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1. Introduction

Most economic models assume that goods are perfectly di-
visible. The rationale behind this assumption might be that the
minimal unit of a good is sufficiently insignificant so that its indi-
visibility can be neglected. Then, one should be able to approximate
an economy with a sufficiently small level of indivisibility of the
goods, by some idealized economy where all goods are perfectly
divisible. Consequently, it would be reasonable to expect that
a competitive equilibrium in this idealized economy should be
an approximation of some competitive outcome of the economy
with indivisible goods. In the case of a finite set of consumers,
Henry (1970) shows that indivisibility of goods may lead to non-
existence of a Walras equilibrium. Shapley and Scarf (1974) show
that even the core may be empty. So the question arises, what
type of competitive outcome of an economy with indivisible goods
would be approximated by a Walras equilibrium of an economy
with perfectly divisible goods?

In order to enable us to address this question, we present a
model where indivisibility is negligible at the level of the overall
economy, but relevant at the individual level. This is achieved by
assuming discrete consumption sets, but a continuum of agents. In
order to facilitate the exchange in such a setting, similar to Dréze
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and Miiller (1980), we add a parameter to the economy provid-
ing wealth, in addition to the value of the initial endowment in
consumption goods. This parameter might be interpreted as fiat
money. It has no intrinsic value whatsoever, since it does not enter
into consumers’ preferences.’

Indivisibility of consumption goods implies that the Walras
demand may fail to be upper hemi-continuous. This leads us to
introduce a regularized notion of demand, called weak demand.
Under the assumptions we consider, the weak demand will always
be an upper hemi-continuous correspondence. In the standard
convex framework with continuous preferences, it would coincide
with the Walras demand at points where the budget set has a
non-empty interior. Based on the weak demand, we will then
define a rationing equilibrium, where the consumers’ demand is
a refinement of the auxiliary weak demand. At a rationing equi-
librium, in order to formulate their demand, consumers will need
in addition to the prices an aggregate knowledge on the demand
supply imbalance in the market summarized by an endogenously

1 In the convex case, when the non-satiation assumption does not necessarily

hold for consumers, or when some prices are fixed, one may establish the existence
of a competitive equilibrium by allowing for the possibility that some agents spend
more than the value of their initial endowment. The corresponding generalization
of the Walras equilibrium is called dividend equilibrium or equilibrium with slack
(see also Aumann and Dréze (1986), Balasko (1982), Makarov (1981) and Mas-Colell
(1992) among others). Kajii (1996) shows that the dividend approach is equivalent
to considering a Walras equilibrium with an additional commodity called fiat
money. If local non-satiation holds and prices are flexible, fiat money is worthless
and we are back in the standard Arrow-Debreu setting. However, if satiation occurs,
fiat money may have a positive price at equilibrium. If a consumer does not want
to spend his entire income on goods, he can spend the remainder on fiat money,
provided that fiat money has a positive price. In our set up, since all goods are
indivisible, local non-satiation cannot hold at any point.
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determined salient cone. This cone indicates the net trade direc-
tions for which rationing can occur. We will then be interested
in the situations where agents only prefer points in their budget
set which would require the execution of a net trade in the cone,
for which rationing can occur. The cone is salient, implying that, if
there exists a somehow excessive demand for a certain net trade
direction, then there occurs no rationing in the exact inverse net
trade direction.

The main result of this paper is the existence of a rationing
equilibrium, with a strictly positive price for fiat money (Theo-
rem 4.1). However, when the consumers’ initial endowment in fiat
money is dispersed, rationing occurs at most for a null set of the
consumers, and then the rationing equilibrium reduces to a Walras
equilibrium. Hence, the present paper also establishes a Walras
equilibrium existence result for the case where all consumption
goods are indivisible. As one can always construct a dispersed ini-
tial endowment in fiat money, our result also implies the existence
of a dividend equilibrium or Walras equilibrium with slack.

The efficiency and core equivalence properties of a rationing
equilibrium are studied in Florig and Rivera (2010). There it is
proven that rationing equilibria satisfy the First and Second Wel-
fare theorems for weak Pareto optimality, and that they coincide
with the rejective core proposed by Konovalov (2005). The asymp-
totic behavior of rationing equilibria when discrete consumption
sets converge to convex sets is studied in Florig and Rivera (2015).

So far, we have not mentioned the vast literature on indivisible
goods, which can be roughly divided into two different approaches.
The first approach follows Shapley and Scarf (1974), who model
a market without perfectly divisible goods, assuming only one
commodity per agent. Under suitable conditions, they prove that
the core of the economy is non-empty and that a competitive
equilibrium exists. Subsequent extensions of their results can be
found in Inoue (2008, 2014), Konishi et al. (2001), Sonmez (1996)
and Wako (1984). For these models, the existence of a competitive
equilibrium depends strongly on the number of agents and/or the
number of indivisible goods existing in the economy.

The second approach follows Henry (1970), and considers an
economy with indivisible commodities, but at least one perfectly
divisible commodity, which might be interpreted as commodity
money (see Bikhchandani and Mamer (1997), Broome (1972), Khan
and Yamazaki (1981), Mas-Colell (1977), Quinzii (1984), van der
Laan et al. (2002); see Bobzin (1998) for a survey). All these contri-
butions suppose that money satisfies overriding desirability, i.e. it
is so desirable by the agents that an adequate amount of money
could replace the consumption of any bundle of indivisible goods.
Under such an assumption they can prove the non-emptiness of
the core and the existence of a Walras equilibrium.

The approach we follow is similar to the one developed
by Dierker (1971), who established the existence of a quasi-
equilibrium for exchange economies without perfectly divisible
consumption goods. However in that approach, agents do not
necessarily receive an individually rational commodity bundle at
a quasi-equilibrium, a drawback that a rationing equilibrium over-
comes.

This paper is organized as follows. Mathematical notations used
throughout this paper are presented in Section 2. The economic
model, as well as the equilibrium notions, are introduced in Sec-
tion 3. Section 4 is devoted to present the equilibrium existence
results. Most of the proofs are established in Appendix A.

2. Mathematical notations

In the following, x* denotes the transpose of x € R™, x - y = x'y
the inner product between x, y € R™, ||x|| the Euclidean norm of x,
and x* = {p € R™ : p - x = 0} is the hyperplane in R™ orthogonal
to x. The origin of R™ is 0p,,, and the closed ball of radius ¢ centered

atx € R™ is denoted by B(x, ¢). Additionally, cl K, int K and conv K
denote, respectively, the closure, interior and the convex hull of
subset K € R™, and the positive hull of K is

N
posK = me,-:mzo, xieK,i=1,...,s,seNy.
i=1

For a couple of sets K;, K;, € R™ & € Randp € R™, we
denote EK; = {éx : x € Ki},p-Ky = {p-x : x € Ky} and
Ki £ K, = {x1 £ % : x; € K1, x; € K}, while the set-difference
between K; and K; is denoted as K; \ K>.

