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The vector p = (py : J C I) is a probability vector, uy and pje are the marginals of p
on [[;,c;Ai and [, ;c A; respectively, and ® means that these marginals are combined
in an independent way.

The analysis of = should give an insight in the study of the genetic composition of
population under recombination. Genetic information is encoded in terms of sequences
of symbols indexed by a finite set of sites. In the process of recombination the children
sequences are derived from two parents, a subset of sites (J) is encoded with the maternal
symbols and the complementary set (J€) is encoded with the paternal symbols. The
above equation expresses that the pair of sets (J, J¢) constitute a probabilistic object
distributed according to p. By taking p; + pje as the weight of the binary partition
{J, J¢} we can always consider binary partitions instead of sets.

The evolution (Z™[u]) has been mainly studied in the context of single cross-overs,
that is where I = {1, .., K'} and the pairs of sets (J, J¢) are of the form J = {i: i < j},
J¢={i:i>j}. This evolution was introduced by H. Geiringer [11], and firstly solved
in the continuous-time case by E. Baake and M. Baake [2], where it is also supplied
an important corpus of ideas and techniques to study the discrete-time evolution. More
detailed discussions on some of the pioneering works, comments on other significant
results, including [6,9,10], as well as the interpretation of the above equation in a broader
perspective of recombination in population genetics, can be found in the introductory
sections of references [2,4,5] and [15,16].

When studying single cross-over recombination, one the main objectives in [15] and
[4] is to express the iterated =Z"[u] in a simple form which allows its dynamics to be
understood. The main tools are Mobius inversion formulae, and commutation relations
between = and recombinators, which are idempotent operators that commute, so act as
projectors. In my view, some of the main results in this body of works are:

— Theorem 1 in [4] and Proposition 3.3 in [15], that supply a one step recursive decom-
position for Z™ in terms of the recombinators and give an expression of Z"[u| serving
to the analysis of the convergence of Z"[u] to the distribution @) ;cp- pt.7, where D*
is the partition whose atoms are the nonempty intersections of the sets J, J¢ with
p(J) > 0;

— the construction of a Markov chain by following the ancestry of the genetic material
of a selected individual from a population; and Theorem 3 in [4], which states a
relation between (") and the Markov chain.

Recently, in [5], the continuous-time evolution was studied in a framework of general
partitions other than the binary partitions {J, J} considered in [2,4] and [15]. It cor-
responds to study the evolution of the following transformation Z acting on the set of
probability measures y on a product measurable space [ ], A;,
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Here G is a set of partitions of the finite set I, p = (ps : 6 € G) is a strictly positive

probability vector, p; is the marginal of p on [[,.; Ai, and @ ;csp is the product

icJ
measure. Its evolution was recently studied in [3].

We state our results in this general setting. The analysis is done by successive refine-
ments of the partitions in G, and a key element turns out to be the partition DY which
is the common refinement of all the partitions in G.

In Proposition 3.2 in Section 3 we associate to the evolution (") a Markov chain
(Y,,), whose transition probabilities starting from the coarsest partition {I} give the
decomposition Z"[u] = > ;P(Y,, = 0) ®xes . The Markov chain can be seen as a
random walk on the set of partitions with respect to operation refinement, and with the
one-step transition law p. This Markov chain converges to DY, then ® xcpo px should be
the genetic composition that one observes after a long period of time (when considering
only recombination). One of our aims is to understand the geometric decay of the chain
to this limit.

The main result of this work is Theorem 4.1 shown in Section 4. There, we study in
detail the geometric decay of the Markov chain (Y},), in particular, we show that the
geometric decay rate is 7 = max{Ps;s : § # DY}. In this theorem the quasi-stationary
behavior of the chain (Y,) conditioned on not hitting the limit point ® jep(gyp.s is also
studied. We recall that quasi-stationarity gives very precise information on the deviations
of the behavior from the limit measure ® jcpopy. We describe the limiting conditional
behavior of the chain and we state a ratio limit of the probabilities of not hitting the limit
point. This ratio limit allows us to construct the @-chain, which is the chain that never
hits DY, this is done in Corollary 4.4. We also show that the partitions §* satisfying
Ps« s« = n, are the limit points of the ()-chain. Hence, the laws ®ges-ptx are the
candidates to be the genetic composition of a population after a long period of time but
when the limit ® xcpo itk has not been attained.

We emphasize that our results on quasi-stationarity are not a consequence of any
already published result in the literature of quasi-stationarity because the Markov chain
(Y,,) is not irreducible on the class of non-absorbing states, so we are not able to use
the Perron—Frobenius theory. All these results presented here require entirely new com-
putations. Quasi-stationary distributions for finite Markov chains were studied in [8].
In population dynamics quasi-stationarity have been studied mostly in relation to pop-
ulation extinction, see for instance Section 2.6 in [12], and [14,7] for a wide ranging
bibliography on the subject. We note that in this work, the absorbing state is not the
empty population as happens when studying extinction phenomena.

