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1 INTRODUCTION

It is well known that neutral functional differential equations are used to represent important physical systems. We refer to
[20,24,28] for a discussion about this aspect of the theory. Similarly, motivated by the fact that abstract neutral functional
differential equations (abbreviated, ANFDE) arise in many areas of applied mathematics, this type of equations has received
much attention in recent years ([11,21,38]). In particular, the problem of existence of solutions having a periodicity property has
been considered by several authors. On the other hand, because several important physical phenomena are modeled by abstract
fractional differential equations this type of equations have been studied extensively last time for many authors. We refer the
reader to the works [5,29,33-35] and the references listed therein for recent information on this subject. For some applications
of fractional differential equations, see [4,10,17,27].

Let X be a Banach space. Throughout this paper A : D(A) C X — X and B : D(B) C X — X are closed linear operators
with D(A) C D(B).

The aim of this paper is to characterize existence of periodic solutions for the classes of linear abstract neutral functional
fractional differential equations described in the form

D*(x(t) — Bx(t —r)) = Ax(t) + L(x,) + f(t), t€R, a>0, (1.1)

and

D(x(t) — Bx(t — r)) = A(x(t) = Bx(t —r)) + L(x,) + f(f), tE€R, a>0. (1.2)

In these equations, » > 0 is a fixed number, the function x, given by x,(6) = x(¢ + ) for 6 in an appropriate domain, denotes
the history of the function x(-) at ¢. The delay operator L is a bounded linear map defined on an appropriate space. Without loss
of generality, we will concentrate on the existence of 2z-periodic solutions. For this reason, throughout this work we assume
that 0 < r < 2z and that f : R — X is a locally p-integrable and 2z-periodic function for 1 < p < 0.

Next we denote by T the group defined as the quotient R/2zZ, and we shall identify the spaces of vector or operator-valued
functions defined on [0, 2] to their periodic extensions to R. Thus, throughout this paper L?(T; X), 1 < p < oo, denotes the
space consisting of all 2z-periodic Bochner measurable X -valued functions f defined on R such that the restriction of f to

- 1/p
[0,27] is p-integrable. We consider LP(T; X) endowed with the norm || /||, = ( 02 ||f(t)||1’dt) .
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We study Equations (1.1) and (1.2) in the framework of the so-called Liouville-Griinwald-Letnikov fractional derivative. This
concept was introduced in [19,30] and has subsequently been studied by several authors. In [19,30] the fractional derivative is
defined directly as a limit of a fractional difference quotient (see also [36]). In [9], the authors apply this approach based on
fractional differences to study fractional differentiation of periodic scalar functions. This idea has been used in [26] to extend
the definition of fractional differentiation to vector-valued functions. In the case of periodic functions this concept enables one
to set up a fractional calculus in the L? setting with the usual rules, as well as provides a connection with the classical Weyl
fractional derivative (see [36]).

In the next section we recall the basic concepts and properties to establish our results, in the Section 3 we establish our results
about the existence of periodic solutions, and finally, in the Section 4 we present an application of our results.

2 | PRELIMINARIES

In this paper we use the following notations. Let Y, Z be Banach spaces. In what follows, we denote by £(Y, Z) the Banach
space of bounded linear operators from Y into Z endowed with the norm of operators. We abbreviate this notation to £(Y') in
the case Y = Z. The space D(A) endowed with the graph norm becomes a Banach space denoted by [ D(A)]. It is follows from
the closed graph theorem that the inclusion [D(A)] < [D(B)] is continuous.

Let @ > 0. Given f € LP(T; X) for 1 < p < oo the Riemann difference

ALf(x) 1= Y (-1) <j.‘>f(x ) @1
Jj=0
(where (7)= w is the binomial coefficient) exists almost everywhere, and
a
J
since 37 (%)

The following definition is the direct extension of [9, Definition 2.1] to the vector-valued case. See also [26] for their connec-
tion with fractional differential equations.

oo
”A;lf”LP(T;X) < Z ||f||Lp(1r;X) 2.2)
Jj=0

< oo (see [9)).

Definition 2.1. Let X be a complex Banach space, « > 0 and 1 < p < oo. If for f € LP(T; X) there exists g € L’(T; X) such
that lim,_ g+ t7“A7 f = g in the LP(T; X) norm, then g is called the a'h—Liouville-Griinwald—Letnikov derivative of f in the
mean of order p.

In this text we abbreviate this terminology by a'”-derivative of f and we use the notation g = D® . Note that D® is lineal.

Example 2.2. The a'*-derivative of ¢'® for any real a is given by (ia)*e'®*. In particular, D*sinx = sin (x + %a) and

D cos x = cos (x + %a).

We also mention here a few properties, the proof of which follows the same routine as in the scalar case given in [9, Proposition
4.1]. By this reason we will omit them. We denote by ¥, to the function given by

v (&) =2 Z cos (k§k: an’/2).
k=1

Moreover, for g € LP(T; X),

2
160 = 5- /O gt — W, (8) de.

