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Scalar field equation with non-local diffusion
Patricio Felmer and Ignacio Vergara

Abstract. In this paper we are interested on the existence of ground state
solutions for fractional field equations of the form

(I —A)*u= f(z,u) in R",
u >0 in RN, lim w(z) =0,

|| — o0

where o € (0,1) and f is an appropriate super-linear sub-critical nonlin-
earity. We prove regularity, exponential decay and symmetry properties
for these solutions. We also prove the existence of infinitely many bound
states and, through a non-local Pohozaev identity, we prove nonexistence
results in the supercritical case.

Mathematics Subject Classification. 35J60, 35Q55, 35505.

1. Introduction

We are interested in the study of the nonlinear scalar field equation with
fractional diffusion
(I —A)u= f(x,u) inRY
{u >0 in RN, lim wu(z) =0, (1.1)
where o € (0,1) and and f is an appropriate super-linear sub-critical nonlin-
earity.
Equation (1.1) arises in the study of standing waves for the Schrodinger—
Klein—Gordon equation

e R () (12)
describing the the behaviour of bosons, spin-0 particles in relativistic fields,
see the work by Lieb and Thirring [14] and Lieb and Yau [15]. Actually
P(x,t) = exp(—it)u(x) satisfies (1.2) if and only is u satisfies (1.1). The mean
field dynamics of boson stars modelled by the pseudo-relativistic Hartree equa-
tions have been studied by Elgart and Schlein [6] and Frohlich et al. [9]. In the
context of fractional quantum mechanics, non-linear fractional Schrédinger
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equation has been proposed by Laskin [12,13] as a result of expanding the
Feynman path integral, from the Brownian-like to the Lévy-like quantum me-
chanical paths.

In a recent paper, Coti Zelati and Nolasco [4] considered Eq. (1.1) for
the particular case of a = % and for a power nonlinearity. They studied the
equation by an extension technique developed by Silvestre and Caffarelli [2]
that transforms the problem into a local one by adding one variable. They also
obtained regularity and exponential decay of the solution and their nonlinearity
admits a nonlocal term. See also Tan et al. [24] where some of these results
are also proved.

In this paper we consider Eq. (1.1) working directly with the nonlocal
operator in the appropriate Sobolev space. In doing so, we follow some ideas
used in [7] in the study of nonlinear Schrodinger equation with the fractional
laplacian, but there are some interesting novelties. On one hand for the study
of exponential decay we cannot use super and sub-solutions directly as in [7],
since we were not able to obtain these comparison functions easily. Instead
of that, we consider a method based on a weighted space and the Banach
fixed point theorem and comparison theorem. On the other hand, here we
obtain a non-local version of the Pohozaev identity from which we can prove
a non-existence theorem for positive solutions in the super-critical case.

In what follows we introduce our precise hypotheses on the nonlinearity
f. We assume:

(f0) f: RN x IR — IR is continuous.
(f1) f(z,s) >0if s >0 and f(z,s) =0if s <0, for all z € RV
(f2) The function

5+ f(Z’ ) is increasing for s > 0 and all z € IRY.
(f3) There exists p € (1, %f;g) and C' > 0 such that

f(z,s) < C|s|P forall s € R, z € RY.
(f4) There exists § > 2 such that, for all s > 0, z € R",
0< HF(x,s) < sf(z,s),

where F(z,s) = [ f(
(f5) There are continuous functlons f and a, defined in IR and IRY respec-
tively, such that f satisfies (f0)—(f4) and

0 < flx,s) — f(s) < a(z)(|s| +|s[P) forall s € R, z € RY,

lim a(x) =0

and
Hox € RN: f(x,s) > f(s) Vs > 0} >0,

where | - | stands for the Lebesgue measure.
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The operator (I — A)? is defined by its Fourier transform
F(I = D)*u)(§) = (1 + |g[*) a(®).-

Now we state our main theorems. In the first place we obtain ground
states for (1.1)

Theorem 1.1. Assuming o € (0,1) and that the nonlinearity f satisfies (f0)—
(f5) Eq. (1.1) possesses a non-negative weak solution u. Moreover, the function
u s continuous, positive and it satisfies

0 <u(z) < Ce_%, (1.3)
where C' > 0 is an appropriate constant. In case f(u) = uP the solution u is
radially symmetric.

