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Starting energy dependence of elastic scattering observables in a full-folding model
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Full-folding model calculations of proton elastic scattering at intermediate energy made using the
free off-shell NNt matrix and including the variation of the energy in the NN center of mass as
prescribed by the full-folding model are compared with similar calculations using t matrices evalu-
ated at a fixed energy. The fixed energy is chosen on the basis of the incident beam energy ignoring
the Fermi momentum of the struck target nucleon. Near 200 MeV, the energy prescription for the
NNt matrix is found to be responsible for much of the difference between recently reported full-

folding calculations as well as for the differences between full-folding calculations and conventional
tp approximations to them. The sensitivity of the scattering observables to the starting energy sug-
gests that at lower intermediate energies, explicit medium corrections should be included in applica-
tions of the full-folding model.

I. INTRODUCTION

The problem of understanding elastic scattering in
terms of the nucleon optical potential continues to re-
ceive considerable attention as one of the critical prob-
lems of nuclear physics. Following the introduction of
medium corrections' and relativistic degrees of freedom
within primarily local models, important off-energy-shell
effects have recently been reported in nonrelativistic full-
folding calculations of the nucleon optical potential.
Within the full-folding framework it is found that an ex-
plicit and accurate treatment of the off-shell behavior of
the nucleon-nucleon (NN) effective interaction yields im-
portant corrections to the traditional nonrelativistic local
tp approach.

Different groups have followed alternative ap-
proaches in order to assess the importance of the ofF-shell
effects in calculations of nuc1eon-nucleus (NA) couplings
for intermediate-energy nucleon scattering. These ap-
proaches difFer mainly in their choices of the starting en-
ergy available for the interacting nucleon pair. Thus, re-
sults of full-folding calculations ' in which the available
energy in the NN center of mass (propagating energy) is
held axed differ only slightly from those obtained using
an optimally factorized version of the off-shell tp approx-
imation. This has been demonstrated in Ref. 4 using the
full-Bonn XN potential and in Ref. 5 using the Paris po-
tential. In contrast to these findings are the results of
Ref. 3 in which the Variation of the NN c.m. energy
prescribed by the full-folding model was treated explicit-
ly. In this latter work, which uses the Paris potential,
differences between the full-folding results and those ob-
tained using the optimally factorized version of the off-
shell tp approximation are substantial.

In light of the newness and complexity of full-folding-

type calculations, it is important to understand the
differences which arise between apparently similar calcu-
lations. Accordingly, in this work we examine in some
detail the energies and momenta characteristic of the
full-folding model when the NN effective interaction is
represented by the free t matrix. In particular, we study
the sensitivity of the calculated scattering observables to
the treatment of the NN propagating energy which is re-
quired for evaluating the NN t matrix. Somewhat similar
studies, with an emphasis on pion-nucleus scattering,
have been made in Ref. 8. There the authors find a
strong sensitivity to the choice of the energy in the propa-
gator when a resonance region in the projectile-nucleon
system is sampled. In the case of proton-nucleus scatter-
ing, we find that the different treatments of the propaga-
ting energy account for most of the differences observed
in recent results obtained from a nonrelativistic full-
folding model.

In Sec. II the relationship between the kinematics and
different choices for the starting energy is outlined and
discussed within the full-folding framework. In Sec. III
calculated scattering observables are compared using the
three different choices for the starting energy described in
Sec. II. In Sec. IV the sensitivity of the full-folding re-
sults to the NN propagating energy is made relatively
transparent by studying a Fermi-averaged NN t matrix
which is derived using a simple model of the mixed densi-
ty of the target ground state. Section V contains our
summary and conclusions.