Proposition 2.3. Let 1 < p < oo and f € LP(T; X). For a, f§ > O the following properties hold:

() IfD*f € LP(T; X), then D’ f € L”(T; X) forall 0 < § < a.
(i) DD’ f = D**P f whenever one of the two sides is well defined.
(iii) Ifg € LP(T; X) and a > 1, then 1%g is a continuous function.
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Next we recall some basic concepts of harmonic analysis necessary to obtain our results. We begin with the concept of

R-boundedness.

Definition 2.4. A family of operators T = {T; : i € 1} C L(Y, Z) is said to be R-bounded if there exist a constant C > 0
and p € [1, o) such that for each finite set J C 1, T, € T, y; € Y and for all independent, symmetric, {—1, 1}-valued random
variables €; on a probability space (2, M, u) the inequality

Z gT;y;

ieJ

<C
LP(Q:7)

Zgiyi

ieJ

LP(QY)
is verified. The smallest of the constant C is called R-bound of T and is denoted by R(T).

Several properties of R-bounded families can be founded in the monograph of Denk—Hieber—Priiss [12, Section 3]. We remark
here that large classes of operators are R-bounded (cf. [18] and references therein).
For f € L'(T;Y) we denote by f(k), k € Z, its k-th Fourier coefficient, which is given by

. 1 [
fl) == / e M £ (1) dt.
2r 0
In what follows we denote by H*?(T; X) the space consisting of vector-valued functions u € LP(T; X) for which there exists
v € LP(T; X) such that d(k) = (ik)*ii(k) for all k € Z, where (ik)* = |k|“e%asg“k.
Let f € LP(T; X). It has been shown by Butzer and Westphal [9, Theorem 4.1] that D* f € LP(T; X) if and only if there

A

exists g € LP(T; X) such that (ik)* f (k) = g(k), and in this case we have that D* f = g. As a consequence, the characterization
H*(T; X)={ue L’(T;X) : D*ue LP(T; X)}
is fulfilled. Moreover, if g = D* f € L?(T; X), then
FO=fO) =10, ae.

Definition 2.5. For 1 < p < oo, a sequence (M) c7 in L(Y, Z) is said to be an LP-multiplier if for each f € LP(T;Y) there
exists u € LP(T; Z) such that ti(k) = Mkf(k)for allk € Z.

To complete these concepts we define the UMD spaces. But, since we just will use some results from the literature, it is
enough for us to present a simple definition of UMD space. A Banach space Z is said to be UMD if the Hilbert transform is
bounded on LP(R; Z) for some (and then for all) p, with 1 < p < co.

The following theorem, due to Arendt and Bu [7, Theorem 1.3], is the discrete analogue of the operator-valued version of
Mikhlin’s theorem due to Weis [37].

Theorem 2.6. Let 1 <p<oo. Let X,Y be UMD spaces and let {M; };c7; € L(X,Y). If the families {M; };c, and
{k(M, |, — M)} ez are R-bounded, then { M}, is an LP-multiplier.

3 | RESULTS

In this section, we assume that both, Equation (1.1) and Equation (1.2), have finite delay 2 > 0 and that 0 < r < A < 2x. Conse-
quently, we will assume that the delay operator L : LP([—h,0]; X) — X is a bounded linear map, and the function x; is defined
by x,(0) = x(t + 0) for —h < 0 < 0.

Example 3.1. Let n : [—h,0] - L(X) be a strongly continuous function. Let L . LP([—h,0]; X) — X be the bounded linear
operator given by the Riemann—Stieltjes integral

0
L(¢) = /h n(0)p(0) do. (3.1)

For k € Z, we define e, (0) = ¢'*? for —h < @ < 0. Moreover, we write L, x = L(e,x) for x € X and B, = e~'*" B. Itis clear
that L, € L(X).
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We study initially existence of periodic solutions of Equation (1.1). This equation is an extension of the equation

%(x(t) — Bx(t—r))=Ax(t)+ L(x,)+ f(t), t€ER,

which has been widely studied. To complete the remarks we made in the Introduction, we only mention here to [13] and the
references listed in this paper for information on recent results on the existence of solutions of the above equation having a
periodicity property.

For k € Z, we consider the operator
defined on [D(A)], with (ik)? = [k|%e 2 P,

We call spectrum of Equation (1.1) to the set

o7(A) = {k € Z . A; has no continuous inverse} .

Next we define the notion of strong solution of the fractional neutral differential Equation (1.1) with delay.

Definition 3.2. Let 1 < p < oo and let f € LP(T; X). A function x(-) is called a strong LP-solution of Equation (1.1) if x €
LP(T; [D(A)]) n H*P(T; [D(B)]) and Equation (1.1) holds for almost all t € R.

The following property is a consequence of [7, Proposition 1.11].

Proposition 3.3. Let 1 < p < oo and suppose that c,(A) = @. If the sequence

(R RT = (O"B, = L = A7) o

is an LP-multiplier, then the family {(ik)*((ik)*I — (ik)*B; — L, — A)~" : k € Z} is R-bounded.

Lemma 3.4. Let 1 < p < 0. Suppose that 6,(A) = @ and that for every f € LP(T; X) there exists a strong LP-solution u of
Equation (1.1). Then u is the unique strong LP-solution of Equation (1.1).

