Estudios de Economia. Vol. 25 - N® 2, Diciembre 1998. Pigs. 161-178 161

OPTIMAL ECONOMIC GROWTH WITH RECURSIVE
PREFERENCES: DECREASING RATE OF TIME
PREFERENCE

RoLr R. MANTEL"

Abstract

In the field of optimal growth theory, since Ramsey's time it is frequent to maxi-
mize a welfare function consisting of the discounted sum of instantaneous utili-
ties. Such an optimality criterion implies that preferences are independent over
time. Following in the tradition of Irwing Fisher, Koopmans presented postu-
lates for recursive preferences for which the rate of time preference is variable.
In a later study with Beals he showed that the implications are that even in the
simplest situations described by the neoclassical growth model initial condi-
tions affect the long run optimal path. These authors assumed a quasiconcave
welfare function. In the present essay their analysis is extended to the case of a
discounted sum of instantaneous utilities when the discount rate decreases as
consumption increases, and the welfare function need not be concave.

HResumen

En el drea de la Teoria de Crecimiento Optimo, es frecuente, desde los tiempos
de Ramsey, maximizar una funcion de bienestar consistente en la suma
descontada de las utilidades instantdneas. Tal criterio de optimalidad implica
que las preferencias son independientes a través del tiempo. Siguiendo la
tradicion de Irving Fisher, Koopmans presento postulados para preferencias
recursivas para las cuales la tasa de preferencia temporal es variable. En un
trabajo posterior con Beals, él mostré que las implicancias son que aun en las
situaciones mds simples descritas por el modelo de crecimiento neocldsico, las
condiciones iniciales afectan la senda dptima de largo plazo. Estos autores
supusieron una funcion de bienestar cuasiconcava. En este trabajo se extiende
ese andlisis al caso de la suma descontada de utilidades instantdneas cuando
la tasa de descuento decrece a medida que el consumo aumenta y la funcion de
bienestar no necesita ser concava.
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1. INTRODUCTION

In the field of optimal growth theory, since Ramsey's time it is frequent to
maximize a welfare function consisting of the discounted sum of instantaneous
utilities, with a constant rate of time preference. Such an optimality criterion
implies that preferences are independent over time.

Following in the tradition of Irving Fisher [1930], Koopmans [1960] pre-
sented an alternative for the case of discrete time periods; he used an assump-
tion of limited non-complementarity over time, and showed that there exist
welfare functions for which the rate of time preference is variable. In a later
study with Beals ([Beals and Koopmans , 1969]; see also Iwai [1972]) he showed
that the implications are that even in the simplest situations described by the
neoclassical growth model initial conditions may affect the long run optimal
path.

Equivalent results for the case of continuous time have been reached by the
present author [Mantel 1966, 1967, 1967b, 1970, 1993, 1995].

A similar approach by Uzawa [1968] reaches different results due to his
particular assumptions; his optimal paths are, in the long run, independent of
‘nhitial wealth. The same is true of the case of discrete time, as in the studies of
Epstein [1987], Lucas and Stokey [1984], and others. Blanchard and Fischer
[1991], referring to Uzawa’s increasing rate of time preference, state that this
“is not particularly attractive as a description of preferences and is not recom-
mended for general use”. Irving Fisher, the father of the creature, explains in
his Theory of Interest [1930, pg 247] that “near the minimum of subsistence ...
to give up one iota of this year’s income in exchange for any amount promised
for next year would mean too great a privation in the present. ...his rate of time
preference will gradually decrease ... that is, the larger the income, other things
remaining the same, the smaller the degree of impatience.” Fisher’s indiffer-
ence curves for present and future consumption, which he called “willingness
lines” are depicted in Figure (1) with an decreasing steepness along the 45
degree line, according to his assumptions.