A convex set K of R™ is called a convex cone if 0,, € K and
EK C K for all £ > 0. A convex cone K is said to be salient if
K N —K = {04}. In what follows, C,, stands for the set of salient
cones of R™,

We follow Rockafellar and Wets (1998) to denote

Ny = {NC N: N\ Nis finite} and
N, = {N € N: Nis infinite},

and given {x,}ney a sequence of elements in R™, for N € N¥_ or
N € Ny, we write x,— X to say that the subsequence {x,}en
converges to x € R™; the subset of accumulation points of this
subsequence is denoted by

acc {Xplnen = {x €R™ : IN' C N, N' € Ni, X, —>n X} .

The outer limit of a sequence of subsets {K;},cny of R™, also
known as topological limes superior, is the set

limsupK, = {x e R™ : IN e N}, Ix, € Ky, n € N,

n—oo

with x, >N X} .

The outer limit of a correspondence F : R™ = R" atx € R™ is

limsup F(x) = U lim sup F(xy,). (1)
X—X (n—x} n—oo

The fact that lim sup,_,3F(x) = F(x) is not equivalent to the
upper hemi-continuity of F at x.> However, when F is closed
valued, by Theorem 5.19 in Rockafellar and Wets (1998) it follows
that the equivalence holds under the condition that F is locally
bounded at X, i.e., for some neighborhood V of x the set F(V) C R"
is bounded.

We now remind the integral of a correspondence F : K; = K>,
where K; € R™and K, C R, For the aim of this paper, it suffices to
assume that Ky is a compact set, and that K; is a closed set. Provided
they are non-empty sets, using the standard Lebesgue measure, the
set of Lebesgue integrable functions from K; to Ky is L'(K1, K»), and
the Lebesgue integral of f € L'(Ky, K;) is denoted by le f(t)dt.
Following Aubin and Frankowska (1990), § 8.6, we define

/ F(t)dt = { f()dt - f e LYKy, Ky), f(t) € E(t)
K Ky

forae. t € 1(1} .

3. The model
3.1. The economy and assumptions

By abuse of notation, we denote by L = {1, ..., L} the finite
sets of consumption goods, and let I and | be the finite subset of
consumers and firms, respectively. We assume that each type of

2 In this paper we use the notion of upper hemi-continuity as stated in Hilden-
brand (1974): for every open set O such that F(X) C O there is a neighborhood V of
X such that F(x) € O foreveryx € V.
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agenti € [ and j € J corresponds to a continuum of identical
individuals indexed by compact subsets T; C R, i € I,and T; C
R, j € ], pairwise disjoint. Given that, the subsets of consumers
and firms are respectively denoted by

I= U i and J= U T;.
iel Jjel

The type of producer t € 7 is j(t) € J, and each firm of
type j € ] is characterized by a production set Y; € RL. The
aggregate production set for firms of type j € J is the convex hull
of A(T;)Y;, where A(-) denotes the standard Lebesgue measure in R.
A production plan for a firm t € 7 is denoted by y(t) € Yj:), and
the set of admissible production plans is

Y ={yel'(7,Ug"): y(t) € Yjnae.t e T}.

The type of consumer t € 7 is i(t) € I, and each consumer
of type i € I is characterized by a consumption set X; € Rf, an
initial endowment of resources e; € R! and a strict preference
correspondence P; : X; = X;. A consumption plan of an individual
t € Zis denoted by x(t) € Xj.), and the set of admissible
consumption plans is

X ={x e LY(Z, UieXi) : X(t) € Xy a.e.t € I}.

The total initial resources of the economy ise = >, A(Ti)e; €
RL, and for (i,j) € I x J, 0 > 0 is the consumer of type i's share
in firms of type j. For every j € J, we assume that ), A(T;)6; =
1. In addition, we also assume that each consumer t € Z is
initially endowed with an amount of fiat money m(t) € R, where
m € L(Z, R,.). Note that two consumers of the same type may be
initially endowed with different amounts of fiat money.

An economy € is a collection

& = ({Xi, Py, eitier, {Yiliey» (Okigpery» M. Tikier, {Tiligy) »

and the feasible consumption-production plans of £ are the ele-
ments of

AE) = {(x,y) eXxY: /x(t)dt = / y(t)dt-{—e}. (2)
z J

The following assumptions will be used at different parts in
this paper. In our view, the strongest of the conditions below is
the finiteness of consumption and production sets. Qur existence
results only need a weak survival condition (Assumption S below).
Indeed, as we do not use a strong survival assumption, the interior
of the convex hull of the consumption sets could be an empty set.

Assumption F. For all i € I, and for all j € ], the sets X; and Y; are
finite.

Assumption C. For all i € I, P; is irreflexive and transitive.
Assumption . Foralli € I,e; € convX;—Y_, 6 conv (A(T))Y}) .

Assumption M. The function m : T — R, is bounded and for a.e.
t € Z, m(t) > 0.

Assumption D. ForallM € R, A({t € T : m(t) = M}) = 0.

3.2. Supply, demand and equilibrium concepts

For(p,q) e RE xR, ,K e c;andj €],
mji(p) = MTj) sup p-z, Sj(p) =argmax p -z,

z€Yj zeYj

ai(p. K) = {z € 5i(p) : p # 00 = (¥; — {2})) NK = {0,}},

are respectively, the profit, the Walras and the rationing supply of
type j € J firms.> Observe that, by definition, oj(p, K) < Si(p).
Moreover, when p # 0y, for

Kp)={0)UfzeR :p-z>0}ec, (3)

we have oj(p, K(p)) = Si(p).
The income of consumer ¢ € 7 is denoted by

we(p. q) =P - ey + gm(t) + Y Oiyi(p).
Jjel
and the resulting budget set is

B(p.q) = {€ € Xiy: p- & < wi(p, q)}.
Given that,

di(p. q) = {& € Bu(p. q) : Bi(p. @) N Py (§) = 0},

Di(p,q) = limsup d:(p’,q),
?'.q)~ (p.9)

and

St(p’ q, K) = {é € Dt(pv q) : Pl([)(s) - {f} - K} 5

are, respectively, the Walras, weak and rationing demand for con-
sumert € 7.