Proof. Assume that u(-) is a strong LP-solution of Equation (1.1) corresponding to f = 0. Since Au and Bu are locally integrable
functions, we get that ii(k) € D(A), and taking Fourier transform in Equation (1.1), we obtain

(ik)*(I — Bpa(k) = (L, + Aick), ke Z.

It follows that ii(k) = O for every k € Z and, therefore, u = Q. |

Lemma 3.5. Let 1 < p < 0. Suppose that for every f € LP(T; X) there exists an unique strong LP-solution of Equation (1.1),
and that one of the following conditions is satisfied:

(@) The linear operator B is bounded with domain X.
(b) Foreach k € Z, the operator (ik)*1 — L, — A has bounded inverse.

Then

(i) The spectrum o5(A) = @.

(ii) The sequence ((ik)"((ik)“l — (ik)*B, — L; — A)_l) is an LP-multiplier.

kez

Proof. Let k € Z and x € X. Fort € R, we define f(t) = e'*'x. By our hypotheses there exists an unique strong LP-solution
u(-) of Equation (1.1). Taking Fourier transform on both sides of Equation (1.1) we get

(ik)*(I — Bpa(k) = (L, + A)a(k) + x,

which implies that the operator Ay is surjective. We assume that x € ker(A,). Substituting u(t) = e x in Equation (1.1), we
obtain that u is a strong LP-solution of Equation (1.1) corresponding to the function f(t) = 0. Consequently, u(t) = 0 and x = 0.

Combining these assertions, we conclude that A, has inverse.
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Assume first that condition (a) is fulfilled. In this case, the operator A, is closed which implies that A;l is a bounded linear

operator. If we assume now that condition (b) holds, we write
Ny = (T =L, —A)".
Then
Ay = (I =(k)*B,Ny) (k)T —L,—A).
Since Ay, and ((ik)*1I — L — A) are invertible operators, we have that (I - (ik)"Bka) has inverse, and
A7 = Ny (T = (ik)*B.N,) . (3.2)

Moreover, BN, : X — X is a closed linear operator and therefore is bounded. Consequently, we obtain that A;l is a bounded
linear operator. Hence o7(A) = @.

On the other hand, let f € LP(T; X). Turning to use our hypotheses we can assert that there exists an unique function
u € LP(T; [D(A)]) n H*P(T; [ D(B)]) for which Equation (1.1) is verified a.e. Applying Fourier transform on both sides of this
equation, we obtain

(ik)*(I — Bpa(k) = (L, + Ai(k) + f (k).
Hence,
(i) k) = R [T = (k) By = Ly = A" ()
forall k € Z. Sinceu € H*P(T; X), there exists v € LP(T; X) such that 0(k) = (ik)*i(k), which shows the assertion (ii). []

Next, we consider the reverse assertion. We establish that assuming appropriate conditions a type of converse of Lemma 3.5 is
fulfilled. In what follows, we assume that X is an U M D space, 1 < p < o0, and the family {(ik)"N v - ke Z} is R-bounded.

Under these assumptions, according to [32, Theorem 3.5], we have that for every g € LP(T; X) there exists an unique strong
LP-solution v of the equation

D%u(t) = Av(t) + L(v,) + g(1). (3.3)
Applying the Fourier transform to above equality, we obtain
(k) = N g(k), ke (3.4)
Moreover, the map I : L?(T; X) — LP(T; X) given by
I'(g) = D*v (3.5)

is a bounded linear operator (see [32, Corollary 3.6]).
In the next lemma, we use the notations introduced in (3.3), (3.4) and (3.5).

Lemma 3.6. Let X be an UMD space and 1 < p < oo. Assume that the family {(ik)“Nk ke Z} is R-bounded and B € L(X).
If1E|*|BIIINg Il < 1 forall k € Z and || B||||IT'|| < 1, then the sequence ((I — (l’lc)o‘e_"k’BNk)_1 )k . is an LP-multiplier.
€

Proof. It follows from our hypotheses that S, = (1 - (z'k)"‘e_"k’BNk)_l € L(X).
Let f € LP(T; X). We define the map A . LP(T; X) —» LP(T; X) by

A(p)(®) = Bl (o)t —r) + f(©).
Clearly A is a contraction. Therefore, there exists g € LP(T; X) such that
g®) =Bl (g)t—r)+ f(t) = BD%v(t — r) + f(1). (3.6)

Using (3.4), we get
8(k) = e (ik)* Bo(k) + f(k) = e (ik)* BN, g(k) + f(k),

which implies that §(k) = S, f (k). O
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The following result is a consequence of Lemma 3.6 and [32, Theorem 3.5].

Theorem 3.7. Let X be a UMD space and 1 < p < co. Assume that the family {(ik)* N, : k € Z} is R-bounded and B € L(X).
If |k|*| BIIINkIl < 1 forall k € Z and || B||||T'|| < 1, then for every f € LP(T; X) there exists an unique strong LP-solution of
Equation (1.1).

