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1. Introduction

Evolution algebras were introduced in 2006 by Tian and Vojtechovsky, in their paper

“Mathematical concepts of evolution algebras in non-Mendelian genetics” (see [7]). Later

on, Tian laid the foundations of evolution algebras in his monograph [8].

In some recent papers [4,5], a classification of the nilpotent evolution algebras up

to dimension five has been given. However, there is a subtle point which has not been
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considered. When dealing with an extension of a nilpotent evolution algebra by a trivial
ideal, one cannot fix a natural basis of the initial algebra, because a natural basis of
a quotient does not necessarily extend to a natural basis of the whole algebra. As a
consequence, the classifications in these papers are not complete. This also shows how
tricky these algebras are.

The goal of this paper is the introduction of some new techniques for the study of
evolution algebras, as well as the construction of several noteworthy families of nilpotent
evolution algebras defined in terms of bilinear forms and symmetric endomorphisms.
Using these tools, the classification of the nilpotent evolution algebras up to dimension
five, over an algebraically closed field of characteristic not two, is obtained without much
effort, although the number of possibilities in dimension five is quite high and indicates
the difficulty of this problem for higher dimension.

Let us first recall the basic definitions.

An evolution algebra is an algebra & containing a countable basis (as a vector space)
B ={ei,...,en,..., } such that e;e; = 0 for any 1 <1 # j < n. A basis with this prop-
erty is called a natural basis. By its own definition, any evolution algebra is commutative.
In this paper we deal with finite dimensional evolution algebras. Given a natural basis
B = {e1,...,e,} of an evolution algebra &, e? = Z?Zl ajje; for some scalars ay; € T,
1 <i,7 <n. The matrix A = (aij) is the matriz of structural constants of the evolution
algebra &, relative to the natural basis B.

We recall next the definition of the graph and weighted graph attached to an evolution
algebra (see [3, Definition 2.2]). Our graphs are always directed graphs, and most of our
algebras will be presented by means of their graphs.

Let € be an evolution algebra with a natural basis B = {ey,...,e,} and matrix of
structural constants A = (ozij).

o ThegraphI'(,B) = (V,E), with V = {1,...,n} and E = {(4,j) € VXV : a;; # 0},
is called the graph attached to the evolution algebra € relative to the natural basis B.

e The triple T%(€,B) = (V, E,w), with T'(§, B) = (V, E) and where w is the map
E — F given by w((i,j)) = ayj, is called the weighted graph attached to the evolution
algebra & relative to the natural basis B.

The paper is organized as follows. In Section 2 we prove a general Krull-Schmidt
Theorem for nonassociative algebras, which has its own independent interest. It shows
that it is enough to classify indecomposable algebras. Also, using the annihilator of
an algebra, we give some results which are useful to check the decomposability of a
finite-dimensional algebra. See Lemma 2.4, Corollaries 2.5 and 2.6.

In Section 3 we define the upper annihilating series of an arbitrary nonassociative
algebra, and then the type of a finite-dimensional nilpotent algebra. This allows us later
on to split the classification of nilpotent evolution algebras according to their types.
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In Section 4 we study some families of nilpotent evolution algebras, defined in terms
of a nondegenerate, symmetric, bilinear form and some commuting, symmetric, diago-
nalizable endomorphisms relative to the bilinear form.

Section 5 is devoted to the classification of the indecomposable nilpotent evolution
algebras of dimension up to four, over an algebraically closed field of characteristic not
two. All such algebras lie in one of the families studied in Section 4, so this classification
is done very quickly. Our list includes two algebras not considered in [4].

Finally, in Section 6 we classify all the indecomposable nilpotent evolution algebras
of dimension five, over an algebraically closed field of characteristic not two. About half
of the algebras in this classification belong to one of the families in Section 4. For the
remaining algebras, some ad hoc arguments are needed. The results in [5] miss most of
the algebras in our classification.

2. A Krull-Schmidt Theorem for nonassociative algebras

Given a nonassociative (i.e. not necessarily associative) algebra A over a field F, its
multiplication algebra M (A) is the subalgebra of Endp(A) generated by the left and
right multiplications by elements in A:

M(A) := alg(L,, R, : x € A),

where L, : y — zy, R, : y — yzx.
By its own definition, A is a left module for the associative algebra M(A) and the
ideals of A are precisely the submodules of A as an M (A)-module.

Definition 2.1. An algebra A is said to be indecomposable (resp. decomposable) if it is so
as an M (A)-module. That is, A is decomposable if there are nonzero ideals J and J such
that A =J @ J. Otherwise, it is indecomposable.

In [2] the word (ir)reducible is used instead of (in)decomposable. For evolution alge-
bras, indecomposability is related to connectedness (see [3, Proposition 2.8]).

Theorem 2.2. Let A be an algebra which is a module of finite length for M(A) (this is
always the case if A is finite-dimensional). Then A decomposes as a finite direct sum of
indecomposable ideals.

Moreover, if A =01 ®---®J, = J1 @ -+ D Im with J;, J; indecomposable for all
i=1,...,nand j=1,...,m, then n = m and there is a permutation o € S, such that
Ji is isomorphic (as an algebra) to J,(;y for alli=1,...,n.

Proof. The version of the classical Krull-Schmidt Theorem for modules proved in
[6, Chapter V §13] shows that A is a finite direct sum of indecomposable ideals and
that if A=701@-- - ®J,, =J1 D - - Dy, with the I;s and 3;—8 indecomposable ideals, then
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n = m and, after a suitable reordering of the ideals, A =71 & --- @I D Jg11 D - D I
forall k =0,...,n.