II. KINEMATICS AND STARTING ENERGIES

Ignoring recoil effects and medium corrections, and as-
suming a single-particle description for the target ground
state, the nonrelativistic full-folding optical potential can
be expressed as
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U(k', k;E)= g JdP y (p')(a'jt(z )ix)~y (p), (P+ —,'q)e'= — +
2m 2m

~' + (K+P), (4b)
2p 2M

t(z)=u+u . t(z),
z —K+iq (2)

with U the NN bare potential and K the kinetic-energy
operator for the relative motion. The t matrix is evalu-
ated at the incoming (outgoing) relative momentum a (a )
and a propagating energy in the XX c.m. system z
which are given by

a'= —,'(K —P —q) a= —,'(K —P+q)

z = co —( P +K ) /2M,

with K= —,'(k+k') the mean momentum of the projectile
or its convection current times its mass. Here co (the
two-nucleon starting energy) is given by E+E, with E
the kinetic energy of the projectile in the XA c.rn. In
Eqs. (3) M represents the mass of the interacting pair
whose total momentum in the NA c.m. is P+K. The
above prescription for the NN propagating energy (z ) is
obtained by reducing the many-body propagator in the
%"atson and Kerman, McManus, and Thaler' theories
for NA scattering to a two-body propagator assuming a
shell model for the target nucleons in the nucleus.
Modifications of the propagator due to distortion in in-
termediate states are neglected and only those intermedi-
ate states in the continuum are taken into account.
These approximations lead to the use of the free NN t
matrix as the NN effective interaction. Although medi-
um modifications arising from the effect of the nuclear
field and from the restrictions imposed by the Pauli prin-
ciple on allowable intermediate states (particularly those
near the Fermi surface) should be included, calculations
of optical potentials which include these modifications
consistently within the full-folding framework are
presently unavailable.

In order to better understand the kinematics implicit in
the momentum and energy variables needed in the NX t
matrix for calculating the optical potential [Eq. (3)], it is
helpful to consider the total energies associated with the
initial (e) and final (e') states of the colliding particles.
In the absence of self-energy corrections these are

where y denotes a single-particle state with energy c
and the summation over a is restricted to occupied states.
The momenta p and p' correspond to those of the struck
target nucleon before and after its collision with the pro-
jectile, respectively, and are given by p' =P+ —,

' q,
p=P —

—,'q, with q given by q=k —k'. The integration
variable P represents the mean momentum of the struck
nucleon before and after its collision with the projectile
t P =

—,
'

( p+ p' ) ] or, alternatively, the nuclear convection
current times the nucleon mass. The NN effective in-
teraction is represented by the free t matrix t(z) which
satisfies the Lippmann-Schwinger equation

e' —co= (P+ —,'q) —(E) = p' —(E) ~0,1, 2 1

2m 2m

e —co= (P —
—,'q) —(E) = p —(E) ~0,1, 2 1

2m 2m

1 1e' —e = q.P= qP sinP .
m m

(Sa)

(Sb)

(5c)

From these relations the occurrence of oF-shell (NN)
contributions to the on-shell (NA) matrix elements of the
optical potential becomes evident as long as the motion of
the target nucleons and their binding are taken into ac-
count. Considering that typical values of p and p' are of
the order of 1 frn ' and the average binding energy
(s) = —25 MeV, the difference e(e') —co is roughly 45
MeV. This difference does not depend on the energy of
the beam so that its importance relative to the beam ener-
gy decreases as the latter increases.

where p is the reduced mass of the NN pair. The quanti-
ties ~ /2p and (P+ K) /2M are the relative and c.m. en-
ergies of the colliding pair. These energies e and e' can
be compared to the total (starting) energy of the propaga-
ting NN pair E+ ( E „),where the single-particle energy

has been replaced by the proton (neutron) single-
particle energy average ( s ~„~ ) obtained from the shell
model used to describe the target nucleus. Henceforth
the labels p and n appearing in z and c. shall be omitted.
Since, in the present approach, the c.m. energy is con-
served, this approach provides a direct measurement of
how far off shell the t matrix needs to be evaluated.