Proof. Let f € LP(T; X). According to Lemma 3.6 we have that the sequence (Sy);c7 is an LP-multiplier. Therefore, there
exists g € LP(T; X) such that g(k) = Skf(k). It follows from (3.6) that

g) = BD v(t —r) + f (1),

where the function v satisfies Equation (3.3). On the other hand, from Theorem 3.5 in [32], we assert that there exists a unique
ue H*(T; X)n LP(T; [D(A)]) such that ii(k) = N, g(k) and

D%u(t) = Au(t) + L(u,) + g(1), a.e.
Hence u(t) = v(t), and
Du(t) = Au(t) + L(u,) + BDu(t — r) + f (1),
which implies that
Du(t) — BD"u(t — r) = Au(t) + L(u,) + f(t).

Consequently, u is a strong LP-solution of Equation (1.1). Since (3.2) is also valid in this case, we obtain that c,(A) = @ and
the uniqueness of u follows from the Lemma 3.4. O

In the case of a Hilbert space, Theorem 3.7 takes a particularly simple form.

Corollary 3.8. Let H be Hilbert space and 1 < p < oco. Assume that sup,cz||(ik)* N || <oo and B € L(X). If |k|*|| B|||| N]l < 1
forallk € Z and || B|||IT|| < 1, then for every f € LP(T; X) there exists a unique strong LP-solution of Equation (1.1).

Proof. This is a consequence of Plancherel’s Theorem. O

In our next statements, we define Iy : LP(T; X) — L?(T; X) by I'p(g) =I'(g) — g. It is clear that I'j is a bounded linear
operator (see [32, Corollary 3.6]). We will establish a similar result to the previous theorem, considering that the operator B is
not continuous.

Lemma3.9. Let X be a UMD space and 1 < p < co. Assume that the family {(ik)* N, : k € Z} is R-bounded and B!l e £(Xx).
Assume further that ”B_l” + IToll < 1 and |k|*|| BN || < 1 for all k € Z, then the sequence <(I - (ik)“e‘ik’BNk)_l)k . is
€

an LP-multiplier.

Proof. Since BN, € L(X) we obtain that S, = (1 — z'lcce_"krBNk)_1 € L(X). Using the notations introduced in (3.3) and
(3.5), we now argue as in the proof of Lemma 3.6. Let f € LP(T; X). If g satisfies (3.6), then

g(t) = B(Av(t = r) + L(v,_,) + g(t = 1) = f (1)
which implies that
B~'g(t) — (Av(t — 1) + L(v,_,)) — gt —r) = B™' f (1),
fort € R. Substituting t byt +r,
g(t)= B~ 'g(t +r) - (Av(t) + L(v)) — B~ f(t + 1) 3.7)
=B lg(t+r) —Ty(g)®)— B f(t+7).

Since the map g — B~'g(t + r) — T(g)(¢) is a contraction from LP(T; X) into LP(T; X), there exists g € LP(T; X) that satisfies
(3.7). We complete the proof arguing as in the proof of Lemma 3.6. |

As a consequence of the Lemma 3.9 we have the following result.
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Theorem 3.10. Let X be a UMD space and 1 < p < oo. Assume that the family {(ik)* N, : k € Z} is R-bounded and B le
L(X). Assume further that || B™'|| + ||To|l < 1 and |k|*||BN,|| < 1 for all k € Z, then for every f € LP(T; X) there exists an
unique strong LP-solution of Equation (1.1).

Now, we consider a special case. Specifically, we will take r = h = 2z. As we are looking for 2z-periodic solutions of Equa-
tion (1.1), the problem is reduced to finding 2z-periodic solutions of the equation

D*(I — B)x(t) = Ax(1) + L(x)) + f(1), teR, | <a <2 (3.8)

The following result characterizes the existence and uniqueness of solutions of the abstract neutral fractional differential equation
(3.8).

Theorem 3.11. Let X be a UMD space, 1 < p < oo and 1 < a < 2. Assume further that I — B has bounded inverse. The
Jfollowing assertions are equivalent:

(i) Forevery f € LP(T; X), there exists a unique strong LP-solution of Equation (1.1).
(ii) For every k € Z the operator (ik)*(I — B) — L, — A has a bounded inverse and the families

{G)*(k)*I - B) - L, - A" 1 ke€z} and {(ik)*B((ik)*(I-B)—L,-A)":kez}
are R-bounded.

Proof. Assume that (i) holds and let g € LP(T; [D(B)]). The function f = (I — B)g € LP(T; X). The solution x(-) of Equation
(1.1) also solves Equation (3.8) and, therefore is a strong LP-solution of the equation

D*x() = (I — By ' Ax(t) + (I — B "' L(x,) + g(1), (3.9)
for teR, 1< a <2 We consider Equation (3.9) with values in the space [D(B)]. Let E, = (ik)*I — (I — B lAa-
(I — B)™'L,. Note that (I — B)™' A : D(A) — [D(B)] is a closed operator and (I — B)"'L : L?([-2x,0],[D(B)]) — [D(B)]
is continuous. According to [32, Therem 3.5] we obtain that E, has a bounded inverse, and the family {(ik)"’ Ek_l ke Z} is
R-bounded with the norm in [ D(B)]. Since A;l = Ek_l(I - Bl the family {(ik)"’A]:1 ke Z} is R-bounded.

