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To a continuous action of a vector group on a C*-algebra, twisted by the imaginary
exponential of a symplectic form, one associates a Rieffel deformed algebra as well as
a twisted crossed product. We show that the second one is isomorphic to the tensor
product of the first one with the C*-algebra of compact operators in a separable Hilbert

space and we indicate some applications.

1 Introduction

In order to provide a unified framework for a large class of examples in deformation
quantization, Rieffel [15] significantly extended the basic part of the Weyl pseudodiffer-
ential calculus. Rieffel’s calculus starts from the action ® of a finite-dimensional vector
space & on a C*-algebra A4, together with a skew-symmetric linear operator J: & — &
that serves to twist the product on A. Using J, one defines first a new composition

law # on the set of smooth elements of A under the action and then a completion is

Received November 17, 2011; Revised August 31, 2012; Accepted September 24, 2012
Communicated by Prof. Dan-Virgil Voiculescu

© The Author(s) 2012. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.

GTOZ ‘2 AInC Uo 3[1IyD 3p PepsieAIUN e /BI0'S [euIno (a0 X0 UL I//:dNy WOo.) papeo umod


http://imrn.oxfordjournals.org/

552 I. Beltita and M. Mantoiu

taken in a suitable C*-norm. The outcome is a new C*-algebra 2, also endowed with
an action of the vector space &. The corresponding subspaces of smooth vectors under
the two actions, A* and 2*°, respectively, coincide. In [15], the functorial properties of
the correspondence A+ 2 are studied in detail and many examples are given. It is also
shown that one gets a strict deformation quantization of a natural Poisson structure
defined on A% by the couple (@, J).

Assuming J nondegenerate (so it defines a symplectic form on Z), one gets a
twisted action (®,«) of & on the C*-algebra A, where « is the 2-cocycle on & given
by (X, V) «(X,Y):=exp(iX - JY). To such a twisted action, one associates canoni-
cally [11, 12] a twisted crossed product C*-algebra A x, =, whose representations are
determined by covariant representations of the quadruplet (A4, O, «, &).

In the present article, we are going to show that the two C*-algebras 2 and
A x%, E that can be constructed from the data (A, ©,«, &) are actually stably isomor-
phic. This happens in a particularly precise way: one has an isomorphism (called the
canonical mapping) M: %7 ® A — A x§, &, where /% is an elementary C*-algebra, that is,
it is faithfully represented as the ideal of all compact operators in a separable Hilbert
space. The mapping M is naturally defined first between convenient Fréchet subalgebras
(vector-valued Schwartz spaces); the extension to a C*-isomorphism needs a nontrivial
isometry argument.

Such a stable isomorphism has standard consequences [14]: the (closed, bi-sided
self-adjoint) ideals of the two algebras 2 and A x§, = are in one-to-one correspondence,
the spaces of primitive ideals are homeomorphic, and the two representation theories
are identical. By using basic information about the twisted crossed product, we also get
a simple proof of the known fact [8, 17] that the K-groups of the Rieffel deformed algebra
2l are the same as those of the initial algebra A. A covariant morphism R: (A!, &) —
(A%, ©?) can be raised both to a morphism R :2' — 2? and to a morphism R* : A! x¥,
5 — A? X%, 5. The canonical mappings M', M? have the intertweening property R* o
M' = M? o (id @ R).

When the initial algebra 4 is commutative, it is associated by Gelfand theory
with a locally compact topological dynamical system (X, ®, Z). Under some assump-
tions on this system, one can get information on the primitive ideal space of the C*-
algebra 2. A choice of an invariant measure on X leads to L%-orthogonality relations for
the canonical mapping M. We hope to continue to investigate the canonical mappings in
the commutative case (the one closest in spirit with traditional pseudodifferential the-
ory), having in view a more detailed study of representations, modulation spaces, and

applications to spectral analysis [9].
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2 Involutive Algebras Associated to a Twisted C*-Dynamical System

We shall recall briefly, in a particular setting, some constructions and results concerning
twisted crossed products algebras and Rieffel's pseudodifferential calculus.