The proof of the existence of a weak solution of (1.1) is undertaken vari-
ationally using the functional

=3 [ askPrla©Pe- [ Peaa)d 04

defined on the Sobolev space H*(R™). See Sect. 2 where we also define weak
solutions for (1.1) as the critical points of I. In proving the existence part of
Theorem 1.1 we use the mountain pass theorem in combination with a compar-
ison argument for avoiding non-convergent Palais—Smale sequences, as devised
by Rabinowitz [19]. In order to prove the decay estimate, after proving regu-
larity of the solution, we devise a fixed point scheme that somehow resemble
the spirit of the Slaggie-Wichmann method for the two-body eigenfunctions,
see the review of Hislop [11].

Regarding the hypotheses in Theorem 1.1, we are not claiming optimal-
ity at all. Since its statement includes various results, we could have broken
it into different theorems and for each one state more general hypothesis. In
particular, (f0) can be relaxed for existence assuming only measurability in
the z-variable, but continuity is necessary to prove the decay. Assumption (1)
could also be relaxed using a usual trick of redefining f as being zero for neg-
ative arguments and then prove the solution is non-negative. Hypothesis (f3)
can be made more general, but then the regularity proof gets more involved,
see [7].

Our second theorem on the existence multiple solutions states as follows.

Theorem 1.2. If N >2 and 1 < p < %f:‘;z, the equation

(I —A)*u = |ulP~ u (1.5)
has infinitely many weak solutions in H*(RN) N C*(RYN), for some p > 0.

The proof of this theorem is based on Lusternik—Schnirelmann genus.
Our third the theorem states the non-existence of solution in the super-
critical case.
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Theorem 1.3. If p > %fgg, then the problem

{ (I -A)u=uP inRY

u>0 in RN, lim w(z) =0 (1.6)

|| —o0
has no non-trivial weak solution in L>(IRN) N LY(IRN), with ¢ > 1.

Recently, a great attention has been focused on the study of problems
involving fractional elliptic operators, from a pure mathematical point of view
as well as from concrete applications, since these operators naturally arise
in many different contexts, such as obstacle problems, financial mathematics,
phase transitions, anomalous diffusions, crystal dislocations, soft thin films,
semipermeable membranes, flame propagations, conservation laws, ultra rela-
tivistic limits of quantum mechanics, quasi-geostrophic flows, minimal surfaces,
materials science and water waves. The literature is too wide to attempt a rea-
sonable list of references here, so we derive the reader to the work by Di Nezza
et al. [5], where a more extensive bibliography and an introduction to the sub-
ject are given. Regarding the non-linear fractional Schrédinger equation, see
the works in Coti Zelati and Nolasco [4], Tan et al. [24], Cheng [3], Felmer et
al. [7], Felmer and Torres [8], Guo and Xu [10], Servadei and Valdinoci [20,21].

This paper is organized as follow. In Sect. 2 we present some preliminary
regarding the framework in which we study the problem. Then we prove the
existence of a non-negative weak solution of Eq. (1.1). In Sect. 3 we complete
the proof of Theorem 1.1 obtaining regularity, decay and symmetry of the
ground state. Section 4 is devoted to the proof of the multiplicity theorem. Fi-
nally in Sect. 5 we prove the Pohozaev identity and the non-existence theorem
for positive solutions.

2. Existence of a ground state

We consider the Hilbert space
o) = {ue 2mvys [ ler iR de < oo
endowed with the inner product
(u,0)q = /]RN(H— €7 > ad de.

The following results will be useful; for its proof see Theorem 2.8.4 in Ziemer
[25] and also [7].

Lemma 2.1. Let q € [2, NQ_]\QQ] Then there exists C > 0 such that

lully < Cllulla  Yu € H(RY).

If further q < Naj\ga and Q C RY is a bounded domain, then every bounded

sequence in H*(IRN) has a convergent subsequence in L%(S2).

The next lemma is due to Lions [16].



Vol. 22 (2015) Scalar field equation 1415

Lemma 2.2. Let N > 2, q¢ € (2
H*(IRN) satisfying

2N :
s N5) and {u,} a bounded sequence in

lim sup / Up(2)*dr =0
Br(y)

=00 e RN

for some R > 0. Then u, — 0 in LI(IRY).

