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Abstract

Let (Y; : t > 0) be the STIT tessellation process. We show that for all
polytopes W with nonempty interior and all a > 1, the renormalized
random sequence (a"Yyn : n € Z) induced in W, is a finitary factor of a
Bernoulli shift. As a corollary we get that the renormalized continuous
time process (a'Y,: : t € R) induced in W is a Bernoulli flow.

1 Introduction and main results

1.1 Introduction

Let Y = (Y; : t > 0) be the STIT tessellation process, which is a Markov pro-
cess taking values in the space of tessellations of the ¢-dimensional Euclidean
space R, The process Y is spatially stationary (that is its law is invariant
under translations of the space) and on every polytope with nonempty inte-
rior W (called a window) the induced tessellation process, which is denoted
YANW = (Y, AW :t > 0), is a pure jump process. The process Y was
firstly constructed in [§] and in Subsection [[L4] we give a brief construction
and recall some of its main properties.

Our results are stated in Subsection [LG In Theorems [[.1] and we show
that if @ > 1 then the renormalized process Z = (Z; := a'Yy : t € R)
is a stationary (in time) Markov process and its restriction to a window
ZAW = (Z, AW :t € R) is mixing. In Theorem we give an ergodic
description of the discrete process Z4AW = (Z, AW = a"Yju AW :n € Z)
on a window W, where Z is the set of integers. There we show that Z¢ A W
it is a finitary factor of a (generalized) Bernoulli shift with null anticipating
length. We conclude in Corollaries [L4] and that Z¢ A W is isomorphic


http://arxiv.org/abs/1011.1989v1

to a Bernoulli shift of infinite entropy and that Z A W is isomorphic to a
Bernoulli flow of infinite entropy defined on a Lebesgue probability space.

The proofs of these results are done in Section 2l We use strongly the fact
that we are restricting the renormalized process to a window, indeed our main
technical result, Lemma 2.1], gives the probability that in a nested sequence
of decreasing windows the tessellation is reduced to the boundaries of the
windows.

We need some background on Lebesgue probability spaces and on some ele-
ments on ergodic theory which are respectively given in Subsection [.2.1] and
Section [L.3l

1.2 Notation and some measurability facts

1.2.1 Notation and product spaces

For a set X we denote by B(X) a o—field on X and the couple (X, B(X))
is called a measurable space. If X’ € B(X) then we will always endow A"’
with the trace (or induced) o—field B(X') = {BNX’': B € B(X)}. When
v is a probability measure on (X, B(X')), we will denote by (X, B(X),v) the
completed probability space, where completed means that we have added
to B(X) all the negligible sets with respect to v. We will always consider
completed probability spaces, even if we do not explicit it. Sometimes the
completed o—field with respect to v is denoted by B(X), but often (as we
do here) it is not written to avoid overburden notation.

Let (X;, B(X;)), i € L, be a collection of measurable spaces. The (Cartesian)
product space [ [;., &; will be endowed with the product o-field ®;eB(A;),
which is the smallest o—field containing the family of cylinders. We recall
that a cylinder is a set of the form C' = [],.; A; with 4; € B(&;) and J
a finite subset of L. We call (J[,., &i, ®icrB(&;)) the product measurable
space.

Let (X;, B(&X;),v;), i € L, be a family of probability spaces. The product
measure ®;crv; is such that on each cylinder C' = Hie 5 Ai it takes the value
(®iervi)(C) = [Lic, vi(As). We call ([[,c) X, ®ier B(X;), ®iervi) the prod-
uct probability space.

When (&;, B(&;)) = (X, B(X)) foralli € L, instead of [ [, Xi and ®;c B(X;)
we simply put XY and B(X)®L. And if v; = v for all i € L, the product
probability measure ®;czv; is simply written as v®7.

Let (X,d) be a metric space. It is called a Polish space if it is a complete
separable metric space. For instance if (X, d) is a compact metric space then
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it is a Polish space. Let (X}, d;), ¢ € L, be a family of Polish spaces. When L
is countable, the product space X = [],., &; can be endowed with a metric
dy such that it is a Polish space and the topology generated by dy is the
product topology. It suffices to give dy when L = N, being N = {1,2,..}
the set of positive integers. It is easily checked that the metric dy(z,y) =
Y ien 27 min(d;(w;, i), 1) for @ = (2; : i € N), y = (y; : i € N) € X does the
job.

When X is a topological space we will reserve the notation B(X) to the Borel
o—field unless the contrary is explicitly specified. Let (X;, B(X;)), i € L, be
a family of Polish spaces endowed with their Borel o—fields. Consider the
product space X = [[,., A;. Then, on the space & we can consider both the
Borel o—field and the product c—field. When L is countable both o—fields
coincide, that is ®;erB(&;) = B(X). This is not the case when L is non-
countable, in this case the o—fields are different. In fact the singletons belong
to the Borel o—field but not to the product o—field. In the case L is non-
countable, we will denote by B(X) the product o—field to distinguish it from
the Borel o—field.

Let X be a topological space. For a set B C & we denote by int(B) its
interior, by B its closure and by 0B = B\ int(B) its boundary.

1.2.2 Measurability facts

We recall that a Lebesgue probability space (or a standard probability space)
is a probability space isomorphic to the unit interval endowed with a prob-
ability measure which is a convex combination of the Lebesgue measure and
a pure atomic measure (‘pure atomic’ means that the measure is concen-
trated on points). Equivalent definitions and properties on these spaces can
be found in Appendix 1 in [I], Appendix A in [I3], Chapter 3 in [3] and
[2]. In particular in Theorem 2 — 3 in [2] it is shown that if (X, B(X)) is
a Polish space endowed with its Borel o—field and v is a probability mea-
sure on it, then the completed probability space (X, B(X),v) is Lebesgue.
Hence, if X' € B(X) is a Borel set of a Polish space and v/ is a proba-
bility measure on (X', B(X”)) the complete probability space (X', B(X'), 1)
is Lebesgue. Let L be a countable set and let (X;, B(X;),v;), i € L, be a
countable family of Lebesgue probability spaces, then the product probabil-
ity space (J[,c; &, @icL B(X;), ®iers) is also Lebesgue.

Let us introduce the Skorohod topology. Let R, = [0,00). Let (X, d) be a
metric space. We denote by Dx (R ) the space of cadlag trajectories taking
values in X with time in R, . We recall that cadlag means that the trajecto-
ries are right continuous and have left limits. The space Dy (R, ) is endowed
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with the Skorohod topology (see [4] chapter 3), which is metrizable (see
Corollary 5.5 in Chapter 3 in [4]). Let d3, be a metric generating the Skoro-
hod topology. When (X,d) is a separable space we get that (Dx(R,),ds,)
is also a separable space (see Theorem 5.6 in Chapter 3 in [4]). We denote
by B(Dy) the Borel o—field associated to (Dy(R.),dg). From Proposition
7.1 in [4] we get that the class of cylinders in Dy(R,) is a semi-algebra gen-
erating B(Dy). We will also need the following straightforward extension to
processes with time in R. Let Dy (R) be the space of cadlag trajectories with
time in R taking values in X. The Skorohod topology, the metric, the as-
sociated Borel o—field and all the previous notions are analogously defined.
We point out that the results previously formulated also hold, in particular
the family of cylinders is a generating semi-algebra. We continue to denote
the metric and the associated Borel o—field by dg, and B(Dyx) respectively,
because we want to avoid overburden notation and because there will be no
confusion from the context.