In Section 2 we fix notation on partitions. In Section 3 we introduce the Markov chain
on partitions and in Section 4 we state our main results. Examples containing explicit
computations are developed in these sections.
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2. The recombination transformation
2.1. Partitions

Let us fix some notation on partitions on finite sets. Let I be a nonempty finite set.
A partition § of I is a collection of nonempty and pairwise disjoint sets that cover I. Any
of the sets L belonging to the partition 6 = {L : L € §} is called an atom of §. We note
by S(I) the family of partitions of I.

For 4,8’ € S(I), ¢’ is said to be finer than 0 or § is coarser than ¢’, we note § < ¢’,
if every atom of ¢’ is contained in an atom of §, this is an order relation. The finest
partition is {{i} : ¢ € I'}, and the coarsest one is the trivial partition {I} having a single
atom. The common refinement between two partitions 4, " € S(I) is noted by 0 vV ¢’ and
its atoms are the nonempty elements of the family of sets {LNL : L € §,L’ € §'}. The
operation V is commutative, associative and {I} is its unit element because {I}V § =46
for all § € S(I). One has § < ¢’ if and only if § V&' = ¢'.

Let G be a nonempty family of partitions of I. We will associate to it the following
sequence of families of partitions, which are the consecutive refinements with G,

Vn>1: G"'=Gg"vG={DVvé:6€G",Deg}

Since every § € G™ satisfies DV § = § for some element D € G, we have G"* C G*+! for
all n > 1. This sequence stabilizes in a finite number of steps, that is there exists ng > 1
such that Gtk = gno for all k > 0. Let

gr=|Jgr=gm.

n>0

Denote by DY the partition which is the common refinement of all the partitions in G,
this is written

Dg:\/D.

Deg

It is the finest partition in G, so § < DY for all § € Gt. The atoms of DY are the
nonempty intersections (\pcg Lp, where (Lp : D € G) varies over all the sequences of
atoms of the partitions in G.

Remark 2.1. DY is the unique element in G that satisfies D9 vV D = DY for all D € G.
Moreover, it also holds DYV § = DY for all § € G*. That is, DY is an absorbing element
in (GF,V).

Example. Let I = {1,2,3,4} and take G = {§',6%,8%} with §' = {{I}}, 6% =
{{1,2},{3,4}}, 0° = {{1,3},{2,4}}. Then, G2 =GV G = {6F Vv : k1 =1,2,3} We
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have 6%V &% = 6% for k = 1,2, 3; 61 vé* = 6% for k = 2,3; and 62§63 = {{i} : i € I} = DY
(for instance {3} = {3,4} N {1,3}). Then, G* = G2 = GU {DY}, so the sequence (G")
stabilize at ng = 2. O

Note that the trivial partition {I} belongs to G* only when {I} € G. Since we will
require to consider {I}, we introduce

Go =g u {1t}

and so G = G" only when {I} € G.
Let us define the following relation,

V6,6 €Gf 1 58 & [3DeG:8 =5V, (1)

when this happens we say that ¢ is connected to ¢’. By definition, 6 — ¢’ implies § < ¢'.
Since for every § € G1 there exists D € G such that § VD = §, we get

V6egGt: §—0. (2)
On the other hand for § = {I} we have
{I} 6§ <6 eg.

In particular, {I} — {I} if and only if {I} € G.

A path between § € G and ¢’ € GV is a sequence (6, : k = 1,..,7) in G with r > 2,
such that 6; = §, 6, = ¢ and 6 — Oy for kK = 1,..,7 — 1. When there exists a path
between ¢ and ¢’ one says that ¢ attains ¢’. Obviously, if § attains 6’ then § < ¢’. Notice
that {I} attains all 6 € G*. We have that,

[(5k :k=1,.,r)is a path,d6; = 6T] = [(Sk =0,k=1, ..,r]. (3)
In other words, G endowed with the relation [§ — &', 6 # ] has no cycles.
2.2. Product probability spaces

Let us introduce a product measurable space and the set of probability measures on
it. Let (A, Bi), i € I, be a finite collection of measurable spaces and let [[,.; .A; be a
product space endowed with the product o-field ®;c;B;. When all the A; are equal we
note A; = A, so [[,o; A = A’

Denote by Py the set of probability measures on ([];c; Ai, ®ie1B;). Let J C I and
Py be the set of probability measures on (][, ; Ai, ®icsB;). The marginal py € Py of
€ Py on J is given by,
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VC € @iesBi: ps(C)=p(Cx J] A).

i€Je

For J = I we have ur = p, and we put gy = 1 to get consistency in all the relations
where it will appear, in particular in product measures.

Let JJKCI, JNK =0.For uy € Py, ux € Pk, we denote by p; ® pux its product
measure. We have that ® is commutative and associative, iy = 1 is the unit element, and
® is stable under restriction, that is, for all J, K, M C I with JNK =@ and M C JUK,

(g @ pr)M = pinm @ KAM- (4)

Remark 2.2. All the results of this work will be proven for product probability spaces
(ILics Xi, ®icrBi, p) with I finite, but with no restriction on the finite collection
(X4, B;) : i € I) of measurable spaces.

