
Nula técnica 

TUE EXISTENCE 01-' COMPENSATED EQt:ILlIHUlIM 

_-lu,l.''1g/0 ¡.'¡f>el C. 

11Itru<lu<:/ion 

rhe purpose "f this nOI" is ¡ .... "roid, l'irM and foremost, w~ wish lO make 
,\rrow and lIahn's proof (Jf lhl' rxiSln\<c of .-ompensalnl e'lllilibrilllll a little less 

1T\\'ICri'>Il~ bv eXI'¡¡ndin.: amJ du, idatill)l "pon lh,' \'ariolls il1('TCOnne,-tin¡¡; steps 
prn.'nll',] in Illl.' leX(:] 3.nd then we wish to present prooh of some ¡mponant 
lhenfn"s in the r"aln, of IOpolo~y whkh (he aulhors usc antl which, 1 prMlume, 
lh.~ ~"I".rdl '~adt"r don "ot Iind ~() ob\jous. In pa{1.iclllar, we shalll'ro\T ¡ha!' (tI 

,\11\' "¡o~ed sut'5(''''-'' nf a campa.! spa"'~ is ''')TIpad: (2) I\ny .-cmtinuous im".: .. of 
:1 ,,"I\I'<tt'1 5('d<" i. 'ompa.! .rnd will disnlM hrieny TvchonoEr's theorem: Ihe 
l""du,1 of any lHm empty dass of ,ompat! SIH,-es is rompan, So as lO nol 
mlerkrc ,~ith our principa! l<.sk lhese I'nmls ~h:lll he prcsented in lhe ;\ppcndíx, 
r" ,- IIH' l>C1l<' ril () f t h,. inq11 is i¡ in' r'·;ldn. 

nI<' C.'ntral l<leas 

\\,'0 sL,r[ olil 1,\ ,[dinlll~ whdt "'T Illclll hy a", <l1l\pcnsalcd "'luilihrium ,. 

Ikli"iti(JIT 

\ 1'''1'<' \,"Clor I'~,,, lllilil\ allocation tI*, a ronsllmpll"" ~IOL1(iol1 x*, antl 
"1'",,111< (i"n ,,!lo. atinn v",< ()n_~lilllle a "nlm¡,,'nsalcdcqllili[,rium" if: 

I<J) )'* >0: 

'<' *<'" * f 'c¡td ¡"'<h -'['}f -1;'''11: 
, 

(,) "t"",:\illli/{'sl'*\'fsuhJe'lloYfc "t: 

, 
(d) sI> n"I1Ulllrrs 1'" -'h subj." t [<l t:¡, 

,
 
»' "lo
 

1h(' '-ss.-nlial di,llO' lion \,..lwt"t'1l a, oml'nilJ\'e e'luilibrium (whnse cxiuenn: 
" (he lheme "f the un.1 SCCLJull in 111,· ¡ext) allu d ,-nmpeTls;¡led on", is that while in 
(loe lint ,-ase we wi~h lo I\1;L"<il11i'_" lllilily ~u[,i'" I lo ;, blld¡¡el conslrainl, in the 
I;l\l"r w(' sel ou( lo lllini",it.~ ,'xl"'"dilures lIlinufulll .. ,¡ ,,"rparlicular houschold's 

"Iilil\ <\0"5 "01 Ldl h,·I"" ,1' ,'n"in l'reass,¡l;nn/l(,v"1 

Definilion 11 

We define tl1,' blld,:Clary '''lllhl' rol' hOU5Chod h: sI (p,w), a~ the differencc be­
IWCt.:1I tlJa¡ hOllsehold's ilKü"'" <I.1,d ils 101a! e"<l'enditJres, .:i,-rn p aod a feasible 
.,Itp.'alion W' 
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Note: rhe del1nition giveu in the text for sh (p, w) ha.~ a misprinL 
The ~ummalion should not be muhiplied by lhe venor p. 