Assume now that (ii) holds. Let f € LP(T; X). It follows from (ii) that the family {(ik)”’ Ek'1 ke Z} is R-bounded for the
norm in [ D(B)). Using again [32, Theorem 3.5], with g(t) = (I — B)~L £(¢), we obtain that the equation
D*x(t) = (I — B) " Ax(t) + (I — B)™' L(x,) + g(1)
has a unique strong LP-solution in the space [ D(B)]. It is clear that D*x(t) € D(B) and

BD"x(t) = D*x(1) — Ax(t) — L(x,) — f(1).

Since [D(A)] < [D(B)] is continuous, it follow that BD*x(t) = D* Bx(t). Then x(-) is a strong LP-solution 2x periodic of
Equation (3.8), which in turn implies that x(-) is a strong LP-solution of Equation (1.1). |

As we hoped, the case B = 0 reproduces [32, Theorem 3.5]. Moreover, the following consequences are interesting.

Corollary 3.12. Let X be a UMD space, 1 < p < oo and 1 < a < 2. Assume further that I — B has bounded inverse. The
following assertions are equivalent:

(i) Forevery f € LP(T; X), t € R, there exists a unique strong LP-solution of the equation
D*(x(t) — Bx(t — 2x)) = Ax(?) + f(0).
(ii) For every k € Z the operator (ik)*(I — B) — A has a bounded inverse and the families
{(%(k)*I - B)— A 1 kezZ} and {(ik)*B(ik)*I - B)—A)' : ke Z}

are R-bounded.
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Corollary 3.13. Let 1 <p< oo, | <a <2and |b| < 1. For every f € LP(T) there exists a unique strong LP-solution of the
scalar equation

D*(x(t) — bx(t — 2r)) = ax(®) + ().
Now, we consider Equation (1.2). This equation is a generalization of the equation
%(x(t) —Bx(t—r)) = A(x(t) = Bx(t —=r)) + L(x,) + f(t), tER.

This special type of equations have also been used to model interesting physical systems. In particular Wu and Xia [39,40] have
shown that a ring array of resistively coupled transmission lines can be modeled by a neutral functional differential equation.
The limit case of a continuous array of lossless transmission lines leads to Hale [23,25] (see also [38]) to study a partial neutral
functional differential equation of the special form
A

—Du, =K
t 652

T Du, + f(u,),

where K > 0 is a constant, and
Duju(-,1) — qu(-,t —r)

where r > 0, g is a constant satisfying 0 < g < 1 and f(u,) = g(u(-, 1), u(-, ¢t — r)) for some function g. Subsequently, the abstract
version

%Dxt = ADx, + f(t,x,), (3.10)
has been studied by several authors. We mention to [1-3], [21] for well-posedness, existence of solutions, stability, and existence
of periodic and almost periodic solutions, [14] for the existence of asymptotically almost automorphic solutions and [6,16] for
the existence of pseudo almost automorphic solutions. In addition, control systems modeled by these equations have been studied
recently in [8,15,22].

To establish our results, we adapt the concept of solution given in the Definition 3.2.

Definition 3.14. Let 1 < p < o0 and let f € LP(T; X). A function x is called a strong LP-solution of Equation (1.1) if x €
LP(T;[D(B)]) and y € LP(T;[D(A)]) n H*P(T; X), where y(t) = x(t) — Bx(t — r), and Equation (1.2) holds for almost all
teR.

Initially we establish a result of existence of periodic solutions of perturbation type. Next we keep the notations introduced
in (3.3) and (3.4). We define the application Y : LP(T; X) — LP(T; X) by

Y(g) = o, 3.11)

where v is a strong LP-solution of equation D*uv(t) = Auv(t) + L(v,) + g(1).
We have that Y is a bounded linear operator ([32, Corollary 3.6]). We consider the following condition for the operator B.
(H1) Let v € LP(T; X). The equation

u(®) — Bu(t—r)=0v(), t € R,

admits a unique solution u € L?(T; X).
If the assumption (H1) holds, we denote by P : LP(T; X) — L?(T; X) the map defined by u = Puv. It follows from the closed
graph theorem that P is a bounded linear map.
Next we exhibit some cases where the assumption (H1) is fulfilled.
B
(i) Let B € L(X) with || B|| < 1. In this case, ||[I — P|| < 1”—”%'
(i) The operator B~! € £(X) and ||B~!|| < 1. In this case, || — P| < m

(iii) The sequence ((I - Bk)_l) is an LP-multiplier.

kez
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The argument used in the proof of the Lemma 3.5 shows that if the condition (H1) holds, then I — B, has a bounded inverse
foreach k € Z.

Lemma 3.15. Let X be a UMD space and 1 < p < oo. Assume that the assumption (H1) holds, the family {(ik)“ N,:keZ }
is R-bounded and ||L||||I — P||||Y]|| < 1, then the sequence

(- -Bo7'N) )

is an LP-multiplier.