FIGURE 1
FISHER’S WILLINGNESS LINES
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The particular case —when time is continuous— in which the resulting wel-
fare function can be explicitly represented as an integral as in Uzawa’s essay
has been analyzed elsewhere by the present author [Mantel , 1967¢], but is not
covered by the other studies which assume that the welfare functional is quasi-
concave. The results for growth theory obtained illustrate the use of such a
welfare function taking into account Fisher’s form for the pure rate of time
preference; the qualitative behavior of optimal growth paths is there seen to be
similar to that described previously by Beals and Koopmans and by the present
author —in the continuous case—, in the articles cited, including the multiplicity
of asymptotic growth paths, with long run situations depending on the initial
endowments. Thus preferences may lead to a “poverty trap” even in the case of
a well behaved neoclassical technology. In such cases the rich desire to become
richer, whereas the poor prefer getting poorer; under high levels of initial capi-
tal stock society may wish to save and accumulate more, while the same prefer-
ences may lead to dissaving if initial wealth is below some critical level.

The translation of the previous results for continuous time to the present
case of discrete time is not trivial, since the strong result due to Pontryagin and
his associates valid in the first case —that the Hamiltonian is zero for all instants,
result equivalent to the Keynes-Ramsey-Koopmans condition— has no equiva-
lent in the second case. Only the weaker result due to the envelope theorem —i.e.
that the current shadow price of the capital good measures the marginal in-
crease in welfare due to an increase in the initial capital endowment— is true.

The present essay presents a parallel analysis to that of the continuous time
case for the case in which time is presented in discrete, equally spaced, units.

2. PREFERENCE OVER TIME

The present section presents briefly some of the notions needed in the se-
quel. These notions are in accord with those of Beals and Koopmans. Neverthe-
less some of their proofs are not appropriate for the present case, since here the
welfare functional may not be quasi-concave.

A time-path or program is a real-valued sequence ,z = (z,....Z,...), where
the non-negative integer argument f represents time. The present moment is
t = 0, and the planning horizon of the family or society extends to the infinite
future. Admissible programs are bounded. The set of all admissible paths will
be called Z. It is easy to extend the present analysis in which z, is a commodity
bundle with more than one coordinate; since the difficult part is due to the
infinite horizon, this will not be done in the present study.

A consumption path or consumption program initiating at the present time
0, viz. ,x € Z, is an instance of an admissible path. The set of admissible
consumption programs X consists of those admissible paths for which the con-
sumption rate is never negative, so that x, = 0 for all 1. Figure (2) shows such a
consumption program, subdivided into three sections so that , x = (n e e -;-’-’)?
the initial subindex of each section denotes its starting period, the final subin-
dex its last period when it is not infinity.
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FIGURE 2
SECTIONS OF A CONSUMPTION PROGRAM
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A welfare function —prospective utility in Koopmans’ terminology— is a real
valued function W defined on the set X of consumption programs. The immedi-
ate or instantaneous utility of a consumption at period ¢, x,, is the value of the
real valued function u(x,). It should be noted that this definition is at variance
with Koopmans® concept adhered to in a previous article [Mantel 1993]. In the
present essay, the relation between the two concepts of immediate and prospec-
tive utility is given by the (discounted) sum

w(ox) = E{ et utx)

smQ | r=0

where the real-valued function ofx) is the (psychological) factor of time prefer-
ence, with values always contained in the open interval (0,1).

The welfare function satisfies the following postulates, originally stated by
Koopmans for discrete time in a slightly different but equivalent way. For the
continuous time case, see the author’s essays already cited. Here only verbal
statements will be provided. As shown by Koopmans, there exist welfare func-
tions of more general nature that those presented here.

P1. (Sensitivity). There exist two admissible programs which agree with
each other from some time on with different welfare levels.

This postulate serves the purpose of excluding the uninteresting case in which
all consumption programs are equivalent to each other, which then trivially
would all be optimal.

P2. (Limited non-complementarity over time). The ordering of two pro-
grams with the same tail —i.e. which coincide after the first period— is not af-
fected if their common tail is replaced by another one, as long as after the re-
placement both programs still have equal ending sections.

