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Abstract In this note, we obtain some necessary and sufficient conditions for the controlla-
bility and observability in a linear time-varying control system with piecewise constant state
variables. The controllability results can be understood in terms of classical control systems
on intervals [k, k 4+ 1] with k € Z. We have preferred to use a global treatment instead of
the reduction to a discrete equation. We also derive some results for the linear time-invariant
case. [llustrative examples are presented.
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1 Introduction

Controllability and observability of linear systems described by differential equations [8, 9]
and difference equations [6] are classical problems in control theory. As far as the authors
know, there exists no results for linear systems with piecewise constant arguments and the
purpose of this note is to extend some results to the system:

2(1) = AWDx () + Ao()x(I1]) + B0 (), (1.1)
y(1) = C(O)x(1) + Co()x([1]) + D()u(), (1.2)

where [-] denotes the ceiling or integer part function, x(-) € R"*! is the state vector, the
input u(-) is a g-dimensional real, bounded and measurable function, and the output y(-)
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is an r-dimensional real function. In addition, A(z), Ao(t), B(t), C(t), Co(t) and D(t) are
continuous matrices with dimensions having compatible order.

The system (1.1) is a particular case of DEPCA (Differential Equation with Piecewise
Constant Arguments) whose study was initiated in [16] and extensively developed in [1, 5,
25].

Definition 1 A function z(¢) is a solution of (1.1) on an interval («, 8) if:

(i) z(¢) is continuous on (a, B),
(ii) The derivative exists at each point ¢ € (o, B) with the possible exception of the points
t =k € ZN («, B), where one-sided derivatives exist,
(iii) The equation is satisfied for z(¢) for any interval (k, k + 1) C («, B) and it holds for the
right derivative of z(¢) at the points t =k € Z N («, B).

1.1 Some Previous Results About DEPCA Systems

The system (1.1) can be viewed as a perturbation of the linear DEPCA system:
X(1) = ADx (@) + Ao(D)x([1]), (1.3)

which has been studied from stability and admissibility points of view: indeed, a first type
of results are devoted to study the asymptotic stability of (1.3). The linear time invariant
case (from now on, LTI) is studied in [25], where necessary and sufficient conditions are
obtained in terms of spectral radius. The linear time varying case (from now on, LTV) has
been studied in [1] and [20], where a fundamental matrix for (1.3) is obtained.

A second type of results are related to the S-admissibility problem: if (1.3) is perturbed
by a function f(-) of some space S leading to

X(1) = A@0x (1) + Ao()x([1]) + £ (1), (1.4)

the objective is to find a set of conditions on A(-) and Ay(-) ensuring the existence of a
solution x(-) € S of (1.4). The case of periodic functions is studied in [4], the almost periodic
case is studied in [26, 28, 29], the pseudo-almost periodic case is studied in [19, 31], the
remotely almost periodic case is studied in [32] and the almost automorphic case in [3, 24,
29].

1.2 DEPCA as Delay Systems

It is interesting to note that (1.3) has an alternative formulation as a delayed differential
equation

X(1) = A@M)x (1) + Ag(t)x (1 — (1)), (1.5)
with sawtooth delay 7 (z) defined by
) =1—t]. (1.6)

This fact suggest to consider (1.1)—(1.2) with [t] =t — t(¢) as a particular case of the
delay control system:

X1 = ADx(0) + Ao(D)x(t — o (1) + BOu(?)

(1.7)
y(t) = C)x(t) + Co)x(t — o (1)) + D(Ou(?),
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which can be studied by considering the properties of the delay o (¢):

e The study of (1.7) with constant delay (i.e., o(t) = h > 0) presents several differences
with the classic theory. In particular, the study of controllability and observability become
more complicated due to the infinite-dimensional framework (we refer to the reader to
Sect. 2.3 from [21] and references therein for a deeper discussion) and several definitions
of controllability and observability have been introduced: e.g., absolute controllability
[18], spectral controllability [13], Euclidean controllability [10]. The reader is refered to
[22] for the observability case.

e The system (1.7) with non uniform sawtooth delay, i.e., o(t) = At — As; for any ¢ €
[sk, Sk+1), where A > 0 and {s;} is an increasing and divergent sequence has been studied
in stability theory and feedback stabilization of LTI systems with sampling data outputs
in [11, 14, 23]. Nevertheless, as we pointed out before, to the best of our knowledge,
there are no controllability and observability results for this type of systems. This make
interesting to study (1.5)—(1.6) since is a particular case of control system with uniform
sawtooth delay with s, =k and A = 1.

The big difference between (1.5)—(1.6) and linear systems with constant delay is that—
provided some additional assumptions—the variation of parameters formula can be deduced
in a finite-dimensional framework for linear systems having sawtooth delays. This fact al-
lows to study the controllability and observability of (1.1)—(1.2) in a way rather distant from
the constant delay case and closer to the methods developed for the classical and impulsive
control systems.

1.3 Description of Our Approach

The variation of parameters formula for (1.4) is a key tool in the study of controllability
and observability for (1.1)—(1.2) and a careful revision shows several similarities with the
impulsive formulation [7, 12, 17, 27, 30].

Provided that the matrices A(#) and Ay(¢) satisfy some technical assumptions, we obtain
necessary and sufficient controllability conditions. An interesting consequence is that our
results can be reformulated in terms of the controllability conditions for the classic control
system

x(t) = A@0x(1) + B(t)u(r)

on intervals [k, k + 1] with k € Z. We also obtain necessary and sufficient conditions for
observability, but—contrarily to the previous case—we cannot reformulate our result in a
classical fashion.