Ikl1nilion 111 

I'h,· sel of "relative utility vecton" is defined by: 

ndinitinn IV 

I'h,' ~,·t of "puuishable households" is defined by: 

SR-elvj vh =0 if '~h (p,w) < 01 

rhis [alter set I1xes at zero the rdative utilily of a househnld if its expenses 
ext"t'ed its im·nme. Lemma 5.3 assures us that these househnld's utility will in fan 

he set equallo ;tero. 

n .. finition V 

Cnnsidn a prkc venor p, a relative ulility a1lo,'alion v and a feasible cum­
modit\ allo, ation w; nol necessarily ,:onsistenl wilh ea,:h other. Let us fOCIIS, for 

the moment, our attention un v, the relative utilit)' allo,:ation. In lemma 5.;\ it has 
been provcd that there exisls a eOnlinuous funnion u whkh maps v (€ SH) inlo lhe 
set uf oonnegative Pareto efl1eienl points a1so known as lhe Parelo fronlier: II 
We know; however, from theorem 4.4 that if u(v) is Pareto dfident Ihere exists a 
prk.. vector p > O ror which lhe value of exct"Ss demand 1>7. is nonncgative and 
whkh, esseneiaJly. given a preassigned level of ulility, minimizes lhe houSC'hold's 
expcndituTes, maximir-es the firms's profiu and salisfies lhe social budget con 
'trainl, In few woms, there exists a price vector which supports the Parelo efficient 
aIlo'-ation u(v). CaJl this priee vector P(u). 

Let \1S ,'onsider now the feasible commodity a1loeation w Sine.. u is Pareto 
"fficient Ii.... feasible and not dominated by an)' ocher feasible utilily al/oealion), 
surely IheTe exiau a feasible a1JO(:alion, W(u) which does nol dominate our original 

" 
:\ pri, e ,· ..etor P(u) alld a feasihle aJloca(i"n W(u) lhu, found defin .. im 

mediat.. ly bud~elary surpluses alld consequenlly a new ~el uf relalive utilities \' (p, w). 
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W( can reprelent the aboye ideal! by meam of the following diagram 

u ~ ~ 

G 

P(u(v)} 

v 

W(u(v)) 

~---'h (p.w) 

~ole lh,l! lhe mappinll 10 corutruCled lend, iuelf vet")' nicely COI" the Ule of 
wme wn of filled point ólTlfUment. Th;u lJ. we 'tan with a reladve utility allocation 
and, al !he abOye argument. ,how, we map back to the 'el of reiative utility aUoca 
tiollll. We will ,how Ih,l! lhm exi5t~ at lealt one point In ¡he let of relative utility 
allocations which, IOlether with a vector of price, and a feuiblc commodity 
aliOC;ltlOIl., are m;¡ppcd bacla. into themselve, by !he aboye cOTTespondence. 

Definition Vl 

We deíllle the i dimemional urut simplex: 

Sk-l = {pm Rk ~ 
¡=l 

p = , 1 

LeJl'lID.J. I 

A k -1 dimenllional unU limplex il a compa.ct convex 'et. 

k 
xk,be;;;;' O fora.lliand ~ x· = 1 

i=1 1 

2Let xl = (x~, ... ,x1)and x = (xf ' . . x 
, 
k ) be lWO elemenll in lhe k-l 

dimeruional.implex. Then, Cor AE" (0,1), 
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k k k 
1: [Xx~+(I-X)x?l=X ~ x ~ + (1 h) L x?=X+(I-AJ=i, ,

j=l l I j=¡ ¡=l 

So Ihe k-l dimemional uni! !imp1ex is indeed convell. 

By construction il i. dtarly bounded ,ince, in fan. any ponh on Ihe limplex 
¡s no more lhan one unít away from (he origino Closure of ,ho;: simplex followi if 
we observe Ihat poin\! on it do not gel arbitrari!y doS(' lo 3n)' poinl aUllide of iL 
llenel' compaclne!.!l. 

Importanl Ob8CTYIIlion. The com\.lacmes, of SH cau bo:: established iu a differenl 
manner. In lhe previo U) Jeclion it WiiU shown tl'lat v(u) mapt U' (lhe Partto Fron­
tier) into lhe unil simplex SH" t"urthennon: v(u) js continuou) and lhe Pareto fron­
¡ier is compar!. Sinee continuoul imagn of campad seU are compact, il follow8 
Iha! SH i. compacto This theorem, which wn used by lhe authors lo show thatthe 
so:"t of feasible utility allocations i.s cornpael i~ proved in the Appendix (See Theo­

rern 11). 