We say that u € H*(IRY) is a weak solution of the equation (I —A)%u =
fz,u) if

| s iepra@i@d = [ fa@@de we B @)
RN RN

So we will look for critical points of the functional I defined in (1.4). Assuming
(f0) and (f3) T is well defined, and using Sobolev embedding (Theorem 3.1)
and the properties of the Nemytskii operator it can be proved that I is of class
Ct in H*(IRM).
We consider the Nehari manifold
A = {uec H*(R")\{0}: I'(u)u = 0}

and define

= élelf[‘\f(u)

We observe that if u € A, by (f1), u; # 0. And by (f2), given v € H*(IR")
such that uy # 0, the function ¢t € IRy — I(tu) has a unique maximum #(u)
and t(u)u € A. Therefore

¢ = inf sup I (tu).
ueHe (IRN)\{0} tzg (tu)
We define now
I'={g e C([0,1], H*(IRY)): g(0) = 0,1(g(1)) < 0}
and

c=inf sup I(g(t)).
Inf sup. (9())

Using (f2) and (£3), it is easy to check that ¢ > 0.

Lemma 2.3. ¢ = c¢*.

Proof. Let u € H*(IRN)\{0} such that u; # 0. We may define g, (t) = tTu
with 7' > 0 large enough so that I(Tu) < 0. Then g € T and
¢ < sup I(tTwu) <supl(tu).
t€[0,1] >0
Thus ¢ < ¢*. For the other inequality it suffices to show that for all g € I" there
exists ¢t € (0,1) such that g(t) € A. First we notice that if I'(u)u > 0, by (f4),
1
1025 [ feu@)ds - [ Fau) ds

2 RN RN

> (Z - 1) | F@u@)de =0,
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So, if we assume that I'(g(t))g(t) > 0 for all ¢ € (0,1), then I(g(¢)) > 0 for all
t € (0,1), contradicting that I(g(1)) < 0. O

If f does not depend on z, we define I, A, I and ¢ replacing f by f.

Theorem 2.1. If f satisfies (f0)~(f4), then I has a critical point with critical
value ¢.

Proof. By the Ekeland variational principle (see [18]) there is a sequence
(Un)nen C H*(IRN) such that

I(u,) — ¢ and I'(u,) — 0.
By (f4), given € > 0, for all n large enough,

11 = L
<2 B 0) HUnH2 < I(up) — éll(un)un <ctetunfa-

So (uy,) is a bounded sequence in H*(IRY). Then, using Lemma 2.1, (u,,) has
a subsequence that converges in L? Otl(BN ) and weakly in H*(IRY) to some
function u. For this subsequence and for every ¢ € D(IRY),

I'(up)p — I'(u)p = 0.
It only remains to see that I(u) = c. Using (f4) again, for all R > 0,

I(up) — %f/(un)un = / <1f(un)un - F(un)> dx

By \ 2

1_ _
> / (2f(un)un - F(un)) dx.
Br
Taking limit as n — oo,

> /BR <;f(u)u F(u)> dz.

This holds for all R > 0, so we can take the integral on RN and we get

I(u) < c. For the other inequality it suffices to see that u # 0. Using Lemma
2.2, there is a sequence {y,} C IR™, R > 0 and 3 > 0 such that

/ un(2)? dz > B.
Br(yn)

In fact, assuming the contrary, we have u,, — 0 in LP*1(IRY). But using (£3),
we get, for n large enough and some constant A > 0,

C

¢ < I(up) — }f’(un)u,L = / (lf(un)un - F(un)) dr < A/ |, [P de,
2 2 v \ 2 .

which implies ¢ = 0, providing a contradiction.
We may then define @(z) = u(y, + =) and we use the discussion given
above to find that u = w-lim %, is a nontrivial critical point of I. O

Theorem 2.2. If [ satisfies (f0)—(f5), then I has a critical point with critical
value ¢ < C.
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Proof. We consider a sequence wu, € A such that lim, . I(u,) = c. Let
gn = Gu,,, as defined in the proof of Lemma 2.3. We use Ekeland variational
principle and find sequences ¢, € [0,1] and w,, € H* such that
lim I(w,)=c¢, lim I'(w,)=0 and lim [w, — gn(tn)|a = 0.
n—oo n—oo n—oo
Proceeding as in the proof of Theorem 2.1, we find a subsequence of w,, we
keep calling w,,, that converges weakly to w and satisfies