When considering the LTI case and supposing again that A and A, satisfy some tech-
nical assumptions, we deduce classical conditions for controllability. On the other hand,
additional difficulties arise in the observability problem, obtaining new results.

In spite that DEPCA systems have a corresponding linear discrete system, which allows
to deduce several properties, our methods will be based in a global treatment inspired in the
variation of parameters formula for any ¢. The results obtained by a discrete way are less
general. More details and comments will be given in the article.

The remainder of this note is organized as follows. Section 2 introduces some basic no-
tation and recalls the variation of parameters formula for (1.1). Sections 3 and 4 study con-
trollability and observability, respectively. The LTI case is considered separately in Sect. 5.
Finally, Sect. 6 presents some numerical examples.
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2 Preliminaries
2.1 Notation and Terminology
The Cauchy matrix of the unperturbed system:
xi=A@)x 2.1

will be denoted by @ (¢), without loss of generality we will assume that @ (0) = I, the
identity matrix. The transition matrix related to A(¢) will be denoted by:

D(t,s)=D@)D'(s). (2.2)

In [1, p. 19] and [20], the following n x n matrices are introduced:

t
Ji,t)y=1 +/ D(1,5)A0(s)ds, 2.3)
t
Et,t)=2(t, 1)+ / D(t,5)Ag(s)ds =D (t,T)J (2, T). 24
Given a set of n x n matrices Q; (k =1,...,m), we will consider the product in the

backward sense:

ﬁQ _ Q20 ifm=1
T ifm<1.
k=1
Given a square matrix Q, its transpose and rank will be denoted respectively by O and
Rank(Q). Finally, the euclidean norm of a vector z € R**! will be denoted by ||z, = vz z.

2.2 Variation of Parameters

The variation of parameters plays a key role in the controllability and observability study. In
order to make the article self-contained, we will recall a particular case of a result obtained
by [1] and [20], where [¢] is replaced by a general step function.

From now on, the following assumption will be needed in our work:

(A) The matrix J (¢, 7) is non singular for any ¢, 7 € [k, k + 1] with k € Z.

Remark 1 Assumption (A) will be fundamental to obtain controllability and observability
conditions. Moreover, notice that:

(1) Non singularity of @ (-, -) combined with (A), imply that E(¢, k) is non singular for any
fixedkeZandt € [k, k+1].

(i) If Ap(r) is “small” in some appropriate sense, the matrices J (¢, 7) and E (¢, T) can be
seen as a perturbation of the identity matrix and the transition matrix @ (¢, t) respec-
tively. In consequence, (A) could be verified if A is considered as a “small” perturba-
tion.

(iii)) An explicit condition for A(¢) and Ay(t) can be obtained by defining

k+1
(M) :exp(/ \M(r)]dr),
k
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where M (¢) is a matrix function and | - | denotes a matrix norm. Indeed, by considering
a particular case of [20, Lemma 4.3], it is proved that if

pr(A)Inp(Ag) <v <1 foranykeZ,

then (A) is verified. In particular, observe that if A(¢) =0, then (A) is satisfied if

k1
/ |Ao(s)|ds <v <1 foranykeZ.
k

In particular, if A and A, are constant matrices, the condition is satisfied if
fol le=4 Aol ds < 1, see [3] and Sect. 5 for details.

Lemma 1 The solution of (1.1) with initial condition x (ty) = xo € R™! is:

@) Ifltol <t <[to] +1:

x(1) = E(t,[10]) E~" (t0. [£o])x0
1o

{01 10) — E(t. T0]) E™ (1. [10])} / ® (1, 5) B(s)u(s) ds

[t0]

+/ D(t,s)B(s)u(s)ds. 2.5)

fo

(i) Ift > [to] + 1:

[t]-1
x)=E(t.[11]) [] E€+ 1. OE (to. [1o])x0

=[]

[1]-1 1
+E(@ 1) J] E€+1.00(0]+1. to)/ D (19, 5) B(s)u(s)ds
e=[r]+1 Lol

-1 10

E(.11) [] E(E—l—l,ﬁ)E"(to,[to])/ @ (19, 5)B(s)u(s)ds

e=lio] tol

[1]-1 [t0]+1
E(t.1t]) ] Ec+1, z)f @ ([to] + 1,5) B(s)u(s) ds

t=lrg]+1

=1 [1-1 il
E(t.[t]) ) [ [] ECc+1, z)]/ @(r+1,5)B(s)u(s)ds

r=lol+1 Le=r+1

-I—/ D(t,s)B(s)u(s)ds. (2.6)
[7]

Proof Firstly, let us assume that [fp] <t < [f] + 1. Hence, [¢] = [#y] and study the system:

(1) = ADx(0) + Ag(Dx([10]) + B@Ou(r).
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By using (2.2) combined with (2.3)—(2.4) and integrating between [#y] and ¢, it can be
verified that its solutions are defined by:

t

x(t) = ®(t, [10])x ([10]) + / B (1, 5){ Ao(s)x ([10]) + B(s)u(s)} ds

[t0]
t

:{cb(t,[to])+/ CD(t,s)Ao(s)ds}x([to])+/ @ (t,5)B(s)u(s)ds
[

[t0] 7]
t

=E(t,[t0])x([t0])+/ @ (1, 5)B(s)u(s)ds

[70]

and, by evaluating at r = 7y together with (A), we can deduce that:

x([t]) = E‘l(to, 1)) {Xo _ [

1]

fo

D (ty, s)B(s)u(s) ds}. 2.7

By using (2.7) together with the identity above, we can deduce that if 1, < < [ty + 1],
the solution is:

[}

x(1) = E(t,10)E™" (1o, [10])x0 — E(2, [10]) E™" (to, [ro])/ D (ty, s)B(s)u(s)ds

[t0]
—I—/ D(t,s)B(s)u(s)ds
[70]

and (2.5) follows by noticing that:

/ D(t,s)B)u(s)ds =D(t,ty) OcD(to,s)B(s)u(s) ds +/ D(t,s)B(s)u(s)ds.
[

1ol [10] to

Similarly, if t € (k, k + 1] and k > [#9] + 1, we study the system
xX@)=AM)x@) + Aog(t)x (k) + B(t)u(t), withk=/t],

and it is easy to verify that its solution is given by:

t

x(t)=E(l,[t])x(k)+/ @ (t,5)B(s)u(s)ds with k =[r]. (2.8)
[1]

The continuity of x(-) implies that, by letting + — k + 1, we can deduce that x; = x (k)
is the solution of the difference equation:

k+1
xk+1=E(k—|—1,k)xk+/ D(k+1,s)B(s)u(s)ds
k 2.9)

Xtol+1 = X([fo] + 1)-
By using the variation of parameters for linear difference equations (see e.g., [6]) it fol-
lows that:

k—1
x= [] E€+1,0x(1]+1)

e=[1g}+1
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k-1 k-1 1
+ > { I E(E—i—l,ﬁ)}/r @@+ 1,5)B(s)u(s)ds. (2.10)

r=lol+1 Le=r+1
By inserting this identity in (2.8), it follows that

[t]—-1
x)=E(t[t]) [] E€+10xp4m

L=[tp]+1

-1 ( [11-1 r+1
+E( ) Y { [ E(z+1,e)}/ O(r+1,5)B(s)u(s)ds

r=[rpl+1 We=r+1
t
—I—/ D(t,s)B(s)u(s)ds
[7]

and (2.6) is obtained by the continuity of the solution together with

X1+t = E([t0] + 1, [t]) E~" (10, [0]) x (o)

+{@([10] + 1. 10) — E(lto] + 1, [10]) E~" (5o, [fo])}/ P (ty, s)B(s)u(s)ds

[t0]

[to]+1
+/ @ ([to] + 1, 5)B(s)u(s)ds,

fo

which is obtained by letting t — [#o] + 1 in (2.5). O

Remark 2 In the special case fy = [ty], the formula (2.6) becomes:

[t]—1
xO)=E(t.[1]) [T E€+1.0x

=ty

-1 [1o]+1
+E( 1) [] E(E+1,€)f( D(ty+1,5)B(s)u(s)ds
1o

L=tp+1

-1 ( 111 il
+E( 1) Y [ I E(z+1,z)}/ @(r+1,5)B(s)u(s)ds

r=to+1 Le=r+1

+ / D(t,s)B(s)u(s)ds,
[1]

which was previously deduced by Wiener (see e.g., [25, Th. 1.45]).
Remark 3 The assumption (A) plays a key role in order to ensure the existence of a solution.
Indeed, for any bounded and measurable function u: R — R, there exists a one to one

correspondence between x (#y) = x¢ and x ([#y]) defined by (2.7).

Remark 4 Equation (2.5) provides a backward continuation for [#g] <t < t,.
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3 Controllability

Definition 2 The linear system (1.1) is called controllable on [#), /] (fy < t) if for any
couple of vectors xg € R™! and x; € R"*!, there exists a piecewise continuous function
u: [to, ty] — R? such that the corresponding solution of (1.1) with initial condition x (fy) =
Xo satisfies x(t7) = xy. Moreover, the system (1.1) is called completely controllable if is
controllable on any interval.

In order to study the controllability problem, let us assume that #; > [#y] + 1 and introduce
the n x n matrices:
[ry1-1

Ap(ty) = Ay = { IE(tf’ DIl E€+1,0) gl[ct(iftf]< LyaB (3.1)

which are non singular since (A). In addition, let us define the n x g matrices:

_ MA@k +1,0)B() ifke{ln] o] +1,...,[t] =1},
Zi) = {@(tf, 1 B(1) if k = [1/], -2
the n x n matrices:
[tol+1
W[l‘o] = W(ZOa [[0] + 1) = / Z[to](S)Z[Y;U](S) ds
1
=: AyG (10, [t0] + l)A[T,O], (3.3)
tf
Wi = W(ltpl 1p) = / Zyp1($)Zjy () ds = G (171, 17) (3.4)
[1r]
and, for any integer k € {[to] + 1, ..., [ts] = 1}:
k+1
Wy =Wk, k+1) :/ Zi()Z] (s)ds =: AyG(k, k+ 1) AT, (3.5)
k
where the n x n matrices G («, ) are defined by:
B
G(a, B) :/ @ (B, s)B(s)BT ()@ (B, s)ds. (3.6)
The special case A(t) =0 leads to:
t
J(t, 1:)=E(t,r)=1+/ Ao(s)ds, 3.7

which allow us to define
Wi = A Golto, o] + 1) Al W[(,)f] =Go(ltrl. 15)

and

W) = AcGolk,k+1)A{  forany k € {[t] +1,....[t;]—1},
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where A are defined by (3.1) with (3.7) and Gy(«, B) is defined by:

B
Go(a, p) = / B(t)B" (1) dt.
Finally, in this section it will be assumed that u(r) = 0 for any ¢ < t;.

Theorem 1 Assume that (A) is satisfied, ty > [ty] + 1. The system (1.1) is controllable on
[to, t7] if and only if at least one of the matrices G(to, [to]l + 1), G([tf],tf) or G(k,k + 1)
withk € {[to] + 1, ..., [t;] — 1} has rank n.

