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Abstract

The observations in the solar wind, which are usually organized in a beta-anisotropy diagram, seem to be constrained by linear insta-
bility thresholds. Unexpectedly, under these quasi-stable conditions, there is a finite level of electromagnetic fluctuations. A relevant com-
ponent of these fluctuations can be understood in terms of the electromagnetic fields produced by the thermal motion of the charged
particles. For the simple case of parallel propagating fields in an electron–proton plasma, we study the effect of the parameter xpp=Xc

that characterizes the different space physics environments, and can affect the continuum spectrum produced by these fluctuations, which
in turn may be used to understand the relevance of these processes occurring in a specific plasma environment.
� 2016 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Collisionless plasmas, such as the solar wind (Marsch
and Goldstein, 1983), can often remain for a long time in
a state where collisions cannot generally ensure local ther-
modynamic equilibrium. In this quasi-stable state, when
the effect of instabilities can be disregarded, charge parti-
cles move in a random fashion consistent with a thermal
distribution, and generate electromagnetic fields. At the
same time, and due to the quasi-stable condition of the
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plasma, the system tries to damp these fields, reaching a
finite level that can be generally estimated from a suitable
Fluctuation–Dissipation Theorem, as suggested in a num-
ber of publications (Callen and Welton, 1951; Ichimaru,
1962; Sitenko, 1967). Researchers have realized that the
study of these thermally induced electromagnetic fluctua-
tions (TIEF) can be used to estimate relevant information
about the plasma state (Sentman, 1982; Meyer-Vernet
et al., 1986, 2000; Lund et al., 1994; Issautier et al., 2001;
Moncuquet et al., 2005; Chapman and Gericke, 2011; Li
and Hazeltine, 2006) proving to be one of the most efficient
methods for plasma diagnostics.

At the same time, it is common in these collisionless
space plasma environments with background magnetic
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fields, such as the solar wind, that the distribution function
of the particle velocity becomes anisotropic, that in a first
approximation can be characterized by a parallel tempera-
ture (T k) that is usually different from the perpendicular
temperature (T?), even at 1 AU (Kasper et al., 2008). In
this approximation, the anisotropy, which can be defined
as A ¼ T?=T k, provides a source of free energy that can
sometimes evolve through instabilities (Sagdeev and
Shafranov, 1960; Davidson and Ogden, 1975; Weibel,
1959). With these definitions, it is common to
organize the solar wind observations in the so called
‘‘beta-anisotropy” diagram, where beta (described in detail
below) is the ratio between the local thermal and magnetic
energy densities. In this diagram it is observed that a large
fraction of the solar wind data at 1 AU is usually restricted
below the linear instability thresholds (Kasper et al., 2002;
Hellinger et al., 2006; Štverák et al., 2008). Hence, most of
the plasma, even those situations with relatively large
anisotropies, seems to be in a quasi-stable state, with an
instability growth rate that is small compared with the
collisions and expansion time scales.

However, the data also shows a finite electromagnetic
fluctuation level (Bale et al., 2009), which linear theory
has trouble explaining because of the finite damping rate.
Initially it was suggested that we could be observing the lat-
est stages of the evolution of a previously unstable plasma
(Gary et al., 1994, 1998; Seough et al., 2013) or the stabi-
lization of an unstable situation due to propagation effects
(Camporeale et al., 2010). It is difficult to account for how
an unstable plasma could evolve to a situation that may be
quite removed from the instability thresholds. Another
possibility is that these fluctuations may be due to remnant
MHD turbulent magnetic fluctuations advected from the
Sun. For example, Bruno et al. (2001) suggested that the
satellites were observing advected entangled flux
tubes, with fluctuations becoming more intermittent when
the detector crosses the boundary between tubes. Hence,
the solar wind observations would be a combination of
waves and discontinuities where reconnection could occur.
These advected structures would then cascade to the kinetic
range due to some nonlinear process, as suggested by the
measured spectrum of magnetic fluctuations in the solar
wind. Of course, the details of how this process would
occur are not completely understood (Goldstein et al.,
2015).