/ wp(z)?de > B, YneN
BR(yn)

for some R, 3 > 0 and y,, € RN . If (y,,) has a bounded subsequence, the latter
implies w # 0 and the result follows. Let us assume then, that |y,| — oo as
n — oco. And also that, for given r > 0,

lim wy(z)? dr =0,
n—oo BT(O)

since the contrary implies that w # 0. We first obtain that ¢ < ¢. Let w be a
nontrivial critical point of I given by Theorem 2.1. Let

A={zecR": f(x,s) > f(s) Vs > 0}.

By (f5) and the fact that w is non-zero, we may find y € IRY such that the
function w,, defined as wy(z) = w(x + y) satisfies

Hz € A: |wy(z)| > 0} > 0.
And so
¢=I(wy,) > I(twy,) > I(tw,)
for all £ > 0. Choosing t* > 0 such that I(t*w,) = sup I(tw,), we find t*w, € A
and conclude that i

c>I(t" > inf =c.
c> (twy)_grelA c

From (f5), we have, for all ¢ > 0,

I(tuy,) = I(tu,) + /ZRN (F(tuy) — F(z,tuy)) dz

> I(tuy,) — / Ca(z) (|tun|2 + |tun|P+1) dx.
RN

Let € > 0. Using (£5) and since (u, ) is a bounded sequence in H®, there exists
R > 0 such that

/ Ca(z) ([tun|” + [tu, [PT') da <,

B,

for t bounded. On the other hand, since ||w, — g, (tn)|le — 0, we have
lim Ca(z) ([tun|® + [tu, [PT!) dz = 0.

Choosing t = t* so that I(t*u,) = max;>o I(tu,), we see that ¢ > ¢ —¢e. If
€ > 0 is chosen small enough, this contradicts the fact that ¢ < ¢. O
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3. Some qualitative properties of solutions

In this section we study regularity of solutions to Eq. (1.1), in particular we
show that the solution found in Theorem 2.2 is continuous. Moreover, in case
the nonlinearity is a power, we get regularity for solutions of Eq. (1.5). Next
we study decay properties of positive solutions of (1.1).

We start with some considerations of spaces more general than H*. Let
B >0 and g € [1,00]. We define

Ll ={ue LIRN): 71+ [¢*)/%a] € LY(RY)}.

The following results will be useful to study the regularity of the solution
(see [7,23]).

Proposition 3.1. Let a,3 > 0, (I — A)* is an isomorphism of L}, to L.
Ifa>0and B3>0, (I —A)® is an isomorphism of CPT2(IRN) to CP(IRN),
where CY(IRN) = C*7=F(IRN) and k = max{j € N: j <~}.

Theorem 3.1. (1) If 1 < p < ¢q < N]X’;p < 00, then LP is continuously

embedded in L.

(2) If1<qg< NL_M then L, is continuously embedded in L.

(3) If 1 + % <a<2and0<pu<a-— % — 1, then LP is continuously
embedded in C1H.

NI <a<2,a-Y<land0<pu<a—2L, then LP is continuously

P P H P @

embedded in CO*.

Theorem 3.2. If f satisfies (f0) and (f3) and u is a weak solution of the equation
(I A)*u = f(z,u), then u € L2 (IRN)NCY*(IRN) for some qo € [2,0) and
€ (0,1). Moreover, |u(x)] — 0 as || — oco.

