behavior of
®;(wo, 8o;t) as t — oo with the entries of wy satisfying (9.17) and still undetermined

go-
By (9.11) and (9.8), we get that as t — —oo

D; = (—1)7F=Dpy (wo)gy ... gje”@rFTWIE1 4 O(e ~(wimwim1t)

hence

Pjy1®j1 Gj+171...(i—1)(Wo)T1.. (j+1)(Wo)e™?

e Uty .
@2 971 (wo) o) (949

It follows that as t — —oo

D1
u;(t) = log (m)
J

— eittlos gj+17'1.,,(j—l)gw())""l..,(j-i-l)(WO)
gjrl...j(WO)

= c¢it+dj+ 71 (c) +O(e” I, (9.21)

) + O(e7 71t (9.20)

where

T%...j(WO)

77 (c) = log (7“1...(7'—1)(WO)Tl...(j.H)(WO)) '
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Similarly, as t — 400 we get

[OFIRE P
u;(t) = log (%Jl)
j

= —cp_jt —dp—j + 75 + 01", (9.22)

where

’ T%+1fj‘..k(wo)

7+ (c) = log (Tk+2j‘..k(wo)7”kj...k(W0)> .

This ends the proof.

To find a family of solutions parameterized by « starting from a solution of (9.6) we
use functions u; and set

1
Uja(2) = u;j(az) — 2log o logcp. (9.23)

Then functions fj,(z) are obtained from the relations

Uja(2) = fja(2) = fir1a(2),
k
Z fia(z) = 0.

Observe that as a consequence of Lemma 9.1 we get that there exist w;,g;,j =1,...,k
such that (9.8)—(9.9) holds, that

(9.24)

min (wj — wj+1) =4 >0,
Jj=1,...;k

and functions f; satisfy

1filloa = 1/7e" oo < Ca?,

fi(o0) = Bj = fj(—o0), where ;11 — f3; = (w; — wjy1)a > Ja, (9.25)
fi(z) = fis1(2) 2 210g$ +logc,.

In this case we take 0y = iﬁ and 6; = %19.

10 Bounded solvability of some equations in the line

In this section will continue with preliminaries needed to solve (8.12)—(8.13). First we
will study the linearization of the system (8.12) around the solution fy of the Toda
system defined in (9.4) and (9.25). We will always assume that o > 0 is small and
0y > 0 has value defined in the previous section.

Again, we will consider the case k = 2 first. Let p;(2), j = 1,2 be given even and
continuous functions. The linearized Toda system takes form

O + cpe 7" (1 — p2) = p1(2),
2 — cpe " (o1 — ) = pa(2), (10.1)
pj(0) =z, ¢'(0)=0, j=12,
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which can be reduced to a single ODE for h = @1 — @9 with p(z) = p1(2) — pa2(2):

Lo(h) :=h" +2c,e7"*h =p(z), z€R,

h(0) = ho, Rh'(0)=0 (102)

Notice that we do not impose the initial condition in (10.1) and (10.2). In fact we will
require that the solution to (10.1) and (10.2) is bounded and even and this determines
uniquely the initial data.

We will assume that function p(2) is even and satisfies

pll6ge < Ca®TH,  some pu > 0, (10.3)
and look for a solution to (10.2) in the space of C? even functions such that
1R llgga + @I lloga + (|2l co < oo (10.4)

We will denote the space of such functions by X. Observe that evenness of solutions to
(10.2) is guaranteed by the initial conditions and the evenness of the right hand side.

To solve problem (10.2) we will construct a suitably bounded left inverse for the
linearized operator L,. By 1j, we will denote the elements of the fundamental set of
L. They are known explicitly:

P1a(2) = uq(2),  P2a(2) = 21y (2) +2,

and their Wronskian is W (1)1, %24) = . Then there exists a unique even and bounded
solution solution to (10.2). It is given by:

h(z) = ¢1a / Vau (8)p(s) ds + 2% / V1o (s)p(s) ds
pal2) / uly(5)p(s) ds

== ul, (2)ul,(s)(z — 8)p(s)ds + — / up,(2))p(s) ds
0
1 o
- (o) [ ol ds

@ 0
Directly examining this formula we get that

11" 0a < Cllpllova, — Ih(o0)] < Ca?||pllgya < Ca’,
and using h'(0) = 0 we obtain the following estimate for the inverse of L£,:

11" 60a + etll?lloge + 0*[[Allsc < Clpllega- (10.6)

These considerations provide us with a framework needed to solve (10.2). We have
the following result.