A simple analysis of the energies (e', e;co) can be made
by considering the kinematics associated with off-shell t-
matrix contributions to the on-shell matrix elements of
the optical potential. In this case the momenta of the
projectile k and k' are constrained by ~k'~=~k~ and
E=k /2m. Furthermore, we let the orientation of P
vary in the plane defined by k and k' as shown in Fig. 1,
where P denotes the angle between P and K. In order to
estimate the initial- and final-state energies relative to the
total energy co, co =E+ ( s ), we consider the differences

k2 (P qe= +
2m 2m

a + (K+P)
2p 2M

(4a) FIG. 1. Kinematics associated with on-shell matrix elements
of the optical potential.
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It is also interesting to follow, in the on-shell situation
discussed above, the behavior of the energies (e', e;co) as
functions of p, the angle between the projectile and
struck nucleon currents (Fig. 1). As the angle P varies we
can compare the magnitudes of the total final, initial, and
starting energies and illustrate the occurrence of off-shell
processes at the NN level. In Fig. 2 we show a polar plot
of the energies e ', e, ~, and the NN c.m. energy
(K+P) /2M which we label E, . The solid curves la-
beled with e and e' represent the NN total energies before
and after their collision, respectively. The dashed and
dash-dotted curves represent the starting energies when
given by co=k /2m (labeled coo) and co=k /2m+(E)
(labeled co, ),respectively. The curves shown in Fig. 2 cor-
respond to a beam energy of 200 MeV. We have chosen
q=1 fm ' based on the fact that most of the features
peculiar to full-folding calculations occur for q «2 fm
and P =0.8 fm ' since the target mixed density times P
peaks around this value of P. " The average binding en-
ergy, (E) is taken to be —25 MeV. We observe two dis-
tinct features at f3=0 and @=+90'. In the first case we
note that the initial and final energies are equal, as given
by Eq. (5c), and differ by (P +—'q )/2m —(E) from the
starting energy. This difference represents the amount by
which the NN collision is off shell and is determined by
the values of P and ( E ), which are characteristic of each
target, and by the relevant momentum transfers q. In the
case of P =90 the difference e ' —e is qP /m. For q -2
fm ' and assuming P —I fm ' this difference amounts to
-80 MeV and decreases linearly with q. As we increase
the energy of the beam the differences among e, e', and co

become negligible relative to E. Indeed, in the high-
energy limit the curves for e, e' and co become concentric
circles of radius -E as P, q, and ( E ) become less impor-
tant. At low energies, however, the situation is quite

300

E=BOO MeV

P=0.8 fm

q=1 fm

FIG. 3. Relative initial (e) and final (e') energies of the nu-
cleon pair as functions of P. The dashed and dot-dashed circles
represent the propagating energies in the XX c.m. (z) when
binding is neglected {zo) and included {z,), respectively. The
dotted curve represents a fixed energy equal to

2
E.

different. In this case the differences between the energies
e, e', and cu can be comparable to the energy of the beam.
A reliable assessment of the importance of the kinematics
represented in Fig. 2 for the purpose of describing NA
scattering can only be made through actual calculations
of the full-folding optical potential.

One important aspect of Fig. 2 is the energy E, car-
ried by the NN c.m. This energy varies as the angle P
changes, being a maximum (minimum) when the projec-
tile and struck nucleon currents are parallel (antiparallel).
As a result, for a given P, the energy available in the c.m.
of the NN pair varies as the radial difference between
E, and (e, e', co). For further clarity, and to have some
measure of the quantities which actually enter in evaluat-
ing the NN t matrix in Eq. (1), we plot in Fig. 3 the ener-
gies in the NN c.m. system e'=e' —E, , e=e —E,
and z =co E, as func—tions of I3. The circle (dotted
curve) in Fig. 3 represents a fixed energy equal to ,'E; its-
significance will be discussed later. We observe in Fig. 3
an overall tendency of lower-energy NN collisions when
the projectile and struck nucleon currents are parallel.
When these currents are in opposite directions the situa-
tion is reversed leading to higher-energy collisions in the
NN c.m. We stress that the situation depicted in Fig. 3 is
more complicated when considering arbitrary (off-shell)
matrix elements of the optical potential.

III. RESULTS

FIG. 2. Total initial (e) and final (e') energies of the nucleon
pair as functions of P. The dashed and dot-dashed circles
represent the starting energy when binding is neglected (coo) and
included (cu, ), respectively. The dark solid curve represents the
energy carried by the XXc.m.

