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1. Introduction

Let O be a domain (open and connected set) in R™, regular for the Dirichlet problem.
Consider an n-dimensional Brownian motion B; starting from the interior of O, with
exit time T©. The heat kernel p© (¢, z,y) is the Radon-Nikodym derivative of the Borel
measure A — P, (B; € A, T9 > t) with respect to the n-dimensional Lebesgue measure,
and it is characterized to be the fundamental solution of the heat equation with Dirichlet
boundary condition, that is: as a function of (¢, y) it solves the heat equation dyu = %Au,
it vanishes continuously on 0O, and it satisfies the initial condition u(0,y) = d5(y).

It is well known that p©®(t,x,y) tends to zero as time grows to infinity. A classical
problem is to find the exact asymptotic (in time) for the decay of the heat kernel and
the survival probability. This is well understood for bounded domains (see [10] and
[11]). For results in some planar domains we refer the reader to [2]. The large time
asymptotic problem is treated in [9] for a large class of (non-symmetric) diffusions under
some integrability conditions on the ground state. Exact asymptotic are computed for
Benedicks domains in [4], and for exterior domains in [5]. Our work focuses on finding
the exact asymptotic in time for p(t, x,5) and P, (T > t) for a multicone domain ,
which we define next.

Let S"~! = {z € R" : |z| = 1} be the unit sphere in R™. Points in R” will be regarded
as x = rf), where r = |z| and 6 € S"~!. Given a Lipschitz, proper subdomain ® of S*~1,
and a vector a € R™, a truncated cone with opening ® and vertex a is the set

Ca,9,R)={a+z:2=r0€R":r >R, 0 €D},

where R > 0. When R > 0, the set & = a + R® will be called the base of the truncated
cone. When R = 0, we will refer to the set in the previous display as cone with vertex a.

In the same context as above, given a base & = a+RD,let 0 < A < A2 < A3 < ... be
the eigenvalues of the Laplace—-Beltrami operator on ®, with corresponding orthonormal
basis {m!,m? m3,...} of L?(D, o), where o is the surface measure on S*~1. Let o' =
()\i + (5 — 1)2) "2 We define the character of the base & as the number a = a(®) = al.
The character of the truncated cone C(a,®, R) is also defined as a.

A multicone domain € C R" is a connected, open set such that there exist a bounded
domain Qp C 2 and finitely many truncated cones Q; = C(a;,®;,R;), with j=1,... N,
such that Q;NQ; =0 for 1 <j <i <N, and

B N
o\ = ]9
j=1

Here Qg is the closure of the set €. The set £ will be called the core, and for j > 1,
the sets ; are called branches of the multi-cone set. Notice that by construction, the

2 S.M. and J.S.M thank the Center for Mathematical Modeling (CMM) Basal CONICYT Program PFB 03.
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branches are disjoint from the core. Also, we will denote the base of the truncated cone 2;
by &;. Without loss of generality, we can assume that ; = 1, which makes the exposition
that follows much easier. The character of the truncated cone 2; will be denoted by «;.
We define the character of the multicone Q as the number o« = min{a; : j=1,...,N}.
An index [ such that oy = a will be called maximal. We denote by M the set of maximal
indices.

To state the main results of this article, we need to introduce the Martin boundary
at infinity for €.

It is well known that there is a unique minimal harmonic function v on a cone with
vertex Cp = C(a,®, 0) that vanishes continuously on 9Cy. Actually, there is only one pos-
itive harmonic function in Cg that vanishes continuously on its boundary (Theorem 1.1
in [1]). For x = a + |z — a| § € Cy this function is given by:

v(@) = |z —a[*" 7 ml(0), (1.1)

where « is the character of ® and m! is the first eigenfunction of the Laplace-Beltrami
operator on ®. Notice how we have chosen to normalize v in terms of the normalization
of m! in L?(®, o). In order to simplify our exposition, we set K = 1 + a — n/2, so that
v(z) = |z — a|" m!(6). We call v; to the function (1.1) corresponding to the cone with
vertex C(a;,9;,0).

Similarly, if € = C(a,®, R) is a truncated cone, there is a unique (minimal) positive
harmonic function w in € that vanishes continuously on 0C, which is defined as follows:
let T€ be the exit time of a Brownian motion B; from the cone €. Then

w(z) = v(x) — Ex(v(Brpe)), x € C. (1.2)

Let w; be the unique minimal harmonic function in ;. By a standard balayage
argument [7], one can extend w; to a minimal harmonic function in 2. Such extension
is given by

uj(z) = wj(z)lg, (x /G z,Y)0hw;(y)o;(dy), x €9, (1.3)

]

where 0, denotes the (inward) normal derivative on &;, and o; is the translation of o
by a;, and G is the Green function of the domain :

/ p(t, z,y)d
0
Reciprocally, we have that
’LUJ(:L‘) = u](l‘) —E; (U(BTJ)> ) HAS ij (14)

where B is an n-dimensional Brownian motion, stopped at its exit time 77 from ;.
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It is direct to verify from the last two equations that the function u; is bounded in
0\ Q;, and satisfies that for = a; + r6,

0
lim M =1, (1.5)
r—oo wj(a; + o)
for fixed 0 € D;.
We are ready to state the main results of this paper.
Theorem 1.1. Let 2 be a multicone domain with branches Q1,...,Qn. Let a > 0 be the
character of Q, and let M be the set of maximal indices. Then,
1
. 14+« _
Jim #4°p(t,2.9) = Ser o > w(@)u(y). (1.6)
lem
The limit is in the topology of uniform convergence on compact sets.
Theorem 1.2. Let Q be a multicone domain with branches Q4,...,Qn. Let o > 0 be the

character of Q, and let M be the set of mazimal indices. Set k =14+ o —n/2. Then

i)
. ,;/2 2
75h_glot P.(T >t) = 572 (/@ ) /ml w(z). (1.7)

The limit is in the topology of uniform convergence on compact sets.

Theorem 1.3. Let Q2 be a multicone domain with character o > 0, and set 8 = 1+a+n/2.
Firx € Q, and 1 < j < N. For each y = |y| 0, with 0 € D, we have that a; + /ty € £,
for large enough values of t, and

B2 _ _ u;(2)v;(y) —lyl?/2
Jim ¢ p(t,z,a; + Viy) = 1y ()2‘11“( +a)e . (1.8)

The limit is in the sense of uniform convergence on compact sets on the variables x and y.

In (1.6), the variables x and y are interchangeable. This differs from (1.8), where
the variables = and y have very different roles: on the left hand side, x € Q is fixed, but
arbitrary, whereas y needs to be in the cone with vertex C(0,9,0) so that a;+ Vity € Q;
makes sense for large values of ¢. This difference is reflected on the right hand side of (1.8),
where we find u;(z) and v;(y), plus an exponential decay in lyl?.

The paper is organized as follows. Section 2 lists some key results that we take from the
literature on heat kernels for killed diffusions, in particular, subsection 2.1 includes our
main theorems for the case of a cone with vertex. Section 3 deals with the asymptotics
for truncated cones, and Section 4 includes some lemmas leading up to the proofs of
the main theorems, which are contained at the end of Section 4 for the decay of the
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heat kernel, and in Section 5 for the decay of the survival probability. Finally, Section 6
includes the proof of Theorem 1.3 and discusses a renormalized Yaglom limit for the
killed Brownian motion.