Remark 3.1. We observe that, by definition, d;(p, q) € D:(p, q) and
8¢(p, q, K) < D¢(p, q). For p # 0, and the cone given by the relation

in (3), de(p, q) < &:(p, q. K(p)). Moreover, for § € &(p, q. K(p))
such that p - &€ = w¢(p, q), we have & € di(p, q).

Definition 3.1. Given (x,y,p, q) € A() x RE x Ry and K € ¢, we
call

(a) (x,y,Dp,q) a Walras equilibrium with fiat money of &, if for
ae t eZx(t) e d(p,q)andforae. t € 7,y(t) € Sir(p),

(b) (x,y,p, q) a weak equilibrium of &, if for ae. t € Z, x(t) €
D¢(p, q) and fora.e. t € 7, ¥(t) € Sj)(p),

(c) (x,y,p,q,K) a rationing equilibrium of &, if for a.e. t € Z,
x(t) € §:(p, q,K) and for a.e. t € 7, y(t) € o¢(p, K).

Remark 3.2. Note that perfect divisibility of fiat money is not
enough to guarantee that the Walras demand d;(p, q) is upper
hemi-continuous when goods are indivisible. However, when
d:(p, q) is closed valued and locally bounded (which we will en-
sure), its outer regularization D;(p, q) is upper hemi-continuous (cf.
Section 2).

The following proposition is proven in Appendix A. It has im-
portant implications for the relationships among the equilibrium
concepts we have defined.

Proposition 3.1.
(i) Suppose Assumption F holds and qm(t) > O, then

Di(p. q) = {& € B(p. q) - inf {p - Pry(&)}
> wi(p, q), & & convPyy(£)} .

3 Note that in Florig and Rivera (2010), we used the convexity of K, but missed
to state this in the definition of rationing supply and demand. Moreover, here we
define the rationing supply in a less restrictive way than in Florig and Rivera (2010).
However, in the proofs given therein, it is only the property as defined here which
is used.

4 For example, assume ] = ¢4, and suppose that the preference relation is defined
by the utility function u(x, y) = 2x + y, the initial endowmentise = (0, 1), m = 1
and the consumption setis X = {0, 1} x {0, 1}; for (p", ¢") = ((1+1/n, 1), 1/n?) —
(p, q) = ((1, 1), 0) we have that lim,_, . d(p", q") = (0, 1), and d(p, q) = (1, 0). This
implies that the Walras demand correspondence is not upper hemi-continuous at
p=(1,1), g=0.
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(ii) If we further assume that Assumption C holds, then

8:(p, 4, K) = {€ € Bi(p, q) : inf{p - Py (&)}
we(p, q), Pioy(§) — (€} S K} .

We note now that in the standard case of convex consumption
sets, provided the budget set has a non-empty interior and prefer-
ences are continuous, the weak and rationing demand would then
be the standard Walras demand.’

The next example should motivate the introduction of our main
equilibrium concept, and illustrates why the weak equilibrium
might only be viewed as an auxiliary concept. Moreover, this
example shows the important role that fiat money plays in our
framework. We consider a finite set of consumers. Without altering
the conclusions, we could replace each consumer by a continuum
of identical consumers with a constant initial endowment of fiat
money per type and the same Lebesgue measure for each type.

%

Example 3.1. Consider an exchange economy with consumers
indexed by I = {1, 2, 3, 4}, and three goods. For i € I, the
consumption sets are given by X; = {0,1,2,3}>and m; > 0
is the endowment of fiat money for this agent. Preferences and
endowment of resources are given by:

u(x,y,z)=2x+y+z e =(0,1,1
u(x,y,z2)=x+2y+z e, =(1,0,0
us(x,y,z)=x+y+2z e3=(1,0,0
us(x,y,z2)=x+y+2z e;=(1,0,0

On the one hand, if for some m > O and alli € I, m; = m, then
there does not exist a Walras equilibrium.® On the other hand,
when 0 < my4 < ms, there exists a unique Walras equilibrium
(x, p, q) (in terms of the allocation), with

p=(my+my+ms+my)(1,1,1)
+ (0, my, m3) € R, qg=1,

and

x1=1(2,0,0), x, =(0,1,0), x3 =(0,0,1), x4, =(1,0,0). (4)

We note, however, when m, = ms > my there also exists a
weak equilibrium allocation x*, supported by the same price, with
x4 = (2,9, 0),. x5 = (0,0, 1), x3 = (0, 1,0)'ar1d x; = (1,0,0).
A situation like this would be, in a certain sense, “unstable”
with respect to the information available to the consumers. For

5 Furthermore, under general assumptions, Florig and Rivera (2015) show that
weak (and rationing) equilibria converge to standard competitive equilibria, pro-
vided the consumption and production sets converge to convex polyhedral sets.

6 At equilibrium, allocations must be individually rational. At an equilibrium al-
location candidate, each consumer consumes at least one unit of one good, and thus,
by feasibility, one consumer consumes two units. If (x, p, q) is a Walras equilibrium,
then consumers 2, 3, 4 have all the same budget set. Hence, consumers 3 and 4 must
obtain the same level of utility. First, assume that consumer 1 consumes only one
unit. Then, individual rationality imposes x; = (1, 0, 0). In this case, individual 3 (or
4) must be consuming (0, 0, 1), and then 4 (or 3) would need to consume (1, 1, 0)
to attain the same level of utility. Then, feasibility would imply that consumer
2 obtains (1, 0, 0). However, (1, 1, 0) would also need to be within consumer 2’s
budget set - a contradiction. Now, we will differentiate two cases where consumer
1 consumes at equilibrium two units of goods. Case (a): if at equilibrium (0, 0, 1)
were in the budget set of consumer 3 or 4, then the other agent would need to
consume at least (1, 1, 0) so that both obtain the same level of utility at equilibrium.
Then nothing would be left to consume for consumer 2 - a contradiction. Case
(b): at equilibrium, (0, 0, 1) is not in the budget set of consumer 3 or 4. Hence
p1+gm < ps and, since at the equilibrium we have gm > 0, it follows that p; < ps.
In consequence, only consumer 1 can afford good three. However, given the price
system, it would contradict utility maximization if he consumed good three. Thus
Case (b) cannot lead to a Walras equilibrium.