Here we take an alternative approach and suggest that a
large component of these fluctuations can be explained in
terms of TIMF that can be estimated through the use of
a Fluctuation–Dissipation Theorem that has been properly
modified to account for anisotropic plasmas (Navarro
et al., 2014). These ideas have been applied to the ion
(Araneda et al., 2011; Navarro et al., 2014, 2015) and elec-
tron (Viñas et al., 2015) scales. For solar wind plasmas, it
was recently demonstrated in Navarro et al. (2014) that a
relevant component of these fluctuations in the anisotropic
solar wind can be explained by the thermally induced
electromagnetic fluctuations produced by the stochastic
motion of the particles in quasi-stable plasmas.

In this work, we analyze the properties of the TIEF
propagating along a background magnetic field in solar
wind (and magnetospheric) like plasmas composed of elec-
trons and protons. Particular emphasis will be placed on
the spectrum variation with the particle density and back-
ground magnetic field strength, as combined in the ratio
of the proton plasma and cyclotron frequencies (defined
below), which characterizes the space plasma environment.
2. Theoretical analysis

The TIEF produced in an electron–proton plasma can
be derived directly from the Klimontovich equation
(Schlickeiser and Yoon, 2012) for a given distribution func-
tion of the particle velocities. We will take a slightly differ-
ent approach, as suggested by Navarro et al. (2014), which
generalizes the work of Sitenko (1967) to multi-species ani-
sotropic plasmas. The approach is to introduce the fluctu-
ating current produced by the thermal motion of the
charged particles directly into the Vlasov–Maxwell equa-
tions, that includes the dispersion current, and use ensem-
ble theory to obtain a TIEF amplitude that is independent
of the introduced fluctuating current.

Although the TIEF are usually produced in all direc-
tions, we will consider for simplicity the fluctuations that
propagate along the background magnetic field B ¼ B0ẑ
in an uniform plasma at the proton scales. We can relate

the fluctuating current ~j, generated by the random motion
of the charged particles, with the ensemble averaged
electric field hEðk;xÞi through the Fourier transformed
Maxwell’s equations as

hKEðk;xÞi ¼ 4p
ix

~j: ð1Þ

Here K (to be specified below) is the dispersion tensor
which depends on the equilibrium particle distribution
function F a for species a. When there is no fluctuating cur-
rent, this expression corresponds to the dispersion relation
obtained from linear theory. The ensemble average of the s
component of the fluctuating electric field is given by

hEsi ¼
P

a

R
dxEs f aP

b

R
dxf b

; ð2Þ

where the integral is done over the phase space x. The dis-
tribution function of species a; f a, depends on the energy
of the system H. The ‘ component of the fluctuating cur-
rent ~|‘ produces the perturbation 2ixDH‘ðk;xÞ ¼
~|‘ E‘ðk;xÞ to the energy, for coordinates ‘ ¼ fx; y; zg, and
a change in the distribution function. After expanding Eq.
(2) to first order in DH‘, we obtain the ensemble averaged
perturbed electric field components, given by

hEsðk;xÞi ¼ ix
X
a;‘

hDH‘ðk;xÞE�
s ðk;xÞið‘Þa ; ð3Þ
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where the asterisk represents a complex conjugate; the dou-
ble sum extends over all species a and coordinates ‘, and

hAið‘Þa ¼
R
dxð@F a=@H‘ÞAP

b

R
dxF b

: ð4Þ

Combining Eqs. (1) and (3) we obtainX
a

hE‘ E�
s ið‘Þa ¼ 8p

ix
K�1

s‘ ; ð5Þ

which needs to be related to the total electric field fluctua-
tions as hEi E�

j i ¼
P

ahEi E�
j ia. Notice that Eq. (5) is written

explicitly in terms of K�1, which produces a continuous
spectrum for x and k, with peaks near the normal modes
defined by the dispersion relation detðKÞ ¼ 0.