Then, for any k = 1,...,n, we have both A =J1 & - - & T ® Jx+1 D --- ® J, and
A=51 & ®Jp—1 @i ®Ir+1 D -+ @ Jn, so both J, and Jj are isomorphic to the
quotient A/(J1 &+ @ Tp—1 ®Jp11 @ - D Jn). O

Remark 2.3. In the proof above, from the fact that J; and J; are isomorphic as
M (A)-modules, it does not follow that they are isomorphic as algebras. Hence the explicit
version of the classical Krull-Schmidt Theorem used here is essential.

For Bernstein algebras, a similar argument appears in [1].

The previous result shows that it is enough to classify indecomposable algebras. One
has to take into account that any quotient, and hence any direct summand (as ideals),
of an evolution algebra is itself an evolution algebra [3, Lemma 2.9].

We finish this section with some useful tricks to check decomposability. Recall that
the annihilator of an algebra A is ann(A) := {z € A : xA = Ax = 0}. Any subspace of
ann(A) is an ideal of A.

Lemma 2.4. Let A be an algebra over a field F, dimgp(A) > 1. If 8 is a proper subalgebra
of A such that A = 8 + ann(A), then A is decomposable.

Proof. If A = 8 + ann(A), then A% = 82 C 8, so 8 is an ideal of A. Let T be a
subspace of ann(A) such that A = 8 & T. Then both 8 and T are ideals of A, so A is
decomposable. O

Corollary 2.5. Let A be an algebra, dimp(A) > 1. If ann(A) is not contained in A%, then
A is decomposable.

Proof. We have that A? C ann(A)+A?, so there is a proper subspace § such that A2 C §
and A = 8§ + ann(A). Then § is an ideal of A and the lemma applies. O

Corollary 2.6. Let € be a finite-dimensional evolution algebra such that dimg(ann(€)) >
$dimp(€) > 1. Then & is decomposable.

Proof. Let B = {e1,...,en, } be a natural basis, ordered so that e = ... = ¢2 = 0
and e2,4,...,e2 # 0. Then ann(€) = span{ey,...,e,} [3, Lemma 2.7] and &* =
span {e? ,...,€e2}. Our hypotheses show that n < 2r. If n < 2r, then dimg(ann(€)) =
r > n—r > dimp(€?). Hence ann(€) ¢ &2 and the previous corollary applies.
If n = 2r and ann(€) ¢ €2, again Corollary 2.5 applies. Finally, if n = 2r and
ann(€) C €2, then & = span{e?,,...,e2} equals ann(€) by dimension count, so
the family {e?,,,...,€2,e,11,...,€,} is another natural basis, and € is the direct sum
of the ideals J; = span {efﬂ-, erﬂ-}, t=1,...,r. O
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3. Upper annihilating series
Given a nonassociative algebra A, we introduce the following sequences of subspaces:
.A<1> = A A<k+1> :A<k>A.

k
.Al _ .A, Ak+1 — Z\Aiﬂk+1_i.
=1

Definition 3.1. An algebra A is called

(i) right nilpotent if there exists n € N such that A<™> = 0, and the minimal such
number is called the index of right nilpotency;

(ii) nilpotent if there exists n € N such that A™ = 0, and the minimal such number is
called the index of nilpotency.

Remark 3.2. A commutative algebra is right nilpotent if and only if it is nilpotent (see
[9, Chapter 4, Proposition 1]). This applies, in particular, to evolution algebras.

Definition 3.3. Let A be an algebra. Consider the chain of ideals ann’(A), i > 1, where:

o ann!(A) :=ann(A) = {r € A: 2A = Az = 0},
o ann’(A) is defined by ann’(A)/ann’"1(A) := ann(A/ann’~1(A)).

The chain of ideals:
0 =ann’(A) Cann'(A) C--- Cann"(A) C ---
is called the upper annihilating series.

As for Lie algebras, a nonassociative algebra A is nilpotent if and only if its upper
annihilating series reaches A. That is, if there exists r such that ann”(A) = A.

Definition 3.4. Let A be a finite-dimensional nilpotent nonassociative algebra over a
field F, and let r be the lowest natural number with ann”(A) = A. The type of A is the
sequence [ni,...,n,| such that for all i = 1,...,7, ny + -+ +n; = dimg(ann®(€)). In
other words,

n; = dimp(ann(&/ann’"1(&))) = dimp(ann’(€)) — dimp(ann®~1(&)),
foralli=1,...,r.

If € is a nilpotent evolution algebra of type [n1,...,n.] and B = {e1,...,e,} is any
natural basis, then [3, Lemma 2.7] shows that
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ann(€) =span{e; € B:e; =0} .
The same argument applied to €/ann(&) shows that
ann®(€) = span {e; € B: e} € ann(€)},
and in general, for any 1,
ann’(€) = span {e; € B: e} € ann'" (&)} .
Then B splits as the disjoint union
B=B,U---UB,

where B; = {e € B | e € ann’"1(€), e ¢ ann’"1(€)}.

Then for alli =1,...,r, B{U---UDB, is a basis of ann’(&). In particular each ann®(&)
is an evolution ideal (that is, it is an ideal in the usual sense, and it is an evolution
algebra too), and it can be easily computed from any natural basis.

Let U; :=span {B;} foralli=1,...,7,s0 Uy ®---®U; = ann’(&), foralli = 1,...,7r.

