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a b s t r a c t

The 2001 Mw7.7 Bhuj mainshock seismic sequence in the Kachchh area, occurring during
2001 to 2012, has been analyzed usingmono-fractal andmulti-fractal dimension spectrum
analysis technique. This region was characterized by frequent moderate shocks of Mw ≥

5.0 for more than a decade since the occurrence of 2001 Bhuj earthquake. The present
study is therefore important for precursory analysis using this sequence. The selected long-
sequence has been investigated first time for completeness magnitude Mc 3.0 using the
maximum curvature method. Multi-fractal Dq spectrum (Dq ∼ q) analysis was carried
out using effective window-length of 200 earthquakes with amoving window of 20 events
overlapped by 180 events. The robustness of the analysis has been tested by considering the
magnitude completeness correction term of 0.2 to Mc 3.0 as Mc 3.2 and we have tested the
error in the calculus of Dq for each magnitude threshold. On the other hand, the stability
of the analysis has been investigated down to the minimum magnitude of Mw ≥ 2.6 in
the sequence. The analysis shows the multi-fractal dimension spectrum Dq decreases with
increasing of clustering of events with time before a moderate magnitude earthquake in
the sequence, which alternatively accounts for non-randomness in the spatial distribution
of epicenters and its self-organized criticality. Similar behavior is ubiquitous elsewhere
around the globe, and warns for proximity of a damaging seismic event in an area. OS:
Please confirm math roman or italics in abs.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Model developed by Mandelbrot [1] based on Fractal Multi-fractal theory is usually exploited as a tool to demonstrate
complex natural objects and phenomena having scale invariant property. This behavior exists in many natural systems like

* Corresponding author.
E-mail address: khanprosanta1966@gmail.com (P.K. Khan).

http://dx.doi.org/10.1016/j.physa.2017.06.022
0378-4371/© 2017 Elsevier B.V. All rights reserved.

http://dx.doi.org/10.1016/j.physa.2017.06.022
http://www.elsevier.com/locate/physa
http://www.elsevier.com/locate/physa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physa.2017.06.022&domain=pdf
mailto:khanprosanta1966@gmail.com
http://dx.doi.org/10.1016/j.physa.2017.06.022


178 S.K. Aggarwal et al. / Physica A 488 (2017) 177–186

clouds, mountains, coastlines, trees, faults, rock faults, neurons, solar wind, etc. [1–5]. Turcotte [6] illustrated that many
geological phenomena are scale invariant, which include frequency size distribution of rock fragments, faults, earthquakes,
volcanic eruptions, mineral deposits, and oil fields. The spatial distribution of earthquake and its magnitude distribution,
which shows the complex behavior of seismicity, have now been accepted as scale invariant properties by the analysis of
various seismic catalogs around the world [7–13]. In a fractal distribution, the number of objects larger than the specified
size has a power law dependency. In particular, seismicity distribution presents a fractal behavior and has an interesting
multi-fractal dynamics [14,15]. The fractal dimension (Dq) is a reliable parameter to characterize the spatial distribution of
earthquake epicenters, especially the degree of clustering. The fractal dimension is a useful tool to characterize the dynamic
evolution of a system, and evolving method applied in seismicity analysis, considering a series of complex phenomena,
like the interaction between stress and strain, local fluid pressure, etc. [16–22]. The generalization from fractal sets to
multi-fractal measure involves the passage from objects that are characterized primarily by one number, namely, a fractal
dimension to objects that characterized by a function [23]. Several studies [14,15], and shows that the spatial distribution of
earthquakes follow multi-fractal law.

Earlier study onmulti-fractal detrended fluctuation analysis (MFDFA) by Aggarwal et al. [24] for the earthquake sequence
of Kachchh region using catalog for duration between 2003 and 2012 shows multi-fractal characteristics and indicating a
stronger dependence of the multi-fractality on the large magnitude fluctuations. The Kachchh area is seismically active and
experienced two great historical earthquakes and several moderate to large shocks over a span of 182 years [25]. The 26
January 2001 Mw 7.7 Bhuj earthquake and its subsequent shocks allowed us to study the Fractal and Multi-fractal behavior
for the Kachchh rift. A time sequence of earthquake dataset from 2001 to 2012 has been compiled for the present analysis.
The present study was carried out considering a specific window of 200 earthquake events over the entire seismic sequence
using the multi-fractal dimension spectrum (Dq ∼ q) analysis to find the behavior of Dq against q preceding the occurrence
of a large earthquake and its subsequent moderate shocks [26]. There generally exist a scale-invariant structure at spatial
distribution of earthquake and a co-existence and superposition of other small fractals. This existence can be useful to predict
an earthquake of moderate mainshock. The study can be useful for precursor study for an impending future earthquake in
the region.