The common starting point is a 2n-dimensional real vector space Z endowed
with a symplectic form [-, -]. When needed we are going to suppose that & = 2" x 2™,
with 27* the dual of the n-dimensional vector space 27, and that, for X:=(x, &), YV:=
(v, n) € &, the symplectic form reads [X, Y] :=y-& —x- 1.

An action ® of & by automorphisms of a (maybe noncommutative) C*-algebra
A is also given. For (f, X) € A x &, we are going to use the notation O (f, X) = Ox(f) =
O ¢(X) € A for the X-transform of the element f. This action is assumed strongly con-
tinuous, that is, for any f € .4 the mapping & > X+ Ox(f) € A is continuous. The initial
object, containing the classical data, is a quadruplet (A4, ©, Z, [, -, ]) with the properties
defined above.

To arrive at twisted crossed products, we define
k:ExE8->T:=heClr =1}, «k(X,Y):=exp (—%[[X, Y]]) , (1)
and note that it is a group 2-cocycle, that is, for all X, Y, Z € Z, one has
kKX, VK(X+Y,2)=c(Y, (X, Y+ Z), «(X,0)=1=k(0,X).

Thus, the classical data is converted into (A, ©®, Z, k), a very particular case of twisted
C*-dynamical system [11, 12]. To any twisted C*-dynamical system, one associates
canonically a C*-algebra A xf, & (called twisted crossed product). This is the enveloping
C*-algebra of the Banach *-algebra (L!(Z; A),¢.,°, | - |1), where

I Glli:= JH dX[|G(X) la, G°(X):=G(—X)",
and (symmetrized version of the standard form; cf. Remark 4.3)
(G190 Go)(X):= JL dY« (X, Y)Owy_x)2lG1(V)]Oy/2[G2(X — V)] (2)

In [11, 12] A is supposed separable; since our cocycle is explicit and very simple, this

will not be needed here.
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We turn now to Rieffel deformation [15, 16]. Let us denote by A% the family of
elements f such that the mapping & 5 X+— Ox(f) € Ais C*. It is a dense *-algebra of A

and also a Fréchet algebra with the family of seminorms

1 1
=D — I0510x(Plx=olla= Y —16°(Hlla keN. (3)

le|l=k lal=k

To quantize the above structure, one keeps the involution but introduces A% the product

J dy dz ! 1% 2ley( flo(g), (4)

f#g:=22" J

suitably defined by oscillatory integral techniques. Thus, one gets a *-algebra (A®, #, *),
which admits a C*-completion 2 in a C*-norm | - || defined by Hilbert module tech-
niques; we are going to call 2( the R-deformation of A. The action © leaves A% invariant
and extends to a strongly continuous action on the C*-algebra 2, which will also be
denoted by ©. The space 2> of C*-vectors coincide with 4%, even topologically, that is,

the family (3) on A> =2A* is equivalent to the family of seminorms

1 1
=0 — 105I0x(Plx=o lla= 3 — 18(H Il keN. (5)

loe|l=k le|=k

An important particular case is obtained when A is the C*-algebra BC,(Z) of
bounded uniformly continuous functions on the group &, which is invariant under
translations, that is, if ae€ A and X € =, then [7x(a)l(:) :=a(- — X) € A. Note that the *-
algebra of smooth vectors coincides with BC*°(Z), the space of all smooth complex func-
tions on = with bounded derivatives of every order. In this case, Rieffel’s construction,
done for ® =7, reproduces essentially the standard Weyl calculus; we are going to use
the special notations f (instead of #) for the corresponding composition law and #(Z)
for the R-deformation of BCy(&).