Remark 2.3. In our results it is not required that the operation ® is the product between
probability measures. As it can be checked, the results can be extended to any operation
® that satisfies commutativity, associativity, pug = 1 and stability under restriction (4).

2.3. The transformation

In the sequel we fix p = (ps : 6 € S(I)) a probability vector on the set of partitions, so
ps = 0for 6 € S(I) and Y 5cpy ps = 1. From now on, we note by G = {6 € S(I) : ps > 0}
the support of p.

Definition 2.4. Define the following transformation = : P; — Py,

Epl =Y o @us. O

Deg JeD

The common refinement of partitions in G is DY = \/ seg 0- We claim that

"= ® pr, is a fixed point for Z: Z[u] = p.
LeD¢

In fact, we have D9 = DI VD for all D € G, 50 f1y = ®@pepo.pcypr for all J € D. Then,
=@ jcpps for all D € G and the claim Z[u] = p is shown.

Remark 2.5. If one redefines I (as the set of atoms of the partition DY) one can always
assume that the atoms of DY are singletons, that is DY = {{i} : i € I}. We will not do
it because there is no substantial gain in notation.

Remark 2.6. For the meaning of Z[u] in population genetics, assume p only gives positive
probability to binary partitions § = {J, J¢}. Suppose the genetic information is encoded
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in terms of sequences of A’, with A finite, and let u be the distribution of this genetic
information in certain population. The maternal and paternal genetic information, are
two random elements of this population that are noted U and V, it is assumed they are
independent. The genetic information of the children is Z with Z; = Uy, Zjc = Ve,
where {J,J¢} is a random binary partition, distributed as p and independent of the
genetic information of the parents U and V. It is straightforward to show that the
distribution of the children genetic information Z, is Z[u].

2.4. Ezxample

Let I ={0,...,4r — 1} be a set of 4r elements, and let A = {A,C,G,T} be the set
of four nucleotides. Assume G = {41, 2}, where

01 ={J,J} with J ={0,..,2r — 1}, J*={2r,..,4r — 1};
8, = {K, K with K = {0,2,..,4r — 2}, K¢ = {1,3,.,4r — 1}.

That is, in J§; the set I is divided into two consecutive half segments, and in &y the set
I is divided into even and odd elements. Each atom in §; and do has 2r elements. We
have DY = 6; Vo = {JNK,JN K J°NK,J°N K} and each of these atoms has r
elements. The atoms of DY are easily described, for instance J¢ N K is constituted by
the even elements between 2r and 4r — 1 inclusive.

Let N = {0,1,..}, and v! and v be two stationary Markov probability measure on AN:
v! with irreducible transition matrix © = (0, : a,b € A) starting from its stationary
vector T = (7, : a € A), and v? with transition matrix ©? starting from 7. Assume
i is the probability measure induced by v! on A*". Then, the marginals p; and p e

! on A?". But the marginals px and pge are

are the probability measure induced by v
the probability measure induced by v? on A2?". Thus, for all L € DY, py, is the induced
probability measure by v? on A”. In the case r = 1, I = {0,1,2,3} has four sites,
DY = {{i} :i € I} and py = 7 for i € I, s0 @peps = 7%, which is a Bernoulli

measure.
3. The Markov chain

Let us introduce some probabilistic elements allowing to get a better insight of the
sequence of transformations (27). Let (€, B,P) be a probability measure and (A; : Q —
G : j > 1) be a sequence of independent and identically distributed random variables
with common law p, so

Vr>1,D1,.,Dr€G: P(A;=Djj=1,...r) =[] rp,
j=1



122 S. Martinez / Advances in Applied Mathematics 91 (2017) 115-136

Let us define the following sequence of random variables (Y, : n > 0). We take Yj a
random variable with values in G; and independent of (A; : j > 1) (for instance Yy = &
a fixed values in G is allowed), and

Y, =Y,V \/Aj for n > 1.
j=0

The sequence (Y,, : n > 0) takes values in g0+, but Y,, takes values in Gt for n > 1. Thus,
in the case {I} ¢ G we can start from Yy = {I}, but Y,, # {I} for n > 1.