Proposition 3.5. Let & be a finite-dimensional nilpotent evolution algebra. Then for
all i = 2,...,r, Wy ® Uy = anngni(e)(ann’1(€)), (ie. Uy ® Uy = {z € ann’(€) |
rann'~1(&) = 0}).

Proof. By definition of a natural basis U;(U; @---®U;—1) = U;ann*~(€) = 0 and U; C
ann i ey (ann’~1(€)). Hence anng,ie)(ann’~1(€)) = U; @ anngpyi-1(ey(ann’~1(€)) =
U; & Uy where the last equality follows from the result in [3, Lemma 2.7] mentioned
above. O

Therefore, the subspaces U; & U, are invariants of € and do not depend on the natural
basis chosen.

Recall that, in general, there is no uniqueness of natural bases (see [3]), but for nilpo-
tent evolution algebras, Proposition 3.5 gives certain rigidity:

Corollary 3.6. Let B' and B? be two natural bases of a finite-dimensional nilpotent
evolution algebra &, ordered so that the first elements are in ann(€), the next ones in

ann?(&) \ ann(€),.... Then the matriz of the base change has the following block struc-
ture:

Xk %k *

0 = 0 0

0 0 = 0
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4. Some families of nilpotent evolution algebras

Let F be a field of characteristic not 2 and let U be a nonzero finite-dimensional vector
space over F with dimyp U = n. We will define in this section some families of nilpotent
evolution algebras of very specific types. These will be instrumental in the classifications
of low-dimensional nilpotent evolution algebras.

Definition 4.1. Let b : U x U — F be a nondegenerate, symmetric, bilinear form. We
define the algebra (U, b) := U x F with multiplication

(u7 a)(v, B) = (07 b(uv v))v
for any u,v € U and a, 5 € F.
Proposition 4.2. (U, b) is a nilpotent evolution algebra of type [1,n].

Proof. Let {u1,...,u,} be an orthogonal basis of U relative to b. Then {(u1,0),...,
(un,0),(0,1)} is a natural basis of & = &(U,b) and ann(€) = 0 x F, ann?(&) = €. O

Definition 4.3. Let b : U x U — F be a nondegenerate, symmetric, bilinear form and
let g : U — U be a symmetric endomorphism relative to b. Assume that g is diagonal-
izable (this is always the case if F = R and b is a definite form). We define the algebra
E(U,b,g9) :=U x F x F with multiplication

(u, ¢, B)(v,7,6) = (0,b(u, v), b(g(u),v) + ay),
for any u,v € U and «, 3,7,d € F.
Proposition 4.4. (U, b, g) is a nilpotent evolution algebra of type [1,1,n].

Proof. Our assumptions imply that there is an orthogonal basis, relative to b, consisting
of eigenvectors of g: {u1,...,up}.

Then {(u1,0,0),...,(u,,0,0),(0,1,0),(0,0,1)} is a natural basis of &€ = (U, b, g).
Besides ann(€) = F(0,0,1) =0 x 0 x F, ann?() = 0 x F x F, and ann®(&) = &. O

Definition 4.5. Let b : U x U — F be a nondegenerate, symmetric, bilinear form and
let f,g: U — U be two commuting, symmetric (relative to b), diagonalizable endomor-
phisms. We define the algebra E(U, b, f,g) :== U x F x F x F with multiplication

(u, o, B,7)(v, €,0,m) = (0,b(u,v),b(f(u),v) + ae, b(g(u),v) + B9),
for any u,v € U and «, 3,7,¢,0,n € F.

Proposition 4.6. £(U, b, f, g) is a nilpotent evolution algebra whose type is [1,1,1,n].
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Proof. Our assumptions imply that there is an orthogonal basis of U, relative to b,
consisting of common eigenvectors for f and g: {uy, ..., up}.

Then {(u1,0,0,0),..., (u,,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)} is a natural basis
of &= &(U,b, f,g). Besides, ann() = 0x 0 x 0 x F, ann?(€) =0 x 0 x F x F, ann?®(&) =
O0XxFxFxTF,and ann(€) = €. O

These algebras give all the nilpotent evolution algebras of types [1,n], [1,1,n] and
[1,1,1,n], up to isomorphism. The situation for type [1,1,1,1,n] is more complicated,
as shown by the classification in Section 6.

Theorem 4.7. Let € be nilpotent evolution algebra.

(i) If € is of type [1,n], then & is isomorphic to E(U,b) for some (U,b) as in Defi-
nition 4.1. Moreover, for two such pairs (U,b) and (W,b"), E(U,b) is isomorphic
to E(W, V') if and only if there is a similarity ¢ : (U,b) — (W, b)), i.e., a linear
isomorphism 1 : U — W such that there is a nonzero scalar p, called the norm
of ¥, such that b'(¢¥(u),(v)) = pb(u,v) for all u,v € U.

(ii) If € is of type [1,1,n], then & is isomorphic to E(U,b,g) for some (U,b,q) as in
Definition 4.3. Moreover, for two such triples (U,b,g) and (W,¥,q"), E(U,b,g) is
isomorphic to E(W, b, ¢") if and only if there is a similarity ¢ : (U,b) — (W, V)
and a scalar v € F such that v~ o g’ ot = pug+ p~tvid, where p is the norm of 1.

(iii) If € is of type [1,1,1,n], then & is isomorphic to E(U, b, f, g) for some (U,b, f,g) as
in Definition 4.5. Moreover, for two such quadruples (U, b, f,g) and (W, ¥, f',¢"),
the corresponding algebras E(U,b, f,g) and EW, V', f',¢") are isomorphic if and
only if there is a similarity ¥ : (U,0) — (W,V) and a scalar v € F such that
v lofloy=puf and Ll og oty = pdg+ p~tvid, where p is the norm of 1.