One can also consider C*-subalgebras A of BCy(Z) that are invariant under
translations. An important one is Co(&), formed of all the complex continuous func-
tions on & that decay at infinity. Its Rieffel deformation will be denoted by 7 (&); it
contains the Schwartz space . (&) densely. By Rieffel [15, Example 10.1 and Proposi-
tion 5.2], it is elementary, that is, isomorphic to the C*-algebra of all compact operators
in a separable Hilbert space.

Following [15], we introduce the Fréchet space . (&; A*°) composed of smooth

functions F : & — A* = 2> with derivatives that decay rapidly with respect to all | - |%.
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The relevant seminorms on the space . (Z'; 2*°) are {|| - ||§;ﬂ’N| k, N eN, B eN?"} where
I F 5= sup((1 + XDV |(0" F) (X0l ) (6)
e®

and the index 2 can be replaced by .4, by the argument above. We are going to use
repeatedly the identification of .7 (&; A*°) with the topological tensor product .7 (&) &A®
(recall that the Fréchet space .¥/(Z) is nuclear). On it (and on many other larger spaces),
one can define obvious actions T:=7 ® 1 and 7 ® © of the vector spaces & and & x
Z, respectively. Explicitly, for all A, Y, X € 5, one sets [T4(F)I(X):=F(X — A) and [(7x ®

Oy)F(X) := Oy[F(X — A)]. Then on . (&'; 2°°) one can introduce the composition law

(FiOF,)(X) = 22"J J dAdB e 2IABIT ,(F)(X)#[T5(F2)I(X) (7)

& JE

=

:24"J J J J dAdB dYy dz e 4l4B] g2i[v.Z] (8)

= Ja

(74 ® Oy)(FDI(X)(Tz @ Oz) (F)I(X).

Note that the last expression should be interpreted as an oscillatory integral [15] and
that it involves the multiplication in the C*-algebra A. If the involution is given by
FY(X):= F(X)*, VX € &, it can be shown that one gets a Fréchet *-algebra.

Remark 2.1. We recall that A* =2, even topologically, but the algebraic structures
are different. When the forthcoming arguments will involve the composition #, in order
to be more suggestive, we will use the notation . (&; ). In other situations, the nota-
tion . (&; A*) will be more natural. For instance, it is easy to check that . (Z&; A™®) is
a (dense) *-subalgebra of the Banach *-algebra (L'(Z; A), <,°, || - |l1), which is defined in
terms of the product - on 4 and has a priori nothing to do with the composition law #.

Proposition 4.2 is a good illustration for this distinction. O

Remark 2.2. One can also consider BCy(&; ), the C*-algebra of all bounded and uni-
formly continuous functions F : & — 2(. Rieffel deformation can also be applied to the
new classical data (BC,(&;2), %, &, —[-, -]), getting essentially (7) as the corresponding
composition law. By using the second part (8) of the formula, this can also be regarded
as the Rieffel composition constructed from the extended twisted C*-dynamical sys-
tem (BCu(&;A4), 7T ® ®, & x &, k ® k). This will not be needed in this form. But we

are going to use below the fact that, for elements f ge®*, a,be.”(Z), one has
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(a® HOB®g) = (btta) ® (f#g), so [ can be seen as the tensor product between # and
the law opposite to f. By Rieffel [16, Proposition 2.1], one can identify .7 (&) ® A with
the R-deformation of Co(&) ® A=Co(Z; A) and £A(&) ® A with the R-deformation of
BCy (&) ® A. O

3 The Schrodinger Representation

We are going to denote by B(M, N) the space of all linear continuous operators acting
between the topological vector spaces M and N and use the abbreviation B(M) for
B(M, M).

Let us recall that 2 is a finite-dimensional vector space. The corresponding

Heisenberg algebra h o = 2 x Z* x R is the Lie algebra with the bracket

[(Xaév t), (Y, 7)’3)] = (0’ O’ Yéf —X- 77)

We use notations as X = (x, £,t) and X = (x, £). The Heisenberg group Ho is just ho-,
thought of as a group with the multiplication * defined by

XxY=X+Y+1i[X Y], X YeHgy.