Lemma 10.1 There exists a constants p > 0,C > 0 independent of o such that if p is
an even function with

1P loga < Ca®TH, (10.7)
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then Problem 10.2 possesses an even solution h of the form (10.5 such that the estimate
(10.6) holds. Denoting this solution for a given p by Ra[p] we have additionally the
following estimate
IRa[p1]” = Ralpe]”llosa + allRalp1]” = Ralpz)llesa + || Ralp1] — Ralpe]lls
< Cllp1 = p2 lloga;

for all p1, po satisfying (10.7).

The proof of this result is left to the reader.
Now we will consider the general case k > 2. We are lead to the following linear
system

2ee  —gU2a 0--- 0
—e " Ula 2e W2 —eUda ... 0
- T o
¢N - ¢ =D
(10.8)
0 e Uk—2a —eUk—1a
0 —e Uk—2a ¢ Yk—1a
¢:(¢17'-'7¢}€—1>7 ﬁ: <p17"'7pk—1)7
where p'is an even function such that
[Pllgpa < Ca®*H. (10.9)

We will analyze the solvability of this problem in the space of even C? functions (Z such
that

16" a0 + @l laga + 0 [|6] o < o0 (10.10)
Thus in addition to (10.8) we will require that
$(0) =2, ¢(0)=0. (10.11)

We first observe that

1, j=m+1, 2z — o0,
1, j=m, z—0
— =« 1, j=k+2—-—m, z— —o0,
-1, j=k+1—m, z— —o0,
0 otherwise.

Hence by a transformation we can find a set of linearly independent solutions to the
homogenous version of (10.8)

e, z — 00,
—a€j, z — —00.

VYija(z) = {

Similarly, considering derivatives of uj with respect to w; we can find solutions of (10.8),
¥9;(2), 7 =1,...,k — 1 such that

baja(t) = agjlz| + O(1).
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The functions {(¥1;(2),91;(2)), (¥2;(2),15;(2))} form a fundamental set for the system
(10.8), whose behavior as z — +o0o is analogous to that of the functions (11 (2)¥](2)),
(12(2), ¥5(2)), respectively. Let us denote the fundamental matrix of the system (10.8)
described above by ¥, (z) and the right hand side of the transformed system by ¢. We
observe that as z — oo, matrices ¥, ¥ ! are block matrices of the form

_( al+0o(l) azI+0(1) 1 { al+0(1l) —azl+0(1)
Palz) = ( 0 al +0o(1) >’ v, = < 0 al +o(1) )
(10.12)

Let us denote these blocks by U,na, ¥l m,n = 1,2, respectively. Then, from

mnao)

variation of parameters formula we get that the solution of our problem has form

(@(2),3(2)) = Valz) - / UL (s) - (0,(5)T ds — Wiga(2) / T ()ds) ds.
(10.13)

Using this we can directly estimate

16”1800 < Clidllgoas

form which it follows that (using the notation of Lemma 10.1 and going back to the
original variables)

IR l0ge + alIR[AY 1950 + o[ R[A]|oc < CliAllogas
(10.14)

IR[P1])" = RP2)" lloge + @l RIF) = RIP2] [lg60 + @* | RIB] = RIP2]lloc < CliFr — P2l0ga-
(10.15)

A second problem, important for our purposes is that of finding an even solution of
the equation
e +Xe=q(z), z€R, (10.16)

where, again, ¢ is an even function with ||g||, < +00. This time we want e to satisfy
lle”llgoa + ll€"l60a + [lellgoa < +oo.