Proof. We will give the proof of (iii), because (i) and (ii) are simpler. Let £ be of type
[1,1,1,n], {u,...,up,w,t, s} a natural basis with ann(€) = Fs, ann?(€) = Ft @ Fs,
and ann®(€) = Fw @ Ft ® Fs. Then there are scalars «, 3,7 € F, a # 0 # +, such that
w? = at + Bs, t2 = vs. But {ug,...,up, w,w? (w?)?} is another natural basis so we
may assume, without loss of generality, that w? =t and t2 = s. For all i = 1,...,n,
u? = N\w + pit + vis with Aj, i, v; € F, \; # 0 because u; ¢ ann3(€).

Let U = Fu; & --- @ Fu,, and define b : U x U — F by b(u;,u;) = 0 for i # j,
b(ui,u;) = \; for any i = 1,...,n. Define f (respectively g) by f(u;) = \; ' pu; (respec-
tively g(u;) = A\, 'vpuy).

Then the linear map ¢ : € — E(U, b, f, g) such that

u+— (u,0,0,0), w+~— (0,1,0,0), t+— (0,0,1,0), s+ (0,0,0,1),

is an isomorphism of algebras.
For a subalgebra 8 of an algebra A, ann(8) denotes the subspace {z € A | 28 =
Sz = 0} If ¢+ E(W,b, f,g) — E(W, Y, f',¢') is an isomorphism of algebras, then
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since ann(ann®(&(U, b, f,g))) = ann(0 x F x F x F) = U x 0 x 0 x F, and similarly for
e, f',g"), for any u € U, ¢((u,0,0,0)) = (¥(u),0,0, x(u)) for a linear isomorphism
¥ : U — W, and a linear form y : U — F.

AlSO anNpna (g1 ,b, £,9)) (A0 (E(U, b, f,g))) = 0 x F x 0 x F, and similarly for €W, V',
1’59, s0 ¢((0,1,0,0)) = (0, u,0,v) for some pu,v € F, pn # 0. Then

¢((07 0,1, O)) = ¢((07 1,0, 0)2) = (07 0, V)Q = (07 0, /1'27 0)7
¢((0’ 0,0, 1)) = ¢(<07 0,1, 0)2) = (07 0, :u27 0)2 = (0’ 0,0, :u4)'

Now, for u,v € U,

¢((1,0,0,0)(v,0,0,0)) = ¢((0, b(u, v), b(f(u), v), b(g(w), v))

= (0, ub(u, v), p?b(f (u), v), vb(u, v) + p*b(g(u), ),
¢((1,0,0,0))¢((v,0,0,0)) = (¥ (u), 0,0, x())(¢(v), 0,0, x(v))

= (0,0'(¥(w), ¥ (v)), V' (f (¥ (w)), ¥ (v)), V' (g (¥ (), (v)).

Therefore,

o V' (Y(u),(v)) = pbu,v), for all u,v € U, i.e. ¢ is a similarity of norm p.

o V(f'(Y(u), () = p2b(f(u),v) = wb'(W(f(u)),¥(v)) for all u,v € U, so ~!o
froy=nuf.

o V(g (W(u),¥(v)) = vb(u,v) + u*b(g(u),v) for all u,v € U, so =t og oth = p3g+
p~tvid.

Conversely, if ¥ : (U,b) — (W, b') is a similarity of norm g such that ¢y~ o f' o4 =
wf,and v~ tog oy = udg + p~lvid for a scalar v, then the linear isomorphism ¢ :

E(W,b, f,9) — EW,V, f',g') such that (u,c,B,7) = (Y(u), pe, p?B, u'y + va) is an
isomorphism of algebras. O

Corollary 4.8. E(U,b, f,g) is isomorphic to E(U,ab,af,a’g + Bid) for any a, 3 € T,
a # 0.

Definition 4.9. Let b : U x U — F be a nondegenerate, symmetric, bilinear form and
0 # u € U. We define the algebra E(U, b, u) :=F x U x F with multiplication

(o, 2, 8)(7,9,0) = (0, ayu, b(z,y)),
for any z,y € U and «, 5,7,d € F.

Proposition 4.10. £(U, b, u) is a nilpotent evolution algebra of type [1,n,1].
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Proof. Let {uy, ..., u,} be an orthogonal basis of U relative to b. Then {(1, 0, 0), (0, u1,0),
.., (0,u,,0),(0,0,1)} is a natural basis of & = E(U, b, u). Besides ann(€) = 0 x 0 x F,
ann?(€) =0 x U x F, and ann3(&) = €. O

Theorem 4.11. Let € be nilpotent evolution algebra of type [1,n,1]. Then & is isomorphic
to an algebra E(U,b,u), for some (U,b,u) as in Definition 4.9. Moreover, for any two
such triples (U, b,u) and (W, b '), the algebras E(U, b, u) and E(W, b, u') are isomorphic
if and only if there is a similarity ¢ : (U,b) — (W, ") such that Y(u) = u'.

Proof. Let & be of type [1,n,1], B = {a,us,...,u,,s} a natural basis of & with
ann(&) = Fs, ann?(&) = Fu; @ - - - ®Fu, ®Fs, and ann?®(€) = €. Then, s* = 0, u? = \;s,
with0 # )\, € F, foralli =1,...,n,and a® = aqui +- - ~+apu,+asforai,...,an, a €F,
and «; # 0 for at least one i = 1,...,n. Then {a, uq,. .. ,ui,hui—l—a;las,uiﬂ, ey Up, S}
is another natural basis. Hence we may assume that a® = ajui + - - - + QpUn,.