1.3 The space of tessellations

We will consider tessellations on R, with ¢ > 1.

A polytope is the compact convex hull of a finite point set, and we will always
assume that it has nonempty interior. A locally finite covering of polytopes
is a countable family of polytopes whose union is R’ and all bounded sets
can only intersect a finite number of them. These polytopes will be called
cells.

A tessellation T is a locally finite covering of polytopes with disjoint interiors.
We denote by T the space of tessellations of R’. We define the boundary of
a tessellation as the union of the boundaries of its cells. That is, for T" € T
we define 0T := |Jop OC

Let IF be the family of closed sets of R’ endowed with the Fell topology T,
for definition and properties see [15], Subsections 12.2 and 12.3. We denote
by F' = F \ {0} the class of nonempty closed sets. We have that (F,7) is
a compact Hausdorff space with a countable base, so it is metrizable and d
denotes a metric on IF whose topology is T. Since (F, dr) is a compact metric
space, it is a Polish space (see Subsection [L2.1]). The set F’ is an open set
in 7. Let 7" be the restriction of T to F, then (F’,T”) is a locally compact
Hausdorff space with a countable base.

Let us denote by F(F') the family of closed sets of F’. We endow it with

the Fell topology and denote by B(F(IF’)) the associated Borel o—field. Each
tessellation T" € T, as a countable collection of polytopes is an element of



F(F"), so T C F(F"). Furthermore in Lemma 10.1.2. in [I5] it was shown that
T € B(F(F")).

We will often enumerate the family of countable cells of a tessellation T" € T
in a prescribed and measurable form as T = {C(T)! : | = 1,...}. For a
tessellation 7" such that the origin 0 is in the interior of its cell, the first cell
C(T)! in the enumeration will be the one containing 0.

Let W C R’ be a fixed polytope with nonempty interior, we call it a window.
As before, Fy, denotes the set of closed subsets of W and we endow it with
the Fell topology, and we put Fj, = Fy, \ {0}. A tessellation R in W is
the collection of all the cells of a locally finite countable covering of W by
polytopes with disjoint interiors. We denote by Ty, the space of tessellations
of W. Since W is compact the locally finiteness property implies that every
R € Ty is constituted by a finite set of cells, and we will denote by |R|
the number of the cells. Each R € Ty is an element of F(F},). As before
we can endow F(F(,) with the Fell topology which is metrizable and we
denote by dp,, a metric generating this topology. The space (F(Fy,), dg,,,) is
a compact metric space, we denote by B(F(F,)) its Borel o—field. We have
Tyw € B(F(Fy,)), in fact the proof of Lemma 10.1.2. in [15] also works in this
case. As before we also define the boundary of a tessellation R € Ty by the
union of the boundaries of its cells, OR := |J,.p OC. The trivial tessellation
R in Ty has a unique cell which is R = {WW}, and so its boundary coincides
with the boundary of the window R = OW.

The tessellations in Ty can be also seen as induced from a tessellation in T.
In fact each T € T induces a tessellation T'AW in Ty, given by the family of
cels TAW ={CNW:C €T, int(CNW) # (0} (note that this set is finite
by the locally finiteness property). Observe that AW = {W} is the trivial
tessellation when W C C for some cell C € T. When the windows W, W’
are such that W C W’, every () € Ty defines in the same way as before the
tessellation Q AW € Ty, . In this case Q AW = {W}if W C C for some cell
Ceq.

For a € R and B C R, we put aB = {ax : ¥ € B}. Observe that if W is a
window and a # 0 then aW is also a window. For T € T and a € R\ {0} the
tessellation a7 is given by the set of cells aT' = {aC : C' € T'}. Analogously
for a window W and a tessellation ) € Ty, the tessellation a@) € T A aW
is given by a@ = (aC : C' € Q). If W is a window containing 0, a > 1, and
Q@ € Tyw, the tessellation a@ belongs to T,y and W C aWW, so we can take
the restriction a@Q) AW € Ty.

Since F(IF") is a compact metric space, for a probability measure v defined
on (F(F"),B(F(F"))), the completed probability space ((F(F'), B(F(F")),v)

bt



is Lebesgue, see Subsection [L2.21 Analogously, for any probability mea-
sure vy defined on (F(Fy,), B(F(Fy,))), the completed probability space
((F(Fy),B(F(F)), vw) is Lebesgue. Since T € B(F(F")) its associated Borel
o-field is B(T) = {BNT : B € B(F(F'))} and for any probability mea-
sure v defined on (T, B(T)) the completed probability space (T, B(T),v) is
Lebesgue. Analogously for Ty,. We have B(Tw) ={BNT: B € B(F(F},))}
and for any probability measure vy, defined on (Tw, B(Ty )) the completed
probability space (Tw, B(Fy ), vw) is Lebesgue. Also for any countable set L
the product probability spaces (TX, B(T))®%, v®L) and (Tk,, (B(Tw))®*, viF)
are Lebesgue.

1.4 The STIT tessellation process

Let us construct Y = (Y; : ¢t > 0) a STIT tessellation process (see [8], [7]),
which is a Markov processes where each marginal Y; takes values in T. The
law of Y only depends on a (non-zero) o-finite and translation invariant
measure A on the space of hyperplanes H in R. It is assumed that the
support set of A satisfies that there is no line in R? such that all hyperplanes
of the support are parallel to it (in order to obtain a.s. bounded cells in the
constructed tessellation). For all sets W C R* put

W] ={HeH: HNW #0}.

The assumptions imply 0 < A([W]) < oo for every window W. The transla-
tion invariance of A yields (see e.g. [I5], Theorem 4.4.1.)

A([eW]) = cA([W]) for all ¢ > 0. (1)

Denote by Apy) the restriction of A to [W] and by Ay = A([W])"'Apyy the

normalized probability measure.

Let us first construct Y AW = (Y; AW : t > 0) for a window W. We note
that even if for t = 0 the object Y, does not exist as a tessellation of the
whole R we define Yy A W = {W} the trivial tessellation for the window
W. Let us take two independent families of independent random variables
D = (dpm : n,m € N) and 7 = (7, : n,m € N), where each d,, ,, has
distribution Ay and each 7, ,, is exponentially distributed with parameter 1.
We define a sequence of increasing random times (.S, : n > 0) and a sequence
of random tessellations (Ys, AW :n > 0) with, Sy =0 and Yo AW = {W}.
The process Y A W will satisfy

ViAW =Yg, AW, t €[Sy, Sni1)- (2)



The definition of (S, : n > 0) and (Ys, AW :n > 0) is done by an inductive
procedure. Let {C},...,C"*} be the cells of Ys, A W, we put

Spi1 = Sp+7(Ys, ANW) where 7(Ys, AW) = min{7,;/A(C}]) : I = 1,...,1;}.