2. Preliminary results

In what follows we make the following simplifications, in order to keep the exposition
clear. We set T'= T, T9 = T% and denote by p and p’ the respective heat kernels. In
some of the formulas below, integrals over &; are understood to be with respect to the
translated measure o7, but we will omit the index since the dependence on j is clear from
the domain of integration. Also, we will abuse the notation by omitting the vector a;
form all the formulas involving functions in cones, since its inclusion affects all such
functions by a simple translation of coordinates. In particular, we will write p’(t,z,y)
for x = |z|6, y = |y|n for 6,n € D; instead of p/(t,z + aj,y + a;) in order to simplify
our exposition. In this spirit, we will often say that  — oo radially in §2; to mean that
z =aj +7r0,and r — oo.

We start by listing some general properties of heat kernels in unbounded domains.

Lemma 2.1. (Lemma 2.1 in [5]) Let O be a regular domain for the Dirichlet problem.
Let u(t,x) be a positive solution of the heat equation in Ry x O, and consider a function
a:Ry — Ry such that

t
op 2+

< 00, (2.1)
t>t0,s|<2 al(t)

for some tg > 0. Further, assume that the family of functions {a(t)u(t,-) 1t > to} is
bounded on compact sets. Then, the family {a(t)u(t, ) : t > to + 1} is equicontinuous on
compact sets of O.

The next lemma corresponds to Lemmas 2.1-2.4 in [4], which are proved for Benedicks
domains in R™. Nonetheless, the proofs work in a much more general setting, as long as
the domain O is a regular domain for the Dirichlet problem, with infinite interior radius.

Lemma 2.2. (Lemmas 2.1-2.4 in [}]) In the same setting of Lemma 2.1, for x,y € O
and s € R we have

'
fim p(t+s,2,9)

=1. 2.2

The limit is uniform in compact sets of O. Also, the map t — p(t,z, ) is decreasing.

Lemma 2.3. In the same setting as in Lemma 2.2, further assume that for all s € R,

lim alt +5)

Jim S = (2.3)
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If a(t)p(t,z,y) < ity for large enough t, then any limit point of a(t)p(t,-,-) (in the
topology of uniform convergence on compact sets) has the following properties:

(i) 4s a symmetric, non-negative function;
(ii) s harmonic in each component;
(iii) and vanishes continuously on 0O.

Proof. For the sake of simplicity we denote h;(x,y) = a(t)p(t,z,y). Let tx — oo be a
sequence such that h;, converges uniformly on compact sets of O to a function h. It is
clear that h is symmetric and non-negative. Notice that for any s € R, the sequence
ht,+s also converges uniformly on compact sets of O. This is direct from Lemma 2.2 and
the hypothesis.

By the Chapman—Kolmogorov equation, for any s € R and large enough k € N,

hi,+s(x,y) = % /htk (x,2)p(s, z,y)dz.

Q
By assumption, hy, (z,2) < C;Hz‘, which is p(s, z, y)dz-integrable as it can be checked by
comparing p with the free Brownian motion’s kernel. Thus, we can apply the Dominated
Convergence Theorem to obtain

h(z,y) = /h(z,z)p(s,z,y)dz =E,(h(z, X)).
Q

It is standard to show that h(z, X;) is a martingale, from where it’s standard to deduce
that y — h(x,y) is harmonic by means of the optional sampling theorem.

Consider a sequence y,, € O, with y,, — y € 00. By using once again the Gaussian up-
per bound on p, and applying the Dominated Convergence Theorem to h(z, 2)p(1, 2, yn),
it is deduced that h(zx,-) vanishes continuously on 00. O

Lemma 2.4. Let U and O be domains in R™ that are regular for the Dirichlet problem.
ForéeoU,zeU

P.(Brv € o(d€), TY € ds) = % LY (5,2, €)o(d€)ds. (2.4)

Here, 0,, represents the inward normal derivative at & € OU.
Also, if U C O, then

Pt =1tz + [ [ 5007 s,0 00 - s patd)ds. (25)
0 oU
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Proof. These results are well known so we only are going to comment their proofs. The
proof of (2.4) uses Green’s theorem and the heat equation, and it is very straightforward
to carry out. Equation (2.5) follows as an elementary application of the strong Markov
property at time 7V. O

The following lemma characterizes all positive, harmonic functions vanishing on 0f).
In other words, we characterize the Martin boundary of 2. We use the notation from
the Introduction.

Lemma 2.5. Let uy, ..., uyn be the minimal harmonic functions given by (1.3). For every
nonnegative harmonic function uw in 2, vanishing continuously on 0S), there are unique
nonnegative coefficients vy, ---,yn such that
N
u() =Y yui(x), T (2.6)
j=1

Proof. For x € Q;, consider the harmonic function w;(z) = u(x) — Ey(u(Brs)). It is
standard to check that @; is harmonic in 2;, and that it vanishes continuously on 9;.
For m > R, let TJ, be the exit time from the set ; N B(aj, m). By 1to’s formula, the

process u(B is a bounded martingale under P, for x € ;. Therefore,

t/\TTjn)

u(z) = E, (w(Byy ) =E, <u(3m)n {TMTJ.}) +E, (u(BTj)ﬂ {T%_Tj})>
> B (u(Br)) ~ Ex (u(Br)1 gy p))

Since T, / T, monotone convergence shows that u(z) > E, (u(Bgs)), that is, w; is
nonnegative. Thus, @;(z) = vjw;(z) by uniqueness. For z € Q, set

N
i(z) = Z%‘%‘(Z) —u(z),

which is harmonic in €2, and vanishes continuously on 00. We will next show that @ is
bounded, for this it is enough to show that it is bounded in each branch of €.
Fix i € {1,..., N}, and consider z € ;. We have

N
i(z) = —E; (w(Br:)) + 1Bz (ui(Bri)) + Z vjui ()
j=1,j7#i

The first term on the right hand side is bounded by sup,cr, |u(z)|, and the second one
by 7isup,er, [ui(z)|. The summation is bounded as each term w;(x) is bounded in €2;.
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We conclude that @ is harmonic and bounded in €2, and vanishes continuously on 0. It
follows that @ (Biar) is a martingale, and so

u(z) =E, (@ (Biar)) — 0, as t — oo.

Uniqueness follows from the boundedness of w; in Q \ €;, and its unboundedness
in Qj. O

2.1. Asymptotics in a cone with vertex

In what follows we consider a cone V', with opening © and vertex a = 0, that is,
V = C(0,D,0). Let p” be the heat kernel in V. Let 0 < A! < A2 < X3 < ... be
the eigenvalues of the Laplace-Beltrami operator on ®, with corresponding orthonormal
basis {m!',m?,m?,...} of L*(D,0). We also denote o = (X + (% — 1)2)1/2.

The behaviour of the heat kernel with Dirichlet boundary conditions is well known
for a cone with vertex. The following results are taken from [3].