One of the main objectives of this work is focused on
the role of the NN propagating energy in the full-folding
model for which we consider three alternative treatments
of z [Eq. (3)]. The first is essentially that indicated in
Eq. (1) with the exception that each E is approximated
by ( c, ) which should be adequate at high and intermedi-
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FIG. 4. Calculated and measured scattering observables for p+' 0 and p+ Ca elastic scattering. The light solid and dashed

curves correspond to full-folding calculations using variable energy including and neglecting binding, respectively; the dotted curves
were obtained using fixed energy and neglecting binding. The dark solid curves correspond to calculations using the on-shell tp ap-
proximation to the optical potential. The p+ ' 0 scattering data at 135 MeV were taken from Ref. 12. The data for p+" Ca at 200
and 300 MeV were taken from Refs. 13 and 14, respectively. The Q data shown at 300 MeV correspond to measurements made at
320 MeV taken from Ref. 15.
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ate incident energies. The second approach is the same
as the first except that ( E ) is set equal to zero. The third
approach involves approximating z by a fixed value equal
to roughly one-half of the beam energy. The latter treat-
ment is based on the assumption of a relatively weak
dependence of the NN t matrix on the available energy, z.
Thus, one neglects variations in the propagating energy
due to variations of P and K by setting P equal to zero
and K to a fixed value corresponding to forward scatter-
ing for the on-shell contribution (K=k =k', E =k /2m ).
These considerations yield z =E/2+ (E. ) which, apart
from the binding energy ( E ), has been the energy
prescription adopted in some of the recent full-folding
types of calculations for intermediate-energy proton-
nucleus scattering. ' In the context of the discussion of
Fig. 3, the fixed-energy prescription yields z =100 MeV
+ ( E) independent of P while E and E' retain their depen-
dence on P. In such a case the fixed-energy prescription
requires matrix elements farther off shell than those
prescribed by the full-folding procedure. This effect can
also be visualized in the context of Fig. 2. Indeed, the
fixed energy prescription implies a starting energy given
by co = ,' E+ ( K +P )—/2M+ ( e ) .

In order to study the dependence of full-folding optical
potentials on the choice of the propagating energy z we
have performed calculations for proton elastic scattering
from ' 0 and Ca between 135 and 300 MeV, an energy
range where the full-folding model has been shown to
provide a reasonable description of the scattering observ-
ables. For calculating the optical potential the single-
particle states were generated in a Woods-Saxon well as
described in Ref. 3 and the Paris NN potential was used
to generate the fully off'-shell NN t matrix. Full-folding
results shown here were made using sets of t matrices cal-
culated at six values of the NN c.rn. energy distributed
nearly uniformly between 1 MeV and -E~,b. These cal-
culations were made as described in Ref. 3 and used
(E& ) = —23. 8 MeV and ( E„)= —27. 3 MeV in the case
of ' 0 and (E ) = —24. 0 MeV and (E„)= —31.4 MeV
for Ca. The elastic scattering observables for proton
scattering presented here were obtained using
momentum-space procedures; results obtained using
coordinate-space procedures are nearly indistinguishable
from these, thus showing no ambiguity in the treatment
of the Coulomb potential.

The primary results of this work are shown in Fig. 4
where full-folding calculations using different treatments
of the NN propagating energy are compared to the tradi-
tional on-shell tp approximation for p+ ' 0 and p+ Ca
elastic scattering at 135, 200, and 300 MeV beam energy.
The measured observables are also shown for reference.
The dark solid curves represent results using the on-shell
tp approximation to the optical potential. The light solid
and dashed curves correspond to full-folding calculations
where the average binding energy in the starting energy is
included and excluded, respectively; the dotted curves
represent full-folding calculations in which the propaga-
ting energy has been fixed at one-half the beam energy in
the NA c.m. The latter case is equivalent to the full-
folding calculations presented in Refs. 4 and 5. As noted
in Refs. 3 —5, there are significant differences at each en-