Let Iy be such that 7, /A([CP]) = 7(Ys, AW) (it is a.s. uniquely defined).
We denote by m the first index such that d,,41.,, € [C,fo]. The variable d,,41.m
is distributed as A . The tessellation Ys,,, AW is defined as the one whose

cells are {C!: 1 # I} U {C, CL} where C}, C} is the partition of C{ by the
hyperplane d,, 1 .

In particular, since S; is exponentially distributed with parameter A([WW]),

POY; AW)NintW =0) =P(Y, AW ={W}H =PV, AW =Y, AW) = 2W])

(3)
The process Y AW is a Markov process. Also, this construction yields a law
that is consistent with respect to W, that is if W and W' are windows and
W C W', then (Y AW)AW ~ Y AW, where ~ denotes the identity of
distributions. A proof of consistency showing the existence of the law of the
process Y was given in [§].

Since A is translation invariant, without loss of generality we can always use
a window W with the origin 0 in its interior and we can also assume that
P—a.e. at all times the origin belongs to the interior of the its cell. This cell
is called the 0—cell.

From (2]) it follows that for every window W the process Y A W is a pure
jump Markov process with cadlag trajectories, so its trajectories take values
in the space Dr,, (R;). Recall that Dy, (Ry) is endowed with the Skorohod
topology generated by the metric djsrl‘f’ (see Subsection[[.2.2)). Since (T, dr,,)
is a separable space, (Dr,, (Ry),dgY) is also separable. B(Dr,,) denotes the
Borel o—field associated to (Dr,, (Ry),dsl¥). As before Dy, (R) is the space
of cadlag trajectories taking values in Ty, with time in R. The respective
metric and Borel o—field continue to be written by dg? and B(Dr,, ).

By technical reasons it is useful to consider the closure Ty of Ty in F(Fy;).
The space Dy (R, ) can be also endowed with the Skorohod topology which

is generated by a metric dSTI‘f’ . Since (Tyy, djsrl‘f’ ) is a Polish space, from The-
orem 5.6 in Chapter 3 in [4] we get that (DW(RJF),quTI‘f’) is also a Polish
space. B(Ds-) denotes its Borel o—field. Hence, for a window W we can
also consider that the trajectories of the Markov process Y AT take values in
the Polish space (Dr—(Ry), di¥). Also the extension Dz—(R) to processes
with times in R is needed, all the previous definitions and results hold and
we also denote by B(Ds,-) the associated Borel o—field.
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1.4.1 Independent increments relation

It is useful to supply an independence relation on the increments of the
Markov process Y which is written in terms of the following operation. For
T e€Tand R=(R™:m e N) €T, we define the tessellation TH R, referred

to as the iteration of T and R, by its set of cells
THR=(C(T)'NC(R* : k=1,..;1=1,..; nt(C(T)*NC(R*)") #£0).

So, we restrict R* to the cell C(T)* and this is done for all k = 1,.... The
same definition holds when the tessellation and the sequence of tessellations
are restricted to some window.

To state the independence relation of the increments of Y, we fix a copy of the
random process Y and let Y/ = (Y™ :m € N) be a sequence of independent
copies of Y, all of them being also independent of Y. In particular Y™ ~ Y.
For a fixed time s > 0, we set Y/ = (Y™ : m € N). Then, from the
construction of Y it is straightforward to see that the following property
holds

Y}JFSNYtEE}_/;’ for all t,s > 0. (4)

This relation was first stated in Lemma 2 in [8]. Moreover the construction

done in the proof of this Lemma 2 also shows the following relation. Let

?’(i), 1 =1,...,7, be a sequence of j independent copies of 1% , which are

also independent of Y. Then, for all 0 < s; < ... <s; and all £ > 0 we have
(1) (1) ' (4)

(Yipsys oo Yigsy) ~ (Y BY, 7, (VBY,V)E .. BY, ). (5)

Sj—S8j—1

1.5 Elements of ergodic theory

A dynamical system (€2, B(€2), i, 1) is such that (92, B(€2), 1) is a probabil-
ity space and ¢ : 0 — ) is a measure-preserving measurable transforma-
tion, that is u(¢y~Y(B)) = u(B) VB € B(2). When (Q,B(Q),u,) and
(Q,B(Y), i, 9") are two dynamical systems, the measurable map ¢ : Q@ —
is called a factor map if it satisfies pop) =)' o p—a.e. and u(p=H(B')) =
W'(B') ¥YB' € B(). If a factor map ¢ is one-to-one p—a.e., onto u'—a.e.
and ¢! is also measurable, then it is called an isomorphism and the dy-
namical systems (2, B(€2), u, ¢) and (2, B(Q), i/, ¢’) are called isomorphic.
When (2, B(Q2), ) and (£, B(Y), ') are Lebesgue probability spaces, the
measurability condition on ¢! is not explicitly needed in the isomorphism
requirements because it is implied by the other ones.

The dynamical system (2, B(Q), u, ) is ergodic if (¢ "*BAB) = 0 implies
pu(B)p(B¢) = 0 (where as usual we set AAB = (A\B)U(B\A)). It is mixing
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if lim pu(yp"ANB) = u(A)u(B) for all A, B € B(2). Mixing implies ergod-
n—oo

icity. To avoid overburden notation the dynamical system (€2, B(Q2), u, ) is
usually denoted by (€2, p, ¥).

Let (S,B(S)) be a measurable space (i.e. & is endowed with a o—field
B(S)). Let L = N or L = Z. The shift transformation o5 : ¢ — S*
defined by os(x, : n € L) = (2,41 : n € L) is a measurable transformation.
If the probability measure p defined on (S*, B(S*)) is preserved by os then
(S8, B(S*), i, 05) (or simply (8%, i1, 05)) is a dynamical system called a shift
system (or simply a shift). When L = N it is called a one-sided shift, and if
L = 7Z then it is called a two-sided shift. An example of a two-sided shift is
given by a stationary random sequence Y = (), : n € Z) with state space
S. Indeed, if % * is the distribution of % on SZ, the stationary property of
V? means that p?” is os—invariant and so (S%, ¥, o) is a shift system.