Proof. Let f € LP(T; X). In view of that

I LGl < IILII ”x”]_p(]r;x)

forall x € LP(T; X), the equation

&) = L((P - D)Ygl) + f(1) (3.12)
has a unique solution g € LP(T; X). Defining v = Yg and u = Pv, we can write
g(t) = L(u) — L(v) + f (1),
and taking Fourier transform in this equality, we get
(k) = Lii(k) — L o(k) + f(k) = L, ((I — B~ = I)0(k) + f(k) = L, B,(I — B) "N, (k) + f(k). (3.13)
Hence
(I — L B,(I - B 'Ny) gk) = f (k. (3.14)

Let m € Z be fixed. For y € X, choosing f(t) = e™y we obtain that (1 -L,B, - Bm)_le)g(m) =y, which shows that
(I -L,B,U - Bm)_le) is a surjective operator. Similarly, if for some x € X, (I -L,B,U - Bm)_le)x =0 and we
define g(t) = e x, then (I -L,B.U- Bk)_lNk)g(k) =0 for all k € Z. From Equation (3.12) follows that g = 0, which
implies that ker (I -L,B, - Bm)_le) = {0}. We complete the proof by combining these remarks with (3.14). |

The following result is a consequence of the Lemma 3.15 and [32, Theorem 3.5].

Theorem 3.16. Let X be a UMD space and 1 < p < oco. Assume that the assumption (H1) holds, the set {(ik)*N, : k € Z} is
R-bounded and || L||||I — P||||Y|| < 1, then for every f € LP(T; X) there exists a unique strong LP-solution of Equation (1.2).
Proof. Let f € LP(T; X). From Lemma 3.15 we have that the sequence ((I - L,B,(I—- Bk)‘lNk)‘l)

Therefore, there exists g € LP(T; X) such that §(k) = (I - LB, - Bk)‘lNk)_lf(k).
Using again [32, Theorem 3.5] we can affirm that there exists a unique strong LP-solution v of Equation (3.3). Hence 0(k) =
N &(k). We set u = Puv. It follows from (3.13) that

, . -
ez isan L multiplier.

g(k) + L o(k) = Liatk) + f(k), k € Z,
which implies that
g+ L) =f@®)+ L(y,), aeteR.

Substituting g and v in (3.3), we get that u is a strong LP-solution of Equation (1.2). |

Theorem 3.16 can be interpreted as a perturbation result for Equation (1.2). Before formally establish this property, we will
study some properties of R-bounded families, which are immediate consequences of the definition.

Lemma 3.17. Let C=({C, : k € Z} C L(X) be a R-bounded family. Let € > 0 such that eR(C) < 1. Then the family
{U -eC)™" : ke Z} is R-bounded.
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Proof. Let x;, € X and ry, k € Z, be independent, symmetric, {—1,1}-valued random variables on a probability space
(Q, M, ). For J C Z finite,

[0e] [oe]
2 r (= eCk)_lxk = Z i Z ejC]ixk = Z 2 Z rkCIixk
ke LP(Q:X) keJ  j=0 LP(Q:X) j=0  keJ LP(Q:X)
o0 (6]
< Z 12 Z rkCIixk < Z Ry Z FrXg
Jj=0 keJ LrQ:x) Jj=0 keJ LP(Q;X)
which establishes the assertion. O

Corollary 3.18. Let C € L(X) with ||C|| < 1, and let a; € C with |a,| < 1 for all k € Z. Then the family {(I -aq,0)"
keZ } is R-bounded.

Proof. Taking C, = a,C and € = 1/2, the assertion is an immediate consequence of Lemma 3.17 and the contraction principle
of Kahane [12]. O

Lemma 3.19. Let C be a closed linear operator such that 1 € p(C) and ||C(I —C)~'|| < 1/2. Then the family
{d -e*rC)™! 1 k € Z} is R-bounded.

Proof. From the identity

. . _ ,—ikr
I-eMC=(I-0O)+(1-e*)C= [I + 1%20(1 - C)_l] (I-0C)
follows
. 1 1= e—ikr -1
(I-e*Cc)y =a-0o)! [1 + T2(7(1 - C)‘l] ,
and the assertion is a direct consequence of Corollary 3.18. |

Lemma 3.20. If the family {C, : k € Z} is R-bounded, then the families {L, C, : k € Z} and {C,, L, : k € Z} are
R-bounded.

Proof. Let x;, € X and ry, k € Z, be independent, symmetric, {—1,1}-valued random variables on a probability space
(Q, M, ). For J C Z finite, we have

N P N P N P
erLjijj = er(t)Lj(ijj) dt =/ er(t)L(ejijj dt
j=l LP(Q:X) j=1 X Q=1 X
N oll N p
< ||L||”/ er(t)ejijj dtS“LIIp// er(t)ej(s)ijj) dsdt
¢ ls=1 LP(=h01X) @I =1 Pt
0 N P ol ¥ P
= ||L||”/ / D ri0e,()C;x)|  dids = ||L||P/ D riei(9)C;x)) ds.
-nJa 1o p = L)

Applying again the contraction principle of Kahane [12], and the fact that {C), . k € Z} is an R-bounded family, we obtain

0
<2L|P /
—h

for some constant C > 0, hence the family {L, C, : k € Z} is R-bounded. In similar form, we show that the family {C, L, :
k € Z} is R-bounded. O

P P P

N

LG,
=1

N

erijj

Jj=1

ds < 2||L|I"hC

)

LP(Q:X)

N
)
st

LP(Q;X) LP(;X)
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Remark 3.21. Suppose that X is a UMD space, 1 < p < oo and the condition (HI) holds. Assume in further that the family
{(ik)“((ik)"[ —Al:ke Z} is R-bounded. It follows from [32] that for every g € LP(T; X) the equation