The limited non-complementarity postulate is illustrated in Figure (3) .
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FIGURE 3
THE LIMITED NON-COMPLEMENTARIRY POSTULATE
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Taken together with the following stationarity postulate, it is the central
assumption which allows writing the welfare function in recursive form.

P3. (Stationarity). The ordering of two programs which coincide in the
first period is the same one obtains by discarding the common initial period and
advancing these programs for a time duration equal to that period —thus only
the ordering of the tails is relevant—.

The purpose of this postulate, illustrated in Figure (4), is not its realism;
one might argue that future generations have different tastes, so that the evalu-
ation of a program from their perspective is not equal to the present generation’s
evaluation of the same program from today’s perspective if it were to start to-
day. The reason for requiring this postulate to be satisfied is to isolate the pure
time preference effect from changes in tastes, in the belief that given sufficient
freedom in the choice of preferences any development path may be justified.
This would then provide no proof that development paths behave differently in
the long run solely on the grounds of different initial endowments in response
to a variable rate of time preference.

FIGURE 4
THE STATIONARITY POSTULATE
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P4. (Extreme programs). There exist a best and a worst program, with
finite welfare levels, W W .

Thus the welfare of an admissible consumption program is bounded.

Koopmans showed that under suitable continuity assumptions these postu-
lates imply the existence of an aggregator function, V, whose arguments are the
rate of consumption x and the welfare level W, which is strictly increasing in its
arguments —if the representation of preferences is chosen appropriately—

In the present case of discrete time, the aggregator function to be considered
has the property that the welfare of a program can be evaluated by solving the
following difference equation with bounded end condition for its initial value.

(2.1) W = u(x,)+olx,)W,, forall 120
WE[K,W} forall t=0

The solution is given by a welfare path W, such that W, is the prospective
utility one would derive from implementing today the tail of the program in-
tended to start at time 1. If the discount factor af(x,) is bounded away from unity,
the solution will be unique. Its initial value W, will be the welfare associated
with the consumption program gXx.

In the present case, this means that one has the closed solution

w=wl,= S| a(x,) )

¥y

already given for r = 0. It is easily checked that the sequence oW satisfies the
proposed difference equation.

The interpretation of the difference equation (2.1) is as follows. The pro-
spective utility of the consumption program starting at time 7 is W,. The pro-
gram offers a consumption x, for that period. The aggregator function
V(x, W) = u(x) + a(x)W —the right hand side of the difference equation— uses
this information to indicate that if those two quantities are known, advancing
the program by discarding the consumption of the first period after the current
time 7 achieves the prospective utility W,,, . The process of the evaluation of
W, is shown in Figure (5), where the points labelled with i and joined with a
solid line correspond to the instantaneous utilities of a given program ,x. The
dotted lines provide solutions to the difference equation for different initial val-
ues —the curve labelled W* starts out too high, the one labelled W—too low, both
tend to leave the strip between W,_. and W, —. It is seen, and can be proved,
that there is only one initial value %’0 such that the corresponding curve stays
forever within the allowed bounds.

For the purposes of the maximization of welfare to be carried out in the next
section, it will be assumed that the following conditions hold for the instanta-
neous utility function u(-) and the rate of time preference function
p() = 1/e(:) — 1, shown in Figure (6) with a slightly more general form then the
one assumed in the present investigation.
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FIGURE 5
EVALUATION OF PROSPECTIVE UTILITY
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FIGURE 6
THE RATE OF TIME PREFERENCE p(c)=1/alc)-1
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P5. (Utility aggregator). The utility-aggregator function
V(x, W) = u(x)+ o(x)W satisfies

a) u(x) and a(x) are continuous on R* and twice continuously differentiable for
x> 0,

b) W'>0>u”; and lim__ .u'(x)=+==, u(0)=0.

e) a'>0>a”; cx(ﬂ)::-{)

d) 0<e(x)<a<1 forsome constant ¢, for all x 2 0.