From Y,,+1 =Y, VA, +1 with Y,, and A, independent, it is straightforward to show
that (Y, : n > 0) is a Markov chain. By definition its transition matrix P = (Pjs :
5,6 € Gi) is given by

Pg’(s/ = Z PD- (5)
DeG:6vD=4¢’

(Notice that Y s5,cg+ Pss = D peg pp = 1.) The matrix P can be seen as the one of a

random walk in the set go+ with respect to operation V, and with one-step transition law

p (it is a nearest neighbor random walk with respect to the oriented neighbor relation —).
From definition and (1) we get

V6,0 €Gy . Pss >0&0— 6. (6)

For all § € G we have § — § (see (2)), and so P55 > 0. Also note that Pss > 0 implies
§ =< ¢'. From (6) and (3), we get that when the chain (Y},) leaves an state ¢ it does never
return to it. From Remark 2.1 we have D9 v D = DY for all D € G and so

PDQ,DQ = 1

Hence, DY is an absorbing state for the chain (Y,,). Also, Remark 2.1 implies that it is
the unique absorbing point for the chain. Then

V6eGt 04DY: 0< Pss< 1. (7)

Remark 3.1. Since, for all § € GT, there exists a path §; = {I} — ... = §, = 4, this
path has strictly positive probability for the Markov chain.

We claim that Ps s is strictly increasing with —, that is for 6,0’ € G we have
§—=6,048 = Pss < Psr 5. (8)

In fact, if D € G satisfies 6 = 0 V D, then it also satisfies ' = ¢’ VD, and so Pss < Py 4.
Furthermore, there exists Dy € G such that ' = § V Dy, and so §' = §’ V Dy. Since § # &’
we get Py 50 > Ps s+ pp,, then (8) follows.
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By abuse of notation, P denotes below the law starting from Yy = {I} and E denotes
its mean expected value.

Proposition 3.2. Let Yy = {I}. For u € P; define the sequence of (random) probability
measures

vn>0: pM= ®,UL.

LEY,
Then,
=] = Y PV = )@ ur = El"). )
segn Les

Proof. The equality E(u(™) = > segn P(Yy = 0)®Les, pur is straightforward.

Let us prove the first equality in (9), we will make it by an induction argument. We
have Z°[u] = u, P(Yp = {I}) = 1 and P(Yy = ) for 6 # {I}. Then, (9) holds for n = 0.
From G! = G and P(Y; = 0) = ps for § € G, we get that (9) holds for n = 1.

Assume the statement is satisfied for n > 1, let us show it for n + 1. We have

=) = ) = 3 P(Ya = 8) (R Sl

segn Keé
=D PYa=6)Q(D rp Q@ ur)x
segn Keé Deg LeD
= Z P(Y, = 9) ®(Z pD ® HLNK) (10)
segn Kes Deg LeD
=Y > P(Yu =3 Q) Q) prnx
5€Gn Deg Ke5 LeD
= Z ZP(Yn =0)pp ® HLAK -
6egGn Deg LNKeDVS

We used pg = 1 when the atoms are empty, and for stating (10) we used (4). Since
DV 6 €G! when 6 € G" and D € G, we get the decomposition,

B = ) (Z > IP(KF&)pD)@uL

8’egntt \oegn DeG:DVé=d’ Led!

= Z P(Yyt1=19") ® KL -

5/egn+1 LEé/

Hence, the result is shown. O



124 S. Martinez / Advances in Applied Mathematics 91 (2017) 115-136

4. Quasi-stationary behavior

Let us denote by Ps the law of (Y;,) starting from Yy = § and by Es the mean expected
value associated to Ps. As before, P =Py and E = Pyy,.

4.1. Hitting times
Let us define the hitting times,
VBCGf: (p=inf{n>0:Y, € B}.

For a partition d € G we put (5 = Cgsy the first time the chain hits 6. For § = {I} we
have P({;;; = 0) = 1. The random time for hitting DY is noted,

(=C(ps=inf{n>0:Y, :Dg}.

Since DY is an absorbing point, then Yy, = DY for all n > 0. So, recalling the notation
g ¢+ g

P = ey, hics we have pl) = @ o pur, for n > 0.
When G = {6*} is a singleton we get

Vn>1: E'[u =Eu] = Q) ne-
Leé~

Then, the evolution is trivial. Hence, in the sequel we assume
|G| > 2. (11)

Our main result, which is stated and proven in next section, only requires (11) as
unique hypothesis. This result examine ratio limits between quantities of the type
P(¢ > n,Y,, € B). In the case G = {{I},0} with & # {I} the results and computa-
tions turn out to be trivial because DY = 6, P({ > n,Y,, = {I}) =P(¢ > n) = P - The
case G = {{I}, 4,6’} with 4,9’ # {I} will be developed in Section 4.5.

4.2. The main result

Before stating the Theorem, let us introduce the set of points connected to DY which
are different from it,

r={6ecGf:0—D%3s+DY}. (12)

This set is nonempty and its shapes can vary drastically with G, for instance if DY € G
then I' = G \ {DY}.



S. Martinez / Advances in Applied Mathematics 91 (2017) 115-136

Theorem 4.1. Assume |G| > 2. Then,
P < o0)=1.
Define
n=max{Pss:0€G,0 #D%} and F={5€G": Pss5=n}

Then, n € (0,1), 0 # F CT and P({r < o) > 0.
The geometric rate of decay of P(¢ > n) is n, and satisfies,

lim n "P({ >n) = ILm n "P((>nY,eF)=E (niCF, (F < 00) € (0,00).

n—oo

Let
Go =G \{DY} and P* = (P54 : 6,8’ € G}).
The quasi-limiting distribution on G is given by,

E (n7%, {5 < 00)
E(ﬂ{f’ C]: < OO)’
Vo e gy \F: li_}rn P(Y,=0|¢C>n)=0.