7 In order to verify that (x*, p, q) is a weak equilibrium, note first that x} €
di(p, q) and therefore x; € Dy(p, q). For alle > 0, set p(¢,2) = p + (0, ¢, 0) and
p(e,3) =p+(0,0, ¢). Hence, forall e > 0,x; € da(p(e, 2), q) and X € di(p(e, 3), q)
fori = 3, 4. Therefore, fori = 2, 3, 4 we also have x{ € Di(p, q).

instance, if consumers 2 and 3 knew each other’s preferences and
allocations, they could continue exchanging leading to allocation
X = (X1, X2, X3, X4).

The weak equilibrium (x*, p, q) cannot be supported by a ra-
tioning equilibrium. Indeed, defining

Kix)=1{& —x7 1 & e X;, ui(§) > w(x7)}, i e, (5)

we would need the existence of a salient cone K such that Kj(x}') €
K,foralli € I. However, as 03 # x} —x; € Ky(x5)and —(x —x3) =
(x5 — x3) € K3(x3), it follows that such a cone K cannot be salient.

Using the allocation in (4), the definition in (5) and assuming
that m3 = my, by setting

K(x) = pos (UieKi(x;)) ,

it follows that (x, p, q, K(x)) is a rationing equilibrium.® Note that
foralli € I\ {4}, x; is a maximal element in the budget set, and thus
for those consumers the cone K(x) — which was in fact introduced
in order to define a concept of demand less restrictive than the
Walras demand, but more restrictive than the weak demand-is
somehow irrelevant. Consumer i = 4 could just about afford
x, = (0,0, 1) by selling all his initial endowment in goods and
fiat money. The vector z = x, — x4 = (—1, 0, 1) is in K(x), and we
could think of z, or (z, —my) if we include the amount of money
of consumer i = 4, as a net trade direction (in terms of goods and
paper money) for which consumers might be rationed. In fact, in
the present example it is the only affordable net trade direction in
K(x) which matters here.

Remark 3.3. The salient cone K in the rationing equilibrium defi-
nition will be determined endogenously as part of the equilibrium,
and summarizes the information that each consumer needs to have
in addition to market prices (and their own characteristics) in order
to formulate a demand, leading to a stable economic situation,
in the sense that no further trading can take place making all
participants in a second round of trading strictly better off (see
Florig and Rivera (2010)).° It seems natural to us to impose that
K is a salient cone, since if there is some rationing for a net trade
direction z € R%, say due to some sort of excessive-demand, then
it should be easy to find counterpart for the opposite net trade
direction, —z.

Florig and Rivera (2010) show that the allocation of a ra-
tioning equilibrium (x, p, g, K) of an exchange economy & =
({Xi, Pi, ei}icr, m, {Ti}ier) can be supported as a Walras equilibrium
with an appropriate distribution of fiat money. Building on this,
below we show that x can also be supported by a Walras equilib-
rium with a price system close to that of the rationing equilibrium,
provided the initial distribution in fiat money is perturbed in an
appropriate way.

Proposition 3.2. Let (x, p, q, K), with ¢ > 0, be a rationing equi-
librium of an exchange economy & = ({X;, P;, ei}ic1, m, {Ti}ic1). Then,
forall € > 0 there exists (p., m¢) € R\ {0} x LY(Z, Ry ) such that
(X, pe, q) is a Walras equilibrium of economy £° when m is replaced
by m., with ||p — p.|l < € and

/|m<r) —me)dt < e.
T

8 The cone K(x) is salient, since it is the positive hull of a finite number of points
z € R3 satisfyingp - z > 0.

9 When studying the existence of a Walras equilibrium without transfers, Ham-
mond (2003) uses an exogenous closed convex set containing zero to restrict the
possible trades among consumers. We do not follow this approach because we do
not have ex ante information regarding the directions of trade that we would like
to favor in order to exclude unstable allocations that a weak equilibrium allocation
could produce.
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Proof. By Proposition 1 in Florig and Rivera (2010), x is in the
rejective core (as defined therein) of the exchange economy &.
Then, by proposition 2 in Florig and Rivera (2010), there exists
(p',m) e REN\ {0} x LY(Z,Ry,) such that (x,p’,q = 1)isa
Walras equilibrium with money of the exchange economy £ =
({Xi, Pi, eitier, m', {Ti}ier). For p € 10, 1], let us define p, = up’ +
(1 —u)p,q, =qand

m, = %m’ +(1—pm e LN, R ).

For ae.t € Z and all £ € Pyy(x(t)), it is clear that p - £ >

p- e +gm(t) = p-x(t)and p' - & > p' e + g™ > pl - x(0),
implying that for all u € 10, 1],

m'(t)

pu : ‘i: > P/L N ei(t) + q (M + (] - /,L)Tﬂ(t)) > p/L : X(t)~
Hence, (X, p,., q) is a Walras equilibrium of the exchange economy
& = (X, Pi, eilier, My, {Ti}ier). Finally, as A(Z) is finite, it follows
that for all € > O there exists i € 10, 1] such for all u € ]0, ],
fz |m(t) — m,(t)|dt < e. Moreover, if & > 0 is chosen small
enough, we also have ||p —p, |l < eforallp € 10, n]. O

4. Existence of equilibrium

The existence of a weak equilibrium will be an important build-
ing block to establish our main result, Theorem 4.1 below.

Proposition 4.1. If Assumptions F, C, S and M hold, then there exists
a weak equilibrium for economy &, with a strictly positive price for fiat
money.

The weak equilibrium also leads to the existence of a Walras
equilibrium provided the initial allocation of fiat money is dis-
persed.

Corollary 4.1. If Assumptions F, C, S, M and D hold, then there exists
a Walras equilibrium for economy &, with a strictly positive price for
fiat money.

Proof. Let (x,y,p, q), with ¢ > 0, be a weak equilibrium of &,
which exists by Proposition 4.1. By Proposition 3.1 for a.e. t € Z,
inf{p-Pyry(x(t))} = we(p, q).1f(x, y, p, q) is not a Walras equilibrium
of this economy, there would existi € Iand T/ C T;, with A(T]) > 0,
suchthatforallt € T/, inf{p-Py(x(t))} = w(p, q). By the finiteness
of X;, we can choose T/ such that x(t) is constant on T/. Therefore
there exists £ € X;, such that for all t € T/, & e Pi(x(t)) and
p - & = we(p, q). It follows that

1
m(t) = ks £—p e — Y Oim(p)
jel

is constant on T, contradicting Assumption D. O

Remark 4.1. A dividend equilibrium, or in the terms of Mas-Colell
(1992) a Walras equilibrium with slack, is a Walras equilibrium
with money where the initial distribution of fiat money is not given
a priori as part of the fundamentals of the economy, but rather as
part of the equilibrium specification (Kajii, 1996). Indeed, at a divi-
dend equilibrium, for each agent a parameter of additional income
is determined endogenously. This is equivalent to an endogenous
determination of ¢ > 0 and m e L(Z, R,.,). Since it is always
possible to construct an initial endowment of fiat money which
satisfies assumption D, it follows that Corollary 4.1 implies the
existence of a dividend equilibrium.