For distribution functions of the form F a / e�Ha=kBT a ,
where Ha as the Hamiltonian of species a at equilibrium,
it is easy to evaluate hEi E�

j ia, since the derivative with

respect to Ha essentially produces �F a=kBT a. Here we
consider a neutral electron–proton plasma, described by a
bi-Maxwellian distribution function for species a
(a ¼ p; e),

F aðv?; vkÞ ¼ 1

p3=2u2?auka
exp � v2?

u2?a

� ðvk � U aÞ2
u2ka

" #
; ð6Þ

where u2ka ¼ 2kBT ka=ma and u2?a ¼ 2kBT?a=ma are the

square of the thermal speeds; kB is the Boltzmann constant;
and U a is the drift speed. Following Navarro et al. (2014),
we can relate the electric field fluctuations

1

8p
hjE‘j2i ¼

X
a

1

x
kBT ‘a

k‘
Im

4pvðaÞ‘

K‘

" #
; ð7Þ

for ‘ ¼ f�; kg, to the magnetic and density fluctuations
through Maxwell’s equations to obtain

hjB�j2i ¼
c2k2k
x2

hjE�j2i; ð8Þ

hjqj2i ¼ kk
4p

� �2

hjEkj2i: ð9Þ

Here B� ¼ ðBx � iByÞ=2 represents the right-handed
(left-handed) polarized magnetic field, na (ne ¼ np � n) is

the density of the species; xpa ¼ ð4pnaq2a=maÞ1=2 and
Xca ¼ qaB0=mac are the plasma and cyclotron frequencies

of species a, respectively; k� ¼ 1� c2k2k=x
2 and kk ¼ 1,

respectively; and qa (qp ¼ �qe) is the charge of species a.
K� and Kzz are the transverse and longitudinal (with respect
to the background magnetic field) elements of the
dispersion tensor for waves propagating parallel to the
background magnetic field, given by

K� ¼ k� þ 4p
X
a

vðaÞ� ; ð10Þ

Kk ¼ kk þ 4p
X
a

vðaÞk : ð11Þ
The transverse vðaÞ� and longitudinal vðaÞk elements of the

susceptibility of species a are given by Swanson (1989), Stix
(1992), and Gomberoff et al. (2004)

vðaÞ� ¼ x2
pa

4px2
ð1þ AaÞ þ nð0Þa þ ð1þ AaÞnð�Þ

a

� �
Z nð�Þ

a

� �h i
; ð12Þ

vðaÞk ¼ x2
pa

2pk2ku
2
ka

1þ nð0Þa Z nð0Þa

� �h i
; ð13Þ

where Aa ¼ u2?a=u
2
ka is a measure of the thermal anisotropy,

nðrÞa ¼ ðx� kkU a þ rXaÞ=ðkkukaÞ, r ¼ f0;�g, and ZðnÞ is
the usual plasma dispersion function defined by Fried
and Conte (1961). Hence, the magnetic and density fluctu-
ations in magnetized plasmas depend on the dispersion ten-
sor, which in turn depends on the macroscopic properties
of the plasma.

For the case of electron–proton plasmas, it becomes use-
ful to define the plasma bk as

b ¼ bk ¼ 8pn
T k
B2
0

;

and the proton anisotropy as A ¼ T?=T k, where n is the
particle number density, assumed equal for electrons and
protons; and B0 is the magnitude of the background field.
It is convenient to define the normalized parameter

xpp

Xc
;

that characterizes the different space physics environments,
and can affect the continuum spectrum produced by these
fluctuations, which in turn may be used to understand
the relevance of these processes occurring in a specific
plasma environment. We consider a plasma composed of
anisotropic non-drifting (U a ¼ 0) protons and electrons.
We also assume, for simplicity, that the electron parallel
temperature equals that of the protons (T ke ¼ T kp). We
take the proton-to-electron mass ratio mp=me ¼ 1836 and

first consider xpp=Xc ¼ 104.