D=

The unit element is 0 € Hy and the inversion mapping given by X! := —X.
The Schriodinger representation is the unitary representation I7:Hg4 — B(L£) in
the Hilbert space £ := L?(2"), defined by

ITCOU(y) = T (x, &, Hul(y) = e VEt2¥6ty(y 4 %) forae. ye 2, (9)

for arbitrary ue L?(2") and X = (x, £, t) € Hy . When restricted to & = .2 x 2* (which is
not a subgroup and should be regarded as a quotient of Hy), IT becomes a projective

representation that will be denoted by 7: it satisfies
1X)7(Y)=«(X,V)n(X+Y), VX, Ye&.
The Wigner distributions defined by n are given by
W (u,v) =F(ux()v)), uvedr.
We used the symplectic Fourier transform

(Fa)(X) :=J dye X ¥lg(y),
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and forced it to be L2-unitary and satisfy 72 =1id, by a suitable choice of Lebesgue
measure dY on =. Recall that # (u,v) € .#(8) when u, ve A(Z), # : L x L— L%*(&) is
an isometry and extends to a unitary mapping # : L%(2) ® L2(2") — L?(&). The Weyl

pseudodifferential calculus is then a linear isomorphism
Op:Y"(8) = B[A(Z), S (2], (v,0p@uw)=(#(v,w,a). (10)

Recall also that Op[# (u, v)]=(-|v)u for all u,ve L, and Op:L?(&)— &,(L) (Hilbert-
Schmidt operators) is unitary. For a, be .’ (&), attb is the symbol of the operator
Op(a) Op(b) whenever this is well defined and continuous from . (%) to .¥'(Z"). Of
course, the symbol  is an extension of the one used in the previous section. The action
of Op(a) on .7 (2") or L :=L?*(Z") (under various assumptions on the symbol a and with

various interpretations) is given by

[Op(@)v](x) :=J dyJ de el-PE g (iy s) v (y). (11)
x la 2
Consider next the space of operators
Bu(L)={TeBL)|EZ>X—>n(X)Tn(—X) € B(L) is norm continuous}.

Then B, (L) is a proper C*-subalgebra of B(£) with the norm given by the operator norm
and involution given by Hilbert space adjoint, and it contains the ideal K(£) of compact

operators on L (see [6, Theorem 1.1]). The representation
TQn:E BBy, @eM)X)T=r(X)Tr(-X)

is then strongly continuous. Let B3 (L) be the space of smooth vectors for this rep-
resentation. Then B’ (L) is dense in By(£) [6, Theorem 1.1], and consists precisely of
those Weyl pseudodifferential operators with symbols in BC*(Z) [6, Theorem 1.2, 7,
Theorem 2.3.7].

Lemma 3.1. The Weyl calculus Op realizes an isomorphism between (&) (the
R-deformation of BCy(&)) and By(L£). The image through Op of (&) is precisely
K(L). O
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Proof. Indeed, recall that when a € BC*(Z), the norm || a | %z) of ain the Rieffel algebra
is given by the norm of the operator L,:.7(Z)— (&), L,(b) = a#b, where on . (&)
one considers the L?-norm (a particular case of Rieffel [15, Proposition 4.15]). Taking
b= (u,v), with u, v e (%), one obtains that a## (u, v) = # (Op(a)u, v), hence

ILal# (w, V2 = VIl IOp(@ull,  w,ve S (Z).

Thus, |Op(@)|ls) < llall#)- On the other hand, denoting by || - ||s,(c) the Hilbert-Schmidt

norm, one has

ILaD)llz2(z) = 10p@#b)lls,cy = 10P@llg) IOPD)ls,() = I0P@D Iz 1PN 12(2)

hence ||Op(@)|Bc) > llall#z). It follows that the norm of the operator L, is in fact equal
to the norm of Op(a) in B(L). The Rieffel algebra #(Z) is the closure of BC™(Z) in the
norm a— |lallz) = | LallBiz2(z), hence it is isomorphic to B (L), the closure of B (L) =
Op[BC™(&)], as stated.