Let U =Fu1®- - -®Fuy,, u = ajur+- - -+ anuy, and b : UxU — F the nondegenerate,
symmetric, bilinear form given by b(u;,u;) = 0 for i # 7, b(u;, w;) = A fori =1,...,n.

The linear map ¢ : &€ — (U, b, u) such that a — (1,0,0), u; — (0,u;,0),i=1,...,n,
s+ (0,0,1) is then an isomorphism of algebras.

If ¢ : &U,b,u) — EW,V,u') is an isomorphism of algebras, then since
ann(ann?(E(U, b,u))) = F x 0 x F, it follows that ¢((1,0,0)) = (u, 0, v) for some p,v € F,
p # 0. Also ¢ restricts to an isomorphism ann?(&(U,b,u)) — ann?(&(W, ¥, u’)), and
these latter algebras are of type [1, n]. Hence there exists a similarity ¢ : (U, b) — (W, V')
and a linear form y : U — F such that ¢(0,z,0) = (0,4 (x), x(z)) for all x € U. Then

¢((07uv 0)) = (b((laov 0)2) = ¢((17 0, O))2 = (1,0, V)Q = (OvMQUIa 0),

s0 (u) = p?u’. The similarity ¢ = =21 satisfies 1 (u) = u'.

Conversely, if ¢ : (U,b) — (W, V') is a similarity with ¢(u) =/, then the linear map
¢ (U, b,u) — E(UW, W, ), (o, 8) — (a,¥(x), uB), where p is the norm of 1), is an
isomorphism of algebras. O

Corollary 4.12. If F is algebraically closed and n > 2, there are, up to isomorphism,
exactly two nilpotent evolution algebras of type [1,n,1], namely

E(F", by, (1,0,---,0)) and E(F",by,(1,4,0...,0))

where by (a1, ..., ), (B, Bn)) = a1f1 + - + @B, and i is a fized square root
of —1.

Proof. Any pair (U, b) where dimp(U) = n and b is a nondegenerate, symmetric, bilinear
form on U, is isometric to (F™,b,). Now, any nonisotropic vector in F™ lies in the orbit of
(1,0,...,0) under the group of similarities of (F™, b,,), while any nonzero isotropic vector
lies in the orbit of (1,7,0...,0). The result then follows from the previous theorem. 0O
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Table 1
dim € < 3.
dim & Type of € Graph
1 1] o
2 [1,1] I
0

3 [1,2] \Of

3 (1,1,1]

O<«—0=<—0

5. Classification of nilpotent evolution algebras up to dimension four

By Theorem 2.2 it is enough to classify indecomposable algebras. Up to dimension
four, everything follows from the previous results easily. The algebras in the classification
list will be given by describing their weighted graphs I' (&, B) in a suitable natural basis.
If no weight is assigned to an edge of this graph, it will be understood that the weight
is 1.

Theorem 5.1. Let € be an indecomposable nilpotent evolution algebra, of dimension at
most four, over an algebraically closed field of characteristic not two. Then € is isomor-
phic to one and only one of the algebras whose graphs are in Tables 1 and 2.

Proof. If dim(€) = 1 this is trivial. For dimension 2 or 3, by Corollary 2.6, we
have dim(ann(€)) = 1 (otherwise & would be decomposable), so the possible types
are [1,1], [1,2] or [1,1,1], and the result follows from Theorem 4.7. If dim(€) = 4,
then dim(ann(€)) = 1 by Corollary 2.6. The possible types are (ordered lexicograph-
ically) [1,3], [1,2,1], [1,1,2] and [1,1,1,1], and the result follows from Theorems 4.7
and 4.11. O

Remark 5.2. The algebras with graphs

<>andf

are missing in [4].
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Table 2
dim € = 4.

dim & Type of € Graph Properties

1 .3 ANV

4 (1,2,1] \ / (Us & UL #0

4 (1,2,1] Q/ (Us ® Up)2)2 =0

4 [1,1,2] dim(Us & U;)% =1

4 [1,1,2] (\‘T? dim(Uz @ U;)2 =2

(Us ® U1)? C Us ® Uy

4 [1,1,1,1]

O<«—0O<«—0=<—0

4 (1,1,1,1] T (Us ®U1)* € Us ® Uy

6. Classification of five-dimensional nilpotent evolution algebras

First we will classify the indecomposable, five-dimensional, nilpotent, evolution alge-
bras € with dim(ann(€)) > 1.

Theorem 6.1. Let € be an indecomposable, five-dimensional, nilpotent, evolution algebra,
over an algebraically closed field of characteristic not two. Then:
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Table 3
dim & = 5, dim(ann(&)) = 2.

Type of € Graph

2 NN

[2,2,1] /\1)

[¢] o

YA

[¢] o]

(i) The dimension of ann(€) is 1 or 2.
(ii) If the dimension of ann(&) is 2, then & is isomorphic to one and only one of the
algebras with graph in Table 3.