In Fig. 1(left) we show the spectrum nXchjB j2i=B2
0 pro-

duced by a solar wind type of plasma with A ¼ 1 and
bk ¼ 1, for which the system is quasi-stable, as we will

see below. The frequency has been normalized by Xc and
the wave numbers by xpp=c. We note that the fluctuations
produce a continuum spectrum, and can occupy a relevant
part of the Fourier spectrum even in absence of free-energy
for plasma instabilities. We also plot, as a reference, the
normal modes of the system that are defined by
detK ¼ 0, where we clearly see the Alfvén and cyclotron
modes. Hence, theory and simulations produce quite simi-
lar results.

We can compare the result of Fig. 1(left) with an hybrid
code (Terasawa et al., 1986; Navarro et al., 2014) that
treats ions as particles and electrons as a massless charged
neutralizing fluid. The code considers a 1D simulation box
with 1024 grid cells, each containing 1000 particles, a sys-
tem length of 251:3c=xpp, and a time step of XcDt ¼ 0:02.
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Fig. 1. The normalized spontaneous fluctuations spectra nXchjB j2i=B2
0 in the frequency and wavelength Fourier domain. Comparison between theory

(left) and a hybrid simulation (right). We use a logarithmic (base 10) color coding, normalized to the maximum value for each case. The parameters are
A ¼ 1:0 and bk ¼ 1. We use xpp=Xc ¼ 104. The white lines corresponds to the normal modes of the system and the two less damped higher-order modes
(HOM).
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The boundary conditions are periodic for both particles
and fields, and protons are loaded as a bi-Maxwellian dis-
tribution at Xct ¼ 0. The simulation is constructed so that
the parameters are equivalent to A ¼ 1 and bk ¼ 1. In

Fig. 1(right) we display the spectrum from the simulation
showing a close similarity with Fig. 1(left). The circularly
polarized waves also become apparent in the simulation.
The magnetic fluctuations are enhanced near the Alfvén-
cyclotron mode, due to the denominator in Eq. (7), and
they quickly lose their importance relative to the fluctua-
tions for large values of kk.

To have a more global view of the relevance of thermally
induced fluctuations, we define the total fluctuating mag-
netic energy density as

W � ¼ 1

8p

Z 1

�1

Z 1

�1
dkkdxhjB�j2i; ð14Þ

and plot ðnc=xppB2
0ÞW in the beta-anisotropy diagram

(Fig. 2). We have restricted the calculation to regions far
from the Alfvén cyclotron or firehose instabilities, so that
we can claim that the plasma is close to a quasi-stable state.
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Fig. 2. Total fluctuating magnetic energy ðnc=xppB2
0ÞW over the bk � A

plane as predicted by the theory. We use a logarithmic (base 10) color
coding, normalized to the maximum value for each case. This Fig-
ure should be compared with the Fig. 1a of Bale et al. (2009). Although we
can compute the total fluctuating magnetic energy for any value of bk and
A, we have restricted ourselves to A > b�1=3

k =10 and A < b1=3
k =10, where we

do have solar wind measurements (see below).
This is done by calculating numerically the threshold value
for instability through the dispersion relation and setting

Imðxmax=XcÞ ¼ 10�3. Although we can compute the total
fluctuating magnetic energy for any value of bk and A,

we have restricted ourselves to values for which there is
solar wind data (see below) in the low bk regime.

