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1. Introduction

Multi-attribute decision making (MADM) and multi-attribute group decision making (MAGDM) problems widely exist in real life. In the
process of decision making, we are facing many difficulties such as how to describe the fuzzy and uncertain attributes [14,18,20]. In order to
solve these problems, Zadeh [27] proposed the fuzzy sets (FSs), which are very convenient to express fuzzy information. However, because
FS only has the membership function, it may be difficult to describe some complex situation. For example, for a problem of judgment, if
the result received that five people agreed, three people disagreed and two people were absent. It is obvious that FS cannot express the
results of this example. Then Atanassov [1,2] presented the theory of intuitionistic fuzzy sets (IFSs) to express some complex situations.
The IFS is composed of a membership function and a non-membership function. Obviously, IFS is better than FS to describe the fuzzy
information. However, in real decision environment, there are many situations in which the attributes of decision making problems cannot
be presented by the exact quantitative form, but they may be described by qualitative form. In this case, decision makers usually describe
their preferences by linguistic terms. For instance, when the speed of cars is evaluated by observation, terms like “very slow”, “slow”, “fast”,
“very fast” are usually used to express the experts’ preference. In order to deal with the linguistic information better in decision making
process, many linguistic computational models have been developed [6-11]. For example, Bordogna et al. [4] and Pei et al. [16] proposed
some the linguistic weighted aggregation operators [21,23,24].

Although IFS can easily describe the fuzzy information [15,17], however, because its membership function and non-membership function
are expressed by crisp numbers, under some conditions, such as some qualitative indexes, it may not be convenient for decision makers to
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express their preference. On the basis of the IFS, Chen [5] defined linguistic intuitionistic fuzzy numbers (LIFNs) in which the membership
degree and the non-membership degree are expressed by linguistic variables. Obviously, the LIFNs can take the advantages of linguistic
term sets and IFNs, and can deal with vague or imprecise information more convenient.

For aggregation operators, in general, we need to consider two aspects. One is for functions and the other is for operations. In the
functions, the traditional aggregation operators [25,26] can only aggregate a set of real values into a real value. In order to solve the
complex real decision problems by aggregation operators, there are many complex aggregation operators which are developed for the
different functions. For example, in order to consider the interrelationships between attitudes, the Bonferroni mean (BM) operator [3] was
proposed by Bonferroni and the Heronian mean [19] was proposed by Sykora. About the difference of them, the BM operator can consider
the relationship between any two criteria, but it generally ignores the interrelationship between the criteria and itself, and the aggregation
result is with redundancy. Although the HM operator has the similar expression with BM operator, it can solve the weaknesses of BM
operator. Now, the HM operator has extensively been applied to the decision making process, however, HM operator supposed that each
attribute has relationship with the other attributes. But in real decision process, the situation may not always be existed. For example,
when selecting a production, we may consider some attributes as follows: basic function (C; ), ease of use (C3 ), production quality (C3) and
production price (C4). The attributes can be partitioned into two parts: P; = {Cy, Co} and P, ={Cs, C4}. It is obvious thatC; is related with
C,, so they are in the same partP;. However, there is no relationship between the parts P; and P,. We can classify the attributes into the
different groups according to the different aspects of the impact of different attributes. For example, when we go to rent a house, we may
consider many factors like price, transportation, comfort level, infrastructure and so on. As we all know, the higher the price is, the better
the comfort level is. Similarly, the convenience of transport will indirectly determine whether the infrastructure is complete. So we can
divide the above four factors into two groups i.e., the first group are price and comfort level, while the second group are transportation
and infrastructure. Obviously, HM operator cannot deal with this type of decision making problem.

In the operations, the traditional operations of LIFSs in [5] do not consider the interactions between membership function and non-
membership function, so in some special cases, they don’t get reasonable aggregating results, especially when exist zero in the subscripts
of the membership or non-membership of LIFSs. For example, lety; = (sa1 s by ) V2 = (Sa2 , sbz)be two LIFNs, and b1 =0, b, # 0, then by the
addition operation in Chen [5], then we can get y =(y1 ® ¥2)=(Sc, S¢) and d = 0. Obviously, this aggregation result is unreasonable.

From the above discussion, we can know the existing HM operator for LIFNs has two main drawbacks. (1) The HM operator can consider
the interrelationships between the aggregating parameters, but it assumed that each argument is related to the rest arguments, and it cannot
deal with the decision making problem with interrelationships for the attributes only in same a partition and with no interrelationships in
different partitions. (2) Most of the existing HM operators adopted the traditional operational rules proposed by Chen [5], so they didn’t
consider the interactions between membership function and non-membership function, and could get the unreasonable results sometimes,
especially when the subscript of the non-membership degree is zero. So the research goal and contributions of this paper are (1) to propose
some new HM operators, which are called partitioned Heronian mean (PHM) operators, to overcome the first drawback; (2) to define new
operational rules of LIFNs to overcome the second drawback; (3) to develop new decision making methods to solve the decision making
problems with interrelationships for the attributes only in same a partition and with no interrelationships in different partitions.

The rest of this paper is organized as follows. In Section 2, we briefly review some basic concepts of IFSs, linguistic term sets, and
LIFNs. In Section 3, we propose the new partitioned Heronian mean operators for the LIFNs, including the linguistic intuitionistic fuzzy
partitioned Heronian mean (LIFPHM) operator, the linguistic intuitionistic fuzzy weighted partitioned Heronian mean (LIFWPHM) operator,
the linguistic intuitionistic fuzzy partitioned geometric Heronian mean (LIFPGHM) operator and the linguistic intuitionistic fuzzy weighted
partitioned geometric Heronian mean (LIFWPGHM) operator. In Section 4, we propose two MAGDM methods based on the proposed
operators with the linguistic intuitionistic fuzzy information. In Section 5, we give some examples to illustrate the effectiveness of the
proposed MAGDM methods and compare them with the existing methods, and to show the advantages of our methods. The conclusions
are given inSection 6.

2. Preliminaries

2.1. The intuitionistic fuzzy numbers

Definition 1. [1]
Let Y be a universe of discourse with a generic element inYdenoted byy. An intuitionistic fuzzy set (IFS) B in Y is given by

B={<y,up(y), 1(y) »>y € Y} (1)

where ug(y) is the membership function, andvg(y)is the non-membership function. For each point y in Y, we have ug(y) vg(y) € [0, 1]
and 0 < up &tpcheck; y+vp(y) < 1.

ForeachIFSBinY,let m(y)=1—ug(y) —vg(y), Vy € Y, and we call 7(y) the indeterminacy degree of the elementyto the set B[1,2]. It can
be easily proved that 0 <m(y)<1,Vy €Y.

To the given element y, the pair (ug(y), vg(y))is called an intuitionistic fuzzy number (IFN). For convenience, we used = (Uy, Uy )to
represent an IFN, which meets uq € [0, 1], vo € [0, 1] and 0 <ugq +vo < 1.

2.2. The linguistic term set

Let us consider a complete and finite ordered discrete linguistic term set S= {sg, s1, - - -, S¢}, Where,tis the even value. For example, when
t=4, the linguistic term setSand their semantics can be defined asS = {so (very low);sq (low); s, (medium); s3 (high) ; s4 (very high)}.

The characteristics and the operational laws of linguistic variables can obtain from the references [2,16-19]. For convenience, we
useS|o,;to express the set of continuous linguistic sets in the intervals [0,t] which was extended from the discrete linguistic termsS = {so,
s1,-++, Styin order to relieve the information loss in the calculating process.
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2.3. Linguistic intuitionistic fuzzy numbers

Definition 2. [5]
Supposesg, s € Sjo,cjandy =(sq, Sp), ifa+b < ¢, then y can be called the linguistic intuitionistic fuzzy numbers (LIFNs).

Remark 1. Ifs; € Sio,¢) then(sq, neg (sq))is also a LIFN, whereneg (S¢) = St—q-

Remark 2. The uncertain linguistic variables (ULV) [16] can be converted to the LIFNs. SupposeS = [sq, s, ]is an ULV, wherea, b < [0, t],5q
ands;, are the lower and the upper limits of the ULV, then we can get that (sq, S;_p)is a LIFN which has the same information as the ULV[sq, Sp].

For convenience, we use [l ¢ to express the set of all LIFNs.

Definition 3. [5]
Lety = (Sas Sp)» Y1 = (Say» Spy )» Y2 = (Say» Sb,) € Tfo,t}» A>>> 0, then the operational rules of the LIFNs can be defined as follows:

Mrey= (sal’sbl ® (S“Z’SbZ) - (Sa1+az—w’s@) 2)

) 11 ®72= (s0rs50) ® (509,) = (S22, ., 1y ) @

(3) Ay = A(Sa, Sp) = <Stt(1[g))”sf(?))h) @

(4) y* = (sa, 5p)* = <st(?)hst—t(1—?)k> )

Example 1. Three teachersT; (i = 1, 2, 3)want to evaluate a studenty, the support and opposition ratings from three teachers are given
by using linguistic intuitionistic fuzzy informationy; = (Sq;, Sp,) (i = 1,2, 3) € I]g,8)- Supposey; = (s, $2).¥2 = (53, $4).¥3 = (S6, So), andw =
(0.25,0.35,0.4)Tis the weight vector of teachers. According to Definition 3, we can get the aggregation result of these intuitionistic

)
)

3

fuzzy information isy = (sc, S¢) = ® W;¥; = (S5.1013, So)- AS we can seesy = sp, = 0, in other Words,sbj (j =1, 2)have no influences on the
1=

aggregation result. Obviously, this is unreasonable.