Let us recall the Bernoulli property. Let (S, B (S ), Vs) be a probability space
and L = Nor L = Z. Let (St B(S*),v5") be the product probability
space. The shift action og preserves the product probability measure ?L
and (ST, v§", 05s) is called a Bernoulli shift, it is two-sided when L = Z and
one- sided when L = N. In notation of [I3] Part I, Section 9, (8%, v§%, os) is

called a generalized two-sided Bernoulli shift (the name generalized is because
S is not necessarily a countable set). A Bernoulli shift is mixing (so ergodic).
Let us assume that (S, B(S),vs) is a Lebesgue probability space. Then the
entropy h(os,v$") of the Bernoulli shift satisfies h(os,v§") = H(vs), where

H(vs) = oo if vs has a non-atomic part and

Hvs)=— Y wvs(A)log(s(A))

AE.A(VS)

when vg is purely atomic and where A(vs) denotes the set of its atoms
(singletons of positive vgs—measure). The Ornstein isomorphism theorem
(see [10] and [I1]) states that two-sided Bernoulli shifts (defined on Lebesgue
probability spaces) having the same entropy are isomorphic.

Let us introduce what a finitary factor is. If (S%, 5%, o) and (S'%, v§%, 0s1)
are two two-sided Bernoulli shifts, the measurable map ¢ : SZ — & z is a
finitary factor map if it is a factor map and v§%—ae. inz = (v, : n €

Z) € 87 the coordinate (¢(z)), only depends on a finite sequence of values
(5 : € [n—M(2), n-+ M'(2)]). From ((z))n = (02 09(x))o = (002(x))o
we get that the finitary property can be stated as: V?Z—a.e. inz = (z, :
n € Z) € S8 the 0—th coordinate (¢(z))o only depends on a finite sequence
(T : m € [-M(z), M'(x)]). We call M(z) and M'(z) the memory length
and the anticipation length (for x) respectively. A finitary isomorphism can
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be defined in an analogous way. We note that when the state spaces S
and S’ are finite, a finitary factor is a.e. continuous (that is in a set of full
measure the factor map is continuous when the product spaces are endowed
with the product topologies). In [5] and [6] there was introduced a method
to construct a finitary isomorphism between two Bernoulli shifts of the same
entropy with finite state spaces S and &'. In [14] the finitary relation is
studied for topological Markov chains with finite state spaces.

A flow (or continuous time dynamical system) (92, B(Q),u, (¢' : ¢t € R)) is
such that (2, B(2), 1) is a probability space and ¥' : Q@ —  is a measure-
preserving measurable transformation for all t € R. All the previous notions
can be extended from dynamical systems to flows, in particular ergodicity,
mixing and isomorphism of flows. The shift flows are defined with respect
to the shift transformations o'(xzs:s € R) = (x5, :s€R) for t € R. An
example of a shift flow is given by a stationary random process Y = () :
t € R) with state space S. If p¥ is the distribution of )V on the product
measurable space (S®, B(S®)) then the stationary property of ) means that
1 is o, —invariant for all ¢ € R and so (S®, B(S®), i, (0% :t €R)) is a shift
flow. In the case (S, ds) is a metric space and the stationary random process
Y has cadlag trajectories, let ¥ be the distribution of Y on Dg(R). The
stationary property of ) means that ;% is of—invariant for ¢ € R and so
(Ds(R), B(Ds), i, (c& : teR)) is a shift flow.

A Bernoulli flow is defined in Section 12, part 2 in [13] as a flow (2, B(2), u, (¢ :
t € R)) such that (Q,B(Q), u,v!) is isomorphic to a Bernoulli shift. The
entropy of the flow is defined to be the entropy of (€, i, ). The isomor-
phism theorem for Bernoulli flows, Theorem 4 in Section 12, part 2 in [13],
states that if (Q, B(Q), u, (¥t :t€R)) and (, B(Y), 1/, (¢'* :t ER)) are two
Bernoulli flows with the same entropy and such that its completed probabil-
ity spaces (2, B(2), ) and (£, B(€2'), ') are Lebesgue, then the two flows
isomorphic.

1.6 Renormalized stationary tessellation process and
main results

Fix a > 1 and define the process Z = (Z;: s € R) by
Z,=a’Y,, seR.

Note that Z; = Y;. In this context the t—shift transformation ot can be
expressed as

ohoZ=((c"0Z),:5€R) with (650 2Z), = Z.44.
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For any window W we set Z AW = (Z, AW : s € R), and the shift o% has
an analogous expression as above.

We now state our main results whose proofs will be given in the next Section

In the following result, the trajectories of the process Z take values in the
product space T, which is endowed with the product o—field B(T®). We
denote by ;# the law induced by Z on (T®, B(T®)).

Theorem 1.1. Z s a stationary Markov process, this means that for all
t € R the equality in distribution Z ~ ok o Z is verified.

Hence (T®, B(T®), uZ, (o : t€R)) is a shift flow.

When W is a window the process Z AW = (Z;, AW : s € R) inherits from
Y AW the property of having cadlag trajectories. Since the trajectories of
Y AW take values in Dr,, (R;) then the trajectories Z A W take values in
Dr,, (R). We recall that (Dr,, (R),dg") is a separable space. By B(Dr,,)
we denoted the Borel o—field associated to (Dr,, (R),dg") and by uf, we
denote the law induced by Z AW on (Dr,,, (R), B(Dry,)).

Theorem 1.2. For any window W, the process ZAW s a stationary Markov
process that is mixing in time:

thmIP(ZAWefx,a;}oz/\Weé):P(ZAW@E)P(ZAWGE) (6)
— 00

for all events A, B in the Borel o—field B(Dr,, ).
Hence, (Dr,, (R), B(Dr,,), ui, (0% : t€R)) is a mizing shift flow.

Let 2% = (Z, : n € Z) be the restriction of Z to integer times and let Z*
be the law of Z¢ on T?. Theorem [[1l implies that Z¢ is stationary in time.
As we pointed out in Section [L5] the stationary property can be stated by
saying that uZd is preserved by the shift transformation or.

Let W be a window. The random sequence Z AW = (Z, AW : n € 7Z)
is also stationary, so the law of ZY A W on T%,, which is denoted by uﬁ,d ,
is or,, —invariant. We will give an ergodic description of the two-sided shift
(T%,, i, , or,,). We recall that Theorem [[2 states that this shift is mixing,
so it is ergodic.

Let & be the law of Y] = Zj, 50 {(B) =P(Y; € B) =P(Z, € B) for B € B(T).
Let us denote by &y the law of Y AW = Zyg AW, so

VB e B(Tw): &w(B)=PYiAW €B)=P(ZyAW € B). (7)
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In the sequel we fix
0="E&y . (8)

The following ergodic property is verified.

Theorem 1.3. Let W be a window. Then the shift system (T%,, ués , or,, ) is
a factor of the Bernoulli shift ((T%,)%, o®%, op ), that is 3¢ : (TH,)% — T%,
(a factor map) measurable and defined 0®*%—a.e., which satisfies,

oy 0 =gpoom 0% —ae, 9)

and

oot = uZ (10)
Moreover, the factor map is finitary with null anticipation, that is for all
m e Z, 0*—a.e. inR = (R, :neZ) e (T, the coordinate (R, of the
image point depends only on the finite set of coordinates (R, : n € [N, m))
of the point R. (The memory length N depends on R).

A consequence is the following result.