Theorem 2.6. For x = 10,y = pw € V, with ,w € © and r = |z|, p = |y|, the heat
kernel with Dirichlet boundary conditions in V is given by:

r+p

exp (
pV(t,z,y) =

) Z Joi (Q) {(0)m (w) (2.7)

where J,, is the modified Bessel function of first kind of order v, that is, the solution of
2J(2) + 2J, — (22 4+ v, =0,
satisfying the growing conditions:

zl/

— <
2T(1+4+v) — &
for z>0, and v > 0.

Recall that the unique minimal positive harmonic function in V' is given by v(z) =
1 n
o(la0) = |o|* ~1E 7 m1(6).

Corollary 2.7. For each x,y € V, we have

Jim Y () = o s (2.9)
o Pby) vy
tLoo pV(t,w,z)  v(w)v(z) (2.10)

Both limits are uniform in compact sets.
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Proof. Clearly, (2.10) follows from (2.9), so we only prove the latter. From Theorem 2.6,
we get the bound

1 r24s2 1_¢(n
t* e 2 TS (rs) —(z-1
tl-‘ro(l %4 t _ 'U(Qf)'l}(y) < C _ Ja ( )_
prtey) -3 ri+a)| =9 oei T 7 7)) " 2ariagay|*

e TS ak (3-1)

4+t (a?—at
ZQ ozk +ak:)

where C' = supycp m'(#)2. The uniform convergence on compact sets for the first term
is easily deduced from (2.8). The series on the right hand side converges uniformly in
compact sets, so the whole term converges to zero, as t — oo, since o > al. O

3. Asymptotics in a truncated cone

The main goal of this section is to extend Corollary 2.7 to a truncated cone C =
C(a,®, R). As before, we assume that R =1 and a = 0.
We will often use the following version of the Harnack inequality up to the boundary.

Theorem 3.1. (From [12], see also [8]) Let O be a precompact, regular domain for the
Dirichlet problem, and let uw > 0 be a solution of the heat equation on O x [0,T) with
Dirichlet boundary condition. Then, given x € O, there is C1 > 0 such that u(t,z) <
Cru(T, ), for all (t,z) € [0,T) x O where the constant Cy depends only on x and T —t.

Corollary 3.2. Let V be a cone with vertex. For any x € V there is a constant Cy, > 0,
only dependent on x, such that for all y € V' the following inequality holds for allt > 1:

pY (t,2,y) < CaT1YIpY (¢, 2, 2). (3.1)

Proof. Assume |z| = 1, otherwise the corollary follows by scaling. The inequality holds
for small |y|, by a direct application of the boundary Harnack inequality (Theorem 3.1),
so we assume that |y| > 2.

Let r be positive, but small enough so that B (z,r) C V. It follows by scaling that
B (vz,r) CV for all v > 1. Thus, applying the standard parabolic Harnack inequality
several times in the ball B(0,r) to the function u(s,z) = p¥ (t + s, vz + 2,y) for fixed,
but arbitrary v > 1,y € V', we get

pY (tva,y) < C3TpY(t+ 1+ vz, y) < C3T2pY (E+ 2 + 2rv, v, y),

for a positive constant Cs that only depends on .
The heat kernel in V' has the following scaling property:

_ t oy
Vit =2V (=2, 2 2> 0.
p’(t,z,y) Py ) >0
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From all the inequalities above, it follows that

1
PV (ta,y) < C3 Vit 4147yl 2y, y)

1 —n t+1+rly Yy
_ CS+Iy| ly| pv - | ‘7% Yy
ly| ]

_n t+1+7r
< Clcéﬂy‘ y| PV (TZA + 1,$,$>
Yy

_ t
<oyt T pY <||x> :
)

where the second-to-last line comes from the boundary Harnack inequality, whereas the
last one comes form the fact that ¢ — p¥ (¢, x, z) is decreasing (see Lemma 2.2). Applying
scaling once again,

1
P (tz,y) < CLCaT WY (8w ly|,  |y))

< G053V (12, 1)
as desired. O

Lemma 3.3. Let € = C(a,D,1), & =a+D, and V = C(a,D,0). There is a universal
constant Q > 0 such that for any x € C, and £ € G,

e
lim sup Onp_(1,2:) < Q

M Ve e) S o) 3.2)

where v is the unique minimal harmonic function in V', normalized as in (1.1).

Proof. By a translation of coordinates, we can assume a = 0. Set U = B(0,1)°. By
monotonicity of domains, and since both p®(¢,z,-) and pY (¢, z,-) vanish on &, we have
that 0 < 9,p%(t, x,&) < 9,V (t, z,€). Recall that there are constants A > 0, B > 0 such
that 9,pY (1,2,€) < Aexp(—B|z|*), so 0 < 8,p%(1,2,£) < Aexp(—B|z|?) for € € &.
These bounds allow us to compute the normal derivative from the Chapman—Kolmogorov
equation as follows

DpC(t+ 1,2,€) = / Pt 2)0upS (1, 2, €)dz
C

< /pv(t,x,z)anpe(l,z,é)dz. (3.3)
e
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Thus,

anpe(t+1,$7§) pv(tvxvz) c
< .
o (7 7) _/pv(m’x)anp (1,2,8)dz
(¢

We intend to apply the Dominated Convergence Theorem to the integral on the right
hand side. Equation (2.10) shows pointwise convergence as ¢t — oo, and Corollary 3.2
together with the remarks at the beginning of this proof show that the integrand is
dominated. Therefore

LpC(t+1 1
limsupapv( +12,6) <
{00 pV(t,z,x) v(x)

/ 0(2)0np®(1, 2, €)dz.

The integral can be estimated using the explicit formula for v(z), and the bound for
Onp®(1,2,€) discussed at the beginning of this proof. Finally, we use Lemma 2.2 to
conclude. O

Theorem 3.4. Let V' be a cone with opening ® and vertex a, and let its truncated version
be C = C(a,®,1). Let w be the unique minimal positive harmonic function in C. Then,
for all x,y € C,

lim t1+o‘1pe(t,az,y) = w(z)w(y)

P ey Y 3.4
t—o00 20'T(1 + al)’ (3.4)

1

where o is the character of C. The limit is in the sense of uniform convergence on

compact sets.

Proof. The proof relies on equation (2.5) and the Dominated Convergence Theorem. Let

t/2

)= [ [0 non ¢ - s n)old)ds
0 6

B =5 [ [0t se0n" @ - s.catdis

t/2 &

Then, equation (2.5) and Theorem 2.6 yield,

v(z)v(y) . el e . o
A SPAA 2 | e pCt 1 e (L) + L), (3.5
5T+ al) = msup p(tw,y) + im sup (11(t) + I2(1)) (3.5)

We start by studying I3(t). For 0 < s < t/2, Theorem 2.6 shows that t1+o'pV (¢ —

s,€,y) converges to _v(@vly)

S TL (1ol Besides, by using Corollary 3.2 we get the following
bound:
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1 1 1
t1+a pv(t - Saé-ay) = 21+a (t/2)1+a pv(t - Svay)
< otteloiedtl o) te pV it — 5 2 2)
<2400 (4/2) Y (12,0, ),
The right hand side is uniformly bounded for ¢ > 1, so the Dominated Convergence