Vo€ F: lim P(Y, =6|¢>n)=

The following ratio limit relation is satisfied,

v v Ps((>n)  Es(n 7, (F < o0)
Vo e Gy : nh_>néo P> B0 .ir<o0)

Both ratios vanish only when Ps(Cr < co) = 0. The vector
= (ps: 0 €Gy) given by g5 = Es(n™", (r < 0),

is a right eigenvector of P* with eigenvalue n (note that oy = 1).

125

(13)

(14)

(15)

(16)

(17)

Proof. From hypothesis (11) we have G*\ {D9} # (), then F # () and (7) gives € (0, 1).

We have

VoeF: Pss+ Psps=1.

(18)

In fact, let § € F and Pss5 > 0 for § different from ¢ and DY. Then, (7) implies
n = Pss < Ps 5 which contradicts the definition of 0, so Ps s = 0 for all &' ¢ FU{DY}.

Let us now prove F C T'. By hypothesis, G is not a singleton so G # {D9}, which
implies F # (). Since every 0 € F satisfies P55 < 1, from (18) we deduce Psps > 0, so

6 el.
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From (6), relation (18) can be written,
VéeF: 66 e [0=6ord =D
Define,
Bo =max{Pss:0€Gi,0 #DY,6¢ F}, (19)
where we put 8y = 0 if G = F U {D9}. Let us prove
Bo <. (20)
This is trivial if G = F U {DY}. When G # F U {DY}, by definition of F we have
Pss <nforalld € Gf\ (FU{D%}),so (20) holds.
Let us show (13). As already noted, when (Y;,) exits from some state it does never
return to it. This fact together with inequality Pss < 1 for § # DY, give
V6 €G,0#£ DY P(#{n:Y, =06} <o0)=1.
So, since DY is an absorbing state for (Y,,), we get (13): P(¢ < o0) = P(3n : Y, =
DY) = 1.
On the other hand, the existence of paths from {I} to F with strictly positive prob-
ability gives P(Cr < o) > 0.
Let us now turn to the proof of relations (14), (15) and (16). From (18) we get,
V& e F,n>0: Ps(Y,=06)=Ps(Vj <nY; =06")=n".
We have
P¢(>n)=P(>nY, ¢ F)+P(>nY, €F). (21)
Since every ¢ € GV is attained from {I}, we obtain the existence of ky > 1 such that

Vé*eF: P(Cs < ko) >0.

Define a(F) := min{P (s~ < ko) : 0* € F}, so a(F) > 0. From the Markov property we
get for all 0* € F,

ko ko

P(¢>n) > Y PGy =4,¢>n) =Y PG =5)Ps (¢ >n—j) (22)
j=1 j=1
ko ko

> S P(Ge = 5)Ps (Yoo = 87) 2 Y P(Gee = )00 > alF)

=1 j=1
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To analyze the first term at the right hand side of equality (21), it will useful to prove
the following result involving the quantity Sy defined in (19).

Lemma 4.2. We have,
V0 >03C" =C'(0):¥n >0, P(Vj<n:Y; ¢ FU{DI}) <C'(Bo+0)". (23)

Proof of Lemma 4.2. Let U = G \ (FU{DY}). Since Y; € GT when j > 1, the result is
trivial if G\ (FU{DY}) = . So, assume this last set is nonempty, in particular U # ().
Fix 01 = {I}. For every s > 2 consider the following family of paths,

CU,s)={(01,.,05) €eU®:¥r <s—1, 6, = dy41 and 6, # dr41}.

So, Ps, 5,., >0forallr=1,..,5s—1, see (6). We have

r4+1

P(Vj<n:Y;elU)

s—1
- Z Z H Ps. 5,41 Z Pff,ér

522 (81,..,6,)€C(U,s) =1 ke ks 20:5_ kp=n—s

When (61, ..,05) € C(U, s) we have that every 0, with k < s satisfies Pj, 5, < fo. On the
other hand,

#{(k1, .., ks): Vr <s, k. >0; Zkrzn—s}: <n—1>.