Itis easily verified that such an aggregator function produces a welfare func-
tion which satisfies the postulates. Following Boyd [1990], one notes that
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V(,-) is continuous and increasing in its arguments, whereas
[V(x, W) — V(x,W’)| = a(x)|W — W’| < @|W — W’| shows that it satisfies a Lipschitz
condition of order one. Therefore both Boyd’s conditions W2 are satisfied and
a unique prospective utility or welfare function exists.

For uniformly bounded admissible consumption programs ,x one has

W(,x) = lim W(0:T, W(T))

where W(r;T.W(T)) is a solution of the difference equation (2.1) with any end
condition satisfying

w@:Tw)=w()
with
0SW==W(T)<W.

The solution can be given in closed form. For example, if one takes W(T) =
O for all T, this solution is

T=1

W(0;T,0) = Z{I‘i rx(x‘.)}u(x,)

F=r

The name of instantaneous rate of time preference will be given to
[/a:(-}— ] = p(} As will be seen, it acts as a discount rate. Note that it is inde-
pendent of the representation of preferences only for constant programs; in the
general case its value depends on the (welfare) utility scale. In the present situ-
ation, it coincides with the concept of a pure rate of time preference used else-
where; in more general situations the two concepts are equal only in the case of
stationary programs (see Koopmans [ 1960]).

3. THE TECHNOLOGY AND FEASIBILITY

The technology will be described by a simple neoclassical aggregate pro-
duction function with the following properties.

P6. (Technology). The real-valued production function flk)-where the non-
negative real number k denotes capital per capita— is

a) continuous, twice continuously differentiable for k= 0,
b) Ff(O)=0r'>0,r"<0, kiirmf(k}:m_
c) There exists a k,_ > 0 such that f(k ) =k _.
Here it is assumed that there exists only one good, used both for consump-

tion and for accumulation. The symbol k stands for the capiral-labor ratio,
f() for the gross output-labor ratio —the latter net of maintenance and other
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costs, including the investment necessary for keeping the capital-labor ratio
constant and the capital stock of the previous period—. The second assumption
is standard —see e.g. Stokey and Lucas [1989]—, and states that capital is an
indispensable input and that output plus capital per capita is an increasing and
concave function of capital per capita. The last line can be justified in an economy
with a growing labor force, where it is conceivable that as labor becomes scarce
it will be impossible to produce enough to sustain the capital-labor ratio. In the
sequel no reference will be made to the rate of growth of labor, which will be
assumed to be constant. This is known to be equivalent to express all relevant
variables in per capita terms.

Denote the highest sustainable —“golden rule” as it is called in the litera-
ture— consumption rate by ¢ = argmax{f(k)—k:0<k= k, | the correspond-
ing level of capital by k, so that both quantities are positive and
f’iﬁ) =1; ¢ = f(k) — k. A capital path is an admissible path ok € X ; itis fea-

sible for an initial capital stock k if kg =1 imply

0<k,, = fk,)

The associated consumption path  x satisfies
(3.'} X, = f(k; )_ kr-l-l 2
sothat 0< x, < f(k, ).

To simplify the exposition, the analysis will be restricted without loss to
those situations in which the initial capital stock is productive,ie. 0 < ky <K,
In that case feasibility implies O < k, <k, for all 1. Consequently the capital path
is uniformly bounded, and so is the consumption path, with 0 < x, = c. The
problem to be solved now consists in determining the optimal feasible capital,
consumption and welfare programs.

Define the (psychological) discount factor, B, associated with a feasible
consumption path, yx, as follows. The discount factor is

r—1
(3.2) B =]]alx)
=0

and satisfies the inequalities
a(0) <B <a <a<l

for all ¢t = 0, due to Postulate PS.

This expression uses the instantaneous rate of time preference p=1/o—1
as a discount rate to evaluate the relative merit of events at time # as seen from
the perspective of the present time 0.