Theorem applies:

o0

1 EI’UBTG
Jim 20 :5//8” (5 O a0 = R )
0

Next, we study the asymptotics of I2(t). Since we don’t have sharp asymptotics for
0,p° yet, we are not able to use the Dominated Convergence Theorem. Instead, we will
resort to Fatou’s lemma. For ¢/2 < s < ¢, Lemma 3.3 and Theorem 2.6 imply that

| L4l Q1v(z)
im sup ¢ 0np© (s, 1,8) < T 1 al)

where ()1 only depends on z. To show domination, we combine equations (3.1) and (3.3)
to get the bound

el g, pC (s, @, &) < 11 / pV (s — 1,2,2)0,p°(1, 2,€)dz
C

<t*pV(t/2 - 1,2,2) / Cy 1 H0,p% (1, 2,€)dz

The right hand side is uniformly bounded in ¢ > 2 by a constant 2 that only depends
on z. It follows that

limsup t'7 I ()

P () < Qli}+a1 // o(dé)ds

0
_ Q1v() 1%
“ i (SY)

Using these two estimates in equation (3.5) we obtain,

. ol Eq(v(Bre)) + Quv(x)GY (S,
2a?1(ﬂ£z)10_f_yll)<llﬂgptl+ pe(t@,y)—kv(y) (v( 2Tal>12(1+1avl()33) ( y).

Recall that w(z) = v(z) — E;(v(Bype)) for € €. Thus,

w(z)v(y) : l4al e Q1v(z)GY(6,y)
<] e pe e =2
3T (1 ) = msup p(tz,y) + 2 T(1 T al)
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We will deduce the theorem from this last estimate. By Corollary 3.2, it is possible
to apply Lemma 2.3 to o’ p®(t, z,y). Therefore, any limit point of this family has the
form nw(x)w(y) for some n > 0. Different limit points will correspond to different values

of n. We will show that this is not the case: by monotonicity of domains, nw(z)w(y) <

2—;’1%, and since w(z) and v(z) have the same asymptotic behaviour for radially
1

convergent z — oo, we deduce that n < #TT el

is taken over all possible limit points. Equation (3.6) then yields

Let n* = supn, where the supremum

Qiv(x)GY(8,y)
20 T(1+al)

Dividing this equation by v(y) and taking y radially to infinity, the second term on the
right hand side vanishes in the limit as GV (&,y) is bounded for y away form &. We
: * 1
obtain that n > m,

given by (3.4). Uniform convergence on compact sets follows from Lemma 2.1. O

which shows that the only possible limit point is the one

4. Asymptotics in multicone domains

We start by fixing z¢ € , and a sequence (t;) such that

t/w Zz, y
F(x, lim w;(
( y) el p(tk, 20, %0) ljzl Vig Ui )
where the convergence is uniform in compact sets of Q2 x €2, and u; are the minimal
harmonic functions in €. This is obtained by a double application of Lemma 2.5. The
coefficients v;; > 0 might depend on the sequence (tj). Notice that F'(zo,xo) = 1.

By passing to subsequences of (tj), we can assume that for all j = 1,...,k we have
that

P (t,,y)

Fj(z,y) = lim 7= pjw;(z)w;(y)

ko0 p(tk, To, To
is well defined. The convergence is uniform in compact sets of 2; x Q;. The coefficient
i; > 0 may also depend on the sequence (t).
Our goal is to compute explicitly the coefficients 7;;. In order to do this, we will use
equation (2.5) with O =, and U = 5, and estimate the integral involved in (2.5).
It will be convenient to fix points ; € &;, and z; € ;. For x € Q;, y € Q, j =
1,..., N, we define the following object

b
o) = [ [ BB € de T € dupti — wg.) (4.1)

a &;
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Most of the technical work of this section will be devoted to find convenient estimates
for IV

We start with a lemma about the function Fj. Recall that M denotes the set of
maximal indices.

Lemma 4.1. We have that p; = p for j € M, and p; = 0 for j ¢ M. Also, there is a
constant C, independent of the sequence (ty), such that p < C.

Proof. Recall that a; denotes the character of the branch €;. For j,l =1,..., N, and
points x € Q;, y € {; we have

pj(t’x’x) — t1+ajpj(t7x?x) pl(t7y7y) 1
p(t,xo,xo) t1+alpl(t7ya y) p(t7x07x0) tei— ’

It follows that

I (ty, x, x 24T(1 4 ag)w; (x)? .
D ( k ) _ ( l) J( )Qlel(y)Q lim

t—oo t¥ o’

2 .
wi(x)” = lim =
g () k—oo p(tr, zo,zo)  2%T(1 4+ aj)wi(y)
If j ¢ M and | € M, we have oy < a;, and so p; = 0. If both j,I € M, we have a; = oy,

and so p; = p; = p, only depending on (ty).
Pick any j € M. By Harnack’s inequality we have
P (tk, 25, 25) 2 P (tk, 24, 25)
<Chk

p(tk +2,£U0,.’E0) p(tk7zj’zj)

< Ch,

by monotonicity of domains. Using Lemma 2.2, we see that the left hand side above
converges to pw;(z;)?, thus,

Ch Ck
w;(2;)? ~ infjw;(2;)?

B <
as desired. 0O

Lemma 4.2. There is a constant C > 1 such that, for every M > 2, every index 1 < j <
N, m €M, and points x € Q;, y € Q we have for t, > 2M +1

limsup ——=
k p(tx, o, o)
IV (t, — Mty ty,)

< C]P’w (BTJ' S 6]) F(gjay)a (42)

li < Ciym(5)G(S; ; (25 4.3

s ) M ()G (S5, y)w;j(z)w;(z)), (4.3)
Iz’y(L tr — L’tk) w(x)

lim sup lim sup -2 ’ . < Cly(j)—L45F(z,y), 4.4

T p . p p(tk’mo,mo) = M(])wm(z) ( y) ( )



P. Collet et al. / Journal of Functional Analysis 270 (2016) 1269-1298 1283

where the last equation holds for any z € Q,,. The constant C depends only on the
domain §2 and our choices of z;.

Proof. Take k large enough such that t; > 2M + 1. By the boundary Harnack inequality,
there exists a positive Cy such that for all u € [0,¢, — 1], ally € Q,and alli =1,..., N

p(tk7u7£3y) S Clp(tk 7u+1a§17y) (45)
By Fatou’s lemma and Lemma 2.2 we get

IO, Mty
hmiwl// (Brs € dé.T9 € du)F(¢;,y).

k p(te, zo, o)

from which (4.2) follows easily.
For u € [0, M], Lemma 3.3, Theorem 3.4, equation (3.3) and the Dominated Conver-
gence Theorem yield

lim anpj(tk - uvxué-) _ 3nw](§)

: — , 4.6
koo pI(t,x,2;) w;(z5) (46)

where the convergent sequence is bounded by a constant that only depends on M, x
and z; (see Lemma 3.3). It follows by the Dominated Convergence Theorem, and Har-
nack’s inequality, that