Proof. We know that v € £2 and so u € L% (IR"N), where ¢y = NQJ\QQ. By
(£3), f(-,u(-)) € LP*(IRYN) with p; = 4. Since (I — A)*u = f(z,u), we have
(I=A)*u € LP*(IRN) and therefore u € L5} We have three cases: (1) p1 < 2,
(2) p1 = 55 and (3) pr > 5

In case (1) we use the Sobolev embedding to get u € L% (IRY), where
Q= Nl,vf;p and as we did before, u € £52, ps = ql . We can again consider
three cases, but now for po. If py < %, then u € Lq2 (RN), ¢ = Nj_vé’;pz.
Repeating this procedure, we define a sequence (g;) such that

()
- () e
QJ+1 q1 q0 q1

=0

Since 1 < p < %f%g, q1 > qo and then the right hand side above becomes

negative for j large. Let j be the smallest natural so that the sum is non-
positive. Then p;11 = % or pjt1 > %
If pjy1 > 2, then u € £52"" and by Sobolev embedding we may choose

0 < i < min {2a - X 1} so that u € CO#(IRN).
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If pj11 = 2&, we notice that u € £33 for & < a. Then p;41 < 2% and
we make another iteration. If & is close enough to «, we have p;1o > % and

we complete the argument.
Finally we observe that the fact that u € L% (IRN) N C%*(IRY) implies
|u(z)| — 0 as |z| — oo. O

Proposition 3.2. If f satisfies (f0), (f1) and (f3) and u is a weak solution of
the equation (I — A)*u = f(x,u), then u is strictly positive.
Proof. We know that u € L5}, p1 = p(]\?ifm) and (I — A)%u(z) = f(z,u(x)).
So we may write

u=(I—=A2)""f(-u() = Gaa * f(-,u(-)).
where Gao () = m I e~mlel*/t=t/Amy=N/2=1ra gy (see [23, p. 132)). If
we take u_ as a test function,

/ u_(2)?di = / Goa(9) (& — you(x — y))u_(x) dy dz < 0.

And therefore, u_ = 0 a.e. By Theorem 3.2, u is continuous, so for all z € RN
w@) = | Gaay)f(z—yulx—y))dy.
RN
Since Ga, is strictly positive and u # 0, we conclude that u > 0. O

Remark 3.1. Since [ Ga, = 1, this kernel defines a probability measure on
RN and we can use Jensen’s inequality for convex functions. In particular, if
1 <g<ooandwv e L9, then for all z € RN

/ Gl — yu(y) dy| < / Gl — )l (y) |7 dy.
RN BN

This allows to show that |Gaq * v|q < [|v]l4-

|Gaa * v(2)|? =

Next we prove a stronger regularity result for non-negative solutions in
the case of power nonlinearity.

Proposition 3.3. Ifp > 1, ¢ > % and v € L(IRN) is a non-negative solution
of (1.5), then u € L"(IRN) for all r > 1 and there exists v € (0,2a) so that
= Cl+’y+2a(BN)'

Proof. We know that v € LI(IRY) implies u € ,Cg{f and since % > %, by

Sobolev embedding, we get u € C*(IRY) for some u € (0,20 — %). This

implies u(z) — 0 as |z| — oo, so u € L"(IRY) for all r > ¢q. We observe now
that u = Gaq xuP and u? € L" for all r > max{1, %}, so u € L". Iterating this
procedure we conclude that v € L” for all » > 1. Applying the mean value
theorem to the function t*, we get u? € C*(IR™) and then u € CFT2¥(IRY).
Again we iterate this procedure until z + 2ka > 1, so u € C1*7(IRN) where
v € (0,2cr). If p > 2, we may apply the mean value theorem to the derivatives
of u, and if p < 2, we observe that the function t?~! is of class CP~1(R"). In
both cases we get u? € C1+7(IRY) and therefore u € C1T7 2 ([RY). O



1420 P. Felmer and I. Vergara NoDEA

In what follows we study the asymptotic decay of solutions for Eq. (1.1).
For that purpose we consider ¢ > 1 and we define the following complete
metric space

X:{veC(JRN):v>O/\||U||x = sup |e%v(z )|<oo}

ze RN

endowed with the distance given by the norm || - || x and consider the operator

F,: X — X
v — Gag x p(v)

where ¢ is an appropriate function. O

Lemma 3.1. Let w € LI(IRN) N C(IRYN) be a positive function that vanishes

Ll
at infinity, h(x) = min {w(x), 1, %HGQQ * (eiﬁ)H}l} and o(v) = hv + xB,
where x g, 1is the characteristic function of the ball of radius r > 0 and r is
large enough so that h = w in Bg. Then the operator F, is well defined and
has a unique fized point v that is strictly positive and satisfies the equation

(I —A)*D=hv+ xp,.