2. Seismotectonics of the area

The Kachchh region (Fig. 1) in Gujarat State ofWestern India is one of themost seismically active intra-continental region
of theworld [25,27] and suffered from a flurry ofmoderate to largemagnitude earthquakes since historical times. The largest
historical earthquake occurred in the region on June 16, 1819, and created a ∼E–W striking 100 km long highland known
as Allah Bund [28,29]. Another damaging earthquake of Mw 6.0 with maximum intensity of IX on MM Scale occurred near
Anjar, Gujarat in 1956. The recent one is the 26 January 2001 Mw 7.7 Bhuj earthquake jolted the entire Gujarat state. This
earthquake was the strongest ever happened in this part of India over last more than 175 years. The moderate shocks are
still continuing within this seismic zone. Although the region lies ∼400 km away from the boundary between the Indian
and Eurasian Plates [30] and their ongoing convergence is presumably bearing the current tectonics of this region [31]. The
major geological and tectonic proceedings of this region is: (i) break-up of Africa from the Indian block holding Madagascar
and Seychelles; (ii) subsequent break-up of Madagascar from India due to Marion hotpot activity and (iii) break-up of the
Seychelles plateau from India followed by eruption of Deccan volcanism related to interaction of Reunion hotspot activity
occurred during the Mesozoic and Cenozoic periods [32–35]. Thus, the passive continental margin of western India has
imprints of two hotspots Marion and Reunion, evolved through several stages of rifting, crustal thinning, magmatic under
plating and transient thermal effects [36–38]. The Kachchh rift was initially subjected to extension, later transformed into
zone of N–S compression giving rise to strike-slip and thrust tectonics under compressional regime. The continued seismicity
in Kachchh region is apparently caused by active operative tectonic environment and the present precursory study will
definitely be helpful for understanding the tectonic behavior of the region.

3. Data and its windowing

We carried out the statistical analysis over the sequence of 2001 Bhuj Mw 7.7 earthquake occurring between 2001 and
2012 (Fig. 1). The seismicitywas distributed between Latitude 22.5 to 25◦Nand Longitude 68.0 to 71.5◦E. The earthquakes are
located in crustal parts and hasmaximumhypocenter depth up to 40 km. The compiled Kachchh sequence has total of 13521
shocks recorded instrumentally. We perform the analysis of sequence for completeness magnitude (Mc), which is foremost
requirement of any fractal andmulti-fractal study. TheMc has been investigated using themaximum curvaturemethod [39]
considering the whole sequence. Fig. 2 illustrates the variation of Mc with time and indicates the minimum completeness
magnitude 3.0 for the entire sequence. The time variations in frequency of occurrence and magnitude of earthquake are
exclusively being controlled by operative stresses or quiescence or clustering phenomena adequately prevails in certain
tectonic environment.Workers like Dimri et al. [12], Rastogi et al. [27] and Aggarwal et al. [24] reported the existence of both
the quiescence and clustering of events in the Kachchh area. So, we should try here to understand this peculiar phenomenon
through windowing of the data.

The point process of an earthquake series can be analyzed in two ways: (1) using the inter-event interval series, and (2)
forming its relative counting process. In the first method, the time series is formed by the rule Ti = (ti + 1) − ti, where
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Fig. 1. Map shows the sequence of earthquakes occurring between 2001 and 2012 in Kachchh region, Gujarat, Western India. Solid black lines represent
faults and curved line shows the boundary of Kachchh. The inset map at the top right corner show the location of the study area.

Fig. 2. Time variation of the completeness magnitude Mc computed by maximum curvature method [39].

ti indicates the occurrence time of the ith event. While in the second method, the time axis is divided into equally spaced
contiguous countingwindows in a sequence of countsNi, whereNi represents the number of events falling in the ithwindow.
The latter approach considers the earthquakes as the events of interest and assumes that there is an objective clock for the
timing of the events. The former approach emphasizes the inter-event intervals and uses the event number as an index
of the time. Both representations allow us to apply several statistical techniques to an earthquake sequence. In this study,
generalized dimension Dq or Dq spectra technique is applied using the second approach. Legrand et al. [26] identified the
most interesting behavior of decrease of fractal dimension Dq before the occurrence of large earthquake. Legrand et al. [26]
and Pasten and Comte [15] using the samemethodology derived the equations as expressed in Eqs. (1)–(5). These equations
explains the basic methodology to use the moving window over the seismic sequence. For this analysis we have considered
only the epicenter distribution of earthquakes, because the depth introduces great errors [40].