The domain on whieh our correspondellce P(u(v))X V(p. w)X W(u(\")) i, 
t,1efincd in i h X Su X Vi which is the crouproouct oC two compan {onvell 'ets Wilh 
W which, by lheorem 4,2, we know lo be cornpact and convexo The Slatement 
"llcnee, the dornain is eornpact and convexO' is very, very far away from h~inll 

obviously true. Thal the produet of any non---empty clan of cornl'¡Ij("( spaces is 
compact, abo Irnown as TYc\-l<lnoff's theo~m, lo use [he words of a famoul mathe· 
malician, 'js perhaps lhe mosl imponant singie theorem of general topolo~'. (s,o,e 
the brief dis<ugsion in the Appendh:, Theo~rn lIT). 

Theorem A. The eroSi producl of two eonvex seis is convexo 

pf: 

Let (x{, x~) drv.\ (xi, x~) be two points in Xl X x2 . 

We wish to 8how Ihar a (xt, x~) + (1 - a) (xi, x~) f XI X x2 ' a f {G,l} 

Now,a(x:,x~)+{l-a)(x¡,x~)o"(ax{f(l a)xi,ax~+(l---a)x~). 

But x1and xi 3re f XI' dnd sin ce XI ,is convex we Imow that ax: + (1 -- a)xi f XI' 

L"k " 1 2¡ ew¡ge x , x are f X2 and sime X is convcx we know that ax~ +- (1 - a)'~ f2 2 2 

This implies:
2

. 

(ax~ + (1 -a) x¡,.ax~ + (1 --a)x~)EXI X XZand 10 Xl X X z ig convex. 

It then follows by induclion that lhe product oC any finite c1au of convex 
JeU il convexo 

Tychonoff', theorem together wíth abO\'e theorem Ihen julltify ¡he state­
ment that the dornain on whieh the cOTTespondence is defined is compac¡ and 
convexo 
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Now.leL UI mate a fo::w obto::rvations about our corrtspondenco::: P(u(... )) X 
V(p, w) X W(u(... ». 
(1) I"rl/U'nl ., ...¡ Uatel lhllI I'(u) l. COmplM:l inri CClI1"'ea ror filcecl u IInd UppCT 
."1111 '·"fltinuou. In u. Siner 11("') i. continuoul in'" (lee Senlon ~.2) it foUowl that 
I'{u( ... )) i. "ompact IIml con"'C)l; fur fbced ... aud upper Icml---crmtinuou. In .... 

(2) Theorelll 4.5 ano Corollary !'i in the lame rhapter imply Ihll W(u(... )} l~ 
clllnpaft und fon ...ea for fixcd ... ano uppu lemi nmllnoul 111 .... 

(.'i) VII'. w) 0= S" n SU: whel'l" Sil il <'omplce and '·l/n ...u 3nd SIl il c10led and 
<:011"'1'11. ArTOW II.rul lIahn .tlte that thf''IC pmpcrtitl of Sil .nd SB 'luullntee Ihr 
<'<lmp~lnen uf V(p, w) (by 'I"Mrem A we know that V(p. w) U. l:un...u). Tu be 
fully honut llnd In our duire not (O aceept anythin'l wthou! pruof we could 
attrmrt tn shuw thal tllher: (a) the in [a.enion of • compacl and a dOled .et h 
{'omptt:t or (b) th.t Sn i, .110 bounded. 

None ,,( the Iw" altemali ...es appeal to mt, If we ('ould pro...e inltead thllt a 
doled .lt\,.pal:e of ¡¡ l'ompact .pace i. compile( then lince V(p, w) e SIl and V(p, w) 
i. dUIM [inle'ltClion of two dOled ItU I, do.ed) and S1I il compacl it would 
f"lI"w illUanlly Ihat V(P. w) il compitet Thil proof i. pro ... ided in Ihe Appendix 
(Ser lñel/Tem 1). 

1'he llppCT .emi-continui1Y uf V(p, wl is pro... ided in {he lellt and requjr ...~ "o 
further elllddation. Wr "nly .~te th~t the ""ntinuilY of tb (p. w) is tlH" (1"1("'.'; 
1001. 