We need to assume the following solvability condition on ¢ for this to be the case:
/ q(z) cos(v/A1z)dz = 0. (10.17)
0

Under this assumption the solution turns out to be unique. Denoting the solution of
(10.16) by S[q] we get explicitly

Slq] = \/&Tsm(\/ﬂz) /Oo q(t) cos(v/A1t) dt — \/% cos(v/A12) /Oo q(t) sin(r/A1t) dt.
(10.18)

Clearly this operator is bounded in the sense that e = S|[q] satisfies

lelloge + ll€’llona + lle”llopa < Ca™"[lg lloga- (10.19)

ol
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On the other hand, a better estimate is available in case that we know, in addition that
ld'lloa < +o0. Indeed, in this case integrating by parts in the formula (10.18) we get

lellgoa + [l€’ g0 + lle” looa < C(lldlloga + ™ 14 loga )- (10.20)
Finally it is clear that the operator S[q] is Lipschitz in the norms used above.

—

11 Solving the reduced system for (f,e,0)

We will now go back to (8.12)—(8.13). We will solve this system using a fixed point
argument around and approximate solution f = f, e = 0 and § = 0, where fj is a
solution to Toda system will be determined shortly. We let f; to be an even solution to
(9.25) satisfying the initial data

k
foj(O):Ij, ZCE]':O, f(’)](()):O, jZl,...,k.
j=1

We will set

In the sequel we will often use the fact that fy is a smooth function which in addition
satisfies

a I loga + 165 lloga + allfgllosa < Coa. (11.2)
With f; fixed now we will will assume that the solution of our problem is of the form
f=1f+fi,
where

11600 + allEflloga + o®[Ifi[loc < Ca®*, (11.3)

and for e and & we will assume that

le”lgoa + ll€'ll60a + llellga < Ca?,

- (11.4)
16| < Calt, some v > 0.
Let v be a fixed small number to be specified later and let
y= {(f o 5|18 Dl = =218 loga + e+ 16 }
- 1,%, N .
+a7?(le"lloga + ll€llgga + llellopa) + a7 [0] < oo

Let also

- -

Br ={(f1,e,9) [ [[(f1, e, 9)[ly < R}.
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We want to use Banach fixed point theorem to solve (8.12)—(8.13) in Brqv, some v > 0

It is convenient to linearize this system around the approximate solution first. We will
denote fj = ij —+ flj and:

Li(f) = —c1flh + Cp(ef(foj—lffoj)(flj — fij_1) — e ~Wos=fosr) (. )
Mj(f,(f) =-C, [(e*\fj*fjfll _ e*|fj*fj+1\) _ (e*(foj—lffoj)(flj — fij-1)
et (0 — fiy)]

- 2\/Eaj0dj(fjl- — Bn) Sin(\/rlajoz)»

Kj(e) = (¢f + Are;)do,

— fij)s

BOj = [A0j711(f0)/ Z”(S)Z(S) dS— Alej,gg(fQ)/ Z (
R R
ilo;‘(fo + Ji J) = —ho;(fo + f, J) + d;By;.

s) ds] cos(v/ A ainz),

Let f, & and d € R” satisfying (11.3)—(11.4) be fixed. We will consider the linearized
system (8.12)—(8.13) written in the form:

j, (11.5)

j( , €, ) (116)
Our first goal is to show that given f', & and d one can chose 8 so that the solvability
condition for the equation (11.6) is satisfied. Thus we need to compute projections of
(11.6) onto cos(v/A12) and show that adjusting § we can accomplish that for j = 1

ke
/ By cos(v/ Mz)dz # 0. (11.7)
0
We first notice that given function ¢(z) such that
a”Hlq'lloa + llalloga < oo,
we have
/ cos(v/A12) cos(v/ Majoz)q(z) dz = 5/ q(z)dz + 5/ cos(2v/A12)q(z) dz
0 0 0
/ zcos(v/A12) sin(v/A12) ﬁ22 (2)dz
10 o
5 | a2 dz+ 060 dla) + Ol
(11.8)
The first term above which is of order O(a™

Y/gllaa) is expected to be the leading order
term. Thus to find asymptotic values of the integrals involved in (11.7) we need to
consider

I():/ AOj,ll(fO) dZ/ZH(S)Z(S) dS,

0 R

IIQ = 7)\1/ Aojygg(f()) dZ/ ZQ(S) ds.
0 R
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Let us recall that

Agjn(fo) = a3, ((f6,)% — Bin?),

Ao 22(fo) = 28;m(Bim — fo;) + ((fo,)% — B7n?) + 285 2n'n.
We will first prove the following