D%u(t) = Av(t) + g(t)
has a unique strong LP-solution. Moreover, the map A : LP(T; X) — LP(T; X) given by
Al =v
is a bounded linear operator. Let € > 0. If the family {(ik)* N, : k € Z} is R-bounded, then
(k)T — €L, — A= [(ik)"I — A] [I —e((ik)"T — A)~'L,].
Hence, for € small enough,
NE = [(K)T —eLy — A]™ = [I = e(@)"T — A L] k"1 — 4],

and combining Lemma 3.17 with Lemma 3.20, we get that the family {(ik)* N, : k € Z} is R-bounded. Consequently, it follows
from [32] that for each g € LP(T; X) there exists a unique strong LP-solution v¢(-) to equation

D%u(t) = Av(t) + eL(v,) + g(1). (3.15)
Moreover, it is clear that v¢ = A(e L(v?) + g(+)), which implies that

1
0 ooy < € AP ILAINILING | orxy + AN orx)-

It follows that ||v*|| oc1.x) < Cllgll Lor.x) Jor some constant C > 0. Hence, if Y, denotes the map Y corresponding Equation
(3.15), we have that ||Y || < C and the condition €||L||||L — P||||Y,|| < 1 is fulfilled for € > 0 enough small. This shows that
Theorem 3.16 can be applied to establish the existence of periodic solutions to the equation

D%(x(t) — Bx(t — r)) = A(x(t) — Bx(t — r)) + eL(x,) + f(?)

for € > 0 sufficiently small.
We are in a position to establish the following result.

Theorem 3.22. Let X be a UMD space and 1< p < oo. Assume that the families {(I -B)' 1 ke Z} and
{(ik)“ ((ik)”’l - L, - B, - A)~! )_1 ke Z} are R-bounded. Then for every f € LP(T; X) there exists a unique strong
L?-solution of Equation (1.2).

Proof. Let f € LP(T; X). To abbreviate the text, for k € Z, we denote
a, = (ik)* and Oy = (a ] — A— Ly(I—-B)™")™".
Therefore, the family {ak 0, ke Z} is R-bounded. Moreover,
k(ay1Qpr1 — a,0p) = kQyyy [y Ly (I = Biy)™ = ayy L (I - B)™'] Oy
=kQy1(Lyyy — LI — By ) a0,

+kQy i LT = By ) 'Oy — 43410y 1 LI — B 'kQ,. (3.16)

The three terms on the right hand side of this decomposition define R-bounded families by our hypothesis and Lemma 3.20.
Hence, from the properties of R-bounded families (see [12]) we conclude that the family {k(a,, 0,1 — a, Q) - k € Z} is
R-bounded. It follows from Theorem 2.6 that {a; O, }c7 is an LP-multiplier. The argument used in [32, Lemma 2.6] shows
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that there exists v € H*P(T; [ D(A)]) such that o(k) = Qkf(k). Since {a, O } ez is an LP-multiplier, there existsu € LP(T; X)
such that

1
(ik)*

a(k) = (I — B ' (ik)"Q, f(k), Kk #0.

Therefore, u € LP(T;[D(B)]) and
(I - Bi(k) = O, f (k) = 0(k), keZ.
Hence we obtain that v(t) = u(t) — Bu(t — r). Combining these assertions, we get
(ik)* (k) = AD(k) + Lia(k) + f(k), ke Z,
which in turn implies that
D%u(t) = Av(t) + L(u,) + f(1), teR,

and completes the proof. Il

The decomposition (3.16) allows us to establish another result of existence of strong L?-solution Equation (1.2). We will use
the following property.

Lemma 3.23. Let L be the map defined by (3.1), where nn . [—h,0] — L(X) is a strongly differentiable operator-valued map.
Then the family {kL, : k € Z} is R-bounded.

Proof. For x € X and k € Z, k # 0, integrating by parts, we obtain
0

0
kLy,x =k / e*n0)x do = i(e”*n(~h) — n(0)) +i / e*3(0) x deo.
—h —h

Define V : LP(I~h,01; X) = X by V() = [, n'(0)p(6) d6.
Hence V) is the operator given by V) x = /_Oh e'*n(0)' x d@. Since {V,, : k € Z} is a R-bounded family ([31, Proposition 3.2]),
our assertion is a consequence of the previous representation for kL. O

In the next statement we continue using the notations introduced in Theorem 3.22 and Lemma 3.23.

Proposition 3.24. Let X be a UMD space and 1 < p < oo. Let L be the map defined by (3.1) withn : [—h,0] - L(X) a strongly
differentiable operator-valued map. Assume that the families {(I -B) ' ke Z} and {lkl"/sz ke Z} are R-bounded.
Then for every f € LP(T; X) there exists a unique strong LP-solution of Equation (1.2).