S
r=1

Then,

s—1
P(Vj<n:Y;eU)<y <”; 1) n—s > I P56

822 (617“;55)66([]’5) r=0

Since a path (d1,..,05) € C(U, s) necessarily satisfies s < |I| (because the elements §,
are different and become finer when r increases), we get that C(U, s) # 0 implies s < |I|.
Then, the index s in the sum can be restricted to be smaller than or equal to |I|. So,

||
Z Z H Bs, 5,40 = Z Z H Ps, 5., <0

522 (81,..,65)EC(U,s) =0 2 (81,..,85)EC(U,s) T=0

On the other hand, for 6’ € (0,1) we have

Co(#") = max sup (n a 1) (1 -6 < o0

s<|I| p>1 s
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Then,
P(Vj<n:Y;€U)<Cy-Cy(6)8 My —gyn11,
Hence, by taking 6’ € (0,1) such that 8y/(1 — 0') < By + 6 we get that the constant
C' = (Bo+0) M- Cy(0) < 0
makes the job in (23). O

Continuation with the proof of Theorem /.1.
From (20) we can fix § > 0 such that Sy + 6 < 7. Hence, from (22) and (23) we find

P(Y, ¢ FI¢>n) <C"((Bo+0)/n)" — 0asn— oo,
with C” = C'/a(F). Therefore,
lim P(Y, € F|{>n) =1 (24)
n—oo

Let us examine the second term at the right hand side of equality (21). For every 6* € F

we have
P(§>n7Yn:6*):§:1[E”(C>n,C5*:j)
:Z (Cs+ = 5)Ps-(¢ >n —j)
=i1 (Cs+ = d)m Zﬂ TP((se = 4)
=
Since

P
<P(Wn<j—1:Y,¢FuU{D})<C'(Bo+6)"
and [y + € < n, we get Z °,nP({s+ = j) < oo. Hence,
* . : —-n gk —j .
¥ot € F: lim oy "P(¢ > n,Y, =0 )_Zn P((se = 5) (25)

— ]E (’[7_{5* s C(;* < OO) < Q.
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Now, for * € F we have
(s» <00 = [(F<ooand V& € F\ {6*},{s = o0].

Then, for j finite,

{Gr=it= U & =4}

0*eF

and the union is disjoint. So, 7 1¢r <00 = Dosrer n~%" 1¢,. <00 Hence,

E(n %, (r<o0) = Y E(n %", ¢ < o0) <oo. (26)
o eF

Then, from (25) we deduce
lim n~"P(¢ >n,Y, € F) =E (N7, (r < ). (27)

Therefore, from relations (25) and (27), we get (15). Also (15) and (26) give

1
(T)_Cfa Cf < OO)

SEm ¢ <o) =1,

oeF

> lim P(Y, =3[¢>n) = =
SEF

and so the quasi-limiting distribution (15) is a distribution (there is no loss of mass).
Now, relation (14) is a consequence of relations (24) and (27) because they imply

lim ™ "P({ >n) = 1Lm n "P( >n,Y, €F)

n—oo

=E(n~%",(r < o0) € (0,00).

Let us show (16). First, assume 6 is such that Ps((r < o0) > 0, that is there exists a
path with strictly positive probability from ¢ to some nonempty subset of F. A similar
proof as the one showing (14) gives

lim 7~"Ps(¢ > n) = Es(n~%F,(r < 00) € (0, 00), (28)
so (16) is satisfied. Now, let Ps(Cx < 00) = 0. Then, Es(n~%*,(r < c0) = 0 and in (16)

we have Es(n=%",(r < 00)/E(n~%%,(r < 0c0) = 0. We claim that in this case we also
have 1i_>m Ps(¢ > n)/P(¢ > n) = 0. In fact Ps({r < oo) = 0 implies
n (o)

(Bo +0)""Ps(¢ >n) = (Bo +6)"Ps(¢ > n,(F >n)
= (Bo+0)"P(Vj <n:Y; ¢ (FU{DY}) < cc.

Since li_>m 7 "P(¢ > n) >0 and By + 6 < 1, the claim follows and (16) is shown.
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The last statement to be proven is that ¢ defined in (17) is a right eigenvector of P*
with eigenvalue 7. First take § € F. We have Ps((x = 0) = 1 and so @5 = Es(n™%%,(r <
00) = 1. From (18) and Ps 5 = n we get

(P*e)s= Y.  PssBa(n 7, (r<o0)=Pss=n=1¢s.
§:8'#DY9 55’

Now, let 0 be such that Ps(¢(r < o0) =0, so ¢s = 0. Then P55 > 0 implies Py ((r <
o0) =0 and so (P*p)s =0 =1nys.
Now take § ¢ F with Ps((r < oo0) > 0. From the Markov property we get,

ps =Es(n ", (r<o0)= > Es(n 7, (r<o0,Yr=6)
5.6/ £DY 56"
= Y P 'Es(n e <o0)=n7 (P*9)s.
5.6/ #£DY 56"

Notice that (28) gives @5 € (0,00). Then, the result is shown, and this finishes the proof
of the theorem. O

Remark 4.3. Let R = (R, : k,l € K) be a stochastic matrix defined on a finite set K.
Define the relation

k—=le [Rk7l>0,k7él],

which is the graph of connections defined by R except by loops. Assume that (I, <)
has no cycles and k < [ implies Ry, < R;;. (Note that the matrix P defined on QO+ by
(5) satisfies these properties, this follows from (6), (3) and (8)). One of the referees has
observed that Theorem 4.1 can be extended for the Markov chain defined by a matrix
R that satisfy the above conditions on the graph of connections.