So our cOrTtlpondence i. the cro.~ prodll('t of thTee sets whkl] 31'1' compad. 
<:oo"ex and llppeT ~emi-continuous. Th nefolT Ihe corre!lpundance itse1f ¡, rompaet. 
<:on ...ex and upper semi-eontinuou" (1 mU8t admil lhal here the reacleT mighl ny' 
"yuu have nol pro\'ed that the eroll proouCI of two upper oemi--<:ontin"ou, ,el' i~ 

upper .emi-continllou.... 1'TUe. Lacking a ri'lOrOul proof one might appeallo the 
reOOers malhemadcal rrlluition hy saying lhar taking cros~ ¡>Todnn. is it~elr 3 
,untjnuon~ OpCT".J.UOIL One shoulcl (hell not be sUTpdsed Ihat mch a continUOIU 
operation leaves undisturhl"d thl" l,asic properties uf Ihe ori¡::inal seis; in Ihis ra~e 

th .. iT uppeT st'mi ,- continllity. 

Wt n" ... are feJdy lo tt.ll~ ., tlle<>rcl11 whkh will be of fundamental impor­
tan...· in whal r..m:lin, of (hi~ no!<' 

Kakutani', FixC'd Puint Th~urem. Ln e a comract ('ollvex sct aud g(x) and l(l'P~T 

~emi--contin"ou~ "'me~l'''ntirn<-~ ddined on e .uch that !t(.~) ,_ f.. K(X) '-'>1\\"1"\. (or 
..ad, x in C. lben tllere c~j,t~ V in e ~tI .. h tha[ 'C* i. in ¡::(x*)_ 

Thm Ihele CXiH' ~ poi n I (1' ~ . ,., • \<' ) € s¡, X Sil :\ W ~'" h lhal 

lP*. \*. ",') f j'("(v")) X V(p*. w*) X \...·(ll(V .. )) ( I J 

No..... wril" 1'· -,-,,(,,*) ami rewTilc (1) <l.,: 

, 
p* € P(u*l. ,,* € V(p",w·), w* €W(\l*). 

\\'1' 1"',," t'rocenl tu show II"'! (1'*, v*. w*) satidies Ihe nllldilions fur a 
{'llml'el\,;aled (''-(uilii>rillln ~taled al rhe hel{illnin¡:: "r this llore. 

- 115­



The (:onciusions 

Fint. we lmow that ~¡nce u* is PiUelQ effideru Ihe, by theorem 4.4 there 
exisu a vector p whh Ihe foilowing propertiu; (a) p > O; (b) p 7. ;a: O for all 
z € Z(u·); (e) p z = O for an z € ?:(u"). Sin,.e p" € P(u*) Ihe abo"e Ihtt>fem 
impli~i Ihat p* >0. 

Fllrthermore sinee w* € "'(u·) and Wi1i the set of feuihle alloeatious it 
follow~ that w" i~ feasible (Le. z(w*) '<O} whi<:h implies: 

i\lS(I, w· feuible and p" € P(u·J iU&gest that piUl (d) of theorem 4.4 is 
salisfied which, automatically assures tha! lhe third anJ rourth parU oí ddiuilion 
I iUe satisfied. That is' 

~ Ip· llh + L dhf (v" y.) - p'" ~¡; J =LSh (p*,w*) =0 
h f h 

We know thal il is impossíble for all households lo ¡neur in budgetary deficits 
sllnulumeousty sinee that would irnply Ihat 'Oh = O ror all h > ~Vh =0 FI. 

h 

Hence the on],,. lhing lo prove is Ihat.'lh (p., w·) ~O for all h. Suppose no\. Then 
lhere exiSl' at leasl one h for which it is noe that: 

•'h (p., w·) < O --> v~ =0 ="'=>uh =0. 

Recall: however, thar we have assumed that there exists a postible consumption 
vector i.h in Xh(uh ) 5\1(:h Ihal Khi ~xhi (oralli,x hi <xhiifxhi>O,wherexh is 
Ihe initial endowment for househoki h. 111at ÍA, il is possible, (for h), to comume 
(ess oC ¡;¡:ooJ i than householcl h iJi eudowed wi!h. 