The magnetic energy is clearly enhanced near the insta-
bility thresholds, and its features are similar to solar wind
observations near 1 AU, as reported in Fig. 1b of Bale
et al. (2009). Hence the TIEF provides an alternative expla-
nation to the observed magnetic variations in the solar
wind (Navarro et al., 2014).
3. Variation with xpp=Xc

It is customary to organize the solar wind observations
data in a beta-anisotropy diagram, as displayed in Fig. 3
(left), where we display the event probability distribution
function P ðb;AÞ, namely the number of solar wind observa-
tions for a given value of the proton b and proton A, mea-
sured by the Wind satellite (SWE 92-s) with a 1.5 min
resolution for the year 2010, as obtained from the OMNI
web page. In general for this period of time the satellite
is at least 150 Earth radii in front of the Earth to reduce
the effect of ion foreshocks, etc. The event probability is
shown on a logarithmic scale in b and A with a bin size
of 0:1 to ensure a good sampling for large and small
parameter values, but properly accounting for the Jacobian
of the transformation, so that P ðb;AÞ is really the event
probability distribution function, but displayed in a loga-
rithmic scale. Similarly, we display in Fig. 3(right) the aver-
age value over a given b� A bin of the ratio xpp=Xc which
characterizes the particular space plasma environment. For
solar wind plasma, we can see a clear 2.5-order of magni-

tude variation (103 6 xpp=Xc 6 105:5) depending on the
value b and A, but increasing with b. As a reference in
the magnetosphere xpp=Xc can reach values close to 100.

In Fig. 4 we construct the fluctuation spectrum hjB j2i,
for A ¼ 0:6 and bk ¼ 0:1, and varying values of the param-

eter xpp=Xc. We can note from Fig. 1 that, for these values



Fig. 3. (Left) Event probability distribution function P ðb;AÞ in the b� A plane. (Right) The average value of xpp=Xc is displayed for each b� A bin using
a logarithmic color scale.

Fig. 4. Continuum fluctuation spectrum nXchjB j2i=B2
0 in the b� A diagram for (top-left) xpp=Xc ¼ 103, (top-right) xpp=Xc ¼ 102, (bottom-left)

xpp=Xc ¼ 101, and (bottom-right) xpp=Xc ¼ 0:9�1. The parameters are A ¼ 0:6 and bk ¼ 0:1. We use a logarithmic (base 10) color coding, normalized to
the maximum value for each case.
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of A and bk, we are considering a quasi-stable situation. In

particular in Fig. 4(top-left) we show the case xpp=Xc ¼ 103

that applies to solar wind type plasmas. The values of x
and k for which K ¼ 0 correspond to normal modes of
the system that are the numerical solutions of the disper-
sion relation for transverse modes. We clearly see the usual
fast/right-handed (third and fourth quadrants) and
Alfvén-cyclotron modes (in the first and second quad-
rants). In the figure we also show a set of heavily damped
modes crossing at x=Xc ¼ 1 known as quasi-modes or
higher-order modes (HOM) (Astudillo, 1996). In general
the damping of these modes increases with kk.

It is interesting to note that in general researchers disre-
gard the HOMs because of their high damping rates, and
concentrate on the undamped or slightly damped normal
modes (Isenberg, 1984; Gomberoff and Elgueta, 1991;
Thorne and Summers, 1991; Summers and Thorne, 1992;
Hellberg and Mace, 2002; Xiao et al., 2007; Yoon et al.,
2010; Mace and Sydora, 2010; Moya et al., 2013,
2014; Esfandyari-Kalejahi and Ebrahimi, 2014). For
bi-Maxwellian plasmas, the HOM seems to constrain, in
some qualitative way, the spectral region where the fluctu-
ations seem to occur. Also, the HOMs structure is sorted
by their damping in the bi-Maxwellian case. The least
damped ones being the modes with frequencies x closest
to Xp and then their damping increases with their slopes.