Proof. The operator is well defined because F,,(v) is positive and continuous.
And

RN

(e Fy(v)(x))" = (651' Gaa(x —y)[h(y)v(y) + x5, (y)}dy>

<et | Gaal@ = )lh(w)o(y) + xp, W)y

<cez G2a(fc —y)h(y)?v(y)? dy

+ce2 / Gon(z —y

We take now R > 0 such that Go, () < ce= 3 if |z| > R. Then

lz]

ez Gaalr —y)h(y)Tv(y)? dy
|lz—y|>R

< ce'¥ / T h(y)to(y) dy
|lz—y[>R

< ce'¥ / et n(y)te H (e H v(y))t dy
lt—y|>R

< cfloll%IAllg-
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On the other hand,

s Gaa(z — y)h(y)?v(y)? dy

lz—y|<R

< e / Gaal — y)h(y)te ¥ dy
le—y|<R

lz| _ =l
< cfjo]%e s / Gaalz — y)h(y)te 2 dy
lz—y|<R
< ello]% ]

We notice now that

R+r

/G2 ) dy < . if |2 < R+
“ fB Sdy if|z| >R+

We conclude that [|F,(v)||% < oo, that is [|[F,(v)| x < oo and therefore F, is
well defined. Finally we prove that F,, is a contraction,

6‘;‘1‘ |Fio(v1)(z) — Fy(v2) ()]

|z

<ex Gao(r — y)h(y)|vi(y) — v2(y)| dy
RN

Lol _lyl
< [hflsollvr — val|xe % / Gon (1 — e ay
IRN

< hlocllor = vallx [Gaa * (™ 50)llx < Sllor = eallx.
This implies the existence of a unique fixed point v that satisfies
0= Goq * (h0 + xB,) > 0.
]
Theorem 3.3. Let p > 1, ¢ = max{l,(p — 1)"'} and u € LY(IRN)NC(RY) a

positive solution of (I — A)*u = f(x,u) that vanishes at infinity. If [ satisfies
(f0) and (f3), then there exist a constant ¢ > 0 such that

u(x) < ce 5 Vre RV
Proof. We take ¢ like in the lemma with w(x) = @ uz) and let v be the
fixed point of F,,. We have

(I-A)*v=hv+xp, and (I—A)%u= f(z,u).

We define the functions W(z) = u(x) — cv(z) and g(z) = (I — A)*W(x) —
h(z)W (z) where ¢ > 0 is large enough so that W < 0 in B, and g < 0 in IRY.
Since W is continuous and vanishes at infinity, if we assume that W £ 0 in
B¢, this implies the existence of a global positive maximum z € BE. We notice
that
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W(z) = Gog * (g + hW)(Z) < Gon x (WW)(Z)

= Gaa (T — y)h(y)W (y) dy.
RN

Observing that [ Gaq =1,

| G2a(@ = y)(W(Z) = h(y)W(y)) dy < 0.

R

Since h < 1, this contradicts the fact that  is a global maximum, in fact
W (z) — h(y)W (y) is non-negative and non-trivial. Therefore W < 0 in IRV
and the result follows. O

Proof of decay estimate in Theorem 1.1. Once we apply Theorem 3.3, we find
that u has exponential decay, so that w = W € L'. Thus Lemma 3.1

and Theorem 3.3 can be proved with ¢ = 1, regardless the value of p > 1. [J
Ma and Chen [17] proved that if u is a positive solution of u = Gaq * u?

and u € LI(IRN) for ¢ > max {p, Nip=1) }, then v is radially symmetric and

2

decreasing about some point.

4. Existence of infinitely many radially symmetric solutions

Now we establish the existence of infinitely many solutions of the equation
(I — A)®u = |u|P~1u. We follow the same argument as in [24]. Let M be a
manifold on a Hilbert space H and .J a C'* functional defined on H. We say that
J| m satisfies the positive Palais-Smale condition [(PS)*] if for 0 < ¢; < ¢z and
every sequence {wy} C M such that ¢; < J(w,) < co and |[J | (wy)| — 0,
there exists a convergent subsequence of {w,, }.