The selection of sample volume (N) for windowing the data sequence from an earthquake time series is an important
aspect for computation of Dq. A longer window (time span) is essential condition for reliable estimation of Dq. However,
a shorter window (time span) is sometime required for detection of sudden temporal change of generalized dimension
in a given space. Hence an optimum window is needed. After different trials with different number of data-sample, these
conflicting requirements are optimized empirically. We then found the N to be 200 for the best estimation of Dq for the
study region Kachchh. It does not mean the absolute value is precise, but it is believed that it will provide relative changes
accurately. A moving window of 20 events were chosen for detecting the temporal variation of Dq. We made the test with
different number of data for visualizing the decreasing of the Dq value with q, and optimized to be 200 data samples. We
have calculated Dq for each window of 200 events with overlap of 180 events for a total of 204 windows.
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Fig. 3. Linear range for the Kachchh seismic sequence with Mc 3.0 for ε = 100.4 to ε = 101.2 . The color line is the linear adjustment for each Cq(ε).

4. Multifractal analysis

The spectrum of fractal dimensions was computed using the method of correlation-integral partitioning for complete
fractal analysis [40,41]. This includes themulti-fractal analysis where the number of data points is calculated inside a sphere
of radius ε, centered in each event xi excluding the point itself, Ni [15]. The shifting window (space) is divided in overlapping
spheres of radius ε. Now, Ni is given by

Ni (ϵ) =

∑
|j−1|≥1

Θ
(
ε −

xj − xi
) (1)

Using this value, we calculate the generalized Rényi entropy, Hq as follows

Hq(ε) =
1

1 − q
log10

(
1
N

N∑
i=1

p−(q−1)
i (ε)

)
(2)

where

pi (ε) =
Ni (ε)

N − 1
. (3)

A generalized correlation function is defined following the method of Grassberger [42], which is given by,

Cq (ε) =

⎧⎪⎨⎪⎩ 1
N

N∑
j−1

⎡⎣ 1
N − 1

N∑
i=1,i̸=j

Θ
(
ε
xi − xj

)⎤⎦q−1
⎫⎪⎬⎪⎭

1
q−1

. (4)

Now, the multi-fractal spectrum dimension is given by

log10
(
cq (ϵ)

)
log10 (ε)

. (5)

For sequence of completenessmagnitudeMc3.0 the above relationship is valid over the linear range of log10(Cq(ε)) against
log10(ε) (Fig. 3). In order to find the best linear range we have used rmin = max{2R(N/(d + 1)1/d), η}, to rmax = R/(d + 1),
following Ref. [40].

The slop of log10(Cq(ε)) against log10(ε) corresponds to Dq for a given value of q. Finally, the plot of different values of
Dq against the respective values of q, ranging between 2 and 20 provides the fractal dimension spectrum for the entire
dataset under the present study (Fig. 4). The linear range was used as (ε) = 100.4 to 101.2 (Fig. 3). This range is valid for the
multi-fractal and moving window spectrum dimensions, Figs. 4 and 5.

The Dq ∼ q analysis accounts for space-time clustering in earthquake sequence and has to be windowed because
the change in spatial pattern will not account for only single individual earthquake event. A change in spatial pattern
of earthquakes is reflected in generalized dimension Dq or Dq spectra when seismicity is considered in windows. Teotia
et al. [43] has studied the generalized dimension Dq or Dq spectra of the spatial distribution of earthquake epicenters in
the Himalayan region for the time series windowing of events during the period 1964 to 1993. Therefore, the temporal
variation in Dq is relatively understood by change in seismicity structure by windowing before and after the occurrence of
large earthquake. Multi-fractal spectral analysis is performed using a moving window of sequence occurring in the region
(Fig. 5). The number of data points in window have also been varied for comparing the fractal behavior of the region with
other regions around the world (cf. Figs. 5–9 of Pasten and Comte [15]), and found the data window of 200 data points and
an overlapping window of 180 data points are reliable for the analysis.
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Fig. 4. Plot illustrates the fractal spectrum dimension for epicenters of earthquake sequence Mc 3.0 of 2001 Kachchh seismic sequence for q = 2 to q = 20.