Proof Firstly, we will assume that there exists k € {[fo] + 1,...,[t;] — 1} such that
Rank G(k, k + 1) = n. In addition, we will consider x as initial state and x; as final one.
Note that the variation of parameters formula (2.6) implies:

[t9]+1
x(tp) = A E([10] + 1, [10]) E~" (10, [10]) X0 + / Zii()u(s) ds

fo

=l e i
+ > f Zk(s)u(s)ds—l—/ Zy 1 (s)uls) ds. (3.8)
k=lig1+1 7% lis]

As the matrices Ay and G (k, k+ 1) are non singular, the Theorem 2 from [2, Appendix A]
says that Rank(W)) = n, which allow to define the control:

") = ZIuy ifrelk,k+1)
=10 otherwise,
where uj is defined by:

uz = Wk_l {)Cf — A[,O]E([fo] +1, l‘o)Eil (to, [Z()])Xo}.

Upon inserting u(-) in the parameter’s variation formula (3.8), we obtain that:

k+1
x(t) = Ay E([t0] + 1, [1]) E™' (10, [10]) + </ Zi()Z{ (s) dS)“;
k
= A[tO]E([t()] +1, [t()])E_l (lo, [l‘()]) + Wkuz =Xr.
and the controllability follows. A similar result can be obtained by an identical approach
when Rank G (79, [#)] + 1) = n or Rank G([tf], ) = n. The details are left to the reader.
Secondly, we will assume that (1.1) is controllable on [#y, f/] and, as a first step, we will
verify the following property:
Vo e R™'\ {0} exists some k € {[1o], ..., [t;]} such that & W > 0, (3.9)

indeed, otherwise:

Jo e R™!\ {0} such that o’ Wi = O for any k = [10], ..., (7],
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which implies by (3.5) that:

al Zy () =0 forany t € [to, [to] + 1),
o Zy (1) =0 forany 1 €1y, [1]), (3.10)
alZ,(t)=0 foranyt e[k, k+1) withk € {[to] +1,..., (] = 1}.

On the other hand, the controllability on [#y, ] implies that given a couple (x, 0), there

exists a control function u: [to, #;] — R such that x(fy) = xo and x(¢;) = 0.
Now, we choose the initial condition

xo = E(to. [10]) E™" ([t0] + 1. [16]) Ay,
which is inserted in (3.8). By using the fact that x(¢;) = 0, we can conclude that.

t

[t0]+1 =t )
O=a+ / Zi ($Hu(s)ds + Z / Zi(Hu(s)ds + / Z[,fj(s)u(s) ds.
1 k |

k=[to]+1 [ty

By multiplying by a” and using (3.10), we can conclude that 0 = o’ o = ||ox ||%, obtaining
a contradiction with o # 0 and (3.9) follows. Now, as (3.9) is verified and W, is positive
definite, we can conclude that Rank(W;) = n. Finally, the invertibility of A; implies that
G(k, k + 1) has rank n and the Theorem follows. O

A careful lecture of the proof shows that Eq. (3.9) can be interpreted in several ways,
leading to the alternative formulation of Theorem 1:

Proposition 1 The following sufficient and necessary controllability conditions hold when
ty > [to] + 1 and (A) is satisfied:

(i) If at least one of the matrices G(ty, [to]l + 1), G([tf],tf) or G(k, k+ 1) with k € {[to] +
1,...,[tf] — 1} has rank n, then (1.1) is controllable on [ty, tf].
(it) If the system (1.1) is controllable on [ty, t ], then

Rank[Wi, Wi -+ Wipal=n,

which is usual in the impulsive literature [7, 30]. We point out the remarkable simplicity of
our first formulation.
In addition, the controllability result can be reformulated in terms of the control system

%= A(0)x + BOu(@). (3.11)

Proposition 2 Provided that (A) is verified and ty > [ty] + 1, the system (1.1) is controllable
on [ty,ts] if and only if the system (3.11) is controllable in at least one of the intervals
[t0, [t0] + 11, [k, k + 1] (for some k € {[to] + 1, ..., [tf] = 1}) or [[2£], 1£].

Proof The proof is a consequence of a classical controllability result for LTV systems (see
e.g., Theorem 1 from [9]). O

If t; < [t] + 1, a similar consequence (the proof is given for the reader) is the following
result:
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Corollary 1 Assume that (A) is satisfied and ty € (ty, [to] + 1). Then (1.1) is controllable
on [t, t7] if and only if the matrix:

tf
G(to,tf)=/ D (ty,s)B(s)B ()@ (t,5)ds

fo

has rank n.

By following the lines of the proof of the Theorem 1, we can easily obtain the corre-
sponding result:

Corollary 2 Assume that I 4 f; Ao(s) ds is non singular forany t,t € [j, j+ 1) with j € Z
and ty > [t] + 1. The system (1.1) with A(t) = 0 is controllable on [ty, t;] if and only if at
least one of the matrices Go(k,k + 1), Go([tf], ty) or Go(to, [to] + 1) has rank n.