We consider

M= {ve H: oo = 1)

where
H» ={v e H*: v is radially symmetric}
and
)= = [ @l de = ol
p+1 /gy p+1° 77

Lemma 4.1. If N > 2, J|nm satisfies the (PS)T condition.

Proof. Let {u,} € M be a sequence such that 0 < ¢; < J(up) < ¢z and
|7\ (un)|| — 0. Since {u,} is bounded in H*, we may find a subsequence
that converges in LPH1(IRY) (see [22, p. 656]) and weakly in H*(IR") to some
function u. We keep calling this subsequence {u,} and then,

J(up) — J(w) and  J'(un)v — J' (un )t (tn,v) — 0 Yo € H*(IR™).

Taking v = u we get ||u||§i} = Hu||§ﬂ |ul|?. This implies ||ullo = 1 because

J(up) > c1. Therefore ||uy|lo — [Jul|o and we conclude that {u,} converges
strongly to u. ([
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Let (M) denote the set of compact and symmetric subsets of M. The
genus y(A) of a set A € £(M) is defined as the least integer n > 1 such that
there exists an odd continuous mapping ¢: A — S"~1. We set v(4) = oo if
such an integer does not exist. For k > 1, we define T'y, = {A € X(M): y(A) >
k}. We will need the following results (see [1]).

Proposition 4.1. Let J: H — IR be an even functional of class C. Suppose
that J is bounded from above on M and J|r satisfies the (PS)™ condition.
Let

b = sup inf J
k= AerpkvEA ( )

Then by > by > -+ by > -+ and by is a critical value of J if by > 0.
Proposition 4.2. Let K, = {v € M: J(v) = b, J|\,(v) = 0}. Under the
hypotheses of Proposition 4.1, suppose that by = bg11 = -+ = bgyr—1 = b.

Then v(Kp) > r. In particular, if r > 2 there exists infinitely many critical
points of J|pm with critical value b.

Remark 4.1. By Propositions 4.1 and 4.2, under the conditions of Proposition
4.1, there always exists infinitely many critical points of J| .

For k > 1 we consider

k
The—1 = {l = (ll,...,lk) S ]Rki Z |ZZ| = 1} .

i=1
This set satisfies y(m_1) = k because it is homeomorphic to S¥~1.

Lemma 4.2. Let q € (2, 225). For all k > 1, there exists a constant R =

R(k) > 0 and an odd continuous mapping 7: mp—1 — H}(Bgr) such that
(i) (1) is a radial function for alll € mp_1 and 0 ¢ T(wp_1).
(ii) Forv € 7(mp—1), |jv|lq > 1.

Lemma 4.3. For allk > 1, b, > 0.

Proof. We use Lemma 4.2 with g =p+1 < N 2a < N— and the embeddings
H}(Bg) — HY(RY) — H*(RR") to find a mapping ¢: mx_; — H*(R")
that satisfies conditions (i) and (ii) of Lemma 4.2. Thus we may define an odd
continuous mapping ¥: m,_1 — M as

o)
le@la

Let Ay = ¥(mg—1). We see that Ay € I'y. Since p(m—1) is compact, there is a
constant M > 0 such that ||p({)|lo < M for all | € m,_1 and then,

1 l p+1 1

inf J(v) = inf / @) —dx > I > 0.
vEA teme p+1 Jra |o(D)|I5T Mpr+(p+1)

Therefore by, > 0. O

() =
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Proof of Theorem 1.2. We use Sobolev embedding to see that J is bounded
on M. By Lemma 4.1, J|r satisfies the (PS)™ condition and by Lemma 4.3
and Propositions 4.1 and 4.2, it has infinitely many critical points. The result
follows from noticing that such a critical point satisfies

/IR (1+ € a(€)o(€) d = X o)Pru(z)v(z) de Yo € HY (IRY)

for some A € IR. But this equality also holds for all v € H*(RY), in fact we
have

/ [u(@) [P~ u(z)p(@) de = (Gaa * ([ulP " u), p)a =0
RN

for all p € H*(RY) which is H%-orthogonal to H*(R"). Finally, taking u = v
we get A > 0 and we find the weak solution by rescaling. O

Remark 4.2. We observe that Theorem 3.2 holds for f(z,s) = |s[P~!s. There-
fore the equation has infinitely many solutions in L2(IRY) N C*(IRY).