The next Theorem uses the two results just established, starting
with a weak equilibrium in order to construct the existence of a
rationing equilibrium through an iterative argument.

Theorem 4.1. If Assumptions F, C, S and M hold, then there exists a
rationing equilibrium for economy &, with a strictly positive price for
fiat money.

Appendix A
A.1. Proof of Proposition 3.1

Proof. For part (i), lett € Z, (p, q) € Rt x R, and

a:(p, q) = {& € Bi(p. q) : inf{p - Py (§)}
> wi(p, q), § & conv Pyy(&)} .
By definition (cf. Section 2)

Di(p.q) = {& € R" : 3N € NX, A(pn. gn) —>n (P, 9),
&, —>n & with &, € di(pa, n)} - (6)

Let& € D(p, q), and let &,, py, g, and N from the identity in (6). For
alln € N, and all X' € Py(&,), one has p, - X' > w(pn, gn) >
Pn - &, and therefore &, ¢ conv Py)(&,). Assumption F implies
trivially that Py has an open graph in Xj) and therefore § ¢
conv Py(&). Moreover, as w; is well defined and continuous in
(p. @), inf{p - Pyt)(&)} = we(p. q), and therefore D(p, q) € a.(p, q).
For the opposite inclusion, let & € a;(p, q). If p - & < w¢(p, q), then
fore > O small enough, £ € di(p, q—¢), and therefore & € D.(p, q).
Thus, assume p - £ = w(p, q). Since & ¢ conv Py(), from the
Hahn-Banach separation theorem (see, for example, Rockafellar
and Wets (1998)), and the finiteness of Py)(&), there exists p € R:
such that inf {p - Py)(§)} > p - £. For & > 0 small enough, define
ps =p+epand
Pe - (& — ei)) — D) Oueyi(Pe)
qe = .
m(t)
Note that lim,_o(ps, q:) = (p, q). Moreover, for small ¢ > 0,
inf {p, - Pio(§)} > P, - € = wi(p., g.) and therefore £ € d((p;. g ),
this leading to & € D¢(p, q).
For part (ii), let K € C; and define

be(p, q,K) = {& € Bi(p, q) : inf{p - Pyy)(€)}
> wi(p, q), Po(€) — (€} S K}

By the definition of weak demand and part (i) of the proposition,
it is clear that §:(p, q, K) < b¢(p, q, K). For the converse inclusion,
let & € bi(p, q, K) and suppose Py1)(€) = {z1, ..., Zn}. By the part
(i) above it is enough to show that & ¢ convP;(£). We proceed
by contraposition to show that result. Let ;; > 0,j = 1,...,m,
A+ -+An = 1suchthat Z;“:]Aiz,- = &.By AssumptionC,m > 1.
Assuming A > 0, it follows that —1(z; —&) = Z;’;zki(zi—;?) ek,
and then —(z; — &) € K. Since z; — £ € K, by the properties of K
we obtain z; — & = 0, a contradiction with Assumption C. Hence,
& ¢ convP(§). O

A.2. Existence of rationing equilibria

The proof of Proposition 4.1, the existence of a weak equilib-
rium, is given in Appendix A.2.2. For this result we need some
technical lemmata provided in Appendix A.2.1. Once these results
are established, the proof of Theorem 4.1, the existence of rationing
equilibrium, is given in Appendix A.2.3.



150 M. Florig, . Rivera / Journal of Mathematical Economics 72 (2017) 145-153

A.2.1. Technical results
The next lemma is a straightforward extension of the well-
known Debreu-Gale-Nikaido lemma.

LemmaA.l. Let ¢ € |0, 1] and ¢ : B(0;, &) = R" be an upper hemi-
continuous correspondence, with nonempty, convex, compact values.
If there exists b > 0 such that for every p € B(0y, €),

sup p-z < b(1—|pl),

zeg(p)
then there exists p € B(0L, €) such that, either (i) 0, € (p) or (ii)
Ipll = € and 3 & € @(p) such that & and p are linearly dependent,
with [|] < b=,

Proof. From the properties of ¢, there is a convex compact subset
K c R! such that ¢(p) C K, p € B(0y, &). Let us now consider the
correspondence F : B(0g, ¢) x K = B(0y, ¢) x K such that

F(p,z)
={qe B0, ¢): Vg € B0, &), q-z>q -z} x ¢(p).

From Kakutani’s Fixed Point Theorem, F has a fixed point, (p, &). If
Ipll < e, then we clearly have that & = 0,.If ||p|| = &, then from
the definition of F, we have that p and £ are linearly dependent (in
case & # 0y, they are collinear). Finally, by the condition over ¢
and standard inequalities, it follows that ||£]| < b 19;8 O

We will use hierarchic prices and lexicographic ordering for
limit arguments similar to Florig (2001). Hereinafter, by conve-
nience regarding the notation, vectors of R™ are supposed to be
columns, and forr € N, [{q, ..., ¥y] € R™ is the matrix with
columns v, ..., ¥, € R™ Forx € R™, [Y,..., ¥ 1% = (Y -
X,..., ¥ - Xt € R, and forK C R™, we set

Wi, V'K = {1, .. ¥ ' x s x €K}

Furthermore, for m € N, the lexicographic order on R™ is denoted
by <jex.'® The maximum and the argmax with respect to this order
are denoted by maxj., and argmax,,,, respectively.

Definition A.1. For a positive integer k < m, a set of orthonormal
vectors {1, ..., ¥} C R™ coupled with sequences &, : N —
Ryy, v € {1,...,k}, is called a lexicographic decomposition of
¥ : N — R™, if there exists N € N7 such that following hold:

(a) forallr e {1,...,k— 1}, &r41(n)/er(n)—>n O,
(b) foralln e N, y(n) = Y¥_ &, ().
In the following, a lexicographic decomposition of ¢ : N — R™
as before is denoted by {{{, & }*_,, N}.
Lemma A.2. Every sequence
lexicographic decomposition.