4 Observability

Definition 3 The unforced linear system (1.1)—(1.2):

() = ADx() + Ao(D)x (1), 4.1)
Y1) = COx() + Co)x(11), 4.2)

is called observable on [1, 1] (f) < tf) if every initial condition x; € R"*! can be deter-
mined from the knowledge of the output y(t) € R"™*! on [z, t 7l

Let us introduce the » x n matrix function:
H(@,1)=C@)E(t, ) + Co(2), 4.3)
the n x n matrices:

ifto <t <[to]l+1<ty,

1
X = " i 44
. {HEQE@+L01HM+1§L (4.4)

which are non singular since (A). Moreover, we define the » X n matrices,
Ry =H(t,t)) and Re(1)=H(t, k)X, withke{[tn]+1,....[t;]}, @5

the n x n matrices:

[to]+1
My, = M(lo, (%] + 1) = / RF;O](S)RUOJ(S) ds =: V(foy [t] + 1), (4.6)

fo
— — Y T _.yTl
My =M([t5) t7) = | Ry ) Rup(s)ds =2 Xy V([17].15) Xiey) 4.7
[tr]
and, for any integer k € {[to] + 1, ..., [t] = 1}:

k+1
My =Mk, k+1)= f Ry ()R] (s)ds =: X[ V(k,k + 1) X, (4.8)
k
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where the n x n matrices V («, ) are defined by:

B
Ve, B) =/ H' (s, [s1)H (s, [s]) ds. (4.9)

The special case A(t) = 0 leads to the matrices E(t, T) = J (¢, t) defined by (3.7). Now,
we define the matrices

My = Xi Vo(ltel tr) Xy, My = Vo(to, [10] + 1)
and for any k € {[to] + 1, ..., [t/] —1}:
M) = X[ Vo(k, k + D)Xy,

where Xy is defined by (4.4) with (3.7) and

k+1
Vo(a, B) :/ {COE(t, [1]) —l—Co(t)}T{C(t)E(t, [t]) + Co(t) } dt
k
with E (-, -) defined by (3.7).

Theorem 2 Assume that (A) is satisfied and t; > [to] + 1, the system (4.1)-(4.2) is ob-
servable on [ty, t;] if and only if at least one of the matrices V (t, [to] + 1), V([tf], ty) or
Vk,k+ 1) withk € {[to] +1,...,[ty] — 1} has rank n.

Proof Firstly, we assume that there exists some integer k € {[to]+1, ..., [t;] — 1} such that
Rank V (k, k + 1) = n. By using (2.6) with u(¢) = 0, it follows that:

y(0)=H(t,[11) X E~" (10, [to])x0 = Ry (1) E~" (to, [10])xo. (4.10)
Now, let us multiply the left of (4.10) by the function:

Rl ifk<t<k+1
$i(t) = { 0 otherwise,

and integrate over [fy, f/], obtaining:

k+1
Mk, k + 1) E~(to, [10])x(t0) = / X H (s, [s])y(s)ds.
k

By using the fact that the matrices X; and V(k,k + 1) are non singular, the The-
orem 2 from [2, Appendix A] says that Rank M (k,k + 1) = n, which implies that
M (k,k +1)E~"(ty, [to]) is non singular. In consequence, we have that

k+1
x(to) = E (to, [to]) M ™" (k. k + 1)/ Rl )y (1) dt
k

and the observability follows. The cases Rank V (#o, [fo] + 1) =n and Rank V ([t/],¢7) =n
can be proved in a similar way and are given for the reader.

Secondly, we assume that (4.1)-(4.2) is observable on [f, fs] and, as an intermediate
step, we will prove that

Vo e R\ {0} exists some k € {[1o], ..., [t;]} such that & Mya > 0, 4.11)

@ Springer



Controllability and Observability for a Linear Time Varying System 205

indeed, otherwise
Jo e R\ {0} such that 7 My = 0 for any k = [tol, ..., [tf].

Now, if we consider the initial condition x (¢y) = xo = E (ty, [#o])« and use (4.10), it fol-
lows that:

[tr]

1f i
/ Hy(s)”ids:/ yI($)y(s)ds = Z otTMjazo,

fo Jj=lrol

thus y(¢) = Rj;(t)a = 0 almost everywhere for ¢ € [fo, 7], which implies that the initial
condition xo = E(ty, [fp]) is unobservable, obtaining a contradiction and (4.11) is verified.
Now, we can deduce that some matrix M has rank n and the Theorem follows by using the
invertibility of X, which implies that V (k, k + 1) has rank n. U

As in the controllability proof, the property (4.11) can be reformulated in several ways,
leading to an equivalent “impulsive type” result:
Proposition 3 Assume that (A) is satisfied and t; > [ty] + 1,

(1) If at least one of the matrices V (t, [to] + 1), V([t], tf) or V(k, k + 1) with k € {[to] +
L,...,[tf] — 1} has rank n, then the system (4.1)—(4.2) is observable on [ty, tf].
(ii) If the system (4.1)—(4.2) is observable on [to, t ], then the matrix

[trl—1
Mto.t;) = M(to. [t] + 1) + > M. k+ 1)+ M([ts].t7). (4.12)

k=[tog]+1

is non singular.
By following the lines of the proof of Theorem 2, we can deduce the byproduct:

Corollary 3 Assume that (A) is satisfied and ty < t; < [to] + 1. The system (4.1)—(4.2) is
observable on [ty, t;] if and only if the matrix:

tf
V(to, ty) :/ {COE(t. [10]) + Co(t)}T{C(t)E(t, [to]) 4+ Co(1)} dt,

fo

is non singular.
By following the lines of the proof of Theorem 2, we obtain:

Corollary 4 Assume that J(t,t) =1+ f; Ao(s)ds is non singular for any t, t € [k, k + 1]
with k € Z and ty > [ty] + 1, the system (4.1)-(4.2) with A(t) = 0 is observable on [ty, t 7]
if and only if at least one of the matrices Vy(to, [to] + 1), Vo([ts1, ty) or Vo(k, k + 1) with
kefltol +1,...,[tr]1— 1} has rank n.
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5 The Linear Time Invariant Case

When A(t) = A, Ay(t) = Ay and B(t) = B, it follows that
t -t
J(t,r):l—i—f eA(’_S)Aods:I—i-/ e S Agds, (5.1)
T 0

and

t -7
E(t,7) =€ + / A Agds = 200 / e Ayds. (5.2)
0

T

This notation has been introduced in [25, p. 46]. In addition, the special case E(k + 1, k)
(with k € Z) will be denoted as follows:

1
E(k+1,k):eA+/ eMAgds = M(A, Ap). (5.3)
0

In order to study the above expressions and without loss of generality, we will assume
that the characteristic polynomial of the matrix A is

n—1
p) =) d} +1" withd; eR. (5.4)

i=0

Remark 5 The Cayley—Hamilton Theorem allows to prove (see e.g., [15]) the existence of
n scalar analytic functions {8; (t)};';ol such that

n—1
et =" BinA, (5.5)
i=0
where the series expansion of ¢ — B;(¢) has coefficients defined in terms of d;.