Definition 4. [5]
Lety = (sa,Sp) € Ijo,¢)» then

the score function Ls of the LIFN y is

Ls(y)=a—b (6)
and its accuracy function is

Lh(y)=a+b (7)

Definition 5. [5]
Lety; = (Sq,, Sb, ), V2 = (saz,sbz) € F[o,t]- then we have

(1) IfLs(y1) < Ls(y2), then y1 < y2;
(2) IfLs(y1) = Ls(y2), then
IfLh (y1) < Lh(y»), then y1 < y2;

IfLh (1) = Lh(y2), then y1 = y>.
Obviously, for any(sa, sp) € Ifo,c, We have(so, st) < (Sa, Sp) < (5t, S0)- Supposeys = (Sa;» Sp, )» ¥2 = (Sap>S,) € o1}, if @1>a, and
by <b, then y1 > y,.

Example 2. Ify; =(s4,53) € I gjandys = (S4,52) € I]o g}, then based on the Definitions 4 and 5, we can get the following results.

Ls(y1)=4—-3=1,Ls(y2) =4—-2=2.
Since Ls(y1) < Ls(y2), then we can get y1 < V3.

Example 3. Ify; =(ss,s3) € []p,gjandy2 = (S4,52) € I|o,g}, then based on the Definitions 4 and 5, we can get the following results.
Ls(y1)=5-3=2,Ls()n)=4-2=2.

Lh(y1)=5+3=8,Lh(y,) =4 +2=6.
Since Ls(y1)=Ls(y2) and Lh(y1)>>>Lh(y2), so we can get y1>>>y».

3. The linguistic intuitionistic fuzzy aggregation operators
3.1. Partitioned heronian mean

Heronian mean (HM) can capture the interrelationships of the input data [9] [14], which is an important tool to solve the MADM
problems. It can be defined as follows:
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Definition 6. [9]
LetI=[0, 1], p, g =0, HP4 : ™ — |, then the Heronian mean (HM) operator HP9 can be defined as:

m m Pqu
2
p.q . - P4
HMPA(yr, oo pin) = | s DD WY, ®)
i=1 j=i
Obviously, the HM operator has some properties of idempotency, monotonicity and boundedness.

Definition 7. [12]
LetI=[0, 1], p, g >0, HP4:I™ — |, then the geometric Heronian mean (GHM) operatorHP-9can be defined as:

2
m(m+1)

m m
1
GHMP (1, 2, yin) = o= HH (pvi +pY)) 9)

We know that HM and GHM have the advantage of considering the interrelationships between any two input arguments. But in many
situations, input arguments can be partitioned into many distinct sorts and the members in same sort are interrelated, and the members in
the different sorts are independent. In this background, we propose the partitioned Heronian mean operator and the partitioned geometric
Heronian mean operator.

Definition 8. Lety;(i=1, 2, ..., m)be a collection of inputs, which is partitioned into d distinct sorts Py, P, ..., P4, where
d
Py = {y,ﬂ, Vh2s s Vapy| } (h=1,2,---,d), Z\Ph\ = mand|Py,|denotes the cardinality of Pj,. For any p, q > 0, the aggregation functions:
h=1
1
1 d : Pyl IPhl b
e = — —_— P q
PHM (71, v2. s vm) = g | D\ papd 1) Do D VhiTh (10)
h=1 i=1 j=i
is called partitioned Heronian mean(PHM) operator.
Definition 9. Lety;(i=1,2,...,m)be a collection of inputs, which is partitioned into d distinct sorts Py, Py, ..., Py, whereP, =
d
{ym, Vh2s s Yhipyl } (h=1,2,---,d), lehl = m and|Py|denotes the cardinality of Pj. For any p, g > 0, the aggregation functions:
h=1
2
d 1 n o n PR I( 1Py 1+1) 1/d
PGHM (Y1, 2.+ ¥m) = H Sra HH (PYhi + Vi) (11)
= i=1 j=i

is called partitioned geometric Heronian mean(PGHM) operator.

3.2. New operational rules for LIFNs

In order to solve the problem in Example 1, we considered the interactions between the membership function and the non-membership
function of LIFNs and proposed the new operational rules as follows.

Definition 10. Lety = (Sa, 55), 1 = (Sa;>Sb, ) » ¥2 = (Say» Sb,) € TJo.cp, A >>>0, then the new operational rules of the LIFNs are defined as
follows:

(1) 71®V2=(sapsb])@(saz’sbz): S 2 ) 2 (12)
(o) (Ten T16-+))
i=1 i=1 i=1
(2) Y1 ®¥2=(Sa1+5b,) ® (Sap>S5,) = | S / 2 ) s ) (13)
[<H(m)ﬂ(lw)> [<1H(1b,.)>

(3) )\'yz)\,(savsb): St(1*(1*%))‘)’Sf((l_a)k_o_%_%))‘) (]4)
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@7 =l - (00 -0m0-0) o (-0ny) )

Example4. Letusre-considerthe problemin Example 1 with the new interaction operational laws in Definition 10, we can get the aggrega-
3
tion result of the linguistic intuitionistic fuzzy information which isy = (s¢, s4) = ® W;¥; = (54.9498, $1.7307), and meetsmin {sb1 s Sbys Sby } <
i=1
S4 < max {sb] + Sby s Sby } Obviously, this result is reasonable.

In the following, on the basis of the new operational laws of LIFNs, we extend the partitioned Heronian mean (PHM) to the LIFNs and
propose the linguistic intuitionistic fuzzy PHM (LIFPHM) operator, the linguistic intuitionistic fuzzy weighted PHM (LIFWPHM) operator,
the linguistic intuitionistic fuzzy partitioned geometric Heronian mean (LIFPGHM) operator and the linguistic intuitionistic fuzzy weighted
partitioned geometric Heronian mean (LIFWPGHM) operator. Then we will research some properties and some special cases of these new
operators.

3.3. The LIFPHM and LIFWPHM operators

Definition11. Suppose y; = (Sa,» s Sh; ) (i=1,2,---, m)isacollection of the LIFNs which is partitioned into d distinct sorts Py, P, . . ., Ps,where

d
Pr= {Vhts Vha -+ Ve } (N =1,2, -, d), Z|Ph| = mand|Py|denotes the cardinality of Py. For any p, > O.LIFPHM : Ig , — Ig o). if
h=1
1
[ 5 Pyl IPy] P
LIFPHMPA (1, y2, -+, Ym) = 4 > WZZ%’Z ® Vi "o
- i1 j=i

whereI"[0 f is the set of all LIFNs, then LIFPHM is called the linguistic intuitionistic fuzzy partitioned Heronian mean (LIFPHM) aggregation
operator.

Based on the operational laws of the LIFNs proposed in formulas (12-15), from (16), we can get the aggregation result shown as theorem
1.

Theorem 1. Supposey; = (sai, sbi)(i =1, 2, ..., m)is a collection of the LIFNs, and for anyp, q > 0, then, the result aggregated from (16) is
still a LIFN, and even

LIFPHM " =
(71’72’ ’7’”) $ ) s VW) 2 W)V
1 120AE0 (15, [2nl([7 1) 5 [7al(17l+1)
1| [T (1-atat; +8085) 155 A T155
- -

J=i =i

s /

2 2 Y(p+a) > 1(pea) ) N i)\

d
h=l i=1
=i

nl AR ( () ) i TATP) 1 i)
A1 TT) 1 - TL(-etets+BL58) 188 + 1885 -TTI 155

i=] i=1 = =1

J=t J=i

(17)

- - — _ api apj by; bh'
where, OLhi—l — Vhi» Oth—l 71)}1]', IBhi_l — Upi — Vhi» ﬂhj_l 7uhj71/hj and Up; = %, uhj = T],Uhi = %7vhj = T]

an ap;i ;
let = upi—- = Upj, = Vpir 7 =V,
then

b _ q _
Vhi = (Sf((l—"hi)p—(l—uhi—'/m)p)’Sf(1—(1—vhi)p)) V= (St((1—uhj)q—(1—uhj—vhj)q) ’ st(l—(1—vhj)q)> ’

and

p q
. .= 1S S
Vi ® Vi < t((1*"hi)p(1*th)q*(l*“hi*”hi)p(l*uhj*vhj)q) ' t(lmi’hi)p(l"hj)q))
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then
LA R
27u®7;=| s o] 5y In)
i=1 j=i y q u q o q
! ,[.,]’:[(.,(l,v,,,y(lw,,,)um,,,,v,,,yuw,,,v,vr)] {g[l—(nw.>"(m,)“+u—u,,,—vh,)"(u—u/.,—»,,,)'j—E[u—uh.—m.,)"(nfu,v—v,,,)'
Further,
2SS
i ®vy =15
IR+ &= ' i
1) 1+