Proof. It follows from Lemma 3.23 that the family {kL; : k € Z} is R-bounded. Using (3.16) we can write
k(a1 1Qpt1 — 4, Qy) = sklkla/szHk(LkH - Ly - Bk+l)_1 |k|a/2Qk
+ s |k|*2 0y KL (I = Biy) ™' [K|*20,

— Stk + 120 kL (I = B!k +1|%Q,,
where s;, = ¢! 3950 This implies that the family {k(ay41O0ky1 — a,Qy) : k € Z} is R-bounded. We complete the demonstra-
tion arguing as in the proof of Theorem 3.22. O
Example 3.25. Set X =C and 1 < « < 2. For p € R\ {—1}, consider the neutral fractional differential equation with finite
delay
D¥*(x(t) — Bx(t — r)) = px(t) + x(t = 2x) + f(¢), t€[0,2x]. (3.17)

Writing A = pI and Lx. = x(- — 2x), we obtain the abstract form of Equation (1.1). Note that L, = e27ik = 1 forallk € Z. Since
p € R\ {-1}, we observe that(ik)* — 1 — p # 0 for all k € Z. Hence the family{(ik)* N, },c7 = {(ik)“((ik)"‘ —1-pt:
k € Z} is bounded. Let f € L?(T). Let I" be the map defined in (3.5). From /32, Corollary 3.6] there exists a constantC > 0
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independent of f such that ||T'|| < C. Suppose that B € £(X), and || B|| < min {1, %} According to Corollary 3.8 there exists
a unique solution x € L?(T) of Equation (3.17).

Remark 3.26. The condition that L : L?([—h,0]; X) = X is a bounded linear map used in our development is demanding.
However, our results can be extended to include equations of type

D*(x(t) - Bx(t — 1)) = Ax(t) + L(x,) + ). Cix(t = r) + f(1), tER, a >0,

i=1

and

D*(x(t) — Bx(t — r)) = A(x(t) — Bx(t — r)) + L(x,) + Z Cx@t—r)+f(@), teR, a>0,
i=1

where 0 < r; < r. We have avoided this approach to simplify the reading of the text.

4 | APPLICATIONS

In this last section we present an application of our results to partial neutral functional differential equations. As we have already
mentioned, equations of type (3.10) have been studied by several authors to model important physical systems. Next we consider
a fractionary version of the equation studied in [3] (see also [6,16]). Specifically, we consider the equation

0

a 2 ~
%[H(T,f) —qu(t—r,§)] = aa—éz[u(f,f) —qu(t —r,§)] +/ y(@u(t+6,8)do+ f(1,8), teR, Ee€(0,x], 4.1)

ut,&) —qut—r,8) =0, &£=0,n,teR. “4.2)

We assume that y : [—r,0] — R is a continuous function, f : R x [0, 7] — R satisfies appropriated conditions and ¢ € (0, 1).
We model this equation in the space X = L2([0, z]), and the operators A, B and L are given by

Az = :—;z(é) with domain D(A) = {z € X : z € H*([0,z]), z(0) = z(x) =0},

Bz=gqz, z€ X,

and

0
L(p) = / r(@)@0)do, ¢ e L*([-r,0]; X).

r

We assume that f satisfies the Carathéodory conditions of order 2 and that f(¢,&) is 2z-periodic at the variable 7. Let
f@) = f(t,-). It follows that f € L>(T; X). Let x(t) = u(t, -). With these notations, the problem (4.1)-(4.2) adopt the abstract
form of Equation (1.2). Since 0 < g < 1, then the condition (H1) is fulfilled. It is also clear that ||( — Bk)_1 [ <1- ¢)~" and

ILI| < C, where C = (/° y(0)>d6)'"”.
On the other hand, the spectrum of A consists of eigenvalues —n? for n € N. Their associated eigenvectors are

1/2

2@ =(2) sinto).

Furthermore, the set {z, : n € N} is an orthonormal basis of X. In particular,

0]

Ax = Z —n*(x,2,)z,

n=1
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for x € D(A). Consequently, (ik)* belongs to the resolvent set of A and
. _ - 1
(k)T — A 'x = Z‘{ W(x, z,)z, (4.3)
n=

for all x € X. Using (4.3) we can estimate ||((ik)*T — A)~'||. We distinguish two cases. First, if 0 < a < 1 then Re((ik)*) > 0,
which implies that

1

Second, if 1 < a < 2 then Re((ik)*) < O for k # 0. In this case, for k # 0 and n € N, we have

(k)T — A7 <

)+ 12| 2 [Im(k)")] = k| sin ( Ta).

It follows that
1

()T — A7 € ———ro
|| sin (ga>

for k # 0. Since X is a Hilbert space, the following result is an immediate consequence of Theorem 3.22.
Corollary 4.1. Under the above conditions, if one of the following situations is verified:

@ O0<a<landC+q<1,or
(b) 1<a<2andL+q<1,

- (r
sin (5(1)

then there exists a unique strong L*-solution of the problem (4.1)—(4.2).

Proof. We set

— L o<a<1,
_ ) VIi+]k?
d(k) = 1
-—ﬂ’ 1 < a < 2.
|k|® sin (Ea)
In view of that, in either case (a) or (b),
Cd(k)

(Gk)*T — A) 'L (I - BY™ |l < <1,

T
and writing
()T = Ly(T = B, = A7) = (I = (T = A" L (T = BY™") ™ (k)T — A
we infer that the family
{(ik)“((ik)"‘l —LU-By ' -A)" ke Z}

is bounded in L(X). This completes the proof. O
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