Lemma 2 The function E(t, t) defined by (5.2) can be represented as:
n t—t )
EG, r)=1+2</ ﬂi_l(s>ds)A’—1(A+Ao>, (5.6)
i=1 W0

where the terms B;(-) are defined in (5.5).
Proof Notice that (5.4) and (5.5) imply that:

eMA=Bo(A+ BIOA* + - + Bua (DA + B (DA”
n—1

n—1
Y B OA = doB (D] = Bua (1) Y di AT
i=1

i=1

n—1

= —doBu 1 (DT + Y _{Bi1(t) —difui (D) }A'.

i=l
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This identity combined with (5.4) and
t
et =1+ / et Ads, (5.7
0
will allow us to verify that:
t
fo) =1~ do [ fra)ds, (58)
0
t t
/ Bi_1(s)ds = Bi (1) +d,-/ B._1(s)ds fori=1,...,n—1. 5.9
0 0

By using (5.5) and (5.9), we can write (5.2) as follows:

n—1 n

-2 -7 t—1
Et0)=) it — DA +Z/O Bi(s) dsA"Ao+/0 Bu1(s)ds A" Ag
0

i=0 i=

n—1

i=

n—1

n—1 t—1
=Y Bt -DA + Z{ﬂi(t —1) +d,»/ ﬁn_l(sws}A"—le
i=0 i=1 0

-7
+/ Bu1(s)ds A" Ay
0

n—1

=Bot =D+ Y _Bi(t = DA™ (A+ Ay)

i=1

-t n—1
+ </ ﬂn—l(s)ds) Z{diAi_l + An_l}AO_
0 i=1

By using (5.8) and Cayley—Hamilton’s Theorem, we obtain:

n—1

Et,v)=1+) Bt —0)A™ (A+ Ao
i=1

n—1

+ (/H Bt (s)ds) (Z{d,-Ai—l + A" Ay — dol)
0
1

i=1

n—

= 1+Z<,3i(l _T)+di/ . ,anl(s)dS>Ai71(A+Ao)
i=1 0

+ f Bt () dsA™ (A + Ay).
0

and the identity (5.6) follows by using (5.9).

n—l t—1 t—1
=) Bl —DA +Z/ Bin1(s)dsA™! Ag +/ Bu-1(s)ds A" Ay
i=0 170 0

O

@ Springer



208 M. Pinto, G. Robledo

Remark 6 As expected by (5.2), the reader can verify that (5.6) becomes E(t, t) = ¢4/~
when Ay = 0.

As before, we will assume throughout this section that:
(a) Forany t < ty, we have u(t) =0.
(b) The matrix defined by (5.1) is nonsingular for any couple (¢, t) such thatt — t € [0, 1],
e.g., (A) is satisfied. See Remark 1 for details
5.1 Controllability Results

In this framework, the matrices A; defined in (3.1) becomes:

A — E(ty, [ty DM(A, ADUI=R=1 i ke {[150], o [l = 13,
k=11 ifk=[t/],

which are non singular since (A). As before, let us define the n x ¢ matrices:

AR if ke {[to], ..., [t/]1— 1}
Zi(s) = { A= g k= [[f]. f

For any k € {[to)] + 1, ..., [tf] — 1}, the matrices W, defined by (3.5) becomes:

k+1
Wi = Ay (/ A1) g BT AT (k+1-9) ds)A[
k

1
= Ay (/ e BBT A ds)AkT.
0

Finally, we define:

[t0]+1
T
W[[O] — A[[O] </ eA([T()H-]—S)BBTeA ([to]+1-5) dS)AT
o

[t0]
1=(10—[t0])
— A ot ASBBT AT d AT
= Al € € o R

and

v A(ty—s) T _AT(tf—s) 7t As T _ATs
Wi = e/ TVBB e YTV ds = e BB e” .
[tr] 0

In addition, if #; < [tp] + 1, we can define:
ty—to T
W(zo,tf)=E(to,zf)</ e™ BB *'ds)ET(zo,zf).
0

Remark 7 By using (5.5), it can be proved (see e.g., Th. 3.1 from [33]) that

t
Rank([ eAsBBTeATSds) =n foranys>0
0
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if and only if the classic controllability matrix
c=[B AB A’B --- A"'B] (5.10)
has rank n.

An important consequence of Remark 7 is that Rank(C) = n if and only if all the matrices
W, defined above have rank n. This fact combined with Theorem 1 implies the following
results:

Theorem 3 The system (1.1) is completely controllable if and only if Rank(C) = n.

Corollary 5 If A =0, then the system (1.1) is completely controllable if and only if
Rank(B) =n.

As in the LTV case, Theorem 3 can be reformulated as follows:

Proposition 4 The system (1.1) is completely controllable if and only if the system
X =Ax+ Bu
is completely controllable.