ergy between the full-folding results and those using the
on-shell tp approximation. In addition, there are also no-
ticeable differences among full-folding calculations at en-
ergies below -200 MeV. We note in this case that the
inclusion of the binding energy of the struck nucleons in
the starting energy and the explicit treatment of the
variation of the NN propagating energy [z —E + ( e )—(P+K) /2M] lead to a considerable improvement in
the description of the spin observables. In the case of
p + ' 0 scattering at 135 MeV the sensitivity of the
scattering observables to different treatments of the NN
propagating energy is more noticeable. In the case of
p+ Ca scattering at energies above —300 MeV this sen-
sitivity diminishes substantially. At 200 MeV and below
we observe a clear sensitivity to the details of the treat-
ment of the NN propagating energy. Although the full-
folding calculations which use Eqs. (3) to sample the NN
eff'ective interaction off shell provide a superior descrip-
tion of the data within the energy range considered here,
it is necessary to make reliable estimates of the impor-
tance of medium effects in a full-folding framework, par-
ticularly in light of the sensitivity of the results to binding
energy corrections.

The results shown in Fig. 4 and discussed above are
consistent with those presented in Refs. 4 and 5. In Refs.
4 and 5 the authors compare scattering observables ob-
tained from full-folding optical potentials using the
fixed-energy prescription for the NNt-matrix and its asso-
ciated off-shell tp approximation and find very little
difference between the two approaches. We have also
compared elastic scattering observables in these two ap-
proximations and they agree closely with those presented
by Crespo, Johnson, and Tostevin where the Paris NN
potential is used. Therefore, the quantitative differences
between the full-folding calculations presented in Refs. 3
and 5 are due to the differences in the treatment of the
NN propagating energy.

IV. A FERMI-AVERAGED NX t MATRIX

In order to make some of the features introduced in
full-folding calculations of the optical potential more
transparent and to compare them with those in alterna-
tive approximations, we consider a recently proposed ap-
proximation to the full-folding optical potential. " As
shown in Ref. 11 most of the characteristic features of
the full-folding optical potential are well described by us-
ing a Slater-type approximation for the target mixed den-
sity. In this approximation it is necessary to neglect the
Uariation of the single-particle energies by considering the
average value (E) as was done above. With this assump-
tion one can rewrite the optical potential as

V(k'k;E)= f dP p(p', p)(~'lt(z)~~),

where p denotes the target mixed density (neutrons or
protons),

p(p', p)= gy (p')y (p) .

Using a Slater form for the nonlocality function of the
mixed density, p(p', p) can be expressed in terms of the
moduli of P and q of Eq. (2) as "



43 STARTING ENERGY DEPENDENCE OF ELASTIC SCATTERING. . . 2739

p(p', p)=p(P;q)= 3
4m f R dR j o(qR )8(k„P—)

1 p(R) .
(2n. ) o p(R )

where k& is a local momentum function obtained from
the Campi-Bouyssy or Slater approximation" which de-
pends on R and defines the function p by

p(R) = k„.3~' "
With the use of the above form for the mixed density, Eq.
(6) for the optical potential may be rewritten as

U(k', k;E)=4m f R dR p(R)jo(qR)t, „(k',k;kz ,E), '

0

where one has introduced an average t matrix

t„( k', kk~; E)=, f dP(Ic'it(z)ia. )8(k~ P) . —
4 m-k~

Apart from the explicit dependence of t„on the coordi-
nates k', k and kz, Eq. (10) for the optical potential
displays a structure similar to the traditional (and local)
tp approximation. However, we note that the average t
matrix incorporates explicitly the off-shell behavior of the
NN effective interaction as required by the full-folding
model and given by Eqs. (3). This feature is particularly
appealing since a study of the behavior of t,„allows one
to gauge the sensitivity of fu11-folding-like calculations to
different approximations made in evaluating the NN
effective interaction. In particular, and for the purpose of
the present discussion, we examine the behavior of t„as
a function of q at on-shell values of k and k' in the NA
c.m. for different treatments of the propagating energy.