Now the last statement of the lemma is trivial if we recall that Op[(&)] C
K(L). ]

4 The Canonical Mappings

Definition 4.1. On .7(Z; 2*) we introduce the canonical mappings

[M(F))(X) :=J dve *MoyF ()] (12)
and
(M (N(X) = J dve o _x[Gv)]. (13)
z O
To give a precise meaning to these relations, use the (symplectic) partial Fourier
transform

F=F®1:E;A°) > S(E8; A®), GFF)X) :=J dvye XYl F(y).

Defining also C by [C (F)I(X) := Ox[F(X)], we have M=FoC and M ' =C~!03.
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Proposition 4.2. The mapping M: (S (&;2A®),0, P)— (S (&;A®),0,°) is an

isomorphism of Fréchet *-algebras and M~! is its inverse. O

Proof. The partial Fourier transform is an isomorphism. One also checks that C is
an isomorphism of .%(&; A*°); this follows from the explicit form of the seminorms on

S(Z; A®), from the fact that @y is isometric, and from the formula

I 1Ox(F(X)] =) Cp, Ox{87 13”7 F)(X)1).
y=p

With these remarks, we conclude that M=F o C and M~! =C~! o § are reciprocal topo-
logical linear isomorphisms.

We still need to show that M is a *-morphism. For the involution:
[M(F)]°(X) = ” dyellx71 @y[F(Y)]} = J dy e XY@y [F(v)*] = IM(FP)1(X).

For the product: it is enough to show that M ![M(F) o M(G)l=FOG for all F,G ¢
S (&;A%°). One has (iterated integrals):

(M '[MF ¢ MG))(X) = J dy; e XMl o_y(IMF o MGI(V1))

=| dne*¥le_y ” v, e 210y, v o [(MF)(¥)]Oy, 2l (MG)(Y; — Yz)]}

JE 16}

- dYIJ A%, e X0 o 35210 (O, y) 2l (MF) (¥2)1Oy, ol (MG)(Y; — Vo))

J =

=| dvy J dy, e~ ilxv] e—%[[hlfz]] - Ow,-v)/2-x {J dvs e—i[[Yz,Ya]]@%[F(yg)]}

J

- Oy, x {J dy, e-i““—ﬁv”“@nm(m]}

J lej deJ dY?'J 4y, e-ilX 1] g% 1l g-il¥a¥i] o-il%i-%:.%]

=

- Oy, v-v)/2—-x1F (Y3)]1Oy, 1 v, /2 x[G (Yal)

:24"J dYJ dZJ dY3J dy, e 2X 1] g2i[V.2] o-21¥% %l g [ F (V3)]104[G (Ya)].
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For the last equality, we made the substitution Y=¥; + £ (Y, — V1) — X, Z=Y, + 3 Y, — X.
Finally, setting 3 =X — A, ¥, = X — B, we get

(M Y[MF o MG])(X) =[FOGI(X)

= 24"J dYJ dzJ dAJ dB e 24Pl 22l g [F (X — A)]O2[G(X — B)]. o
Remark 4.3. Let us make some comments about how one could modify the definitions
above. We are going to need the notation [C,(F)I(X):=O,x[F(X)], where Xe€ &, F ¢
S(E; A®) (or FeL'(8;.A) and « is a real number. All these operations are isomor-
phisms and our previous transformation C coincides with C;. The traditional composi-

tion law in the twisted crossed product is not (2), but
(619 62)(X) = |_d¥(X. V)61 (1OxGa(X - V)

The distinction is mainly an ordering matter and it corresponds to the distinction
between the Weyl and the Kohn-Nirenberg forms of pseudodifferential theory. Apply-
ing C,/, leads to an isomorphism between the two algebraic structures. So, if we want
to use this second realization, we should replace M =3C, with M':=C,,,§C, leading
explicitly to