Proof. The first assertion follows from Corollary 2.6. Assume that € is an indecom-
posable, five-dimensional, nilpotent, evolution algebra, with two-dimensional annihila-
tor. The possible types of &, ordered lexicographically, are [2,3], [2,2,1], [2,1,2], and
2,1,1,1].

o If the type is [2,3], let {z,y,2,u,v} be a natural basis with u?> = v? = 0 (that
is, ann(€) = span{u,v}). Besides, by Corollary 2.5, ann(€) = &2 = Span{xQ,
y?,2?} and hence we may assume that 2? and z? are linearly independent. Then

{x,y,2,u = 22,0 = 2%} is another natural basis and y?> = au’ + v’ for o, 3 € T,

(a, B) # (0,0) because y ¢ ann(&). If « = 0, then € = span{z, v’} ® span {y, z,v'}

would be decomposable. The same happens if 5 = 0. Hence o # 0 # 8 and the graph

in the natural basis {/ax,y,/Bz, au,Bv'} is

NN

Notice that for any p # ¢ in a natural basis with p, ¢ ¢ ann(€), p? and ¢? are linearly
independent, so € is not a direct sum of ideals with graphs

\/ and I

It follows that € is indeed indecomposable.
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o If the type is [2,2,1], and {z,a,b,u,v} is a natural basis with ann(€) = span {u, v}

and ann?(€) = span{a,b,u,v}, then 22 = aa + Bb + p, a®> = ¢, b¥* = r, with
a,B €F, (a,B) # (0,0), p,q,7 € ann(€). Since ann(€) is contained in £? because
of Corollary 2.5, and &% = span {z?,a? b%}, it follows that a® and b? are linearly
independent. Assume, without loss of generality, that « #£ 0.

If 8 = 0, then € = span {z, aa + p, a® } ®span {b,b?} would be decomposable. Hence
B # 0 and the graph in the natural basis {z, aa + p, 8b, &?a?, B2b*} is

)

Observe that this algebra is indecomposable because dim (ann(ug +u1)2) = 3, while
this dimension is 4 for the only five-dimensional decomposable nilpotent evolution
algebra with the same type and same dim €2 (which equals 3).

If the type is [2, 1, 2], there is a natural basis {z, y, a, u, v} with ann(€) = span {u, v},
ann?(€) = span {a,u,v}. As 2 € ann?(€)\ ann(€), {x,y, ¥%,u, v} is another natural
basis. Also y? € ann?(€) \ ann(€), so after scaling y we may assume y? = z? + o/
with «/ € ann(€). Then €2 = span {22, v/, (%)} and &2 contains ann(€) by inde-
composability (Corollary 2.5). Hence u’ and (2?)? form a basis of ann(&). The graph
in the natural basis {x,y, 22, (2%)%,u'} is

Note that ann(€) is contained in €2 and this is not valid for the only decomposable
nilpotent evolution algebra of type [2,1,2].

Finally, if the type is [2,1,1,1], and {z,y, z,u,v} is a natural basis with ann(€) =
span {u, v}, ann?(&) = span {z,u, v}, and ann3(€) = span {y, z, u, v}, then

o2 =22 = ay + Bz + p,
with o, 8 € F, a # 0, p € ann(€),
2= (2?)? =a®yP +q=p2+ 4,
with 0 # p € F and ¢, ¢’ € ann(€), and
0 # 2l = (2B)? ¢ ann(€).

Thus zzl"l = 0 for r = 2,3,4, 2@zBl € Fz2 = Fz[, and hence 8 = Spaun{:z:,gc[g}7
zBl, x[4]} is a subalgebra of €& with € = § +ann(€&), a contradiction with Lemma 2.4.
Therefore, there are no indecomposable algebras with this type. O
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Remark 6.2. Only the algebra of type [2,1,2] appears in the classification in [5]. It is
denoted there as €4 29. Also, the argument used in the proof above and Corollary 2.5
show that a nilpotent evolution algebra of type [n, 1, m] is indecomposable if and only if
ann(€) C &2.

Remark 6.3. The argument in the proof above, to show that any nilpotent evolution
algebra of type [2,1,1,1] is decomposable, can be adjusted to prove that any nilpotent
evolution algebra of dimension n and type [n1,...,n,], with r > 3 and 2n; > n—r+2, is
decomposable. Indeed, any = € & \ ann”~!(&) satisfies that the elements x[l, ... z["—1
belong to €2 and are linearly independent modulo ann(€). Hence, if & were indecompos-
able, then ann(€) would be contained in €2 (Corollary 2.5) and we would get:

ny +r —2=dimg (ann(E) + span {x[Q], e 7x[’"_1]}) < dimp(€?)

< dimp(&) — dim]p(ann(ﬁ)) =n—nq,
so 2n; < n —r 4+ 2, a contradiction.

We are left with the classification of the five-dimensional, nilpotent, evolution alge-
bras &, with dim(ann(€)) = 1. This condition already implies & to be indecomposable.
The possible types of &, ordered lexicographically, are [1,4], [1,3,1], [1,2,2], [1,2,1,1],
(1,1,3], [1,1,2,1], [1,1,1,2], and [1,1,1,1,1].

We will classify first those algebras isomorphic to the algebras in Theorems 4.7
and 4.11.

In what follows, a dashed edge with weight o« € F

will indicate that there is no such edge if « = 0, and that the edge is an usual edge with
weight «, if a # 0. As before, if no weight is attached to an edge, it means that the
weight is 1.

Theorem 6.4. Let & be an indecomposable, five-dimensional, nilpotent, evolution algebra,
over an algebraically closed field of characteristic not two.