Lemma 11.1 Let fy be the solution of the Toda system described above. For any B > 0
there exists a cut-off function n(t) =0, t < Ty, n(t) =0, t > T such that

\Io + I1,| > Ba. (11.9)

Proof. Let us denote by = — [[¥(Z')?, by = =Xy [~ Z%. Since a2, = 1+ O(8in?),
therefore

m:mﬂ(%ﬁfﬁﬁwwow%

= /OO ((f(')j)2 — BJQ) dz + blﬁfofl / (1 - r]2(t)) dt + O(a?)
0 0
= Io1 + Io2 + O(a?).
Likewise we get
To=ba [ [(()? = B) + 28,008 = )] d:

o0

+%@/WKLW%WWM4*UWHQ@MJ/ n(®)(e) - 1) dt
0 0
= Ilg1 + 1o + Ip3.

We notice that there exists a constant Cy > 0, independent of the cut off function 7
such that

[Ho1| + [11o1] < Coav. (11.10)
To estimate the rest of the integrals we will consider
b3 = b16j2-042 + ﬁ2ﬁjOé—1.

Notice that b3 = O(1) as a — 0. Let us assume first that b3 # 0. Then we can take
Ty = T1 + R (see the definition of n) with R fixed. Increasing T; if necessary we can
make then |Ipy + Iln2] as large as we wish while |I1y3] will remain bounded so that

|IO —|—II()‘ 2 |I()2 —|—II()2| - |II()3| - |Io]_| - |II()1| —|—O(a2) Z Ba.

If on the other hand bs = 0 then by taking 7» — 77 = R large we can make Ily3 as large
as we want and then

\Io + IIo| > |IToz| — |Io1| — |I1o1| + O(a®) > Ba.

The proof of the Lemma is complete.
We are ready now to set up the fixed point argument. We will begin by outlining
the steps that are needed to complete the proof.
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1. Given (f,&,d) € Y we will chose 8 so that the solvability condition for (11.6) is
satisfied.

2. Using Step 1 we define an operator F : Brov — ) by

-

F(f,&,d) = (f1,e,8), where (fi,e,d) is a solution of (11.5)—(11.6).
3. We will show that there exist v > 0 and R > 0 such that
|7 (£, &,d)lly < Ra”, (11.11)
given that
I(£,&,d)|ly < Ra”. (11.12)

4. We will show that the operator F restricted to Br,» is a contraction.

Once steps (1)—(4) are executed will conclude by applying Banach fixed point theorem.
Step 1 is an easy consequence of Lemma 11.1 and give the following formula

— ~ -

5j/ B cos(v/A12) dz:/ [hoj(fo + ,d) + 11, (fo + £, &,d) + P;(F,&,d)]
0 0
x cos(v/A12)dz

(11.13)

We will need a precise estimate for § and this is the computation we will carry on now.
We will make use of the following:

Lemma 11.2 Let ¢ : Ry — R be a function such that ||q']|gye < 00. Then for s € N
we have

o C
/ q(2)2° cos(\/\12) dz| < —7i ld oo e 5> 0,
° c (11.14)
/ q(2)2° sin(y/A12) dz| < s lld oo crs s> 1.
0
Similar estimates hold when ||q" |lg,a < 00, and and ¢'(0) = 0, with ||¢/||lg,e above

replaced by [|q" || oga -
Proof. We have

/ Yeos(v/A12)dz = q/(z) sin(v/A12) dz
0 VA
=—— q”(z) cos(v/A12)dz, using ¢'(0) = 0,
0
hence we get

/0 " g(2) cos(v/ 3 ) dz

Q

«

/0 " 4(2) cos(v/mz) dz| < L lga
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if |¢" ||gga < 00. The first inequality in (11.14) follows now by induction. Similarly we
get

/000 2q(2)sin(v/ A 2) dz = \/% /OOO (zq(z)),cos(\/xz) dz — )\% /000 ¢ (z)sin(v/ A 2) dz
= ()\;2 - i)/O 2q" (2) cos(v/A12) dz

A

2 o0

- = / q"(2) cos(v/M12) dz,
AT Jo

using ¢'(0) = 0.