5. Pohozaev identity and non-existence result

This section is devoted to prove Theorem 1.3 on the non-existence of solutions
to (1.6) with supercritical nonlinearity. We start with the proof of a differential
identity involving the elliptic operator in our equation. We denote by S(RY)
the Schwartz space of rapidly decaying functions.

Proposition 5.1. For every function ¢ € S(RN) we have
(I —A)*(x-Vo)=x-V[I - A)p]+2a(l — A)*¢ —2a(l — A)*!

Proof. We start with the basic properties of the Fourier transform, for any
p € S(RY),

0

e 9
JT((%%) il and  F(xpp) —Zag P,

from where we see that

f(z-wm—fjf( (au0) - )

2,_.

=iy GF(zep) — N
k=1

—(£-Vo+Ng). (5.1)

Therefore,

F(I = D)z V) (€) = —(1+ €)™ (€ - Vo + N). (5.2)
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Using (5.2) and differentiating, we see that
Fla- VI = A)%])(€)
=—(§-VF((I = A)%) + NF((I — A)"p))
= (& VI + €))7 + N1+ [€%)*9)
—(& - [a(L+[€) 71206 + (1 + [€*)2 V@] + N(1+ [€]*)*9)
= —2a(1+ )% + 201+ ) 1o — (L+ [€°)*(€- Vo + Ng).  (5.3)
Then, from (5.2) and (5.3), we obtain
F(I=A)*(z- Vo) —ax- V[T —=A)%])(¢)
=20(1+[g[*)*¢ + 20(1 + ¢]1)* '
= 2aF((I = D)%) — 2aF((I — A)* o),

from where the result follows.

Now we are in a position of proving Theorem 1.3.
Proof of Theorem 1.3. Let us assume the contrary, that is, there is a solution
u to Eq. (1.6) such that u € L>®(RM) N LYRYN), with ¢ > 1. Then we may
use Proposition 3.3 to see that u € L'(IRN) N C7+22(RN) and then, by
Theorem 3.3, u has exponential decay. If p.(z) = ELN P (%) is a mollifier, with
support of p in the ball B;(0), then u. = p.*u € S(RY). Then, since u satisfies

(I—-A)u=uP
in the sense of tempered distributions, we have
(I —A)%ue=(T—A)pexu=p:.x(I—A) U= p*uP. (5.4)
and, since x - Vu. € S(RY), we also have
/JRN (I —A)%u(x-Vue) = /RN uP(x - Vug). (5.5)

We consider the left hand side first. Using Proposition 5.1 and (5.4), we have
/ (I —A)*u(z-Vu:) = / u(l —A)*(x - Vue)
RN RN

:/ u:r~V(p€*up)—|—2a/ u (pe x uP)
RN

RN
—2a/ u(l — A)* tu,. (5.6)
RN

For the first integral in the third term, using that u is exponentially decaying
and differentiable with bounded derivative, we have

lim um-V(pE*up)zf uz - V(uP)
e—0 RN RN

= / x - (VuP™ —uVuP)
RN

_ <_N+ pji1> /BN W (5.7)
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For the second integral in the third term in (5.6) we have
lim 2a/ u(pe x uP) = 2a/ uPTh (5.8)
e—0 RN RN

For the third integral in the third term in (5.6), we use the fact that u €
L*(IRYN) and that u. — u in L2(IRN) and that a € (0, 1), to see that

lim uw(l — A)* tu, = lim a1+ €3> .
e—0 ZRN e—0 RN
:/ (1 + €2t > 0. (5.9)
IRN

On the other hand, for the right hand side of (5.5), using that u is exponentially
decaying and differentiable with bounded derivative, we find that

lim uP(z - Vue) = / uP(z - Vu)
RN RN

e—0
= 71 x - Vupt!
p+1
N
= 7lm uPtT, (5.10)

From Eq. (5.5), using (5.6)—(5.9) for the left hand side and using (5.10) for the
right hand side, we finally obtain

o ﬂ +1 _ 2\ya—1 2
(m N+p+1)/ P —201/RN(1+|§|) (€)2 > 0.

But this implies that 2 — N —|— 7 > 0 and then p < N+2a , contradicting the
hypothesis. O
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