(M (F))(X) = J Ay e XMy, ., [F(V)]. 0

5 The C*-Algebraic Isomorphism

We recall that .# (=), with multiplication £, has been defined as the R-deformation of
the commutative C*-algebra Cy(Z) on which & acts by translations. Then J# (&) is an
elementary (hence nuclear) C*-subalgebra of #(&), and .¥(Z) is dense in J#(&). The
Fréchet *-algebra .7 (&;A%®) =.7(8)®A> with the composition law [J given in (8) is
dense in the C*-algebra Z (Z) ® 2, which can be viewed (see Remark 2.2 and [16, Propo-
sition 2.1]) as the R-deformation of Co(Z&) ® A with respect to the action of & x & com-
posed of translations in the first variable and the initial action @ in the second.

This section is mainly dedicated to the proof of the next result.
Theorem 5.1. The mapping M extends to a C*-isomorphism : 7 (5Z) @ A - A x§ &. O

The following definition (see [18, Definition 1.2] and the concept of differential

seminorm in [5, Definition 3.1]) isolates a situation in which any injective morphism
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between a dense *-subalgebra of a C*-algebra and another C*-algebra can be extended

to a C*-algebraic monomorphism.

Definition 5.2. Let.Z# be a dense Fréchet subalgebra of a C*-algebra ¥. We say that .#
satisfies the Blackadar-Cuntz condition in % if the topology on .# is given by a family

of seminorms { px}r-0 such that pp is the C*-norm giving the topology on ¢ and

plab) < Y pi@p;). abeZ. .

i+j=k

Tracing back through [5], one realizes that if .# satisfies the Blackadar-Cuntz
condition in ¥, it is a smooth algebra in the sense of Blackadar and Cuntz [5, Definition
6.6]. Actually, the more general concept of derived seminorm [5, Definition 5.1] involved
in the definition of a smooth algebra is meant to model quotients of differential semi-
norms. Therefore, the following result is in fact a particular case of Blackadar and Cuntz

[5, Proposition 6.8].

Proposition 5.3. Assume that .# is a dense Fréchet subalgebra of a C*-algebra ¢ and
satisfies the Blackadar-Cuntz condition in %¥. Then if & is another C*-algebra and &:

Z +  is an injective *-morphism, then @ is isometric for the C*-norm on %. (]
We now prove Theorem 5.1.

Proof. The algebra .7(Z)®A* is a dense subalgebra of .#(Z)® . As mentioned
before, it can be identified to .7 (&; 2*). Proposition 4.2 gives an injective *-morphism
M: 7 (5;4%°) - Axg & with dense range. If one proves that Z(E)QU> satisfies
Blackadar-Cuntz condition in .7 (&) ® 2, Proposition 5.3 shows that M is isometric for
the C*-norm on % (&) ® 2, so it extends to an isomorphism : . # (&) @ A — A xf, &.

To show the Blackadar-Cuntz condition for .7 (&)® A, we are going to express
it as the space of smooth vectors for a continuous group action in .Z (&) ® 2.

Using the Schrodinger representation (9) of the Heisenberg group Hg in
L=L%(%2), we consider the strongly continuous representation (by Banach space

isomorphisms)

A:Hg{ X H%_)B[K(E)]s

AX, VT =MNX)TI(-Y), X, YeHy.
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Note that K(£) is an admissible ideal in B(£), as in [2, Definition 3.8]. Also recall that
the Weyl-Pedersen calculus for general nilpotent Lie groups G, introduced in [13] and
developed in [1-3], particularizes to the usual Weyl calculus if G =H4 is the Heisen-
berg group; therefore one can use the results of these papers. It follows from [2, The-
orems 4.6 and 3.13] (see also [3, 13, Theorem 4.1.4]) that the space K(£)* of smooth
vectors of the representation A is precisely Op[.¥(&)] and that Op: . (&) — K(£)® is a
topological isomorphism of Fréchet spaces (a restriction of the isomorphism given by
Lemma 3.1). Hence, Op® id : .7 (8)® A® — K(L)®® A is also an isomorphism of Fréchet
spaces. Thus, to complete the proof, it will be enough to show that K(£)®*® 2> satisfies
the Blackadar-Cuntz condition in K(£) ® 2.
We set

2 Hy xHy x & - BIK(L) @ 2,

QX Y, 2)=AX,V)R0O;, X, YeHy, ZckE.