=

e
(1—(1—»7,, ) (1=vig )"+ (1= =vi )" (1=t }“)

i=1 j=i

s 2 2
(] [Pal(7nl+1)
] B Y |
4 H( (1- ‘m 1 Vh/) *(1*"/"*"/.1) (1*“/./*"1,,) ) Hl ”hﬁ‘m 1 ”h,*‘n)
i T
and let 1 — Vpi = Qpi, 1- Uhj = ()th, 1- Upi —Vpi = ﬂhiv 1- uhj — Uhj = ,th,
we can get
2 1n] |5l
wecanget— %% y' ®yf =| s ,5 . .
‘Ph‘( P, +l) pargn " REE 1 I ( 1oy i)
i1 [[(1-afat+p185) | T1(-efet+aim5) l'[/f,.,/fé’,
i B i
L
2 AN , p+q
q —| ¢
ﬁ 7hi®7h, s ) ) , )
| h‘(‘ d )iﬂ i=i il DI DD R L
o |1 T (-t + 8185 + 148 H B
=% =
B 2 2 1/(p+q)
n) et (1) 2al(17uf+1)
1 1| 1] H(‘*flﬂ’.“ﬂﬁﬁ:ﬁ/f;) H B
o ,.
then
L
d 2 AN P
P q —
Z ‘Pm )Zthi@yhj =S 2 2 W) 2 ra)))?
= =t =i J ial AT () A1) In) Al
A= |- | T T (et + 8585 Hﬁ 7 H/i/,./f/,,
N o 2 W) 2 o) 2 o)
4 n) R Y] 7121 1) I InlPul1) a ([ 1a 2ullEa )
AT TT(-ehias 515 + Llsia, (T 1s08 T1) [ T4
" = = =
o
S 2SS e |
- Vi ® 7/h, =
*a| &\ RIR)

>
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then

S
2 2 1/(p+q) 2 1/(p+q) /a2

. Inj BaF (1) [l T) b 0D
A1+ TT) - 1= H(]—a,”’,a,‘,’/+ﬁ,ﬁﬁ;‘/) + W [ T18:8
1 i i=1

1
i

J j=i

2 2 1/(p+q) 2 1/(p+q) Ve 2 1/(p+q)

. i) EEEN i) i i) 1 Pl
o\ L1 0-atag+aimg) |+ [12 T 1sim - L1} T 12
h=1 i=] i=1 i=1

1/d

h=1|| i=l

j=i j=i j=i

(18)

Example 5. Lety; = (Sg, S1),V2 = (S5, 52),¥3 = (53, S4),V4 = (S7, So)andys = (s5, 1) € [ '[gg|be five LIFNs, and suppose that we partition the
five LIFNs into two sorts, i.e.Py = {¥11, 12, V13 } = {71, ¥2, v }andP, = {ya4, ¥25 } = {4, 5 }, then we can use theLIFPHMoperator to
aggregate them. Suppose the aggregated result isy = (sq, Sp), without loss of generality, letp=q =1, then we get
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(1) When h=1, we get

2
[B1(& 1)
I 1_(1_ﬁj” by (lbj TR
i=1 t t t t t t

Jj=i

=0.8282,

2
q \RI(R+1)

Rl P q 1 1 1 1
and H l_ﬂ_ﬁ 1_ﬁ_ﬁ = (l_ﬁ_lj (l_ﬁ_lj x(l_é_lj (1_§_gj x
L. ot ot 8 8 8 8 8 8 8 8

j=i

6 1)(, 3 4Y 5 2Y(. 5 2Y 5 2Y( 3 4Y
(A

8 8 8 8 8 8 8 8 8 8 8 8

1 1\3x4

x(l—é—ij (l—g—ij =0.01563 »

8 8 8 8

2 1/(p+q)

NS S (R o
=) t ! rot ! !
_2
, RI(IR]+1)
A 1_@_ﬂ[ ]_&_ﬁ"
i1 r ¢ !

1
=(1-0.8282+0.01563)1+1 =0.4330,

then

2 1/(p+a)

|| a Y a b)Y B 1(17]+1) s
and H(l—i—i] {1—‘-’—"] =0.01563" =0.125
t t t t

i=1
J=i

(2) When h=2, we have

2

q q\ |IBlPl+1)
ﬁ 1_(1_@}) 1_@ +[1_@_&jp 1_@_1927/
i=1 t t t t t t

J=i

LG CC S CICRC S C )

(2) When h=2, we have
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q |Il(17:+1)
In,| » q 1 I 1
and l_ﬂ_@ 1_@_@ = 1_1_9 [1_1_9 X(I_Z_Q l_é_l x
iy t ot t t 8 8 8 8 8 8 8 8

2 1(p+q)
, )
1 O U Y U VR O PO B TR TR | +
i t t t ot t ot

P,

o IR
H 1_@_@ ’ 1_@_@
i t t t t

i
J

then

i

1
=(1-0.9682+0.0313) =0.2512,

2 1/(p+q)

P, P a q ‘PZK‘P"H) 1
and H( j[l—;’—;]] =0.0313" =0.1768 .

i=1

~.

So,a =8 x (1 —((1-0.4330 +0.125) x (1 - 0.2512 + 0.1768))%) =1.5973

Similar to the process of calculating a, we can get b=5.2134.

ThusLIFPHM"1 (y1, ¥, V3, V4, Ya) = ¥ = (Sa, Sb) = (515973 S5.2134)-
In the following, we will explore some characteristics of theLIFPHMoperator.
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(3).

Theorem 2 ((Idempotency).). Let(yy, ¥2, ..., ¥m)be a collection of LIFNs, if all v, (k=1, 2, .., m) are equal, i.e., Yy =y =(Sq, Sp), k=1,2,---,m

then

LIFPHMP-U(y1, Y2, -+, Ym) =¥

Proof. Let LIFPHMPI(y1, y2, - -

(a) We firstly prove that s =sq, i.e., 0 =a.

by,

As mentioned above, we can knowsg,, = Say; = Sqandsp,. = Sby = Sb» let-hi ’" = uh,,— = Up),
1= up; — Vi = Bris 1 — Upj — Upj = Brj, then u=up; =Upj, V="0p; = Vhj, &L= 0tp; = Qtpj and B=PBri = Brj, we can get
) 2 \Wpra) NN
. " AIEFD (|, AT . AlEF)
=t 1= TT| 1= 1=\ [T (1-eses + 5153 + 158 + | [15:8;
! = = =i
2 2 Y(p+a) ) Y(rea) V)V
d 2 £1(51+1) B [Bl(7l+1) B Bl
=\ 1-[ ]| 1-|1- H(l—a"*‘1+/3"“’) + [187 + T8
h=1 i=1 i=1 i=1
J=i J=i Jj=i

i.e, syg=sa.

7" (ﬁ(l ~(1=(1=a" 4 pree)+ pre )l/(pﬂ') +(pre )l/(p+q) )JI/ ‘ ]

=t 1—(; (1-a+p) jwj —t[l—(ﬁ(l— 1-v)+(1-u- v))jw] =t(1-(1-u)) =t% =

h=1

(19)

, ¥m)=(Sy, Sp), since the formula (17) is equal to the formula (18), we can only prove the formula (18).

; by;
T = Uh,,— = Upj, and 1 — Vpi = Qpi, 1 — Upj = Qyj,
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(b) We also prove that s, =sp,.
Similar to (a), we can also prove that s, =sp.
According to (a) and (b), we have (sy, sp)=(Sa, Sp), i.e., LIFPHMP9(y1, y2, -+, Ym)=y. Q. E. D.

Theorem 3 ((Commutativity)). Supposey; = (sai, sbi)andy’i = (s/ai, S'b,-) (i=1,2,---m)are two collections of IFNs, if(y'1, ¥'5, -+, ¥/ m)is
any permutation of (y1, y2, -+, ¥m), then

LIFPHMP(y1, y2, -+, Ym) = LIFPHMP9(y'1, V'3, - V') 20

Proof. Based on Eq. (18), we have

pPq —_
LIFPHM " (3,,7,, ¥.)=|§ vy
2 2 1/(p+) 2 1/(p+q)
. iy P () DR i i)
- T T (e + 8788 N | T1Ais
h=1 i=l i=l i=1
J=i =i =t
N
2 2 1/(p+q) 2 1/(p+q) d 2 Y(pea) )1 ’
, i A ( o ) i R (i T
|| TT| | [T (-t + 8185 “ 1885 + | T1stss - BLBY
h=] i=1 i=] i=] h=1 i=]
! ,»,‘, f y U
2 ’ ’ N
LIFPHM " (y,75,  Vm)=
S
2 2 1(p+a) 2 1(p+q) vy
. i AR (1o FRTIAFT] il )
LN D (RSARY § (SR A0 L § A | 11sisy
h=1 i=1 i=1 i=]
! o i o
2 2 1/(p+q) 2 V(o) V) 2 Ypea) |1 ’
. ny A () i) ol ) R AT
0 (T} T (-air ey 22 57) AT1ssy | [1aea 11| [L5e5y
h=1 i=l i=l i=1 h=1 i=l
J=t J=t J=t J=

Since(y'y, ¥/2, -+, ¥/ p)is any permutation of (¥4, 2, - - -, ¥m), then we can getLIFPHMP-9(y1, ¥a, - -+, Ym) = LIFPHMP-9(y' 1, V2, s V' im)-
In the following, we will study some special cases of the LIFPHMP4 operator in regard to the parameters p and q.
(i) Wheng — 0, then we can get

LIFPHM""(7,.7,, \1,)=|$

Hattesror =gty foessr ]|

N7

A s e ey

o]