Fig. 5. Plot shows the fractal spectrum dimension computed using the moving window at Mc 3.0. Note the decrease in fractal dimension preceding the
occurrences of moderate magnitude shocks.

Fig. 6. Linear range for the Kachchh seismic sequence with Mw ≥ 3.2 for ε = 100.5 to ε = 101.3 . The color line is the linear adjustment for each Cq(ε).
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Fig. 7. Plot shows the fractal spectrum dimension computed using the moving window for Kachchh seismic sequence with Mw ≥ 3.2. Note the decrease
in fractal dimension preceding the occurrences of moderate magnitude shocks.

Fig. 8. Plot illustrates the linear range for the Kachchh seismic sequence with Mw ≥ 2.6 for ε = 100.5 to ε = 101.5 . The color line is the linear adjustment
for each Cq(ε).

Fig. 9. Fractal spectrum dimension computed using the moving window of 180 data points at Mw ≥ 2.6. Note the decrease in fractal dimension preceding
the occurrences of moderate magnitude shocks.

The robustness of the analysis has been investigated by considering the completeness correction term 0.2 to Mc 3.0 as
Mc 3.2 [44] and stability of the analysis was tested using the minimummagnitude of Mw ≥ 2.6 for fractal and multi-fractal
studies. The testing of linearity through plotting of log10(Cq(ε)) against log10(ε) and analysis of window fractal spectrum
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Fig. 10. Fractal spectrum dimension computed for the epicenters of Kachchh seismic sequence Mw ≥ 2.6, Mw ≥ 3.0 and Mw ≥ 3.2 for q = 2 to q = 20.

Fig. 11. Values of D0 , D1 and D2 , versus the number of data of each magnitude threshold studied. For Mw ≥ 2.6, we have used 4249 seismic events, for
Mw ≥ 3.0 were 2284 and for Mw ≥ 3.2 we have used 1663 seismic data points.

dimension have been carried out for the sequence with magnitude Mw ≥ 3.2 and Mw ≥ 2.6, respectively (Figs. 6–9). The
robustness and stability test results for fractalmulti-fractal analysis are consistentwith results ofminimumMc. On the other
hand, the fractal spectrum dimension for the epicenter distributions in Kachchh region, for the three magnitude thresholds
used, has also been determined (Fig. 10) and compared between them and to compare our results with other earlier studies.
Fig. 11 shows a comparison between the values of D0, D1 and D2, for the three magnitude thresholds used in this analysis
and the different number of data that each threshold has, forMC > 2.6 we have used 4249 seismic events, forMC > 3.0 we
have considered 2284 seismic events and for MC > 3.2 we have used 1663 seismic data points. The overall comparison is
discussed in detail in the following section.

5. Discussion

The fractal dimension for epicenter distributions is normally ranges from 0 to 2 [10], when all events clustered into one
point the Dc = 0, and when homogeneously distributed over a 2D embedding space the Dc = 2 [45]. Generally, the fractal
dimension possess in the range 0.5–1.8 for seismically active fault systems [8,9,11]. The fractal dimension for the Kachchh
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Table 1
Windows in which the decrease of fractal dimensions Dq occurs before the
occurrence of moderate earthquake in the Kachchh seismic sequence.

Sl. No. Event Magnitude Window

1 11 Feb 2001 5.2 18–20
2 15 Feb 2001 5.2 18–20
3 17 Feb 2001 5.2 18–20
4 19 Feb 2001 5.5 18–20
5 19 Feb 2001 5.7 18–20
6 22 Feb 2001 5.1 18–20
7 04 Mar 2001 5.5 32–38
8 16 April 2001 5.1 32–38
9 27 April 2001 5.1 32–38

10 03 Feb 2006 5.0 122–140
11 07 Mar 2006 5.7 122–140
12 06 April 2006 5.6 122–140