N — R™\ {0p,} admits a

Proof. By setting /1//\1(n) = ¢(n),n € N, there are y; € R™, with
1]l = 1,and Ny € N, such that

= R
L()—m] Y1 and Yq(n)-yq >0, Vn € Ny
11 (m)ll

Recursively, forr € {1,..., m — 1}, given ¥, € R™, ||[¢|| = 1,

and N, € N*_, we define #" = ;- and we set
Yr1(n) = projyr (Wr(n)) , neN.
10 we recall, for (s,t) € R™ x R™, s < t, if s, > t, forsomer € {1,..., m}

implies that 3p € {1, ..., r — 1} such thats, < t,. We write s<et if s <jex t, but
not t<j,s. Of course, t> s means that s<;.t (similarly for > ).

If there exists N € N, N’ € N, such that ;[f\r_'_l(n) = 0, for
alln € N/, then we set N = N/, otherwise choose N.;; C N,
N1 € Ni, such that

M—m Vr1 €R™ and

(2.

Yrp1(n) - Yrp1 > 0, Vo€ Nigyq,

and define #™t' = 1 .. Therefore, by construction, for each

r+1° Y
r € {1,...,m—1},the subset {/,,1(n) : n € N4} is contained in
a subspace of dimension m — r. Thus, there are k € {1, ..., m} and

N” € Ni,N” C Ny, such that y;1(n) = Op and Yy(n) # Op, on
N”.We set N = N”, and then, by construction, we have that the set
of vectors {1, ..., ¥} is orthonognal. Hence, for alln € N and all
r € {1,...,k}, ¥, is orthogonal to ¥, 1(n), and the following holds
foreachr e {1,...,k—1}:

e ()]l

—N

Ar :Ar + Ar S Vr)Yr =
Yr(n) = Yra(n) + (Yr(n) - Y )i eI

Therefore
() -y = (19 I = 1P (mI?)?

from which we have ¥(n) = Z’r(:rer(”) Yy, with g.(n) = @r(n) .
Y, > 0.Developing ¢,(n), we have

ern(n) _ (Hamcmuz - u%z(n)uz)‘”

Nj—=

&r(n) [9:m)|) = [ Frsam)]
_ B\

_ ||Wr+1(n)H [Frs1(m)||?
(RZLCOL I W 7] ) B

([ ()|

which implies that &, 1(n)/e;(n) >N 0. O

LemmaA.3. Let {{, sr}’r‘zl, N} be a lexicographic decomposition of
Y : N — R™\ {0} and let z € R™. There exists n € N such that for
alln > nwithn € N:

[WL RN} 1pk]tzflex Ok — 1#(") cZ =< 0.

Proof. Forr € {0,1,...,k} weset ¥(r) = [{q, ..., ¥ |"ifr > 0,
and ¥(r) = 0% whenr = 0.Letz € R™ If (k)z = Oy, then
¥(n)-z = 0,n € N. Hence, for the sequel assume ¥(k)z # Oy.
Then, there exists s € {1, ..., k} such that

W(S - 1)2 = Omax(],s—l} and ws z=34 7& 0.
Since

k
Y(n)-z=Y &)y -z,

r=1

we have that

L)z = ay + by,
&s(n)
with
a, = 83(111) ;gr(n)wr -z and
&sy1(1) &r(n)
b” = rC4s
em 2 w7
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and b, = 0 if s = k. By the properties above, foralln € N,a, = §
and b,, converges to 0, which imply that for all large n € N,

8 8]
e V7€ [8 o0t ]

Therefore, on the one hand, if ¥ (k)z <. O, then § < 0 implying
that for all large n € N, ¥(n) - z < 0, and, on the other hand, if
W (k)z>px O, then § > 0 and for all largen € N, ¥(n)-z > 0,
establishing the converse statement of the lemma. O

Lemma A.4. Let Z be a finite subset of R™, and let {{y, Er}r 1> N}
be a lexicographic decomposition of ¥ : N — R™\ {Op,}. Then, there
exists n € N such that for alln > nwithn € N:

argmaxye, [¥1, ..., YI'Z = argmax y(n) - Z

Proof. For n € N, denote F(n) = argmax vy/(n) - Z, and F =
argmax,y [Y1, . . ., Yxl* Z. Assume now that there exists Ng € N*_,
Ng € N, such that for all n € N, F(n) # F. Since Z is a finite set,
we can choose N € N*_, N C Ny, such that F(n) is constant on N."'
Given that, let € € F and & € F(n)forn € N.If& ¢ F then
there exists p € {1,...,k}, such thaty, - & < ¥, - &, and for
re{l,....,p— 1}, Y, -& =y, -E Asforallr € {1,...,k— 1},
&r+1(n)/er(n)—y 0, this contradicts the fact that y/(n)-£” > y(n)-&,
n € N. Therefore &’ € F, and then

Vi Yil'E = [, Y G
Furthermore, this last identity implies that foralln e N, ¢(n)-£ =

¥(n)-&',and then & € F(n)foralln € N, a contradiction. Therefore,
there exists n such thatforalln e Nyn > n,F(n) =F. O

Lemma A.5. Let {(pn, qn) € R™ X R}nen be a sequence for which
{{(pr, qr), er}’r‘=1, N} is a lexicographic decomposition. Assume that
(a1, ..., qr)t # Oy, and let p the smallest r € {1, ..., k} such that
qr # 0. For n € N, define

P
(Bn.@n) = Y _ &r(n)(pPr. qr) € R™ x R.

r=1
Letz e R"andfor T C R, let u : T — R, such that forallt € T,

[P1s -+ s Pk]'Z Stex () (Q1, - - ., Q)"

and q, p(t)is bounded from below on T. Then there exists nn € N, such
that forallt e Tandalln € N, n > n,

P -z < Gn pu(t).

Proof. Forr € {1,...,k},weset P(r) = [p1,...,p;]'and Q(r) =
(q1, . .., q;)% Using this, we notice P(k)z <jox u(t) Q(k) implies that
P(p)z <pex (t) Q(p). We will split the remainder into two cases.
Case A. P(p — 1)z = u(t) Q(p — 1).

In this case P(p)z <px u(t) 9(p) implies that for all r €
{1,..., p}, Pr - Z < q; u(t), from which we have that foralln € N
andallt €T,Pn-2z < qnu(t).

Case B. There existss € {1, ..., p — 1} suchthat p;-z < q; u(t) =0
and P(s — 1)z = u(t) Q(s — 1).