These definitions allow the following problems to be stated, in the fashion
of Stokey and Lucas [1989].
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4. OPTIMALITY

Consider the sequential maximization problem

(SP)

vk, ) = ma.xg‘ Bu(x,)
s.L ﬁn-l 5 I"rx('x:r)ﬁ:; ABI.'} = ]

k. < flk)—x; k>0

B.,x,k=0

and the associated functional equation

(FE)

v(k) = nﬂx{u(x} +a(xv(y): x+y= f(k) x,y2 D}

Given the assumptions in the present article, both problems have the same,
non-empty, set of solutions —see Stokey and Lucas [1989]—. The results in sec-
tion 5 of Boyd [1990] guarantee the existence of an optimal path starting from
k, with a continuous, strictly increasing value function v(-).

Bellman's recursive relation is, for the optimal programs (W.ox.0k ) with
W = "(k;) for all t 20,

4.1) W=y =u +a,v,,

where v, =v(k)., u =u(x(k)), o, = o x(k,)). x(k)= f(k)— g(k,),
v,,, = v(g(k,)) and the corresponding policy function is given by

(4.2) g(k)= f(k)—arg max {u(.x:) +a(xv(y) ! x+y< f(k)ix,y= D}

Since v is maximum with respect to consumption x, one has the necessary
first

(4.3) ul+av,,, =0V,
and second

4.4) u’+av,, 2oy, +ov s0

141

order conditions. Differentiating (4.3) one has
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(w4 08,0 NS~ 81) + Va8l — () (F/— &1)V/r + O Y7E7)

= (“f‘"‘ (e :+|)f;"’ (":"" o ;+1)3: + 20V, & — (a:f; e = ar""::‘:g:)
= 0.

Solving for g”’,

o ’ e
u, + &, i":+1 — OV, f!
Il #, o r r *
u, + I":Jfri)rdrl e ?'ar Vi HOV

(4.5 &=

The numerator of the fraction is negative since u”,” are so, whereas
a’,v,v’ are positive. The denominator is negative because of the second order
condition for a maximum (4.4). Consequently, g(-) is increasing.

For x” one has

o #F
x; — fj_gr = arvr-l = arvrﬂ
f ¥ I > FoF #F
u'+ o, —2ov/,, +ov

il

5 g
L

so x(-) is increasing if the numerator is negative; for this it suffices that v() be
concave —which it need not be—.
From Bellman’s relation (4.1) above, the envelope theorem implies that

4.6) v/=ov, [

From equation (4.5) one has that

-

2 =0
so that
k, >k, = g(k,) > g(k,). hence k>,k.

« Definition. A capital path is strictly monotone if it is constant or either
always strictly increasing or else always strictly decreasing.
One has the following results, illustrated in Figure 7.

1. The value function v(-) is strictly increasing in k. For if £> 0, since
(ky + £,,K) is feasible, v(k, + &) =u(f(k, +€)— k) +o(f(k, +€)— k, Jv(k,)
> ul f(ky) — ki) + o f (ko) — k,)v(k,) = v(k,), where the first inequality
follows from the definition of a maximum, and the second strict inequality

is due to the fact that u(-) and «(-) are strictly increasing, whereas as can be
seen from (SP), v(-) is nonnegative.

2. The necessary condition (4.6), due to the envelope theorem, implies that
f7>0,sothat k, < k for all ¢

3. v, 2 0 implies that u, < v, forall 7 2 0 because of Bellman’s equation (4.1),
since o, g = 0.
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FIGURE 7
THE OPTIMAL CAPITAL AND CONSUMPTION PATHS
4000 -
1500 | i
3000 - .._,,.--"‘""F'F
-
2500 o ..-__.--"‘#1.
2000 J * :,_rﬂf’ =
%y ,--"J u ——— HKmGak
fovicn g g ¢ @ (o2
1000 1 Ifﬂ
f’*

500 | o

o L) A A i " " »

o 10 20 = 40 50 &0
old capital

The necessary first order condition for a maximum, (4.3), implies that

&, -
Vsl S ?"'m; hence, another way of seeing that v(-) is increasing can be

r

obtained from here; (4.7) V/,, = a/v,,, /¢, >0, so that v(-) is strictly in-
creasing if v > 0, since @’ > 0.