It is easy to check that £ is a strongly continuous representation and that its space
of smooth vectors [K(£) ® ] coincides with the (unique) topological tensor product
K(£)*°® A%, The transformations (X, Y, Z) are isometric.

It follows that the topology of the tensor product K(£)*® 2> is also given by the

countable family of seminorms

1 ap nQ: vV
p(®)i= ) 11 1% 02 05(2(X. V. 2)Plg_yz_olxcron
le+1Bl<k ~ 77

where o = (a;, a2) € N*"*2 and g € N*®, When computing on products @ o ¥, one has to
face the fact that the action A is not automorphic on K(£). Note, however, that when S,

T e K(£), we have o B B
A(X, Y)(ST) =[A(X, 0)SI[A(0, V) T1,

implying forall ®, ¥ e K(£) ® A and all (X, Y, Z)eHy x Hy x &,
QX Y, Z) (P oW)=[R2(X,0, Z)Plo[£2(0,Y, Z)¥].

Then a simple calculation shows that

(@ o¥) < Y pi(@)p(¥),
i+j=k

for all @, ¥ € K(£)®*® A*®. One also has py(®) =|| @ lk(c)o 2, so the proof is completed. B
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Remark 5.4. Let us consider the continuous action §: & — Aut(A x§, &) given for G ¢
LY(Z; A) by

Bz(1(X) :=el¥?lg(x), X ze&

(this is the dual action in disguise). Then a short computation gives, for any Z € &,

MO(sz®@Z):ﬂzoM, (14)

and so actually M can be seen as an isomorphism of C*-dynamical systems. Thus, the
twisted crossed product A xf, & endowed with the action 8 can be seen as (an isomor-
phic copy of) the Rieffel deformation of the C*-algebra Co(Z'; A). O

6 Applications

One can rephrase Theorem 5.1 by saying that A x§, & is (isomorphic to) the stable
algebra of 2. In particular, % and A x§, & are stably isomorphic. Therefore, they have
identical representation theories (indexed by covariant representations of the sys-
tem (A, O, «, &)), isomorphic ideal lattices, and there are canonical homeomorphisms
between the corresponding spaces of primitive ideals [14].

We investigate now the interplay between the canonical maps and & -morphisms.
Let (A/,©7, 5,k), j=1,2, be two sets of classical data and let R: A' - A% be a &5-
morphism, that is, a C*-morphism intertwining the two actions !, ©2. Then R acts
coherently on C*®-vectors (R[A"*] C A>*) and extends to a morphism 9R:2A' — A2 of
the R-quantized C*-algebras that also intertwines the corresponding actions (see [15]).
On the other hand [11, 12], another C*-morphism R* : A! ><|'g)1 E — A2 ><|'(i)2 E is assigned

canonically to R, uniquely defined by

[R*(F)I(X):=RIF(X)], VFeL'(5;Ah.