Corollary 1.4. Let W be a window. Then (T%,, uﬁ,d, ory, ) s isomorphic to
a Bernoulli shift of infinite entropy.

Let us give the steps for its proof. In Subsection 2.4l we will show that the shift
(T%,, uZ,, or,, ) has infinite entropy. On the other hand ((T,)%, B((T),)%), 0®%)
is a Lebesgue probability space. Then the proof that (T%;, uﬁ,d , 0Ty, ) 18 iso-
morphic to a Bernoulli shift follows from Theorem 6, page 54 in [I3] (see also
[12]) because there it was shown that a factor of a Bernoulli shift defined on
a Lebesgue probability space is isomorphic to a Bernoulli shift.

Corollary 1.5. Let W be a window. Then Z AW is a Bernoulli flow of
infinite entropy that is isomorphic to any other Bernoulli flow of infinite
entropy defined on a Lebesque probability space.

The proof is as follows. We have that (Dg.-(R), B(Dg.), %, (0% : t€R)) is
a flow and from Corollary L4l it follows that (Dy—(R), B(Dg:-), %, 01) is a
Bernoulli shift of infinite entropy. Since (Dg—(R), B(Dg), 4*) is a Lebesgue
probability space, Theorem 4 in Section 12, part 2 in [I3] gives the result.

Observe that all the results in relation with Z¢ are also true when instead of
the discrete time process (Z, AW :n € Z) we consider (Z,, AW :n € Z)
for a fixed positive real h. In fact this last process corresponds to the former
one when a” is used instead of a.

12



2  Proof of the Main Results

We recall that without loss of generality we can assume that window W
contains the origin in its interior, 0 € int(WW). Also we can assume that 0
belongs to the interior of 0—cell during all the tessellation process Y.

2.1 Proof of Theorem [I.1]

Let us first note that since the space (F,dr) is a Polish space and T is a
Borel subset of F, a probability measure on the product space (T, E(T)@’R)
is defined by the finite dimensional distributions verifying the consistency
property (see [9], Corollary Section IIL.3).

Hence, to show that Z = (Z, : s € R) is stationary it suffices to prove that
the finite dimensional distributions are stationary. So, we must show that

Vit >0, Vs; < ..<$,VBy,....B, € B(T):
]P)<Zsi+t € Bz t1 = 1, ,77,) = P(Zsl € BZ 1= 17 ,n) . (11)

Let us do it. Since (Y; : t > 0) is a Markov process, so is (Z5 : s € R). On
the other hand it was shown in Lemma 5 in [§] that

tY, ~Y; forallt >0, (12)

and hence all 1-dimensional distributions of (Z; : s € R) are identical. There-
fore the proof of (II]) will be finished once we show that the transition prob-
abilities from Z to Z,,, depend only on the time difference ¢ > 0. Now,
from (I2)) and (@) we get that for all z € T and all measurable B € B(T) it
is satisfied,

P(Z € B|Z,=2) = P (¢t € B|Yoe=a""2)
— ]P) (Z Hﬂ as?(l/s+t_as & aitB> :IP) (Z BE’ }_/thl - (IﬁtB) .

So the stationary property holds.

2.2 Proof of Theorem

The process Z AW takes values in the separable metric space Dr,,, (R) which
is endowed with its Borel o—field B(Dr,, ). As we pointed out in Section [[4]
since Ty is separable then the class of cylinders in Dy, (R) is a semi-algebra
generating B(Dr,, ). From the Carathéodory theorem on exterior measures
we get that for all sets E € B(Dr,, ) and all e > 0 exists £’ € B(Dr,, ) which
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is a disjoint union of a finite number of cylinders such that P(FAE') < e.
Therefore it suffices to show the stationary and the mixing property for the
cylinders in Dr,, (R). Hence, the above proof of Theorem [I.T] also shows that
Z AW is a stationary Markov process when considered in Dr,, (R).

Let us prove ([@]). From the above discussion it suffices to prove it for cylinders
all A and B such that P(ZAW € A) >0and P(ZAW € B) > 0. So let
A={2,€A,...,2,cA}and B={2, €By,...,2, € B}

be such that s1 < ... < sj,u; < ... <winR, Ay, ..., A;, By, ..., B € B(TAW)
and P(Zy AW € A,) >0, P(Z0 AW € B)) >0forp=1,...5,¢=1,...,1L
Note that by time invariance property shown in Theorem [L1] and since in
(@) time ¢t — oo, we can assume s; = u; = 0.

First, let us show () in the case j = [ = 1. It suffices to show that for all
A, B e B(T AW) which satisfy P(Zg) AW € A) >0, P(Zy AW € B) > 0, it
is fulfilled

tli)I?OP(ZO/\WEA,Zt/\WEB) =P(Z AW € A)P(Zo AW € B). (13)
Let us consider the events {9Y; N int(a™'W) = 0} with ¢ € R. This family
of sets increases with ¢ and when ¢t — oo it converges to the set [J {0Y; N
int(a="W) =0} = {0Y1 N {0} = 0}. So "

tliglo P(OY: N int(a™'W) = 0) =P(OY; N {0} =0) = 1. (14)
Fort >0
P(ZgANW € A, ZLAW € B)=PY1 AW € A, a'Ye NW € B)
=P(Y, AW € A, 0Y, Nint(a"*W)#£0,a'Y,e A\W € B)
+P(Y, AW € A, 9Y, Nint(a"'W)=0,a"Y: A\W € B). (15)
From (I4]) the first item converges to 0 for t — oo, in fact
tlgglo P(Yi AW € A, 0Y: Nint(a W) #0,a'Y,e A\W € B)
< lim P(9Y1 0 int(a""W) # 0) = 0. (16)
Let us now turn to the analysis of the second item. The assumption P(Z A

W € A) > 0 and (@) imply for sufficiently large ¢ > 0 that P(Y1 AW €
A, 0Y; Nint(a *W)=0) > 0. Thus

P(Yi AW € A, 0Y: Nint(a *"W)=0,a"Y: N\W € B)
=P(a"Vis-1y \W € B|Y1 AW € A,0(a'Y7) Nint (W) =0) x
xP(YL AW € A, 0Y; Nint(a "W)=0).
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Conditioned on 9(a'Y7) N int(W) =0, the Markov property and the consis-
tency of the construction (described in Subsection [[4)) yield that a’Y]y(q—1)A
W is distributed as a'Yy:_; A W, that is

P(atY‘lJr(at,l)/\W €B | Yl/\W EA, 8(atY1)ﬂ1nt(W) :@) :]P)<CLtY;Lt,1/\W € B)
Hence

P(YL AW € A, 0Y; Nint(a " W)=0,a"Ye ANW € B)
=P(Y, AW € A, 0Y, Nint(a"*W)=0) P(a'Yee_y AW € B). (17)

Note that (I4) also yields
lim P(YIAW € A, 0Y1 Nint(a W) =0)=P(VIAW € A)=P(Z,AW € A). (18)
—00