Letd = —ps -z > O and let
p = — inf q, u(t).

teT

Forn € N we set

n) (pr -z — qr u(t)) = =4,

11 IfZ = {¢1,..., ¢} then forevery i € {1,...,f}, either there exists n; € Ng
such that foralln € No,n > n;, ¢; & F(n), in which case we defineN; = Ni_;N{n €
N:n > n;}, or for some N; € N}, N; € N;_y, §; € F(n) for eachn € N;. Then, F(n) is
constant forn € N = Ny.

and
-1
esr1(n) & &(n)
== = (pr -2 — QL))
&s(n) el &sy1(n)
&p(n)
+ ‘Z+
o b2 1),
£s+1(” o _er(m)_
By the fact that = >y 0, and forr = s+ 1,..., 0, 55

converges to zero, or is identically equal to 1, then we have b,— 0.
Hence, there exists n such that foralln € N,n > n,a, + b, <
—38/2 < 0,and then, forallt € T, p,-z—q, u(t) < eg(n)(a,+by) <
0 for n as stated. O

A.2.2. Proof of Proposition 4.1: existence of weak equilibrium

Proof. The proof will be split into different steps.

Step 1. Perturbed equilibrium.
Forn € N,n > 1,wesete, = 1 — 1/n and we define the excess
of demand correspondence

¢ 1B (O, &) = Y conv (MTX;) — ¥ _ conv (A(T))Y;) — {e}
iel Jjel
such that
o) = [ D1lp. 1= Iplide — 3 conv (AT (0) ~ )
Jjel

which is nonempty, convex and compact valued, and upper hemi-
continuous (the convexity of the integral of the weak demand is
due to Theorem 8.6.3 in Aubin and Frankowska (1990)). Further-
more, foreachn € N, n > 1,and p € B (0, &,), we have

o(p) = (1— ||p||)f m(t)dt,
T

and therefore we can use Lemma A.1 to conclude that for each
n € N, n > 1, there exists

(Xns Yn: Pa- @) € [ [ LT X0) x [ [LN(T;. ¥5)  B(0. €n) X Ryt (7)
iel jeJ

such that for a.e. t € Z, x,4(t) € D¢(pn, qn), and for ae. t € J,

¥n(t) € Sjey(Pn), with gn = 1 — [Ipall,

/ xa(t)dE — / Wlb)dt — ¢ € g(pn)
T J

and (see (ii) in Lemma A.1)

/xn(t)dt—/yn(t)dt—e < ! /m(t)dt.
T 7 n—1J;

By Lemma A1, if for some n, [|pa|l < 1— 1/n, then [, x,(t)dt —
f ya(t)dt — e = 0y, and (X;,, Y, Pn, ) Would therefore be a weak
equ111br1um with g, > 0. For the sequel we will assume g, = 1/n.

Step 2. Lexicographic price decomposition.

Since g, > 0, by Lemma A.2 there exists {{(pr, q), &}*_,, N}, a
lexicographic decomposition of {(ps, qn) € R x R}pen.n>1. Given
that, we set

P
(Bn» @n) = )_ & (n)(py, ar),
r=1

with p being the smallest r € {1,...,
Gn > 0,such p < kexistsand q, > 0.

In the sequel, without loss of generality we assume N = N, and
forr € {1,..., k} we denote

P(r)=I[p1,-..

k} such that q, # 0. As

,prltand O(r) = (q1, ..., q:)".
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Step 3. Supply: There exists n; € N such that for all j € ] and
neN, n>n,

Sj(Pn) - Sj(f’n) c YJ

Applying Lemma A.4 twice for each j € J, we have n; € N such
that foralln > n;,

Si(pn) = argmax,,, P(k)Y; and

Sj(f’n) = argmaxey P(P) Y]

Note that argmax,,,P(k)Y; € argmax,,,P(p)Y;, and that for n large
enough, Sj(p,) does not depend on n. Set 1; = maxje n;.

Step 4. Income: For alli € I, there exists z; € R such that forall t € T;
andn > ny withn € N,

We(Pns Gn) = Pn - Zi + qum(t) and
wt(f’n» Eln) = I_jn “Zi + (_In m(t)

Forallj € J, let §; € argmax,,P(k)Y;. Step 3 establishes the
result by setting for alli € I

zi =¢e; + Z)\(Tj)gy gj.

el
Step 5. There exists 1 > n; such that forallt € 7, & € Xjyandn > n
withn € N,

Pk)E — zi)) <iex M(t) Q(k) = Pn - (§ — Zi(r)) <
Pk)E — zir)) Ziex M(t) Q(k) = Pn - (§ — zi()) >

Fori € I and & € X;, consider the subsets:
T(&) = {t € Ti : Pk)(E — zitr)) Siex M(t) Q(K)} ,
TA(E) = {t € Ty : P(K)E — zige)) Z1ex m(t) Q(K)} .

Since m(-)is bounded on every subset of Z, we can apply Lemma A.5
to the vector (§ — zj)) for the set Ti‘(é) leading to the existence of
n} (&) such that for all n > n}(§),

Pn - (& — ziry) < gnm(t)

on Til(E). Moreover, we can apply as well the same lemma to the
vector —(& —zj)) coupled with i1 : T?(§) — Rwithm(t) = —m(t),
leading to the existence of n?(&) such that for all n > n2(§),

Pn - (§ — zir)) = @am(t)
on Tiz(s). As I is finite and the consumption sets are finite, by
choosing

o 1) 2
"= Ele])]qa.?(el {ni (&), ni (&), nf} eN

we can establish the desired result.

Step 6. Budget: Foralln > n, forall t € Z, limsup,_, ..B:(p,, q,) <
Be(Pn, Gn).

Lett € Zand & € limsup,_, . B:(py, ). Then there are {&,} ey
with &, € Bi(p,,q,) S Xy forall v e N, and Ng(t) € Ni,
such that &,—n,(r§. As X, is finite, we can choose N(t) such that
forall v € Ng(t), &, = & and v > n. Hence, for all v € Ng(t),
pv - (§ — ziry) < q, m(t), and then, by Lemma A.3, we have that
P(k)(& —zi(r)) <iex m(t) Q(k). This implies by Step 5 thatforalln € N,
n > i,& € Bi(pn, Gn)-

Step 7. Demand: For all n > n, for all t € T with m(t) > O,
lim SUPu»oth(Pu, qv) < Dr(ﬁm ZIn)

Let t € Z with m(t) > O0and & € limsup,_, .,D:(py, q,). Then,
similar to previous step, there are {&,},cny With &, € D¢(p,, q,) C
Bi(py, qv) forallv € N, and N¢(¢) € N, such that §,—y,(n§. Since
Xi(r is finite, we can choose N¢(t) such that forall v € Ng(t), &, = &
and v > n.