It is interesting to emphasize that the controllability problem can be also addressed by
using constant control functions u(t) = u; for any t € [k, k 4+ 1) and studying the linear
discrete system:

Xp1 = M(A, Ag)x + Bu . 1
o ok P withB:/ ™ B ds, (5.11)
X1 = X ([f0] + 1), 0

obtained by the variation of parameters. It is well known that (5.11) is controllable if and
only if the matrix

[B M(A,A)B -+ M(A, Ay)" ' B]

has rank n. Nevertheless, a careful lecture of this result (see e.g., [6, Theorem 10.4]) show
us that it is necessary to consider intervals [f, ] of length bigger than n, while our results
do not have this restriction.

5.2 Observability Results

By (5.3), we can deduce that
Xi = M(A, A0 for 1y <t < [t/].

A direct consequence of Lemma 2 allows to write (4.3) as:

n

t—[t]
H(r,[1])=C+Co+ Z(/ ﬂ,-_l(s)ds>CA"—1(A + Ay). (5.12)
0

i=1
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Theorem 4 The system (4.1)-(4.2) is observable on [ty, ts] with t; > [ty] + 1 if and only if
the r(n + 1) x n matrix:

C+Cy
C(A+ Ay)

O = (5.13)

CA™ (A + Ao)

has rank n.

Proof Firstly, we will assume that Rank(Q) = n and prove that any matrix V (k, k4 1) (with
ke {lto]l+1,...,[tf] — 1}) defined in Sect. 4 has rank n. Indeed, otherwise if Rank V (k,
k + 1) < n, there exists a non zero vector o € R"*! such that:

k+1 ’
/ {CE(@, k) + Co}e];dt =0,
k

which implies that the continuous map ¢ — ¥ (¢t) = (CE(¢, k) + Cp)« is zero on [k, k + 1].
By letting r — k% leads to:

Y (k*) = (C + Co)a =0.

In addition, it can be verified that the j-th right derivatives of ¥ (r) evaluated at t = k*
are equal to:

w(j)(kJr) =CA’" " (A+ Ap)a =0, withjeN.

By using (5.4) combined with Cayley—Hamilton’s Theorem, we can see that:

CA"(A+ Ap) = —Zd,-,ICA’;l(A + Ap)

i=l1

and we can conclude that the j-th (with j > n + 1) derivatives ¥’ (k™) can be deduced
from the previous ones.
Now, we obtain the system:

Oa =0.

As Rank(OQ) = n, we conclude that « = 0, obtaining a contradiction. In consequence,
any matrix V(k,k + 1) with k > [#] + 1 has rank n and the observability follows from
Theorem 2. A similar observability result can be obtained with the matrix V ([#/],7,) and
the details are left to the reader. Nevertheless, note that this computation is not direct for
V(to, [t0] + 1).

Secondly, we will assume that the system (4.1)-(4.2) is observable and prove that
Rank(O) = n. Indeed, otherwise if Rank(O) < n, then there exists a nonzero vector
o € R™! such that:

(C+Ca=0 and CA'A+A)a=0 fori=1,...,n. (5.14)

On the other hand, as the system is observable, Theorem 2 says that there exists j €
{[%], ..., [#f]} such that M; is positive definite. Now, we will consider the non zero vector
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Vg = X[;]'a with o satisfying (5.14). Now, we use (5.12) combined with (5.14) to observe
that

" V(j,j+Da

JH noope-l _
=al H(t,j)T{C+C0+Z/ Bi—1(s)CATY (A + A ds Yadt =0,
i=170

J
obtaining a contradiction with the positive definiteness of M; and the result follows. ]

Remark 8 For the authors, it is surprising to verify the lack of the duality between control-
lability and observability conditions, which is verified in the classical theory.

A careful lecture of the previous proof shows that the computations for the rank for
V (ty, [to] + 1) are more complicated but are useful to study the observability when t; <
[to] + 1.

Corollary 6 Assume that [to] <ty <ty < [to] + 1. The following sufficient and necessary
observability conditions for (4.1)—(4.2) hold:

(1) Ifthe r(n + 1) x n matrix:

CeA™ 4 C [70 A5 Agds + Co

CeA™ ) (A + Ap)
Or(p) = ) with t(ty) =ty — [to] (5.15)

Ce?" A" (A 4+ Ap)

has rank n, then (4.1)-(4.2) is observable in [, tf].
(ii) If (4.1)-(4.2) is observable in [ty, t¢], then the observability matrix O defined by (5.13)
has rank n.

Proof By using Corollary 3, we know that the system is observable on [, ¢/] if and only if

Zf
Rank V (ty, t;) = / {COE(t, [10]) + Co(t)}T{C(t)E(t, [t0]) + Co(1)} dt =n.

fo

Now, by following the lines of the previous proof, we can deduce that Rank O, =n
implies that Rank V (ty, t;) = n and the observability follows. Finally, the proof of statement
(ii) is similar. O

Remark 9 This result is weaker than the previous one. The main obstacle is that [, t ;| Z =
¢} and the derivatives of v (s) cannot be evaluated at integer numbers as before. This induces
an additional difficulty to the observability problem. Nevertheless, it is interesting to point
out that if fy = [#], then O, (,, = O and our previous result is recovered.

Some particular cases can be studied and proved in a similar way but with less restric-
tions. The following result shows that if Ay = 0, it is not correct to evaluate Ay = 0 in
Corollary 4 (i.e., the observability conditions are not continuous with respect to Ay):
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Corollary 7 If Ay =0, then the system (4.1)-(4.2) is observable on [ty, t /] with t; > [to] + 1
if and only if the rn X n matrix:

C+Cy
CA
CcCA™!

has rank n.