(21)
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(ii) When p=1, g— 0, then we can get

LIFPHM" (y,,7,, ,7,)=|s

z{.{ﬂ[ﬁ(luﬁﬂn(nw}

(iii) Whenp — 0, then we can get

| ot ot |

LIFPHM ™ (3,,7,,  +¥,,)=

s Va s vy’
qJH,(Hn']

2 2

il([7nf+1) ul([Fuf+1)
g Inj o (ar Y (g e Bl oo b
1- 1= 1- I 2 B R - Zh -2
n {H[[][ I (2

7 =i

s , . YoV A
p N ] o | o 17ulliAd1) o |1edAd)
, ﬁ . Fﬁ‘ (Y Y . 7 Lay by i 7 Lay by et oy by
h=1 i=1 [ ’ ’ i=1 ’ ’ i=1 ’ ! h=1 i=l ! ’
i i i i
(iv) When p=qg =1, then we can get
11
LIFPBM ™ (3,.7,>  +¥u)=
s , . . W)’
[EnllTeal1) [EnlF1) [PalTAT+1)
a 7] b b b a, b 12n] b a, b 7] b a, b
i |1 B | 2 G i | 0 Zhi i i ||y S Zh i i |y _SnZhi
11]311{1’:‘[[1(11)[1’]{1’ ’](11 1]] +[}I[1[ 1][1[ ,] +E[[1l ’]{11 1]
i i i
s R 2 L, e
Ienl(12nk1) [enl(12nl+1) 2al2al+1)
< ul by hi @ _b, @ by M gy b a; by A
A IR R i SR iR SR X
1 ) o\
[7nl2nl+1)
a || Iml b a. b
i Oni hi i
- {H[I’T’TJ[]’T’, } J
i
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(22)

(23)

(24)

As we all know, the LIFPHMP-4 operator only considers the interrelationships between input parameters; however, it doesn’t take into

account the self-importance of parameters. In order to overcome this drawback, we will further develop a linguistic intuitionistic fuzzy
weighted PHM (LIFWPHM) operator.

Definition 12. Supposey; = (Sa,-, Sb,-)(i =1,2,...,m)is a collection of the LIFNs partitioned into d distinct sorts Py, P, ..., Py, whereP, =

d

{vh1> Vizs -+ Vupy  (R=1,2, -, d), Z\Pm = m and |P,| denotes the cardinality of P,. For any p, q > 0,LIFWPBM :

h=1
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d Pyl 1P| I
1
LIFWPHMP-1 e == 2
= i=1 j=i
m
whereI"[0 t]lS the set of all LIFNs, andw = (wy, wa, - - -, wy,)Tis the weight vector of (y1, y2, -+, ym)Ww; € [0, 1], ij =1, then LIFPBM is
j=1

called the linguistic intuitionistic fuzzy partitioned Heronian mean (LIFPHM) aggregation operator.
Based on the operational laws of the LIFNs described in formulas (12-15), from Eq. (25), we can get the aggregation result shown as
theorem 4.

Theorem 4. Suppose y; =

(sak, Sbk) (k=1,2,--,
is still a LIFN, and even

m)is a collection of the LIFNs, and for any p, g > 0, then, the result aggregated from (25)

LIFWPHM" (7,717, ) =

S
2 2 1/(p+q) 2 1/(p+q) Yy
p nl [2al(12al+1) Il [2al(12al+1) Il [Eal([Prl+1)
7| 1] H 1= 1 H(l m”hﬁﬂmﬂm) H /llﬂfu + Hﬂhl:ﬁ;l/
N
2 2 1/(p+a) > Yipea) V) 2 Y(p+a) |
B Ia 1202k ) () 12al( Pal+1) 5] [2al(1Pl+1) 2|18 12al([Pal 1)
Y H 1= 14 H(l’a/ﬁ'a;:,* ;{:ﬂ;‘,’,) H B H v B H Hﬂ]’)ﬂh;
(26)
where,ap; =1 — umwhi + Umwhi, Upj = 1- um""hj + U":lnwhl Bhi = Um Whi ﬁhj = I/hm hi, and up; =1 — -1 uh] =1- T’ vpi=1-— M — @, Vpj =
_ Gy by
Tt

Since mw,7,; =| $ s

S e [ WSS s
,,,(I,A] [(l,l] ,,[l,ﬂ,l) H[l,¢) ,(l,ﬂj ,,(I,A,i)
t t t t 1 t t t

,and

(mwthhi )p =S

(w7 ) = s

Proof.

a b/g

t t

.

q

z[l—(l—l] +[1————
t

P

ay b,J

t t

oy Y17 s v
g a g q
) } ,,,{I,EI,AJ +[lfi77
' '

by
1

N
" i )P wopi )P0 w i V| 2
[[1_(1_‘&]””,,, +[1_&_%ij,] _,[[l_‘i_’i)w] H[l_[l_%)m 1"4{1_“&_%)”’ h,]
t t t t t t t t

] Wi ]‘I
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letl—— =g, - =y 1Ty g MW
t t t

then (mw, 7, )" = [S

(mw,7,,) ®(mw’” Vi )q B (st(lu"'w/u
and

LARLA

A
- 1=

=
=i

Further,

5 Bl

m i=1 g(mwhi}/”i )P ®(mwhj)/hj )q =S

N
[ {
i

1

and letl—u;"™ + v =, 1—u," +v,;

=

we can get

) AN

W;;(’"Wm?’m ) ® (mwhj;/h/. )4 =

N 5 58

=

=

i=1
J=i

o
—_—
1
L
;:
&
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PP

q
N (mw " ) =S N
1™ i\ g\ g1 i\ h/7 hj g g \1 (g |1 g mg\ |
i i i i i =y vy | =ty =t 1wy

N
Y ) i\ » U » i \4
g \7 (g e \T (e i ol i o\ mmi v
Vhi ) (1 Uy, Vi vy Vi t—t(1 Uy "V 1 Uy +Vy

B
” P mwy mwyi \9 P mwpi \T
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S
] i o \P (1 g g \E (g \P g\ —
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2

Wij mw, mwy
g =0 v = B vy =By

2 2
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1

)l

=
A m stmn |-

§ ) ) s ) S ) ERCORE
Il BT () 3 ) SRR CCE) . AR (1, YPIARD
A |- T 1(-efat+555) + [ 1285 H/,,,ﬁh, 1= TT (- + 1) 1861
= = i 5 o
then

1

AR

N 2 r a E_
ZI[M Tzl ”f“’)J )

$ 2 2 W) 5 W)}
. i A (1, AR W
[T A TTO-ades +885) 1‘[/3,.,/,,/ HW
h= i
' . . -
§ Y(p+q) 2 Y(p+q) 2 1(p+q) ’

2 2

, il AT (| ATIAFT) il ) R RIZE]
o T - TT (-t =858 « [1s8 H|T1si88 1'[ ]'[/,.. v

h=1 i=1 i=1 i=1

=1
j=i

j=i /:

1] ¢ 2 LARG ' o . ﬁ
SO’E Z m;;(mwhi%i) (mwhjyhj) =

1/(p+a) 2 1(p+a) vy

2 2
. 1 [ Ini1) 1l Pi(af+1)
1| 1] H 1= 1 H(l “mah,*ﬁ/uﬁm) Hﬁm ni N Hﬂ;ﬁﬂ;ﬂ
h=1

i=l
J=i

,,

N

2 Y(p+a) 2 Vi) ) 2 Yipa)\/?

2
. Al AITAED (|7 ) Il i) |1l mmwu
i ﬂ 11+ H(l—a;’,awz:ﬁ;g) + Hﬂ,::/fza H B H H

=1
j=i j=i i =

So we get that (26) is kept.

Example 6. Lety; = (s6, $1).¥2 = (S5, 52),¥3 = (53, $4).Ya = (57, So)andys = (S5, 51) € I'[gg] be five LIFNSs, andw =

(0.25,0.2,0.22,0.15, 0.18)Tbe the weight vector ofy; (i =1, 2, 3,4, 5). Suppose that we partition the five numbers into two sorts

ie, Pr={y11, 712, 13} = {11, v2, ¥3 }andP; = {24, y25 } = { ¥4, y5 }, then we can use the LIFPBM operator to aggregate the five LIFNs.
Suppose the comprehensive value isy = (sq, Sp), without loss of generality, let p=q=1, then we get

U11—1—T—025 U12—1—T—0375 U13—]—T—0625 u24_1—T_0125 UZ5—1—T—0375
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vn:1—%—13%:0.125,1/12:1—%—?:0.125,1}13:1—%—?:0.125,1}24:1—a%—b%:o.l%

vps=1— 925 _ 125 —025anday; = 1 — w11 4 1M1 = 0.8975, &gy = 1 — w12 4 yM¥i2 = 0.75,

ag3 =1 -u}"13 + 813 = 0.5052, apq = 1 — uly"24 + v0)"24 =1, ap5 = 1 — ul*25 +140"25 = 0.8735, By = v