In Fig. 5 we show the central isoscalar (b, T=0) com-
ponent of t„as a function of q for different values of the
beam energy E. The curve patterns used here follow the
same convention as those used in Fig. 4: the dark solid

135 MeV
I I I
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I I I

300 bkeV
I I

0
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T3-aoo-

1

9 (fm )

2 0
I

1

e (fm ')
2 0 1

9 (fm )

FIG. 5. The isoscalar (AT=0) off-shell average free t matrix as a function of q. Light-solid, dashed and dotted curves include off-
shell effects as defined in Eq. (11). The dark solid curves correspond to the on-shell t matrix using the "optimum energy prescription"
(Ref. 3).
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curves represent t on shell as a function of q with z given
by the "optimum energy approximation"; the lighter
solid curves represent results using z =E-+ ( e ) —(P
+K) /2M, with ( e ) = —25 MeV; the dashed curves cor-
respond to z =E—(P+K) /2M; the dotted curves corre-
spond to z =

—,'E. The amplitudes t„are calculated using

kz = 1 fm, ' based on the expectation that the dominant
contributions to the optical potential should occur where
the distribution R p(R) is localized [see Eq. (10)]. In the
case of Ca, this consideration leads to values of R in the
range R -2—4 fm, for which kz varies between" —1 and
1.3 fm.

In Fig. 5 we observe that, at each of the energies con-
sidered, the on-shell t matrix is more attractive than each
of the effective interactions in which the full-folding
effects are incorporated through the average procedure.
In the 135-Mev case, the differences among the different
treatments used for z are especially noticeable. At this
energy we note that the variable-energy prescription with
the binding-energy term in the starting energy makes the
N1V interaction less attractive than in the case of fixed en-
ergy or variable energy without binding. At 200 and 300
MeV, these differences are less pronounced. On the other
hand, at each energy the imaginary part of the XN
effective interaction shows sensitivity to the
inclusion/exclusion of the binding energy in the starting
energy. With the exception of the 135-MeV case, the
imaginary part of t„obtained when including the bind-
ing energy in the starting energy is less absorptive than
observed in each of the other approaches considered.
Furthermore, we note at these energies that the Im( t,„)
based on full-folding procedures are "Aatter, " and there-
fore of shorter range, than the on-shell XX interactions.
This property of t„corresponds to an effective local XA
potential with a shorter range than is characteristic of the
on-shell tp model and accounts for the shifts in the
diffraction minima in the cross sections to larger angles
relative to those in the on-shell tp model. Overall, in Fig.
5 we note that the fixed-energy prescription in the full-
folding approach yields a t„which is very similar to that
obtained when the variation of the energy is treated ex-
plicitly and the binding energy of the struck nucleon is ig-
nored. A study of the spin-orbit contributions similar to
those discussed here shows significantly less sensitivity to
the different treatments of the NX propagating energy.

V. SUMMARY AND CONCLUSIONS

We have studied the sensitivity of the full-folding opti-
cal potential for intermediate-energy elastic scattering to
different treatments of the XX propagating energy. In
particular, we have focused on the role of the variation of
the XX propagating energy due to the motion of the
struck-target nucleons and on the importance of the aver-
age binding energy in the starting energy. At energies
above —300 MeV the full-folding calculation results are
relatively insensitive to different treatments of the XX
propagating energy. As the beam energy is lowered the
full-folding results become increasingly sensitive to the
treatment of the XX energy. In particular, we note that
the inclusion of the binding energy of the struck nucleon
in the starting energy, along with an accurate treatment
of the motion of the struck nucleon, are the main features
which provide the closest agreement of full-folding calcu-
lations with the data within a scheme in which the free t
matrix is used to represent the XN effective interaction,
particularly in applications at lower energies. Given the
sensitivity of full-folding calculations in applications at
these lower energies, where the strongly energy-
dependent S-wave part of the t matrix is sampled by the
large-momentum components of the bound-state wave
functions, we expect that the inclusion of explicit medi-
um effects beyond those included by averaging over the
Fermi motion are needed in order to more reliably assess
the adequacy of the nonrelativistic theory for XA scatter-
ing.

In this work we have introduced an average t matrix
which incorporates explicitly the off-shell behavior of the
NX effective interaction as required by the full-folding
model. The interesting feature of this average t matrix is
that it provides a simple scheme for gauging the sensitivi-
ty to different approximations used in evaluating the NX
effective interaction in full-folding-like calculations.
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