. Capital paths are strictly monotone. For let k, > kj; then, because of relation

(4.7), v(k,) > v(k;), and g">0=> g(k) > g(k,). so k, > k,. Thus, if k, >k,
by induction k, is always increasing over time; similarly if k, <k, then K, is
always decreasing. Hence optimal capital paths are strictly monotone in the
sense of Beals and Koopmans, i.e. they are cither constant, or strictly in-
creasing, or strictly decreasing over time.

Stationary solutions imply

Bellman's equation v=u-+ov
Maximum f.o.c. w+a'v=ov
Envelope theorem v = oo'f’

The last relation, for positive v, implies the equilibrium condition

of =1,

stating that the marginal productivity of capital f’—1 should equal the rate of
time preference 1/o—1. Both are positive since 0 < o < . Define the set of
stationary capital levels

K ={k e N1g(k) = o[ f(k) - k]f"(k) = 1}

Assume nondegeneracy, that is to say, if k € K is a stationary capital level

then
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of ” + fa'(f —1)=0,

so that it is locally unique. Thus the number of capital levels is finite.
But the assumptions on the functions imply that ¢(0)= o(0)f’(0)>1 and
B(eo) = axf'(e=) =0 <1 50 that one has

# K = odd, hence K # .

Order the elements in K according to magnitude, so that K =R

n=#K, with 0=£k° < < k?<...<k" <+4oo=k"". Define the attraction
intervals

K’ E{kemk"' ﬁk{ik“'}

for { odd. Then if k= ki for i even one has k, = k,, for all t. For other values of
ke

k, € K, for some i odd, and
if k, < k' then k, increases toward k'

if k, > k' then k, decreases toward k'

Thus one has the following result.

« Proposition. Optimal capital paths are strictly increasing (decreasing, con-
stant) if the marginal product of the initial capital stock exceeds (is less
than, equals) the pure rate of time preference corresponding to a constant
capital path equal to that initial capital stock, that is, if

@8)  Fik)—1>(<,=)plfk)—k]=1/cf(k)— k]—1.

This result is also true if the rate of time preference is constant or increas-
ing. The difference resides in that if the pure rate of time preference is constant
or increasing then there is only one capital-labor ratio with a marginal product
equal to it, whereas if it is decreasing there may be several solutions to the
equality in relations (4.8). This central result of the present investigation, illus-
trated in Figure 8 is summarized in the next proposition.

« Proposition. If the initial capital stock is very large, the optimal path will
be strictly decreasing. If p(0) < f’(0)—1 and the initial capital stock is very
low the path will be strictly increasing, else it will decrease toward zero. For
intermediate initial capital stocks, there may be several intervals for which
the path rises or for which it falls, separated by constant paths along which
the pure rate of time preference equals the marginal product of capital.
Some remarks on the relation between continuous and discrete time follow.

In continuous time, the main result of Pontryagin’s maximum principle is
that for autonomous systems the Hamiltonian is identically zero. This means
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FIGURE 8
OPTIMAL CAPITAL TIME-PATHS
T -
12 4
10 4 -
c o L] o & o & o & & & 2o ke GL
=H Sl i3 T - E e by :...a__.g_..x...g.,,g
a T ke &
- 1 o L
§ol3 -
i - - FT N E oo N W mr w o
. = esrosanann : : Tl : :it F. S, O
2 - + * - - *
0 o . . . X g
Q 10 20 a0 40 50 5]
time
¥ i 3 o g dW [dk
that, in our notation, the current price of capital is given by 7 = = On
t
the other hand, in discrete time the envelope theorem says that 7 = v". Rela-
' 3 , OV AW ’ X
ting both results, approximately, v EEE = JT = = This shows the consis-

tency of both approaches; it is clear that the continuous time case is easier to
handle, since then the constancy of the Hamiltonian is exact, providing a first
integral for the system of differential equations which allows the elimination of
one of the state variables, W, in terms of the other, &, and the control, x.