=0.0743, B2 = vmwu =0.125, B13 = Umw13 =0.1015, B4 = vm""24 =0.2102, B35 = U?SWE =0.2872

then
2
[P1|(IP1]+ 1)
|Pq]
11 (1 oo + B, ) = ((1-0.8975'0.8975" +0.0743'0.0743") x (1-0.8975'0.75' +0.0743'0.125")
i=1
j=i
x (1 —0.8975'0.5052" + 0.074310.10151) x (1 -0.75'0.75" + 0.12510.1251)
2
x (1 -0.75'0.5052" + 0.12510.10151) x (1 —0.505210.5052" + 0.101510.10151) 3 x4 = 0.4479,
2
[P1(IP1]+ 1)
IPq]
P nq
and H 511 1
i=
j:

2

= (0.074310.07431 x 0.074310.125" x 0.074310.1015! x 0.12510.1251%0.125'0.1015" x 0.101510.10151)3 x4 =0
further

2 2
_ ——\ 1/(p+
PHICPY 1) PP+ O
IP1] 1Py 1
P 4 P 34 P 4 —
- I (1 a11au+ﬁ”/31j> +| ] #by —(1-0.4479 +0.0096) 1 +1 = 0.7495,
i=1 i=1
j=i j=i
2 1/(p+4)
D1 p+q
P11 (1P11+ 1)
ekl 1
P nd — —
and| | T A48 —0.00961+1 =0.0981
i=1
j=i
In addition, we have
2
[P2|(IP2] + 1)

1Py
H (1 70{1;1'“;14“/3‘2]1' g,-) =
i=
j=i
2
= ((1 —1t +o.2102‘042102‘) x (1 ~1'0.8735' +0.2102‘0.2872‘) x (1 ~0.8735'0.8735" +O.2872]0.2872]))2 x3 =0.1382,
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2
[P2| (I1P2] + 1)

Py 2

and H B5.B5; = (0.2102'0.2102" x 0.2102'0.2872" x 0.2872'0.2872") 2 x 3 =0.0604
i=1
j=i 5 5
2z 2
P2 (P2 + 1) T
P2 Py 1
P 4 Iy D g
then| 1| T (1 *“zi“zﬁﬂziﬁzj) +| ] Ak —(1-0.1382 4 0.0604)1+1 —
i=1 i=1
j=i i=i
0.9603, 2
_—\ 1
P2 (1P2] + 1) /p+a)
P2 1

and | | T £585 —0.06041+1 = 0.2457

i=1

j=i

So,a = 8 x (1 —((1—0.7495 + 0.0981) x (1 — 0.9603 + 0.2457))%) =5.4767.
Similar to the process of calculating a, we can get b=1.2814.
ThusLIFPHM"1 (y1, ¥2., V3, V4, Y4) = ¥ = (Sa, Sp) = (55.4767, 51.2814) -

3.4. LIFPGHM and LIFWPGHM operators

The geometric aggregation operators are the dual operators of arithmetic aggregation operators, and they can stress the role of the
individual data and do not allow a “short board” while arithmetic aggregation operators emphasize the impact of the overall data, and
allow the strong complementarity among the various data [12]. So it is necessary to propose LIFPGHM and LIFWPGHM operators shown
as follows.

Definition 13. Supposey; = (Sa,-, sbi) (i=1,2,---,m)is a collection of the LIFNs partitioned into d distinct sorts Py, P, ..., Pg,where P, =

d
(Vi1 Vha - vy (= 1,2, -, d), Z|Ph| = m and|Py denotes the cardinality of Py. For any p, > O,LIFPGHM : T8, — Iy ;. if

h=1
2
[Ppl (1P + 1)

d 1
12 = - . .
UFPGHMP? (1, v, vm) = | [T | 55| TI (prweamy) (27)
h=1 i.jePy
i#]j

whereI“[0 t]is the set of all LIFNs, then LIFPGHM is called the linguistic intuitionistic fuzzy partitioned geometric Heronian mean
(LIFPGHM) operator.

Based on the operational laws of the LIFNs described in formulas (12-15), from (27), we can get the aggregation result shown as theorem
5.

Theorem 5. Supposey; = (Sa,-, sbi)(i =1, 2, ..., m)is a collection of the LIFNs, and for any p, g > 0, then, the result aggregated from (27) is
still a LIFN, and even

LIFPGHMP 9 (1, V2. - - ¥im) = (St(x-y) Stc1-x1)) (28)

where,
Vd

; 2 e 2 )
l(1A+1) Ieal(il+1) [Pdp+1)
‘ Il eVl @Y ol @ b eul(Pul+1 ) WYl @ b Y nl bV ay by
- 1 1 1of G || (G Oni | S Phi PO T I 1= i Oni |\ Gni O
u g {E[{ [ /j[ t]+[ rot ot +1_‘[ rot Pt N E[[ ot rot ’
i i

j=i

2 2 leva) 2 e
InlAf+) It Ileit)
d ] » i » 4 ny » b\ ] » bV
i D ( @ by @ by @; by by O i by Wi %
S I L e e i N [ + O 0 iU
’ H {H[[r}[rJ\zr ot E[ ot ot G tot

=
N )
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The process to prove Theorem 5 is equal to Theorem 1, it is omitted here.
In the following, we will explore some characteristics of the LIFPFGHM operator.

411

Theorem 6 ((Idempotency)). Let(yy, ¥, ..., ¥m)be a collection of LIFNs, if all y, (k=1, 2, ..., m)are equal, i.e.y, =y =(Sa, Sp), k=1,2,---,m

then

LIFPGHMP9(y1, v2, -+, Ym) =¥

The proof of this theorem is similar to that of theorem 2, it is omitted here.

Theorem 7 ((Commutativity)). Supposey; = (sai, sbi)andy’,- = (s’ai,s/bi) (i=1,2,---m)are two collections of IFNs, if(y’;, /5, -

any permutation of (y1, ¥2, -+, ¥m), then
LIFPGHMP (1, 2, -+, Ym) = LIFPGHMP9(y'1, /'3, -, V')

The proof of this theorem is similar to that of theorem 3, it is omitted here.
In the following, we will study some special cases of the LIFPGBMP-9operator in regard to the parameters p and q.
(i) When g — 0, then we can get

LIFPHM"  (7,.7,s V)=

1/d

Vp )
alflmdc P\
| @y by
]
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i

2 2 I/p 2
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T”

2

e R e (|

(ii) When p=1,g— 0, then we can get

——
i
T
IS
—
- \L
=
i‘
B
N
S
1
e
i
e
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~ |2
- ?

LIFPHM" (y,,7,,  »¥,,)= s{

o] e

(iii) Whenp — 0, then we can get

LIFPHM ™ (3, 7y,  »¥)=

AN

2 2 Va 2
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HES)

=

Va

TiAF T
W a (ay V)M [ by
- I P _h _Th W _Th
SRR I T

=i

(29)
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(iv) Whenp=q=1, then we can get

LIFPHM" (3,,7,> V)=

s " Jayyi)?
2 2 2
[l #al+1) [l 1l+1) ]
li[ 11 I PR PR N TS PR + H T T + H PR PR
1 il t t 13 t 1 t il 1 r 13 13 i1 I3 1 1 t
= p= i
1 . ey
7l:}+1)
1 ﬁ‘[.fbf](,f:]
h=1 i=1 f t t f
i
N
s , 2y
[Aul(2al1) Imul(Aul+1) [Aul(7al+1)
4 o g q b ay b, o b a; b ] b, ay b
=TT = ] T ] 1= | =22 g G oy S0 2 1= Zai_ni |y Thi b 1 Oni |y Th 2
! H {l_ll[ ( ]( ]+( t t t t N 1:—][ t t t t + 1:‘[ t t t t
f i

(34)

As we all know, the LIFPGHMP9operator only considers the interrelationships between input parameters, and does not take the weight
of each input parameter into account. In order to overall consider these two aspects, we will further propose a linguistic intuitionistic fuzzy
weighted partitioned geometric Heronian mean (LIFWPGHM) operator.

Definition 14. Supposey; = (Sa,-, Sb,.) (i=1,2,---,mis a collection of the LIFNs partitioned into d distinct sorts Py, P, ..., Pj,whereP, =
d

{ym, Vh2s s yh‘pm} (h=1,2,.., d),Z|Ph| = mand|Py|denotes the cardinality of P,. For any p, ¢ > O,LIFWPGHM : F[’(’}ﬂ — F[o,t]- if
h=1
) d
, : (5115 +1)
LIFWPGHM[M] (yl ’yZ ’.“’J/m) = H m H (p(}/h[ )mwmi @ q(yh/ )mwm )
h=1 i.jep,

i#j

(35)

m
is the set of all LIFNs, and w = (wy, W3, - - -, Wiy )T is the weight vector of (y1, ¥2, - -, Ymhwj € [0, 1], ij =1, then LIFWPGHM
j=1
is called the linguistic intuitionistic fuzzy weighted partitioned geometric Heronian mean (LIFWPGHM) operator.
Based on the operational laws of the LIFNs described in formulas (12-15) and the formula (35), the aggregation result is shown as
theorem 8.

where]“[o’t]

Theorem 8. Suppose y; = (Sa,., Sb,—) (i=1,2,..-,m)is a collection of the LIFNs, and for any p, g > 0, then, the result aggregated from (35) is
still a LIFN, and even
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LIFWPGHM " (7,7, 5. +7, ) =

2 2 1/(p+a) ) 1/(p+a) i 2 1/(p+a)

) (| AT 1) Rz (1 i)
1-afaf+BLAY) AT 185 | 14:5 -1 T 1205
i=l i=l h=1 i=1

h

id '\

J =i J

§ ) ) 1/(p+q) 2 1/(p+a) v
Y nl 202 (1 [2al([Pl+1) In 2al([Pal 1)
- TTh- 1-{H(1-a,g1a;g,+p,{;p,;f, )} {Hﬁ;;p,‘,{,] + [Hﬁélﬁt,}
IR o o
(36)
where oy =1 — up"hi + vpithi, oy =1 — upti + Vg, By = vyt By = vi¥wand up =1 - @, up=1- @, vpi=1- % @, vhi=1-

i _ nj
t t -
The process to prove Theorem 8 is equal to Theorem 4, it is omitted here.