(i) If the type is [1,4], then € is isomorphic to the algebra with graph

v

(i) If the type is [1,3,1], then € is isomorphic to one and only one of the algebras with
the following graphs
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RO

(iii) If the type is [1,1, 3], then € is isomorphic to one of the algebras with the following

NN N e

Algebras with different graphs are not isomorphic, and two algebras with the third

graph and parameters o, o are isomorphic if and only if o/ € {a,a” , 1—a,1—a~},

(I-a) ' (I-a )L
(iv) If the type is [1,1,1,2], then & is isomorphic to an algebra with one of the following

\%/ | X%/ | 7&/ o

Algebras with different graphs are not isomorphic. Algebras with the third graph

graphs

graphs

and different values of the parameter are not isomorphic. Finally, algebras with
the fourth graph and parameters (8,7) and (8',~') are isomorphic if and only if

(B'A) = (B,7) or (B,9) = (671, —B?7).

Proof. Type [1,4] is covered by Theorem 4.7(i) and type [1,3,1] by Corollary 4.12.
Any algebra of type [1,1, 3] is isomorphic to an algebra E(U, b, g), with dim(U) = 3,
as in Theorem 4.7(ii), and we may change the symmetric endomorphism ¢ by pg + vid
for p,v € F, u # 0.
There are then three possibilities which give nonisomorphic algebras:

¢ ¢ has a unique eigenvalue v with multiplicity 3. In this case, replacing g by g — vid,
we may assume g = 0 and get the first graph in item (iii).

e ¢ has two eigenvalues, one with multiplicity 2. Then we may assume that the eigen-
values are 0, with multiplicity 2, and 1, and we get the second graph in item (iii).

¢ ¢ has three different eigenvalues, which we may assume to be 0, 1, o, « € F\ {0, 1}.
The algebras with parameters a, o’ € F \ {0,1} are isomorphic if and only if there
are scalars p,v € F, u # 0, such that {v, p+v, pa+v} = {0,1,a’} and the result in
item (iii) follows.

Finally, any algebra of type [1,1,1,2] is isomorphic to an algebra (U, b, f,g) as in
Theorem 4.7(iii). We may change (f, g) by (uf, g + vid), with p,v € F, u # 0.
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If f =0 we get the first two possibilities, according to g having only one eigenvalue
(with multiplicity 2), or two different eigenvalues.

If f # 0 but one of its eigenvalues is 0, then we get the third possibility, as we
can assume that the nonzero eigenvalue is 1. Finally, if 0 is not an eigenvalue of f, we
may assume that the eigenvalues are 1, 8, with 0 # § € F. Then we may take g with
corresponding eigenvalues v and 0. Two such algebras with parameters (5,+) and (8,v')
are isomorphic if and only if there are scalars u,v € F, pu # 0, such that either (1,3') =
(1, B) and (', 0) = p*(7,0) +v(1,1) or (1, 8") = u(B, 1) and (v',0) = p*(0,7) +v(1,1),
whence the result. O

The remaining types: [1,2,2], [1,2,1,1], [1,1,2,1] and [1,1,1,1,1], will be treated
separately.
Without further mention, the following fact will be used. Given a nilpotent evolution

algebra of type [n1,...,n,] and a natural basis B = {z1,...,2,} of £ with z1,...,2,, €
ann” (&) \ ann""1(&), and x,, 11,...,2, € ann"1(€), then if we pick any other natural
basis of ann”""*(&): {yn,+1,---,Yn}, the new basis {z1,...,Zn,,Yn,+1,---,Yn} is again

a natural basis of €.

Theorem 6.5. Let & be a nilpotent evolution algebra of type [1,2,2], over an algebraically
closed field of characteristic not two. Then € is isomorphic to an algebra with one of the
following graphs:

VOSSNSOV

Algebras with different graphs are not isomorphic, and two algebras with the first graph
and parameters o, o are isomorphic if and only if o = « or o/ = —a.

Proof. Let {,y,u,v,s} be a natural basis with ann(€) = Fs and ann?(€) = span{u,
v,s}. Since ann?(€) is of type [1,2] we may assume that u? = v?> = s. Let us consider,

as in Section 3, the subspaces U; = Fs, Uy = Fu @ Fv, and Us = Fx ® Fy. Now,
2 =a+ps, v =b+wvs, (6.1)

with 0 # a, b € Uy and p,v € F. Then, either a? = b? = 0 (that is, (22)? = (y?)? = 0),
or we may assume that a® # 0.

In the latter case: a? # 0, we may change u by a + us and v by an element in
Uy orthogonal to a. Thus, we may assume that 22 = u and y? = au + Bv + vs with
(a, B) # (0,0).

If B # 0, the dimension of €2 is 3 and changing v by v + 8~ !ys, and scaling y, we
may assume y? = au + v, thus getting the graph
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If this algebra were isomorphic to an algebra with the same graph but with parame-
ter o/, there would be another natural basis {z’,y’,u’,v’, s’} with (see Corollary 3.6):

' = pix + pioy + 1S, Y = por® + pooy + vas

ul — ((E/)Z, 7}/ — (y/)Z _ O/’LL/, 8/ — (UI)Q — (1}/)2

From 'y’ = 0 we get pi11p121 + p12pi22 = 0 = pi124121, so either po = 0 or po; = 0.

If 1o = 0 we get 11 # 0 # poo and poy = 0. From u'v’ = 0 we quickly check that
(a)? = a2, and the same happens if 2 = 0.