Yt~ Mtity) it 1
lim (t b k)Sh P'( k’xzj // 8w] u, &, y)o(d§)du
k p(tx, o, To) k p(te, xo, To) 2 w;(z
t .
< CG(6,,y) hmM,
k- p(ty, zo, To)
where Cy = ; maXNQw—(Z) SUpges, Onw;(§), and G(S = fc o(d€). This

inequality and Lemma 4.1 prove (4.3).
Recall that there is ro > 0 such that forall¢ = 1,..., N, we have Ba,, (§)N{|z| =1} C
G;. For x € Q;, 2 € Q,y, set

n d
Cfr(x,2) = sup fG Ptz oldl) ,
t>L meﬂBrO (€m) Onp™(t, 2,0 (d€")

which is finite since m € M. From Lemma 3.3, Theorem 3.4, and the Dominated Con-
vergence Theorem, we obtain

~—

wi Opw;(§)o(d wjlx
lim CE(,2) = L) () Js, (§)o(dE) < Clne(j) J((Zy

L—oo wm(z) f@mf‘lBro (€m) 8nwm<£l)0'(d£/)

g

for a constant C's > 0.
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From the standard Harnack inequality we have p(t —u+1,&,,y) < Cap(t—u+2,£,y)
for all ¢’ € By, (§m,). The previous discussion yields the following series of inequalities

tp—L
BULtc-Lit) <0 [ [ 30w e Opt — ut 16 y)o(de)du
L &;
ti—L
<achs) [ [ Jar s pt - ut 6ol du
L &,NBry(&m)
t,—L
<l [ [ 0w e plt - ut 2 ol )du

2
L GmﬂB'ro (fm)

tp—L
1
<CiCiChyw) [ [ 0w a€p - ut 2.¢ p)olde
L

Sm

< C1CsCF (2, 2)p(th + 2, 2,Y).
Equation (4.4) now follows from Lemma 2.2. 0O

Lemma 4.3. For the coefficients of the function F defined at the beginning of this section:

(i) vi; =0 dfi ¢ M orj ¢ M.
(ii) There is a universal constant C depending only on the domain Q such that v;; <
CYjm fori,j,m € M, with i # j.

Proof. Let 2 € ; and y € ;. By (2.5),
p(t,m,y) = pi(t7x7y>6ij + If7y(0atat)

From Lemmas 4.2 and 4.1 we obtain for m e M, z € Q,,,

Fla,y) < Sy pswi(@)wily) + C (F(@-, y) + G(S1, y)Lac(i)wi()wilz:)

wi(z)
: F(z,y)
< Clim(D)wi(z) | dijw;(y) + G(Gs, y)wi(z:) + +CF(&,y).
The use of this inequality is twofold. First, if ¢ ¢ M, by taking x radially to infinity
in Q; we find that v;;u;(z)u;(y) < CF(&;,y) is only possible if ;; = 0. By symmetry of
the kernel we conclude (3).

+ Lo (4)

F(Z,y)>
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Secondly, consider i,j,m € M, with ¢ # j and z € Q,,. Dividing the inequality by
w;(x)w;(y), and taking x,y, z — oo radially in their respective branches, we obtain that
Yij < CYmj, as desired. O

Remark 4.1. Set v* = max;en i and fix m € M such that v* = 7. The previous
lemma states that v;; < Cy* for all 4, j € M. Also, notice that

Y Um (2)um (y) < F(2,y) < (1+ C)Yimm Z wi(@)u;(y).
i,j€M

Since F(zg,2p) = 1, we obtain that v* is bounded below by a constant that is indepen-
dent of the sequence (t).
It follows that

m et = )
hlzn p(ty,2,2)  F(z,2) <(1+40) Z

where the constant C' comes from Lemma 4.2. In particular, if z € Q,,,, the inequality

lim sup p(t,z,&m) < 1+C
t—o0 p(t,x,x) Um($)

S wg(en) (14— sup Swz) | @)

jem um () ze, i#m

holds. If we fix T € ©,,, and let 7 > 0 be sufficiently large, for z = a,,, +r7 this inequality
implies that

t C
lim sup p(t, 2, o) < >

tooo Pty ) T up(z)’ (4.8)

where Cs > 0 is independent of r.
Lemma 4.4. The following inequalities hold
0 < liminf ! Tp(t, 2,9), limsupt*ep(t,z,y) < co.

Proof. The first inequality is direct from monotonicity of domains and Theorem 3.4
applied to ,, C Q.

For the second one, notice that by Harnack’s inequality, it suffices to prove the theorem
for z = y € ,,. We start by setting some constants that will be relevant to our estimates:
fix ¥ € ©,,, and consider x = a,, + rZ. Then, the Harnack constant

p(s,§,77)

Ch = AN
$>1,£€6m p(s +1, fma ’)"(E)

is independent of r > 1.
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Fix 0 < 0 < 1. In view of (4.8), we can find = € §,, such that

t,&m, G _ 0
CH21+04 Hmsupw < CH21+O‘—5 = —.
t—soo  D(t, T, 1) Um(z) 2

We fix such an z = a,, +rZ from now on. It follows that for large enough tg, the inequality

t>1 4.
pra) = 2ecy T )

holds.
Next we get estimates using techniques somewhat similar to the ones we have used in
Lemma 4.2. Let t > 2ty. By Harnack’s inequality, and since t — p(t, z, z) is decreasing

t/2
I27%(0,t/2;t) < Cq /Pw(BTm €G,, T e du)p(t —u+1,&n,x)du
0
9 m
S 21+QPE(BT"" € Gm,T < t/2)p(t/2,x,x)
< JiraP p(t/2,z,x).

It follows that for all ¢ > 2t),
¢ 1+«
tHrermT0,¢/2;t) <0 (5) p(t)2,z,z).

On the other hand,

t/2
14+a
rerzee2nn < [ 50m - un Opl & o)o(d)du

0 &,

The right hand side converges by (4.6), Theorem 3.4, and the Dominated Convergence
Theorem, to

Co = 21+a1" 1+a //anwm U f, ) (df)du < Q.

Putting together these two estimates, we have that, for the continuous function ¢(t) =
tirep(t, x, x), t > 2to, it holds that

@(t) < Cs+0p(t/2), > 2t,
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N2
where C3 = Cy + 2?512"(7% By iteration of the inequality above, it is easy to deduce

that, if /2N € [2to, 4to] then

N-1

C
p(t) < Cs Y 0" +0Np(t/2V) < — +  sup  o(s),
— 1—=0  sepat0,4t0]

which finishes the proof. O
4.1. Proof of Theorem 1.1

The proof is reminiscent of the one we gave for Theorem 3.4. For fixed z,y € Q,
Lemma 4.4 ensures that t'T%p(t,z,y) is bounded. Harnack’s inequality then ensures
that the same holds for x,y in any compact set of . This shows that Lemmas 2.1

1+«

and 2.3 apply. Let (tx) be a sequence such that ¢, "“p(ts,-,-) converges uniformly on

compact sets. The limit then has the form H(ac,y) = Zi\]jzl nijui(z)u;(y), where n;;
might depend on the sequence (t).
Let z € Q,;,, and y € Q. Set

t/2

— % 0/6/ anpm(s,x,f)p(t — S,€7y>o'(d€)d8

t
—%//8npm(s,ac,§)p(t—s,f,y)a(df)ds

/2 G

An application of the Dominated Convergence Theorem, as in the proof of Lemma 4.4,
yields that

lim 10 (1) / / O™ (5. 2, ) H (€, y) (d€)ds

0 &

=E. (H (Brm,y)).