4. The MAGDM method based on the proposed operators

In the section, the decision approaches based on LIFWPHM operator or LIFWPGHM operator will be proposed to deal with the MAGDM
problems with linguistic intuitionistic fuzzy information.

4.1. Description of the MAGDM problems

Suppose thatX = {X1 , X, o, Xm }denotes the collection of all alternatives,C = {Cl, Cy, -, Cn} denotes the collection of all attributes,

andD = {Dl ,Da,---,Dp }denotes the collection of all decision makers. We use the LIFN)/I,’; = (s’g,j, sg )to represent the evaluation value of
i’ "by

the alternative X;with respect to the attributeC;given by the decision maker Dy. The decision matrix is expressed byT* = (7/1];) A=(Aq,
mxn
p

A2, -+, Ap) is the weight vector of decision makers Di(k =1, 2, ...p)andA; € [0, 1], Zkk = 1,w=(wyq, Wy, ---, wp) is the weight vector of

k=1
n

attributes{q ,Coyeeny Cn}andwj e [0, 1], ij = 1. By above information, we should rank the alternatives.
j=1

4.2. The decision making methods based on LIFWPHM and LIFWPGBM operators

Step 1: Standardize the decision-making information
From common senses, it is necessary to convert the different types of the attributes to same type. So, we can convert

the attribute values of cost type into benefit type, and the transformed decision matrices are expressed byRK = (r{j‘) (k=
mxn
1,2,..,p),(i=1,2,.---,m,j=1,2,...,n),where
(s’é sk ) for benefit attributeC;
k_ (ck k _ L]
= s"‘ij’ Bi) — 37)
Y (s’lj__, s’g) for cost attributeC;
ij y
Step 2: Utilize the LIFWPHM operator
rk= (s{;i,s’/;i) = LIFWPHM(rk 1%, - 1K) (38)
or the LIFWPGHM operator
rk= (s’< sk ) = LIFWPGHM(rk , 1%, - 1K) (39)
i a2 B i1’ 2> 0 lin

to derive all evaluation values of each alternative to the overall preference valuer{‘(i =1,2,--- . mk=1,2,---,p).
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Table 1
Linguistic intuitionistic fuzzy decision matrixR'given byD;.
G G G Ca Cs
Xi (57.51) (s6,52) (54, 83) (s7,51) (s5,52)
X2 (s6,52) (s5,52) (s6,51) (s6552) (57,51)
X3 (s6,51) (85, 53) (s7.51) (s5.51) (s3.54)
Xa (s5,52) (s7,51) (s4,53) (s6,51) (54, 54)
Table 2
Linguistic intuitionistic fuzzy decision matrix R? given byD,.
C] Cz C] Cz Cl
X (s7.51) (54, 54) (s6.52) (s5.52) (s3,55)
X2 (s7,51) (s5,51) (s6,51) (s5,52) (4,53)
X3 (s5,52) (S6.51) (s7,51) (s5.53) (s4,54)
X4 (s6.52) (54, 53) (s5.52) (s7.51) (s5.53)
Table 3
Linguistic intuitionistic fuzzy decision matrixR>given byDs.
G G G G G
X (S6551) (s5.52) (s3,54) (s7.51) (s5.52)
X2 (s7,51) (s652) (s7,51) (s652) (s5,51)
X3 (s5,53) (s5,52) (s6,51) (54,53) (s3.51)
Xa (S652) (s7.51) (s5,51) (s5.52) (s5,53)
Table 4
Linguistic intuitionistic fuzzy decision matrix R* given by D,.
G G G G G
Xi (S5,53) (54, 54) (s7,51) (s5,51) (84,52)
Xz (S6,51) (s7.51) (S6,51) (s5.52) (S6,51)
X3 (s5,52) (s3,54) (s6.52) (s3,53) (s5,52)
X4 (54,53) (s5,51) (54,52) (s6, 52) (85,52)

Step 3: Utilize the LIFWPHM operator

1= (Sa;» Sp,) = LIFWPHM(r , 12, -, 1) (40)

il i
or the LIFWPGHM operator
ri = (So;» 5p,) = LIFWPGHM(r] 17, -, 1f) (41)

to get the collective overall preference value ri(i=1, 2, ---, m).

Step 4: Calculate the score function Ls(r;) and accuracy function Lh(r;) of the all values r;(i=1, 2, - - -, m) cccording to the formulas (6) and
(7).
Step 5: Rank the alternatives
Based on the score function and the accuracy function, we can rank all the alternatives{X1 1 CYREER Xm}and choose the best one(s).
Step 6: End.

5. An application example

In this section, we will give an example [5] about searching the best global supplier with linguistic intuitionistic fuzzy information to
verify the effectiveness of the proposed methods.

Example 7. [5]
There are four potential global suppliers Xj(i=1, 2, 3, 4) which are evaluated by four decision makers Dy(k=1, 2, 3, 4) with
respect to five attributes Gi(j=1, 2, 3, 4, 5). These attributes include: overall cost of the product Cy, quality of the product C;, ser-
vice performance of supplier Cs, supplier’s profile C4 and risk factor Cs, where the weight vector of the attributes is w=(0.25, 0.20,
0.15, 0.18, 0.22)Tand the weight vector of decision makers isA = (0.25,0.30,0.20,0.25)T. Based on the interrelationship pattern,
we can assume two partition structures for the attribute sets:P; = {Cl, Gy, C5}andP2 = {C;, C4}. The decision makers Di(k=1, 2, 3,
4) evaluate the suppliers X;(i=1, 2, 3, 4) with respect to the attributes Gj(j=1, 2, 3, 4, 5) by LIFNs based on the linguistic term set:S =
{50 = extremely poor, $; = very poor, s = poor, s3 = slightly poor, s4 = fair, s5 = slightly good, s¢ = good, s7 = very good, sg = extremely good}

and obtain following four decision matricesRk = {yﬂ (k=1,2,3,4)which are listed in Tables 1-4 , Whereyi’]fcan be expressed
x5

k k
as (Saij’ sb,-;) .
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5.1. Rank the alternatives by the proposed methods

(1) Rank the alternatives by the LIFWPHM operator
Step 1: Normalize the decision-making matrices
All the measured values are benefit type, so they do not need to do the standardization.
Step2: Calculate the comprehensive attribute valuef'ikof each alternative determined by the k-th decision maker by the LIFWPHM operator
in (38) (suppose p=g=1), we can get
11 = (558202, 52.1798) » T3 = (55.9454, 52.0546) » T3 = (55.4425, 52.5575) » T} = (54,6523 $3.3477) »
7 = (54.8814> $3.1186) » 5 = (552720, 52.2728) » I'5 = (55.2654, 52.7346) » Iy = (553411, 52.6589) »
17 = (550019, 52.9081) » T3 = (56.0569 $1.9431) » T3 = (54,5805, $3.4195) - T3 = (54.9615» $3.0385) -
17 = (552209, 52.7791) , T3 = (55.7509, $2.2491) , T3 = (54,2819, 53.7181) , T4 = (54,7685, $3.2315) ,
Step 3: Obtain the collective preference values by the LIFWPHM operator in (40) (suppose p=q=1), and we get

1 = (8624285 51.7572) » '2 = (56.69005 $1.3100) » '3 = (55.9206> $2.0794) » T4 = (55.9325, S2.0675) -
Step 4: Calculate the score functionLs(r;)(i=1, 2, 3,4, 5) of rj(i=1, 2, 3, 4), we can get
Ls(ry ) = 4.4857,Ls(r5) = 5.3799,Ls(r3 ) = 3.8413,Ls(rs) = 3.8650.

Step 5: Rank the alternatives
Based on the score functions Ls(r;) (i=1, 2, 3, 4), we can get the sorting of the alternatives {X1 , X2, X3, X4}shown as follows
Xy = X1 >~ Xg > X3.
So, the best alternative is X,
Step 6: End.
(2) Rank the alternatives by the LIFWPGHM operator
Step 1: Normalize the decision-making matrices
All the measured values are benefit type, so they do not need to do the standardization.
Step2: Calculate the comprehensive attribute value?i"of each alternative determined by thek-th decision maker by the LIFWPGHM
operator in (39) (suppose p=q=1), we can get
ri = (6.0555- 51.9445) » T3 = (6.2163 51.7837) » T3 = (55.5970- $2.4030) » T3 = (S6.1672, $1.8328) »
1 = (852262, 52.7738) » 5 = (863715, $1.6285) » I3 = (S5.7076, $2.2924) , Ty = (S5.6171, 52.3829) »
17 = (S5.9570, 52.0430) » 5 = (S6.5463> 51.4537) » T3 = (S5.8379, S2.1621) » T3 = (56.5806 51.4194) »
1 = (S5.3831,52.6169) » I3 = (57.0269 50.9731) » 5 = (S5.3326, S2.6674) » T4 = (55.8273, $2.1727) -
Step 3: Obtain the collective preference values by the LIFWPGHM operator in (41) (supposep=q=1), and we get

1 = (54.9679, $3.0321) » T2 = (56.10475 $1.8953) » I'3 = (54.9637, $3.0363) » 4 = (55.4374, 52.5626) -
Step 4: Calculate the score function Ls(r;)(i=1, 2, 3,4) of r;(i=1, 2, 3, 4), we can get
Ls(r1) = 1.9357, Ls(ry) = 4.2095, Ls(r3) = 1.9273, Ls(r4) = 2.8748.