In Fig. 4(top-right), (bottom-left), and (bottom-right),

we consider the continuum spectrum hjB j2i produced for
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xpp=Xc = 102, 10, and 0.9�1, respectively. The value of

xpp=Xc � 102 corresponds to magnetospheric situations,
and xpp=Xc 6 0:1 may be applicable to astrophysical envi-
ronments with large magnetic fields and low densities. It is
important to mention that we have included these relatively
low values xpp=Xc for completeness, however in these envi-
ronments a treatment based on relativistic dynamics may
be more appropriate (López et al., 2015). In general, it
becomes of interest to note that as we decrease xpp=Xc

the fluctuation spectrum become more relevant close to
some of the HOM modes which interact with the previ-
ously called normal modes.

In Fig. 5 we construct the fluctuation spectrum hjB j2i,
for A ¼ 0:6 and bk ¼ 1:4, and varying values of the param-

eter xpp=Xc, following the same trend as Fig. 4. We can
note in Fig. 1 that, for these values of A and bk, we are con-
sidering a situation that is close to the firehose instability,
and as such it produces a much higher level of fluctuations,
as can be observed in the figures and noted in a number of
references (Lund et al., 1996). It is interesting that as we
decrease xpp=Xc the HOM also begin to interact with the
previously called normal modes, and invade the spectral
region of the fluctuations, specially for large k values.
4. Summary

Solar wind plasma are usually organized in the so called
beta-anisotropy diagram, which shows that a large fraction
of the plasma observations seem to be far below the instabil-
ity thresholds, with an observable level of electromagnetic
0

Fig. 5. Continuum fluctuation spectrum nXchjB j2i=B2
0 in the b� A diagram fo

xpp=Xc ¼ 0:9�1. The parameters are A ¼ 0:6 and bk ¼ 1:4. We use a logarithm
fluctuations. These fluctuations cannot be easily explained
by linear theory due to the finite damping rate. Following
Navarro et al. (2014), we propose that the fluctuations are
produced by the balance between the electromagnetic fields
generated by the thermal motion of the charged particles,
which is consistent with the temperatures that define the
particle distribution function; and the dissipation of the
quasi-stable plasma. We have used the theory proposed
by Navarro et al. (2014), constructed from the fluctua-
tion–dissipation framework, to estimate the TIMF that
would be produced in these anisotropic solar wind plasmas
under quasi-stable conditions. This theory goes beyond lin-
ear theory and provides a possible explanation for the
observed fluctuations, as seen in Fig. 2, which should be
compared with Fig. 1a of Bale et al. (2009). The quasi-
stable condition is defined for plasmas that have a small

instability growth rate (< 10�3), as compared with the other
time scale of the system.

Although, the thermally induced fluctuations in a
proton-electron plasma at the proton scale is normally
characterized by bk and the anisotropy A, there is a third

parameter, namely xpp=Xc, that characterizes a particular
space plasma environment. We have shown that the contin-
uum spectrum of fluctuations change as we decrease
xpp=Xc, strengthening the fluctuations close to the HOMs.
The effect is more striking for a parameter range that may
be more applicable to magnetospheric and astrophysics sit-
uations with large magnetic fields and low densities. We
have included these relatively low values of xpp=Xc for
completeness. Furthermore, it is important to mention that
usually xpp=Xc � 1 appears in astrophysical settings
r (top-right) xpp=Xc ¼ 102, (bottom-left) xpp=Xc ¼ 10, and (bottom-right)
ic (base 10) color coding, normalized to the maximum value for each case.
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(López et al., 2015) where a relativistic treatment, with rel-
ativistic particle distribution functions, may be more
appropriate.

The TIEF generally increase with b and become stron-
ger as we get close to the instability threshold, as observed
by comparing Figs. 4 and 5. Of course, beyond the instabil-
ity threshold, the quasi-stable hypothesis breaks down and
the theory cannot be applied, but under these conditions
the plasma will evolve until it reaches a quasi-stable situa-
tion, if it is not forced. Of course, a large fraction of the
solar wind observations are below the instability thresholds
where the restrictions of quasi-stability, and hence the fluc-
tuation–dissipation results, apply.
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