If 3 =0 then dim(€?) = 2 and, after scaling y, we get the graph

%
Ny
If v # 0, in the new natural basis {\/’Fx, \/Fy,'y_lu,'y_lv,'y_%} we get the graph
above with 7 = 1. Note that for v = 0, dim(Uz @ U;)? = 1, and for v = 1, dim(Uz ©
U;)? = 2, so we obtain nonisomorphic algebras.
Finally, if a?> = b2 = 0 in (6.1), then we may assume z2 = u + iv, with 2 = —1, and
y? = eu+ v +ys, with €,6 # 0, €2+ 62 = 0. Scaling y we may assume ¢ = 1 and § = +i.
If § =4, dim(U3 @ Uy)? = 1 for v = 0 and we obtain the fourth graph, and dim(Us &
U;p)? = 2 if v # 0. In the latest case it is easy to get a new natural basis with v = 1, and
we obtain the fifth graph. Here dim &2 = 2 holds.
If 6 = —i, changing u by u + %'ys and v by v + %’ys we may assume 7y = 0, thus
obtaining the last graph. In this case dim €2 =3. O

Theorem 6.6. Let € be a nilpotent evolution algebra of type [1,2,1, 1], over an algebraically
closed field of characteristic not two. Then & is isomorphic to an algebra with one of the
following graphs:

I
I
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Algebras with different graphs are not isomorphic, and two algebras with the third graph,
and parameters 3,3 € F, are isomorphic if and only if either ' = 8 or B/ = —f.

Proof. We have two possibilities, depending on ann®(€), which is of type [1,2,1] and
hence isomorphic (Theorem 5.1) to an algebra with one of these graphs

T /N
\‘D/ or o\n/ (6.2)

Assume first that ann®(€) is of the first class in (6.2). Then there is a natural basis
{z,y,u,v,s} with graph

If {«/,y/,u/,v’,s'} is another natural basis with the same graph but with parameters
o/, B, then (see Corollary 3.6) there are scalars ey, €z, 1,2 € F, €1 # 0 # €3, such that

2 = 3u. Also u'v' =0, so uv’ = 0 and

' =ex+ 118, Yy = ey + 128, and then v’ = (y')
hence v/ = e3v + v3s, with e3,v3 € F, €3 # 0.

Now s’ = (u/)? = (v/)?, 50 €5 = €% and €3 = +e3.

From (2/)? = y/ +a/u/ + v we get €2 = €2, 2 = 3/, €23 = €38, and v + '3 = 0.
We conclude that o = ega’ and 3 = +es8’. Therefore, the parameters («, 8) can be taken
to be (0,0), (0,1), or (1, 8) with 5 € I, and the algebras with parameters (1, 8) and (1, 8’)
are isomorphic if and only if 8’ € {3, —5}.

Now assume that ann3(&) is of the second class in (6.2). Then there is a natural basis
{z,y,u,v,s} of & with graph

That is, 22 = y 4+ au + Bv, y?2 = v +iv, u?2 = v? = s.

The case a = 8 = 0 happens if and only if (Us © U;)? C Uz D Uy.

If « # 0 we may take the new natural basis {\/az, ay, a?u,a?v,a?s} and hence
assume that o = 1. Similarly, if 8 # 0, we may take the new natural basis {\/Bz, By,

B%iv, —B%iu, —3*s} and again assume that o = 1.
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Therefore, either « = 8 = 0 or there is a natural basis {z,y,u, v, s} with graph

The natural linear map ann?(€) — ann®(&) — ann®(€)/(Uz @ U;) induces a linear
isomorphism ¢ : ann?(€)/ann*(€) — ann3(&)/(Us & Uy).

Consider too the map ¢ : Uy & Uy — ann®(&)/(Uz & Uy), z = 22 + (Uz & Uy),
and the map v : ann?(€)/ann!(€) — ann'(€), z + ann'(€) — 22. The composition
b =1poplopisgivenby ®: Uy DU — Uy, ex + ds = (2(u+ fv))? = e* (1 + ?)s.

Thus @ # 0 if and only if 3 = +i. Also €2 N (U3 & U;) has dimension 2 if and only
if B = 4. This shows that the algebras with parameter 8 equal to i and —¢ are not
isomorphic, and they are not isomorphic to any algebra with parameter g # +i.

Finally, if 8 # +i, take p = (1 + i8)(y/1+ 32)71, then the new natural basis
(Vi e, p y, i (u + Bo), pm(—Bu + v), p2(1 + 5%)s} has the above graph with
6=0. 0O

The proof of the classification for types [1,1,2,1] and [1,1,1,1, 1] follows similar ar-
guments and will be omitted.

Theorem 6.7. Let £ be a nilpotent evolution algebra of type [1,1,2, 1], over an algebraically
closed field of characteristic not two. Then & is isomorphic to an algebra with one of the

following graphs
T A T, N
\I/,K()/,\I/,@;/,y,\,

Algebras with different graphs are not isomorphic. Two algebras with the fifth graph and
parameters a, o' are isomorphic if and only if o = a or o' = —a. Two algebras with the
sizth graph and parameters (3,7) and (8',7") are isomorphic if and only if 8’ € {8, -5}
and ' € {v, 7}, or BB € {1,~1} and v € {if~ 1y, —if~ v}

Theorem 6.8. Let & be a nilpotent evolution algebra of type [1,1,1,1,1], over an alge-
braically closed field of characteristic not two. Then & is isomorphic to an algebra with
one of the following graphs
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Algebras with different graphs are not isomorphic. Two algebras with the third graph
and different values of the parameter are not isomorphic. Two algebras with the fourth
graph and parameters (o, 8) and (!, ) are isomorphic if and only if (o/,B') = («, B)
or (o, B') = (—a, —B).

The results in this section show that the classification in [5] misses most of the possi-
bilities.
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