Step 5: Rank the alternatives
Based on the score function Ls(r;)(i=1, 2, 3, 4), we can get the sorting of the altematives{X1 , X2, X3, X4}shown as follows

Xy = Xq > X1 > X3.

So, the best alternative is X,
Step 6: End.
Obviously, these two methods produced the same ranking results.

5.2. The influence of the parameters p and q on decision making results

Further, we discuss the influence of the parameters pand q on decision making results based on the LIFWPHM operator and LIFWPGHM
operator, the ranking results with the different valuespandq are shown in Figs. 1-8.

From Figs. 1-8, we can see that the ranking results may be different for the different parameters p, g by LIFWPHMandLIFWPGHMoperators.
However, the best alternative isX,. ForLIFWPHMoperator, there is a difference in ranking position of X3 and X4, whenp <1 orq<1, we get
X4 > X3, and whenp >>1 or ¢ > 1, we have X3 >~ X4. While for LIFWPGHM operator, there is a difference in ranking position of X; and X3.
When p <1 or g <1, we have X; = X3, and when p>>1 or ¢»>1, then X3 > X;. In addition, the expected values of the aggregated results
based on the LIFWPHM operator are becoming bigger and bigger when the values of parameters p, q is increasing, while for the LIFWPGHM
operator, they becomes smaller and smaller.

5.3. The verification of the effectiveness

To further prove the effectiveness of the developed methods in this paper, we solve the same example 7 by comparing with the
two existing MAGDM methods based on different aggregation operators under linguistic intuitionistic fuzzy environment: the uncertain
linguistic ordered weighted averaging (ULOWA) and uncertain linguistic hybrid aggregation (ULHA) operators proposed by Xu [22] and
the generalized uncertain linguistic weighted Heronian mean (GULWHM) operator proposed by Liu et al. [13]. To begin, as mentioned in
remark 2 ofSection 2.3, we can transform the uncertain linguistic information into the LIFN form (see Remark 2). Therefore, we can compare
our methods with Xu [22] and Liu et al. [ 13] by transforming the LIFNs into ULNs. The results of transformation are listed in Tables 5-8 .
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Expected values for X; obtained by LIFWPHM
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Fig. 1. Expected values of alternativeX;when p, q € (0, 10)based on LIFWPHM operator.

Expected values for X, obtained by LIFWPHM
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Fig. 2. Expected values of alternative X, when p, q € (0, 10)based on LIFWPHM operator.

Uncertain linguistic decision matrixR! given by D;.

C1 C2 C3 Cq Cs
Xi [s7,57] [s6. s6] [$4, 5] [s7,57] [s5, 6]
Xz [s6 S6] [s5, s6] [s6,57] [s6, S6] [s7,57]
X3 [, 571 [s5, 5] [s7.57] [s5,57] [s3.54]
X4 [s5, 6] [s7,57] [s4,55] [S6,57] [S4, 4]
Table 6
Uncertain linguistic decision matrix R? given byD,.
C1 C2 C3 Cyq Cs
X [s7,57] [S4, $4] [s6, S6] [s5,S6] [s3, 53]
X2 [s7,57] [s5,57] [s6,57] [s5, 6] [s4, 5]
X3 [s5, 6] [S6,57] [s7,57] [s5,55] [s4, 4]
Xq [S6, S6] [Sa, 5] [s5, 6] [s7,57] [s5,55]
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Expected values for X; obtained by LIFWPHM
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Fig. 3. Expected values of alternative X5 when p, q € (0, 10)based on LIFWPHM operator.

Expected values for X, obtained by LIFWPHM
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Fig. 4. Expected values of alternativeXswhen p, q € (0, 10)based on LIFWPHM operator.

Expected values for X; obtained by LIFWPGHM
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Fig. 5. Expected values of alternative X; when p, q € (0, 10)based on LIFWPGHM operator.
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Expected values for X, obtained by LIFWPGHM
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Fig. 6. Expected values of alternativeX,when p, q € (0, 10)based on LIFWPGHM operator.

Expected values for X; obtained by LIFWPGHM
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Fig. 7. Expected values of alternative X3 when p, q € (0, 10)based onLIFWPGHMoperator.

Expected values for X, obtained by LIFWPGHM
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Fig. 8. Expected values of alternative X, when p, q € (0, 10)based on LIFWPGHM operator.
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Table 7
Uncertain linguistic decision matrix R® given by Ds.

C1 Cy C3 Cy Cs
Xi [s6,57] [s5, 6] [s3, 4] [s7,57] [s5, 6]
X2 [s7.57] [S6, S6] [s7,57] [S6, S6] [s5,57]
X3 [s5,85] [$5, S6] [s6. 571 [S4, 5] [s3, 7]
X4 [s65 S6] [s7,57] [s5,57] [s5, S6] [s5,85]

Table 8
Uncertain linguistic decision matrix R* given byD,.
C1 C2 C3 Cq Cs
Xi [s5,55] [s4,54] [s7,57] [s5,57] [, s6]
X2 [s6,57] [s7,57] [s6,57] [S5,56] [s6,57]
X3 [s5,s6] [s3, 4] [s6, S6] [s3,s5] [s5,56]
Xa [$4, 5] [s5,57] [$4,s6] [s6. S6] [s5,s6]

Table 9
Ranking results by different methods.

Method and adopted aggregation operators Score values Ls(r;) Ranking

Ls(ry) = 1.6222, Ls(ry) = 3.4953,

Method by Liu et al. [13] based on GULWHM operators Xy =X4>X1 > X3
Ls(rs) = 1.1757, Ls(r4) = 1.7068
Ls(r1) = 1.3924, Ls(r,) = 3.4840,

Method by Xu [22] based on ULOWA and ULHAoperators Xy = Xq>X1 > X3
Ls(r3) = 1.1683, Ls(r4) = 1.9553
Ls(r1) = 3.4568, Ls(ry) = 4.6622,

Our proposed method based on LIFWPGHM operator (p=q=1) Xy = X4 = X1 = X3
Ls(r3) = 3.1181, Ls(r4) = 3.4313

Table 10
Linguistic intuitionistic fuzzy decision matrixRof example 8.

I 1o c 4 cs

Xi (s5,53) (5a,54) (s3,54) (s65S0) (s3,55)
X2 (s7,51) (s5,52) (s5,53) (s6,51) (5a,53)
X3 (s4,54) (ss,583) (6, S0) (s3,84) (54,54)
X4 (S6,52) (84,53) (s5,53) (s7,51) (S5,52)

For convenience, we set p=q=1 andw = (0.2,0.1,0.3, 0.4)Tfor Xu’s and Liu’s method. Then the ranking results for our developed
methods with the two existing methods are listed in Table 9.

From Table 9, we can find that there is the same ranking results by the methods proposed in [22], [13] and the method proposed in this
paper, i.e., Xo >~ X4 > X1 > X3. So the methods in this paper are effective and feasible.

5.4. Further comparative analysis

In the above sub-sections, we have verified the effectiveness of our methods by comparing with the two existing methods. However,
because there are the same ranking results, it is difficult to show the merits of our methods. So we further set up two examples to illustrate
that our methods can be applied more extensive. Example 8 will show the advantages of new operational rules of LIFNs proposed in this
paper comparing with those in [5], the Example 9 will show the advantages of HM operator of LIFNs comparing with the method based
on weighted averaging and hybrid averaging aggregation operator of LIFNs proposed by [5], and the Example 10 will show the advantages
of partitioned HM operator of LIFNs comparing with the generalized uncertain linguistic weighted Heronian mean (GULWHM) operator
proposed by Liu et al. [13].

Example 8. Assume that a company wants to develop a new career and there are four choices{X1 , X2, X3, X4}which are the real estate
industry, the food industry, the education industry, the computer industry, respectively. There are five attributes (suppose their weight
vector is w=(0.2, 0.2, 0.2, 0.2, 0.2)T) are shown as follows: the ability to compete(C; ), the ability to grow(C; ), the influence of surrounding
environment(C3), the influence of social-politic(C4)and the capacity of market(Cs). By investigation and analysis of the interrelationship
pattern, we can assume two partition structures for the attribute sets:P; = {Cl, Cy,GCs }ansz = {C3, C4} .

The decision maker evaluates the industryX;(i=1, 2, 3, 4)with respect to the attribute Gj(j=1, 2, 3, 4, 5) by LIFNs based on the lin-
guistic term set: S={so=extremely poor, s; =very poor, s, = poor, s3 =slightly poor, s4 =fair, s5 =slightly good, sg=good, s7 =very good,
sg =extremely good} and obtains following decision matrixR = [y,j] 4X5listed in Table 10, where y;; can be expressed as (saij, sbij) .