Therefore, from the relations (I3)),(T6), (I7) and (I8), we get that the result

will be proven once we show

lim P(a'Yyy AW € B) =P(Y; AW € B). (19)

t—o00

From (I2) we have P(a'Y,e 1 AW € B) = P(Y;_,—« AW € B) and so it
suffices to show,

tlim P(Yi, ot AW € B)=P(Y; AW € B). (20)
—00
For £k € N and ¢ > 0 define the events

Dy, = {0V, 0 int(W) =0 Ym € {1,....k}} (21)

with ¥/ as introduced in Subsection [LZ.1l Notice that for any fixed k the
events are monotonically increasing in ¢ because due to the construction of
the process the sets Y;l”t are decreasing in t. Moreover, from (I4]) we get

. _ . . —t _ k o
lim P(Dyy) = Jim P(OY: N int(a™*"W) = )" = 1. (22)

Further, recall that |Y N W| denotes the number of cells of Y N W. We have
the following decomposition,

P(Y; ot AWEB) = X P(Yy o« AWEB, Y1y NW|=Fk, D5,

keN

+ S P(Yi_gt AWEB, [Yi_at N W|=F, Dy,).  (23)

keN
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Let us analyze the first sum in ([23). From (Il) we get
P(Dy,,) = e~ MWDk,

Then, by independence between Y and {Dj, : k£ € N} and by using that
|Y; N W | increases with s we obtain,

S P(Yioe NW| =k Df,) = P(|Yi_o— NW|=k)P(D;,)

keN keN
< ST B(Yime W] = k) (1 ¢ A0
keN

) <1 _ e—aftA([W})|Yl_a_tﬁW|> <E <1 _ e—a*fA([W})|YlﬁW|) .

Since the term (1 — e_‘ftA([WmYl”W') is dominated by 1 and it decreases

with ¢, the Monotone Convergence Theorem gives

lim E <1 — e AW |er‘w|> =E <lim (1 — e A |Y1”W‘)) =0.

t—o00 t—o00

We have shown that

lim S PV, NW| =k, Df,)=0. (24)
t—o00 N

Then,

thm ]P(Yl_aft A W € B, ‘le—a*Zt N W‘ = k7 chc t) = O :
—00 )
keN

Let us turn to the second term in (23). With an appropriate measurable
numbering of the cells of Y;_,—¢, we get the inclusion of events

{[Yica-e N W] =k} N Dy C{Yio BY, . =Yi_1},
and so,

{IYi—a-e NW| =k} N Dy,
— (Vi BY =Y, o} 0 {[Yiae NW| =k} N Dy

This yields
P(Yi_qt AW € B, [Yi_qt NW| =k, Dy,)
—P((Yi_ant BY' VAW € B,|Yi_g-e N W| =k, Dy,).
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We have

P((Yi_qt BY )AW € B, |Yi_ee N W| =k, Dy,)
—P(Yi_q e BY VAW € B, |Yi_oe NW| = k)
—P((Yy_( BY)AW € B,|Yi_-« N W| = k, D ,).

By summing this equality over k € N and by using that the family of events
(Yi_a-e N W| =k : k € N) is disjoint and covers the whole space we obtain,

> P((Yio BY,)AW € B, |Yi_o— NW|=k, D)
keN
= P((Yi_a+ BY' ) AW € B)
S P(Viea BYL) AW € B, [Yig NW| =k, D).
keN

Since Y] ~ (Y;_-+ B 57;/4), also

> P((Yior BY] ) AWEB, |Yi_o N W|=k, Dy,)

keN
=P(Yy AW € B)
— Z]P)((le,a—t H }_/th) VAN WEB, |Y717a—t N W| :ka le:,t)'
keN

From (24)) we get,

lim Y P((Yr o BY, ) AW E B, Vi o NW| =k, Df,)=0.
—00 )
keN

Hence

lim Y P((Yr BY, ) AW € B,|Yi_oe N W|=k, Dyo) =B(Yi AW €B).
—00
keN

Thus we have shown hm IP’(Yl et AW eB)=PY1 AW € B) and (1) is
verified. The proof of Theorem [LIlin the case j = [ =1 is complete.

Let us now show the general case j > 0,1 > 0, s < ... < s; = 0 and
w =0<..<winR, and Ay,..., A, By,..., B, € B(Tw). Since the proof
is entirely similar to the case j = = 1 we will only give the main steps. We
put

Z[Sl,...,O]/\WG[Al,...,Aj] = {ZSI/\WGAl,...,Zo/\WEAj}.
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The same notation is used for Y. We must prove

tlimP(Z[sl,...,O]/\WE[Al,...,Aj],Z[t,...,t+ul]/\WG[Bl,...,Bl])
:]P)(Z[Sl,...,()]/\WG[Al,...,Aj])]P)(Z[O,...,Ul]/\WE[Bl,...,Bl]).

Let ¢ > 0. We have

{Z[Sl, ,0] AW e [Al, ..,Aj],Z[t, ,t+ Ul] AW e [Bl, .oy Bl]}
={Y[a*, AW E[a"" Ay, .., Aj],a'Y[d', ..,a" T A\W €By, ..,a " By]}.

By using (I4) and the same arguments as those we used from (IH) to (I7)
we get,

thl’Il P(Z[Sl, ,0] AW € [Al, ..,Aj], Z[t, ,t-'- Ul] AW e [Bl, ey Bl])
—00
= tlim P(Y[a™,...,1] AW € [a=** Ay,..., A;],0Y1 Nint(a""'W) = 0,
—00
a’Yla',...,a™| AW € [By,...,a " Bj])
= P(Y[asl, .. ,1] AW e [a_slAl, .. .,Aj]) X
x lim P(a'Y[a" —1,...,a"™ — 1AW € [By,...,a” " Bj)).

t—r00
Since (I2) implies

Pa'Y[a'—1,...,a"™ — 1AW € [By,...,a " B)])
= ]P(Y[l - aft, c. ,a"’ — ait] AW e [Bh c. ,(f”lBl]),

the result will be proven once we show
tlim PY[l—a"...,a" —a AW € [By,...,a " B])
—00
=PYIL,...,a"| AW € [By,...,a “B]). (25)

Now, let ?/(i), it =1,...,1 be [ independent copies of 1% , which are also inde-
pendent of Y. Even if H is not associative for sequences of tessellations we use

Y, B_, Vo” to mean (..(Y;O BY,?)d..) s }7;,/1(1)). From the construction
in Lemma 2 in [§], see ({), we have,
PY[l—a " a"—a",...;a"—a | A\WE[By,a "By, ...,a "B,
Vi N W] = &)
=P(Yigt AWEB, Y, BY.)  AWEa"™B,,...,
Vi B, V9 o AWEa B, [Yi_e— NW|=F).

a%i—a
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This yields

PY[1—a ' a“—a" .. .,d"—a | A\WE[B,a "*B,,...,a ""B))
= P(Yiut AWEB, Y BY, ), A\WEG™ By, ...,
keN
Vi B_, VO

a%i—a

s NWEa™ By, [Yi_ge NW|=F) .