On the other hand, by using equations (1.3) and (1.4)

hm t1+a12(tk = 13\/[ / / wm nwm &)p(t - s,{,y)o(d{)ds

= Lwe(m) 20T (1 + ) '
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Using these two estimates, and (2.5), we arrive at

Wi (T) U (y)

H(r,) = Bx (H (Br, )+ Boo(m) G,

x € Qp,y € L.
Recall that E, (H (Bprm,y)) is bounded as function of z. By taking the limit of
H(z,y)/un(z), with = going radially to infinity, we find that

a U ()
;Umjuj(y) = ﬂM(m)Wz_a)-

By uniqueness of the decomposition (2.6), we find that the only nonzero coefficients are
Ymm = m for m € M. This shows (1.6). Uniform convergence on compact sets is
direct from Lemma 2.1. O

The following corollary is a direct consequence of the previous theorem.

Corollary 4.5. Let 2 be a multicone domain, with mazimal index set M. Then,

im PE2Y) 2 jen 45 ()15 (y)
i3 pltow,z) 3 encui(wuy(z)’ (4.10)

The convergence is uniform in compact sets.
5. Asymptotics for the exit time

The following result is taken form [3].

Theorem 5.1. Let V C R™ be a cone with vertex 0 and opening ©. Assume that © is
reqular for the Laplace—Beltrami operator on S*~1, and let a be the character of ©. Set
k=1+4+a—n/2, and let TV be the Brownian exit time from V. Then, for each x € V,

lim t*/?P,(TV > t) = yyou(x). (5.1)
t—oo
Here v(x) = |z|" m'(z/ |z|) is the harmonic function defined in (1.1), where m' is the
only non-negative eigenfunction of the Laplace—Beltrami operator on ® with Dirichlet
boundary conditions. Also,

__r) |
W= W—H+%)©/m (0)o(d6).

Remark 5.1. From this theorem, the scaling property of the heat kernel in V', and Har-
nack’s inequality up to the boundary, we get the following bound:
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t t
t*PP(TY > t) = t"2P, 1y <TV > W) < Cpt™/*Pg (TV > W)
xT xT

t "2 t
< LA 14 _
_CH|I‘ <x|2> HD§ (T > x|2>7

where £ € © is fixed. Using (5.1), we can pick t¢ such that whenever ¢/ |;1:|2 > ¢, the
right hand side of the last display is bounded by C'|x|", where C' depends on our choice
of & For t/ |z|*> < t¢, we have that ¢/2 < tﬁ/2
constant C' > 0 such that

|#|". We deduce that there is a universal

PP (TV >t) < Clal®, zeV,t>0. (5.2)

By monotonicity of domains, the same inequality holds for 7¢, and = € @, where € is
any truncated cone with opening ©.

The following lemma will be the key tool when extending the previous result to mul-
ticones.

Lemma 5.2. Let T be the exit time from a multicone set 0, let T? be the exit time from §;,
and pick x € Q; for somei=1,...,N. We have

P.(T >t) =Py (T > t) + Po(By € Q, T > t) +
1 .
+ 3 Z//@nﬂ”z (T7 >t —s)p(s,x, z)o(dz)ds. (5.3)
=19 &,
Proof. For j =1,...,k, and 0 < s < t define the functions
fi(s) = /]P’Z(Tj >t —s)p(s,z, z)dz.
QJ

For s < t, since u(s,z) = P,(T7 > s), and v(s, z) = p(s,x,z) are solutions of the heat
equation with Dirichlet boundary condition in £2; and € respectively, we have by Green’s
formula

ds 2
Q;

dfi(s) _ 1/7p(s,x,z)AZIP’Z(Tj >t—s)+ P17 >t — 8)A.p(s,x, 2)dz

I
[N

/p(s, 2,2)0,P, (T >t —5) —P(T? >t — 8)0,p(s, x, 2)0(dz)

S;

/p(s,:c, 2)0,P,(T7 >t — 5)o(dz),
]

J

N =
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where, as usual, 0,, represents the (inward) normal derivative. Then, for every € > 0,

/ 8,2, 2)0,P.(T7 >t — s)o(dz). (5.4)

l\.')l»—~

fi(t —¢) = [;(0)

In order to extend this equation to € = 0, we need an estimate for 9,P,(T7 > u) for u
near zero. The process B leaves €; before the norm of B hits level 1. Since p; = |By| is
a Bessel process, if we let 7 be the hitting time of 1 for an n-dimensional Bessel process,
then, for t < 7,

n—1
pr= |Z\+5t+—/ Jlds <2+ B + —t,

for some one dimensional Brownian motion ;. Let 7# be the hitting time of zero for the
Brownian motion with drift 8; + ut, with p = "%, It follows that
P.(T? > u) <P > u) <P(7 > u), r=|z|—1

As P,(T? > u) vanishes on G;, we get 9,P,(T7 > u) < §,P.(7" > u)|,—¢. The distribu-
tion of 7# is well known (see equation (5.12), p. 197, [6]):

t 2
T enp | T
\Vort3 2t

A direct computation shows that

P, (" € dt) =

}dt, t>0.

P.(mH > u) =

(r + pt)?
\/W exp [ o dt,

2
et
P.(m# — —— | dt
Ol (7 > u)lr—0 = / 27Tt3exp[ 2]

t=3/2 T ©3t
dt+/ exp |——— | dt
/ | Vox p[ 2]
2/ 1 2 2
SR i (— 2202 1
7T(x/ﬂ )+ =

which is integrable (in «) near zero. Therefore, we can apply the Dominated Convergence
Theorem in (5.4) and use the continuity of f; to deduce that this equation also holds for
e = 0. Adding all the equations for j = 1,..., N, using that f;(0) = 1o, (z)P,(T7 > t)
and f;(t) = Py(B, € Q;,T > t), and adding the contribution from €y, we obtain
(5.3). O
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5.1. Proof of Theorem 1.2 for truncated cones

Theorem 5.1 is also valid if we change the cone V' = C(a,D,0) for its truncated
version € = C(a,®,1), but the limit turns out to be yyw(zx), where w(-) is the
unique positive harmonic function in € that vanishes on 0C, normalized at infinity,
such that lim,_, o 7 "w(a 4+ rf) = 1 for any 6 € ©. Recall that & = a + D is the base
of C.

Indeed, notice that (¢,z) — P,(T® > t) solves the heat equation in C. By Har-
nack’s inequality, the family of functions h(t,z) = t*/?P,(T°¢ > t), indexed by t > 0,
is bounded on compact sets of C. Since P,(T¢ > t) < P,(T" > t), Lemma 2.3 applies
and we conclude that any limit point has the form pw(z). Of course, the constant p
may depend on the sequence (¢j) that makes h(ty,-) converge. Nevertheless, we have
© < 7y by monotonicity of domains, where vy is the same constant as in Theo-
rem 5.1.

On the other hand, from Lemma 5.2, we have that for all x € C

P.(TV > 1) =P (T€ > t) + P.(|B;| < 1,TV > t) +
i

//[“)nIE”Z(TG >t —s)p¥ (s, x,2)0(dz)ds.