For all v e Ng(t), gm(t) > 0and & € Di(p,,q,) Then,
Proposition 3.1 implies, on the one hand that £ ¢ convP;; (&)
and, on the other hand, that for all v € Ng(t) and all £ e Piy(&),
Py -(& —ziry) > q, m(t). Thus, by Lemma A.3, we have that P(k)(& —
Zitr)) =1ex M(t) Q(k). This implies by Step 5 that foralln € N, n > 7,
We(Pn, Gn) < Pn - €. Since & € limsup,_, ..B:(p,, q,) we have also
thatforalln € N,n > n,p, - & < w(Pn, qn). Therefore, forallt € 7
withm(t) > 0,alln € N,n > n,and all § € limsup,_, ..D¢(py, q»),
we have p, - & < wi(Pn, §n) < inf{p, - Pyry(§)} and & & convPyy(§).
Hence, by Proposition 3.1 it follows that & € D¢(py, qn), forn > n.
Step 8. Equilibrium allocation.

From (7), using Artstein’s (1979) version of Fatou’s lemma, there
exists (x*,y*) € A(€) such that for ae.t € Z and ae.t’ € J,
x*(t) € acc{xn(t)}nen and y*(t') € acc{yn(t')tnen.

Step 9. Conclusion: For alln € Nwithn > n, (x*, y*, pn, Gn) is a weak
equilibrium with q, > 0.

Indeed, let n € N with n > n. By Step 3, we have forall t’ € 7,
acc{y,(t')}ven < Sie)(Pn)-

By Step 7, we have for all t € Z with m(t) > 0, acc{x,(t)}yeny <
D¢(pn, qn). Of course g, > 0 and the last property is valid for a.e.
t € T since, by Assumption M, A({t e Z: m(t) <0})=0. O

A.2.3. Proof of Theorem 4.1: existence of a rationing equilibrium

Proof. Let (xo, Yo, Po, Qo) be a weak equilibrium of £ with g > 0.
Ifpo = 0y, thenfora.e.t € Z, Py(xo(t)) = ¥ and then, for K = {0},
(X0, Yo, Po, qo, K) is a rationing equilibrium of &£. Hereinafter we
suppose that py # 0, and let m'! : T — R, be a mapping strictly
increasing and bounded. As the consumption sets and the number
of types of consumers are finite, we can define a finite set of types
of consumers A = {1, ..., A} satisfying the following:

(i) {T4}aea is a finer partition of Z than {T;}i¢,
(ii) for every a € A, there exists x, such that for every t € T,
Xo(t) = Xq.

Fora € A we set
X = (Pa(Xa) U {Xa}) N ({Xa} + Pp)-

In a similar manner as done for consumers, we can define a
finite set of types of producers B = {1,..., B} satisfying the
following:

(i) {Tb}pes is a finer partition of 7 than {Tj};e,
(ii) for every b € B, there exists y, such that for every t € Ty,
Yo(t) = ¥b.

For b € B, let
Y, = (Ys — (y}) NPy,

and then, denoting e} = X, we define the following auxiliary
economy

el = ({Xal, Palg e;}ﬂEAa {Ybl}beB,
{eab}(a,b)eAst m], {Ta}aea, {Tb}beB) s

where m! defines the initial endowments of fiat money for
each consumer, and 6y, satisfying the conditions for the privately
ownership of the firms and P, is the restriction of P, to X,.

Clearly the economy &' satisfies the assumptions of Proposi-
tion 4.1, hence there exists a weak equilibrium for this economy,
with the price of fiat money strictly positive. Moreover, since m!
satisfies Assumption D, by Corollary 4.1 there exists a Walras equi-
librium (with fiat money) for the economy £, which is denoted by
(%1, ¥1, b1, q1), with g; > 0.
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In the following, we denote
P = [po. p1]" € R,

and for t € Z we set w, = (w?, w})t, with

wf = po - ey + qom(t) + Y _ O 7i(po)

Jjel
and
1 _ 1 1 1
w] = p1- ey +@m'(t)+ Y Ouop M(Tp) maxpy - Yy,
beB

where a(t) € A such that t € Ty).

Claim A.1. Fora.e.t € Z, Px1(t)<jexW;.

By definition of X!, a € A, po - Xo(t) = po - X1(t), a.e. t € Z.Since
foreveryr € {0, 1}, pr - x:(t) < w{, we conclude Px1(t) <jex wy, for
aetel.

Claim A.2. Fora.e.t € Z,&(t) € Py)(x1(t)) implies Px1(t)<exPE(L).

Let £(t) € Pi(x1(t)). By construction, for a.e. t € Z, x4(t) #
xo(t) implies x1(t) € Pyr)(Xo(t)) and then, by transitivity of the
preferences, £(t) € Py:)(xo(t)). Therefore, for a.e. t € Z, we have
&(t) € Pyey(x0(t)), which implies po - X1(t) = po - Xo(t) < po - £(¢).
For t € Z, the claim is thus satisfied for £(t) € Py(x1(t)) such that
Po - X1(t) < po - &(t). Fort € Z and &(t) € Pj)(x1(t)) such that
Po - xi(t) = po - §(t) we have &(t) € Xj,, and as (x1, y1, p1, 1) is a
Walras equilibrium of £, it follows that p; - x1(t) < p; - £(t) for a.e.
t € T satisfying po - x1(t) = po - £(t).

To conclude the proof of Theorem 4.1 we will show that
(x,¥,p,q) = (X1, Y0 + Y1, Po, qo), coupled with the salient cone

K={0}U{¢ € R | 02 <iexPE}

is a rationing equilibrium of &. Let
7= {t € | Px1(6)<tex HlliﬂPPi(r)(Xl(f))} ,
ex

and note that by Claim A.2 A(Z \ Z') = 0. Again by Claim A.2, K
contains'?

K= {01} U { (L Puoy(X(t)) — {x(0)}

tez’

Hence, by the construction of K and the characterization of the
rationing demand in Proposition 3.1, it follows that for a.e. t € Z,
x(t) € &:(p, q, K). Finally, by the construction of the iteration of
weak equilibria, fora.e.t € 7 and allz € Y}, P(z — y(t))<ex 0, and
therefore

{01} = (Yo — W(O)) NK.

From this we can conclude that fora.e.t € 7,j(t) € o¢(p, q, K). O

12 s the consumption sets are finite, the set convK’ generates a closed salient
cone contained in K. Thus we could impose the cone in the rationing equilibrium to
be closed.
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