Now we use the definition of Dy, done in (ZI) with Y" = Y'(). From the
equality of events
(Yiat AWEB, Y BY. 2 AWEa™B,, ...,
Vit B, V.3 oy AW Ea™ By, [Yi_g- N W|=k, Dy)

— (YiaBY. Y AWEB), (Vi BY.)BY, 2, AWea B,, ...,
(Vi BY. B, V. AWea™ B, |Yi_qt N W|=Fk, Dy,)

Ui_qti—1

and by using twice (24]) we get
lim P(Y[l—a‘t, a?—at ... a"—a | A\WE[By,a "By, ..,a " B)))

—1lim Y P(YVigt AWEB, Y BY.2, AWEa™B,, .,

t—o00
keN

Vi B,V o AWEa B, Yo NW|=k)
=lim Y PV BY,YAWeB, (Y~ BY,))BY,S, AWea B,

t—o00
keN

o (Vg BY, B, V. . AW Ea™ By, |Yi_g NW|=F)

= lim P(Yy -« B YOAWEB), (Yo BY.D)BY.\ AWeaB,,
) (leﬂ_t H Yagt)) Hﬂi 2 Y;ﬂ(ti; o1 N\ WeaiulBl)-

Finally from

P(Yi, BY. D AWEB, (Vi BY.SYBY,2 AWea B,
Ve BY B, VD L AWea™B)

a'i—q

= ]P)(Yi AN WEBl, Y;lug AN WE(I,_U2BQ, Y;lul ANWea™ ulBl),
the relation (25]) follows. The proof of Theorem is complete. [J

2.3 Proof of Theorem 1.3

We will show some intermediate results -some of them having their own
interest-, that will be needed in the proof of the Theorem.
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As announced we assume that the interior of the window W contains the
origin 0.

Let Z_ ={n € Z : n < 0}. For a measurable space (S,B(S)) we shall use
the one sided Bernoulli shift o5 : SN — SN, (05(2))n = 1 Vn € N, and
the inverse shift

05 :S8" = 8%, (05(x))p =201 VNET_.

We will set 05" := (05 )" for n € N. For a probability measure v on (S, B(S)),
both one-sided Bernoulli shifts (SY, %N, os) and (8%, 19" o5) are canon-
ically isomorphic. We recall that the Bernoulli shifts are mixing, so ergodic.

In the sequel we use the notion of a boundary 9T of a tessellation T" which
was defined in Section as the union of the boundaries of its cells.

Observe that from property () and definition of Z it follows that

1y
Zn+1 ~ aZn Bﬂ an+ an+1_an .

—

Since "'V, = -2 (a"(a — DY o1y) we get from (2,

a—1

a

Zoi1 ~ aZ, B Y. (26)

a—1
Let (}7.1'(2‘) . i > 0) be independent copies of Y;. A simple recurrence on (28)
and (B]) give the formula

ak+1—i

a—1

(Zpsn i k €N) ~ (aan Hi VIO ke N) . (27)

We recall M, M'® is an abbreviation for < . <M 55 ]\7[/(1)) /.. ) BM'®),
where M is a tessellation and M'® a sequence of tessellations.

The following fact will be useful. We recall that &y is the distribution of
Y1 AW, see ().

Lemma 2.1. Let W be a window containing the origin 0 in its interior.

Let B~ = (RE : k € Z_) be a random sequence of independent copies of
Y1 AW, that is R~ ~ §§,Z’. Then, for a > 1 we have

VkeZ_: POR*Nint(a*W) =0) = P(OR® nint(W) = )",  (28)
and

P(Vk € Z_ : OR* Nint(a"W) = 0) = P(OR Nint(W) = §)aT > 0. (29)
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Moreover

P(R™:3(n;>1:ieN) A VieNVkeZ_ : OR™* nint(a*W)=0) = 1.
(30)

(/* means strictly increasing; so the sequence (n;) satisfies lim n; = co).
11— 00

Proof. The consistency of the STIT tessellations and (3]) yield for all windows
W' Ccw
P(AY; Nint(W') = ) = e AV > 0.

Hence for all k € Z_ we use () to get,

k

P(JR* Nint(a*W) = 0) = e MWD = =" MWVD = P(HR® M int(W) = 0)°

which shows (2])).

Further, by monotonicity

P (Vk € Z_ : OR* Nint(a"W) = 0)
= lim P (Vk € {m,..,0}: OR" Nint(a*W) = 0)

= Tl J] exp(—a"A(V]) = Tim_exp (—M[W]) ) )

a a

= exp (—A([W])a - 1) —P(OR° N int(W) = 0)7*T > 0.

This proves (29).
Let us show (B0). Consider the inverse Bernoulli shift <']I'Z‘;'[;, ‘?;,Z‘ , afw) with
(0= (R))* = R* ' Vk € Z_. Define

A*={R €Tl : OR*Nint(a"W) =0 Vk € Z_} .

By (29) we have &5/~ (A*) > 0. Since Bernoulli shifts are ergodic the Birkhoff
Ergodic Theorem gives

]\}gl})o_ <Z 14+ ( O'TW ) 7= (A*) >0 §®Z‘ a.e. .

Therefore §§,Z‘—a.e. in R € TZ‘; there exists a strictly increasing sequence
(n; > 1:4 € N) such that {crq}""(ﬁ') € A} for all i € N. This is exactly (30)
because the distribution of B~ =(RF:keZ )is £®Z*. O
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We will also use the following elementary result.

Lemma 2.2. Let W be a window containing the origin O in its interior. Let
T° and R° be two tessellations, (Qn :n € N) be a family of sequences of
tessellations (so for each n € N, Cjn = (Q™:m € N) € TV is a sequence of
tessellations). Define the following sequences of tessellations in Ty :

YneN : T”“:(aT"Eﬂﬁ@nH)/\VV, R”“z(aR"Bﬂ%@nH)/\W (31)

Then
T°Na "W =R ANa™"W = T"AW =R"AW. (32)

Proof. By iterating (B1l) we find

T"AW =a*(T° Aa™"W) B (EEZH @) AW .
a
and the result follows straightforward. O

Proof of Theorem[I.3 The last part of the Theorem (the fact that the factor
map satisfies the finitary property) will be part of the construction of the
factor map.

We recall the notation in (§), o = &3 For the tessellation T' = {C(T)! : | =
1,..} € Ty (the number of cells is finite) we prescribe C(T)! to be the cell

containing the origin 0. For R = (R™ : m € N) € TY,, the set of cells of the
tessellation TH R € Ty is

{O(TYNC(R) :j=1,..;i=1,...; with int(C(T)" N C(R;)?) # 0}.
As noteﬁd in Subsection for b > 1 andﬁT € Tw, bT AW is also in Ty .
When R= (R™:m € N) € T}, we put bRAW = (bR™ AW :m € N).