0 &

N | —

+

Also, by Harnack’s inequality t*/2P,(|B;| < 1,TV > t) < C1t*/?p(t + 1,2, z0), which
converges to zero, as t — co by Theorem 1.1. Thus,

//anIP’Z(TG >t—s)pY(s,x,2)0(dz)ds. (5.5)

06,

We will next show how to control the integral on the right hand side of (5.5).
By applying Fubini’s theorem to the Chapman—Kolmogorov equation for the heat
kernel, we get for ¢,s > 0,

P (T¢ >t +s) = /pe(ss,agz)IE”z(Te > t)dz.
e

Using the heat kernel of the exterior of a ball we get the upper bound 9,p%(s,z, z) <
Ae=BI” for s > 1 and all z € C. We can apply the Dominated Convergence Theorem
to get for x € &

OnPL(T® >t +5) = /E)npe(s,ac,z)]P’z(TG > t)dz. (5.6)
e
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Moreover, using (5.2), it is easy to obtain the following limit by using again the Domi-
nated Convergence Theorem

h}gﬂ tg/Qaan( > tk) /8np 8, &, 2)w(z)dz = popw(x).

The last equality holds because w is harmonic.
As usual, we split the integral from (5.5) into:

t/2

(t) = //&JPZ(TG >t —s)pY (s, z,2)0(dz)ds
0 &

t/2

< Cx [ OuP(TC > t/2)o(dz) | p¥(s+1,z,6)ds
/ j

0

This shows that lim; o, t*/21;(t) < C1GY (x, &), where Cy > 0 is universal.
Also, by the boundary Harnack inequality

//3 P.(T¢ >t —s)pY(s,z,2)0(dz)ds

t/2 &

t
<Cpy / /anIP’Z(Te >t —s)o(dz)ds p¥ (t/2,z,x)
2 &

t/2

< Cpt™ e / /&L}P’Z(T(3 > s)o(dz)ds

0 &

where C, only depends on z. Using bounds for the exit time for a Bessel process from
[1,00) as in Lemma 5.2, we get that fol OnP.(T® > s)ds < @, independently of z € &.
Then

20 (1) < Copt ™ o2 [ Q6| + (% - 1) /anIPZ(T@ > 1)o(dz)
S

It follows that t*/2I,(t) — 0 as t — co. Equation (5.5) now reads
wo(z) < pw(z) + LGV (§,z), x€C

Since GV (¢, z) remains bounded as x — oo radially in €, we deduce that vy = p, which
proves the asymptotic for the survival probability. O



P. Collet et al. / Journal of Functional Analysis 270 (2016) 1269-1298 1293

5.2. Proof of Theorem 1.2

In formula (5.3), the first term is controlled by our result from the previous section.
The second term goes to zero by using Harnack’s inequality up to the boundary, that is,
for some xq € Qq,

P.(B; € Qo, T > 1) = /p(t,x,z)dz < Chx Q| pt+1,z,20),

Qo

where |Qp| stands for the Lebesgue measure of the core Q. It follows that t/?P,(B; €
Qo, T > t) converges to zero as t — oo for each z € .

Next, we deal with the summation terms. In order to do this, we will find limits for
the following two objects:

t/2
%21, (t) = 772 / / 0P (T7 >t — 8)p(s, x, 2)o(dz)ds,

0 &,
t/2

21, (t) = t+/? / /anIPz(Tj > s)p(t — s,x, z)o(dz)ds.

An analogous proof as the one in the last part of the previous section, shows that ¢/ 2L (1)
converges to zero.
As for t*/21,(t), if 0 < s < t/2, our computations in the previous section show that

t%/29,P,(T7 > t — s) converges to v;0,w;(z) for 2 € &; and j € M, otherwise, it
converges to zero. Here,

/<c+n
; m;
%= 2H/2r n+g /

To show domination, we use monotonicity of ¢ + 9,P,(T7 > t), equation (5.6), the
bound 8,p%(1,z,2) < Ae=Bl*” and equation (5.2). We find that

529, P, (T7 >t —s) C’g/Ae Bl |11% dz < oo.
e

Thus, by the Dominated Convergence Theorem, we deduce that

tlirgot“ﬂll //6 w;(2)p(s, x, z)o(dz)ds
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= [ Oy ()6, 2)o(dz) = 23 (w5 () = ;)
J

by Fubini’s theorem, and equation (1.3).
Putting all together, for z € €,

hm t”/Q]P’ (T >t) Z Yrug(z),
kem

which is (1.7). O
6. Renormalized Yaglom limit for multicones

In what follows, we set 8 = 1+ a4+ n/2. Notice that 8/2 + k/2 = 1 + «, that will be
conveniently used later.
From Theorem 2.6, it is straightforward to get that for z,y € V = C(0,9,0)

tlgglotﬁ/z Vit x,Vty) = %elym. (6.1)

The limit above holds uniformly in compact sets of V.
In order to extend this result to multicones, we start with the case of a truncated cone

e=cC(0,D,1).

Lemma 6.1. Let x € C and y € V. Then,

tli)rgotﬁm (t,z,Vty) = % /2, (6.2)

Proof. As in the proof of Lemma 3.3, we have that t'129,p®(t, z,£) < Q, for all t > t,
¢ € 6. Thus, using the boundary Harnack inequality, there exist C, > 0 only dependent
on z, such that

t/2
tT/ / Onp®(t — 5,2,8)p" (5, &, Viy)déds < Co.GY (z, Viy)t?>~ 042 (6.3)
0

For large t, the quantity GV (x,v/ty) is bounded, and as 3/2 — (1 + a) = —k/2 < 0, we
deduce that

t/2

lim —//8np (t —s,2,6)pY (s,2,Vty)déds = 0. (6.4)
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On the other hand, from Theorem 2.6, it is direct to find the bound

o0

P12V (t, 2, Vty) < C Z

__1)
20 F 1+ a?)

< 00,

1295

(6.5)

for t > 2 and some universal constant C' > 0. It follows by (6.1) and the Dominated

Convergence Theorem that
lim —//8np 5,2, 6)pY (t — 5,&, Vty)déds =

y)e ~lyl*/2
QO‘F 1+a) // 8np (s,2,&v(§)déds

_ o—lvi22VW)Es (v(Bre))
2“F(1 + a)

Plugging the last two equations into (2.5), with O =V and U = C, we obtain

s .B/2. € — 1 B/2, V . —|y\2/2v(y)Ez(U(BT€))
Jim t72pC (¢, x, Vty) = lim 772V (¢ 2, Viy) — e (s a)

from where (6.2) is direct to deduce by using (1.2). O

Lemma 6.2. We have for each y € V

sup sup t/20, p®(t, vy, £) < oo
t>2 ¢€6

Also, fory € C and £ € G,

hrn t329,,p C(t,Vty, €) = ga;‘u((f)i( ; —ll?/2,

The limit holds in the sense of uniform convergence in compact sets.