The extension works as follows. Fix some ko € K. Assume Ry, x, # 1. Then, since
there is no cycles, if kg < k1.. < k, is a path then all the points are different, so
r < |K|. Let U(ko) be the set of maximal paths starting from ko (maximal means that
they cannot be extended by a path kg — ki.. — kp < kppq). If kg < k1.. <= k. is one
of these maximal paths, we necessarily have Ry, i, = 1 (in the contrary the path could
be extended), so the terminal points of the maximal paths in U(kg) are absorbing points
for R. Let A(kg) be the set of all the absorbing points that can be attained from kq and
K(ko) be the set of all the points that can be attained from kg and which are not in
A(kg). Then, a similar proof as that of Theorem 4.1 allows to show that

n(ko) = max{Ry : k € K(ko)}

is the geometric decay rate of the hitting time of A(wy) when the Markov chain starts
from kg. Also, in this more general frame, the quasi-limiting behavior and the ratio limit
result can be formulated and proved similarly as in Theorem 4.1,
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4.3. The Q-chain

The results in Theorem 4.1 allow us to describe the @-chain, which in our case is
the Markov chain that avoids the singleton {®cpopr}. The Q-chain was introduced
in [1] for branching processes. Other developments on @-chains, including finite Markov
chains, can be found in [7]. For the next result we recall that G = G; \ {DY}.

Corollary 4.4. For all 6; € G5, i = 1,.., k, the following limit exists
lim P(Y; =6;,i=1,..,5|¢ >n),
n—roo

and it vanishes if some 0; satisfies Ps,((x < 00) = 0.
Denote by O the class of partitions that can attain F, that is

OF = {5 S QS :]P’(;(C]: < OO) > 0}.
Then, the matriz Q = (Qs,s' : 0,8 € Ox) given by

Es (17, (r < 00)

Qs =1"" Pss Es(n, Cr < o0) (29)
is an stochastic matriz on OF, and it is satisfied
j—1
W0 € Op,i=0,.,5:  lim Pg,(Yi=0,i=1,..j|¢>n) = 1] @500 (30)
i=0
So, Q is the transition matriz of the Markov chain that never hits @pcpopir, and
VoeF: Qss=1and¥é€dr\F: Qss <L (31)

That is, the elements in F are the unique absorbing points of the chain Q.

Proof. Let us prove that @ is an stochastic matrix. Let ¢ be the right eigenvector of P*
with eigenvalue 7 given in (17). The component ¢4 vanishes when Ps({r < 0o) = 0. Let
d € O, s0 s > 0. We have Ps 5 =0 if § - ¢’ and

vy _ Ey(nF,¢r <o0) _

ws  Es(ntr,(F < 00)

Ps/ ((x < 00) = 0 implies

Then, since ¢ is a right eigenvector with eigenvalue n we get

-1 Ps —1 ( NPs
E (Q r=1 E Pss =n — | =1.
50 < 00 ®s ) ( ®s >

[a<tor= 8’ €0Fx
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From the Markov property we obtain for n > j,

Péj(c>n—j)

P(Y; =6;,i=1,.,51¢>n)=PY;=0;,i =1,..,J) P> )

Now we use the ratio limit result (16). This limit vanishes if Ps, ((x < o0) = 0 and

it also vanishes when Ps,(( < o0) = 0 for some i < j because Pj, 5, , > 0 implies
Ps,., ((r < o0) = 0. When 6; € O for i =0, .., j, relation (16) gives

lim ]P(;O(Y;* =§;,1 = 17..,j|C > ’I’L)

n—oo

. : \Ps, (¢ >n—j)
= nh_{go]P’éo(E =d;,0 =1, ~-,J)W
= Bs, (Vi = 810 = 1, 5) (32)
Péo

j—1 0

_ -1 0141

= (77 P5L75l+1 ) .
=0 P

In (32) we used lim P(¢ > n—j)/P(¢ > n) = n~7, which is a consequence of (14). Then,
n—oo
relation (30) is proven.
The diagonal terms of @ satisfy

Qs =1"" Pss. (33)

By definition of n we get Qs 5 = 1 for all 6 € F and Q55 < 1 when 6 € 9 \ F. Then,
the result follows. O

Remark 4.5. Hence, once the Q-chain hits one of the states in F it remains in it forever.
So, the partitions in F will be candidates for the points one observes if, after a long
time has elapsed, the chain has not attained DY. From (29), we get Qs,s > 0 implies
Ps 5 > 0. Then, from (6) we find

Qs >0=0—1¢" (34)

On the other hand, from (33) and (8) we get
(6= 086#0] = Q56 < Qo5 (35)
Therefore, from relations (31), (34) and (35), we can apply the techniques developed in
Theorem 4.1 for the @-chain whose set of limit points is F (which is not necessarily a

singleton). From (33), the geometric decay rate of the chain @ to the limit points F is
given by
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7 =max{Qss:0 € dr \F}=n"'max{Pss:6 € dr\ F}

The quasi-limiting behavior and ratio limit results can be stated similarly. Moreover, we
can apply to the chain ) that avoids F the same construction as that used for P and
{D9%} in Corollary 4.4. Obviously we require that d \ F has more than two points in
order that this to be non trivial. This will give another (Q-)chain whose limit points will
compose the set of partitions ¢ in O \ F that maximizes P ;5. This last construction can
be also iterated similarly.