A heuristic argument for the characterization of an optimal program, the
Keynes-Ramsey-Koopmans argument, is valid for continuous time. First pre-
sented by Ramsey [1928], who attributes it to Keynes for the case of a zero rate
of time preference, and later by Koopmans [1965] for a constant rate of time
preference, it runs as follows. At any time ¢, increasing consumption by a frac-
tion £ of the investment rate, dk/dt, during a sufficiently short time period means
an increase in consumption of 8¢ = £ d,/d,. This produces a gain in welfare
equal to

SW = 8(W(,x)— W( X))

dw
=—8——=-8[pW-—
dt P "]

L ¥ r , dk
=—{p'W-u'léx=¢glu"-p W]E

and a loss —due to postponement of capital accumulation by a fraction &
equal to € dW/dt. The net gain is therefore
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dk dW
| To'W—t'|—+—
([p - ] dt = dt )E

and should not be positive if the capital path is to be optimal. Since € can have
any sign, it follows that

dk _

dt

Replacing the time derivatives of W, k by the corresponding differences, one
s approximately dv/dk = u’ + Wo' = AW /Ak.

- This says that the undiscounted price of the consumption good measures
the welfare effect of a marginal addition to the capital stock.

dW
__+ rw_ ,
e Ll

5. CoNCLUSION

The present investigation started with setting out a welfare function for a
family or a social planner wishing to design an optimal growth program in a
neoclassical setting. “The proof of the cake is in the eating”’, which in the case
of an economist in the position to advise the planner means that it is desirable to
\ry out several criteria for optimal growth so as to ascertain the effects these
have on the shape of the resulting optimal programs. It is difficult to ask the
planners for their preferences, so it will be simpler to deduce them from their
choice among optimal paths obtained from different optimality criteria.

A welfare function has been presented which is not so simple as to reduce to
one with a constant pure rate of time preference, but still simple enough to be
amenable to analysis.

The results that have been obtained show that on the one hand there are
imilarities with the case of a constant rate of time preference, in that the capital
paths are one of three types,

i constant for all time, in case that initially the pure rate of time preference
coincides with the marginal productivity of capital;

strictly increasing, accumulating capital by consuming less than is produced,
approaching a long run capital-labor ratio asymptotically in case the pure
rate of time preference falls initially short of the marginal productivity of
. capital;

i. strictly decreasing, decumulating capital by consuming more than is pro-
duced, again approaching a long run capital-labor ratio asymptotically, in
case the pure rate of time preference exceeds initially the marginal produc-
tivity of capital.

On the other hand there are important differences.

In the case of a constant —or increasing, as proposed by Uzawa-— rate of time
preference there exists a unique capital-labor ratio to which all capital pro-
grams tend in the long run independently of the initial endowment of the
economy. In other words, poor societies will restrict their consumption to
accumulate capital until the long run capital- labor ratio is reached, whereas
rich societies will eat up their capital until that same long run capital-labor
ratio is attained.
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ii. Inthe case of a falling rate of time preference —as proposed by Irving Fisher—
there may exist a multiplicity of long run relative endowments. This means
that the development path of an economy depends on its initial endowments;
society is not willing to disregard its past.

Observing the development paths of different countries, it seems quite rea-
sonable to expect to find situations in which there are at least two different
capital-labor ratios at which the pure rate of time preference equals the mar-
ginal product of capital. In such a case, a very poor society may decide that the
effort to accumulate capital is too high, that the benefits will take too long to be
reaped, and thus embark in a high consumption program leading to a low
—perhaps zero— long run capital-labor ratio. On the other hand, a somewhat
richer society with an initial capital endowment exceeding some critical amount,
may have sufficient incentives to decide to undertake the effort, to tighten their
belts by consuming less, to accumulate and reach a long run capital-labor ratio
that is higher than the present one.

When the rate of time preference falls with increasing consumption rates, a
country may decide not to undertake the effort of economic development when
its initial capital endowment is below some critical level, whereas if il were
above that level it would be willing to sacrifice its present generation for the
well-being of the future ones. It is impossible to obtain such a result with a
constant or increasing rate of time preference in the case of a simple neoclassi-
cal technology.
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