(6.6)

Proof. Recall that, from the bound for the heat kernel of the exterior of a ball, and

monotonicity of domains

t920,p% (t + 1,Vty, &) = t9/2 /anpe(lw,f)pe(t, Vity, z)dz
C

< tﬁ/z/Ae*BlepV(t, Vty, z)dz

e

(6.9)

(6.10)
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«@ —(ﬂ—l)

< AC/e—B\z\Z Z % (6.11)

e i=1

where the last inequality follows from (6.5). From here, using bounds for the moment of
gaussian random variables, we arrive at the bound:

720, p% (t + 1,Vt €)<CZ cr 2yl F 1+O‘i+2 (6.12)
np I y? — 6 Pt 20‘7/21—‘(1 + Oéz) 2 4 9 .
which is finite.
The same steps as above show that it is possible to apply the Dominated Convergence
Theorem in (6.9). Equation (6.8) then follows from Lemma 6.1. O

6.1. Proof of Theorem 1.3

As before, our starting point is equation (2.5). We will study the rate of decay of the
integral involved in such equation by splitting into two terms, as before. First, let us
study

t/2

tB/211(t) =tP/2 / / %&ij(t —s,a; + \/Zy,f)p(s,x,f)dfds. (6.13)

Using Lemma 6.2, we see that we can apply the Dominated Convergence Theorem to
this integral to obtain

1 0pw;(€)e —lv*/2y, (y)
lim 5/21 =1 // i J
A t 1( w(J 20‘1" 1 ) p(s,z,§)déds

-1 ely‘/z ) )déd
= To(j) 2“F1+o¢/ nj (§)G (@, §)deds

o—1ul2/2,,
— 1) o P (05(0) — ws(2)). (6.14

Second, we look at

t/2

712 1,(t) tﬂ/z// —0np’ (s, a5 + Vty,Op(t — 5,3, €)dds

t/2
= / / %@ij(s, aj + iy, O p(t — s,x,€)déds  (6.15)

S;
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From Theorem 1.1, we have that t¥op(t — s,2,¢) < C, for all s € [0,¢/2] as long as
t > 3. The constant C, depends only on |z|. Then
/2
1
I (t) < Cot 2 / / 5 Onr? (5.0 + Vi, €)déds
0 s,

= Cyut /P s (Brs € &;,T7 <1/2) < Cot /2,

which converges to zero.
Putting together equation (2.5), Lemma 6.1, and the last estimates, we obtain

: B/2 _ _ A w5 (T)v;(y) —|y|?/2
tlliglot p(tv‘r?aj + \/zy) :U-M(])Qal—\(l _|_a)e B (616)

as desired. O
6.2. Distributional convergence of the renormalized process

Theorem 1.3 suggests that, when conditioned on survival, most of the trajectories of
Brownian motion at time ¢ stay within order V/t from the origin. Thus, it is natural to
study the convergence of the rescaled process B;/+/t conditioned on survival.

Let A C V; be a precompact, Borel set. Notice that 5 — x = n. Then, by a simple
change of variable

P, ((Bt —aj)/Vte AT > t) - / ph2,a;+2) )

P, (T > t)
VA
_ /p(t,x,aj + \/%y) tn/Qdy
P,(T > t)

:/tmp(t,w,aj +Viy)
/2P, (T > t)

A

By Theorems 1.2 and 1.3, the integrand on the right hand side converges to the function

e W2 | (@) g (6.17)

Px .7 = :
(:v) 20T (1 4+ @) D pone Trun(x)

Equation (6.17) defines a probability distribution function on M X UjepV; for a family
of random variables X* = (X% X7) with x € €, which is simple to interpret. Fix x € Q
and let X7 be a discrete random variable with distribution given by

N /7] C.) B
P(X? =j) = S () jeM. (6.18)
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This is a sample of one of the maximal branches of the multicone. As ¢t — oo the
multicone §2; is rescaled into the cone with vertex V. Correspondingly, we define X3 as
a continuous random variable on UjenV; satisfying

oj{y)e v/

P(X5 e dy| Xy =j) = ———

1y, (1). (6.19)

Our computation at the beginning of the section, and the uniform convergence on
compact sets show that, under P, the renormalized process B;/v/t conditioned on sur-
vival converges weakly to X*.

References

[1] Alano Ancona, On positive harmonic functions in cones and cylinders, Rev. Mat. Iberoam. 28 (1)
(2012) 201-230.
[2] Rodrigo Bainuelos, Burgess Davis, Heat kernel, eigenfunctions, and conditioned brownian motion in
planar domains, J. Funct. Anal. 84 (1) (1989) 188-200.
[3] Rodrigo Bafiuelos, Robert G. Smits, Brownian motion in cones, Probab. Theory Related Fields
108 (3) (1997) 299-319.
[4] Pierre Collet, Servet Martinez, Jaime San Martin, Ratio limit theorems for a Brownian motion
killed at the boundary of a Benedicks domain, Ann. Probab. 27 (3) (1999) 1160-1182.
[5] Pierre Collet, Servet Martinez, Jaime San Martin, Asymptotic behaviour of a Brownian motion on
exterior domains, Probab. Theory Related Fields 116 (3) (2000) 303-316.
[6] Ioannis Karatzas, Steven E. Shreve, Brownian Motion and Stochastic Calculus, second edition,
Grad. Texts in Math., vol. 113, Springer-Verlag, New York, 1991.
[7] Shin-ichi Matsushita, Generalized laplacian and balayage theory, J. Inst. Polytech. Osaka City Univ.
Ser. A 8 (1) (1957) 57-90.
[8] Jiirgen Moser, A harnack inequality for parabolic differential equations, Comm. Pure Appl. Math.
17 (1) (1964) 101-134.
[9] Yehuda Pinchover, Large time behavior of the heat kernel and the behavior of the green function
near criticality for nonsymmetric elliptic operators, J. Funct. Anal. 104 (1) (1992) 54-70.
[10] Ross G. Pinsky, The lifetimes of conditioned diffusion processes, Ann. Inst. Henri Poincaré Probab.
Stat. 26 (1) (1990) 87-99.
[11] Ross G. Pinsky, Positive Harmonic Functions and Diffusion, Cambridge Stud. Adv. Math., Cam-
bridge University Press, Cambridge, UK, New York, 1995.
[12] Sandro Salsa, Some properties of nonnegative solutions of parabolic differential operators, Ann.
Mat. Pura Appl. 128 (1) (1981) 193-206.


http://refhub.elsevier.com/S0022-1236(15)00476-0/bib416E633132s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib416E633132s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4261443839s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4261443839s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4261533937s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4261533937s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib434D533939s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib434D533939s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib434D533030s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib434D533030s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4B61533931s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4B61533931s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4D61743536s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4D61743536s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4D6F733634s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib4D6F733634s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib50696E3932s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib50696E3932s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib50696E3930s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib50696E3930s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib50696E3935s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib50696E3935s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib53616C3831s1
http://refhub.elsevier.com/S0022-1236(15)00476-0/bib53616C3831s1

	Asymptotics for the heat kernel in multicone domains
	1 Introduction
	2 Preliminary results
	2.1 Asymptotics in a cone with vertex

	3 Asymptotics in a truncated cone
	4 Asymptotics in multicone domains
	4.1 Proof of Theorem 1.1

	5 Asymptotics for the exit time
	5.1 Proof of Theorem 1.2 for truncated cones
	5.2 Proof of Theorem 1.2

	6 Renormalized Yaglom limit for multicones
	6.1 Proof of Theorem 1.3
	6.2 Distributional convergence of the renormalized process

	References