region was estimated first time by Dimri et al. [12] to be D = 2.06. They estimated it at the central source zone of 2001 Bhuj
mainshock using small dataset of only 532 earthquakes with Mw ≥ 3.0 during January–March, 2001. They analyzed the
sequence using wavelet variance method, which identify the region having 2D plane and being filled up with various small
source fractures. Their results indicate that only aftershock sequence is havingmulti-scale nature of seismicitywhich sustain
up to certain scales. They expressed themajor slip occurred on secondary faults as compared to primary fault, which indicate
multi-fractal nature of fault system. Subsequently, Mandal and Rastogi [13] studied the same region with extended dataset
of 997 earthquakes with magnitude 3.0 and above occurred during 2001–2003. They identified the seismicity is extended
towards northeastern direction of source zone and the fractal dimensionwas estimated to be 1.71,which indicates seismicity
approaches to two dimensional plane. They also suggested the temporal correlation dimension is 0.78, which confirming
the structure of mono-fractal in time domain, means seismicity was clustered before the occurrence of mainshock. Recently,
Kayal et al. [46] studied the fractal correlation dimension (Dc) for the same small dataset of 795 shocks with Mc 3.0. The
shocks were estimated precisely. They identified the seismic cluster characteristics observed in two seismogenic trends, one
along western zone and another along eastern zone of mainshock. The computed Dc was 1.2–1.35 in the western zone and
0.8–1.15 in the eastern zone.

The fractal dimension using epicenters from earlier studies indicate seismic cluster characteristics in Kachchh region.
Our calculated D0 for epicenters as D0 = 1.69 ± 0.05 (Fig. 11), using a large dataset of 12 years period is relatively less to
D0 = 1.71 ± 0.02 as estimated by Mandal and Rastogi [13] using 997 earthquakes with M ≥ 3.0 during 2001 to 2003.
However, D0 = 1.2–1.35 was estimated by Kayal et al. [46] for only three-months aftershocks of 2001 Bhuj earthquake
occurring in the western side of main shocks region and little less as D0 = 0.8–1.15 in the eastern side. This shows the
spatial correlation varies in certain space, and our present estimates are reliable for total Kachchh region based on the large
duration dataset. The earlier study involving multi-fractal detrended fluctuation analysis (MFDFA) [24] for the earthquake
magnitude sequence of Kachchh region catalog for 2003–2012 also shows multifractal characteristics and indicating a
stronger dependence of the multifractality on the large magnitude fluctuations.

We find a consistent behavior in the decreasing of the fractal dimension for all values of Dq before the occurrence of an
important seismic event [15,45]. The clustering of seismic events before an eventwith amagnitude greater than 5.0 seems to
be a robust fact in different regions around the globe. Robustness of the result is checkedwith different thresholdmagnitudes
for Mw ≥ 3.2 and down toMw ≥ 2.6 in the sequence. The consistency in the stability of our estimates is explained in Figs. 7
and 9. On the other hand, Figs. 10 and 11 show a very stable values of the Dq > 1, in the linear range used. The error bars
in Figs. 10 and 11 show a low variation in the value of Dq between the three magnitude thresholds, suggesting that the
linear range used gives the best fitting. Figs. 3, 6 and 8 show the linear adjustment for the three magnitude threshold. Other
precursor parameter studies involving k–M slope (the slope of the line fitting the relationship between the magnitude of the
events and their connectivity degrees) for Kachchh earthquake sequence [47] also seems to sharply increase significantly
before the occurrence of the largest shocks (Mw ≥ 4.5) of the sequence. Telesca et al. [48] also estimated the decrease of
earthquake time connectivity ⟨Tc⟩ for Kachchh seismic sequence, which is compatible with the recent observation that the
fluctuations of the seismicity in natural time exhibits remarkable minima before the strongest earthquakes [49–51]. That
results show new evidence of the existence of a transition caused by a large earthquake [52]. This kind of results have been
obtained in different zones of the Earth, showing a universal behavior on the seismicity [15,52].

6. Concluding remarks

This study has established the scale for Dq in forecasting of moderate size 12 earthquake events of Mw ≥ 5 (Table 1)
occurring in Kachchh seismic sequence during 2001 to 2012. The six event with Mw 5.5 on 19 Feb., 2001, Mw 5.7 on 19
Feb., 2001, Mw 5.5 on 04 March, 2001, Mw 5.0 on 03 Feb., 2006, Mw 5.7 on 07 March, 2006, Mw 5.6 on 06 April, 2006 for
which Dq decrease substantially and proceed with them in same corresponding windows for other six events. The value of
Dq for epicenters is changing between D0 = 1.69 ± 0.05 to D20 = 1.27 ± 0.05 for the 2001 Bhuj seismic sequence over
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the period from 2001 to 2012. Our analysis for fractal dimension D0 and multi-fractal spectrum dimension suggest that the
spatial distribution of epicenters in this region is not random, and shows a self-organized critical behavior. Similar ubiquitous
behavior in other regions around the globe obviously warns for the proximity of a seismic event that could produce
damage.
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