4.4. A class of quasi-stationary distributions

Let us give an explicit class of quasi-stationary distributions, that must be compared
with the irreducible case where there is a unique quasi-stationary distribution.

Let v = (v5 : 6 € G§) be a probability measure on Gj. If necessary, v will be identified
with its extension on QJ with vpg = 0. We say that v is supported by some subset
_C'7 C gg if V(_C’j) = 1. We denote by v/ the row vector associated to v.

Proposition 4.6. Fvery probability measure v on G supported on F satisfies v/ P* = nv/’
and it is a quasi-stationary distribution, that is it satisfies

Vn>1,vegGi: P, (Y,=68|C>n)=us. (36)
Proof. With the above notation and by using (18) we get,
(V'P*)s = Pssvs = nvs,
so V' P* = mv/'. By iteration we find v/ P*™ = n™ /. Note that this is equivalent to
(/ P™)s = B (Y = 6) = P,(¥) <0 Y; = 8) = " v,

Now

P,((>n) =) (VP™)s=n" (Z Va) =n"

SEF SEF
Hence, relation (36) is proven. 0O
4.5. Example
Let 61 = {I} and §2, §° be two different partitions and different from §'. Let p be

the probability vector on the set of partitions such that ps1 > 0, ps2 > 0, pss > 0, and
pst + ps2 + pss = 1. Then G = {62,583} if ps1 = 0 or G = {61,62,6%} if ps1 > 0. The
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partition 6% = 62 v 63 is strictly finer than 82 and 63 because these last partitions are
different. We have DY = 6* and G+ = G U {§}.

Denote a = ps1, b = ps2, ¢ = pss. Then, a+b+c=1,a > 0 and b,c > 0. To write the
matrix P we order the states in the obvious way, identifying k with §* for k = 1,2, 3, 4.
So, the matrix P is

a b c 0

p_ 0 a+b 0 c 7
0 0 atc b
0 0 0 1

because P51 sk = pgr for k = 1,2,3; P52 52 = ps1+ps2, Ps2 54 = pss; and Pss 53 = ps1+pss,
Pss 54 = ps2.

We have T' = {62, 63} because these are the unique partitions § such that § — DY and
§ # DY (see (12)). The geometric decay rate of convergence to DY is ) = max{a+b, a-+c}.
If b > c then F = {62}, if b < ¢ then F = {§2} and when b = ¢, then F = {42, §3}.

Let us assume a > 0 so G = {§1,6%,6%} (the case a = 0 is easier to analyze). The
restriction P* of P to G = {6, 42,83} is the substochastic matrix,

a b c
P'=|0 a+bd 0
0 0 a+c

By induction, the iterates P*™ have the form

a® op Bn
P"=10 (a+d)" 0 ,
0 0 (a+c)"

where o, and (,, satisfy:
Qpy1 = aay, +b(a+b)", a; =band B,+1 =aB, +cla+ )", f1 =c.
This gives a, = 7 /" 'b(a+0)""7 and §, = >7_, a/'e(a +¢)" .
We have
P >n)=a"+an+By=0a"+» a’ " (bla+b)" +clatc)" ).
j=1

Note that a/~1b = P((s52 = j) and @’ ~'c = P((ss = j). Let us assume b = ¢, son = (a+b)
and F = {2,863} (the cases b > c or b < ¢ can be analyzed in a similar way). For k = 2,3
we have
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n n

S PG =4,¢>n)=> abla+b)",

Jj=1 Jj=1

P(Y, = &%)

and so,

S bad T (a + b)n I

j=1
a™ + 2 2?21 al= b(a + b)n—J

P(Y, =6°|¢>n) =

This converges to 1/2 when n — oo because a < a + b.
From (16), the right eigenvector ¢ is given by

Psr (¢ > n)

¢ = (ps1s P52, pg3) with pge = lim. Pr(C o)’ k=123
So, ws1 = 1. Let k = 2,3, from Psx (¢ > n) = (a + b)"™ we get
(a+b)" 1 1

PR a2 b+ b 25 i b(a+ )T 2

J
because a%_b Z;‘io ((#b) = 1. Then the @-matrix is

a/(a+b) b/(2(a+0b)) b/(2(a+Db))
0 1 0
0 0 1

Q

Moreover, in agreement with Proposition 4.6, any vector of the form (0, z, y) is a left
eigenvector of P* with eigenvalue n = a+b. It can be checked that the right eigenvectors
associated to n are of the form (z +y, x, y).
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