The factor map ¢ : (Th,)? — T%, which must satisfy (@) and (I0) is con-

structed in an iterative way: we will define a sequence of functions (¢" :

N > 0) and will show that the function ¢ = A}im oV is pointwise p®Z—a.e.
— 00

defined and fulfills the property of being a factor. Then, we start by defining
o

Let R = (R, : n € Z) € (TY,)%, so each B, = (R™ : m € N) is a sequence
of tessellations in the window W. We must define the image point " (R) =
(eN(R) :n € Z) in T%,. We fix (recall N > 0),

Vn<-N: o) (R)={W},
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and we define by recurrence,

Vnz N P®) = (B R AW 6

a —

We claim that ¢ = lim ¢V is defined ¢®*?—a.e. In fact, from property

N—o0

(B0) in Lemma 2] applied to the sequences (R. : n € Z_), we get that
0®Z—a.e. there exists a sequence N; > 1, N; — oo (depending on R) such
that OR;_y Nint(a*W) = 0 for all k € Z_. Hence, from Lemma 2.2 we
deduce that for all NV,

VN> N; Vn> —N;: o) (R) = oYi(R).
Therefore
YN >N, ¥n> —N;: ¢,(R) =N (R) = ¢)1(R), (34)

that is all the components ¢,(R) for n > —N; are well-defined as ¢"i(R).
Since the sequence N; > 1 exists 0%Z—a.e. the claim is verified, so ¢ is
defined o®”—a.e.

From the definition of ¢V we have

ory (9" (R)) = (9" (o, (R)).
Then ¢ satisfies the commuting property ([@). The equality (34)) also shows
that the factor map ¢ satisfies the finitary property stated in the Theorem.
Let us now turn to the proof of relation (I0). We first note that since

Nlim P(N; < N) =1 for all V;, from the above construction we obtain
—00

Ve >0Vk € Z3N(e,k): P(YN > N(e,k)¥n>k: oY =¢,)>1—e. (35)

We proved in Theorem that Z A W is mixing, then it is ergodic. Since
P(0Z, Nint(W) = ) > 0, the ergodic theorem applied to the ergodic sta-
tionary sequence Z A W gives

N—ooo N

N-1
1
lim — (Z 1{ammt(w)@}> =POZ,Nint(W)=0) >0 P—ae..
=0

P (Elnk >0: lim ng = 00,02, Nint(W) = @) =1.

k—00

23



Hence for all € > 0 there exists K (€) > 0 such that
P(3ne€{0,...K(e)}: 0Z, Nint(W) =0) >1—e. (36)

Consider Z¢ = (Z,, : n < 0). For each M > 0 we define the random sequence
VM = (VM . n € Z) taking values in TZ%, by:

Vn<-M: VM =Z uAW,

and by recurrence
Vn>-M: VM = (aVnM 2= %R’n) AW (37)

The sequence VM depends on Z¢ A W and R, if we need to explicit its
dependence on R we put VM(R). We claim that V™ ~ Z A W. To show
it first note that from the definition of V™ and by the time-stationarity of
Z NW we have

(VMin<—-M)=(Z,AW:n<0)~(Z,AW:n<—-M). (38)

Let us now define the shifted sequence UM (R) = o7 VM(R) that satisfies

VvneZ: UMR)=VM, (R).

We have (UM :n € Z_) = Z4 AW and by stationarity UM(R) ~ Z AW,
From (B6]) we obtain

VM >0: P(Ine{0,...K(e)} : UY'(R)={W}) >1—¢.
This is equivalent to
P(Ine{-M, . .K()—M}:V¥R)={W}) >1—c. (39)

In analogy to (27]) we obtain for all M >0 and [ > 0

Q=i
Mn(R) = ((alZO AW) B, P R—M+i—1) NW,
. z o dt

e un(R) = ((a WAW)H_, p— RMHl) ANW.

Thus, if V¥, (R) = {W} for some M, [ > 0 then necessarily a'Zy A W =
{W} and hence also ¢, ,,(R) = {W}. So, if VM(R) = {W} for some
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ne{—M,...,K(e)— M} the iteration relations (33) and (B7) allow to deduce
oM (R) = VM(R) for all n > K(e) — M. Therefore we find

VN>K(e): P(Vn>K()—N:VY(R)=¢)(R))>1—€. (40)

We can now state the proof of (I)). Let us fix k € Z and [ > 0, it is sufficient
to show that

VB, eB(Tw) : P(ext;(R)€B; : j=0,..,1)=P(Z,; A\WeB, : j=0,...,1).
Fix M > 0. Since VM ~ Z AW it suffices to prove that for all § > 0,
P(opj(R) € Bj:j=0,..,0) —=P(VX,(R) € Bj: j =0,...,1)| <.
Therefore, it suffices to show that for any 6 > 0 we have,
P(3j €0, ... 1} {pres(R) € BIATVL(R) € BY) <6,

Hence it suffices to prove that for any ¢ > 0 it is satisfied,

P(3j € {0, 0}t opis(R) £ Vis(R)) <0 (41)
To this purpose let us take N(6/2,k) in (B8) and K(6/2) in (40), to obtain
P(VN >max(N(6/2,k), K(6/2), —k+K(6/2))Vn>k: VN=pN=p,)>1-4.

Then, (A1) is verified and the proof of Theorem [[.3]is complete. O

2.4 Proof of Corollary 1.4

The only relation left to prove is that h(or,,, u2 ) = oo, where h(or,,, (i )
denotes the entropy of (T%,, uZ; , or,, ). Recall that &y is the law of Y; AW =
Zy A W. From the Markov property we have

h(ory, niy) = | H(wr)déw(T),

Tw
where rr is the law of Z; AW conditioned to Z0 AW = T. We have H (kr) =
oo when ki is not purely atomic and H (k1) = — 3 c 4(ep) K7 (4) log(rr(A))
if kp is purely atomic and A(kr) is the set of its atoms. So, it suffices to

show that
Ew(T € Tw : kr has a non-atomic part ) > 0.

We will show the stronger property: xpr has a non-atomic part &y —a.e..
First note that k7 has an atom at {aT' A W}: kp({aT AW}) > 0. This is
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a consequence of the following facts: if Y, A\W =Y, AW then Z; AW =
aYy AW =aYy AW = aZy AN W; and the construction of the process yields
that P(Y, A\W =Y, AW) > 0. Also from the construction of the process Y
it follows that kp({aT AW}) < 1.

Assume that k7 has an atom T° € Ty different from the atom {aT' A W},
From the construction there is an hyperface r such that 7’ Ur C T° and
r C H € H, that is r is a part of an hyperplane H. The translation invariance
and o—finiteness of the hyperplane measure A implies that Ay ({H}) = 0 for
all H € H. Consequently, the hyperface r in T° appears in the construction
with probability 0. We conclude that {aT' A W} is the unique atom of k7.
Since kr({aT AN W}) < 1, kr has a non-atomic part and so H(kr) = oo for
all T € Ty. We conclude h(or,,, ué ) = co. O
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