So xh f Xh (uh"J = Xh (O) and ,inee xb" minimizes l."Xpl'l'lditures p. xh subjen 

to x
h 

f Xh (uh) '" Xh (O) it Collows that; 

" (p., w·) > O = = > cOl'ltudictiou. 
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This then utablishes the validity oC Ihe last condition in oUT ddinition oC 
compensattd equilibriun, namdy that: 

We can then condude: 

Th.eorem B. Under lhe a..ssumption.l made, a compnl.lated equilibrium ellisl.l. 

Ut" ,o' 



APPENDlX 

Ikfinition (al. Lel X ~ a LOpologinl space. A da!l!l fGi lof open sub,ets uí X is 
~i1íl1 to be an "o/,en <:over" oí X ir each point in X belon!!", to at leasl one G

i
; thal 

is{'(;¡""'X. , 
I>efinition (b). A "coml'an" spa.:e is a lopological Bp~("e in which eyny open coyer 
h~s ~ finite sut....o<'er. 

Theorem 1. An\' dosed subspace o f a compaet 'pace is compael. 

Proof. Let Y ue .iI. close sub.paee of a compan spaee X and let the eollet:tion of 
seu (G lbe iUl open eOyer of Y. Note tha( eadl of the G¡" is open in (he relatiyei 
,,,pololO' uf Y ;md is lhe inleneetion with Y of an open suhset H¡ of X (See figure 
1) 111011 i.s G i = Y nl-i Sínce Vis doled, Y'is open:md theclailSmadeupofY'

i
. 

iUld fH¡ lis an open coyer of X (Le. Riven any point in X, say x,lhen e¡Iher X js in Y 
or x is in 111 for sorne il. nut beeause X is cOrll!)act this op..n cover has a finile sub· 
<"overo If we can show Ihal Y occun in thi, sub'over we are done. If y' OCUiTJ in 
(hiJ suh,ov"'l' we d.iJeald it. What ís lefl is a finile dass of 1[i', whose union ,'onlains 
;., 'Iñis illlplies thal lhe corre5poul1ing (;i 's fono a finite 5u11<.'0\ler of ¡he original 

"1'"n, ovn "f Y. 

Figure I 

G

• 
.1 

Theon'm 11. Any conti"uou, imag" Qf a (ompan spaee is ,·ompacl. 

Prool, Lel f X __> Y lIe a continuous mappinf( of a compaCl 'pace X in lo an 
arbilrary lopologteal spal:e Y. We mu,1 show thu r(X) is a compact sub"l,a...e of y, 



Let (Gi }be an open eover of f(X). AJ aboye, eaeh G. is sueh that G. = I(X) n H.: 
thal i!l, il is th" int"rsenion with I(X) oí an op"n su~set H. oC Y. R~ca.n now lh~t 
sine" í is eontinuous. the inverse imag" oí H i wiU be an opin IC't in X; (urthttmore 
the Jet re I (Hil) will be an open eover o( X and sinee X is eompaet it will have iI 

finile subeover. The union or the finite eh.as 01 lI i 's or which the sets in the finite 
subtover are the inveue images clearly contains I(X), !lO the clan of corresponding 
Gi's is a finite subcover of the original open cover 01 f(X). lIence r(X) i3 compacl. 
(See I'igure 11). 

f~re JI 

y 

A proof of TychonoU's Theorem ("The produet or any non--empty clan of 
compact spaces is compact") ,hall not be pre!iented inumuch a.I il requires two 
other difficull theorems' (1) A lop(,ll(,lgical space is eompa.cl if and (,In1y ife"ay c1au 

or closed sets with the finit~ intenection propeny has non~mpt)· intenection; and 
(2) A topological space is compact il very class 01 subbuic d(lSed !lets with lhe 
finite int<TJ~ct¡nn pmperty has nonempty intersecli(,ln. 

A clan of subseu oí a non-empty '''t js Nd to have the "finite inlnseetion 
propeny" il ev",ry rinite subdass has non~mpty intenection. 

for a proof of Tyehonoff's theorem th" inleren reader may consult, ror 
illltanee, G.L Simmom' "'ntroduction lo Topology and Modem Analy.ris" (Mc 
Graw -HilI), 1963. 