From these identities, using the above and induction, one can show the second estimate
in (11.14). O
With some abuse of notation we will write

I(£,0,0)[ly = [Iflly,  [/(0,&,0)lly = ey,  etc.

Will will now compute the integrals on the right hand side of (11.13). We begin
with

/00 [ﬁoj (fo + f')] cos(v/M\1z)dz
0
= / w”(s)Z(s) ds /00 Agjiiajocos(y/ Aiz)dz
R 0
_ 2d] / (Z/(S))Q dS/ Aojylgajov Al sin(\/ )\10,]'02) COS(\/ )\12) dz
R 0
+ df/ O(Ifo; + Fi = Binllopa + ) e = cos(v/A12) dz
0
" / 2
- (/Rw (s)Z(s) ds)Ij f2dj</R(Z (5)) ds)11j+d§1nj.

Since fy is a smooth function, therefore from (11.2) we get using f/,(0) = 0 and Lemma
11.2:

= [ sy + 77 - ) o/
:/o ajo((fo;)? = Bin®)) cos(v/A\12) dz
# [ anlesiof; + (52 eosty/M)

hence
1] < Ca® + o flly).
Similarly we get
|11;] < Calld]ly(a® + a|f]ly),
11| < Ca?[ld|3(1 + alf[ly)-
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Some tedious but standard calculations yield:

< Clo® + alldly(a® + a[f]ly + o'~ ||8]y)

/0 ﬁej (fo + £, 8,d) cos(v/ A 2) dz

1

+a*f27vj8]y].

Using (8.8) and Z(s) = e~ 515l p > 2 we can estimate

oo
—

Pj(iéd)COS( A1z)dz SCOL2+i72",'

0

Since o/ < 2710 the above estimates and Lemma 11.1 yield whenever v < %:
2 C
18]y < E[a% + R%a"], (11.15)

as long as (11.11) is satisfied.
Step 2 follows directly from the results of Section 10. We will now show that the
claim of Step 3. From (10.18) we have

—

ej = —0;8[Bo;] + Slho;(fo + £, d)] + S, (fo + £,8,d)] + S[P;(F,&,d)],  (11.16)
where S is the operator defined in (10.18). We have, using estimates (10.19)—(10.20):

16,S[Bojl |60 < Ca?|8]]y-

Likewise

15[ho;(fo + £, d)]lga < Roa® + Ca®|[E]ly + Ca?||d]|y||E]y-

where Ry > 0 is a constant depending on fy only. Using the formulas for 1:Iej and P;
we get

IS[Te, (fo + £,8,d)][lgpa < Ca™' [a> " [I&]y(alldlly +a®)],
IS[P;(E. & Dllge < Ca®*s,

These estimates can be summarized as follows:

lelly < Roa” + Ca” (o +a”). (11.17)
We will now estimate the right hand side of (11.5).

IM;(E, d)l0ge < Roa®||dlly + Ca®(IF[15 + IIdlly [ Elly).
We also get in Brov:
Ty, (£ + £.8,d) loge + Q5 (£, &, d) a0 < Ca®(a¥ +a™).

The last two estimates yield

If1lly < Rolldlly + Cla® + o). (11.18)

o7
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Combining now (11.15)—(11.18) we get

1 1 1
@(oﬁ +a”) + C(a® +a?) (11.19)

o (11.20)

||f(~7é’ CZ)Hy <

=

0 +

IN
S

provided that % <v< %, R in the definition of Br,v is taken sufficiently large, « is
taken small and B in the Lemma 11.1 is taken large. This shows the claim of Step 3.

It now remain to show the claim of Step 4. This follows from a rather straightforward
application of the theory of Lipschitz dependence of various terms involved in (11.5)—
(11.6). We have for instance

150 5@y < €

CIED 80, a0y~ FD,6, )y, (121)

and
IED — £y + e® —e@||y < Ca” || (D, 6D, d) — (F),6@ d)|,, (11.22)

We leave the details to the reader. From these estimates, taking B larger if necessary
we get that F is a Lipschitz contraction as claimed. This shows that F has a fixed
point in Brav. The proof of the theorem is complete.
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