Proof If the rank is n, the observability can be deduced by noticing that the j-th right
derivatives of 1 > /(1) = (Ce?' + Cy)a evaluated at t = k* are equal to:

w(j)(“) =CA/a=0, withjeN,

and by Cayley—Hamilton’s Theorem, we can see that the j-th with j > n right derivatives
¥ (k*) can be deduced from the previous ones (observe that it was j > n + 1 when
A # 0). Conversely, if the system is observable, the property Rank(O) can be deduced
as in the previous proof by noticing that (4.3) has the simpler form:

n—1

H(t,[1))=C+Co+ Y B;(1)CA.

j=0

O

Notice that if Cyp =0, we obtain the necessary and sufficient observability condition for
classical LTI control systems. The last results can be proved in a similar way and its proof
is given for the reader:

Corollary 8 If C + Cy =0, then the system (4.1)—(4.2) is observable on [ty, ts] with t; >
[to] + 1 if and only if the rn x n matrix:

C(A+ Ap)
CA"™ (A + Ao)
has rank n.

Corollary 9 If A+ Ay =0, then the system (4.1)—(4.2) is observable on [ty, t;] with t; >
[to] + 1 if and only if Rank(C + Cy) = n.

Corollary 10 Assume that A =0 and J(t,t) = I + (t — T)A¢ is non singular for any
t,telj, j+1lwith j € Zandt; > [ty] + 1, then (4.1)~(4.2) is observable if and only if the

matrix
C+Cy
CAy
has rank n.
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As before, the observability problem can be addressed by studying the linear discrete
system:

{xk+1 = M(A, Ao)xi (5.16)

i ={C + Co}x;.

Indeed, it is well known that (5.16) is observable if and only if

C+Cy
(CH+ Co)M(A, Ay)

(C+ Co)M(A, Ag)"™!

has rank n. Nevertheless, a careful lecture of this criterion (see e.g., [6, Theorem 10.13])
show us that it is necessary to consider intervals [#y, ;] of length bigger than n while our
results do not have this restriction.

6 Examples

Example 1 Let us consider the classic control system:

fc(r>=[8 é]x(m[é}u(z),

yoO=[0 1]x,

which is neither controllable nor observable since the controllability and observability ma-
trices have rank one. This system (when ¢ = v = 0) can be submitted to a discontinuous
delay combined with a perturbation:

X(1) = [802 (1):|x(t) +v [(1) 8]x([t]) + [é] u(t),

y@)=[0 1]x@)—v[1 0]x([z]).

Now, we can verify that

oA [ cosh(er)  sinh(er)
* 1

_ 1 4+ v{l —cosh(e(t — 7))} O
esinh(et) ecosh(er) ’

] and J(t,r)=|:

For any couple (z, 7) satisfying t — 7 € [0, 1], it can proved that J (¢, t) is non singular
either if v <0 or v >0 and (¢,f — ] € R x [0, 1] with v|1 — cosh(e(t — 7))| < 1. The
controllability and observability matrices:

L o C+C —v 1
C=I[B AB]:|: 2] and O=| C(A+Ay) |=|&+v 0
0 ¢ CA(A + Ag) 0 &

have rank 2. Finally, Theorem 3 says that the DEPCA system is completely controllable and
Theorem 4 says that is observable on any interval [#y, t,] with 7 > [£o] + 1.
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Example 2 Let us consider the system (1.1) with the matrices:

T Y ST i A ]

c=[1 1], Cy=[-1 -11].
We can verify that
oA [1 10(1 —e—“)}

0 e—O.lt
and

_ _ 0.1(t—1) __
J(M):[Hloa 7) — 100(e 1) 0]

* 1

and we can verify that J (¢, t) is non singular for any couple (¢, 7) such that r — v € [0, 1)
since the function n — 1 + 10 — 100(e®'" — 1) is positive for any 7 € [0, 1]. Now, observe

that:
1 0
C=[B AB]= |:0 0]

has rank 1 and Corollary 3 says that the DEPCA system cannot be controllable. On the other
hand, the matrix

C+GC 0 -0.1
O=| CA+A4) |=]| 1 0.9
CA(A+ Ap) 0.9 -0.09

has rank 2 and Theorem 4 says that the DEPCA system is observable on any interval [#, 7]
with ty > [to] + 1.

7 Concluding Remarks

In this paper the DEPCA control systems (1.1) and (4.1)—(4.2) have been considered under
the fundamental assumption (A), which imposes some restrictions to the matrices A(¢) and
Ay (t). Necessary and sufficient conditions for the controllability of (1.1) and observability of
(4.1)~(4.2) on [#, t ;] have been derived (see Theorems 1 and 2 respectively). It is interesting
to point out that Theorem 1 says that the controllability can be studied by considering the
classic system (3.11) on the intervals [k, k + 1] C [y, t/] with k € Z.

On the other hand, when considering the LTI case, we obtain classical controllability
conditions (see Theorem 3) but deduce some new ones (see Theorem 4 and Corollary 8) for
observability, this is due to our Cayley—Hamiltons’s characterization of the matrix E(¢, )
(see Lemma 2). In addition, new difficulties arise when 7, < [fy] + 1 (see Corollary 6) and
“classical” results (see Corollary 7) can be deduced when Ay = 0.

In spite of controllability and observability in an LTI framework can be also considered
by studying the linear discrete systems (5.11) and (5.16), an important limitation is the
assumption that [fy, #4] has a length bigger than n. However, discrete systems arising from
DEPCA equations are interesting on itself.

Acknowledgement The authors are grateful to the anonymous reviewer for detailed comments which im-
proved the presentation.
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