The aggregation results for the different methods are shown in Table 11.

As we all know that in practical applications, it is often unavoidable that some subscripts in the non-membership degrees of LIFNs are
zero. In this situation, the some existing methods are not able to get an effective or even the wrong ranking results. From Table 11, we
know there are the different ranking results and two best choices X; or X3 for the different methods. For traditional operations of LIFNs
from [5], as we have known, it is difficult to get the right aggregation result when the subscript in non-membership degree of any one LIFN
is zero. In this example, because there are zero in the subscripts of non-membership degrees of a4 and as3 from the choicesX; and X3,
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Table 11
Ranking results by different methods of example 8.

Method and adopted aggregation Operators Score values Ls(r;) Ranking

Ls(71) = 4.4056, Ls(7,) = 3.8652,

Method by Chen et.al. [5] based on LIFWA and LIFHA operators X3 = X1 >Xo =Xy
Ls(F,) = 4.5625, Ls(F4) = 3.6002
Ls(F,) = 2.6470, Ls(F,) = 3.5162,

Our proposed method based on LIFWPGHM operator Xy = X4 >X3 > X3
Ls(F,) = 3.1397, Ls(F,) = 3.4414

Table 12
Linguistic intuitionistic fuzzy matrix R’ of example 9.

1 (&) C3 C4 Cs
Xi (s5,52) (s4,53) (s3,54) (s6,51) (s3,55)
X2 (s5,51) (85, 52) (s4,53) (s4,51) (s4,53)
X3 (s3,54) (s5.52) (s4.52) (s3.54) (s4.53)
X4 (85,52) (54, 53) (54,53) (s5,51) (85,52)
Table 13

Uncertain linguistic decision matrix R of example 9.

C1 2 C3 Cs Cs
X; [ss5, s6] [s4, S5] [s3, 54] [s6, 57] [s3,54]
X2 [s5, 7] [s5, 6] [s4,85] [s4,57] [s4,85]
X3 [s3,54] [s5,56] [s4, 6] [s3,54] [s4,55]
X4 [s5,s6] [s4,55] [s4,55] [s5,57] [s5, 6]

Table 14
Ranking results by different methods of example 9.

Method and adopted aggregation operators Score values Ls(r;) Ranking

Ls(ry) = 1.9141, Ls(ry) = 2.6522,

Method by Chen et.al. [5] based onLIFWA and LIFHAoperators Xy >=Xg X1 > X3
Ls(r3) = 1.0091, Ls(r4) = 2.5865
Ls(r1) = 1.7368, Ls(r2) = 2.4696,

Method by Liu et al. [13] based on GULWHM operators X4 =Xy = X1 >X3
Ls(r3) = 1.2450, Ls(r4) = 2.5485
Ls(r1) = 2.0724, Ls(r,) = 2.9560,

Our proposed method based on LIFWPGHM operator (p=q=1) Xq = X2 = X1 = X3
Ls(r3) = 1.7262, Ls(r4) = 2.9989

we can get the aggregated results of X; and X3 are(s4.4056, So)and(S4.45625, So)- Because the subscripts in the aggregated non-membership
degrees of X; and X3 are also zero, obviously, they are an unreasonable result, and make the ranking positions of X; andX3; unreasonable
(they are becoming better because the score functions of X; and X3 are becoming bigger). However, because the method based on the
proposed LIFWPGHM operator in this paper adopts the new operational laws, and they can overcome the weaknesses existing in [5]. So
the ranking results and the best choice by the proposed method are more reasonable than [5].

Example 9. In practical applications, there are many decision making problems with interrelationships between attributes arguments.
In order to consider this situation, we use another decision matrix R’ in Example 8 and show in Table 12. To begin, as mentioned in remark
2 of Section 2.3, we can transform the uncertain linguistic information into the LIFN form (see Remark 2). Therefore, we can compare our
methods with Liu et al. [13] by transforming the LIFNs into ULNs. The transformation results are listed in Table 13. Then we can get the
ranking results in Table 14.

From Table 14, we can find that there are the same ranking results from the our method and Liu et al. [13]' method, and the ranking
result based on the method in [5] is different from our proposed method and the method proposed in [13]. The reason can be explained
as follows. The method in [5] used the simple weighted averaging operator and hybrid averaging operator, and these operators do not
consider the interrelationship of the attributes and only provide the simple weighted function. On the contrary, the method in [13] and our
methods are based on the Heronian mean operator, they successfully consider the interrelationship between two attributes. Obviously, in
this example, the attributes have the interrelationships, so the ranking results produced by the method in [13] and our methods are more
reasonable than that produced by [13].

Example 10. Insome practical decisions, the decision making problem is with interrelationships for the attributes only in same a partition
and with no interrelationships in different partitions. In order to consider this situation, we replace y4; in Table 12 with the value (s4, 51),
and the changed decision matrix R” is shown in Table 15, then we can compare our methods with Liu et al. [13] by transforming the LIFNs
into ULNs (see Remark 2). The transformation results are listed in Table 16. Then we can get the ranking results in Table 17.

In Table 15, we should notice that the attribute values for the choices X, and X4 are same, and only have a simple permutation for
different attributes. From Table 17, we can see that the ranking result based on the method in Liu et al. [13] does not rank the choices
X, and Xy. It is obvious that the method in Liu et al. [13] used the Heronian mean operator and considered the interrelationship between
any two parameters. But in this example, there are interrelationships between C;, C; and Cs, and between C3 and C4, and there is no
interrelationship betweenP; = {Cy, Cz, Cs JandP, = {C3, C4 }. The method in [13] does not consider this situation, so the result got by the
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Table 15
Linguistic intuitionistic fuzzy matrix R”of example 10.

(& (&) C3 C4 Cs
Xi (s5,52) (54, 53) (s3,54) (s6,51) (s3,55)
X2 (s5,51) (s5,52) (s4,53) (54, 51) (s4,53)
X3 (s3,54) (s5,52) (s4.52) (s3.54) (s4.53)
X4 (54,51) (S4,53) (54, 53) (s5,51) (85,52)
Table 16
Uncertain linguistic decision matrix R”of example 10.
C1 2 C3 Ca Cs
X [s5, s6] [s4, 5] [s3,54] [s6,57] [s3,54]
Xz [s5,57] [s5, 6] [s4,s5] [s4,57] [54,55]
X3 [$3,54] [s5,56] [54,56] [s3,54] [54,55]
X4 [s4,57] [s4, 5] [s4, 5] [s5,57] [s5, s6]

Table 17
Ranking results by different methods of example 10.
Method and adopted aggregation operators Score valuesLs(r;) Ranking
Ls(ry) = 1.7702, Ls(ry) = 2.4690,
Method by Liu et al. [13] based on GULWHM operators Xo=X4>X1 >X3

Ls(r3) = 1.2918, Ls(r4) = 2.4690
Ls(ry) = 2.0724, Ls(r,) = 2.9560,

Our proposed method based on LIFWPGHM operator (p=q=1) Xy = X4 > X1 > X3
Ls(r3) = 1.7262, Ls(r4) = 2.8954

Table 18
The characteristic comparisons of different methods.
Methods information by linguistic whether consider whether consider the whether consider the partition
intuitionistic fuzzy number interrelationships between interactions between of the input arguments
aggregating parameters membership function and the

non-membership function

Chen [5] No No No
Xu [16] No No No No
Liuetal. [13] No Yes No No
Our proposed methods Yes Yes Yes Yes

method in [13]is unreasonable. In the contrast, our method based on partitioned Heronian mean operator successfully solves this problem,
which avoids the influence of the irrelevant attributes and only considers the interrelationship for relevant attributes. Of course, if there
is only one partition, the proposed method in this paper will be reduced to that in Heronian mean operator like the method in [13]. Thus
our method is more general and effective than thatin [13].

As discussed above, we simply summarize the differences between our methods and the existing methods which are listed in Table 18.

In a word, from Table 18, we can know the proposed methods in this paper are based on linguistic intuitionistic fuzzy numbers and
partitioned Heronian mean operator with the parameters p, . So these methods are more general and more flexible than some existing
methods, at the same time, they not only consider the interrelationship of the attributes and the interactions between membership function
and non-membership function, but also can partition the input arguments into several parts to connect the expressed interrelationship
structure among the attributes to the corresponding input arguments in MAGDM problem:s.

6. Conclusion

In this paper, we firstly proposed the partitioned Heronian mean (PHM) operator, extended it to the LIFNs, and proposed some linguistic
intuitionistic fuzzy PHM operators, such as LIFPHM operator, LIFWPHM operator, LIFPGHM operator and LIFWPGHM operator, further, we
studied some desirable properties and some special cases of them, and developed two methods for the MAGDM based on the proposed
operators. Comparing with the existing methods, the methods we proposed in this paper are more general, and they considered the
interrelationships between the attitudes and partitioned them into some different parts. In addition, we used the new operational rules
in these PHM operators to solve some situation when the subscript of the non-membership is zero. So it is more flexible to deal with the
MAGDM problems based on the linguistic intuitionistic fuzzy environment.

In the future research, we will study how to take the applications of theses operators to deal with the decision making problems in
real world. In addition, considering the advantages of PHM operator, we should also study some extensions to hesitant fuzzy sets (HFSs),
neutrosophic set (NS), and so on.
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