Proposition 6.1. Denoting by id the identical map on .# (Z) and by M/ the canonical

map for the data (A7, ®7, k, &), one has

R* o M* = M? o (id ® R). (15)
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Proof. It is enough to compute on F € .7 (&; A®):

[(R™ o MY)(F)I(X) = RI(M'F)(X)]
=R U” dy e_iﬂx’yﬂ@é(F(W)]
_ J dve IXMRIOL(F (V)]
_ J Ay e XY Q2[R (F (1))

= M?[(id ® R)F1(X). [

The next two results have been proved in [17] without asking the skew-symmetric
operator J to be nondegenerate (see also [8]). The proofs relying on Theorem 5.1 are very

simple.
Corollary 6.2. The C*-algebras .4 and 2 have the same K-groups. O

Proof. Since A and A x¥, & are stably isomorphic, they have the same K-theory [4]. On
the other hand, by ‘the stabilization trick’ [11], A x§, & is stably isomorphic to a usual
(untwisted) crossed product (A ® .#) xr & associated to an action I" of & on the tensor
product of A with an elementary algebra .#". The vector space = has even dimension, and
hence, by Connes’ Thom isomorphism [4], the K-groups of the crossed product coincide
with the K-groups of A ® 7, that is, with those of A. [ |

Corollary 6.3. The C*-algebras .4 and 2 are simultaneously nuclear. O

Proof. The argument is analogous to the previous one. One must also recall [4, Theorem
15.8.2] that nuclearity is preserved under stable isomorphism and that the crossed prod-
uct with a commutative group of a C*-algebra B is nuclear iff 5 is nuclear (for the con-

verse use Takai duality). |

If Ais commutative, by Gelfand theory, it is isomorphic (and will be identified) to
Co(X), the C*-algebra of all complex continuous functions on the locally compact space
X which converge to zero at infinity. The space X is a homeomorphic copy of the Gelfand

spectrum of A and it is compact iff 4 is unital. Then the group @ of automorphisms is
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induced by an action (also called ®) of & by homeomorphisms of ¥. We are going to use
the convention
[Ox(NHl(o):= flOx(0)], YoeX, Xe&, felA,

as well as the notation @x(0) = @ (X, o) for the X-transform of the point 0. Let us set 2 =:
¢(X) for the (noncommutative) Rieffel C*-algebra associated to Co(X) by deformation

and ¢€*°(X) for the space of smooth vectors under the action ©.

Remark 6.4. A rather surprising picture follows from a symmetry argument. Using [15,
Theorem 6.5), one gets easily an isomorphism % (Z) ® A= 2 x% Z. The complex conju-
gated cocycle k is defined by the symplectic form —[-, -]. One usually thinks of 4 as a
rather simple C*-algebra, giving after deformation a more complicated one 2. In the
commutative case, for instance, we might be surprised that the twisted crossed product
¢(X) x5 & decomposes as Co(X; # (E)). O

Remark 6.5. Twisted crossed products with commutative C*-algebras are discussed
in [10]. In some situations, their primitive ideal space is understood (as a topological
space) and this can be transferred by our stable isomorphism to the level of ¢(X). By
Packer [10, Example 4.3], for instance, if the action © is free (all the isotropy groups are
trivial), then Prim[¢(X)] is homeomorphic to the quasiorbit space Q% (X). If, in addition,
® is minimal, ¢(X) will be a simple C*-algebra. If ® is minimal without being free, the

situation is described in [10, Example 4.11]. O

Remark 6.6. Assume that & act freely on X. By Theorem 5.1 and [10, Theorem 4.5],

¢(X) is a continuous trace C*-algebra if and only if the action ® is proper. O

We discuss briefly orthogonality matters. On X, we pick a ®@-invariant mea-
sure do. The relationship between the spaces .7(&; A®) and L%(EZ x X) depends on
the assumptions we impose on (X, do). If do is a finite measure, for instance, one has
S(8; A®) C L?(E x X¥). Anyhow, the canonical map can be defined independently on
L%2(E x X).

Proposition 6.7. One has the orthogonality relations valid for F, G € L%(¥ x &):
(M(F), M(G))zx5 = (F, G)axs- (16)

Thus, the operator M: L?(Z x X) — L?(Z x X) is unitary. O
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Proof. It is enough to note that M=FoC and to use the fact that § and C are

isomorphisms of L?(¥ x &) if do is @-invariant. [ |
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